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Abstract

We construct a smooth Gaussian-Kronecker diffeomorphism 7', on T X [0, 1N,
where [0, 1T is the Hilbert cube. To obtain this diffeomorphism, we adapt a con-
struction by De La Rue [6], which uses transformations of the planar Brownian
motion.

1 Introduction

We define Gaussian dynamical systems. We rely on [8]. Let v a finite symmetric
measure on the circle T. A dynamical system (Q, A, P, U) is Gaussian of spectral
measure y if there exists a real centred Gaussian process (X)) ez satisfying:

1. for any integer p, X, = Xo o U?,
2. BX,,peZ)=A
. _ (Y in(g-px
3. for any integers p, g, E[X,X,] = fo eI dy(t)

Giving vy determines all the properties of this system. In particular, U is ergodic
if and only if y is non-atomic, and in this case, U is even weak mixing (see [5]). The
entropy of U is zero or infinite, depending on whether or not vy is singular with respect
to Lebesgue measure (see [7]).

We recall that K c T is a Kronecker set if any continuous function f : K — T is
the uniform limit on K of a sequence of functions f, : x = j,x, where j, is an integer.

In the case where vy is non-atomic and concentrated on K U (% — K), where K is
a Kronecker set of [0, 1/2[, we say that the Gaussian dynamical system of spectral
measure y is a Gaussian-Kronecker transformation. A Kronecker set always has zero
Lebesgue measure, so a Gaussian-Kronecker transformation always has zero entropy.

Gaussian-Kronecker transformations were introduced by Foias and Stratila [10].
They have remarkable properties: they have simple spectrum L?, for any p > 1 (see
[5, 14]). Moreover, they satisfy the Weak Closure Theorem [17]: any P-preserving
transformation S commuting with 7' is a weak limit of powers of 7. We can find a
sequence of integers j, such that for any A € A,

P(S'AAT 7 A) =100 O

Lastly, they satisfy the spectral stability property: any system that is spectrally
isomorphic to a Gaussian-Kronecker is actually metrically isomorphic to it.

In [15, 16], Katok raised the problem of the construction of a Gaussian-Kronecker
transformation that is smooth. In this paper, we give such construction :



Theorem 1.1. There exists T € Diff**(T x [0, 11N, Leb) that is Gaussian-Kronecker:

Remark 1.2. Moreover, as in [6], we can get T non-loosely Bernoulli. This gives an-
other example of a smooth non-loosely Bernoulli diffeomorphism, besides the example
we constructed in [2]. However, contrary to [2], our construction here does not easily
generalize to an uncountable family of pairwise non-Kakutani equivalent diffeomor-
phisms.

To show this theorem, we provide a smooth version of a transformation constructed
by Thierry De La Rue [6]. He constructed a Gaussian-Kronecker and non-loosely
Bernoulli transformation using a method of approximation by periodic transformations
of the trajectory of the planar Brownian motion.

This adaptation to the smooth case is made using the method of approximation
by successive conjugacies, introduced by Anosov and Katok in [1]. More precisely,
we generalize our construction of a smooth ergodic diffeomorphism of the annulus
T x [0, 1] that is equal to a rotation S, on the boundary, but that is metrically iso-
morphic to a rotation Ry of the circle, such that @ # +. In our generalization, we
construct a sequence of smooth periodic diffeomorphisms of T X [0, 11N, where [0, 1TV
is the Hilbert cube, such that each one is metrically isomorphic to an increasingly large
family of mutually independent periodic rotations of the circle with different angles.
The limit angles of these rotations will provide the Kronecker spectrum of the limit
diffeomorphism.

We need to carry the construction on T X [0, 11N, instead of T x [0, 1], because in
order to ensure the smooth convergence of the sequence of smooth periodic diffeomor-
phisms, we need a space of infinite dimensions. This framework is new with respect to
known Anosov-Katok constructions.

1.1 Definitions

Let Diff> (M, ) be the class of smooth diffeomorphisms of M preserving the Lebesgue
measure y. For B € Diff*(M, 1) and j € N*, let D/B be the j™ derivative of B if j > 0,
and the —j derivative of B~ if j < 0. For x € M, let |D’/B(x)| be the norm of D/B(x)
at x. We denote ||Bllx = maxo«)ji<k maxyep |D/B(x)|.

A finite measurable partition & of a measured manifold (N, v) is the equivalence
class of a finite set & of disjoint measurable subsets of N whose union is N, modulo
sets of v-measure zero. In most of this paper, we do not distinguish a partition & with
its equivalent class £ modulo sets of v-measure zero. In these cases, both are denoted
&. Moreover, all partitions considered in this paper are representatives of a finite mea-
surable partition.

A partition ¢’ is subordinate to a partition ¢ if any element of ¢ is a union of ele-
ments of £, modulo sets of v-measure zero. In this case, if B(¢) denotes the completed
algebra generated by &, then B(¢) c B(£’). The inclusion map i : B(€) — B(£') will
be denoted & < &’. This notation also means that & is subordinate to £. A sequence
of partitions &, is monotonic if for any n, &, — &,.1. These definitions and properties
are independent of the choice of the representatives & and &’ of the equivalence classes
Eand &.

A measure-preserving bijective bimeasurable map T : (M, u;,B81) = (Ma, uz, B)
induces an isomorphism of measure algebras, still denoted T : (u;, B1) — (42, B7). If
&1, & are partitions, and if B; = B(£)) and B, = B(&,), we denote T @ &1 — & this
induced isomorphism of measure algebras. If M = My, yu; = yp and B) = B,, then T



is a measure-preserving transformation. Its induced isomorphism is an automorphism
(see [12, p.43] and [18]).

A metric isomorphism L of measure-preserving transformations 7 : (My, i1, B1) —
My, 11, 81), Ty - (M, un, By) = (M>, 11, B,) is a measure-preserving bijective bimea-
surable map L : (M, u;,81) — (Ma,u,B;) such that LT) = T,L a.e. For con-
venience, when the measure is the Lebesgue measure and the algebra is the Bore-
lian algebra, we omit to mention the measures and algebras, and we simply say that
L: (M, T)) » (M, T,) is a metric isomorphism.

Let £ be a measurable partition and & a representative of this equivalent class mod-
ulo sets of u-measure zero. For x € M, we denote £(x) the element of the partition &
such that x € £(x). A sequences of partitions &, of measurable sets generates if there is
a set of full measure F such that for any x € F,

)= F( )&
n>1

This property of generation is independent of the choice of the representatives &, of
the equivalent class &, and therefore, we will say that the sequence of measurable par-
titions £, generates. Let M/& denote the equivalent class of the algebra generated by &,
modulo sets of u-measure zero. M/¢ is independent of the choice of the representative
£ of the equivalent class &. If T : M, — M, is a measure-preserving map such that
T()) = & p-almost everywhere, we can define a quotient map: 7'/&; : M/&) — M/&,.

Let M = T x [0, 1TN. We consider the periodic flow S, defined by:

S;: Tx[0, 11N — T x [0, 1IN
(s,x) > (t+s mod1,x)

For a,b € T', let [a, b[ be the positively oriented circular sector between a and b, with
a included and b excluded.

ForI c Tor[0,1],andi € N, we denote (/); = Tx][0, 1]x...x[0, 1]xIX[0, 1]X.....,
where I is located at the i position. { c Tifi =0,7 c[0,1]ifi>1).

For i # i, we denote (I); X (I")y = (I); N (I")y.

By [11, p. 157], the infinite Cartesian product of the one-dimensional Lebesgue
measure defines a probability measure y on M, still called Lebesgue measure.

A sequence T, of u-preserving maps weakly converges to T if, for any measurable
set E, u(T,EAE) — 0, where AAB=(A—-B)U(B-A).

let E be the set of bijections f of Tx[O0, 11N, such that £((x)ien) = (Fu(X1, -ovs Xn), Xns 1 -.)
with f,, a smooth diffeomorphism of T x [0, 1]" for some integer n. The smooth dis-
tance on finite-dimensional smooth diffeomorphisms extends to E: d(f, g) = d(f,, g&x)
(we take n to be the maximum of the integers n(f) and n(g) associated with f and g
respectively). The completion of E for d is denoted Diff (T x [0, 1]N). It corresponds
to the set of smooth diffeomorphisms of T X [0, 11N, and extends the finite-dimensional
notion of smooth diffeomorphisms.

1.2 Transformations of the planar Brownian motion

We use the representation of a Gaussian dynamical system as a geometric transforma-
tion of the trajectory of the planar Brownian motion, developed in [7]. We denote by
(Q, A, P) the canonical space of the planar Brownian motion issued from 0, on the time
interval [0, 1]:



1. Q= C(O)([O, 1], C) is the space of continuous maps from [0, 1] to C, that cancels
in 0.

2. P is the Wiener measure on £,

3. Ais the Borelian sigma-algebra, completed for PP.

For w € Q, and 0 < u < 1, we denote by B,(w) the position of the trajectory w at
time u.

If o is a probability measure on [0, 1] concentrated in a finite number of points
a; < .. < a; of respective weights my, ..., m;, we define a transformation U, of Q,
preserving P, by the following: for any k = 1, ....¢, uy = Z';zl m;, and ug = 0. We cut
the trajectory w in ¢ pieces, corresponding to time intervals [u;_1,ux],1 < k < ¢, then
we perform a rotation of angle a; on the k”-piece. U, w is the trajectory obtained by
gluing the rotated pieces. Thus, for u € [u;, u;1],

B,oUy= ) &"*(B, — B, )+ (B, —B,)

J

k=1

Suppose, moreover, that @; = 5—”b,l,i, with p, and b, ; integers relatively prime with
the integer g,. Let U, = U,,. Let also

I I+1

Cnil = {w € Q/ arg(Bu,-H(w) - Bu,(w)) € [_, }

qn qn

and &, = {cnis, 1 = 0,...,qs — 1}. {,, is a partition stable by U,, and (U, ,, {u,) is

metrically isomorphic to (Re;, ,&,), where Rm,,  is the circle rotation of angle %b,, i
gn M an M ’

and &, is the partition of the circle T defined by &, = {[é, %[ ,1=0,...,g9, — 1}. This
metric isomorphism is the basis of our construction.

Now, if o is a non-atomic probability measure on [0, 1], we can define U, as he
limit of a sequence of transformations U,,, where the measures o, are concentrated
on a finite number of points converging sufficiently well towards o-. For any u € [0, 1],
and any p € Z, we have:

U
B,o U = f ¥ PVS) gB,
0

where ¥(s) = inf{x € [0, 1]/0([0, x]) > s}.

Moreover, if o is concentrated on [0, 1/2], then (Q, A, P, T,;) is a Gaussian dynam-
ical system of spectral measure y, where vy is the symmetric probability measure on
[-1/2,1/2], defined by

1
Y(A) =5 (@AN[0,1/2) + o(=AN[0,1/2])

The underlying real Gaussian process is given by Xy = Re(By) [7].

As a corollary, if o is non-atomic on [0, 1], then U, is ergodic (and even weak
mixing), and if, moreover, o is singular with respect to Lebesgue measure, then U,
has zero entropy.



1.3 Basic steps of the proof

The metric isomorphism is obtained as the limit of isomorphisms of finite algebras. We
use the lemma [1, p.18]:

Lemma 1.3. Let M| and M, be Lebesgue spaces and let .fff) (i = 1,2) be monotonic and
generating sequences of finite measurable partitions of M;. Let T,gi) be automorphisms
of M; such that T,(f)fff) = §,(f) and T,(f) — TD in the weak topology. Suppose there are
metric isomorphisms L, : M /fﬁll) - M, /ff) such that

LTV /&) =T 161,

and

Lol = £
then (M, T) and (M, T;) are metrically isomorphic.

Said otherwise, if we have generating sequences of partitions and sequences of
automorphisms T,g’) weakly converging towards T, and if, for any integer n, the fol-
lowing diagram commutes:

Ly,
0 (g0 g Do

!

é‘:( H  Lan 2)
n+1 n+l

then (M, Ty) and (M, T») are metrically isomorphic.

The proof of theorem 1.1 is in two steps. In the first step (lemma 1.4), we determine
sufficient conditions such that there exists sequences of finite partitions and automor-
phisms satisfying the assumptions of lemma 1.3 with M, = Q, M, = M = T x [0, 1]V,
T,(,l) =U,, T,(,z) = T,, where T, is a smooth diffeomorphism, and such that the limit T
in the smooth topology of the sequence T, is smooth.

In the second step (lemma 1.5), we construct sequences of integers satisfying the
conditions of the first step.

