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phase are weak KAM solutions of H-J equation
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Abstract

In the framework of toroidal Pseudodifferential operators on the flat torus T" := (R/27Z)" we
begin by proving the closure under composition for the class of Weyl operators Opy (b) with
simbols b € S™(T™ x R™). Subsequently, we consider Opy’(H) when H = 1|n|* + V(z) where
V € C*°(T™;R) and we exhibit the toroidal version of the equation for the Wigner transform of
the solution of the Schrédinger equation. Moreover, we prove the convergence (in a weak sense) of
the Wigner transform of the solution of the Schrodinger equation to the solution of the Liouville
equation on T" x R™ written in the measure sense. These results are applied to the study of some
WKB type wave functions in the Sobolev space H'(T™;C) with phase functions in the class of
Lipschitz continuous weak KAM solutions (of positive and negative type) of the Hamilton-Jacobi
equation 2|P + Vv (P,z)|*> + V(z) = H(P) for P € ¢Z" with £ > 0, and to the study of the
backward and forward time propagation of the related Wigner measures supported on the graph
of P+ Vav4.
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1 Introduction

In this paper we study WKB type wave functions on flat torus T" := (R/27Z)", namely functions of
the form '
Y(z) = a(z)e¥@/M peTm n>1 (1.1)

where a = ap p is a family of functions in L?(T™;R) and S(z) = P-x + v(z), P € (Z", ¢ > 0,
h=1 € £7IN, the phase v(z) = v(P, ) is a Lipschitz continuous weak KAM solution of the stationary

Hamilton-Jacobi equation ~
H(xz,P+ V,u(Px)) = H(P), (1.2)

for Hamitonian H(z,&) := 1[¢> + V(z), V € C>(T"), see Section 2.2.1 for precise definitions.

It is well known that in the case where v is a regular function, the wave function ¢ is, under general
conditions on the family a = ap p, a Lagrangian distribution associated to the Lagrangian manifold
Ap :={(z,n) € T" x R", n = P+ V,u(P,x)}. Therefore it has an associated monokinetic Wigner
measure of the form

dw(z,n) = 6(n — (P + V(P x)))|ao(x)*dz. (1.3)

Moreover it remains of the same type under propagation through the Schrodinger equation whose
quantum Hamiltonian is the quantization of the function H(x,&) (see Section 2.1 for details on the
toroidal quantization) leadding to a Wigner measure

dw' (z,1) = 6(n — (P + Vou(P,x)))|ag (x)|*dz (1.4)

where |ag(z)|? satisfies a transport equation in such a way that dw' is the pushforward of dw by the
Hamiltonian flow of H.

def-effO-intr



Introduction

The goal of this paper is to show what remains of this construction in the case where v is a solution
of (1.2) with only a Lipschitz continuity property, a regularity far for being used in the framework of
standard microlocal analysis.

Note that propagation of monokinetic Wigner measures with low regularity momentum profiles
and application to the classical limit of propagation of WKB type wave functions have been recently
studied in [4]. The regularity assumption in 1s much stronger than ours, but at the contrary the
construction in works for any profile with a given regularity as we need our phase function to be
a solution of the Hamilton-Jacobi equation. Therefore the two papers are complementary.

The precise definition of our WKB state, especially of the amplitude in (1.1), is given in Section 4.2,
Definition 4.2 where a family of examples are given in the remark 4.3 following the definition.

Note that WKB states on the torus with phase functions issued form weak KAM theory have been
used int%, %%] where it has been studied L?-energy quasimode estimates. In [23] a class of WKB
states on the torus with regularized phase function have been defined in such a way the associated
Wigner measures are coinciding with the Legendre transform of the so-called Mather measures.

In the present paper we will work with the true solution of Hamilton-Jacobi equation for the phase
and will use a kind of regularization for the amplitude, as no canonical function choice is offered for
the latter out weak KAM theory.

Our first main result concerns the Wigner measure w, as defined in Section 2.1.3, Definition 2.6,
associated to our family of WKB states. It claims, Theorem 4.8, that w is as expected monokinetic in
the sense that it has the form

dw(z,n) =0(n— (P + V(P x)))dmp(x) (1.5)

where the limit in the measure sense dmp(z) = %ir% lan, p(z)|?dx exists by Definition 4.2. In fact,
—

we also assume that dmp < 7y (dwp) =: dop where dwp is the Legendre transform of a Mather
P-minimal measure (see Section 2.2.2). This setting implies that any measure dw(x,n) as in (1.5) is
asbolutely continuous to dwp itself, as shown in Lemma 4.7. We also underline that dop solves the
continuity equation

0= V.f(x)  (P+Vyu(Px))dop(z) VfeC®(T"), (1.6)
TTL

and this can be interpreted as the result of an asymptotic free current density condition for the wave
functions ¢ of type (1.1), as we show in Proposition 4.10. We recall that in the usual construction
of WKB wave functions (working with integrability or almost-integrability assumptions on H) the
determination of the amplitude function a(z) is related to the solution of the continuity equation
(1.6) written in the strong sense for the function o(x) = a?(x), namely div,[(P+ V,v(P, z))o(z)] = 0.
The above assumption on dmp together with the monokinetic form of dwp on the graph of a weak
KAM solution of the Hamilton-Jacobi equation allow to study very much easily the time propagation
of such measures, which remains of monokinetic type. This is in fact our second main result, which
deals with the classical limit of the Wigner transform of the evolved WKB state. It is contained within

Theorem 5.1 and Proposition 5.3 where the propagation,

dw'(z,n) = 6(n — (P + V(P 2)))g(t, P,z)dmp(z) (1.7)
both forward and backward (they are different in our situation) in time is exhibited.

