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ON THE CONVEXITY OF THE ENTROPY ALONG ENTROPIC
INTERPOLATIONS

CHRISTIAN LEONARD

ABSTRACT. Convexity properties of the entropy along displacement interpolations are
crucial in the Lott-Sturm-Villani theory of lower bounded curvature of geodesic measure
spaces. As discrete spaces fail to be geodesic, an alternate analogous theory is necessary
in the discrete setting.

Replacing displacement interpolations by entropic ones allows for developing a rigorous
calculus, in contrast with Otto’s informal calculus. When the underlying state space is
a Riemannian manifold, we show that the first and second derivatives of the entropy as
a function of time along entropic interpolations are expressed in terms of the standard
Bakry-Emery operators I" and I's. On the other hand, in the discrete setting new oper-
ators appear. Our approach is probabilistic; it relies on the Markov property and time
reversal.

We illustrate these calculations by means of Brownian diffusions on manifolds and ran-
dom walks on graphs. We also give a new unified proof, covering both the manifold
and graph cases, of a logarithmic Sobolev inequality in connection with convergence to

equilibrium.
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INTRODUCTION

Displacement convexity of the relative entropy plays a crucial role in the Lott-Sturm-
Villani (LSV) theory of curvature lower bounds of metric measure spaces [Stu06a, Stu06b,
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2 CHRISTIAN LEONARD

LV09, Vil09] and the related Ambrosio-Gigli-SavarAl gradient flow approach [AGSO0S,
AGS].

Let us explain shortly what is meant by displacement convexity of the relative entropy.
Let (X, d,m) be a metric measure space and P(X) denote the space of all Borel proba-
bility measures on X. The distance d is the basic ingredient of the construction of the
displacement interpolations and the positive measure m enters the game as being the ref-
erence measure of the relative entropy which is defined by H (u|m) := [, log(du/dm) dp €
(00, 00|, u € P(X). Its displacement convexity means that along any displacement inter-
polation [pg, 111]95P = (pu¢)o<i<1 between two probability measures yy and jui;, the entropy

H(t) .= H(ulm), 0<t<1

of the interpolation as a function of time admits some convexity lower bound.

Let us recall briefly what displacement interpolations are. The Wasserstein pseudo-
distance W is the square root of the optimal quadratic transport cost between po and
p1 € P(X) given by W3 (o, 1) := infy [, d*dr where the infimum is taken over all
the couplings 7 € P(X?) of py and py. It becomes a distance on the subset Py(X) of
all € P(X) such that [, d*(z,,x) u(dz) < oo, for some z, € X. Displacement inter-
polations are the geodesics of the metric space (P2(X), Ws). They were introduced in
McCann’s PhD thesis [McC94]| together with the notion of displacement convexity of the
entropy. Related convex inequalities turn out to be functional and geometric inequalities
(Brunn-Minkowski, Prekopa-Leindler, Borell-Brascamp-Lieb, logarithmic Sobolev, Tala-
grand inequalities), see [McC97, CEMS01].

As a typical result, it is known [OV00, CEMS01, Sv05| that a Riemannian manifold has a
nonnegative Ricci curvature if and only if ¢ — H (t|vol) is convex along any displacement
interpolation (pu)o<t<1-

An important hypothesis of the LSV theory is that the metric space is geodesic. This
rules discrete spaces out. Something new must be found to develop an analogue of this
theory in the discrete setting. Several attempts in this direction were proposed recently.
Maas and Mielke [Maall, Miell, EM12, Mie| have discovered a Riemannian distance on
the set of probability measures such that the evolution of continuous-time Markov chains
on a graph are gradient flows of some entropy with respect to this distance. Bonciocat
and Sturm in [BS09] and Gozlan, Roberto, Samson and Tetali in [GRST| proposed two
different types of interpolations on the set of probability measures on a discrete metric
measure graph which play the role of displacement interpolations in the LSV theory.
The author recently proposed in [Léoa| a general procedure for constructing displacement
interpolations on graphs by slowing down another type of interpolation, called entropic
interpolation.

Entropic interpolations are the main actors of the present paper. Analogously to the
displacement interpolations which solve dynamical transport problems, they solve dynam-
ical entropy minimization problems. Although related to the purpose of this article, [Léoal
is mainly concerned by the slowing down asymptotic to build displacement, rather than
entropic, interpolations. Displacement interpolations are connected to optimal transport,
while entropic interpolations are connected to minimal entropy.

In this article, we consider the entropic interpolations in their own right, without slow-
ing down. The goal remains the same: studying convexity of the entropy along these
interpolations to derive curvature lower bounds of some Markov generators and state
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spaces. Our main result states that along any entropic interpolation [ug, p1] = (1t)o<i<1
between two probability measures pg and p;, the first and second derivatives of the rel-
ative entropy H(t) := H(u|m) of u; with respect to some reference measure m can be
written as

H'(t) = /X By — Op)du,  H'(t) = /X (Batir + Oap) dpin (1)

The arrows on © and ©, are related to the forward and backward directions of time.
The furi(;tions @ and v depend on the endpoints pg and py, but the nonlinear operators

@, O, 0, and O, only depend on some reference m-stationary Markov process. For
instance, when this process is the Brownian diffusion with generator L = (A —VV -V)/2
on a Riemannian manifold with m = e~"vol its reversing measure, we show that

@)zng‘/Q, 82:<62:P2/2 (2)
are respectively half the carrAl du champ T'u := L(u?) — 2uLu and the iterated carrAl du
champ T'yu := LI'u—2I (u, Lu) which were introduced by Bakry and Emery in their article
[BE85] on hypercontractive diffusion processes. In the discrete case, these operators are
not linked to I and I'y anymore, but they depend on L in a different manner, see (16) and
(17). In the Riemannian case, I's is related to the Ricci curvature via Bochner’s formula
(34). This is the main connection between geometry and displacement convexity. Because
of the tight relation (2) between (0,0,) and (I',I'9) in the Riemannian case, it is natural
to expect that (0, ©5) has also some geometric content in the discrete case. Does it allow
for an efficient definition of curvature of graphs? This question is left open in the present
paper. However, based on © and ©,, we give a unified proof of the logarithmic Sobolev
inequality on manifolds and a modified version on graphs. This is a clue in favor of the
relevance of the entropic interpolations.

An advantage of the entropic calculus, compared to its displacement analogue, is that
entropic interpolations are regular in general. This is in contrast with displacement inter-
polations. Otto’s informal calculus provides heuristics that necessitate to be rigorously
proved by means of alternate methods while on the other hand entropic interpolations
allow for a direct rigorous calculus. As a matter of fact, it is proved in [Léo12, Léoa| that
displacement interpolations are semiclassical limits of entropic interpolations: entropic
interpolations are regular approximations of displacement interpolations.

Another pleasant feature of the entropic approach is that it is not only available for
reversible reference Markov dynamics, but also for stationary dynamics (in the reversible
case, the time arrows on © and ©, disappear).

The article’s point of view is probabilistic. Its basic ingredients are measures on path
spaces: typically, Brownian diffusions on manifolds and random walks on graphs. The
Markov property plays a crucial role and we take advantage of its time symmetry. Recall
that it states that conditionally on the knowledge of the present state, past and future
events are independent. In particular, a time-reversed Markov process is still Markov.
Time-reversal stands in the core of our approach (even when the reference stochastic
process is assumed to be reversible); it explains the forward and backward arrows on ©
and ©,. In contrast with analytic approaches, very few probabilistic attempts have been
implemented to explore geometric and functional inequalities. In this respect, let us cite
the contributions of Cattiaux [Cat04] and Fontbona and Jourdain [FJ| where stochastic
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calculus is central. In the present article, stochastic calculus is secondary. The symmetry
of the Markov property allows us to proceed with basic measure theoretical technics.

Outline of the paper. The article is organized as follows. Entropic interpolations are
discussed at Section 1. In particular, we describe their dynamics. This permits us to write
their equation of motion and derive our main abstract result (1) at Section 2. This abstract
result is exemplified with Brownian diffusion processes at Section 3 and random walks on a
countable graph at Section 4. A unified proof of an entropy-entropy production inequality
(logarithmic Sobolev inequality) in both the Riemannian and discrete graph settings, is
given at Section 5 in connection with convergence to equilibrium. The stationary non-
reversible case is investigated. At Section 6, we propose a heuristics based on thought
experiments in order to grasp the link between entropic and displacement interpolations.
Finally, we address several open questions related to curvature and entropic interpolations,
keeping in mind the LSV theory of geodesic measure spaces as a guideline. This article is
a preliminary step and these open questions should be seen as part of a program toward
an analogue of the LSV theory that is available in a discrete setting.

Notation. For any measurable space Y, we denote by P(Y') and M, (V') the sets of all
probability measures and positive measures on Y. Let Q = D(]0, 1], X') be the space of all
right-continuous and left-limited paths from the time interval [0, 1] taking their values in a
Polish state space X endowed with its Borel o-field. The canonical process X = (X;)o<t<1
is defined by Xi(w) = wy € X for all 0 <t <1 and w = (wi)o<t<1 € . As usual, Q is
endowed with the canonical o-field o(X). For any T C [0, 1] and any positive measure @
on Q, we denote X7 = (X¢)ter, Q7 = (X7)2Q, 0(X7) is the o-field generated by X7. In
particular, for each ¢ € [0,1], @Q; = (X;)4Q € M, (X) and Qo = (Xo, X1)xQ € M, (X?).

1. ENTROPIC INTERPOLATION

Entropic interpolations are defined and their equations of motion are derived. The
continuous and discrete space cases are both imbedded in the same abstract setting.
This prepares next section where the first and second derivatives of H(t) := Hu,|m) are
calculated.

(f,g)-transform of a Markov process. The h-transform of a Markov process was
introduced by Doob [Doo57] in 1957. It is revisited and slightly extended in two directions:

(1) We consider a two-sided version of the h-transform, which we call (f, g)-transform,
taking advantage of the invariance of the Markov property with respect to time
reversal;

(2) We extend the notion of Markov property to unbounded positive measures on 2,
having in mind two typical examples:

e The reversible Wiener process on R", i.e. the law of the Brownian motion
with Lebesgue measure as its initial law;
e The reversible simple random walk on a countable locally finite graph.
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Assumptions on R. We specify some R € M () which we call the reference path measure
and we assume that it is Markov and m-stationary' where m € M, (X) is a o-finite positive
measure on X. See Definitions A.1 and A.4 at the appendix Section A.

Definition 1.1 ((f, g)-transform). Let fo, g1 : X — [0,00) be two nonnegative functions
in L*(m). The (f, g)-transform P € P(Q) of R associated with the couple of functions

(fo, g1) is defined by
P = fo(Xo)g1(X1) R € P() (3)
with [y fo(2)g1(y) Roi(dzdy) = 1 for P to be a probability measure.

Note that fy,g1 € L*(m) implies that fo(Xo)g1(X1) € L'(R). Indeed, denoting F =
fo(Xo) and G = ¢1(X,), we see with Ry = Ry = m that FrF? = ||f0||%2(m), ErG? =
lg1l|22(yand Er(FG) = Eg[FER(G | Xo)] < \/ERF?Er(Ex(G | X0)?) < VERF?ERG® =
[ follz2my 911l L2 (m) < o0

Remarks 1.2. Let us write some easy facts about (f, g)-transforms and h-transforms.