Lemma 1.4. There exists an explicit family of integers Ri(n) > n, Ry, R3, such that, if
there exist increasing sequences of integers ty, Pn, qn, Qnir> by € N*, i = 0,...,1, — 1,
and sequences s,y € 27,1 =0, ..., t,—1 such that, for any integer n, any i’ =0, ..., t,—1,

1. (temporal monotonicity) t,.; = 2Rty
. (P”mallly) an,i’bn,i’ — Sni'dn = L.
. (monotonicity) g, divides q.
tn

2
3
4. (isomorphism) q, divides a,.1(i/tys1) — an(i' [ty), fori= "= (i + l)t"t—+1 - 1.
5

. (convergence of the diffeomorphism, generation, Kronecker)

fn+l_1

st _ Bl <yymy [nq [T buitirnn)
i=0

qn+1 qn

0<

then there exists a smooth ergodic measure-preserving diffeomorphism T of M
that is a Gaussian transformation. Moreover, if



6. (Kronecker) the translation of T™ of vector 2 (b,(0/t,), ..., b,((t, — 1)/t,)) has a
Sfundamental domain of diameter smaller than 1/n,

then T is a Gaussian-Kronecker.

Lemma 1.5. For any n > 1, there exists increasing sequences of integers
b, Dns Qs> Qnirs bny € N, 7 = 0,...,t, — 1, and sequences s,; € Z*, i = 0,....,t, — 1
satisfying the assumptions of lemma 1.4.

We divide the proof of lemma 1.4 in three main parts. In the first part of the proof,
we construct a sequence of monotonic and generating partitions of Q, called £;°, which
is stabilized by the transformation U,. To that end, we use assumptions 1, 2, 3. In
the second part of the proof, we elaborate sufficient conditions on B, € Diff*(M, w),
so that if T,, = B;IS m B, weakly converges towards an automorphism 7', then there
exists a metric isomo?lphism between (Q, U,P) and (M, T, u). To that end, we apply
lemma 1.3: we construct a monotonous and generating sequence of partitions &,° of
M and a sequence of isomorphisms K : Q/>° — M/EY, such that KU, = T,K°
and K i = = K. In the construction of this isomorphism, assumption 4 is important.
Moreover, elements of &,° must be chosen in a way that ensures the monotonicity of
the sequence K. This condition of monotonicity induces combinatorial constraints on
the elements of the partition &;°.

In the third part of the proof, we construct diffeomorphisms T, = B;'S b B,on M
stabilizing £, obtained by successive conjugations from the rotation S z . In partlcular

qn

in this part, we use smooth quasi-permutations, introduced in [2].

1.4 Construction of suitable sequences of integers: proof of lemma
1.5

We show:

Lemma 1.6. There exist increasing sequences of integers ty, Pn, qu, an({’ [1,), by (@' [t,) €
N i =0,..1t, — 1, and sequences s,(i'/t,) € ZF, i' = 0,....t, — 1 satisfying the
assumptions of lemma 1.4.

Proof. We construct these sequences by induction. Let fo = po = qo = 1, bp(0/t9) =
50(0/t0) = 1, ao(0/ty) = 2. Suppose we have defined #, p, gx, ar(i’ /1), b’ /1), s (@ /1),
satisfying the assumptions of lemma 1.4, up to the rank k = n, and let us define

Lntls Pnt1sGn+ls an+1(i/tn+1), bn+l(i/tn+l), Sn+l(i/tn+1)-
We can define £, = 2R0ant)y et

b(n) = (bu(0/1,), ..., bu((ty — 1)/12))

b(n) = (bu(0/12), +vrs bu(0/1), bp(1 /1), oo a1 /1), s (= 1)/ 1), oo B (0 = 1)/ 1))

= (Bn(O/[,1+1), ooy Z;n((trwl - 1)/tn+l))

where each b, (i/t,) is repeated ¢, /t, times.
To get conditions 5, 6, as in [1, 4], we seek b(n + 1) of the form:

b(n +1) = guv(n+ 1) + (eps1qn + Db(n)



where v(in + 1) € Z+! and e, € N.

Since ng({bn(O/trHl), o Du (1 =D [t} = ng({bn(O/tn)s wobu((G=D/t))) = 1,
then we

can apply a result in [4, 1.3.2]: there exists v(n + 1) € Z" and e, € N, there
exists R4(n, b(n)) such that:

llv(n + DIl < R4(n, b(n))

ent1 < Ry(n, b(n))

and such that the translation flow of T+ of vector b(n + 1) has a fundamental
domain B(n) ¢ T"~! x {0} of diameter smaller than 1/(2n). Therefore, for any
gn+1 = Rs(n, b(n)) for some Rs(n, b(n)), and any p,.; such that gcd(pp+1,gn+1) = 1,
the translation of T+ of vector %b(n + 1) has a fundamental domain of diameter
smaller than 1/n. Hence condition 6.

We write

vin+1) = (Vn+1(0/tn+1)s e Vg1 ((Br1 — 1)/l‘n+1))

Let
Spe1({/the1) = Sn(i//tn) + an(i//tn)[vn+1(i/tn+l) + en+lbn(il/tn)]

Let
ﬂn+1(i/tn+1) = bn(i,/tn) + Qn[vn+1(i/tn+1) + en+1bn(i’/tn)]

Let dys1 = Ry (1, gn, [1i=0 ta+1 — 1bns1(i/t,41)) be an integer, let

tn+]_1
Cna1({/ths1) = dps1Sps1(i/tas1) 1_[ :un+l(k/tn+1)
k=0,k+i
and let
tn+1*1
qn+1 = qn 1+ dn+1 l_[ ,un+1(k/tn+l)
k=0

Notice that g, is independent of i (it is important to obtain condition 2). Let

A1 (i/ts1) = an(i,/tn) + qncn+l(i/tn+1)

Thus, assumption 4 is also satisfied.
We show assumption 2 at rank n + 1. We have:

Apt1 (i/tn+1 )bn+l (i/tn+1) = (an(i//tn) + gnCn+1 (i/tn+l)) (CInVlHl (i/tn-H) + (en+ICIn + l)bn(l//tn))

=1+ qn [Sn(i’/tn) + en+1(1 + Sn(i’/tn)qn) + an(i,/tn)vn+1(i/tn+1)

+cn+l(i/tn+1) (qnvn+l(i/tn+l) + (en+lCIn + l)bll(i//tn))]

=1+ qn [sn(i//tn) + an(i//tn)(erwlbn(i//tn) + Vn+l(i/tn+1))
the1—1

+dn+lsn+l(i/tn+l) 1_[ /Jn+l(k/tn+1) (ann+l(i/tn+l) + (en+lQH + l)bn(l’/tn))
k=0,k+#i



Tt —1

[ yn+1(k/rn+l)]l

=1+gn lsn+l(i/tn+l) {1 +d,
k=0,k#i

=1+ Sn+l(i/tn+1)qn+1

Hence assumption 2 at rank n + 1. O

1.4.1 Proof that T is Kronecker
First, we show:

Lemma 1.7. Let ., 1
L, (l‘) = 220 1), P2 1) + —
4n 4

n n

and
fy-1

L=\ J L@ ftn)

n>1 i’=0
If the translation 2b(n) of the T'-torus has a fundamental domain of diameter
smaller than 1/n, then L is a Kronecker set.

Proof. We adapt the proof of [6, p.6]. We must show that for any f : L — T continu-
ous, for any € > 0, there exists k € Z such that

sup |f(x) — kx| <€

xeL

We fix n > 1 and first, we suppose that f is constant on each interval L, (;—), and

we denote 2,(7'/t,) = f(Lu(L)). Let 27’ /1) = (za(0), ... 2a((ts — 1)/1). Since the
translation 22b(n) of the T*-torus has a fundamental domain of diameter smaller than
1/n, then there exists 0 < k < g, — 1 such that

, 1
by —ul < ~
dn n

Therefore, forany 0 < i’ < g, — 1,

|k’qﬁbn<i'/tn) — 2 )] <

n

S| =

Letxe Land0<i <t,—1suchthatx e L, (;—) We have:

<

'x Py i)
qn

n

Therefore,

k= GO = ex = 2a(i 1) < Jix = K220 1) + 'k&bna'/rn) TS| P
n qn ng, n

2
lkx— f(0) < = 1)

n



Now, we suppose f : L — T is any continuous map. Let € > 0. L is compact, so
by Heine’s theorem, f is uniformly continuous. There exists 7 > 0 such that for any
x,y € L, if |x — y| < n, we have:

lf(x) = fOI < €/2 2

We fix n > max (4/€,1/n). Let f, : L — T such that for any i’ = 0, ...,1, — 1, any
y € L' /t), fu(y) = f(’;—"b,,(i' /tx)). By relation (1), there exists 0 < k < g, such that
forany x € L,

kx— fool < =
n

Let x € L and let i’ such that x € L,(i’/t,). Since f, is constant on L,(i’/t,), we
have:

lkx = fOI < Tkx = fu(O] + 1 fa(xX) = FOI = Tkx = fou(O] + [ fa(x) = f(2)]

kx— f < 2+
n

f(?mwmﬁ—ﬂn

Since

" 1
e = 22 f1)] <
qn n

By estimation (2), we conclude:

lkx — f(x)| < % +e/2<¢€

Corollary 1.8. For a suitable choice of Ry in lemma 1.4, T is Gaussian-Kronecker.

Proof. We must show that the limit o of o, in the weak topology is non-atomic, and
that supp(o) € L. Let € > 0. Since f, — +oo, then for n sufficiently large, for any
x € T, sup,cp 0n(x) < €. Therefore, o is non-atomic.n To show that the support of o
is included in L, let:

S0, tp =1} — {0,....t, -1}

. " i i /+1
i — i St o < e < "
Letn e N. Forany i € {0, ..., #,4+1 — 1}, we have:
DPn+1 Pn+1 pn

bn+l(i/tn+l) b (f(l)/tn) - ( ) n+l(l/tn+l)

n+1 n+1 n

Therefore, for any m > 0, any i € {0, ..., #,,+,, — 1}, and for a suitable choice of R; in
lemma 1.4,

m—1
MMMWWW——“f@m=§xmm‘pmﬁMMWW%M)

n+m =0 qn+k+1 qn+k



Z (p"“ - —)bk+1<f ()/1he1) < ~

o \dk+1 n

Therefore, for any integers n, m, ’q’ ~ bysm(i/tysm) € L.
Therefore, supp(op+m) C L,. Since L, is closed, then supp(o) C L, for any n, and
so supp(o) C L.
O

2 Partitions of Q) = Cg([O, 1],C)
The aim of this section is to show the following proposition:

Proposition 2.1. If assumptions of lemma 1.4 hold, there exists measurable partitions
(&m0, nem of Q, such that () is stable by U,, and such that at m fixed, for n < m,
gy = L. Moreover, there exists an isomorphism Q) : {, — (' commuting with U,,.

Moreover, at n fixed, () converges as m — +oo towards a partition {,°, stable by
U,. Moreover, the sequence ({;°),=0 is monotonous and generates.

A natural partition stabilized by U, is given by £, =V, " 0 (n i» where:
gn,i = {Cn,i,l»l = 07 e fn — 1}
with

[+1

Cn,il = {(’J € Q/ arg(Bqu ("-)) Bu ("-))) € [CIL

|

In order to apply lemma 1.3, we need a monotonous and generating sequence of
partitions. In lemma 2.13, we show that {,, generates. However, ¢, is not monotonous,
because for any integers &, 1,/,1’,

n

{w €Q/ arg (B'A o (@) - (a))) el } ¢ {w €Q/ arg (B%(a)) - Bi(w)) c IL}

’H ’u+l In+1 qn

Therefore, as in [1, 4], we "monotonize" {,. This "monotonization" is performed
in two steps: in the first step, we construct a partition "*! stable by U, and such
that g;}“ — (,+1 (lemma 2.2). We also need that the elements of {,’f*' have a size
independent of g,,.1, to ensure the smooth convergence of T, towards 7.

In the second step, we iterate this procedure, so as to obtain a partition £, such
that £ < £, . Atm fixed, forn < m, ' — ' |. We take the limit m — +oco. This
gives a monotonous partition £;° stable by U, (corollary 2.12). This procedure is the

same as in [1, 4]. Since ¢, generates (lemma 2.13), then ¢,° too (corollary 2.15).

To show proposition 2.1, we need some notations and auxiliary transformations.
We slightly modify those introduced by De La Rue [8, p. 395].
Let 6 = arg By, and let G, D transformations of Q defined by

B,oG = V2B

B,oD = \/_(B%— )

1
2

10



Since, by scaling, B, o G and B, o D are Brownian motions, then G and D are
IP-preserving. Moreover, G~ (A) and D~!(A) are independent.

LetI' = G, D, and for any n € IN, I'" is the set of words of length n on the alphabet
I Letfg = 00G,0p =600D, B6 = By oG, Bp = By o D, and having defined
the random variables 6y and By for W € I, we let gy = 0w o G, 6pw = Oy o D,
Bgw = By o G, Bpy = By o D. Thus, we obtain families of random variables 8y, and
By defined recursively.