The paper is organized as follows: Section 2 is devoted to some preliminaries concerning the Weyl
quantization on the torus (2.1) and the weak KAM theory (2.2). Section 3 concerns the dynamics of the
Wigner transform on the torus and Section 4 the classical limit of the Wigner transform, including the
Section 4.2 where the monokinetic property of the Wigner function of our WKB state is established.
Its propagtion is studied in the final Section 5.

bof
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2 Preliminaries

2.1 The Weyl quantization on the torus
2.1.1 Settings

Let us consider the flat torus T" := (R/27Z)". The class of symbols b € S7%(T" x R"), m € R,
0 <4, p < 1, consisting of those functions in C*°(T" x R™;R) which are 27-periodic in x (that is,
in each variable z;, 1 < j < n) and for which for all a, 3 € Z" there exists Cop > 0 such that V
(z,n) € T" x R"
10205b(2,m)| < Capm ()™ A1+ (2.8) | symboO

where () := (1+ ||?)!/2. In particular, the set ST (T" x R") is denoted by S™(T" x R™).
The toroidal Pseudodifferential Operator associated to b € S™(T™ x R™) reads

WX D)) i= (2m) " 3 [ e kuln)dy, b€ X C), (2.9
kezn ?T"
-T
see }F‘ZS] In particular, we have a map b(X, D) : C>°(T") — D'(T™). We recall that u € D'(T™) are
the linear maps u : C*°(T") — C such that 3 C' > 0 and k € N, for which [u(¢)| < C3_), <), 105l

VYo € C°°(T"), see for example Definition 2.1.1 of § ]. Given a symbol b € S™(T" xR™), the (toroidal)
Weyl quantization reads

Opy (b)¥(x) = (2m) ™" Y / ) TRy ik /2)1(2y — x)dy, ¢ € C(T™). (2.10) [wey1

KEL™

Hence, it follows
w h
OPK (B)(x) = (B(X, 5 D) o T, ¥)(x) (211)
where T, : C*°(T") — C°(T") defined as (T,%)(y) := ¥(2y — x) is linear, invertible and L?mnorm
preserving. Starting from quantization in (2.10), we now introduce the Wigner transform Wy by

i h
Wir(z,m) = (271')7”/ 2R My — 2)p*(x + 2)dz, ne §Z”, (2.12) |WignerT

which is well defined also for ¢ € L?(T™). For b € S™(T" x R"™) the Wigner distribution reads

W.0p 0 = 3 [ M Watemds, e (). (2.13) [neds

negLn

For b € S(T™ x R") and ¢ € L*(T"), the mean value (¢, Opy (b)) 2(rny is well defined thanks to
the L? - boundedness estimate of Op}’ (b), see Theorem 2.3.

Remark 2.1. Before to recall the notion of toroidal symbols and toroidal amplitudes, we need first to
remind the notion of partial difference operator A. Given f :7Z; — C, it is defined the

Ap, f(8) = f(r+e5) — f(k) (2.14)
where e; € N", (e;); = 1 and (e;); = 1 ifi # j. The composition provide Ay f(k) := Agtf(K)... 0" f(k)

for any a € Nij. We recall now that toroidal simbols be SZ‘(;('H‘" x7Z"), meR,0<4,p<1, are

those functions which are smooth in x for all k € Z", 2m-periodic in x and for which for all o, B € Z7}
there exists Copm > 0 such that ¥V (x,k) € T" x Z"

107155 b, k)| < Cagm ()01 +10] (2.15)
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where (k) = (14 |k|?)Y/2. As usually, S™(T™ x Z") stands for ST(T™ x Z™). In the same way, it is
defined the set of toroidal amplitudes Sm S(T™ x T™ x Z7).

The link between this class of simbols and the euclidean ones S (']T" x R™) is shown within Theorem
5.2 in }??'5] More precisely, for any b € Sys(T =< Z7) there exists b € S5(T" x R"™) such that

b= blrnwzn, and conversely for any b there exists b such that this restriction holds true. Moreover,
the extended simbol is unique modulo a function in S™°(T™ x R™).

-P
Remark 2.2. In }%'6] it is considered the phase space Fourier representation,

o) = F®) = )" [ 3 Ban)e 00y, (q.p) €27 R, (o) €TV X R,
qeL™
(2.16) [pt-T
(in the sense of distributions) and the operator Up(q,p)y(x) := e 0= +mPa/2)q)y(x + hp) which is well
defined on L*(T™) for any fized (q,p) € Z"™ x R™. In this framework, the Weyl quantization of a simbol
be S™(T™ x R™) is given by

Opy (b)ib() 1= (2m)~ / S B4, P)Un(g, p)ib()dp. (2.17)

qEZ™

Consequently, the corresponding Wigner transform and Wigner distribution are

Wit(q,p) = (o, Un(q,p)¥) 12 (2.18)
W.0n ) = [ 3 b Wta. )iy (2.19)
qeL™

P-Z
In fact, the Weyl quantizations as in (2.10) and (2.17) are coinciding (see Proposition 2.3 in }7?3/)

2.1.2 Composition and Boundedness for Weyl operators

In the following we recall a result on L?(T™)-boundedness for a class of operators involved in our
paper.

