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Abstract. In this paper we prove the global in time existence for weak solutions to a Landau-Lifschitz system
with magnetostriction arising from ferromagnetism theory. We describe also the w-limit set of a solution.

Keywords. Landau-Lifschitz equation, magnetostriction, weak solutions, ferromagnetism.

AMS classification. 35K55, 35Q55, 35Q74.

1 Modelization

The applications of ferromagnetic materials are more and more numerous: hard-disks, recording heads,
ferromagnetic paints, etc. A general description of these materials is given by Landau-Lifschitz in [21] (see
also [9], [18] and [24]). The ferromagnetic materials are spontaneously magnetized. Their magnetization
is described by a vector field m : Rt x O — R3 call the magnetic moment, where we denote by € the
ferromagnetic domain. We assume that the material satisfies the saturation constraint:

m| = 1. &
The following Landau-Lifschitz equation describes the behaviour of m:

%—T:—mAHe—m/\(mAHe). (2)

In simplified models, the so called effective field H, is given by
H, = Am + hg(m),

where the demagnetizing field hy(m) is deduced from m by the static Maxwell equations together with
the law of Faraday:
div (ha(m) +m) = 0 in R3,
{ curl hg(m) =0 in R3.

In the previous system, m is the extension of m by zero outside (2.

Existence results for weak solutions of (2) can be found in [23] or [12]. Existence of strong solutions
is investigate in [13], [14] or [15] and [11] for a more complete model.

In this paper, we investigate the coupling of magnetic and mechanical effects by studying the complete
Landau-Lifschitz equation with magnetostriction. In the following two subsections, we give a complete
description of the model. Our main results are stated in subsection 1.3. Roughly speaking, we establish
a global existence results for the weak solutions of the Landau-Lifschitz equation with magnetostriction,
are we describe the w-limit set of a trajectory.



1.1 Landau-Lifschitz equation with magnetostriction

In the physical litterature (see [21]) or in numerical studies (see [5]), the model for a ferromagnetic body
with magnetostriction is the following. The magnetic moment satisfies the Landau-Lifschitz equation:

0
a—T:—m/\Heff—m/\(m/\Heff) on RT x Q,

with Herr = Am + ha(m) + ¥ (m) + (A™ : o)m,

m(t =0) =mg in §,

Onam = 0 on Rt x 99,

where

e the initial data mg is supposed to be given in H'(; S5?),
e hg(m) is the demagnetizing field,

e U is an anisotropic term. This term is the differential of a non negative quadratic form ® : R? — R.
Consequently it is a linear term,

e the magnetostriction field hy links the magnetic moment m with the stress tensor o. It’s given by
hm = (A\™ : o)m,

where A is a symmetric non negative 4-tensor and o is the stress tensor. It is a 2-tensor (see
below)

Remark 1 The usual notations and definitions about tensor calculus are recalled in Subsection 1.2.1.

In order to take into account the magnetostriction, the Landau-Lifschitz equation is coupled with the
following wave equation:
Ou g 0 on R* x Q
— —dive =0on ,
ot?

u(t =0) = up in £,

ou

E(t:()):ul in Q,

u(t,z) =0 on RT x 99,
where
e the stress tensor o satisfies 0 = \® : €€, where A€ is a symmetric positive 4-tensor,

e the tensor €€ is obtained from the deformation tensor €(u) and the magnetic tensor e™ by
e(u) = ® + ™,

B 1(8ui n o’
o 2 al'j al'l

)

e the deformation tensor ¢(u) is defined by €(u);;

o M= MA":m@m, that is e} =37, )\glklmkml,



The initial data ug is supposed to be in H{(€2;R3) and w; is supposed to be in L?(Q;R3).

We consider the Laudau-Lisfschitz-Gilbert form for the Landau-Lifschitz part of the system. In
addition, we eliminate the variables o, e and £® so we deal with the following system coupling the
Landau Lifschitz equation:

Om o AT o A Hopp on RY x Q,

Hepp = Am+ hg(m) +¥(m) + (A : (A€ i e(u))m — (A (A€ (AN 2 m @ m)))m,
together with the wave equation:

2
% —div (A : e(u)) = =div (A® : A" :m @ m)) on RY x €, (6)

with the initial and boundary conditions:
m(t =0) =mg in §,
u(t =0) =up in Q,

ou

(=0 =uin®, (7)

Onm = 0 on R* x 99,

u(t,z) =0 on RT x 9Q.