For n € N, we denote A, = B(Ow, W € ") and B,, = V|_ Ay, B = V; A For
g € N*, let

and let Ay(q) = (e (%, 1),i=0,..,2" = 1,1=0,...,g = 1}, Bu(@) = Vi Ak(q)-
Let #, such that #, = 2. Let also

) I 1+1
C"(%’Z]): {weQ/arg(Bf;"](a))—B;x(w))e ZI’%

¢: TV > & k=0,..20-1]
1, la;=p
aj.ag = YL s

Let

2p+HWI 20 +HWI

Awplq) =B (arg (B¢(w>+ TiE B¢<W)+—’) €

I 1+1
—,—[,l=0,...,q— 1,j=0,..27— 1
qg 4
Bwp(q) = Vg Awk(q)

In particular, we have:

Ap+1(q) = Ag,p(q) V Ap,p(q)

The main step in the proof is the following proposition:

Proposition 2.2. [f assumptions 1, 2 and 3 of lemma 1.4 hold, then for any n > 0, there
exists a measurable partition ™' < (.1 of Q, stable by U, there exists Q"' : {, —
Y isomorphism such that:

1. Forany c € £, P(cAQ"'¢) < ﬁ.

2. oy, = U0

Proof of proposition 2.2. First, we need the lemma:

Lemma 2.3. For any p > 0,q > 0, P-almost surely,

E [ BwlAw,@)] = E [BwlBy,(9)]

Proof. The word W is fixed. For u € [0, 1], let B, = V2WI(B_u_, 4w) — Bsw)). By scal-

2IWl
ing, Bj, is another Brownian motion issued from 0, and we have: B| = \/WBW. Let
¢ = arg B}, and forn € N, we denote A',(q) = B (60}, € [I/q. (I + D)/ql.1=0,...q — 1, W €T")
and 8B',(q) = Vi_yA'«(q). We have Ay, = A’ ,, By, = B’),. Therefore, it suffices to
show, P-almost surely:

11



E|B/|A (q)| = E|B|IB »(9)]

We show that [E [31 Iﬂ,,(q)] =E [31 IB,,(q)] P-almost surely. Let

up = E|[ELB1I8, ()] - EIBA, @ |

We show that for any integer p > 0, u, = 0. Since = Ay(g) = Bo(g), then uy = 0.
It suffices to show that u,.; = u,. We follow the method of the proof of relation (15)
in [8, p.397]. We have:

uper = E|[E[By1Byn1 @) - E[B,1Ap1(@)] + E[B - B1B,1(@)] - E[B - B, |ﬂ,,+1<q>]\2]

Upii = E B [E[B1 GIBy1(@)] - E[B1 0 GlA,.1(0)| + E[B1 0 DIB,i(0)| - E[B1 o D|ﬂp+1<q)]12]

For any complex numbers a, b, |a + b|* = |a|* + b* + ab + ab, where 7 denotes the
conjugate of the complex number z. Therefore,

tpor = 3E[B[B1 0 GIB,1@)] - B[B1 0 Gl @][ + [E[B1 o DIy @)] - E[B: o DIA )] |

+5E |(E[B1 2 G1B,1@)] - E[B1 2 GiA1(@)]) (E[B1 o DIB,1(@)] - E[B1 2 DA, 1))

+%E [(JE [B1 2 G18,11@)| - E[B1 0 GiA,.1()])(E[B1 0 DIB,1(@)] - E[B1 0 D|ﬂp+](q)])]

Now, we apply the claim:

Claim 2.4. Let X a random variable on (Q, A, P), and G, H sigma-algebras such that
BX, H) and G are independent. We have, a.e.:

E[X|G v H] = E[XIG]
Proof. We reproduce the proof of [13]. We need to show that
E[X | B(G UH)] = E[X | H],

that is, we need to show that IE[X | /] can serve as the conditional expectation of X
given B(G U H), i.e. show that

e E[X | H]is B(G U H)-measurable,
e E[X | H]is integrable,
o [[E[X|H]dP = [ XdPforall A B(GUH)).

12



The first two are obvious. For the third, let us note that (note that by linearity, we
can assume that X is non-negative)

B(QU?—I)BAHf]E[XIW]d]P
A

and

B(QU'H)BAHfXd]P
A

are two measures defined on B(G U H) with equal total mass being E[X]. Hence, it
is enough to show that the two measures are identical on some N-stable generator of
B(G U H). Here, we use that

{ANB|A€@G, BeH)}

is indeed a N-stable generator of B(G U H). Therefore, it suffices to show that
f ]E[X|?{]d]P=f XdP, AeG,BeH
ANB ANB

This is true, because since G and H are independent,

E [14nsEIX | HI] = E[141E[X | H]] = E[1,]E[15E[X | H]]

By the defining property of conditional expectation, E[1gE[X | H]] = E[15X].
Moreover, 13X € B(X, H), which is independent of G by assumption. Therefore,

E[14nsE[X | H]] = E[14]E[15X] = E[1415X] = f XdP

ANB
O

We have that Apy1(q) = Ag,p(q) V App(q) and B,11(q) = Bep(q) V Bpp(@).
Moreover, the sigma-algebra B(Bg, Bg,,(q)) is independent of Bp ,(q).

Indeed, B(Bg, Bg,,(q)) C B(B%’; - B%p,i =0,..,2""" —1)and

Bp,p(q) C B(B%] - Bz%,i = 2,1 2P — 1), and these two sigma-algebras are in-
dependent, because the Brownian motion has mutually independent increments. Like-
wise, B(Bp, Bp p(q)) is independent of B ,(g). Therefore, by claim 2.4, we get:

w1 = 3E|[E[B1 o 61, @)] - E[B: o 616 (0]

+|E[B1 o DIBp ()] - E[B1 0 Dlﬂn,p(q)]ﬂ

+5E |(E[B1 2 G1B6,(@)] - E[B1 < Giie,,(@)]) (E[B1 © DI, (@] - E[B1 2 Do, @)

+%]E [(JE |B1 © GIBs,p(@)] ~ E[B: Glﬂg,p(q)]) (E[B1 0 DIBG (@) - E[Bi o DmD,,,(q)])]

Since B¢ p(q) and Bp ,(q) are independent, we get:

13



w1 = 3E|[E[B1 o 615, @)] - E[B o 616 0]

+|E[B1 o DIBp ()] - E[B1 0 Dlﬂa,p(q)]ﬂ

Since Ag ,(q) = G '(Ay(g) and B;, = G '(B,(¢)), and since G is measure-
preserving, we obtain:

E H]E |B1 0 GIBG,,(@)] - E[Bi 0 GV‘GW(‘I)]H

=E “IE [B1 0 GIG™(B,(q)| - E[B; o G|G—1(ﬂp(q))]]2]

=E H]E |B118,(9)] - E|B1A,(9)]

g G] —E “]E [B11B,(0)] - E[, |ﬂ,,(q)]‘2] = u,

Since D is also measure-preserving, we can do the same for the right-hand side of
the equation and therefore, 1,1 = u,,.
O

Lemma 2.5. Let ji, — +00 and ry — +oo two sequences of positive integers. We have:
+00
\/ Bi.(n) = Bu
k=0

Proof. Since ry, — +oo, then for any 7 > 0, u > 0, A, = /= Au(rp).
Since j — +oo, there exists ko(¢) such that for any k > ko, jix > t. Moreover, for
any t < ji, Ai(rx) € B;, (). Therefore,

A = V Ai(rp) C V B (r) C ngk(rk)
k=0

k=ko k=ko
Therefore,
+00 +00
Boo = \/ﬂr C vz;]k(rk)
=0 k=0

Lemma 2.6. Almost surely, we have:

E [Bw|ﬂw,k(qﬁ)] i Bw

Proof. By scaling, as in lemma 2.3, it suffices to show that a.s.,

E [B1|ﬂk(qlfl)] ko0 B
Theorem 3.2 in [8, p.395] implies that |B]| is \/,t:i Ai-measurable. Therefore,

. ~ B, -B ~
B| = |Byle'™2 B is B,,-measurable (indeed, [8] introduces 6 = arg( : 1) and A, =

B
2
B(Ow, W e, B, = \/1_, Ay )
Since § = 6) + 1 — 6, then @ is A;-measurable, and we have B, /12| Ay).

14



Therefore,
E[B|8] = By

Let B, = Bi(¢¥). By lemma 2.5, \/;5) B}, = Bw. Moreover, since gk divides ¢~,

then B/, C B, and B, is a filtration. Therefore, E[B|8,] is a closed martingale, and

almost surely,

E[B1|8;] =-+0 E[Bi|Bx]

Since, by lemma 2.3, E[B|B;] = ]E[Bllﬂk(qﬁ)], and since E[B;|B.] = Bj, we
conclude that, almost surely

E [Bﬂﬂk(qﬁ)] —koto00 Bi
O

Let Q, N be two measurable partitions. The safe zone of N with respect to Q is
defined by:

S@QN)={PeN/AQ QP CQ}
For k > 0 integer, let
¢ ={lj/g}- GG+ D/gL.j=0....qs - 1}
Let

261

Su(g" N) = ﬂ {arg (B,;T] - Bi) € S, N)}

t=0

Lemma 2.6 gives the following corollary:

Corollary 2.7. For any € > 0, any n > 0, there exists ko(€,n) such that for any k > ky,
for any partition N of T such that Leb(S (¢*, N)) > 1 — €/2%, we have:

P(E[B|[A:(N)]-Bil<np)=1-¢€

Proof. By lemma 2.6, since convergence almost sure implies convergence in probabil-
ity, then for any € > 0, any n > 0, there exists ko(€, 77) such that for any k > ko,

P (‘E |B117(g")] - Bl' < n) >1—¢

Moreover, if
[E[B11A()] - B1| <

then
[E[E[B1A")] - BA)]| < B|[E[BiAe)] - B 1) < 7

Moreover, if

E|[E[B117(q")]1AN) | = E|Bi| A"

then

15



E[BuAN)] - Bil < [E[BIAN)] - E[E [ BilA(q)| |7 ||+ E [ Bule(@h)] - B1| < 21
Moreover,
S(q", N)  {E[E [ BilA(g") ]| 1AN) | = E[BilA(g")])

Indeed, let

v: Q@ = S(EEN)
QO — {PeN/PcCQ}

The map v is surjective. Let C be the partition generating A;(¢*). Elements Q € C
are of the form:

261

0= ore(ps-,) < 0
with Q; € g*. We have:
Ls, ¢ mE [31 Iﬂk(qk)] = QE;W % Lonsiq n)
Moreover,
21
0N Sua' M) = () {are (B - B4 ) e vi@))
=0

which is A (N)-measurable. Therefore,

S(q", N)  {E[E [ Bil A" AN | = E[BilA(g")])

Moreover,

P (Sk(qk, N)) >e€

Therefore,
P ([E [B1|A(N)] = B1| < 2n)

> ]P({|IE [BlL?(k(qk)] - Bl| < 77} N {]E [IE [B1|ﬂk(qk)] |ﬂk(N)] -E [Bl|~7lk(qk)]})

> P({[E[BilA)] - Bi| <} 0 51 M)

Therefore,

P(E[Bi|AN)] - Bl <2n) > 1 - 2e

16



Corollary 2.8. For any € > 0, any n/2 > n > 0, there exists ko(€,n) such that for any

k > ko, any finite partition N of T such that Leb (S (g~ N)) > 1—€/2%

P (Jarg (E [B)|A(N)]) - arg(B)| < n) > 1 — €
Proof. We need the claim:

Claim 2.9. For any z € C such that |z — 1| < 1, we have:

. 2
2= 11 = Isin(arg 2) > | arg ]

Proof. If |z — 1| < 1 then |argz| < /2 and so |sin(argz)| > %|argz|. For the other

estimate, we write z = re'. Since (r — cos )* > 0, then
2 .2
r"+1-sin“"0-2rcosd@ >0

P cos?0+1—2rcos@+r>sin® 6 > sin® 6

(rcosf — 1)% + (rsin ) > (sin 6)?

|z — 1| > | sin(arg 2)|

Let € > 0. There exists g(e) > 0 such that
P(Bil=g(e)=21-¢€
Let7/2 > 5> 0 and ko = ko (e, @) in corollary 2.7. If |B;| > g(e) and if

IE [B/|AN)] - Byl < zgfr—é)"

then

<1

E[BIAMN)] 1‘ _28m _2n
B, T By T onw

By claim 2.9, we get:

2' (E[Blmk(/v)])' 2
—l|larg|l ———|| < =1
m B, b/d
Therefore,

|arg (E [B1|AN)]) — arg(By)| <
Therefore,

P (Jarg (E [BI|A(N)]) — arg(B)| < ) > P ({|Bl| > ¢()) N {IE [Bi|AN)] - B| <
By corollary 2.7, we get:

IP<|arg (E [Bi|AWN)D — arg(Bl)| < 77) >l-€e-e=1-2¢

17
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Corollary 2.10. For any 0 < € < 1/(2q,), there exists ko(e, t,, q,) such that for any
1=0,..q,— 1, forany W € ', for any partition N such that
k
Leb(S(g" . N)) 2 1 - %

l+1

)=
qn  qn

Proof. More generally, corollary 2.8 holds for any By . Let ko(e, t,,, ¢,) = maxy, ., ko(e, €, W)
We have:

]P((arg By € [L, [+ 1[) (argIE[BWIJHWk(N)] €

[ I1+1

I I+1
IP[(arg By €|—, i DA(arg]E[BWIﬂwk(N)] € [—, ))
qn 4qn qdn Yqn
I I+ 1[\° [ [+1
- ]P((arg Bye|—, = ) (arg]E [Bw|Awx(N)] € [— i )] +
qn  4n qn  qn

[ I+1 [ 1+1
]P[(arg By € [—, * ) (argIE[BWIﬂWk(N)] €|l— * ) }
ql‘l qn qn ql’l
1\ 1
< ]P[(arg By € [i I+ ) (argIE[BWIﬂWk(N)] € L L+ )
qn  qn Qn qn

N (iarg By — argE [Bwlﬂw,k(N)H < e)]

! )ﬁ (arg]E[Bwlﬂmk(N)] € [i [+1

)E

+ ’
ql‘l Qn

1
(arg By € [q_ i
n

qn

N (|arg By —argE [BWIﬂWk(N)” < e)]

+2P [|arg By —arg E [Bwlﬂw,k(N)]l 2 f]

Moreover, since € < 1/(2¢,) then:

l [\ I I+1
(arg By € [q_ ) (arg]E [Bw|Awx(N)] € [q_ )ﬁ(|arg By —arg E [BW|_7lwk(N)]| < e)
( 11 [ I+1 1+1 D
C|argBy € |-+ —, — , +e€
4n 4n qn qn
Therefore,
[ I+ 1\ I 1+1
IP((arg By € [q—, p ) n (arg]E [Bw|Awr(N)] € [— p )m (|arg By —argE [BWIﬂWk(N)]l < e))
< 2e
Likewise,
I I+1 [ I+1
]P((arg By € [q_ ) (arg]E [BwlAwr(N)] € [q 7 ) (|arg By —argE [Bwlﬂw,k(N)” < e))
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Therefore,

I 1+1 [ 1+1
IP((arg By € [— D A(arg]E [BwlAwx(N)] € [— )) < 6e
qn QW n qn
O
Let € = ﬁ. By corollary 2.10, we can fix ky(n, g,,1,) such that for any [ =
0,...,g, — 1, W € I'», for any finite measurable partition A such that Leb <S (g~ N )) >
1- 2%0 we have:
I 1+1 [ 1+1 1
P ((arg By €| —, D A (arg]E [BwlAwx, (N)] € [—, )) < - 3)
4n  qn qn  qn 2"tnqy
Let
v _ dn+1
el = 2k02211+]tnq£1"q120
By Euclidean division, we can write:
Al = Vnt+1Yn+1 + Pn+1 (4)

n

with 0 < y,1 < Va1
Let

N,’]” = {l + jv”” +Nj,j=0,. Y1,y =0,..,q0 — 1}
qdn dn+1

with Nj = [O’ vn+1/‘]n+1[s for ] = 0’ s Yl T 1’ and N)’u+l = [Oapn+1/qn+l [

We have: Leb (S (q", N;’”)) >1- 2%0 and therefore, estimate (3) holds for !,

When g,,,; varies, the partition N,’j“ varies, but ky must remain fixed independently
of ¢gn+1, and this is why we need a uniform estimate on all partitions N sufficiently
refined. If we could take qf[’ dividing ¢+, a non-uniform estimate in corollary 2.10
would be enough.

Foranyl=0,..,q,— 1, W eI, let

[+1
qn

n

i (q)(W), qi) _ {w cQ/ arg]E[Bme,ko(N;’H)] (w) € [qi

} ®)

Let

l
Lroomy = {Czﬂ (¢(W), q—)l =0 s = 1}

n

The set ,’ll:;zw) is a partition of €, because it is the pre-image of a partition of T.

Foranyi=0,....,t,51 =1, ji =0,...; 9041, 7 = 0, ..., g, — 1, let

E( LY g Vel ) - {a) cQ/ arg(Bi(u)) - Bﬁ(w)) e Xy jlun +N,-}
i+l qn qn+1 I+l fn+1 n qn+1 ’
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The sets é( L + jprusl ) i=0,..,t,41—1, are mutually independent. For any i’ =

qn+1
O, - 1 Y = (7 ’n+1 ,7 ’n+l+17~ 97(l+1)’n+1 l) ] - (] ‘n+l,] ’n+l+15- ’](lJrl)I”*l tl)
let
71
-/ n Ipyl .
ry . Vn+1 - U i . Vn+l
el—,—+J = e ,— + Ji )
(tn qn %H—l) Oi, (trH-l qn lqn+1
el
Let
.y i’ Y 1 Intl In+l
P(l)={ (— Lo e ) YEAO s gn = 1}, JE{O, oy Y} }
n qn qn+l

The partition P(i’) is finite and B(P (")) = Awx,(N). Therefore,

E[Bw]1,
argJE[BW|ﬂWk0<N:“>]=arg[ >, %16} > (arg BBy 1)) 1,
eeP(i") eeP(i’)

(we can check that the right-hand term satisfies the characteristic property of con-
ditional expectation)

Fori =0,...,t,-1,1=0,....,q, — 1, let

n+1 In+1

v
E(Z—, —) = {(% D EA0, s gn = 1} XHO, oy Y}/

I 1+1
arg(]E [(Bm —Bi)L(‘., y+jvn+l>:|) €|l—, } 6)
n ) N qn  4n

I Vs
e W), ) = U (¢(W>q—+ 1) (7)

An+1
rpeE(sW). L) oo

Therefore,

Moreover, since N/'*' < {[k/gus1, (k + 1)/qui1 [,k = 0, ... gus1 — 1},
then A, (N™1) C B(Lus1), and therefore, g;;;)%w) < Cuil.

Lemma 2.11. Let

+1 . 1
QZ,¢(W) D Gnow) 1 - Z%W) i
en(@W), =) = (@W), o)
We have: Q" ooy Unizusan = Uniguan, Qn wawy- Moreover, ZLI(W) is measure-preserving.

Proof. We have:

[+1

}

l
UnQl i en@W), ) = {Un«u)/ arg E [ By Az, (N )] (@) €

[ I+1
{w € Q/argE [BWIﬂWkO(N"“)] o U, "w)e|— *

|

Gn’ Gn
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{weQ/arg]E[BWoU UW(Awi, N () € Ll

w Gn

|

Moreover, since R 1 (N"*1) = N1 then U, (A, (N*1)) = Ay, (N™*1). On the
qn
other hand,

-1 i b, 5wy
BWOUn =e ™ BW

Therefore,

l
Un Qi) (cn (¢<W>, q—))

n

pnbn,¢(W) + i’ pnbn,¢(W) + [+1
qn qn qn qn

= {w € Q/ arg E Byl Aws, (N ™| (w) € [

}

n“n l
= ¢, (¢<W> Dubstty )

n qn

On the other hand,

nvn. l
QZ;I(W) (Cn (¢(W) )) = QZ;)I(W) (Cn (¢(W) —p q‘ﬂw) p ))

n+ PnOn.g(w) l n+ l
o2 - g o )

n n

n+1
np(W) N
like U,, but with p, = b,sw) = 1 (we use U, instead of U, in order not to use the

assumption gcd(p,b, 4wy, ¢») = 1). We have:

Finally, is measure-preserving: indeed, let U, be the transformation defined

Gt = {O1 (1 (@(W),0)) 1= 0,....q, — 1)

Since, like U,,, U,, is measure- preserving, then all the elements of ¢ ”;}W) have the
same measure. Therefore,

oo )L ol )

Therefore, 07", is measure-preserving. o

To conclude, we let £/*! = \/" ' ¢!, and

n, -
ln

L. 1
Q)" - 4

a(04) 0 na (i) o o (@ O B)n-n ek (@ (5 5)

By independence of the " "+.1 and by lemma 2.11, £"*!, stable by U,, and Q"' :

n

Ly — "' is a measure-preserving isomorphism such that Q"*'U, = U, Q"*'.
Moreover, since, by estimation (3) and definition (5), we have, forany i = 0, ..., #, —
1,1=0,..,q9,-1,
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]p(cn(i, L)ACZH (L, i)) <L
In gn In gn Zntnqn"
and since, for any A,A’, B, B’ € Q,

P((ANA)ABN B')) < P(AAB) + P(A’AB’)

then we have, for any ¢ € ¢,

n+1
P(cAQ™'¢) < T

O
From here, the rest of the proof is analogous to [4, section 2], except lemma 2.13.

Corollary 2.12. If assumptions 1, 2 and 3 of lemma 1.4 hold, at n fixed, there exists
measurable partitions (£}, )n>0.n<m Of €, such that ) is stable by U,, and such that at
m fixed, forn <m, {I" | < {)'. Moreover, at n fixed, {} converges to a partition {,° as
m — +o0o, such that {;° is monotonous and stable by U,,.

Proof. For m > n, let

oy =qon ..o (8)

and let £;' = Q7'({y). Forn < m—1, ' — ",. Moreover, {;' is stable by
U,: we recall that b(n) = (b,(0/t,), ..., b,((t, — 1)/t,). Let U, be defined as U,, but
by taking p, = 1. Since b(p + 1)/q, = b(p)/q, mod Z for any p > n, and since g,

divides g,, then %b(p)/qp = b(p)/q, = b(n)/q, mod Z. Since Up commutes with

ZH, then U, = %U » also commutes with Q;;H, and therefore, U, also commutes
with Q7 = Qr+1 Q™2™ . Therefore, U, = U}" commutes with Q, and stabilizes
m
&
We show that (£))")>n is a Cauchy sequence for the metric on measurable partitions.
For any fixed n, n < m, we have:

d@gp.orhy= ) P(aragntien) = > P(QMOAQLT 01(c)
o€y c€Ly

For ¢ € ¢,, Q(c) C {u, sO we can write:

o) = Je
i€l(c)

with ¢; € £,,. By volume conservation of the map Q™ |I(c)| = ¢»/qs. Therefore,

by applying proposition 2.2,
P (100" 0(0)) = “’( U aagy [ U ]] ) P[ . A[ ) Q]]
iel(c) iel(c) i€l(c) iel(c)

1,
mo]
< 3 P(eap ) s D —

iel(c) qn 2"qpy
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Therefore,

a@ g = 3 PO 01©) < 5

=

1
2,4@ < 5 ©)

m=n

Therefore, ({)m>, 1s a Cauchy sequence. Let £,° its limit. Let Q) the limit of Q.
Now, we show that £, is monotonous. Let n > 0 and € > 0. Let m > n such that
digy.gy) < €/2and d({ 1,40 ) < €/2. Let ¢, (k) € &y, and ¢’ (k) = Q) (ca(k)) €

n+l

£y, where k = (é,i),i =0,.,t,—-1land ! = 0,...,q, — 1. Let m > n such that
P (c™(k)Ac (k) < €/2.

Since )} — Zﬁrl» we can write:

o = | o

leL(k)

Since d(( Zﬁrl,gr‘l’il) < €/2, we have:

JP[ L e oal c;;il(l)] < DT P (e (DAC, (D) < €/2

leL(k) leL leL

Therefore,

P (c;’(k)A g c;’;](b] < P (e (A (k)+P [c':(k)A g cj;gl(l)]ﬂp [U A OA| e

leL leL leL leL

]P[Cff(k)A U c;’[il(l)] <€2+0+¢€¢/2=¢€

leL

Since this estimate holds for any € > 0, we conclude that:

P (c;’;’(k)A | c;’;;l(l)] =0

leL

Therefore, £,° < £ . The proof that U, stabilizes £, is analogous.
Finally, let us show that ({,°),>0 generates:

Lemma 2.13. ({,).>0 generates.
Proof. We need the lemma:

Lemma 2.14. Forany p >0, k =0, ...,27 — 1, we have, almost surely:
]E[B%plévn] o400 BZLP
Proof. By proceeding as in lemma 2.6, since g,, divides g, 1, then for any W € I,

E [BWL?{Wz;,—z,’)(CIn)] —nste0 Bw

Moreover, B(¢,) = Ay (g,), and by applying claim 2.4, E [Bw|ﬂ,;(qn)] =E [BWI?{WJ;I,[;) (q,,)].
Therefore, we get:
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E|[BwlZ,] = B[ BwlAy (gn)| = E | BwlAw, 1, (gn)| —nsres Bw

Since Byw) = 2. By, then we get lemma 2.14.