-P
Theorem 2.3 (sce }ﬁrﬁ]). Let Opy'(b) as in (2.17) with b € S o(T" x R"). Let N =n/2+ 1 when n
is even, N = (n+1)/2+ 1 when n is odd. Then, for ¢ € C>(T")

on+1 7T(3n71)/2
n+2 I'((n+1)/2)

> 108l poe(rnxrny [l 2cn). (2.20)

lal<2N

0Py (D)l L2(rn) <

-3
By using standard arguments (such as Hahn-Banach Theorem, see for example }F‘ZZ]) the above class
of operators can be extended as bounded linear operators on L?(T").This is the to airdad counterpart
of the well known Calderon-Vaillancourt Theorem for Pdo on R" (see for example E“{Z)T])

P
We devote now our attention to the composition of these toroidal operators (see also ﬁG], for a
similar result involving a smaller class of simbols).

Theorem 2.4. Let £,m € R, a € S*(T™ x R") and b € S™(T" x R™). Then,
Op} (a) o Opy (b) = Opy (ath) (2.21)
where affb = a - b+ O(h) in ST (T™ x R™). Moreover,

(Op(a). Op} (b)) = Opy (ath — bta) (2.22)
where the Moyal bracket reads {a,b}y := ab — bfa = —ih{a, b} + O(h?) in ST™=H(T™ x R").
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Proof. To begin, we observe that T,,¢(y) := ¥(2y — w) can be written as

T(y) = (2m)~ Z/ eH@y=@)=2k (N dz, Y ep € C°(T™; C). (2.23)

KEZL™

-T
By Theorem 8.4 in }FZ'S], it follows

O OIW() = (WX, BD) o Tumst)) = ) 3 [ ==tz sompu)iz (229

KEL™

with toroidal amplitude c(h,-) € C°°(T? x T? x Z?) such that |0990]c(h,x, z, k)] <_TCM</<;>Z+’". In
particular, ¢ = b(z, 2r) + O( ) in S™(T™ x 'IF" x Z™). Now, apply Theorem 4.2 in [25], so that there
exists a unique toroidal simbol o(#,-) € S™(T™ x Z™) such that

Opy (B)(x) = 2m) " 3 / =) o (1, y, 1) () dy. (2.25)

KEL™

-T
where in particular o(h,y, &) = b(y, Zx) + O(h) in S™(T" x Z"). By Theorem 4.3 in }{325], it follows
the existence of Jﬂ\b(h, ) € 8™ (T™ x Z") such that

Opf(a) 0 Opy (B)(x) = (2m) " 3 / v B R,y )b (y)dy (2.26)

KEZL™

with c?ﬂ\b(h, y, k) = a- by, %Fa) + O(h) in S“™(T™ x Z™). Now apply this operator on T ! o T)2, use
again Theorems 8.4 and 4.2 in order to get

Opj;(a) o Opy; (b) = Opj; (afh) (2.27)

— -T
where afb(h,y, k) = a - b(y, k) + O(h) in S*™(T™ x Z™). By Theorem 5.2 in &5] we get an euclidean
simbol afb € S*F™(T" x R") which is an extention of afb modulo S~>°(T™ x R"), and thus such that
Opj (@) o Opj (b) = Opy, (atd) (2.28)

where afib(h,y, k) = a - b(y, k) + O(h) but now in S*™(T" x R"). By looking at the second order
asymptotics of the simbols, it follows afib — ba = —ih{a,b} + O(h?) in ST™=1(T" x R™), and this
gives (2.22). m|

2.1.3 Wigner measures

To begin, let us recall that in the framework of the usu lF _¥1 quantization on R™ it can be considered
the following space of test functions (see for example 1)

A= {p € CoR? x RY) | [lglla:= / sup [Fep(z, ) d= < +oc) (2.29)
R® z€R"

where Co(R7 x Rf) denotes the set of continuous functions tending to zero at infinity, and F¢ is the

usual Fourier transform in the frequency variables, i.e. Fep(z, 2) =[5, e~ 2p(x, £)dE. In particular,
A is a Banach space and it is a dense subset of Cp(R” x Rg) Hence, its dual space A’ contains
Co(Ry x RE) = M(R} x RE) the space qf ot necessarily nonnegative Radon measures on R*" of finite
mass. As shown in Proposition III.1 of [T8], it holds the inequality

| [ Wine,pte dade | < 2x) " llela - Bl 2.30)
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and hence for any family of wave functions such that ||¢y || ,2(rn) < C there exists a sequence i; — 07
as j — oo such that Wy 15, is converging in A’ to some W € A’ (thanks Banach—Alaoglu theorem).
Moreover, through the use of Husimi transform, it can be proved that in fact any such limit W € A’
fulfills also W € M* (R} x RY), i.e. positive Radon measures of finite mass.

We underline that there is an estimate analogous to (2.30) for our toroidal framework which takes

the form
| [ Wantemgtends] < @07 swp gl unls (2.31)

T xR"
776%2" (z,m) €T X

for all continuous bounded functions g : R?® — R. Indeed, we observe that for states v, € L*(T"),
by writing the Fourier series ¢ (x) = > czn Yha eH%:2) we have

O Y Wavn(z,n) = [¢n(@),

nefzn

- 2 n
) (20) de — [Yh,o|® whenn =ha, «oe€Zm,
(i) (2m) n Witon(w, n)dz { 0 otherwise.