Remark 2 For regular enough solutions, the Landau-Lifschitz equation (3) is equivalent to tho Landau-
Lifschitz-Gilbert equation (5). This last formulation is more convenient to write a weak formulation and
to establish a global existence theorem.

1.2 Structural properties
1.2.1 Tensor calculus

Let us recall notations and definitions about tensors:

o let A be a 4-tensor A = (). We say that A is symmetric if
Aijkl = Njikl = Nijik = Aklij -
e We say that a symmetric 4-tensor is positive if there exists a constant A\* such that:

VET, S T Nijr€IEM = Ay (¢Y)?

ijkl ij
e If )\ is a 4-tensor and v is a two tensor, we denote by A : v the 2-tensor given by

(A:v)iy; = Z AijRIVEL-

kl

e If y and v are two 2-tensors, then u : v is a scalar given by

iV = Z,uijVij-
j



o for (£,¢) € R? x R3, then £ ® ( is the 2-tensor which entries are given by
(E@&)y=¢€¢.
We state now useful lemmas concerning tensors.

Lemma 1 Let A be a symmetric 4-tensor, let A be a symmetric two tensor, and let & and & in R®. We
have

()\ . A)fl -62 :A . ()\261 ®€2)
Proof: we prove this lemma by straightforward calculations.

We define Q by
Qm) =\ : (A :mem)): A :mem).

Lemma 2 The map Q:R3 — R is C*>® and

VQ (m) =4\ : (A : A" i m@m)))m.

Proof: this lemma is a simple consequence of Lemma 1

Lemma 3 Let A be a symmetric positive 4-tensor, let A and B be two 2-tensors. Then

N[

(A:A):B<((\:A):A4)%((\:B): B)?.

Proof: we consider y : {1,2,3}?2 — {1,2,...,9} a bijective map. Let A € Mg(R) the matrix of
entries Ay (i j)x(ki) = Aijki- In the same way, we consider A € R? such that Ayig) = Aij, and B € R?
such that B, ;) = Bij.

We have (A: A): B=AA-B.
The matrix A is symmetric positive, by property of A and we introduce I' € Mg(R) the square root
of A. We have:
(A\:A):B=TA-TB< |TA||TB|

by Cauchy Schwartz inequality. Now
ITA2=TA-TA=AA-A=(\:A):A,
and in the same way -
ITB|*=(\:B): B,

and the proof of Lemma 3 is complete.

1.2.2 Energy Formula

The calculations in this section are formal. They are valid for regular enough solutions.
m
First, taking the scalar product of (5) with m, we obtain that — -m = 0, that is g(|m|2) = 0. Since
ot t
the initial data satisfies |mg| = 1, then for all time, m satisfies the saturation constraint |m| = 1.

The proof of the existence of solutions for (5)-(6)-(7) is built on energy estimates which are the
consequence of algebraic properties. Formally, for regular enough functions, the following calculations
hold:

On one hand, we take the inner product of (5) by om _

ot

om om
I 9l ) =0,
/Q ot (at eff) 0

From the first three terms of the effective field, we have:

2H.fy, so that we obtain that



e by integrations by parts:
am
Am = ——— 2
/ ot T 2dt / [Vl

e since —hg is an orthogonal projector for the L? inner product,

om 1d 9
/th(m) ot T 2dt - |ha(m)|*,

om 1d
U(m) —=—=— [ ®(m).
/Q (m) ot 2dt Jq (m)

For the magnetostriction terms, we first remark that by symmetry of the 4-tensor A™ and by Lemma
2, we have

e since ¥V = -V,

om 1d

Q/Q(Am O (e m)m- = 52 [ Q(m)

where Q(m) is a non negative term of fourth order:
Qm) =\ : (A :mem)): A :mem).

In addition, by Lemma 1, we have

QA(Am;(Ae:E(u))))m-%—T - 2/95@) L8 (A I
= e(u) : %(Ae (M mem)).
Q

So, from (5) we obtain that

e geme ety + [ i+ [ e

ot
(8)
0
7/5() =\ (A :m®@m))=0.
Q ot
0
On the other hand, we take the inner product of the second equation in (6) by at:

Using that A€ is symmetric, and that v = 0 on 02, we obtain after integration by parts that:

e ou 1d e . _
—/lev (A E(U))E—§E/Q()\ ce(u)) :e(u).