W7 el'? [6(W)<p(W)
O

Let w, " € Q such that ¢,(w) = ¢,(«’), where ¢,(w) is the element of the partition
£, to which w belongs. Then almost surely, for any p > 0, k = 0, ...,27 — 1, we have:

E[B 4 4,)(w) = BB 4 1£,)(w)
By taking n — +oo, and applying lemma 2.14, we get:

2r 2p

By continuity of w and «’, we conclude that w = w’.

w(ﬁ) =By (w) =By (@)= (5)

Corollary 2.15. ({;°)n>0 generates.

Proof of corollary 2.15. Let G be a measurable set and let € > 0. There exists ng > 0
such that for any n > ny, there is a {,,-measurable set G, such that P (GAG,) < €. Let
I,, the (finite) set of indices such that

G, = U cn(in)
inel,
Let
0y Gy = Oy entin)
inel,

By (9), 2 sn A, g“;l"”) —u-+00 0. Therefore, there is an integer n; > ng such that
for any n > nj:

Z th (Qnm”cAfoc) <e

m=n c€,

Since for any ¢ € {,, Qic = c, then

]P(QZOGnAGn) = ]P(QZOGnAQZGn) < Z ]P(QZHLGnAQZlGn)

mzn
= >, 2 (O eaiagienin) < 3 ) P(Orcagic) < e
m>n iy€l, m2n c€(f,

Therefore, for any n > ny, u, (05°G,AG) < 2e. Hence the generation of £;°.
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3 The metric isomorphism

This section is similar to [3, section 2], although the framework is more general. Our
aim is to elaborate sufficient conditions on B, € Diff*(M, ), so that if T, = B;'S m B,
weakly converges towards an automorphism 7', then there exists a metric isomorpl;nism
between (Q, U, Pr) and (M, T, p).

To that end, we use lemma 1.3: we construct a monotonous and generating se-
quence of partitions £° of M and a sequence of isomorphisms K& : T!/Z®° — M/£>,
such that K;°U, = T, K and K3 . = K7

Forl=0,...,q,—1,let

Fori=1,..,t,-1,1=0,..,g,— 1, let
AN P+l P+l

e Ul A1

b qn)  g\an L@ an 1o 180 0

)

Foranyi=0,...,t,— 1,7, i is a partition of M stable by S » . Moreover, the family
>t dn

i

13

77,,,%)' 0 : is mutually independent. Let 5, = \/’.”zf)lnn’i. Forn>1,j=0,..%-1,
n /i=0,..., In

t,—
k=0,..,t,/t,—1 — 1, let

h,,( fn j+k) =j+t1k
Th-1

The map h, : {0,....t, — 1} — {0,...,#, — 1} is bijective. It permutes coordinates
X;, i > 1, and "distributes" them in order to make possible the construction of a dif-
feomorphism A,,; that simultaneously sends ¢, independent partitions 7,; on #, other
independent partitions 772;1, modulo a set of small measure. See the beginning of sec-
tion 4.3 for more explanations.

The following lemma gives the isomorphism from which we start:

Lemma 3.1. Fori’ =0,...,t, — 1, let a, (i’ /t,) relatively prime with g,, and let

éJn,i - nn,@

[ (@) Zano"/z,l))
Cn ([n ’ qn) = An ( ty qn

i U’Mni = SPJKHL.
n *Tn

S
=

K, i is a metric isomorphism such that K,,
i .

1y an ’in

Corollary 3.2. Let

K n : é’n - nﬂ
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K, is a metric isomorphism such that K,U, = S m K,
qn
In other words, the following diagram commutes:

wCotnDse

Proof of corollary 3.2. Since each K, . is surjective, then K,, is also surjective. Be-

cause of the mutual independence of partltlons |Zn) = |1l = q’“

injective, and it is an isomorphism.

Therefore, K, is also

]

The following lemma combines corollary 3.2 with the facts that {;, < ¢, and

M = Nn+lt

Lemma 3.3. For any integers 0 < i < t, — 1 and i'ty1/t, <0 < (@ + Dty /t,, let
an(i’/tn))anJrl(i/thrl); qn> qdn+1 € N such that ng(an(i,/tn), Qn) = ng(anJrl(i/trHl)s Qn+1) =
1, such that q, divides g, and such that q, divides a,+1(i/t,+1) — a,(i’ /t,).

There exists a partition """ < 1n,.1 of M stable by S o, and there exists a
metric isomorphism K'! : ,’:” - r]”” such that K" = K11y, and such that
KU, =S o K"\, There exists also a metric isomorphism C"™' : 5, — n'*! such that

crls m = S o C"™! and K™™' Q! = C'K,. Said otherwise, we have the following
commutative dlagram

K,
éun > 1n DS%

Un
Qn+l l l C"H
n
rz+l

1 on
§n4>nﬁ+ DST

T

§n+l $ Mn+1
Proof. We still give a proof, because the similarity with the corresponding lemma in [3]
may not be obvious (especially the fact that there are multiple coefficients b, (i/t,+1),
and because it allows to introduce some notations and objects that are useful in the
next section. Since gcd(ay,+1(i/t+1), gn+1) = 1, then by corollary 3.2, K, is an iso-
morphism. Since ! < {,,1, we can define the isomorphism K*! = e+ Let
n2+1 K’Hl({n) We have nn+1 < Myl
It remains to show that K"*'U, = § b K1 (it automatically implies that 7/*! is

stable by S z:, and that there is C™l i, — ! such that CPHS w = S m CF1.
qn qn

Let K”+ gm andlet0</<gqg, - 1.

n+1|

Let ko(n Gn>tn) be 'the integer defined by estimation (3). For 0 < i < t,,1 — 1,
Ji= 00 Vi1, ¥i = 0,0, g0 — 1, let

i i \%
é( LA i )
i1 qn qn+1

): {a) eQ/arg( L (w) — B (w)) € % +j,anr1 +Nj} (10)

n n+l

i i v
E( , Xy i
T+l Gn qn+1
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n l

i v
m+la :{é( 7’ ji ’H’l) O<l<tn+1 _0 9yn+lsyi:0»~~-9qn_1}
tn+l Qn qn+1

The set £/ is not a partition, but by (7), we have:

B € B € B(Law) (11)

Moreover, for any W € [ and t,,, = 2%t,, we have:

) [ 1 i n
Az (N1 = B({é( LY V”*‘) dW) < —— < pW)+ —,0< L0y j.lml o 1})
[/ q Qn+1 ty qn qn+1

n+l n T+l
On the one hand, for £ < til <& i =0,..,1, — 1, we have:
) . .
~ l i . Vn+l . 1 i . Vil 1
Un(e( ’&4_]1 " ))=e( ’&+J1L+& n(_))
Tl qn qn+1 Tl qn qn+1 qn Iy

On the other hand, since

i Yi . Vn+l i J
é - = Cntl ,
( i ) U " (fn+1 Cln+1)

1,
n+l Qn qn+1 ) j, n+l W,

In+1 Qn

then

Kn+1 (é( ! ’)/l ].V,H.] )) = U
I

tn+l qn qn+1

{hn+1(i) e (ﬁ)]
Ai‘l+1 )

tn+1 qdn+1

+N;

Ji

Yntl

J,q "

dn+1 tln

Therefore,

hy (i) I (75) Nz ()a (z)
n P n+1 -

i 71 . Vn+l
K1 U ( ( +Ji )) = Ansi ,
" " U N " In+l qn+1 qn n +1

tnsl Gn qn+1 P v
+Ji
n+1 ‘m n+1

Ji

Since we assumed that

1 j 1 ’
—an+1( ! )z —ay, (l—) mod 1

n tn+l qn

and

qn

then we have:

b 701 (G5) | py

~ i 71 Vn+l
KmUn(e( + Ji ))= U An+1[ :
tn n n
el +1 dn+1 q

[n+l qn qn+1

S +ji
dn+l dn sl

Ji

27



i i %
=SP"Kn+1(5( 324‘]} nH))
dn In+l 4n qn+1

Therefore, by (11), we conclude:

vl vl
(£ 1) sl
In qn an In qn

m]
We also let:
f( : ,ﬁ+j,»v”“)=1<n+1(é( ’ ﬁﬂf’”‘)) (12)
T+l qn qn+1 Int1 qn qn+1
where é(#, % + ],;—:) was defined in (10).

By iterating lemma 3.3, we get a corollary that is important for the construction of
the isomorphism:

Corollary 3.4. For any m > n, there are partitions n, = 1. of M such that 1 is
stable by S m and there exists an isomorphism K]' : ¢, — 1 such that K]'U, = S m K}
an qn
m o _ m
and K" = K

Said otherwise, the following diagram commutes:

K"
( m "o ) S pn
Un gn Uf o

J K"
I

nr s Nas1
Proof. The proof is similar to the one found in [4]. m]

For any n fixed, the sequence of partitions (17))m>, must converge when m — +oo,
in order to obtain a full sequence of monotonic partitions. Moreover, the possible limit
sequence (i.e. a possible 77;°) must generate. Indeed, these assumptions are required
to apply lemma 1.3. However, none of these assumptions are satisfied, in general.
Therefore, to obtain these assumptions, we pull back the partition 77’ by a suitable
smooth measure-preserving diffeomorphism B,,. The following lemma, already proved
in [4], gives the conditions that B,, must satisfy:

Lemma 3.5. Let B,, € Diff*(M, ). Let A1 = Bni1 B,

1. IfAm+1SL = SiAm+l andlf

Z Z 1 (A1 (©ACH (0) < +o0

m>0 ceny,

then for any fixed n, when m — +oo, the sequence of partitions " = B,'n™
converges. We denote &, the limit. The sequence &, is monotonous and T, =
B;,'S m B, stabilizes each £.

qn

2. If. moreover, the sequence &, = B,'(1,) generates, then so does £.
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By adding to lemma 3.5 the convergence of the sequence 7, we obtain the required
isomorphism:

Corollary 3.6. If both conditions 1. and 2. of lemma 3.5 hold, and if T, = B;,'S o B,
weakly converges towards an automorphism T, then (Q, U, P) and (M, T, u) are metrz—
cally isomorphic.

Proof. The proof is the same as in [4].

4 The sequence of conjugacies

In order to construct a suitable smooth approximation A, of C”’rl we re-write and
approximate the partition !, so that the elements of the approximated partition 7,"*!
consist of unions of medium-sized "cubes" (their size is given by a parameter u,.|)
with suitable properties.

These cubes need to be small enough in order to have a good approximation of 77’}
by 1!, but they must be large enough to suitably control the norm of A, ;. Likewise,
elements of n,, are decomposed into cubes of the same medium-size.

Thus, transforming 7, into 7"+ consists of permuting these cubes. We construct
a smooth approximation of this permutation. For the vertical permutation along the
z coordinate, we apply a transformation developed in [1], [4], [3], based on fibred
rotations of the flow along z.

For horizontals permutations, along coordinates x;,i > 1, we apply and generalize
the method of "quasi-permutations" that we introduced in [2]. There is no rotation flow
along x;, so we displace cubes one by one.

The re-writing and approximation of 7*! has 3 steps: first (lemma 4.1), we re-
write elements of 77! using the "stacking phenomenon" presented in [3]. A priori,

n+1

F(ﬁ, To) consists of v "slices" of width 1/g,+1, with v = v, or p,+;. However,
1 gy

this fact does not ensure the convergence of T, because it only implies that ||B,1][; <
F(gy+1) for some fixed function F'. In order to apply the reasoning above successfully,

we need a better estimate. Lemma 4.1 shows that "slices" of I" (ﬁ, 0) of width 1/¢,41

stack on each other, which gives b,,,1(i/t,+1) connected components to I" (ﬁ, O), each
having a width of order v/(g,+1bn+1(i/ts+1)). If we only consider slices for v = v,41,
this will allow an estimate of the form [|B,.1ll; < F(gu, max; byy((i/t,41)), for some
fixed function F, which will allow the convergence of T, by taking b,,,(i/,+1) small.

Second (lemma 4.4), we approximate 7"*! horizontally: along the coordinate x;,
elements of 77"*' are piecewise constant, with a thickness of 1/¢,. This would lead to
a too large conjugacy, of order ¢g,,.1. We make an approximation of thickness wy.1/¢n+1
in most cases, with w,,, large.

The construction is carried on the infinite-dimensional Hilbert cube, instead of the
finite-dimensional annulus, as in previous constructions [1, 9, 4, 3, 2], because the
stacking phenomenon only allows to stack together ¢,+1/f(g,) elements.

Therefore, if elements of the partition 7,1 have a length negligible with respect to
1/gq+1, we cannot stack them to get a partition with elements of length negligible with
respect to ¢,+1, which is a necessary condition for the smooth convergence with our
method.
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In our case, the volume of an element of the intersection of 7,,; mutually indepen-
dent partitions of size g,;; each has a volume of l/q; +1- Therefore, in dimension d,
the maximum of the minimal length of an element of this partition is 1/ qﬁ;dl. Since
t, — +oo, the dimension of the manifold at the limit must be infinite. For example, in
dimension 2, for ¢ > 1 integer, let 17, , be the partition defined by

g’ =1g,-1 . .
eltlfg) = | J U(i+[i,ﬂ )x(%+[i,,’+t1
k=0 =0 qn qn  4n qn qdn  4n

The partitions 7,,, ¢ > 1 are mutually independent and stable by S ,,,. However,
elements of 7,,; are 1 /q;;'] -periodic along the horizontal coordinate, so for r > 2, we
cannot move them into elements of 77*! with a diffeomorphism having a norm smaller
than g,,+.