Hence, by property (ii) it follows the estimate (2.31).
In view of the above observations, we can now introduce the following

Definition 2.5 (Test functions). Let Co(T} x R}}) be the set of real valued continuous functions on
T7 x Ry tending to zero at infinity in n-variables. We consider the subset of those ¢ € Co(T? x Rg)

-~

that admit the phase space Fourier representation ¢ = F(¢) as in (2.16) for some compactly supported

(/b\: Z"™ x R" — C. We define the set
100

A= {¢ € Co(T2 x R2) | supp(d) is Compact} . (2.32)

Notice that A is a closed linear subset of L>(T% x RZ) hence it becomes a Banach space when equipped

o~

by the L>-norm. We also underline that for any fired ¢ € Co(Ty x R}}) such that supp(¢) is compact
then ¢ is necessarily a C*° function rapidly decreasing in n-variables, and hence we can directly deal
with the set of C°° functions vanishing at infinity in the n-variables C§°(T% x Rg) Thus, we can write

>

A= {qb € C5°(Ty x R | supp(3) is compact} . (2.33)

Moreover, we easily see that A C Cp(T™ x R™).

We are now in the position to provide the
Definition 2.6 (Wigner measures). Let us fix {{r}o<n<i € L2(T") with ||¢nllr2 < C V0O < h < 1.
We say that dw € M(R} x R}) is the Wigner measure of the sequence {¢r}o<n<1 if Vo € A

Z /ﬂ‘n ¢(za U)Wﬁd}ﬁ(xv U)dif — ¢(za n)dw(za 77) (234>

7]6%2" T xR"™
for some sequence h = h; — 0% as j — +o0.

Remark 2.7. The Wigner transform of v € C°°(T")
h

Watn(z,) i= (2m) ™" [ EHEDuna - v+ )z, ne p2 (2.35)

n
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can be rewritten, when acting on test functions ¢, as

> /Tn d(a, ) Wrtbn (z, 1)dw - /Tn qﬁ(w, %m) Whttn (x %n) dz, (2.36)

nebzn KEL™
Witdn (:c %n) = (2m)" / e (2 — 2t (x + 2)dz, K € ZT. (2.37)
Thus, we notice the 2wZ™ - periodicity properties
Witn (:c %(n n zm)) - Wit (:c %n) VYa € 7", (2.38)
Witbn (:c + 270, %n) — Wit (:c %n) Vo € 7. (2.39)
From (2.85) we also easily obtain the estimate
sup sup |Wnn(z,n)| < (2m)7"||[4n] 2. (2.40)

nG%Z” zeTn

Notice that if n ¢ gZ” then (2.85) is not defined, since we are computing the integral over the torus
and thus we need the 2nZ" periodicity with respect to x-variables of the function within the integral.
For this reason, we cannot regard Wrtpr(z,m) as a wellposed function belonging to L> (T} x R}) even
if we exhibited the estimate (2.40). This is one of the main differences with the Weyl quantization
on R™ where the Wigner transform Wyp(x,€), when ¢, € L*(R™), is a well defined function in
L>*(Ry x RE) for any h > 0.

In the toroidal framework of this paper, under the general assumption ||¢5||z2 < C with C' > 0
independent of 7 we obtain semiclassical limits in A’ (see Lemma 2.8) and for suitably defined wave
functions (as for example the WKB ones shown in Section 4.2) we can recover semiclassical limits as
probability measures on T™ x R™.

Lemma 2.8. Let {tn(t)}o<n<1 a sequence in C([=T,T]; L*(T")) such that ||vn(t)||z: < Cr for all
t€[-T,T) and 0 < h < 1. Then, there is a sequence hj — 0 as j — +oo such that Wh,tbn, = W
in L>®([-T,4+T]; A’) with A as in Def 2.5.

Proof. Since we are assuming ¢y € C([-T,T); L?>(T")) with [|¥n(t)||r2 < Cr then the estimate
(2.31) implies that for 0 < i < 1, the family Wyt is bounded in L*°([—T,+T]; A"). However,
Lo°([~T,+T); A’) is the dual of the separable space L'([—T,+T]; A) and hence the application of
the Banach-Alaoglu Theorem provides the existence of a converging subsequence Wy ¢p, — W in
L>([-T,+T]; A). |

We devote now our attention on the following (locally finite) Borel complex measure on T™ x R™.
Let X be the characteristic function of a Borel set 2 C T" x R", we define

Pa() = > AnXg(w,n)thh(x,n)dx. (2.41)

nebzn

which is a (complex valued) countably additive set function on the Borel sigma algebra of T™ x R™. In
particular, we notice that if [[¢[| 12 = 1 then [P5(22)] < 1for all 2 C T" xR" and [Ps(T" xR")| = 1. As
usual, we say that Pp, is weak (i.e. narrow) convergent to a Borel complex measure P if Vf € Cp,(T™ xR™)
it holds

/ £, m)dBa(r,m) — £, n)dP(z, n) (2.42)
T xR™ T xR™
as i — 07 In fact, since f € Cp(T"™ x R™), it holds
[ tanaiem= Y [ Wi (2.43)
Tn xR™ petzn T

sup-W

NC2
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Definition 2.9. The family of (complex Borel) measures {Pr}o<n<1 on the probability space T™ x R™
(equipped with the Borel sigma algebra) is called tight if

lim  sup / dPr(z,m) = 0. (2.44)
R—+00 0<n<1 JTnx {R"\BRr}

Thanks to a well-known Prokhorov’s Theorem, the set of measures {Pr}o<n<1 is relatively compact with

respect to the weak topology if and only if is tight. Notice that the condition (2.44) reads equivalently

as imp_ oo SUPg< <1 Pr(T" x {R"\Bgr}) = 0.