Furthermore, by integration by parts,

ou

[ a0 mem)- 5 = [ (€ 0o my) - 25

ot

by symmetry of \€.
Hence we obtain from (6) that

th UI / :E(u)):e(u)} =/Q(Ae F(A™ i m@m)) : 52(:). 9)

Adding up (8) and (9), we obtain the energy formula:

=0 (10)

d
Eg(t) ; |W| ;



with
£(t) = / [[9m]? + |ha(m)? + B(m)]

+1/Q {()\e : ()\m:m®m))) : ()\m:m®m)— 25(u):()\e : ()\m:m®m))}

2 (11)

+% /Q {(Ae re(u)) :e(u) + |%|2

Remark 3 Because of the positiveness of A€, in the energy, Q(m) and (A€ : e(u)) : e(u) are positive.
The bad sign term —2e(u) : (A®: (A :m ® m)) can be balanced by both good sign terms, since applying
Lemma 8 with A=), A =¢ and B=\":m ® m., we have:

N

e (A (A i m@m)) < Q(m)? - (A\C:e):e)?.

On the contrary, the part of the energy coming from the magnetostriction terms is non coercive since it
does not control the term HVUH%Q(Q) if we simply apply Young inequality to balance the bad sign term.

1.3 Statement of the results
Definition 1 We say that (m,u) is a weak solution for (5)-(6)-(7) if

1. m € L®(R*; HY(Q;R3)) satisfies the saturation constraint |m(t,z)| = 1 for almost every (t,x) €
Rt x Q,

2. %—T € L*(RT; LA R3)),

3. m(0,-) = mg in the trace sense in H2 (1),

du

ot

5. u(0,-) = ug in the trace sense in H2 (1),

4. u € L®(RY; HY (O R3)) and — € L= (RT; L*(R3;R?)),

6. for all x € C(RT; H(Q;R3))

om om 3 am  0x
/R*m ( o " o ) e, 2)db d /]R+><Q ;m Ox; Ow; /Q( a(m) +¥(m)) - x

—2/ (A" (A e()m — (A" (A (A" i m@m)))m) - x,
Q

7. for all x € C°(RT; H} (2;R?))

Ju 0x e ) _ e O™ @ m)) -
/ﬂwxna.ai/wmz()\ 'E(U)).E(X)Jr/QMX(O’z)dzi / (" 0 m@m)) - ebo)

Rt xQ

8. for all t > 0, we have the following energy inequality:

5(t)+/0t/Q

om|?
| <
5| <0

where € is defined by (11).



om

Remark 4 Since m € L>*(0,T; H(Q)) and 5 € L0, T;L*(Q)), then m € C°(0,T;Hz(Q)) (see

[22]) and m € C°(0,T; HL(Q)) (see [8] Lemma I1.5.9). So the trace of m at t = 0 exists in H2(Q) for
example. In the same way, u € C°(0,T; Hz (Q)). Moreover, u € L>®(0,T; HX(Q) so div (A€ : e(u)) is
2

0 0
in L>°(0,T; H=1), and by the wave equation, a—tg € L>=(0,T; H1(Q)). So a—ttt € CO(O,T;H_%(Q) N
C°(0,T; L2 (Q)). Hence the trace of Ou att =0 as a sense in H™2 ().

ot

Our first theorem is an existence result for global in time weak solutions of the system (5)-(6)-(7).

Theorem 1 Let mg € H*(;58?), let ug € H}(Q;R3) and uy € L*(;R3). Then there exists a weak
solution for (5)-(6)-(7).

Remark 5 The formal calculations of the previous section are not allowed for weak solutions. Therefore,
the saturation constraint and the energy inequality are obtained by construction. We remark that we only
obtain an inequality energy (and not an equality as in the formal calculations). This is usual for the weak
solutions of the Landau-Lifschitz equations (see [2] and [12]).

Our second result describes the w-limit set of a fixed solution fo (5)-(6)-(7).

Definition 2 Let m be a weak solution of (5)-(6)-(7) given by Theorem 1. Let mo, € H*(Q). We say
that mo, is in the w-limit set of m if there exists a sequence of times (tn)nen such that t,, tends to 400
and m(t,) tends weakly to mo in HY(Q) when n tends to +oo.

Theorem 2 Let m be a weak solution of (5)-(6)-(7). Its w-limit set is non empty, and if Mmoo s in the
w-limit set of m, then moo satisfies the saturation constraint |me| = 1 and satisfies, for all test function
£ € HI(QR?),

e 2 B (i) 4 ) + O 0 <l )

—/ (A (A (A s @ Mo )))os ) - € = 0.
Q
where us is deduced from meyo by:

Uso € HH(Q),

div (A : e(us)) = div (A€ : (A i Mo @ M) in HLH(Q).