(a) Taking fy = po and g; = 1 gives us P = po(Xo)R which is the path measure with
initial marginal pg = pom € P(X') and the same forward Markov dynamics as R.

(b) Symmetrically, choosing fy = 1 and g; = p; corresponds to P = p;(X;)R which is the
path measure with final marginal 1 = p;m € P(X) and the same backward Markov
dynamics as R.

(c) Doob’s h-transform is an extension of item (b). It is defined by P = h(X;) Ry
where 7 is a stopping time and h is such that P is a probability measure.

Let us denote the backward and forward Markov transition kernels of R by

(s,t,2) = RX,e-|X,=2), 0<s<t<l,
(t,z;u,) = R(X,€-|Xi=2), 0<t<u<l,

and for m-almost all z € X,

f2) = Er(fo(Xo) | Xo=2) = [, fol) 7 (0, dzst, 2)
{W) = Ep(pn(X1) | Xi=2) = [o7(tx1dy) ouly). 4)

The relation between (fy, g1) and the endpoint marginals pg, u; € P(X) is

po = fogo, m-a.e.
(5)

p1 = fig, m-ae.

Ho = pomm
H1 = p1m
equations (5) was exhibited by SchrAtdinger in 1931 [Sch31] in connection with the
entropy minimization problem (Sgy,) below.

where the density functions py and p; are defined by { . The system of

IThis stationarity assumption is not necessary and one could replace m by R, everywhere. It simply
makes things more readable and shortens some computations.
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Entropic interpolation. Let us introduce the main notion of this article.

Definition 1.3 (Entropic interpolation). Let P € P(Q) be the (f, g)-transform of R given
by (3). Its flow of marginal measures

is called the R-entropic interpolation between g and py in P(X) and is denoted by
(110, M1]R = (Mt)te[o,u-
When the context is clear, we simply write [po, p1], dropping the superscript R.

Next theorem tells us that p; is absolutely continuous with respect to the reference
measure m on X. We denote by

Pt ‘= d,ut/dm, OStSl,

its density with respect to m.
Identities (5) extend to all 0 <t <1 as next result shows.

Theorem 1.4. Let P € P(Q) be the (f,g)-transform of R given by (3). Then, P is
Markov and for all 0 <t <1, uy = py m with

pr = figr, m-a.e. (6)

Proof. Without getting into detail, the proof works as follows. As m = Ry,

)= S0 = Bn | H1X = 2] = Ba () (01X, = 2

= ER [fo(X0)[ Xy = 2] ER [91(X1)[Xe = 2] = figu(2).
The Markov property of R at the last but one equality is essential in this proof. For more
detail, see [Léol4, Thm. 3.4]. O
R

With (6), we see that an equivalent analytical definition of [, 1] is as follows.

Theorem 1.5. The entropic interpolation 1o, p1|® satisfies yu; = ps m with

pi(z) = /Xfo(:c) (0, dx; t, 2) /X Ttz 1,dy) gi(y), for m-a.e. z € X, (7)

for each 0 <t <1.

Marginal flows of bridges are (possibly degenerate) entropic interpolations. Let us have a

look at the R-entropic interpolation between the Dirac measures 6, and d,.

(a) When Ry (z,y) > 0, [d,,0,]" is the time marginal flow (R;)o<;<1 of the bridge R™.
Indeed, taking pg = 0, and p; = d,, a solution (fy, g1) of (5) is fo = 1,/ Roi(x,y)
and ¢; = 1,. It follows that the corresponding (f, g)-transform is fo(Xo)g1(X1) R =
Roi(2,y) " ixp=ex,=9) B = R™.

(b) When Ry (z,y) = 0, [0, 6,]® is undefined. Indeed, Definition 1.3 implies that p, 11 <
m. Let us take the sequences of functions fJ' = c;llB(m/n) and g7 = 1pgg,1/n)
with B(z,r) the open ball centered at x with radius r and ¢, = R (B(z,1/n) X
B(y,1/n)) > 0 the normalizing constant which is assumed to be positive for all
n > 1. The corresponding (f, g)-transform of R is the conditioned probability mea-
sure P" = R(- | Xo € B(z,1/n),X1 € B(y,1/n)) which converges as n tends to
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infinity to the bridge R* under some assumptions, see [CUB11]| for instance. As a
natural extension, one can see [d,, d,]® as the time marginal flow ¢ — R} of the bridge

R,

When the transition kernels are absolutely continuous with respect tom, i.e. 7(15, z;1,dy) =
T (t,z;1,y) m(dy), for all (¢,2) € [0,1) x X and ¥ (0,dz;t,z) = 7(0,z;t, 2) m(dzx),

for all (t,z) € (0,1] x X, then the density functions are equal: 7 = ¥ := r (this
comes from the m-stationarity of R), and (7) extends as

dR” ) _rl0mt 2t 21 y)
z) = ;
dm r(0,2;1,y)

Note that in general, for any intermediate time 0 < t < 1, R;Y is not a Dirac mass.
This is in contrast with the standard displacement interpolation [d,,d,]%P whose

typical form is 0,ev where 4*¥ is the constant speed geodesic between z and y when
this geodesic is unique.

O0<t<l.

Any entropic interpolation is a mixture of marginal flows of bridges. This is expressed
at (62). For a proof, see [Léol4].

SchrAfdinger problem. The notion of entropic interpolation is related to the entropy
minimization problem (Sgy,) below. In order to state this problem properly, let us first
recall an informal definition of the relative entropy

H(plr) := / log(dp/dr) dp € (o0, ]

of the probability measure p with respect to the reference o-finite measure r; see the
appendix Section A for further detail. The dynamical SchrAtidinger problem associated
with the reference path measure R € M (Q) is

H(P‘R) — mm, Pe P(Q) : P(] = o, P1 = U1 (den>

It consists of minimizing the relative entropy H(P|R) of the path probability measure P
with respect to the reference path measure R subject to the constraint that Fy = py and
Py = py where pg, 11 € P(X) are prescribed initial and final marginals.

We shall need a little bit more than fy, g1 € L?*(m) in the sequel. The following set of
assumptions implies that some relative entropies are finite and will be invoked at Theorem
1.7 below.

Assumptions 1.6. In addition to fo, g1 € L*(m) and the normalization condition
Sz fo(2)g1(y) Roi(dzdy) = 1, the functions fo and g, entering the definition of the (f, g)-
transform P of R given at (3) satisfy

| o, fo(o) + 108 a0} fow)en () Ron(dady) < . 0

where log, h := 1~y logh, and as a convention 0log(0 = 0.

Theorem 1.7. Under the Assumptions 1.6, the (f,g)-transform P of R which is defined
at (3) is the unique solution of (Sayn) where the prescribed constraints py = pom and
(1 = p1m are chosen to satisfy (5).

Proof. See [Léol4, Thm. 3.3]. O
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Note that the solution of (S4y,) may not be a (f, g)-transform of R. More detail about
the SchrAtidinger problem can be found in the survey paper [Léol4].

(11, 1]® is not constant in time. One must be careful when employing the term interpo-

lation as regards entropic interpolations, because in general when py = p; =: p, the

interpolation [y, ,u]R is not constant in time. Let us give two examples.

(a) Suppose that Rgi(z,z) > 0. Then the solution of (Sgy,) with py = g4 = 6, is the
bridge R*® and [d,,d,]" is the marginal flow (R?®)o<;<; which is not constant in

general.
(b) Consider R to be the reversible Brownian motion on the manifold X'. Starting from
i at time ¢ = 0, the entropic minimizer P is such that u, := P, gets closer to the

invariant volume measure m = vol on the time interval |0,1/2] and then goes back
to v on the remaining time period [1/2,1]. Let us show this. On the one hand, with
Theorem 3.5 below, it is easy to show that the function ¢ € [0, 1] — H(t) := H (u|vol)
is strictly convex whenever 11 # vol. And on the other hand, a time reversal argument
tells us that H(t) = H(1 —t), 0 <t < 1. The only constant entropic interpolation is
[vol, vol|&.

(12, 1] %P is constant in time. Unlike the entropic interpolation [, 1], McCann’s displace-
ment interpolation [u, 4] has the pleasant property to be constant in time. See (60)
below for the definition of the displacement interpolation and compare with the represen-
tation (62) of the entropic interpolation.

Forward and backward stochastic derivatives of a Markov measure. Since P is
Markov, its dynamics is characterized by either its forward stochastic derivative and its
initial marginal p or its backward stochastic derivative and its final marginal 11;. Before
computing these derivatives, let us recall some basic facts about these notions.

Let @ € M (f2) be a Markov measure. Its forward stochastic derivative 0 + fQ is
defined by

- . -
[0: + L?](U)(ta z) = lﬁglh 'Eq (U(t +h, Xon) —ult, Xy) | Xy = z)

for any measurable function w : [0,1] x X — R in the set dom T for which this limit
exists Q-a.e. for all 0 < ¢t < 1. In fact this definition is only approximate, we give
it here as a support for understanding the relations between the forward and backward
derivatives. For a precise statement see [Léoc, §2|. Since the time reversed Q* of @ is still

Markov, () admits a backward stochastic derivative —0 + TQ which is defined by
8, + Lu(t, 2) == lim ™ o (u(t = h, Xion) = ul(t, X) | Xi = 2)
for any measurable function w : [0,1] x X — R in the set dom L@ for which this limit
exists Qs-a.e. for all 0 < t < 1. Remark that
Te=T%, o0<t<l.

It is proved in [Léoc, §2| that these stochastic derivatives are extensions of the ex-
tended forward and backward generators of ) in the semimartingale sense, see [DMS8T7].
In particular, they offer us a natural way for computing the generators.
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Forward and backward dynamics of the entropic interpolation. The dynamics
. . . Xy —>P

in both dlrectlons of time of [pg, p11]® are specified by the stochastic derivatives 4 := L

and A = LP of the Markov measure P € P(Q2) which appears at Definition 1.3. For

simplicity, we also denote LR L and L Tr_ L without the superscript R and assume

that L e
Lt:L, Lt:L, V0<t<1

meaning that the forward and backward transition mechanisms of R do not depend on t.

To derive the expressions of X and A we need to introduce the carrAl du champ T of
both R and its time reversed R*. The exact definition of the extended carrAl du champ
I' and its domain is given at [Léo_c), Def. 4.10]. In restriction to the functions uw,v on X

such that u,v and uv are in dom L, we recover the standard definition

{ T (u, v) Z

— —
(uv) —u&v—véu
(ww) —uLv—vLu

Tl

?(u, v)

-
When R is a reversible path measure, we denote L. = L = L and I' = ? = (F,
dropping the useless time arrows.

Remark 1.8. In the standard Bakry-Emery setting [BES5, Bak94], X is a Riemannian
manifold and one considers the self-adjoint Markov diffusion generator on L?(X’, e~V vol)

given by L=A —VV -V, with vol the volume measure and V' : X — R a regular function.
The usual definition of the carrAl du champ of L is I'(u, v) := [L(uv) —uLv —vLu]/2. In
the present paper, I' is not divided by 2 and we consider L = L/2, i.e.

L=(-VV-V+A)/2, (9)

which corresponds to an SDE driven by a standard Brownian motion. Consequently,
I'(u,v) =T'(u,v) = Vu - Vo.