However, if, for example, we had to consider ¢ pairwise-independent partitions of
size gu+1, instead of mutually independent partitions, then we would be able to carry
the construction on the 2-dimensional annulus.

The broad idea is that the Anosov-Katok method does not allow the manipulation of
excessively "complicated" partitions, which have smaller components, because of the
constraint of smoothness. To manipulate simpler partitions, we increase the number
of dimensions of the partitions. We met the same problem in [2], where we consid-
ered two-dimensional partitions, in order to avoid that elements of the partition are
intertwined.

4.1 Re-writing and approximation of the partition 7"*! by 7*!

Fori=0,...,t,—1,let

In+l . .
Jn+1(hn(i)) = {hn+l ( t+l I+ k) = hn(l) + itk k=0, .t /t — 1}
The set {J,,+1(h,(0)),i =0, ...,t, — 1} is a partition of {0, ..., #,,.1 — 1}.

The following lemma, already proved in [3], shows how slices forming 7

on each other.

n+1

nT stack

Lemma 4.1. Forv = v, or pp+1, let

‘ _|_v=1
fn+1(l/tn+17v) - \‘anrl(i/t”*l)J

mn+1(i/tn+1’ V) =v-1- bn+l(i/tn+1)ﬁl+l(i/tn+ls V)
and for 0 < 1 < by (i/ty) — 1, let

ka1 i/ tne1,1,v) = Uane1 (i/te1)v]

rn+1(i/tn+1’ I, V) = lan+1(i/tn+l) - an+1(i/tn+l9 l, V)

We have:
I ( ) bn+1(,’l;1 )—1 A ( )
= [ Pp1(1) Vi () . Vil Y1 () . = n+1
r—mm-—, = Jh,,ﬂ(i)_) = (—l + ]h,m(i)) + rjh,l+1(i) ( > l)
Int1 qn dn+1 =0 qn 0 In+1



If jhoiy = 0, s yne1 — 1, then we let v = vp1. If ji,. G) = Y1, we let v = ppyq. If
0 <1< my(i/tyer,v), we have:

) . . et (i T )1 N

~ Bt @\ (st @ tnats LWV P, Lvy) o hur()

Jn 1) ,l = + + U A,H] _—
s I+l qn+1 dn+1 0

=0 Insl dn+1

and if My 1(i/ty41,V) + 1 ST < by (i/t541) — 10

,—
tn+l qn+1 qn+1 tn+1 qdn+1

. . . Jur1(i/tps1,v) . .
~ Bt @)\ _ (kat @/t LY /1 1) Frvtiifinet hur()
Jhpe1 G (Rl + + U Apti
0 =0

Proof. The proof is the same as the corresponding lemma in [3, section 2].

Wefix0<i<t,,1—1. Forn>1,let

b1 (i/te1)—1
ROa D/t = ) RN a0/t v)
=0
with, if 0 < I < myi(i/thsr, v):

. . —1
ROy (1) a1 V) = ki1 (i/tger, Lv)y N Tt ({/ths1, 1, V) <o [bn+1‘(i/z,l+1)J +1
n n £ - )
qn+1 qn+1 qn+1

|

and ifn'lrz+1(i/l‘n+lsV) +1<1< bn+1(i/tn+1) -1

RO (i1 (i) /g1, v) = [

qn+1 qn+1 qn+1

. . v=1
bt Gl LW | il 1) lo, | s D

By abuse of notation, if j = 0,...,y,41 — 1, we write RO (1 (D) /tpsr, J) to de-
note R (1 (i)/tus1, Varr), and if j = y,i1, we write R (h,1(i)/ty11, j) to denote
R(n)’l(hrwl (i)/tn+1 ,pn+1)'

Let ] > 0, let byy1 = maxo<i<s,, 1 bur1(i/1rs1) and let:

’
qn+1 61

Wptl =

13)

[!1

1ot +1
23”‘];: %@nﬂ‘]n) w by

where y,,; was defined in relation (4). By Euclidean division, we can write:

Gni1 = WpiiUpi1 + Apyi

with 4,,.1 < wy41 (in our construction, we can even take A,,1 = ¢g,). Moreover, u,.; <
Gn+1/Wn+1. We show the lemma:
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Lemma 4.2. For any €; > 0, there exists an integer w,, | > 0 such that

4
n+1

- Z I/Ré(n’ ti‘H—l s bn+l ’ CIm E(’), E{)
dn+1
and there exists a family of pairwise disjoint measurable sets Py c T, R, Jan™

invariant, such that:

/1(730)2 1 —E(/)

such that each set P, of Py is of the form x + [0, W) 1/ @ne1l, and such that for any
i<ty —1,any 0 < j < uyy, thereexists 0 <y < g, — 1,0 < k < yuu1,
<1< b (i/tysr) — 1, such that

x+10,

W;z+1 JWnit Y | kva )l
Cl——+ =+ —— + R"'(i/ty1,k)
qn+1

dn+1 4dn dn+1

Corollary 4.3. Let Py = Po U {[k/qus1, (k + 1)/qnir [ [k/Gns1, (k + 1)/qnir [ Po}. Po
is a partition of T such that for any ¢ € Py, forany 0 <i <t,1 — 1, any 0 < j < upyy,
there exists 0 <y < q,— 1,0 <k <yu1, 0 <1< byy1(i/the1) — 1, such that

W, kv
cc (]—”+1 TR AL R(”)’l(i/t,,ﬂ,k))
qn+1 4n qn+1

Corollary 4.3 is immediate from lemma 4.2.

Proof of lemma 4.2. Fori=0,....,t,01 — 1, j=0,..., U1, let
P(;, ‘]W_n+1) = {‘]W_’Hl + l + IM +R(n)’l(i/tn+1,k),
Int1 qn+1 dn+1 qn qn+1
[= 0, wees b}’H—l(i/trH-l) - 1”)’ = O’ s n — 13k = 0’ "'9yn+1}

(L ’W—"“) is a partition of T. In particular,

Il ” Gl
I,eb (P( , ,]Wn+1 )) ]
ll‘l+1 Qn+1

W= { Qn+1€6 J
+1 =
" 3un+1tn+Iann+IQrt+l

On the other hand, let

On the other hand, by Euclidean division, we can write

qn+1
qn

_ ’ ’
= Uni1What + /ln+1

M ’ ’
with A, <u

’ ’
1 and U, = l/eo. Let

= /

w
P'(w') = {l AT Giy=0,.q,— 1,7 =0, ...,u;M}
qn Qn+1

with Gy = [0,w) /gl if j = 0,..,u,,, — 1, and Gu;ﬁ] = [0,4),,/qu+1[. For
i=0,.,t1—1,7=0,.,us1 — 1, let
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9G ) P 2) - Pw)
A - Ufce P’(W)/c C A

(i, j)(A) is the "projection” of A on the partition #£'(w’). Note that in general,
o(i, (AU B) ¢ ¢, j)(A) U ¢, j)(B). Moreover, it is possible to have ¢(i, j)(A) = 0
for some A, if w’_ . does not divide f,,1(i/t,+1,pn+1)- Let

n+l
i iw,
P”(—,’—"*‘)= ) s6pm
T+l qn+1 o e
Ae?(m,q;—:)

and let
Uny1 Ipp1—1 . .
7)// — 7)// ( ! JWVH'l)

9
I+l qn+1

For A e P(4 TR ), let

Tnt1” G+t

v, NA) = | JleeP’w)/ena+0)

We have: ¢(i, j)(A) C A C ¥(i, j)(A). At most, ¥(i, ))(A) — ¢(i, j)(A) correspond to
2 elements of $’(w’), because A is an interval. Therefore,

Leb(y(i, j)(A) — ¢(i, j)(A)) < 2w, /qni1
Therefore,

Leb(¢(i, )(A)) = p(A) = 2w,y /Gt

Note that this lower bound can be negative for some A.

Leb(pu(;',_fwnﬂ)): D Leb@ AN D Leb(A)-2w,,, /g

n+l  qn+l - _ .
Ae?’( i /"’n+l) AeP( i /Wn+1)

il sl el dp+l

24 i jW /
Leb (P (_, _’Hl)) >1- ZannJrlynJernH /qn+1
Invl  Gn+l

Leb (7)”) >1- 2un+ltn+lq;1bn+l)7n+lw;l+1/Qn+l

Let
DI Y jlwl/1+1 _ o ’
P(W)— q_+F+GjI,y_O,...,qn_l,] —0,...,I/tn+]—l
n n

and let Py = P N P'(w').

Using our definition of w’

' 1> We have:

Leb (7_00) > 1 = Butps 1ty 1 Gnbns 1 Yns 1 Wiy [Gne1 = 1 — €
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Let u(0) = {0, ..., |Pol — 1}. We write:

Po = {Po()), j € u(0)}

(Po)o = {C(0), ..., C(IPol = D}

and )
u(0) = {j € u(0)/Po(j) € Po}

FOri Z 17 let ¢i = {PI(J)5J = 07'"’ un+l - 1}5 Where Pl(]) = [J.Wn+l/CIn+l,(J. +

DWyi1/gns1l, and P; = P; U {Pi(up41)} where Pi(uye1) = [Upr1Wnit/Gne1, 1], Piis a
partition of [0, 1]. We write:
P; = {C(0), ..., C(Pi| - 1)}

We define u(i) = {0, ..., |Pi| — 1} and @(i) = {j € u(i)/C(j) € P;}.
For J c N, let
u(J) = Xjegu(j)

i(J) = Xje it(j)
and for m € u(J), m = (my, ..., myy), let
C(m) = Xje;C(m;)
The following proposition gives horizontal approximation:

Proposition 4.4. There exists a partition 17;,”“ cB(Cm),meuo,...,t,.1 —1})) such
that """ is stable by S r. and
4qn

n

d(n2+1’ n;ln+1) < %

‘n+l _ \sln—
n - Vi:()

’ ’ . l
s th qn

e [0 1 l
A (t_’ _) = U (— +R(’")) x C(m)
n dn meu(J,,1(0)—{0}) n 0

where, for any m, R is a fundamental domain of the circle rotation R.. For
qn
1<i<t, -1,

1 .
Moreover, n nm, with

and we have:

st (ft)= U U eatom

ioeu(0) meE(io.i,l)

where E(iy, i,1) C u (i) and |E(iy, i, )| is independent of iy.
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Proof. By (12) and lemma 4.1, for any 0 < jj < y,,41, 0 < yo < g,, — 1, we have:

-0 j
F(—, Jobnel E) = (—]OV”” + 2 ROty jo))
thel qdn+1 qn qn+1 qn 0

andfor 1 <i<t,;—1,0<j; <yu1,0 <y < g, — 1, we have:

. . Gnr1—1 . . . .

- v - ¢ v - o j+1

r(—’ Iy —7’) = ( L Sl 0 +R(n)(i/ln+1,ji)) X([ L.
el Gn+t qn 720 qn+1 qn+1 qn 0 qdn+1  9n+1

)

For 0 < jo < yu+1,0 <99 < g, — 1, let:

r/( 0 ’ JoVati + E) _ f(ﬂ, JoVn+1 + @)
Intl  Gn+l qn Invl Gnel qn

andfor1 <i<#,,1—-1,0<j;<y41,0<y; <¢q, -1, let:

F/(L,jivn+1 +ﬁ):
Tn+1 qn+1 qn

I" is a horizontal approximation of I". The sets I" (t# Jlwel 4 Vi l) and I (4 Jwe 4 Vi l)
n+l " qn+l qn Tnel Gn+1 qn

. PR ,

coincide, except on elements of the form ([ S [)0 X ([ S It

s , D located on their
| qn+1° qn+1 qn+1 " qn+1 i
boundaries. Therefore,

=~ 1 Jiv i 0 Jiva f 1 n :
4%f<%51+§%r(lﬁiﬂ+lﬁ%% +W“Pwmmm
n+1 n+l n

Invl  qn+l dn

(L@ﬂ+ﬁ&i+ﬁ+R@thm)x@U»
qn+1 qn+1 qn 0

J'eui)

qn+1 qn+1
Let
i+ 1
r (_h"(i’), Jnet l) - m"” r (hnﬂ(i)’ OV yhn+1(i))
1y qn+1 qn P I+l qn+1 qn
Insl  In
and

ot () 1\ (i)
st Yo

jeB(ia L) I

m ’qn

where £ (@, qi) was defined in (6).