The paper is organised as follows. In the following subsection, we recall the Aubin-Simon compacteness
lemma. Theorem 1 is proved in Sections 2 and 3. Theorem 2 is established in Section 4.

Our proof of Theorem 1 follows the method due to Alouges and Soyeur in [2] and generalized in [12] for
the system coupling the Landau-Lifschitz with the Maxwell equations. First we study a penalized system
in which the saturation constraint is relaxed and we take the limit when the penalization constant tends
to zero. The new difficulty here is that the energy coming from the magnetostriction is non coercive (see
Remark 3). The lack of coercivity is balanced by coupling the magnetostriction part with the penalization
term (see Section 2.3).

Concerning the description of the w-limit set, the key tool is taking averages for m and u on time
intervals [t, — a,t, + a], and performing the limit when n tends to +o0 in a first step and when a tends
to +o0o in a second step. This method is used in [12] for a simpler model.

Remark 6 Ferromagnetism is a wide domain in Physics. In Mathematics, recent developments have
been obtained from the numerical point of view (see [6], [7], [19], [20] for example). Asymptotic studies
are done in [1], [4], [10], [17] for example. In particular, the description of wall structures is a very
important and challenging question (see [10] and [16] and the references therein). The interested reader
can also read [3] for a related model of ferroelectric materials.



1.4 Compactness lemma

By applying the Aubin-Simon lemma (see [8] Theorem I1.5.16), we obtain:

Lemma 4 We define W by

W = {v € L>=(0,T; H(Q)), % € LQ(O,T;LQ(Q))} :

Then the injection of W in L>=(0,T; L*(Q)) is compact.

2 Penalized system

We consider for n > 0 the following penalized system:

om" om" 1
g;‘ +m7 A % — 27, + 5(|m’7|2 —1)m"=0on R x Q,
H[i o = Am" + hq(m™) + @ (m") + (A" : (A€ s e(um))ym — (A (A€ (A @ m")))m"
82’&” e n . e m n n +
92 div (A" 1 e(u) = =div (A" : (AT :m"@m™)) on RT x Q,
m"(t =0) =myg (12)
u(t=0) = ug
oum
-

Onm™ =0 on RT x 90

u(t,z) =0 on RT x 9Q
Claim : there exists a weak global in time solution for (12).

In this section, n > 0 is fixed.

2.1 First step: Galerkin approximation

For m, we use an Galerkin basis (e1, ea, .. .) of eigenvectors of —A with homogeneous Neumann conditions
at the boundary.

—Ae; = aje; in €,
One; = 0 on 0.
We denote by Vv =span(ey,...,ex) and by Py the orthogonal projection map onto Vy.

e

For u, we use the Galerkin basis (f1, fa2,...) of eigenvectors of —div (A® : &) with homogeneous

Dirichlet conditions at the boundary:
—div (A\® 1 &(f;)) = B;f; in Q,
f; =0 on 0.

We denote by Wy =span(f1,..., fn) and by Iy the orthogonal projection map onto Wiy .

We consider for a fixed N the solution (mf,u’) : Rf — Vi x Wy of the o.d.e. approximation:



om'l,
ot

om’l 1
+ Pn(m'l A atN) - 2PN(HeA}f) + EPN (Im%? = 1)m}%) = 0 on RY,

HJp = Ami + ha(m}) + ¥ (miy) + (W™ (A e(u))m — (A= (A (W mi @ m))mi,

321/](,
ot?

—div (A% : g(u}y)) = Iy (div (A® : (A™ : m @ mY,))) on RT,
miy(t = 0) = Py (mo),

n
ouy,

ot

(t = 0) = HN(ul),
(13)

In order to apply the Cauchy-Lipschitz theorem for this system, we remark that the operator GV (my)

defined for my € Vy by
GN(mN) : VN — VN
w  +— w4+ Py(my Aw)

is invertible. Indeed, for a fixed my € Vi, the operator GV (my) is linear on the finite dimensional space
V. Its kernel is reduced to zero: if G (my)(w) = 0, then w = 0. Indeed, taking the inner product is
L?(Q) with w € Vi, we obtain

= Nm w)-w
0= /QG () ()

= /|w|2+/PN(mN/\w)~w
9 Q

2
= /|w|2+/(mN/\w)-w
Q Q

since Py is selfadjoint and since w € Vi
= [ |w?
Q

So, inverting this operator, the first equation can be written as

om’;
ot

= F(mp,uy),

which is an ordinary differential equation. Then by the Cauchy-Lipschitz theorem, there exists a unique
solution for (13) which maximal existence time is denoted by Tn.