In general, even if R is a reversible path measure, the prescribed marginal constraints
enforce a time-inhomogeneous tran51t10n mechanism: the forward and backward deriva-
tives (0 + Xt)ogtgl and (—0; + A t)o<t<1 of P depend explicitly on . It is known (see
[Léoc| for instance) that for any function v : X — R belonging to some class of regular
functions to be made precise,

Xtu(z) = fu(z) + . (t,z) €1]0,1) x &,
? 91(2) (10)
Ztu(z) = Tu(z) + (;t’(:))(z), (t,2) € (0,1] x X,

where f and g are defined at (4). Because of (6), for any ¢ no division by zero occurs
p-a.e. For (10) to be meaningful, it is necessary that the functions f and g are regular
enough for f, and ¢; to be in the domains of the carrAl du champ operators. In the
remainder of the paper, we shall only be concerned with Brownian diffusion processes and

random walks for which the class of regular functions will be specified, see Sections 3 and
4.
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Going back to (4), we see that the processes f;(X;) and g;(X;) are respectively backward
and forward local R-martingales. In terms of stochastic derivatives, this is equivalent to

(<0 + L)f(t.2) =0, 0<i<1, 0+ Dlglt,) =0, 0<t<1, ()
f07 t:07 g1, tzl,

where these identities hold p-almost everywhere for almost all £.

Assumptions 1.9. We assume that the kernels 7, that appear in (4) are (a) positivity

improving and (b) reqularizing:

(a) For all (t,2) € (0,1) x X, 7(t, 2 1,-) > m and 7 (0, ;t,2) > m.

(b) The functions (fo,g1) and the kernels 7,5 are such that (t,z) — f(t,2),g(t,z) are
twice t-differentiable classical solutions of the parabolic PDFEs (11).

Assumption (a) implies that for any 0 < ¢ < 1, f; and ¢, are positive everywhere. In
particular, we see with (6) that p; ~ m. Assumption (b) will be made precise later in
specific settings. It will be used when computing time derivatives of ¢ — pi.

Mainly because we are going to study the relative entropy H(u|m) = [, log(fig:) dps,

%
it is sometimes worthwhile to express X and A in terms of the logarithms of f and g :

{ ¢i(z) :=log fi(2) = log Er(fo(Xo) | Xi = 2), (L,2) € (0,1] x X (12)
Yi(2) :==log gi(2) = log Er(g1(X1) | Xi = 2), (t,2) €[0,1) x &.

In analogy with the Kantorovich potentials which appear in the optimal transport theory,
we call ¢ and ¥ the SchrAddinger potentials. Under Assumption 1.9-(b), they are classical
solutions of the “second order” Hamilton-Jacobi-Bellman (HJB) equations

{(—at+<§)<p:0, 0<t<l, {(at+§)¢:0, 0<t<l, 13)

gpozlogf(]v t:07 ¢1:10g917 tzla
where the non-linear operators B and B are defined by

{ﬁu = e‘“fe“,

« —
Bv = e"Le",
— —
for any functions u,v such that e* € dom L and e’ € dom L. Let us introduce the

notation
zg = z+ 6_9?(60, )
Ap = L+ e_G(F(e@, )

—
which permits us to rewrite (10) as Xt = Zd}t and A, = A

dence on the SchrAtdinger potentials.

o> emphasizing their depen-

Forward-backward systems. The complete dynamics of [y, p1]® is described by a forward-

backward system. We see that

{(—(%4—2%)#:0, 0<t<1, 1o {(at+§)¢=0, 0<t<1, ()
Mo, t=0, Yy = log g1, t=1,
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and A* is the algebraic adjoint of A : [ y Audp =: (u, A*p) . The evolution equation for p
is understood in the weak sense, in duality with respect to a large enough class of regular
functions w. Similarly,

%

@+ A =0, 0<t<1, (9 + B)p=0, 0<t<1,

Pt where (15)
f1s t=1, @o = log fo, t=0.

It appears that the boundary data for the systems (14) and (15) are (po, g1) and (fo, p1)-

2. SECOND DERIVATIVE OF THE ENTROPY

The aim of this section is to provide basic formulas to study the convexity of the entropy
t €[0,1] — H(t) := H(u|m) € [0, 00)

as a function of time, along the entropic interpolation [ug, 1] associated with the (f, g)-
transform P of R defined by (3). The interpolation [ug, p11]® is specified by its endpoint
data (1, p1) defined by (5). We have also seen at (14) and (15) that it is specified by

either (o, g1) or (fo, pt1)-

Basic rules of calculus and notation. We are going to use the subsequent rules of
calculus and notation where we drop the subscript ¢ as often as possible. Assumption 1.9
is used in a significant way: it allows to work with everywhere defined derivatives.
® pr= figgm, ¢:=logf, ¢:=logg.
The first identity is Theorem 1.4. The others are notation which are well defined
everywhere under Assumption 1.9.
o U:=0u, fi:=0p, (un) = [, udny
These are simplifying notation.
e The first line of the following equalities is (10) and the other ones are definitions:

Au = Lu+?g, )/g Tu = Lu—l—?fu/f
= “Le ; u = e‘“Le“
8u = ?u— Lu %u = %u—%u
° Xu ) —Au L)

These 1dent1t1es hold since p is the time- margmal flow of the Markov law P whose

forward and backward derivatives are and A
e A short Way for writing (11) and 13) is:

{g = Iy f=Ls

b = By ¢ = Be.
Entropy production. By Assumption 1.9, the evolution PDEs (11) and (13) are defined

in the classical sense and the functions 7 and ? below are well defined.

Definition 2.1 (Forward and backward entropy production). For each 0 < t < 1, we
define respectively the forward and backward entropy production at time t along the inter-

polation [uo, u1]® by .
T(t) = [y Svidu

%
I(t) = [, ©¢du
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where for any reqular enough function wu,

Bu = e_“?(e“,u)—au
(16)

Bu = e‘“?(e“,u)—%u.

%
Calling the functions ? and I “entropy production” is justified by Corollary 2.4 below.
We shall see at Section 3 that in the reversible Brownian diffusion setting where R is
associated with the generator (9), we have

=
Ou=0u="I(u)/2
with no dependence on ¢ and as usual, ones simply writes I'(u) := I'(u, u).

Proposition 2.2. Suppose that the Assumptions 1.6 and 1.9 hold. The first derivative
of t — H(t) is

%H(Mt\m ~ToH-Tw, o<t<l

Proof. With Theorem 1.4 and the definition of the relative entropy, we immediately see
that H(t) = (logp, ) = (¢ + ¥, p). It follows with our basic rules of calculus that

fﬂﬂz<¢+%u)+@+%ﬂ%4§w—§%m+«—Zw+z%u)

The point here 1s to apply the forward operators X an § to ¢ and the backward
A § to ¢. This is the desired result since Z ? @@D and
O

operators A

(A-B)p="by

mw

Mm@ﬂ@$¢+¢w>=@m%mm=OMww=@mwZMMﬂ@meOwa

<¢+¢4§=<§w—§%u%—

As an immediate consequence of this Proposition 2.2, we obtain the following Corollary
2.4 about the dynamics of heat flows.
Definitions 2.3 (Heat flows).

(a) We call forward heat flow the time marginal flow of the (f, g)-transform described at
Remark 1.2-(a). It corresponds to fo = po and g =1, i.e. to P = po(Xy) R.

(b) We call backward heat flow the time marginal flow of the (f, g)-transform described
at Remark 1.2-(b). It corresponds to fo =1 and g1 = p1, i.e. to P = p1(X1) R.

Corollary 2.4.

%
(a) Along any forward heat flow (p:)o<i<1, we have: LH(pim) =—1(t), 0 <t < 1.
(b) Along any backward heat flow (p)o<i<1, we have: L H (p|m) = ?(t), 0<t<l.
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Second derivative. The computations in this subsection are informal and the underlying
regularity hypotheses are kept fuzzy. We assume that the Markov measure R is nice
enough for the SchrAtidinger potentials ¢ and 1 to be in the domains of the compositions
of the operators L,I",; A, B and C' which are going to appear below. To keep formulas
into a reasonable size, we have assumed that R is m-stationary. The informal results that
are stated below at Claims 2.6 and 2.7 will turn later at Sections 3 and 4 into formal
statements in specific settings. We introduce

62u — L6u + e T e, Su + e‘“?(e“, u)ﬁu — e‘“?(e“?u, u),

17
@gu = T@u—l—e_“? e“,gu +e‘“$(e“,u)<§u—e‘“?(e“%u,u), 17

provided that the function w is such that these expressions are well defined. It will be
shown at Section 3, see (30), that in the Brownian diffusion setting where R is associated

7 —
with the generators <£ - b V+A4/2 , we have 92 = F2/2
L= 9% veap 5, = T2

, Where

?2(11) = L? (u) —2? Lu u) (18)

are the forward and backward iterated carrAl du champ operators.

{?z(u) — LT(w-2T(L Lu,u)

Remark 2.5. We keep the notation of Remark 1.8. In the standard Bakry—Emery setting,
the iterated carrAl du champ of L = A — VV - V is F2( ) = [L(D(w)) — 20 (u, Lu)] /2.
In the present paper, we consider L = L/ 2 instead of L and we have already checked at
Remark 1.8 that I' = I". Consequently, I'y = Ty.

Introducing these definitions is justified by the following claim.

Claim 2.6 (Informal result). Assume that R is m-stationary. Then,

d? — —
s (ulm) = (8200 + av ), VO<t<l

Proof. Starting from H (t)

= (p logp, m) , we obtain H'(t) = (1 +logp, f1) = (log p, j1) =
(= Ao+ Ay, ) and H'(t) =

7 <—<Zgo,u> + 4 <X¢,,u> We have

% <—<Zs0,u> = <<ZQ¢ ~ A ii?so,u> = <<Z(<Z B)p - (ﬂf’ ) %(F(f, -)) so,u>
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Similarly, we obtain

% <Z¢,u> = <Zz¢ + Ad+ Xw,u> - <Z(Z B+ <% _ g%?(g, .)> ¢,M>
_ <X@Z_§W_(ﬁﬁggu_fgﬁwﬁ>¢#>:<gﬂwO, 19)

which completes the proof of the claim. U

Gathering Proposition 2.2 and Claim 2.6, we obtain the following

Claim 2.7 (Informal result). When R is m-stationary, for all 0 <t < 1,

d

— N
ZH(ulm) = (St —Opim).

d? — —
ﬁH(Mﬂm) = <@2wt+@2<ﬁt>ﬂt>-

3. BROWNIAN DIFFUSION PROCESS

As a first step, we compute informally the operators © and ©, associated with the
Brownian diffusion process on X = R™ whose forward and backward generators are given
forall 0 <t <1 by

f:?-VJrA/z T:?~V+A/2. (20)

Here, z — ?(2), %(z) € R™ are the forward and backward drift vector fields. The term

“informally” means that we suppose that ? and ? satisfy some unstated growth and
regularity properties which ensure the existence of R and also that Assumptions 1.9 are
satisfied.

Then, we consider reversible Brownian diffusion processes on a compact manifold.

