N

N

Monoids of upper triangular boolean matrices

Jean-Eric Pin, Howard Straubing

» To cite this version:

Jean-Eric Pin, Howard Straubing. Monoids of upper triangular boolean matrices. Semigroups. Struc-
ture and Universal Algebraic Problems, 1981, Szeged, Hungary. pp.259-272. hal-00870684

HAL Id: hal-00870684
https://hal.science/hal-00870684
Submitted on 7 Oct 2013

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00870684
https://hal.archives-ouvertes.fr

Monoids of upper-triangular matrices

Jean-Eric Pin! Howard Straubing?

Abstract

We study the variety W generated by monoids of upper-triangular
boolean matrices. First, we present W as a natural extension of the
variety J of finite J-trivial monoids and we give a description of the family
of recognizable languages whose syntactic monoids are in W. Then we
show that W can be described in terms of the generalized Schiitzenberger
product of finite monoids. We also show that W is generated by the power
monoids of members of J. Finally we consider the membership problem
for W and the connection with the dot-depth hierarchy in language theory.
Although the majority of our results are purely “ semigroup-theoretic” we
use recognizable languages constantly in the proofs.

Résumé

Nous étudions la variété W engendrée par les monoides de matri-
ces booléennes triangulaires supérieures. Nous présentons tout d’abord
‘W comme une extension naturelle de la variété J des monoides finis J-
triviaux et nous décrivons ’ensemble des langages reconnaissables dont le
monoide syntactique est dans W. Puis nous montrons que W peut étre
décrite en termes de produit de Schiitzenberger généralisé de monoides
finis. Nous montrons également que W est engendrée par les monoides
des parties associés aux éléments de J. Finalement, nous étudions le
probleme de l'appartenance a W et les relations qui existent entre W
et les hiérarchies de concaténation en théorie des langages. Bien que la
majorité de nos résultats soient de pure théorie des semigroupes, nous util-
isons constamment les langages reconnaissables dans les démonstrations.

The subject of the present paper belongs to the theory of varieties of finite
monoids and recognizable languages. We refer the reader to the books by Eilen-
berg [2] and Lallement [3] for the elements of this theory. Here we study the
variety generated by monoids of upper-triangular boolean matrices. This is a
subvariety of the variety of finite aperiodic monoids and, as we show in this
paper, it appears in a number of different contexts.

In this first section we present the variety W generated by monoids of upper-
triangular boolean matrices as a natural extension of the variety J of finite
J-trivial monoids (which was studied in detail by Simon [12, 13]). We give a
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description of the family of recognizable languages whose syntactic monoids are
in W.

In the second section we show that the variety W can be described in terms
of the generalized Schiitzenberger product of finite monoids (introduced in [16]).
More exactly, we prove that a monoid M belongs to W if and only if M di-
vides an n-fold Schiitzenberger product &, (Ma, ..., M,) where My, ..., M, are
idempotent and commutative finite monoids.

In the third section we show that W can be described in terms of power sets:
if V is a variety of finite monoids, then PV denotes the variety generated by
{P(M)| M € V}, where P(M) is the power set of M. The operation V — PV
has been studied by several authors [4, 5, 6, 7, 9, 14]. Here we use these earlier
results to prove that W = PJ.

In the final section we consider the membership problem for W. That is, we
would like an algorithm for determining, given the multiplication table of a finite
monoid M, whether or not M € W. We are able to give an effective necessary
condition for membership in W, but we do not yet know if our condition is
sufficient. In the same section we cite an unpublished result of Straubing!
which connects the variety W to the dot-depth hierarchy of Brzozowski.

Although the majority of our results are purely “semigroup theoretic” — in
the sense that they make no reference to recognizable languages or the theory of
automata — we use recognizable languages constantly in the proofs. In essence
we are exploiting the correspondence between varieties of monoids and varieties
of languages, as described in Eilenberg [2]. This provides us with a powerful
tool for proving theorems about varieties of finite monoids.

1 The variety generated by monoids of upper-
triangular matrices

Let n > 1. We denote by M, the set of all n x n matrices over the boolean
semiring B = {0, 1} (in which 141 = 1) and by K, the set of all upper triangular
matrices in M, all of which diagonal entries equal 1. That is,

K,={meM,|m;;=0for1<j<i<nandm;;=1forl<i<n}

K, is closed under multiplication of matrices and is thus a submonoid of the
multiplicative monoid M,,. We define

U={M| M < K, for some n.}.