2.2 Energy estimate on the Galerkin approximation
ou'l,

ot -’

On one hand, we take the inner product of the second equation in (13) by

Using that A is symmetric, and that u = 0 on 95, we have:

e gy duy _1d €. (1Y) - (0
f/lev (A" re(ul)) - % 2d Q()\ te(un)) s e(uy).




n

Furthermore, as gtN belongs to Wy, one obtains
. e m n n ouly . e m. n n Ouly
—Ily (le (A" (A mN®mN))) . = —div (A% : (AP im @mY)) - —+
Q ot Q ) ot
0
= / ()\e s m ®m§(,)) : E(at;N)
Q
by symmetry of A°.
Hence we obtain that
ou? de(u’}y)
] / 2 e(ul)) te(ul) ) = / (€ A @m?)) : 2N gy
2 dt 0 ot
om’} om’}
On the other hand we take the inner product of the first equation in (13) by N Since N s in

ot

S

VN (so that we can remove Py) we get
T / L2 + B(mY) + o (Im 2 — 1)) + i/ [ha(m})[?
dt N o N dt Jgs N

/,
—2 [0 e ) - Bz [ (0 O @ ) - 2

n
omy,

ot

As in the formal case, we remark that by symmetry of the 4-tensor \™, we have

9]
Q/Q(Am:()\e:()\m:m;(,(@m;]v)))m?v th _2dt/Q

with
Qim) =M\ : (" :mam)): A\ :mem).

In addition, by Lemma 1, we have

Q/Q(Am D (A e(ud))my - agbtzf = 2/95(1/]7\,) A (Mm@ 5 )

The previous three formulae together with (14) yield

+ —En + — / =0
/sz 2 277 dt Jq
where

g4y = [ (Vmd P+ o) + [ lhatm
2
ou'l,

+%/Q <Q(m§(/) —2e(u}) : (A% (A @m)) + ‘ 5| T (A s e(uy)) - 5(“7\7)> :

n |2
omy,

ot

We integrate this inequality with respect to time and we obtain: for all T' < Ty,

1
7 T n 27
D)+ 5 [ (miP -1 P

1 2 2
- <o>+2—n/g<|PN<mo>|71>. (15)

By Lemma 3, we obtain that the energy is positive, but if we use a simple Young inequality to absorb
the bad sign term with the good sign terms given by the lemma, then we loose the control for the L?

10



norm of Vu'l. To avoid this problem, we will absorb at this step the bad sign term using a part of the
penalization term as it is explained below. With Lemma 3, there exists C such that

e(ul) : (A AN im @ml)) < (A e(w)) :e(ul) + Clm || 74

|

Inequality (15) together with the claim give a uniform bound on m’; and u}; since

1 1, 0ul 1
&t 5 [ (mRE =12 > IVmls + 5152 o + 7 [ O ) s (k)

1 1
+5 [ Qmi)+ 30 [ (kP =17 = Ol e

Now we remark that (|¢]2 —1)2 > L|¢* — 1 so

1

2

Cllmi 0y < 2C [ (k[ = 1P + 2Cmeas(@),
Q

and if n is so that 2C' < ﬁ, we obtain that

1

1 [ (il = 1) = Clmy s > ~20meas(q).
Q

So if 1 is small enough, we obtain that

1 1 0u? 1
&t 5 [ (mRP =12 > IVmla + 5152 o + 7 [ O ) s (k)
(16)
1 1
+= [ Q(m%)+ — / (jm%[* — 1)* — 2Cmeas(Q).
2 Ja an Jo
Remark 7 The previous trick to absorb the bad sign term will be re-used in Part 3.
2.3 Limit in the Galerkin Approximation
From (16) together with the energy estimate (15), we obtain that for n small enough
1, 0ul 1 1 1
IV e + 51 ey + 5 O k) s () + 5 [ Q)+ - [ (2 =17
(17)

< 2Cmeas(Q). + £ (0) + 2—177 /Q(|PN(mO)|2 —1)%

Claim: the right hand side of (17) is bounded uniformly with respect to N.

Proof of the claim: using Lemma 3, using that |Q(m)| < K|m|* and the Sobolev embedding
HY(Q) C LY(Q), we get:

Ex(0) < Cl[ P (mo)ll 7 () + M (u1) 720 + C/Q (A®: €Ty (uo))) : e(TIn (o).