Dynamics of tge entropic interrzi)lations. The issociated nonlinear operators are
Bu = Au/2 + b - Vu + |Vul?*/2, Bu = Au/2 + b - Vu + |Vu|*/2 and ?(u,v) =
(u,v) = Vu - Vo for any ¢ and u,v € C*(R"). The expressions

{Xt — A2+ (D + V)V,
- —
Ay = A2+ (b +Vy)-V,

of the forward and backward derivatives tell us that the density p:(z) := dui/dz solves
the following forward-backward system of parabolic PDEs

{ (0 — A=) + V- (B + Ve))(2) =0, (t,2) € (0,1] x X
Ho, t 0,
where ¢ solves the HJB equation
{ O+ A2+ 5 - V)(2) + V(=) /2= 0, (¢
Yy = log g1, t

)

zl‘E 0,1) x X 1)
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In the reversed sense of time, we obtain

{ (=0 — A2)u(2) + V- (b +Vg))(2) =0, (¢, el xx
t

M1, =4
where ¢ solves the HJB equaltion
%
{ (=0 +A/24 b - V)p(2) + |[Veu(2)?/2=0, (t,2)€(0,1] x X (22)
o = log fo, t=0.
We put log gy = —oo on the set where g; vanishes and the boundary condition at time

t = 1 must be understood as limy+; ¥, = log g;. Similarly, we have also lim, ) ¢, = log fo
in [—o0, 00).

Because of the stochastic representation formulas (4), the functions ¢ and 1 are the
unique viscosity solutions of the above Hamilton-Jacobi-Bellman equations, see [FS93,
Thm. I1.5.1]. The existence of these solutions is ensured by the Assumptions 1.6.

Remarks 3.1.

(a) In general, ¢ and ¥ might not be classical solutions of their respective HJB equations,
the gradients Vi and V¢ are not defined in the usual sense. One has to consider
the notion of P-extended gradient: vP , that is introduced in [Léoc]. The complete
description of the Markov dynamics of P is a special case of [Léoc, Thm.5.4|: the for-
ward and backward drift vector fields of the canonical process under P are respectively

— = — =
b +VFEy, and b + V.
(b) Suppose that the stationary measure m associated with R is equivalent to the Lebesgue

— —
measure. Then, the forward and backward drift fields b and b are related to m as
follows. Particularizing the evolution equations with p, = m and V¢ = Vp = 0, we
see that the requirement that R is m-stationary implies that

V-(m{v®—-Vliegym}) = 0 (23)
V- (mov™) =0
for all ¢, where m(z) := dm/dx, these identities are considered in the weak sense and
—
v® = (b + b)/2
-
v = (b —b)/2
are respectively the osmotic and the (forward) current velocities of R that were in-

troduced by E. Nelson in [Nel67]. In fact, the first equation in (23) is satisfied in a
stronger way, since the duality formula associated to time reversal [F6186] is

v”® = Vlogv/m. (24)

%
An interesting situation is given by b = —VV/2+b, where V : R® — R is C? and the
drift vector field b, satisfies

V-(eVb)=0. (25)
It is easily seen that
m = eV Leb
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is the stationary measure of R. Moreover, with (24), we also obtain

T o= —VV/2+4b, W= VY2
e ) cu — b * (26)
b o= —VV/2-b, v L

In dimension 2, choosing b, = €"(—9,U, 9,U) with U : R*? — R a C*regular function,
solves (25). Regardless of the dimension, b; = €"SVU where S is a constant skew-
symmetric matrix and U : R® — R a C2-regular function, is also a possible choice. In
dimension 3 one can take b, = " V A A where A : R® — R3 is a C?-regular vector field.

Computing © and O,. Our aim is to compute the operators @), <(§, @)2 and <(§ of the
Brownian diffusion process R with the forward and backward derivatives given by (20)
and (26):

T = (-VV-V+A)2-b, -V, (27)

where V - (Vb)) = 0. For simplicity, we drop the arrows and the index ¢ during the
intermediate computations.

{ L = (-VV-V+A)/2+b, -V,

Computation of ©. We have I'(u) = e “I'(e*,u) = |Vu|? and Cu = |Vu|?/2. Therefore,
Ou = Cu =T'(u)/2 = |Vu|*/2. This gives

= _ 2
9t¢t - |V7\pt‘2/27 (28)
O = |V<Pt| /27

and the entropy productions writes as follows, for all 0 < ¢ < 1,
1
T = 5/ IVl e,
X

— 1
0 = 5 [ Vel du
X

Recall that f;,g; > 0, p-a.e.: forall 0 <t < 1.

Computation of ©5. Since R is a diffusion, I' is a derivation i.e. I'(uv,w) = ul'(v,w) +
vI'(u, w), for any regular enough functions u,v and w. In particular, the two last terms
in the expression of ©yu simplify:

e “I'(e"Bu,u) —e “I'(e",u) Bu = I'(Bu,u) = I'(Lu, u) + I'(Cu, u),
and we get Oou = LI'(u)/2 4+ I'(Cu,u) — I'(Lu,u) = I'(Cu,u) = LI'(u)/2 — T'(Lu, w). This

means that N
{ ("‘)2 - FQ/Q,

They are precisely half the iterated carrAl du champ operators ?2 and ?2 defined at
(18). The iterated carrAl du champ I'§ of L° = A/2 is

L5(u) = |V2ullfs = ) (9yu)°

i7j
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where V?u is the Hessian of u and ||V?u||%4g = tr ((V?u)?) is its squared Hilbert-Schmidt
norm. As I'y(u) = I'§(u) —2Vb(Vu) where 2Vb(Vu) =23, ; 0;b; Oiudju = [V+V*]b(Vu)
with V*b the adjoint of Vb, it follows that

{ Tow) = [[V2ulks + (V2V = [V + Vb)) (Vu),

31
?g(u) = ||V2ul|Zs + (V2V + [V + V*]b. ) (Vu). (1)

Regularity problems. To make Claim 2.7 a rigorous statement, one needs to rely upon

regularity hypotheses such as Assumptions 1.9. If one knows that fy, g1, b and b are
such that the linear parabolic equations (11) admit positive C*%((0,1) x X)-reqular solutions
then we are done. Verifying this is a standard (rather difficult) problem which is solved
under various hypotheses. Rather than giving detail about this PDE problem which can
be solved by means of Malliavin calculus, we present an example at next subsection.

Working with classical solutions is probably too demanding. The operators © and ©,
are functions of Vu and the notion of gradient can be extended as in [Léoc| in connection
with the notion of extended stochastic derivatives, see Remark 3.1-(a). Furthermore,
when working with integrals with respect to time, for instance when considering integrals
of the entropy production (see Section 5), or in situations where H (t) is known to be twice
differentiable almost everywhere (e.g. H(t) is the sum of a twice differentiable function
and a convex function), it would be enough to consider dt-almost everywhere defined
extended gradients. This program is not initiated in the present paper.

Reversible Brownian diffusion process on a Riemannian manifold X. We give
some detail about the standard Bakry-Emery setting that already appeared at Remark
1.8. It corresponds to the case where b; = 0. Let us take

m=e"" vol (32)

where V' € C? satisfies [, e™V® vol(dz) < oo. The m-reversible Brownian diffusion
process R € M, () is the Markov measure with the initial (reversing) measure m and
the semigroup generator

L=(-VV-V+A)/2
The reversible Brownian motion R° € M (Q2) corresponds to V' = 0. Its stochastic deriva-

tives are
<_

_>
L°=T1°=A)2 (33)
and vol is its reversing measure. Since R° is the unique solution to its own martingale

problem, there is a unique R which is both absolutely continuous with respect to R° and
m-reversible.

Lemma 3.2. In fact R is specified by
R = exp <—[V(X0) + V(X1)]/2 + / [AV(X,)/4 = [VV(X,)]?/8] dt) R°.
[0,1]

Proof. To see this, let us define R by means of df?/dRO = e~V (X0) 7, where

Z; = exp (fg ~YV(X,)-dX, — L ) \%(Xs)|2> is a local positive forward R°-martingale.
Since fR” e V(@) dz < o0, it follows that t — e~V (X0) Z, is a forward R°-supermartingale.
In particular its expectation t ++ Ego[e™VX0) Z,] is a decreasing function so that }A%(Q) =
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Epo(e7V X Z)) < Epo(e?VX0 Z5) = [, eV dz < .

On the other hand, since both R° and dR /dR° are invariant with respect to the time rever-
sal X*: X[ = X1y, sepo]; R is also invariant with respect to time reversal: (X*)#J% = R.
In particular, its endpoint marginals are equal: Ry = Ry. Consequently, E[O,t] doesn’t
send mass to a cemetery point 1 outside X as time increases, for otherwise its termi-
nal marginal Ry would give a positive mass to {, in contradiction with RO(T) = 0 and
Ry = Ry. Hence, Z is a genuine forward R°-martingale. With 1t6’s formula, we see that
dZ, = —Z,V¥(X;) - dX;, R°-a.e. and by Girsanov’s theory we know that R is a (unique)
solution to the martingale problem associated with the generator L = (=VV -V + A)/2.

Finally, we take R = R and it is easy to check that L is symmetric in L?(m), which
implies that m is reversing. 0

Remark 3.3. When L is given by (33), for any non-zero nonnegative functions fy, g1 €
L2(vol), the smoothing effect of the heat kernels 7 and % in (4) allows us to define
classical gradients Vi, and Vi, for all ¢ in [0, 1) and (0, 1] respectively. We see that Vi,
and Vi, are the forward and backward drift vector fields of the canonical process under
P.

Next result proposes a general setting where Assumptions 1.9 are satisfied. The mani-
fold X is assumed to be compact to avoid integrability troubles.

Proposition 3.4. Suppose that X is a compact Riemannian manifold without boundary
and V : X — R is C*-reqular. Then, for any C*-reqular function v : X — R, the function
(t,2) — u(t,x) == Er[u(X;) | Xo = z] belongs to C?((0,1) x X).

In particular, if in addition X is assumed to be connected and fy and g; are non-zero
nonnegative C*-reqular functions, the functions f and g defined at (4) and their logarithms
¢ and ) are classical solutions of (11) and (13).

Proof. For any path w € 2 and any 0 <t < 1, we denote

Zi(w) :=exp (—[V(wo) + V(wy)]/2 +/0 [AV(ws)/él — |VV(w8)|2/8} ds) .

dR[O t]
—2 and
dRg

With Lemma 3.2 we see that for all 0 <t <1, Z;, =

. ERo[u(Xt)Zl | XQ = ZE']
) = = T Xy = 7]

where (B?)o<s<1 is a Brownian motion starting from z under some abstract probability
measure whose expectation is denoted by E. By means of parallel transport, it is possible
to build on any small enough neighborhood U of x a coupling such that 2/ € U — B*
is almost surely continuous with respect to the uniform topology on (2. This coupling
corresponds to B* = z + B in the Euclidean case. The announced z-regularity is a
consequence of our assumptions which allow us to differentiate (in the usual deterministic
sense) in the variable z under the expectation sign E. On the other hand, the ¢t-regularity
is a consequence of stochastic differentiation: apply ItAt’s formula to u(B?) and take
advantage of the martingale property of Z;(B").

As regards last statement, the connectivity assumption implies the positivity of f and
gon (0,1) x X as soon as fy and g; are nonnegative and not vanishing everywhere. [

— V@E[u(B?) Z,(B)]
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We gave the detail of the proof of Proposition 3.4 because of its ease. But in view
of Remark 3.3, the requirement that f, and ¢g; are C? is not optimal. However, this
restriction will not be harmful when investigating convexity properties of the entropy
along interpolations.