That is, U consists of all monoids (necessarily finite) which are divisors of K,
for a certain n. (We say that a monoid M divides a monoid M’ if M is a
quotient of a submonoid of M’ — see [2]).

The family U is evidently closed under division. It is also closed under direct
product: to see this observe that there is an injective morphism ¢ : M, x M,, —

I This result has later been published in [17].



M4, defined by

0 ifi <mandj>m
0.0 _Jo ifi>mand j <m
D, q)pi; = i ifi<mandj<m

Gi—m,j—m if i >m and j > m,

and that ¢ embeds K, x K,, into K,,+,. Since Ny < M; and Ny < M implies
Ny X No < M; x My, it follows that U contains the direct product of any two
of its members. Thus U is a wvariety of finite monoids in the sense used by
Eilenberg [2, Chapter V].

If V is a variety of finite monoids and A is a finite alphabet, then we denote
by A*V the family of recognizable languages in A* whose syntactic monoids
belong to V. Eilenberg has shown [2, Chapter VII] that every variety of finite
monoids is generated by the syntactic monoids it contains. Thus if V; and Vg,
are varieties of finite monoids, Vi1 C Vs if and only if A*V; C A*V, for every
alphabet A. This enables us to show that two varieties are equal by showing
that the corresponding families of recognizable languages are equal.

In the case of the variety U defined above, Straubing [15] showed that A*U
is the boolean closure of the family of languages of the form

A*a A" - apA*, where aq,...,a; € A.

A deep result of Simon [13] asserts that this is precisely the family of languages
whose syntactic monoids belong to the variety J of finite J-trivial monoids. (A
monoid is J-trivial if and only if the J-relation is the identity). We thus have

Theorem 1. U =J. (That is, a finite monoid M is J-trivial if and only if it
divides K,, for some n).

We now consider the family 7, of all n X n matrices over the semiring B

which are upper triangular. T,, is a submonoid of M,, which contains K,,. We
define
W ={M | M < T, for some n}.

Once again it is evident that W is closed under division, and that the morphism:
@ My, X My — My, maps T, X Ty, into Ty 4. Thus W is a variety of finite
monoids. This variety is the principal concern of the present paper.

We begin by describing the family of recognizable languages corresponding
to W:

Theorem 2. A*W is the boolean closure of the family of languages of the form
Ajar AT - - apAg

where k 20, a1,...,ar € A and Ay, ..., A are (possibly empty) subsets of A.

Remark. If A, = 0 then AF = {1}.

Proof. Let F denote the boolean closure of the family of languages of the form
Ajar A} - --ap A}, where k > 0, aq,...,ar € A and Ag,..., Ay C A. We first
show that F C A*W.



For this it suffices to show that the syntactic monoid of any language of the
form L = Afa1 A} -- - arAj is in W, since it is known [2, Chapter VII] that A*V
is closed under boolean operations for any variety V. We will show that L is
recognized by the monoid Tk1: that is, there exists a morphism ¢ : A* — Tj4q
and a set X C T4 such that X¢~! = L. This implies [2, Chapter VII] that
M(L) < Ty41 and thus M (L) € W. The morphism ¢ is defined by

1 ifi=jandac A
(a);j =<1 ifj=i+landa=aq,
0 otherwise

for all a € A, 4,5 € {1,...,k+ 1}. Tt is easy to verify that if w € A* then
(we);,; = 1 if and only if there is a path labeled w from state i to state j in the
nondeterministic automaton pictured below

A1

Ag A
4 =2 ok g
a<< 3——5—2—» 4—k+1

In particular, (wy)1 x+1 = 1 if and only if w € Afa1 A} ---arA} = L. Thus
L= Xvy~! where X = {m € Tj41 | m1 41 = 1}. This proves that F C A*W.
To prove the opposite inclusion, suppose that L € A*W. Then M (L) € W
and consequently L is recognized by T;, for some n > 1. Thus there exists a
morphism 7 : A* — T}, and a subset X of T}, such that L = Xn~!. We need to
show that Xn~' € F. Since Xn~' = (J,.x #n~" and since F is closed under
boolean operations, it suffices to show that xn~! € F for each 2 € T},. Now