By our choice of Wpy1 in (13), we have:

et (@) 1 ha(') 1 In 1 n 1
#(AnnJrl ( (l )’ —)AAZ+1 (ﬂ’ _)) < |N:Z+1|t,,+1/t/,_+lbn+l ( + w, +1) < :
t, qn ty qn 1, Gn+1 Gl 2nqr;,

(14

Moreover, A™! (;—, qi) is a fundamental domain of S ,,, because A+! (;—, ql ) isa
fundamental domain of Sy, .

By corollary 4.3, A;,”” (;—, qi) c B{C(m),m € u(J,+1(i"))}. Therefore, for any m €

u(J,11(0) — {0}), there exists R™ c B (P,) such that R™ is a fundamental domain of
the circle rotation R/, and such that:

35



O 1) e xcom
In 4n meEy(l)

where Eo(l) C u(J,+1(0) — {0}).

n

A/n+1 (O L -

Fort,— 1> > 1, we have:

‘n h,(@) 1 b1 (i/tnr1)=1 tty41
s -y N U U

(rpeE(ii L) g igld L =0 j=0

n ’qn I+l T I Ing

FWael  Jivasl Vi . . . ,
(—"* + R<"*’>(hn+l<z>/rn+l,Jhw,@)) X (PG
qn+1 dn+1 qn 0

D1 (i/tne1)=1 sy

- U U U

jeE(h;x(i’) L) @) i i+l 1 I'=0 J' =0 meE(ys1 D). jny,y ol >J")

o’ dqn n T ipy n gyl

such that E(i, j;, I, j) C u(i), and |E(i, j;, I, j')| is independent of j’. Therefore,

A (_”"("') i) U U cum
fn qn J €u(0) meE(j i (i'),I')
where |E(j’,i’,1")| is independent of j’.
This completes the proof of proposition 4.4.

The rest of the paper is dedicated to the construction of the sequence of diffeo-
morphisms B, satisfying the conditions of lemma 3.5. First, we introduce definitions
and basic properties. Second, we define the diffeomorphism A,;; and we show that it
satisfies conditions of lemma 3.5.

4.2 Definitions and basic properties

For these definitions, we rely and elaborate on [11, p.155]. Let J € N. For any X Cc M,
we let X; = {(Xj)jgj/x € X}.

Aset E C M is a J-cylinder if, for any x,y € M such that forany j € J, x; = y;, we
donothave: (xe Eandy ¢ E)or (x ¢ E andy € F).

In other words, E is a J-cylinder if changing the coordinates of an index not in
J of a point x € E cannot remove x from E, nor insert it into E. The terminology
(2, (x)) jes)-cylinder is synonymous of {0, J}-cylinder.

For example, C(m) is a J-cylinder. A,(0/t,,1/q,) is a z-cylinder, and for i > 1,
A, (i/ty, 1/ gy) is a (z, x;)-cylinder.

Forany A ¢ M, Ag X ... X Ay X M1 X ... is a {0, ..., n}-cylinder.

We use the following claims:

Claim 4.5. If E is a J-cylinder and E’ is a J'-cylinder, then E U E’ and E N E’ are
J U J -cylinders.
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For example, A,(i/t,,1/q,) N A /10,1 ] q,) 1S a (2, x;, Xy )-cylinder.
For example, by proposition 4.4, for any [ = 0,...,¢q, — 1, A;l”“ (tg, i) is a J(0)-

4n
cylinder, and for i > 1, A7 (£, L) is a {0} U J(i)-cylinder.

A transformation F of M is a J-transformation if for any x ¢ J, and any x € M,
(F(x)); = x;. It means that at most, I transforms coordinates in J.

Claim 4.6. If F is a J-transformation and if c is a J'-cylinder such that JNJ =0,
then F(c) = c.

Proof. First, we show that F(c) C ¢. Let x € cand y = F(x). Since F is a J-
transformation, then y; = (F(x)); = x; for any j € J°, where J be the complementary
of Jin IN. Since J N J' = @ then J* C J. Therefore, for any j € J', y; = x;. Since c is
a J’'-cylinder, then y € c. Therefore, F(c) C c.
To show that ¢ ¢ F(c), we observe that F~! is also a J-transformation: if yj = Xxj,
then y; = (F~!(y)); for any j € J. Therefore, F~!(c) C ¢ and so ¢ C F(c).
O

Let (J')° be the complementary of J’ in N. A transformation F is J’'-dependent
if there exists J < J’ such that F is a J-transformation, and such that there exists
F : My — Mj such that for any x € M, x = (xj,xp,xp) with x; € M7, x; € M _j,
Xj» € My, we have:

F(xj,xp,xp) = (F(xj,xp), xp, xj)

Claim 4.7. If c is a J-cylinder and F is J'-dependent, then F(c) is a J U J'-cylinder:

Proof. First, observe that since F is J'-dependent, then F is J U J'-dependent. Let
x € M. We write x = (xj, xj, xj») with x; € My, x; € My _j, xj» € Mjuje. Since F is
J U J’-dependent, then there exists ' : My, — M,y such that:

F(xj,xp,xp) = (F(xj,xp),xj)

Let y € M such that (F(x)); = (F(y)), for any [ € J U J’. Then we also have:

F(xj,xp) = F(yiyy)
Letz = (y;,yj,xj). We have:

F2) = (F(y;,yp). xp) = (F(xj,xp), xj) = F(x)

Since F is injective (F is a transformation), then z = x. In particular, x; = y;.

If, moreover, F(x) € F(c), then x € ¢, because F is bijective. Since c is a J-cylinder,
then y € c¢. Therefore, F(y) € F(c).

Likewise, if F'(x) ¢ F(c), then F(y) ¢ F(c). Therefore, F(c)isa JUJ -cylinder. O

4.3 Construction of the sequence of conjugacies

In this section, we construct the sequence of diffeomorphisms A,.; of M. We write
Apit = Apsry, © ... 0 Ayyro. To simplify notations, we denote A instead of A, and
fori = 0,...,t, — 1, we denote A; instead of A,.10, and J(i) instead of J,,(i). First,
we construct Ag (lemma 4.9). Second, we construct A;, for i > 1 (lemma 4.11). The
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construction of A is different from the others A; because the partition 7, is different
from the others 7,,;.

The reason why we introduced the permutation of coordinates #,(i) appears here:
for example, if we took h,(i) = i, then for i > 1, it would be impossible to apply A;
without completely modifying the image of 7,9 by A,+10. If we took £,(i) such that
ho ({1, .ty — 1) N {1, ..., 1, — 1} = 0, then we cannot obtain generation.

On the other hand, with our choice of A, (i), we can compose the maps A; with no
problems, by using the notions and properties introduced in 4.2.

The aim of this subsection is to show the following proposition:

Proposition 4.8. For any 2qu ‘1 > € > 0, there exists A : M — M smooth measure-

preserving diffeomorphism such that:
1. AS. =S.1A
qn qn
2. There is a fixed function R\(n, t,+1,by41, qn, €) € N such that
”A”}’H-l S Rl(n’ Z‘VL+17 bn+l9 ‘In’ 6‘)

3. There exists E C M such that:
uM-E)<e

and foranyi=0,...,t, — 1,

A(E N A(i/12,0/q,)) = A(E) 0 A (i/1,,0/g,)
4. Aisa(z, xi,..., X,,—1)-transformation, (z, X1, ..., X;,,,—1)-dependent.

The construction of Ay is given by the following lemma:

v
Wil

Lemma 4.9. For any > € > 0, there exists Ag : M — M smooth measure-
preserving diffeomorphism such that:

1. AgS 1+ =8 1A
4qn 4qn
2. There is a fixed function Ry(n, tyi1, byi1, qn, €0) € N such that
lAollas1 < Ro(n, tus1, bpsis Gns €0)

3. There exists Eg C M such that:
H(M - Ep) < &

and.:

Ao (Eo N Ay(0/1,,0/¢,)) = A (0/2,,0/,) N Ao(Eo)
4. Ay is a (z, ty)-transformation, J(0)-dependent.

To show lemma 4.9, we use the decomposition of A,"*!(0/t,,0/q,) given in propo-
sition 4.4:
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Lemma 4.10. Let TI,HEO > 0. For any m € u(J(0)) — {0}, there exists Ao(m) €
Diff*>(M, w) such that:

1. We have: Ag(m)S 1 =S 1 Ag(m).
4qn qn
2. There is a fixed function R3(n, ty+1, byi1, qn, €0) € N such that

lAo(m)lln+1 < R3(1, tyst1s Dns1, Gns €0)

3. There exists Ey(m) C [0, 1/q,[oxC(m) such that:
w1 ([0, 1/g,[oxC(m) — Eo(m)) < € + €

and.:

Ao(m) (Eo(m) 0 ([0, 1/galoXC(m))) = ((R™)o X C(m)) N Ag(m)(Eo(m))

4. Ao(m) = Id on a € /2-neighbourhood of (C(m))°“.
5. Ao(m) is a (z, t,)-transformation, J(0)-dependent.

Proof of lemma 4.9. We define Ag by Ay = o,ens0)-(opAo(m), with Ag(m) having dis-
joint supports. Ap has the required properties.
[m]

Proof of lemma 4.10. By lemmas 3.3, 3.4 and by remark 3.6 in [3], which elaborates
on a construction found in [1] and [4], for any j < u,; — 1, m € a(J(0) — {0}), there
exists Ag(m) € Diff(T X [jWni1/qni1> (G + DWni1/qni1], Leby), there exists Eq(m) C
Po X [jWat1/qu+1> (G + DWps1/qn+1] such that

Leby (T X Wt /qus1s G+ DWart /guer] = Eo(m)) < €0 + €

and such that

Ao(m) (10, 1/guIXTjWas 1 /gue1. G+ DWast /i) 0 Eo(m))

= (R™ X [jwust /gusr. G + DWast /guer]) O Aolm)(Eo(m))

such that Ag(m) = Idona g/ 2-neighbourhood of the boundary of TX[ jw,,1/¢n+1, (j+
DWs1/gn+1], such that Sy, Ag(m) = Ag(m)S 1,,,, where S(z, x) = (z + 1, x) for (z,x) €
T X [jWn+1/qn+1, (G + DWyi1/gn+1], and such that

NAg(mM)lns1 < Rattns1, €)

Moreover, there exists a permutation o-(m) of P, such that

o (m) ([0, 1/g,[0) = R™ (15)

The permutation o-(m) stabilizes Py, and for any k € u(0),

Ao(m) (Po(k) X [jwas1 [Gns1> G+ DWart /gnia]) 0 Eo(m))
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= (Po(a(k)) X [jWas1 /gns15 ( + DWas1 /gns1]) 0 Ag(m)(Eo(m)) (16)

We can extend Ay(m) to a smooth measure-preserving diffeomorphism of T x [0, 1]
equal to identity out of T X [jwy11/qu+1, (J + DWni1/qn+1]. We write:

Ao(m)(z, x,,) = (Ag(m)o(z, x,), Ag(m)y, (2, X,))
Let ¢ : M@)oy — [0, 1] a smooth map such that:

llBll+1 < Rs(€o, Uns1) (17

such that ¢ = 1 on a &/2-neighbourhood of the boundary of C(m), inside C(m),
such that ¢ = 0 on a &/2-neighbourhood of (C(m))°. We choose the integer j such that
C(m) = ([j/un+1, (G + 1) /tty1])s, X C(m") for some m’. For x = (z, x;,, x") € M), let

Ao(m)(z, X1, x") = (Ao(m)o(z, X, )p(x) + (1 = (x))z, Ag(m)y, (2, x;,)$(x) + (1 — p(x))x;,, X7)

Properties 1,2,3,4 hold for Ag(m), because similar properties hold for Ay(m), and
because ¢ is independent of z, and bounded in estimation (5).
Property 5 is obtained by construction, the J(0)-dependence is due to ¢.

For t, — 1 > i > 1, the definition of A; is given by:

Lemma 4.11. Fort, — 1 > i > 1, for any ﬁ > ¢ > 0, there exists A; : M —> M
smooth measure-preserving diffeomorphism such that:
]. A,’SL :SLA,'.
qn 4qn

2. There exists a fixed function R¢(uy,+1, €9) € N such that
1Aillis1 < Re(ups1, €)

3. There exists E; C M such that:
U(M—-E)<e€+e¢

and.:

Ai (Ei 0 CJ5 (/1,01 a))) = AT (i, 0/ ) 0 AL
where C;fg Uis defined in lemma 4.12 (A is a smooth approximation of C;;‘g h).
4. A;is a J(i)-transformation, J(0) U J(i)-dependent.