Since Py and Il are orthogonal projection maps in L?, we have:

[Py (mo)llzz(0) < llmollz2(o) and [Ty (u1)l|z2(0) < lluillz2(0)-

11



Furthermore,
IV Py (mo)l ooy = — / APy (mp) - Py (mo)
Q

= */APN(mo)'mo

Q
since Vy is stable by Py

= / VPN(mo) . Vmo
Q

IN

IV Pr (mo)ll 2 ) I Vmoll 2 () -

So,
VPN (mo)llz2) < IVmollL2)- (18)

In the same way,

/Q(AG;E(HN(UO))) : (T (o)) = —/Qdiv (A° : (I (u0))) Ty (uo)

= —/Qdiv ()\e:E(HN(uo))) ug

since W is stable by div (A€ : ¢)

= /Q()\eZE(HN(UO)))E(UO)

1
2

IN

(/Q (A® : e(Tn (uo))) E(HN(UO)))% (/Q (A® : (uo)) g(uo))
from Lemma 3.
So,

/Q (A% + e(Ty (up))) e(Tln (uo)) < /Q (X®: e(uo)) £(uo). (19)

‘We remark now that

1

1
L 2 2o 2 4
o Q(|PN(7”0)| 1)" < ; (1+HPN(m0)HL4(Q))

< C+ mollgnqy)
by Sobolev embeddings.

Inequalities (18), (19) and (20) yield that the right hand side of (17) is bounded uniformly with respect
to N and the proof of the claim is complete (we remark that at this step, the bound for the right hand
side term depends on 7).

Therefore we obtain for 1 small enough an uniform bound for the following quantities:

om'l,
ot
Vm}, in L>(0, Tn; L?(2)),

in L2(0, T; L2(92)),

m7 in L*°(0, Ty; L4()),

Vul in L=(0, Tw; L3(Q)),

e(ul) in L>=(0, Tn; L3(Q)).

12



This proves first that Ty = +o0o. In addition, since the bounds do not depend on N, we can assume
by a diagonal extraction process that for all 7', we have the following weak limits:

e ml — m"in L>(0,T; H'(2)) weak *,
e mY, — m" in L>(0,T; L*(2)) strong (with Lemma 4),

omy  om"

ot ot
o ul, = u"in L*>(0,T; H(Q)) weak *,

in L2(0,T; L?(2)) weak,

duy,  om”

ot ot

So we can take the limit on the variational formulation of the Galerkin approximation (13) and in the
energy formula (15) by convexity arguments.

Therefore we obtain for a fixed n small enough that there exists (m", u") weak solution of (12) and
satisfying the energy formula for all 7"

s"<T>+2—1U/Q<|m"|2—1>2+/OT/Q

et = [ (ITmP 4 8(m) 4 500m  elu) s (0 W s )

1 ou”
72 L = =
+/]R3|hd(m ) +2/Q< ot

Remark 8 Since the initial data mq satisfies |mg| = 1 a.e., the right hand side of the energy estimate
does not depend on mn since the penalization term vanishes at t = 0. This is a crucial point to obtain
uniform bound when n tends to zero in the following section.

in L°°(0,T; L?(Q2)) weak *.

2

= £(0). (21)

om"

ot

where

+ (A€ s e(u")) : 5(u”)> .

3 Weak solutions for Landau-Lifschitz equation with magne-
tostriction

We take the limit in the penalized system when 7 tends to zero. From the energy estimate (21) and from
Remark 8, using the same arguments as in the previous section, we obtain that the following quantities
are uniformly bounded with respect to n:

n
is bounded in L?(R*; L?(Q)),

m
ot
e Vm/ is bounded in L>(R*; L?(f2)),
e m" is bounded in L>®(R*; L4(Q)),

e Vu" is bounded in L*>(R*; L2(Q)),
e =(u") is bounded in L>(RT; L?(Q)).

With this bound, using the diagonal extraction process, we obtain that there exists (m,u) such that
for all T,

e m" —m in L>(0,T; H'(2)) weak *,

e m" — m in L>(0,T; L*(Q)) strong (with Lemma 4),

13



om" 6m o 2 9
5 wn n L*(0,T; L*(Q2)) weak,
o u" —uin L>®(0,T; H(Q)) weak *,

oum 0
. ;t 87? in L>°(0,T; L?(£2)) weak *.
Using (21) /(|m77|2 —1)? tends to zero and since m” — m in L°°(0,T; L*()) strong, we obtain that
lm| =1 a.e.
In addition, using convexity or strong convergence arguments, taking the limit when 7 tends to zero

[ 15 <e 22)

n (21) that for all T,

where
£(t) = A(Wmﬁ+¢mn+%gmyﬁmg4ﬁz@m;m®mn+%@ﬂgm»wm0
o[ e+ % [ |2

In order to obtain that the weak limit m satisfies the Landau-Lifschitz equation, as in [2] and in
[12], we consider x € C>°(RT;C>(Q2)) compactely supported in [0,7], and we take the test function
(t,x) — m"(t,z) A x(t,z) in the weak formulation for the first equation of (12).