N {wl (wn)i; =i}

1<i,j<n
N Awl@ni; =13\ () {w](wn); =0}
{@)|zs,;=1} {(@:5)|zi,;=0}

Thus it suffices to show that each set of the form {w | (wn),; = 1} belongs
to F. Let Agp = {a € A | (an)ke = 1} and let @Q; ; be the set of all strictly

increasing sequences (i, . .., %) such that io = ¢ and 4y = j. (If i > j then Q; ;
is empty. If i = j, then @, ; consists of the single sequence (i)). Then
{’LU | (wn)i,j = 1} = U A;ko ZoAlo i1 A;fkl i1 Aik—laikAzk
(%0,.+,9)EQ1,j
Since each language A; AZ0 a A% i Ai i Al is afinite union of languages
of the form A} ; a1 A} ; ---apAj it follows that {w | (wn);; =1} € F. This

completes the proof of Theorem 2 |

From Theorem 2 we can deduce that the monoids T;, are aperiodic — that is,
they contain no notrivial groups. Let Ap denote the variety of finite aperiodic
monoids, and A* Ap the family of recognizable languages in A* whose syntactic
monoids are in Ap. According to a theorem of Schiitzenberger [10], A*Ap is the
smallest family of languages in A* which contains all the languages {a}, a € A,



and which is closed under boolean operations and product. Now for each subset
B of A, B* € A* Ap because M (B*) is either the two element aperiodic monoid
Uy ={0,1} (if 0 # B # A) or M(B) is trivial (if B =0 or B = A). Since A*Ap
contains the letters and is closed under products, it follows that every language
of the form Afa; A7 ---arAj is in A*Ap. Since A*Ap is closed under boolean
operations, it follows from Theorem 2 that A*W C A*Ap. Thus W C Ap. In
particular the monoids T,, are aperiodic.

2 Connection with the Schiitzenberger product

In [10] Schiitzenberger introduced a binary product on finite monoids to study
the product operation on recognizable languages. This was generalized to an
n-fold product by Straubing [16]. Here we recall the definition of this product
and some of its basic properties.
Let M, ..., M, be finite monoids and consider the set P(My x --- M,) of

all subsets of My x --- M,. Multiplication in the direct product M; x --- M,
is extended to P(My X ---M,) by the formula XY = {2y | z € X,y € Y}
for all X,Y € P(M; X ---M,). Addition in P(M; x ---M,) is defined by
X +Y = XUY. With these operations P(M; X ---M,) is a semiring (with
{(1,...,1)} as the multiplicative identity and §) as the additive identity) and we
can thus consider the monoid M of all n x n matrices over P(My X --- M,).
The Schiitzenberger product ., (M, ..., M,) is the submonoid of M consisting
of all matrices P such that:

(1) Pi,j :01f1>],

(2) P;=A{(1,...,1,s;,1,...,1)} for some s; € M;,

(3) P C{(s1,---s8n) EMyix---xM,|sp=1ifk<iorifk>j}ifi<yj,
The following property of the Schiitzenberger product was proved by Reutenauer
[9] in the case n = 2 and by Pin [8] in general:

If L C A* is recognized by {n(My,...,M,) then L belongs to the boolean
closure of the family of languages of the form LgaiL;---apLy where k > 0,
ai,...,ax € A and M(L;) < M;; for some sequence 1 < ip < i1 < -+ <ig < n.

If V is a variety of finite monoids we denote by 'V the smallest variety which
contains all the Schiitzenberger products of the form <, (Mi,...,M,), where
My,...,M, €V.

In Section 1 we showed that T,,, x T}, is a submonoid of T}, 1,. An identical
argument shows that ¢, (M, ..., M) X On(My,...,M]) is a submonoid of
Oman(Myy ..., My, M{,...,M). Tt follows that M € OV if and only if M
divides a Schiitzenberger product (M, ..., My) where My, ..., M}, all belong
to V.

As above, we denote by J the variety of J-trivial monoids. J; denotes the
variety of idempotent and commmutative monoids, R the variety of R-trivial
monoids and R" the variety of L-trivial monoids. Finally, DA denotes the
variety of aperiodic monoids with the property that every regular [J-class is
closed under multiplication. We have the inclusions J; € J C R C DA and
J1cJCR CcDA.