In view of Proposition 3.4, we remark that under its assumptions the functions f;, g
belong to the domain of the carrAl du champ operator. Hence, for any 0 < t < 1, the
stochastic derivatives of P are well-defined on C?(X’) and equal to

A = A2+ V(-V/244)-V,
A, = A2+ V(-V/2+0) V.

Here, ¢ and ¢ are respectively the classical solutions (compare Remark 3.1-(a)) of the
HJB equations (21) and (22) with T = = —VV/2.

Bochner’s formula relates the iterated carrAl du champ I'§ of L° = A/2 and the Ricci
curvature:

D5(u) = [|V2ullfs + Rie(Vu) (34)
where V?u is the Hessian of u and ||V?u||%4g = tr ((V?u)?) is its squared Hilbert-Schmidt
norm. As I'y(u) =I'Y(u) — [V 4+ V*]b(Vu), it follows that

[y(u) = | V2ullfs + (Ric + V2V) (V). (35)

Theorem 3.5 (Reversible Brownian diffusion process). Let the reference Markov measure
R be associated with L given at (9) on a compact connected Riemannian manifold X
without boundary. It is assumed that V : X — R is C*-reqular and fy, g1 are non-
zero nonnegative C*-reqular functions. Then, along the entropic interpolation [, j11]%
associated with R, fy and g1, we have for all 0 <t < 1,

d

1
- -V — - 2 _ 2
- H(jule™ vol) <2(\th| Vi ),m>,

j—;H(ut|6_Vvol) = <%(F2(¢t)+r2(80t))nut>

ghere Y and ¢ are the classical solutions of the HIB equations (21) and (22) with =
b =—-VV/2, T'(u) = |[Vul* and Ty is given by (35).

Proof. The assumptions imply that f, and ¢; satisfy (8) and they allow us to apply
Proposition 3.4 so that Assumptions 1.9 are satisfied and Claim 2.7 is a rigorous result. [J

4. RANDOM WALK ON A GRAPH

Now we take as our reference measure R a continuous-time Markov process on a count-
able state space X with a graph structure (X, ~). The set X’ of all vertices is equipped
with the graph relation x ~ y which signifies that = and y are adjacent, i.e. {z,y} is a
non-directed edge. The degree n, := # {y € X,z ~ y} of each x € X is the number of
its neighbors. It is assumed that (X, ~) is locally finite, i.e. n, < oo for all x € X and
also that (X, ~) is connected. This means that for any couple (z,y) € X? of different
states, there exists a finite chain (z1,...,2;) in X such that z ~ 2y ~ 29+ ~ 2, ~ y. In
particular n, > 1, for all x € X
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Dynamics of the entropic interpolation. A (time homogeneous) random walk on

(X, ~) is a Markov measure with forward derivative 9+ L defined for all function u € R¥*
by

fu(:&:) = Z (uy — um)7x(y) =: / D,u d7m, 0<t<lz e,
Y~y X

where 7x (y) is the instantaneous frequency of forward jumps from x to ¥,

is the discrete gradient and
T, = 27 )0, € ML(X), 0<t<l,zelX
i~y

is the forward jump kernel. Similarly, one denotes its backward derivative by

Lu /Dude, r e X, ueRY

— =
For the m-stationary Markov measure R with stochastic derivatives L and L, the time-
reversal duality formula is

m(z) T o(y) = m(y) T, (x), Yz~yeX.
T

. - .
The expressions Lwu and Lwu can be seen as the matrices

%
{ L= (1{w~y}zx(y) - 1{w:y}Zx(X))x,yeX
L = Loy I 2(y) = Lamgy T (X)), cn

acting on the column vector u = [ug|,ex. Therefore, the solutions f and g of (11) are

F) =€l fo, gty =t g,

where f:t € [0,1] = [fu]eex(t) € RY and g : ¢ € [0,1] = [gu)uexr(t) € RY are column
vectors, whenever these exponential matrices are well-defined.

Let us compute the operators B, I' and A. By a direct computation, we obtain for all
O<t<landzxeX,

{?um = fX(eDl‘“—l)d7x, {?(U,U)(l’) = fXDquxvd7x,

Bu(x) = fx(eDl‘“—l)d?x, ?(u,v)(:ﬂ) = fXDquxvdvx,

(36)

and
rjtu(z) — fXDIUerwtd7x = > [u(y) — ulx)] ﬁz; Taoly),
Tou() = [eDaueP=dT, = 3 [uly) - u(z)] ﬁg% T.(v).
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The matrix representation of these operators is

B <1{z~y}w7x<y> ey Y ﬁii«z))

gi() gi(x

ZiZNT

ZiZ~T

\

The forward-backward systems describing the evolution of [, j11]" are

t 1
[y = Lo €XP (/ X(e(s_l)f g1) ds) = i1 exp (/ Z(e‘*(ffo) ds), 0<t<1
0 ¢

where the measures pu; are seen as row vectors and the functions fy, g; as column vectors.

Derivatives of the entropy. A pleasant feature of the discrete setting is that no spatial
regularity is required for a function to be in the domain of the operators L,I',... The
only required regularity is that the functions f and g defined by (4) have to be twice
differentiable with respect to ¢ on the open interval (0,1). But this is ensured by the
following lemma.

Lemma 4.1. Consider fy, g1 as in Definition 1.1 and suppose that fo, g1 € L*(m)NL*(m)
where the stationary measure m charges every point of X. Then, under the assumption
that
%
sup{ J o(X) + T ,(X)} < oo, (37)

TEX
for each x € X, t — f(t,x) and t — g(t,x) are C®-regular on (0, 1).

Proof. For any 0 < t < 1, f; and ¢, are well-defined Pj-a.e., where P is given by (3).
But, as R is an irreducible random walk, for each 0 < t < 1, “P,-a.e.” is equivalent to
“everywhere”. Since fy € L'(m) and R is m-stationary, we have [, f; dm = ErEg|fo(Xo) |

%
X)) = Er(fo(Xo)) = [, fodm < oo, implying that f, € L'(m). As sup, J,(X) < oo, L

%

is a bounded operator on Ll(ozl). This implies that ¢ € (0,1) — f, = €'t fo € L*(m) is
differentiable and (d/dt)* f, = L*f, for any k. As m charges every point, we also see that

t € (0,1) — fi;(x) € R is infinitely differentiable for every z. A similar proof works with
g instead of f. U

As an important consequence of Lemma 4.1 for our purpose, we see that the statement
of Claim 2.7 is rigorous in the present discrete setting.

e
Theorem 4.2. Let R be an m-stationary random walk with jump measures 7 and J
which satisfy (37). Along any entropic interpolation [ug, 1] associated with a couple
(fo, 91) as in Definition 1.1 and such that fo, g1 € L'(m)NL*(m), we have for all0 < t < 1,

CHulm) =3 (Bur— 8.) (@) m(e), SzHGulm) = 3 (B + By ) (1) )

zeX zeX

— — —
ghere the expressions of ©1y and © ¢, are given at (38) and the expressions of © b, and
Oy are given at Proposition 4.4 below.
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Computing © and O,. Our aim now is to compute the operators 6, g, 62 and <62 for
a general random walk R. We use the shorthand notation [, a(z,y) J.(dy) = [[, adJ](z)
and drop the arrows and the index ¢ during the intermediate computations. The Hamilton-
Jacobi operator is Bu := e “Le" = [, (e”" — 1) dJ which gives

Cu:=(B—-Lju= / 0(Du)dJ

where the function 6 is defined by
O(a) :=e*—a—1, acR.
Compare Cu = |Vu|?/2, remarking that 6(a) = a*/2 + 0,0(a). The convex conjugate 6*
of 8 will be used in a moment. It is given by
(b+1)log(b+1)—b, b>—1,
0*(b) =< 1, b=—1,
00, b< —1.

Computation of ©. The carré du champ is I'(u,v) = [, DuDvdJ so that e "I'(e",u) =
[y Du(e”* — 1)dJ. Since a(e* — 1) — 6(a) = ae® —e* + 1 = 0*(e* — 1), with Ou :=
e “I'(e",u) — Cu, we obtain

Sule) = Zm(@%ﬁ)i@,

9:(
vy . (38)
Bota) = Yo (2150) T

where we used eP¥!(#Y) — 1 = Dg,(x,y)/g:(x) and eP¢=Y) — 1 = Df,(x,y)/f.(z). The
ratio Dg/g should be seen as the discrete logarithmic derivative of g. Recall that g; > 0,
pi-a.e. : we do not divide by zero. Compare Oy = |Vg/g|?/2, remarking that 6*(b) =
62/2 + Obﬁo(b).

Entropy production. The entropy productions are

T = Yoy (P2E0) u(2) T ().

gi(z)
N x [ Dfi(z, <
I(t) = Z(m7y);mmy 0 % () J 2 (y)-

Computation of ©,. Unlike the diffusion case, no welcome cancellations occur. The
carré du champ I' is not a derivation anymore since I'(uv, w) — [ul'(v, w) + vI'(u, w)] =
wlw+ [ y DuDvDwdJ. Furthermore, we also loose the simplifying identity C' = ©. To
give a readable expression of O, it is necessary to introduce some simplifying shorthand
notation:

(39)

a = Du(z,y) > usy F(2) = [y F( DU (2,9)) J.(dy)

a’ = Du(x,y) D esyasy F(@,3) = [ F( !L"> y), Du(x,y')) Jo(dy) Jo(dy')

b = Du(y,z) ’ D wsyse Fab) = [ F(Du(x,y), Duly, 2)) Jo(dy)J,(dz)

c = DU([L’, Z) Zx—>y—>z F(a C) = f/\/2 7y)7 DU(I, Z)) Jw(dy)']y(dz)
Remark that 35 . . F(c) = [, F(Du(z,z)) J7(dz) with J2( z) = fyeX Jo(dy)J,(dz)

and a+b=-c.
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Y o2 .
C
Y
b z
We also define the function
h(a) :=0"(e* —1) =ae®* —e*+1, a€R. (40)

Lemma 4.3. For any function u € RY and any x € X,

Ou(z) = > ha)

Oou(z) = (Z ¢ —1) +3°1, (X)) + S [2¢*h(b) — h(c).

Proof. The first identity is (38). Let us look at ©,u(x). Rather than formula (17), for
an exphClt formulation of ©5 in terms of J, it will be easier to go back to (19): O, =
Z%Dt (Zt@Dt with Xtu = fx Duy eP¥ d7 and 1) = ? =— [,(eP¥ —1)d

Making use of Ay (x) =3, , ae* and U(x) = Y usy — (€ = 1), we see that

A%Y(z) = /(Awy—wa)eDw(x’y) Jo(dy) = Z e’beP — Z e*a'e?
x

ToY—z z—y;x—y’

G = [ (Do g)e? e D) 5, ) T ()

= — ) (a+a) -1+ Y (ae®+a)(e” —1)

T—y—z T—yT—y
where a,a’ and b are taken with u = ¢. This shows that
Osu(z) = Z ebe® — (ae® 4 €?)(e® — 1) — Z e*a'e” — (ae® 4+ e*)(e* — 1)
oY=z Ty =y
The functions defining the integrands rewrite as follows
ebe’ — (ae +e) (e’ —1) = h(a)+2eh(b) — h(c) with c=a+0b,
ed'e” — (ae® +e?)(e” —1) = (e*—1)h(d) — h(a)(e” —1) + h(a') — (e — 1)(e* — 1).