Remark 2.10. When Py, = IP’% is associated to the class of WKB wave functions go% described in
Section 4.2, we will directly prove the weak convergence (with test functions in A) to some meaningful
probability measures of monokinetic type (see Theorem 4.8). On the other hand, within Lemma 4.5
we will also prove that such measures ]P’;bt fulfill the tightness condition (2.44), and in this way we
can apply the next result on time propagation of tightness. This ensures the existence of the Wigner
probability measure associated to the solution of the Schridinger equation, and its coincidence with
the solution of the underlying classical continuity equation, see Theorem 5.1 and Proposition 5.3.

Proposition 2.11 (Propagation of tightness). Let H = %|n|?> + V() with V € C>(T"), ¢y, €
L*(T™) be such that |[¢nllp2 < C for all 0 < h < 1. Assume that Py as in (2.41) is tight. Define
Yp(t) i= e 7OPUEte)y - Then, Py(t) is tight for any t € R.

Proof. Let Y € C*(R};[0,1]) be such that Y'(7) = 1 on |5| > 1 and Y'() = 0 on || < 1/2; for R > 0
define Yx(n) := Y (n/R). Then, |V,Y| < C/R and |[V;Y| < C/R? for some C > 0. In fact, we can
regard YV € Cp°(Ty x R [0, 1]).

d%@/}h(S), Opy(Yr)¥n(s)) 1> = %@/}h(S), [Op,(Yr), Opp(H)¥n(s)) L2 (2.45)

Recalling Theorem 2.4, the commutator reads [Ops(Yr), Op,(H)] = Opy,({Yr, H } pr) where the Moyal
bracket has the asymptotics {Yg, H}y = —ih{Yg, H} + Dy in S?*(T" x R™) where the remainder
Dy ~ O(h?) and involves the second order derivatives of Yz and H. But |90 H(z)| < ¢; and
0208 YR(2)| < c2/R? for |+ 8] = 2; hence |Dp| ~ R as R — +oc (uniformly on h). Moreover
{Yr,H}(2) = 0,YrOyH — 0,Yr0, H = —0,Yr0, H hence [{Yg, H}(z)| < c3/R. By recalling the L? -
boundedness of the Weyl operators with simbols in 5’870(']1‘" x R™) as shown in Theorem 2.3 and using
the assumption ||¢s]/ 2 < C, we deduce that

L {on(s), Opn (Y (s))ze| < K- B! (2.46)

for some K > 0 independent on & and t. Thus

(Un(t), Opy(YR)Yn(t)) L2 = (¥r(0), Opp(YR)¥n(0)) 2 +/0 %(%(S)aOpn(YR)lﬁh(s))LZdS (2.47)

and

[(¢n(t), Opn(YR)¥n(t)) L2 |

IN

60(0). 0pn (V00121 + | [ 50 (5). Opn (V)i 5) s

[(¥n(0), Op(YR)¥n(0)) 2| +t K - R~ (2.48)
Notice that, from the property (ii) of Wy, it follows

IN

GnOpVinlie = Y [ Win@n)Vatda (2.49)

nelzn

> Yaln) [ Witn(ede = 3 Va(h)lnal’,  (2:50)

nelzn aEZ™
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thus any term of the series is non negative. The same holds true for

Pu(T" xU) = > / Wyt (x,7) Xy (n)dx (2.51)
nekzn
= Y Ay / Witbn(z,m)dz = Y Xy (ha) nal?, (2.52)
nelzn a€EZn

where U is any Borel set in R”.
By defining Mg := T™ x {R™\Bgr}, and recalling that Yz(n) = 0 for |n| < R/2 whereas Yr(n) =1 for
In| > R, we can write

Pr()(Mgr) < (¢n(t), Opn(Yr)¥n(t)) L2 (2.53)
< (¥n(0), Opp(Yr)¥Yn(0))2 +t K - R™} (2.54)
< Pup(Mpp)+t K-R7! (2.55)

and hence (recalling the tightness assumption on Py,)

lim sup Pg(t)(Mg)=0. (2.56)
=+ g<ch<

a

2.2 A quick review of weak KAM theory and Aubry-Mather theory
kaml

2.2.1 Weak solutions of Hamilton-Jacobi equation

The weak KAM theory deals with the existence of Lipschitz continuous solutions of the stationary
Hamilton-Jacobi equation

H(z,P+ V,v(P,x)) = HP), PeR", (2.57)

for Tonelli Hamiltonians H € C*°(T" x R™; R), that is to say, for functions H such that n — H(z,n) is
strictly convex and uniformly superlinear in the fibers of the canonical pro jection 7 : T >é R” — T".
The function H(P) is called the effective Hamiltonian and, as showed in %G]Tee also ), it can be
expressed by the inf-sup formula

H(P)=  inf sup H(z, P+ Vyv(zx)) (2.58)

veC®(T"R) zeTr

which is a convex function of P € R™ (hence continuous). The Lax-Oleinik semigroup of negative and
positive type is defined as

1) = nt {urO) = [ 10605060~ P35 ds .