‘We obtain then that:

/ /<amT7 /\a%) mnAxf—z/ /Z%”;j %(mnA x)
—H/,Almm”+W() O (A (7)) mT — (AT s (A (AT .
(23)

From algebraic calculations, we have:

LU ) [
[ L [ o S

n
m _ om in L?(0,T; L*(Q)) weak, we obtain that

0
i 7 in L°°(0,T; L)) st d
Since m" — m in (0,T; L*(©2)) strong an 5 5

[ty i [ f (e S
Lm0 [ o B

0
As |m| = 1, we obtain that m - 8_7? =0, and so

ARG RSy AC s RS
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By the same kind of arguments, we take the limit in the right hand side of (23) and we obtain that

2 om  Ox

om om
an gm _ 9 . .
/R+ xQ ( or " : ot ) x(bz)db dx /R+x9 ;mA dr; Ox; /Q(hd(m) T¥m)-x

—2/9(()\m:()\e:5(u))) SO (A (™ @ m)))m) - s

By standart arguments, we pass to the limit in the wave equation, and we obtain that (m,u) satisfies

(5)-(6)-(7).

So we have proved the existence of a global in time weak solution of (5)-(6)-(7) satisfying the saturation
constraint (1) and the energy estimate (22) and such that

o me [(RE HI(Q)).
om ot 12

* 5 € L*(R™; L=(2)),

e uc L2(RY; HY(Q)),
ou

* 5 € L>(RY; L*(Q)).

4 w limit set

We fix a weak solution of (5)-(6)-(7) satisfying the previous conditions, so its w-limit set is non empty,
that is we can consider mq, such that there exists a sequence (t,), with ¢, — 400 and such that
m(tn) = Moo in HY(Q) weakly and in LP(Q) strong for all p < 6 by Sobolev theorems.

For a fixed a > 0, we define V"(s,x) = m(t, + s, ), defined on | — a, a[xQ with values in S2.
In the spirit of [12], we begin by performing the limit when ¢, tends to +oo for a fixed value of a.
0
Using that a—T is in L2(R*; L2(2)), we obtain by this way the limit equation satisfied by ms,. This

equation contains a terms Uy, coming from u. In order to obtain the limit equation satisfied by U, in
a second step, we take the limit in the wave equation when a tends to +o0.

4.1 Limit when n tends to +oo

We remark that

a 2
i/ / [V (s,2) — m(tn,x)|*drds < —/ / / (T x)dr| dxds < a/ / | =—
aJ_aJa s=—a Jxe tn

so extracting a subsequence if necessary, V" — mq, in L2(] — a,a[; L?()) strongly and almost every—
where, and by the bounds for the gradient, V" — my in L>(] — a,a[; H(Q)) weak *.

In the same way, we define U" (s, x) = u(t, + s, 2). Let us introduce for @ > 1 the map p, € C*°(R;R)
such that

pa(s) =0 out of [—a,al,
pa(s) = 1 on [—a+1,a— 1],
0<pa =<1,
Pa(8)] < 2.
We set |
Uy = %a _au(tn + s5,x)pa(s)ds.

By the estimates on u, there exists a constant C' such that for all n and all a, |U}||g1(o) < C.

15



Let £ € H'(Q) be a test function. In the weak formulation of (5) with the test function 5-pq (t—t,)&(x),

and we obtain that:
/ / (GV —V”/\agt )pa(s)f(x)dsdx:T1+...+T4

1/ n OV O
T = E/—a/in:V A oz, -((jxipa(s)dsdyc7

7= / LV A Gy 4 6v™) - €lapus)dsa
Tom =2 [ [V A ()Y - o (s)dsda,

—a

where

1 ¢ n m. e. m.yn n ™Mé(x)) - E(x s)asax
T4:E[a/§zv AL S (X8 (I V7 V) V)E()) - () pals)dsda.