Hence,

Z e*a'e? — (ae® + e*)(e* — 1)

= > (e-1r@)- > k@ -1+ Y h@)- Y (-1 -1
- Y- (T )

and the desired result follows. O
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Lemma 4.3 leads us to the following evaluations.

Proposition 4.4. Consider fy, g1 as in Definition 1.1 and suppose that fy, g1 € Ll(m)<_ﬂ
L2(m) where the stationary measure m charges every point of X. Also assume that J , .J
satisfy (37). Then,
%
© 29 () (41)
2
) (Z R 1>7x<y>> £ 20 (7,00 = Ta))o (P9 = 1) T o(y)
y:x~y Y~y
S [ (e — 1) A () T o) — 6 (P = 1) o) T (2)]
(9,8)ays
and
%
© 20¢(2) (42)
2
_ <Z (Do) _ 1)7x(y)> + 3 [T (X) = T X)]0 (P20 — 1) To(y)
YT~y Y~y
+ 207 (P02 — 1) Aou(y) T y(2) — 07 (P2 1) Jm(yﬁy(z)]
(g, )y
where
(= 9:(y o (o) T fi(y)
Aoaly) = P 7o) = 27 () ) = P20 T ) = 2 G

i)
are the forward and backward jump frequencies of P = fo(X0)g1(X1) R.

Reversible random walks. Let us take a positive measure m = _, m, 6, € M, (X)
with m, > 0 for all z € X. It is easily checked with the detailed balance condition

m(dx)J.(dy) = m(dy)J,(dz) (43)

which characterizes the reversibility of m that the jump kernel

To=>_ slz,y)\/my/mg 6, (44)

yia~y
where s(z,y) = s(y,z) > 0 for all  ~ y, admits m as a reversing measure. As (X, ~)

is assumed to be connected, the random walk is irreducible and the reversing measure is
unique up to a multiplicative constant.

Examples 4.5. Let us present the simplest examples of reversible random walks.

(a) Reversible counting random walk. The simplest example is provided by the counting
jump kernel J, = > 4, € P(X), z € X which admits the counting measure
m =) 0, as a reversing measure: take m, =1 and s(z,y) = 1 in (44).

(b) Reversible simple random walk. The simple jump kernel is J, = n—lx > yiomy Oy € P(X),
x € X. The measure m = ) n,0, is a reversing measure: take m, = n, and
s(x,y) = (nen,) % in (44).
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The dynamics of R is as follows. Once the walker is at z, one starts an exponential ran-
dom clock with frequency J,(X). When the clock rings, the walker jumps at random onto
a neighbor of x according to the probability law J,(X)~* Zy:%y J(z;y) d,. This procedure

goes on and on. Since R is reversible, we have 7 = 7 = J and the forward and backward
frequencies of jumps of the (f, g)-transform P = f;(Xo)g1(X1) R are respectively

Z 9:(y) A7 fi(y)
(y) = Jo(y) and A,(y) = J(y).
W= gy ) W =G W)
As a direct consequence of Theorem 4.2 and Proposition 4.4, we obtain the following
result.

Theorem 4.6. Let R be an m-reversible random walk with jump measure J which is given
by (44) and satisfies

sup J,(X) < 0.
zeX

For this condition to be satisfied, it suffices that for some 0 < c¢,0 < oo, we have for all
r~yeX,
my /Ny < cmy /Ny, (45)
0 < s(x,y)\/Many < o,
with the notation of (44).

Then, along any entropic interpolation [, 1] associated with a couple (fo,91) as in
Definition 1.1 and such that fo, g1 € L*(m) N L*(m), we have for all 0 <t < 1,

CH(ulm) = SO[00 — Opd(a) u(a), e H(ulm) = (Ot + Oa](x) ()

reX zeX

]R

where the expressions of Oy and Og; are given at (38) and the expressions of Ozt and
Oqp; are given at Proposition 4.4 (drop the useless time arrows).

5. CONVERGENCE TO EQUILIBRIUM

Let R be an m-stationary Markov probability measure. In this section m is assumed to
be a probability measure (and so is R). We are interested in the convergence as t tends
to infinity of the forward heat flow

pe = (Xe)(po(Xo) R) € P(X), t >0, (46)

where pg = dpo/dm is the initial density. If the solution of the forward heat equation
{ &«J/t = Vtz)

vy = v°
But in general (p:)i>0 is only a solution of this heat equation. We are going to prove
by implementing the “stochastic process strategy” of the present paper, that under some
hypotheses, the following convergence to equilibrium

with the initial profile v° = p is unique, then it is the heat flow (46).

lim p; =m
t—o0

holds. As usual, the function ¢t — H(p|m) is an efficient Lyapunov function of the
dynamics.



26 CHRISTIAN LEONARD

Stationary dynamics. Let us first make the basic assumptions precise.

Assumptions 5.1. The stationary measure m s a probability measure and we assume
the following.

(a) Brownian diffusion. The forward derivative is
%
L=10-V+A2

on a connected Riemannian manifold X without boundary. The initial density py :=
dpig/dm is reqular enough for py(z) = duy/dm(z) to be positive and twice differentiable
int and z on (0,00) X X.

(b) Random walk. The forward derivative is

Yy
on the countablf_locally finite connected graph (X,~). We assume that (37) holds:
sup, { J .(X) + T (X))} < .

The point in the following Theorem 5.2 is that no curvature bound such as (49) below
nor reversibility are required. We define

Tuim) := | Bllogp)due0.0], n=pm < P(),

We have seen at (28) and (38) that &) > 0 (remark that 6* > 0), this shows that
Z(plm) = 0.

Theorem 5.2. The Assumptions 5.1 are supposed to hold. Then, limy_,o Z(p¢|m) = 0.
Let us assume in addition that the initial density py := do/dm is bounded: sup . py < oo.
Then, limy_,, H(p|m) = 0.

Remark 5.3. The total variation norm of a signed measure 1 on X is defined by ||n||tv :=
In|(X) and Csiszar-Kullback-Pinsker inequality is 3|/ — m||3,, < H(u|m), for any p €
P(X). Therefore we have lim;_,o ||t — m||Tv = 0.

Proof. The main idea of this proof is to consider the forward heat flow (u:)i>o as an
entropic interpolation, see Definition 2.3, and to apply Claim 2.7. It will be seen that the
general regularity hypotheses of the theorem ensure that this claim turns into a rigorous
statement.

Instead of restricting time to [0, 1], we allow it to be in [0,T], T" > 0, and let T tend to
infinity. We denote p; := dp,/dm. Since pu is the time-marginal flow of P = po(Xy) R, we
have fy = po and g7 = 1. This implies that g, = 1 and f; = p;. Indeed, g,(2) = Egr[gr(Xr) |
Xy =z2] = Er(1| Xy = z) =1 and fi(z) = Eg[fo(Xo) | Xi = 2] = Eg[po(Xo) | Xi = 2] =
ER[dP/dR | X; = z] = dP,/dR(z) = dP;/dm(z) =: p(z). Therefore, 1y = 0, ¢, = log py,
for all 0 < ¢ < T. Our assumptions guarantee that for all ¢ > 0, ¢, is regular enough to
use our previous results about “©Os-calculus”. Denoting H(t) = H(u¢|m), with Corollary
2.4, we see that

—sz?w:ﬁﬁmwmw:ﬂwm.
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As Z(-lm) > 0, H is decreasing. Of course, H(0) — H(T) = fOTI(,ut|m) dt. Now, we
let T tend to infinity. As H is non-negative and decreasing, it admits a limit H(c0) :=
limy_, o, H(T) and the integral in

H(0) — H(oo) = / " Zlualm) dt (47)

is convergent, implying lim;_,, Z(p|m) = 0.

Diffusion setting. By (29) with ¢; = py, this limit implies that limy_, [, [V/p|* dvol =
0. By PoincarAl’s inequality, for any open bounded connected domain U with a smooth
boundary, there exists a constant Cy such that ||\/p;—(\/pe)v 2wy < CullV/pillL2w) for
all t, where (\/p)u = [;; \/pr dvol/vol(U). It follows that lim; . ||/p: — (/Pe)ull L2y = 0
which in turns implies that lim; ., p; = ¢ everywhere on X (recall that p is continuous
on (0,00) x X and X is connected) for some constant ¢ > 0. Therefore, lim; o, p; = 1
everywhere. As pg is assumed to be bounded, for all ¢ we have p;(X;) = Fr(po | Xi) <
sup pp < oo. This allows us to apply Lebesgue dominated convergence theorem to assert
that lim;_,, H(p|m) = 0.

Random walk setting. Since limy_, o Z(ps|m) = 0, we obtain

lm 37 p@) (p(0)/pu(x) 1) ) T () = 0. (48)
(z,y):w~y
We have
o= > Clb—a)?, ifbla<2,a<1
ab*(bla—1) > *(bja—1) > C(bla—1)2, ifbla<2,a>1
C'log(b/a), ifb/a >2,a > 2,

for some constant? C' > 0. In these three cases, we see that the convergence to zero of the
left-hand side implies the convergence of b to a. The remaining case when b/a > 2 and
a < 2 is controlled by considering the symmetric term b0*(a/b — 1) which also appears
in the series in the limit (48), reverting = and y; recall that 71,(3/) >0« J,(z) >0.
As b0*(a/b—1) > b > 2a > 0, the convergence of the left-hand term to zero also implies
the convergence of b to a. Therefore, the limit (48) implies that for all adjacent z and
y € X, limy_,o pr(z) = limy_, o pi(y). Since the graph is connected, we have lim; o, p; = 1
everywhere. Finally, the estimate sup, , p;(z) < supy po < oo allows us to conclude with
the dominated convergence theorem. 0

Theorem 5.4. The Assumptions 5.1 are supposed to hold. Then, under the additional
hypotheses that H(uo|lm) < oo and

B, >r0 (49)
for some constant k > 0, we have
I(lm) < Z(polm)e™, t>0 (50)
H(plm) < H(polm)e™, t>0 (51)
and the following functional inequality
H(pm|m) < k™' Z(pm|m), (52)

20 =2is all right, but we do not seek precision.
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holds for any nonnegative function p : X — [0,00) such that prdm = 1, which in the
diffusion setting (a) is also assumed to be C*-reqular.

Proof of Theorem 5.4. We already saw during the proof of Theorem 5.2 that our general
assumptions allow us to apply ©s-calculus: Clalm 2.7 1is rlgorous with ¢; = log p;. This

gives: <T() = —H'(t) = [, ©(logp:) dp; and T 't) = —H"(t) = — [, ©2(log p;) dpuy.
zhe inequality (49) 1mphes that I'(t) < —I{?( t), for all ¢ 2 0. Integrating leads to
I(t)< I(0)e™", t >0, which is (50).

Let us assume for a while, in addition to (49), that supy py < oco. It is proved at
Theorem 5.2 that under this restriction, H(oco) = 0. With (47) and (50), we see that

H(po|m) = H(0) = /OOO T(t)dt < T (0) /OOO e~ dt = T (0) /.

A standard approximation argument based on the sequence p, = (p An)/ [,.(p An)dm
and Fatou’s lemma: H(pm|m) < liminf,, H(p,m|m), allows to extend this inequality to
unbounded p. This proves (52).