Y

where the infimum is taken over all absolutely continuous curves « : [0,¢] — T™ such that (¢
A function v_ € C%Y(T"; R) is said to be a weak KAM solution of negative type for (2.57) if V

Tyv. =v_ —tH(P), (2.59)

whereas it is said to be a weak KAM solution of positve type if V.t > 0

Ty =vy +tH(P). (2.60)

o
P#v

10
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As a consequence, for any weak KAM solution it holds

Graph(P + V,v+(P,")) C {(z,n) € T" x R" | H(x,n) = H(P)} (2.61)

Geometrically, equations (2.59) and (2.60) imply also that we are looking at functions for which the
graphs are invariant under the backward (resp. forward) Euler-Lagrange flow, namely

ot (Graph(P + Vv (P, -))) C Graph(P + Vu_(P,-)) YVt <0 (2.62)

and
ot (Graph(P + Vouy (P, -))) C Graph(P + Vyuy(P,-)) V>0 (2.63)

see Theorems 4.13.2 and 4.13.3 in }ﬁ?)] Moreover, it is proved that the maps z — (z, P+ Vv (P, x))
are continuous on dom(V,v4). As showed within Th. 7.6.2 of [13], all the Lipschitz continuous weak
KAM solutions of negative type coincide with the so-called wviscosity solutions in the sense of Crandall-
Lions [[7].

2.2.2 Mather measures

The Aubry-Mather theory proves the existence of invariant and Action-minimizing measures as well

as invariant and Action-minimizing sets in the phase space. Here we recall only those results W%h

%ez]a > ?oing to use in what follows, and for an exahustive treatment we address the reader to [19],
, [26].

Recall that a compactly supported Borel probability measure du on the tangent bundle TT™ is called

invariant with respect to the Lagrangian flow ¢! : T x R® — T™ x R" related to a Lagrangian

function L(z, ), which we suppose to be Legendre-related to a Tonelli Hamiltonian H (z,p), if

/ £ (. €))du(z, €) = / P, )du(a.©),
Tn xR™ Tn xR

for all t € R and all f € C§°(T™ x R™; R. Recall also that a Borel probability measure du is said to be
closed if for every g € C*°(T™; R) one has

/ Va.g(x) - € du(x, &) = 0.
Tn xR™

One says that an invariant compactly supported Borel probability measure dup is a Mather measure
if it satisfies the Mather P-minimal problem for all P € R™, that is,

/ (L(.T,f)—Pf) dup(m,f):iélf/ (L($,€)—P§)du(l‘,f),
Tn xR™ Tn xR™

m

where the infimum is taken over all invariant compactly supported Borel probability measures du.
Moreover, the miminizing value of the Action is related to the effective Hamiltonian as

AP = [ (L@ - Po¢) durla.d)

It has been also proved that the Mather measures of a Tonelli-Lagrangian are those which minimize
the action in the class of all (compactly supported) closed measures (see for example FE-]) This fact will
be useful in the proof of Theorem 1.2. As for the Mather set, it involves the supports of all Mather’s
measures, and is defined to be

Mp = U supp dup. (2.64)
dup

11
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We recall that Mather proved in }f[?i?] that the set M p is not empty, compact and Lipschitz graphs above
T, namely the restriction of 7w : T x R™ — T"™ to ]\Zp is an injective map and 7! : F(MP) — Mp
is Lipschitz. The projected Mather set F(Mp) is denoted by Mp.
By following the Remark 4.11 in ], one can take a countably dense set of Mather measures
{dpj,p}jen such that
dpp =) duj.p (2.65)
JEN

is a Mather measure with full support on the Mather set M p. For any fixed Mather measure dup,
we denote by
dwp = L,(dup), dop = m(dwp) = me(dup), (2.66)

the push forward by the Legendre transform £(z, ) = (z, Ve L(z,§)) and by the canonical projection
m(x,n) = .

2.2.3 Aubry sets

As for the definition of tl%e Aubry sets Ap (in the tangent bundle of a manifold) involving regular

P-minimizers we refer to [13]; we recall here that its Legendre transform can be given by

Ap = ﬂ {(x,P + V,u(P,x)) | 2 € T" s.it. 3 V,u(P, x)} (2.67)
veSH
where the intersection is taken over all Lipschitz continuous weak KAM solutions S} of negative (resp.

positive) type of the Hamilton-Jacobi equation (2.57). This set is invariant under the Hamiltonian
dynamics and one has the meaningful inclusion

5= L(Mp) C Ap. (2.68)

The A% is compact, the regtriction of 7 : T® x R™ — T" to A% is an injective map and 7! : m(A%) —
*

% is Lipschitz (see [13], O6]).