The left hand side term tends to zero when n tends to +oo, since

o OV 2 m o\
5 (5 v n T ) suostaass SE< A |> el 2o

We denote by

From (24), we obtain that,

3
Ome O
T — 2p_a/ me A Lo ¢ dz when n tends to +oo.
Q=1

8:@- €Xr;

Moreover, since ) is linear and since hy maps continuously 1?(Q2) in L?(R?), we have

T, — _m/g Moo A (ha(mao) + t(mec))&(x)da,

where

Concerning Ty, we denote by F(X1, X2, X3, X4) = X1 A (AN (A€ : (A : X5 ® X3))Xy), so that

/,a/ (V" VL VIV - () pa(s)dsde.

By linearity we write Ty on the following way:
1 a
T, = —/ / F(V" — oo, VT,V V™) - €(2) pa(s)dsdx

aJ_qJa
1 a

+—/ / F(Moo, V™ — Moo, V', V™) - £(x) pa(s)dsdx
aJ_qJa
1 a

+—/ / F (Moo, Moo, V' — Moo, V™) - £(x) pa(s)dsdx
aJ_qJO
1 a

+—/ / F (Moo, Mooy Moo, V' — M) - &(2)pa(s)dsdx
aJ_qJQ

+20a | F(Moo, Moo, Moo, Meo) - &(z)dx.

Q
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Since V™ and my are bounded by 1 in L>, and since V;, — mq in L? strong, we obtain that

Ty — 2p_a/ F (Moo, Moo, Moo, Moo ) - £(x)d.
Q

Concerning T3, we denote by G(X1, X2,Y) = X3 A (A : (A€ : Y)X5), so that

_ __/_a/ GV, V™, 2(UM) - () pa(s)dsda.

We have, in the spirit of the previous calculations,

1= _é / /Q G(V" = Moo, V™, (U™)) - () pa(s)dsda
*é /, /Q G1moe, V"' = g, ,£(U™)) - £() pu(s)dsdlx

1 a
75/ / G (Moo, Moo, (U™)) - £(x) pa(s)dsdx.
—aJQ
The first two terms of the right hand side tend to zero when n tends to +oco, since £(U™) is bounded in

L>®(RT; L*(Q)), V™ and myo are bounded by 1 in L, and since V,, — mo in L? strong.
The last term reads:

- " = ")) - &(x)dx
75/_a/QG(mooymoo7€(U ))-E(SC)Pa(S)deI*/QG(moo,moo,s(Ua)) £(z)d

so since U™ is bounded in H'(2) uniformly with respect to n and a, extracting a subsequence, there
exists a subsequence such that U? — U, in H'(Q) weak. Therefore,

T3 — / G(Moo, Moo, e(Uy)) - £(x)dx when n — +o0.
Q

At this step, we have proved that for all a > 1, m, satisfies:

3

/szoo/\amoo. 8§d —/Qmoo (hd(moo)+1/)(moo)+ F(moo,moo,moo,moo)) &(x)dx

pt ox; Ox;

b [ Gl 2(00) - )iz =0

We take now the limit of this equation when a tends to +oc.

First, p, tends to 1. in addition, U, is uniformly bounded, so we can extract a subsequence such that
U, — Uy in HY(Q) weakly when a tends to +o0o. Let us precise the equation satisfied by Us.

We write the weak formulation of (6) taking the test function : £(x)pq(tn + s). We obtain that:

/ /g agtn pas) dsz +o / /Q (A : £(U™) : (&) pal(s)dads
" 2 /, . /Q<Ae NV @ V™)) s e(€)pals)dads.

When n tends to +o0, the right hand side term tends to

E/Q()\ (AT M ® M) 1 e(8)dx

17



The second term satisfies:

ia /_Z/Q(/\e ce(U™)) = e(&)pal(s)dsdr = /Q(/\e e(UM) : e(€)dx

so it tends to /()\e :€(Uy)) @ e(§)dr when n tends to +o0o, and after when a tends to +oo, the limit is
Q

/Q(Ae e(Us)) : £(€)dr

Concerning the first left hand side term, we estimate it on the following way:

aun , U™
S ACEO I A& CADICETEE

IN

u
< 54||§||L2HaHLw(Rﬁm(fz)),
so when n tends to +oo and after when a tends to 400, this term tends to zero.

Hence, Uy, satisfies:

/Q()\e 1e(Ux))  e(§)da = /Q()\e S (A™ M ® moo)) : e(€)da.

We have proved that if my is in the w-limit set of a trajectory m, then is satisfies in the weak sense
the following system:

A(Ama + ha(moe) + B(mao) + (A1 (0 : £(ttoo))moc — (A3 (A 3 (V5 g @ mc)) e ) =0,
where 1o, is deduced from meo by:

div (A\® : e(une)) = div (A® : (M 1 iy @ moo)) in Q.
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