Plugging 1, instead of 1 into (52), one sees that H(t) < ?(t)/,‘i = —H'(t)/k. Integrating
leads to H(t) < H(0)e " which is (51). O

Remark 5.5 (About time reversal). It appears with (49) that time reversal is tightly
related to this convergence to stationarity. Let us propose an informal interpretation of

this phenomenon. The forward entropy production ? Vanlshes_?long the forward heat
flow (pt)i>0 since 7 = [y @wt dpy and ¢ = 0. Similarly [, © 2t dp, = 0. No work

is needed to drift along the heat flow. In order to evaluate the rate of convergence, one
must measure the strength of the drift toward equilibrium. To do so “one has to face the
wind” and measure the work needed to reach g when starting from m, reversing time.

Remarks 5.6 (About <(§2 > KJ(@)
(a) In the diffusion setting, (49) writes

?2 2 kI

When I, is the reversible forward derivative (9), it is the standard Bakry-Emery
curvature condition CD(k,00), see [BE85, Bak94|. Further detail is given below at
Theorem 5.8.

(b) In the random walk setting, we see with Lemma 4.3 that (49) writes

(S - 07.w) + S 17,04) ~ To()ha,) 7o)

yr~y yr~y

+ Z [2¢*h(c, —a,) — h(c.)]

(y,2):@~y~z

for all z € X and any numbers a,,c, € R, (y,2) : © ~ y ~ z, where h(a) =
0*(e® —1) = ae® — e + 1, a € R, see (40).
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(c) An inspection of the proof of Theorem 5.4 shows that only the integrated version of
(49):

Agz(p)duZH/X@p)du, = pm € P(X)

is sufficient.

In the diffusion setting (27) on X = R", we know with (31) that (49) becomes
IV2ullfs + (V2 + [V + Vb1 ) (V) > 6| Val?

for any sufficiently regular function u. This I's-criterion was obtained by Arnold, Carlen
and Ju [ACJO08]; see also the paper [HHMS05| by Hwang, Hwang-Ma and Sheu for a related
result. These results are recovered in the recent paper [FJ] by Fontbona and Jourdain
who implement a stochastic process approach, slightly different from the present article’s
one but where time reversal plays also a crucial role, see Remark 5.5.

Reversible dynamics. More precisely, we are concerned with the following already en-
countered m-reversible generators L.

(a) On a Riemannian manifold X, see (9):
L=(-VV-V+A)/2 (54)

\%

with the reversing measure m = e~" vol.

(b) On a graph (X, ~), see (44):

Lu(z) = 3 [uly) — u(@)]s(z, y)/m, /m. (55)

Y~y
with s(x,y) = s(y,x) > 0 for all z ~ y.
Let us recall our hypotheses.

Assumptions 5.7. [t is required that the reversing measure m is a probability measure.

The assumptions (a) and (b) below allow us to apply respectively Theorems 3.5 and 4.6.

(a) The Riemannian manifold X is compact connected without boundary and L is given at
(54). We assume that V : X — R is C*-reqular and without loss of generality that V
is normalized by an additive constant such that m = e~Vvol is a probability measure.

(b) The countable graph (X, ~) is assumed to be locally finite and connected. The gener-
ator L is given at (55) and the equilibrium probability measure m and the function s
satisfy (45).

Reversibility allows for a simplified expression of Z(:|m). Indeed, as p©(log p) = L(plog p—
p) —log p Lp, we obtain

/9(logp)pdm=/L(plogp—p)dm—/logprdmzl/F(p,logp)dm
X X X 2 X

where the last equality follows from the symmetry of L in L?(m) (a consequence of the
m-reversibility of R), whenever (p,logp) € domT'. Therefore,

IWMZHWM:%ANmmmM% (56)

It is the Fisher information of u with respect to m. A direct computation shows that
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(a) In the diffusion setting (a),

\V4 2
I(p|m) = / |V log p|* dp = 5 / Vel 4y, = 2/ IV/pl* dm;
(b) In the random walk setting (b),

1
I(ulm) = 5 > Iply) = pl@)]log ply) —log p(x) m(z) Ju(y).
(w7y):w’\’y
Theorem 5.4 becomes
Theorem 5.8. The Assumptions 5.7 are supposed to hold. Then, under the additional

hypotheses that H (jp|m) < oo and
@2 Z KO (57)

for some constant k > 0, we have
I(pelm) < I(uolm)e™, t>0
H (pue|m) H(polm)e™, t>0
and the following (modified) logarithmic Sobolev inequality
H(plm) < &7 (p|m), (58)

for any p € P(X) which in the diffusion setting (a) is also restricted to be such that
du/dm is C*-regular.

<
<

In the diffusion setting (a), Theorem 5.8 is covered by the well-known result by Bakry
and Emery [BES5|. Inequality (58) is the standard logarithmic Sobolev inequality and
(57) is the usual ['y-criterion: I'y > &I'. In the random walk setting (b), inequality (58)
is a modified logarithmic Sobolev inequality which was introduced by Bobkov and Tetali
[BT06] in a general setting and was already employed by Dai Pra, Paganoni and Posta
[DPPP02] in the context of Gibbs measures on Z%. Later Caputo, Dai Pra and Posta
[CPO7, CDPP09, DPP13| have derived explicit criteria for (58) to be satisfied in specific
settings related to Gibbs measures of particle systems. These criteria are close in spirit
o (57).

6. SOME OPEN QUESTIONS ABOUT CURVATURE AND ENTROPIC INTERPOLATIONS

We have seen at Section 5 that convergence to equilibrium is obtained by considering
heat flows. The latter are the simplest entropic interpolations since f =1 or g = 1. In the
present section, general entropic interpolations are needed to explore curvature properties
of Markov generators and their underlying state space X by means of the main result of
the article:

, 1 = = , 1 = <
H (t) = / 5(@¢t - @Sot) dpug, H/(t) = / 5(@2% + @290:5) dp.
X X

Convexity properties of the entropy along displacement interpolations are fundamental
for the Lott-Sturm-Villani (LSV) theory of lower bounded curvature of metric measure
spaces [Stu0O6a, Stu06b, LV09, Vil09]. An alternate approach would be to replace displace-
ment interpolations by entropic interpolations, taking advantage of the analogy between
these two types of interpolations. Although this program is interesting in itself, it can be
further motivated by remarking the following facts.
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(1) Entropic interpolations are more regular than displacement interpolations.

(2) Displacement interpolations are (semiclassical) limits of entropic interpolations,
see [Léol2, Léoa).

(3) Entropic interpolations work equally well in continuous and discrete settings while
LSV theory fails in the discrete setting (see below).

As regards (1), note that the dynamics of an entropic interpolation shares the regular-
ity of the solutions f and g of the backward and forward “heat equations” (11). Their
logarithms, the SchrAtdinger potentials ¢ and 1, solve second order Hamilton-Jacobi-
Bellman equations. This is in contrast with a displacement interpolation whose dynamics
is driven by the Kantorovich potentials (analogues of ¢ and ) which are solutions of
first order Hamilton-Jacobi equations. Entropic interpolations are linked to regularizing
dissipative PDEs, while displacement interpolations are linked to transport PDEs. More
detail about these relations is given in [Léol14].

In practice, once the regularity of the solutions of the dissipative linear PDEs (11)
is ensured, the rules of calculus that are displayed at the beginning of Section 2 are
efficient. Again, this is in contrast with Otto calculus which only yields heuristics about
displacement interpolations.

As regards (3), recall that we have seen at Theorems 5.4 and 5.8 unified proofs of
entropy-entropy production inequalities, available in the diffusion and random walk set-
tings.

In order to provide a better understanding of the analogy between displacement and
entropic interpolations, we start describing two thought experiments. Then, keeping the
LSV strategy as a guideline, we raise a few open questions about the use of entropic inter-
polations in connection with curvature problems on Riemannian manifolds and graphs.

Thought experiments. Let us describe two thought experiments.

o SchrAidinger’s hot gas experiment. The dynamical SchrAtidinger problem (see
(Sayn) at Section 1) is a formalization of SchrAtidinger’s thought experiment which
was introduced in [Sch31|. Ask a perfect gas of particles living in a Riemannian
manifold X which are in contact with a thermal bath to start from a configuration
profile up € P(X) at time ¢ = 0 and to end up at the unlikely profile p; €
P(X) at time ¢t = 1. For instance the gas may be constituted of undistinguishable
mesoscopic particles (e.g. grains of pollen) with a random motion communicated by
numerous shocks with the microscopic particles of the thermal bath (e.g. molecules
of hot water). Large deviation considerations lead to the following conclusion. In
the (thermodynamical) limit of infinitely many mesoscopic particles, the most
likely trajectory of the whole mesoscopic particle system from pg to py is the R-
entropic interpolation [, p1]® where R describes the random motion of the non-
interacting (the gas is assumed to be perfect) mesoscopic particles. Typically, R
describes a Brownian motion as in SchrAddinger’s original papers [Sch31, Sch32].
For more detail see [Léol4, §6] for instance.

e Cold gas experiment. The same thought experiment is also described in [Vil09,
pp. 445-446| in a slightly different setting where it is called the lazy gas ezperiment.
The only difference with SchrAtdinger’s thought experiment is that no thermal
bath enters the game. The perfect gas is cold so that the paths of the particles
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are Riemannian geodesics in order to minimize the average kinetic action of the
whole system: entropy minimization is replaced by quadratic optimal transport.

Connection between entropic and displacement interpolations. It is shown in [Léo12, Léoal
that displacement interpolations are limits of entropic interpolations when the frequency
of the random elementary motions encrypted by R tends down to zero. With the above
thought experiment in mind, this corresponds to a thermal bath whose density tends down
to zero. Replacing the hot water by an increasingly rarefied gas, at the zero-temperature
limit, the entropic interpolation [, u11]™ is replaced by McCann’s displacement interpo-
lation [pq, p11]45P.

Cold gas experiment. As the gas is (absolutely) cold, the particle sample paths are regular
and deterministic. The trajectory of the mass distribution of the cold gas is the displace-
ment interpolation [y, p1]4P which is the time marginal flow of a probability measure P
on €2 concentrated on geodesics:

P = / dyey w(dzdy) € P(Q) (59)

where m € P(X?) is an optimal transport plan between po and p, see [Léo14]. Therefore,
=P = / 5,00 m(dudy) € P(X), 0<t<1, (60)
X2

where for simplicity it is assumed that there is a unique minimizing geodesic ¥*¥ between
x and y (otherwise, one is allowed to replace d,+y with any probability concentrated on
the set of all minimizing geodesics from z to y).