3 The dynamics of the Wigner transform on the torus

3.1 The Schrodinger equation on the torus

Let us consider the classical Hamiltonian H = 1|n|? 4+ V(z), with V € C°°(T";R). Thus we have
H € S%*(T" x R™), namely the simbol class described in (2.8) with m = 2. We now consider the
Schrodinger equation:

thowr(t,x) = Opy (H)Yn(t, x) (3.69)

Un(0,2) = pn(z)
where Opy (H) is the Weyl quantization of H as in (2.10). As for the initial datum, we can require
on € W22(T";C) and |l¢nllz2 < C V 0 < h < 1. The one parameter group of unitary operators
e~ #OPr ()t can be defined on the whole L2 (T™; C). In fact, this is because the Schrédinger operator

Hy = —1h?A,; + V(z) is coinciding with Opj'(H). This is the content of the Lemma 6.1 shown in
the Appendix.

3.2 The equation for the Wigner transform

In this section we provide a result on the equation for the Wigner transform of the solution of the
Schrodinger equation written on the torus. The well known arguments within the framework of the

12
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~F-6-F4p-P
Weyl quantization on R™ (see 7 : %3 ,[I8]) must be adapted for the Weyl quantization on T™.

The first result reads as follows

Proposition 3.1. Let ¢y, be the solution of (5.69), and f € C*([0,t]x T"xR™; R) such that Vs € [0, t]
it holds f(s,-) € A as in Def 2.5. Then,

t
/0 Z /]I‘n [(asf +n- vzf) (Sa €, n)thh(Sa €, 77) + f(S, €, n)ghwh(sa €, 77)} dxds =0 (370)
neSLn

where

Enthn(s,@,m) = @;W /11‘n EEEMNV (24 2) = Vi — 2) (s, @ — 2)P, (s, @ + 2)dz. (3.71)

Proof. We interpret all the subsequent partial derivatives in the distributional sense of A’. To begin,
aWpp = (2m)7" / R G (8, — 2) Py (7 + 2)dz
+ (271')_"/ e2H My (8, — 2)00, (8, + 2)dz. (3.72)
Since 1y solves the Schrédinger equation, it follows
Ao (t, @ — 2)i(t, @ + 2) + Yn(t, & — 2)0y(t, x + 2) (3.73)
ih — _
= 5[(A1wh(t7x7’z))wh(taz+z) *7/)h(t7$*Z)Az7/’h(taz+Z)] (374)
+ T V(x4 2) = Ve — 2)[Yn(t,x — 2)y(t, o + 2).
Now recall the simple equality (A, f)g — fALg = div.[(V.f)g — fVzg], so that

(Azwh(ta T = Z))Eh(tvx + Z) - wh(ta T = Z)Amah(ta T+ Z)
= 2div, V. [Yn(t,z — 2)Pu(t,x + 2)]. (3.75)

Then, insert (3.75) in (3.74), so that

Ohn(t,x — 2)h(t,x + 2) + Yn(t,x — z).a@h(t, x4+ z) (3.76)
= ihdiv, V. [Yn(t,z — 2)Pu(t,x + 2)] + % V(x4 2) = V(z — 2)[¢nt,x — 2)by(t, x + 2)3.77)

Moreover, an easy computation involving integration by parts shows

n-VeWnthp = —ihi (27) " / 25 M div, V, [n (t,  — 2)0(t, x + 2)]dz. (3.78)

n

Hence, by (3.77) and (3.78) we directly get the statement. |

Lemma 3.2. Let € >0 and g(e,-) : T® — R defined as

1 > . 1 ™ 5 204 \—1
:: —elrol? g=i(y.mo) _ T\ 2 —le—ylP(a0) " 3.79
9(€,y) G d e e G > (e) e (3.79)

Ko EZ™

Then, Yy € C*°(T™; C)
lim [ g(e,y — yo)¥(yo)dyo = ¥(y). (3.80)

e—0t Jn

13
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Proof. Let G(ko,¢,y) := e—elrol* g=ily,ro) , then G & e y) f]Rn H&R0) G ko, €,y)dro reads
Gle,ey) = (f)%efléfyf(%)’l
€

By applying the Poisson’s summation formula (see for example %ﬁ,

1 Y % 2 —1 1 i % 2 2 \—1
_ TNZ —le-yPa0 "t _ (_) —|2mg—2my[* (1677 )" 3.81
e = g 3 () = S () o

EEL

Now recall the identification T™ = (R/27Z)", fix the periodicity domain yo € @, := [0,27]", so that

lim 9(e,y — o) (yo)dyo (3.82)
e—0t Qn
1 \2
— ; —|2ré—2m(y— y0)| (1671' €)”
lim (—) Py / ) (o) X, (v0)dyo (3.83)
13 _
— lim (— ~ly—yol*(4e) ! _
lim (—) / e (o) X, (vo)dyo = ¥(y). (3.89)

|

In the following, we provide the evolution equation for the Wigner transform Wy of the solution
of the Schrodinger’s equation on the torus,

IWrthn + 1 - Ve Wpthn + Ky %y Wit = 0 (3.85)

written in the distributional sense. More precisely, Vf € C°°([0,¢] x T™ x R™; R) such that f(s,-) € A
Vs € [0,t] as in Def 2.5 it holds

/ Z /n 6 f+n-Vs f)(s ., M)Wrtn(s, z,n) + f(s,2,n) KCh *y Wrtn(s, z n)}dmds =0 (3.86)

fLZn

where for n € %Z"

Knls,zm) = /T FHEN V(2 4 2) — V(e - 2)}dz, (3.87)
h h
Kr %y Wathn(s,z,m) = Z Kh(s,x,n — §f$0) Whrabp, (s, x, §m0). (3.88)
KoEZ™

Theorem 3.3. Let 1y be the solution of (3.69). Then, it holds
OWrbn +n - VaWrthn + Kp %y Wpthp = 0 (3.89)
in the distributional sense as in (3.86).