Theorem 3. W = {$J; = OJ = OR = OR" = ODA



Proof. In light of the inclusions cited above it suffices to prove that W C $Jq
and that DA C W. We prove the first of these inclusions by showing that T3,
is a submonoid of $,(Uy,...,Ur), where Uy is the two-element monoid {0,1}.
(Since Uy € Jq, this implies that W C $Jq.) Indeed, if m € T,,, let my be the
element of &, (Uy,...,U;) defined by

( ).4_ (Z) ifmm»:O
TERIE 1, D)) ifmey =1

1 10
For example,if n=3and m= [0 0 1| then
0 0 1
1
0
0

1
me = 0
0

It is now easy to verify that ¢ : T, = $n(Uy, ..., Ur) is an injective morphism.

To prove the inclusion $DA C W we make use of the following result of
Schiitzenberger [11]. If L C A* is a recognizable language such that M (L) €
DA, then L is a finite disjoint union of languages of the form

* * *
0a1 AT -+ ap Ay

where Ag,..., Ay C A, a1,...,ar € A, and where the product Aja, A7 ---a;,A;,
is unambiguous. From this result and the property of the Schiitzenberger
product cited above, we conclude that every language whose syntactic monoid
is in $DA is in the boolean closure of the family of languages of the form
B§byBf ---b,, By, where By,...,By, C Aand by,...,b, € A. (We have used
neither the unambiguity of the product Afa, A7 ---a, A} or the fact that the
union is disjoint — only the fact that the product of languages distributes over
union). It follows from Theorem 2 that M (L) € W. Thus $DA C W. This
completes the proof of Theorem 3. O

Corollary 4. Let M be a finite monoid. The following conditions are equiva-
lent:

(1) M < T, for somen > 1.

(2) M < $m(U,...,Ur) for some m =1
Proof. We showed in the proof of Theorem 3 that T, is a submonoid of
On(Ur, ..., Up) and thus (1) implies (2). Conversely, if M < & (Us, ..., Us),
then M € $J4 and, by Theorem 3, M € W. Thus M < T, for some n > 1 and
consequently (2) implies (1). O

3 Connection with power sets

If M is a finite monoid then P(M), the set of subsets of M, is a finite monoid
with respect to the operation

XY ={azy|lzeX,yeY} foral X,Y € P(M)



If V is a variety of finite monoids then we denote by PV the smallest variety
which contains {P(M) | M € V}. Thus M € PV if and only if there exist
My, ..., My € V such that M < P(M;) x - - - x P(M}). The operation V. — PV
has been studied by several authors [4, 5, 6, 7, 9, 14]. We cite the following result,
which appeared in [14]:

Let A be a finite alphabet and let A*PV be the family of recognizable lan-
guages whose syntactic monoids belong to PV. A*PYV is the boolean closure of
the family of languages of the form Ly, where L C B*V for some finite alphabet
B, and where ¢ : B* — A* is a length-preserving morphism (that is, Bp C A).

Theorem 5. W =PJ = PR =PR" = PDA

Proof. As in the proof of Theorem 3, it suffices to show that W C PJ and
that PDA C W.

We begin by showing that PDA is contained in W: let A and B be finite
alphabets and let ¢ : B* — A* be a length-preserving morphism. If L C B* is
a recognizable language such that M (L) € DA, then, by the result of Schiitzen-
berger cited in Section 2, L is a union of languages of the form

Boby By -+ by By

where Bg,...,Br C B and by,...,bp € B. It follows that L is a union of
languages of the form
Apay AT - - - ay, Ay (%)

where Ag,...,Arx C A and ai,...,ar € A. The result cited above on the
variety PV implies that if L C A* is a language such that M (L) € PDA, then
L belongs to the boolean closure of the family of languages of the form (k). It
follows from Theorem 2 that M (L) € W. Thus PDA C W.

To prove that W C PJ it suffices (by Theorem 2 and the fact that A*PJ
is closed under boolean operations) to show that each language of the form
L = Afa, A7 - a,Af belongs to A*PJ. For each i = 0,...,k we consider a
copy Aj of A;, and for each j = 1...,k a copy a} of a; such that the sets
Ab, .o AL {al), .. {a),} are pairwise disjoint. Let B be the union of these
sets. Let ¢ : B — A be the map which sends each b € A, to the corresponding
letter in A; and each a/; to a;. The map ¢ extends to a length-preserving

J
@ : B* - A*, and we have

L = (Ap)"ai (A))" - - aj(A})".