In a positively curved manifold, several geodesics starting from the same point have a
tendency to approach each other. Therefore, it is necessary that the gas initially spreads
out to thwart its tendency to concentrate. Otherwise, it would not be possible to reach
a largely spread target distribution. The left side of Figure 1 below (taken from [Vil09])
depicts this phenomenon. This is also the case of the right side as one can be convinced
of by reversing time. The central part is obtained by interpolating between the initial
and final segments of the geodesics.

t=0 0<t<1 t=1

Figure 1. The cold gas experiment. Positive curvature
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On the other hand, in a negatively curved manifold, several geodesics starting from the
same point have a tendency to depart form each other. Therefore, it is necessary that the
gas initially concentrates to thwart its tendency to spread out. Otherwise, it would not
be possible to reach a condensed target distribution.

t=20 0<t<1 t=1

Figure 2. The cold gas experiment. Negative curvature

SchrAddinger’s hot gas experiment. As the gas is hot, the particle sample paths are irreg-
ular and random. The trajectory of the mass distribution of the hot gas is the entropic
interpolation [pg, 11]. An R-entropic interpolation is the time marginal flow of a proba-
bility measure P on {2 which is a mixture of bridges of R:

pP= / R n(dady) € P(Q) (61)

where 7 € P(X?) is the unique minimizer of n — H(n|Ry;) among all n € P(X?) with
prescribed marginals po and pq, see [Léol4]. Therefore,

e = P — /X R n(dedy) € P(X), 0<t<1, (62)

Comparing (59) and (61), one sees that the deterministic evolution d.«y is replaced by the
random evolution R™.
v

t=0 t=1

Figure 3.  Hot gas experiment with py = o, and p = o,

The grey leaf in this figure is a symbol for the (say) 95%-support of the bridge R™. It
spreads around the geodesic v*¥ and in general the support of R;? for each intermediate
time 0 <t < 1 is the whole space X. At a lower temperature, R*Y is closer to 0.,y :

yY

x R
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Figure 4.  Hot gas experiment with py = 0, and pu; = 9,.
At a lower temperature
And eventually, at zero temperature R*¥ must be replaced by its determinestic limit d.ev.

The superposition of Figures 2 and 3 describes the hot gas experiment in a negative
curvature manifold:

t=0 t=1

Figure 5. The hot gas experiment in a negative curvature manifold

Figures 3, 4 and 5 are only suggestive pictures that describe most visited space areas.

Open questions. As far as one is interested in the curvature of the metric measure space

(X,d,m), rather than in the curvature of some Markov generator Z) such as in Section
5, it seems natural to restrict our attention to a reversible reference path measure R.
For instance when looking at a Riemannian manifold X considered as a metric measure
space (X,d,m) with the Riemannian metric d and the weighted measure m = e~Vvol,
the efficient choice as regards LSV theory is to take R as the reversible Markov measure
with generator L = (A — VV - V) /2 (or any positive multiple) and initial measure m.

A representative result in the case where the reference measure m is the volume mea-
sure (V' = 0) is that relative entropy is convex along any displacement interpolation in a
Riemannian manifold with a nonnegative Ricci curvature. Based on McCann’s seminal
work [McC94, McC97] and Otto’s heuristic calculus, Otto and Villani have conjectured
this result in [OV00|. This was proved by Cordero-Erausquin, McCann and Schmucken-
schlAdger in [CEMSO01]. The converse is also true, as was shown later by Sturm and von
Renesse [Sv05].

In the same spirit, an immediate consequence of Theorem 3.5 is the following

Corollary 6.1. Let R° be the reversible Brownian motion on a connected Riemannian
manifold X without boundary. Then, along any entropic interpolation [po, 1]* associated
with R° and fy, g1 € L*(vol) such that (8) holds, the entropy t € [0,1] — H(u|vol) € R
1S a convex function.

Remark that in Theorem 3.5, X is assumed to be compact and fj, g; must be C2. This
was assumed to ensure the regularity of the interpolation (Proposition 3.4). But in the
present setting this regularity follows from the regularity of the heat kernel.

Open questions 6.2.

(a) Is the converse of Corollary 0.1 true?
(b) Is there a way to define a notion of k-convexity on P(X') along entropic interpolations:
H(pe) < (1=t)H (po) +tH (p1) = £C (1o, p1 )t (1—1) /2, 0 < £ < 12 What term C(puo, p11)
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should replace the quadratic transport cost W (g, 1) of the LSV and AGS (Ambrosio,
Gigli and SavarAl [AGS08, ACS|) theories?

(c) Is there a notion of “entropic gradient flow” related to entropic interpolations that
would be similar to a gradient flow and would allow interpreting heat flows as “entropic
gradient flows” of the entropy. This question might be related to the previous one: the
entropic cost C(uo, p11) could play the role of a squared distance on P(X).

The LSV theory requires that the metric space (X, d) is geodesic. Consequently, discrete
metric graphs are ruled out. Alternate approaches are necessary to develop a theory of
lower bounded curvature on discrete metric graphs.

(1) Bonciocat and Sturm [BS09| have obtained precise results for a large class of pla-
nar graphs by introducing the notion of h-approximate ¢-midpoint interpolations:
d(zo, ;) < td(zg, 1) + h, d(xy, z1) < (1 —t)d(xg, z1) + h where typically h is of
order 1.

(2) Erbar and Maas [Maall, EM12] and independently Mielke [Miell, Mie| have
shown that the evolution of a reversible random walk on a graph is the gradi-
ent flow of an entropy for some distance on P(X') and derived curvature bounds
for discrete graphs by following closely the gradient flow strategy developed by
Ambrosio, Gigli and SavarAl [AGS08] in the setting of the LSV theory.

(3) Recently, Gozlan, Roberto, Samson and Tetali [GRST]| obtained curvature bounds
by studying the convexity of entropy along binomial interpolations. On a geodesic
(x = 20,21,...,%d@y) = y) for the standard graph distance d, the binomial
interpolation is defined by p.(zx) = B(d(x,y),t)(k), 0 < k < d(z,y), 0 <t <1,

where B(n,p)(k) = Z p*(1 — p)"~* is the usual binomial weight.

We know by Lemma 4.3 that

2
Ou(w) = (Bu(@)) + D [4(X) = L(X)h(Du(z,y)) Lo(y)
yia~y
+ [QeD“(x’y)h(Du(y, 2)) — h(Du(x, z))] To(y)J,(2)  (63)

(g, )y
where Bu(x) = Zy:%y(e[)“(xvy) — 1) Jo(y) and h(a) := 0*(e* — 1) = ae* — e+ 1, a € R.
In the diffusion setting where L = (A — VV - V)/2, we have seen at Section 3 that
O, = I'y/2 where I'y is given by the Bochner formula

Dy(u) = ||V2ullfs + V2V (Vu) + Ric(Vu). (64)

Open questions 6.3.

(1) In view of (63) and (64), is (63) a Bochner formula ? Where is the curvature ?
(2) Are the following definitions relevant?
(a) The m-reversible random walk generator L has curvature bounded below by

k€ R if
> Os(u)(@)m(z) > k> O(u)(x)m(z), Vu.
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(b) The curvature at v € X of the Markov generator L is
o) x).

A definition of curvature should be justified by its usefulness in terms of rate of con-
vergence to equilibrium, concentration of measure or isoperimetric behavior.

Let us indicate that with the discrete Laplacian Lu(x) = [u(x+1) — 2u(z) + u(z —1)]/2

on Z, a rather tedious computation leads to the desired flatness result: curvy(z) = 0, for
all x € Z.

curvy(z) := inf
u

APPENDIX A. BASIC DEFINITIONS

This appendix section is part of the articles [Léob, LRZ|. We give it here for the reader’s
convenience.

Markov measures. We slightly extend the notion of Markov property to unbounded
positive measures on (2.

Definitions A.1. Any positive measure on €) is called a path measure. Let ) be a path
measure.

(a) It is said to be a conditionable path measure if for any 0 < t < 1, @y is a o-finite
measure on X.

(b) It is said to be a Markov measure if it is conditionable and for all 0 < t < 1 and
B € 0(Xpy1), we have: Q(B | Xpy) = Q(B | Xy).

When () has an infinite mass, the notion of conditional expectation must be handled
with care. We refer to the following definition.

Definition A.2 (Conditional expectation). Let ¢ : Q — Y be a measurable map. Suppose
that ¢xQ is a o-finite measure on Y. Then, for any f € LP(Q) with p = 1,2 or oo, the
conditional expectation of f knowing ¢ is the unique (up to Q-a.e. equality) function
Eqo(f | ¢) == 0¢(¢) € LP(Q) such that for all measurable function h on Y in LP*(m)

where 1/p+1/p, = 1, we have [, h(d)fdQ = [, h($)0;(¢) dQ.

It is essential in this definition that the measure ¢4() is o-finite on Y to be allowed to
invoke Radon-Nikodym theorem when proving the existence of ;. Inspecting the above
definition of a Markov measure, one sees that it is necessary that Qo and @, are o-finite
for all ¢t € [0, 1] for the corresponding conditional expectations to be defined. But this is
warranted by the requirement that () is conditionable, as shown by the following result.

Lemma A.3. Let QQ be a path measure and T C [0,1]. For Q1 to be o-finite, it is enough
that Qy, is o-finite for some t, € T.

Proof. Let t, € T be such that @, is o-finite with (X,,),>1 an increasing sequence of
measurable subsets of X such that Q (X,) < oo and U,>1 X, = X. Then, Q7 is also
o-finite since Q7 (X;, € &) = Q,(A,) for all n > 1 and U1 [X7(Q2) N {X;, € X, }] =
X7(9Q). O

Consequently, for any Markov measure @) and any 7 C [0, 1], the conditional expec-
tation Eg(- | X7) is well-defined and since € is a Polish space, there exists a regu-
lar conditional probability kernel Q(- | X7) : Q — P(Q) such that for all f € LY(Q),
Eo(f | X7) = [, fdQ(- | X7), see [Dud02, Thm. 10.2.2].
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Stationary path measures. Let us make precise a couple of other known notions.

Definitions A.4. Let () be a path measure.

(a) It is said to be stationary if for all0 <t <1, Q, = m, for some m € M(X). One says
that QQ is m-stationary.

(b) It is said to be reversible if for any subinterval [a,b] C [0, 1], we have (rev(®®) Q. =
Quy where revi®? is the time reversal on [a,b] which is defined by revi®¥[n](t) =
w(a+b—t*) for any n € D(a,b), X), t € [a,b].

A reversible path measure is stationary. When (@ is reversible, one sometimes says that
m = Qo = @ is a reversing measure for the forward kernel (Q(- | Xo = z);z € X), or
the backward kernel (Q(- | X1 = y);y € X) or shortly for Q). One also says that @ is
m-reversible to emphasize the role of the reversing measure.

Relative entropy. This subsection is a short part of [Léob, §2| which we refer to for
more detail. Let r be some o-finite positive measure on some space Y. The relative
entropy of the probability measure p with respect to r is loosely defined by

H(p|r) := /Ylog(dp/dr) dp € (—00, ], p € P(Y) (65)

if p < r and H(p|r) = oo otherwise. More precisely, when 7 is a probability measure, we
have

H(p|r) = /Yh(dp/dr) dr € [0, oo, p,r € P(Y)

with h(a) = aloga —a+1 > 0 for all a > 0, (take h(0) = 1). Hence, the definition
(65) is meaningful. If r is unbounded, one must restrict the definition of H(:|r) to some
subset of P(Y') as follows. As r is assumed to be o-finite, there exist measurable functions
W :Y — [1,00) such that

2y = / eWdr < . (66)
Y

Define the probability measure ry := z;;'e ™" 7 so that log(dp/dr) = log(dp/dry) — W —
log zy. It follows that for any p € P(Y) satisfying fY W dp < oo, the formula

HMWZMWM—LW®4%WGFW®

is a meaningful definition of the relative entropy which is coherent in the following sense.
If [, W'dp < oo for another measurable function W’ : Y — [0, 00) such that zy» < oo,
then H(p|rw) — [, Wdp —log zw = H(p|rw:) — [, W dp — log 2y € (—o00, 00].
Therefore, H(p|r) is well-defined for any p € P(Y) such that [, Wdp < oo for some
measurable nonnegative function W verifying (66).
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