The proof of lemma 4.11 is based on the following lemma:
Lemma 4.12. There exists a z-transformation Cn"a' 1, J(0)-dependent, measure-preserving,

S 1 -equivariant, such that:

qn

5" (A (0/tn, 1)) = AT (O/1,1/gn)

and
‘n+l  _
Cooig, = Aok,
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Proof. Let m € u(J(0) — {0}) and o(:m) be the permutation of #(0), given in (15) and
(16), extended to identity on the rest of u(0). Let C;’f& ! be the piecewise-linear, S/, -
equivariant, measure-preserving z-transformation, J(0)-dependent, such that for any
Po(j) € Po:
Cl3t  (Po(j))g X C(m) > (Po(a(m)(j))g X C(m)
We have:

‘n+l  _
C,oig, = Aok,
o

Lemma 4.13. Foranyi=1,...,t,— 1, there exists a J(i)-transformation t(i, m), J(0) U

J(i)-dependent, measure-preserving, S 1 -equivariant, such that, for anyl = 0, ...,q, —
qn

1:

A (/11 q0) = T(im) (C5" (A (0/1,1/q0)))

Moreover, the J(0)-dependence of 1(i,m) only depends on u(J(0)), and for any
(ig, m) € u(J(0)), 7()(ip, m) is a permutation of u(J(i)).

Proof. By the proof of lemma 4.12, for any (iy, m) € u(J(0)), we have:

Cs Y (Clig, m)) = C(or(m)(io), m)
On the other hand,
AnGiltnlign = | ) ) Clo,m)
ioeu(0) m’'€E(i,iy,l)

with E(i, iy, ) C u ({i}) and |E(i, ip, ])| independent of i.
Since C(iy, m’) = UmeU(J(O)_{Q})C(iO, m’, m) then

AGltig =) ) | Clom'm)

ioeu(0) m’ €E(i,io,l) meu(J(0)—{0})

Therefore,

it Aatmtign =) ) U cemo,mm
io€u(0) m’'€E(i,ip,l) meu(J(0)—{0})

=UJ U U cemim,m
io€u(0) meu(J(0)—{0}) m’€E(i,L,ig,m)

with |E(i, I, iy, m)| independent of iy, m. Let ij, = o-(m)(ip). We get:

Upy1—1

'n+1 . .
o' Gatittign =) [ ) Clpm'm)
#h=0 meu(J(O)~(0)) m’€E (.o (m) (iy).m)

with E(i, , O'(m)‘l(ig)), m) C u({i}). Since for any m’ € u ({i}),
C(ip, m") = Upeusiy-1iyyClio, m’, m)

then
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'n+1 . .
Crgt Wttt tign = | ) L) Clo.m',m)
ioeu(0) meu(J(0)—{0}) m’€E’ (i,l,ip,m)

with E’(i, [, iy, m) € u(J(i)) and |E’(i, 1, iy, m)| independent of iy, m.
On the other hand, by proposition 4.4,

A Gftign = ) () Clom)

ioeu(0) m’ €F(i.l,io)

where F(i, 1, iy) c u(J(i)) and |F(i, [, iy)| is independent of iy.
Therefore,

artim gy =) ) | Clom'm)
io€u(0) m’'€F(i,Lip) meu(J(0)-{0})

-J U U chonm.m
ipeu(0) meu(J(0)—{0}) m’€F(i,Lip)

For iy € u(0) such that Py(ip) C [0, 1/g,l, let 7(i, , iy, m) be a permutation of u(J(7))
such that

(i, L, io, m)(E" (i, 1, i, m)) = F(i, 1, io)

Since the z-coordinate is on T, we can consider iy mod u,,; on the z-coordinate.
We have:

S LA ity 1 gn) = A i/t (L+ 1)/ )

qn

On the other hand, since P is stable by the circle rotation Ry, , then:

"n+l /o .
soartmtian= ) ) U CRiglonm' m
io€u(0) m’€F(i,1,ip) meu(J(0)—{0})

-J U ) clo,m',m
ioeu(0) m’€F(i,l,R -4, (ip)) meu(J(0)—-{0})

Therefore, F(i, [, R_1,4,(i0)) = F(i,I + 1, ).
Likewise, E’(i, [, R_1/q,(i0), m) = E’(i, [+1, iy, m). Therefore, we can extend 7(i, [, iy, m)
to any iy € u(0) by 7(i, [, R_1/4,(i0), m) = 7(i, [ + 1, iy, m). We have:

A G tign = ) L) Clo.m'm)
io€u(0) meu(J(0)—{0}) m’et(E’ (i,l,ip.m))

Aty =) | L) Clott, L ig, myom’), m)
ip€u(0) meu(J(0)—{0}) m’€E’ (i,l,iy,m)

This completes the definition of 7(i, m).
[m}

We make a smooth approximation of 7. To that end, we use the following lemma,
which generalizes a proposition in [2]:
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Lemma 4.14. Forany J,J' Cc N, JNJ' =0, |J'| = 2, for any permutation o of u(J"),
for any 0 < € < 1/Quyt1), for any m € u(J), there exists E,(m) C C(m) such that
u(C(m) — E,(m)) < €, there exists a J'-transformation A(o), JU J'-dependent, smooth,
measure-preserving, such that for any m’ € u(J’):

A(@)(C(m,m")) N Ey(m) = C(m, o (m")) N E(m)
and:
o There exists A(o) = Id on a €/2-neighbourhood of (C(m))°.

o There exists a fixed function Ry(uny1, €, €)) € N such that

A@his1 < Reuner, €101+ 11, ) €)

Proof. By composition, we can suppose |J’| = 2, and o is the transposition one
one coordinate: o (i, j) = (i’,j). By [2], there exists A(c) : (C(j))y — (C()))y
smooth, measure-preserving diffeomorphism, and there exists E,(j) € (C(j)), such
that u((C(j))y —+ (j)) < €, and for any (x,y) € (C(}j)),,

A(0)(x,y) N Ex()) = 0(x,y)
and here exists a fixed function Rg(u,1, €) € IN such that
”A(O-)”nJrl < RS(unJrls E)

From there, the rest of the proof is analogous to the proof of lemma 4.10, using a
smooth plateau function ¢.
[m]

Proof of lemma 4.11. We let A; = o,cns0)A(T(m)) with 7(i, m) coming from lemma
4.13, and A(7(i, m)) coming from lemma 4.14 with J = J(0), J" = J().
O

Proof of proposition 4.8. WeletA = A, _j o...0A; o Ay. Conditions 1,2 hold because
they hold for any A;. Condition 4 holds because the {J(i),i = O,...,#, — 1} partition
{0, ..., t,+1 — 1}. To show condition 3, let:

E=EyNn(A)) "E)N..0 (A, 2...A0) (E; 1)

For any i, we take 0 < ¢ = €/t,. We have: u(M — E) < e. We also have:

A(E N A0/12,0/qn)) = A(NizoEi) N A(Eg N Ay(0/1,0/45))

= A(Niz0ED) N Ay,-1..A1Ao(Eo N An(0/1,,0/ 1))

By lemma 4.9, we get:
A(E 0 A0/1,0/41)) = A(Dizo Ei) 0 Ay, 1. A1 (Ao(Eo) 0 A+ (0/1,0/q))

= A(E) N Ay, -1.-A1 (A1(0/12,0/4,))
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Foranyi=1,...,t,—1, A; is a J(i)-transformation. On the other hand, A;”“(O/tn, 0/q,)
is a J(0)-cylinder, and J(i) N J(0) = 0. By claim 4.6,

Ai (A1 (0/14.0/g0)) = A(0/1,,0/g,)
Therefore,
A(E N Ay (0/1,,0/g2)) = ACE) N A (0/1,,0/ )
Hence proposition 4.8 fori = 0. Let#, — 1 > i > 1. Since
ooty = Aok
and since E C Ej, then

Ao (E 0 A(i/10,0/g,)) = Ao(E) 0 C1" (An(if 0, 0/4,))

The map C;fg !'is J(0)-dependent and A, (i/t,,0/q,) is a (z, x;)-cylinder. Therefore,
by claim 4.7, C;f(;" (A,(i/t,,0/qy)) is a J(0) U {i}-cylinder.

Let j ¢ {0, i}. Since A(j) is a J(j)-transformation and J(j) N {J(0) U {i}} = 0, then
by claim 4.6,

A (Crg (A2 0/n))) = 5" (An(i/ 0, 0/ )

Therefore,

AiAio1..Ag (E 0 Ay(i/tn, 0/q0)) = Ai.. Ao(E) 0 A; (C15" (Ani/1a,0/q0)))
Moreover, A;_;...Ag (E) C E;. Therefore, by proposition 4.11,

AiAi1 Ao (E 0 Ay (i/1,0/ ) = Aio A(E) 0 A (i1, 0/4,)

Likewise, A"*1(i/t,,0/q,) is a {0} U J(i)-cylinder and for any j ¢ {0, i}, {{0}UJ()}N
J(j) = 0. Therefore, by claim 4.6,

A (A1, 0/g0)) = A (i/1,0/gn)

Therefore,

A (E N An(l./tm O/Qn)) = At,,—ln-AO (E N An(i/tna O/Qn)) = A(E) N A;1n+1(i/tm O/Qn)

]

4.4 Generation of ¢, and convergence of the sequence of diffeomor-
phisms

By combining lemma 3.5, in order to complete the proof of lemma 1.4, it remains to
show that &, generates, that T, = B;,'S m B, converges in the smooth topology. The
qn

limit 7 of T, is ergodic because it is isomorphic to an ergodic transformation (De La
Rue’s transformation is ergodic).
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4.4.1 Generation of &,
Lemma 4.15. &, generates.

Proof. Let p > 0 and for x,y € M, let d,(x,y) = maXogi<p |x; — yil. Forany V C M, let
the p-diameter of V be d,(V) = SUP, yey dp(x,y). We use the lemma:

Lemma 4.16. Let V,, C M be a sequence of subsets such that there exists r, — +o0
such that d,, (V) =n5+00 0. For any k > 0, 0,54V, is at most a singleton.

Proof. Letk > 0and x,y € N5 V,. Let M > 0 and ng such that for any n > ng, r, > M.
For n > ng, we have: dy(x,y) < d, (x,y) — 0. Therefore, x; = y; fori = 0, ..., M for
any M and therefore, x = y.

O

The diffeomorphism A,,,,,, acts as a permutation, and in particular, it is an isome-
try. On the other hand, elements of 7, are of the form xf”;d’l i/ gn+1, Gi+ D/ qne Dis

for j; =0, ..., gu+1 — 1. Therefore, for q,+1 > Ro(n, ty+1, but1,qn, €), for any ¢ € n,41,

n+1

1
-1 /.
dy,., (An+l(c mA}l+1(En+l)) < 27| Bl

In particular,
iy (B 0 Avor(Ena) < 5
n+1 n+l n n = on
Let x € M and ¢, (x) be the element of 7, to which x belongs. Let
G(x) =) B, (calBa(x))

n>1

Let

F={J)B.Li(ED

k>1 n>k

We have u(E,) < 1/2%, and B, is measure-preserving. Therefore, by the Borel-
Cantelli lemma, pu(F) = 1. We show that for any x € F, G(x) N F is a singleton. For
any x € F, x € G(x) N F, and therefore, #(G(x) N F) > 1. On the other hand,

G N F =B, ED () B, caBao)) < ([ ) BiLi(En) 0 B, (ca(Balx))

k>1 n>k n>0 k>1 n>k

Let V,(c) = B;'(c N A,(E,). We have:
G N F | () ValeaBux)
k>1 n>k

By lemma 4.16, for any integer k, (,;5x Va(c,(Bn(x))) is at most a singleton. More-
over, (i Vau(cn(B,(x))) is an increasing sequence of sets for the inclusion. Therefore,

() VatenBa )

k>1 n>k

is at most a singleton, and G(x) N F = {x}. It shows that &, generates.
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4.4.2 Convergence

To complete the proof of lemma 1.4 for M = [0, 119! x T, we need to show the
convergence of T, = B,'S ZJB,,. By the Cauchy criterion, it suffices to show that
Sins0 du(Tyy1, Ty) converges. ”We combine the estimation of B,;; and the assumption
of closeness between p,1/gn+1 and p,/q, of lemma 1.4. We recall the lemma [9,
p-1812]:

Lemma 4.17. Let k € IN. There is a constant C(k,d) such that, for any h € Dif(T X
[0,117"), @1, @2 € R, we have:

di(hS o, ™' 1S o, i) < Clk, DRI |y — @

Since T, and T4 are (z, x1, ..., X;,,, )-transformations and (z, xi, ..., X;,,, )-dependent,

they can be seen as diffeomorphisms of T x [0, 1]"+~!. Moreover, T, = B,;lS mB, =
4qn

Br‘lilS %B,Hl. Therefore, we obtain, for a fixed sequence R7(n, by+1, gn, th+1) (that de-

pends on n and on the dimension d):

- - Pny1 P
dy(Tus1, To) = dn(By1yS 1ass Bt B,y S e Byit) < Cnt 1ty Bl | = = 0
n+ " n+1 n

Pnyt P
$R7(n’bn+l’51n,tn+l) ida - _n
n+l1 qn

For some choice of the sequence R;(n, b,,+1, gn, t,+1) in lemma 1.4, this last estimate
guarantees the convergence of 7}, in the smooth topology.
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