In light of the result on the operation V. — PV cited above, it remains to show
that L' = (Ap)*af(A)* - - - a}(A})* belongs to B*J.
L' is recognized by the automaton

Since a; ¢ Al_, for i = 1,...,k, this automaton is deterministic (though not
complete) and reduced, and consequently M (L'), the syntactic monoid of L', is



the monoid of partial transformations on the states induced by the words of B*.
Now if ¢ is a state of the automaton and z,y, z € B* are such that izyz = iz = 7,
then (yz) € (A4})*, consequently y € (A})*, and thus izy = iz. It follows that
in M(L'), miymams = my implies mymg = my and thus M(L') is R-trivial.
The identical argument shows that the syntactic monoid of (A})*ay - - - a1 (A})*,
which is the reversal of M(L'), is R-trivial. Thus M (L') is L-trivial as well,
and thus J-trivial. Hence L’ € B*J. This completes the proof.

Corollary 6. M € W if and only if M < P(K,) for some n > 1.

Proof. By Theorem 1, P(K,) € PJ and by Theorem 5, PJ = W. Thus
M < P(K,) implies M € W.

In [11] it is proved that if V is a nontrivial variety of finite monoids, then
PV is generated by the monoids {P'(M) | M € V}, where P/(M) denotes the
monoid of nonempty subsets of M. Thus if M € PJ there exists My,..., M, €
J such that M < P'(M;p) x --- x P'(M,). Now it is easy to see that the
map (X1,...,X,) = X1 X ... x X, is an injective morphism embedding from
P (M) x -+ x P'(M,) into P(My X -+ x M,.). Thus M < P(M;y x -+ x M,.).
Now Mj x --- x M, € J, and, by Theorem 1, M; x --- x M, < K, for some
n > 1. Since M’ < M" implies P(M') < P(M"), we obtain M < P(K,). O

4 Further results and open problems

The varieties J and W = PJ play a role in the dot-depth hierarchy of Brzozowski
(see [1] and [2, Chap. 9] for the definitions). Let V be the variety generated
by the syntactic semigroups of languages of dot-depth less than or equal to k.
In [12] it is whown that

V1 =JxD

that is, the variety generated by semidirect products of the form M * S, where
M € J and S is a definite semigroup (see [2, Chap. 5]). More generally, it is
shown in [17] that for all k > 1 the variety Vy, is of the form V7, * D where V},
is a variety of finite monoids. Furthermore V}, = PJ, hence

Vy=PJ+«D

Thus J and PJ are the first two levels in an infinite hierarchy of varieties of
finite monoids, whose union is the variety of all aperiodic monoids.

The most important open problem concerning the variety W = PJ is the
decision problem: is there an algorithm to determine whether or not a finite
monoid M, given by its multiplication table, belongs to W? (Such an algorithm
exists for the variety J, because we can write down the [J-classes of M once
we possess the multiplication table). We have not found such an algorithm —
however, we do have an effective necessary condition for membership in W: if
M is a finite monoid and e € M is an idempotent, then we denote by M, the
subsemigroup of M generated by the elements of M which are greater than or
equal to e in the J-ordering on M. We can then form the subsemigroup eM_.e,
which is a monoid whose identity element is e. Our necessary condition is:

Theorem 7. If M € W, then eM.e € J for every idempotent e in M.



Proof. It is easy to show that for any variety V of finite monoids, the family
{M | eM.e € V} is also a variety (see [8]). Thus, by the corollary to Theorem
3, it suffices to show that if M = {,(Uy,...,Ur) then eMee € J. In [16] it
is shown that the Schiitzenberger product {,(Mi,...,M,) has the following
property:

There exists a surjective morphism 7 : $i(My, ..., M,) — My x -+ X M,
such that for each idempotent f € My X --- x M,, the semigroup S = fa~! is
locally J-trivial — that is, eSe € J for each idempotent e € S.

Now let us consider an idempotent e € M = ., (Uy,...,U;) and an element
a of M. Then a =ay ---a, where e <y a; fori=1,... k. Since Uy x --- x Uy
is idempotent and commmutative, (eae)m = (em)(aym)(ew) - - (em)(agm)(em).
In an idempotent and commmutative semigroup, s <7 t implies st = s, thus
(em)(a;m) = em fori =1,..., k, and consequently eae € (em)r~!. Thus eM.e =
eleMele C e[(er)r~1]e € J. Thus eM.e € J.

We do not know if the converse of Theorem 7 is true — if it were, it would
provide an effective method for testing membership in W.
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