Proof. We exhibit a short proof based on the previous result, namely we simply show that convolution
(3.88) is well defined and coincides with the remainder term (3.71). Since V' € C°°(T™; R), the related
Fourier components V,, := (2m)~" [, e“*V (2)dz, w € Z", fulfill |V,| < ¢;(w)? Vj € N and some
c; > 0. An easy computation shows that
K (s x ELH) __ (e7 TV, — ety r) ke " (3.90)
P\ T @)k g w ' '

14
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Moreover, |Wxtn(s, )]s < (2m)7™C? Vs € R. Thus, the series in (3.88) is absolutely convergent, and
we can write down the regularization (useful in the subsequent computations):

h h

— —e€lro] _ =

ICh xy Wby, 613(1;1+ ezne ICh(s z,m 2f<ao) thh(s T, 2/<50). (3.91)
Ko

We look at the regularization:

—elk h h
Z el 0‘2ICh(s,ac,77—§ﬁ0)thh(s,x,§ﬁo) (3.92)
Ko EZ™
= > P — / 2R3NV (14 2) — V(a — 2)}dz (3.93)
(27T)nh Tn
KQEZL™
1 (2, 5K AWA AP
E / FHERN Y5, — D)y (s, + 2)d3
KQEZL™

X {V(z +2)-V(z— z)}wh(s, x — Z)Yp(s,x + 2)dzdz

However, for any fixed € > 0, the function

—e|rol? e—z(z Z,Kk0) (395)

g(e,z — 2)
K()EZ"

defines a tempered distribution on C*°(T"; C) converging to §(z — Z) as € — 07 (see Lemma 3.2).
To conclude,

Kn xn Whipn
- 6—>OJr /n /n e 6 Z—Z){V(.Z'—i-z (.Z'—Z)}’lbh(s,l'—2)w2(8,$+2)d2d2
= 111%1+ %<z’">g(e, z=2){V(z+2)—V(z—2)}n(s,x — 2)i(s,x + 2)dzdZ

e*n <Z’”>{V (x+2) = V(x—2)}n(s,x — 2)Vi(s,x + 2)dz =: Eptbp.

4 Semiclassical limits of Wigner transforms on the torus

4.1 The Liouville equation

This section is devoted to the Liouville equation written in the measure sense on T™ x R"™ solved by
the semiclassical asymptotics of the toroidal Wigner transform.

Theorem 4.1. Let 5(t) := e~ Pk Dipn where oy € L2(T™; C) and ||¢n||2 < C. Let {wt brej—7,1)
be a limit of Wrtpp(t) in L°([—T,+T); A") along a sequence of values of h — 0. Then,

Opwi + 1 - Vewy — Vi V(x) - Vyw, =0 (4.96)

i the distributional sense.

15
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Proof. To begin, we prove that

d

E B ¢($,77)dwt($, 77) + / {¢, H}(.T,n)dwt(x’n) =0 (4.97)

T xR"»

for any ¢ € A, see (2.33). To this aim, we observe that the Schrédinger equation implies

%W)h(t)vOPg(‘ﬁ)wh(t»LZ = (ih) "' (yn(t), [Opy (H), Opy (&)]vn(t)) 2. (4.98)

Hence

(¥n(t), OPR (@)¥n(t)) L2 —(@n, Opy (¢)n) L2 :/0 (ih) ™ (¥n(s), [Opy (H), Opy (9)]vn(s)) r2ds. (4.99)

where p(t = 0) =: o5 € L*(T™; C) with ||ps||r2 < C V0 < h < 1. Morever, thanks to Theorem 2.4,
the Weyl simbol of the commutator (namely the Moyal bracket of simbols H and ¢) reads

{H,¢}v = ih{H, ¢} +r (4.100)
where r has order O(h?) when estimated in S2T™(T" xR") for any m € R, and thus also in S°(T" xR"),
020,31 (@,m)| < Cag B (m) 71!, (4.101)

The related remainder operator Op} (r) is thus L?*-bounded, with (time independent) norm estimate
thanks to Theorem 2.3 with order O(h?). This directly gives

h—0t

t
lim n—l‘/ (1/15(3),Opg(r)wh(s))des‘ < lim ¢ A Y|OpE (1) 2 pe = O, (4.102)
0 h—0t
since ||¥n(s)|lz2 = |¥n(s = 0)||z2 = |l¢rllzz < C. The first term in (4.99) reads
(On(t), OpE (G n(®) 2 = / o, 1) Watbn(t, 2,n)d. (4.103)
negzn "

Let wi(x,n) be a family of Radon measures of finite mass on T™ x R™ for any ¢ € [-T,T] which is
a limit of Wyepp, in L*°([-T,+T]; A’) along a sequence of values of i — 0 . The related semiclassical
limit of (4.103) reads

[ owmdute.n. (4,104
Tn xR™

If we now look at

> /TR{H, O}z, M) Wrtpn(t, v, m)dx (4.105)

neyzn

we recall that ¢ is rapidly decreasing in n-variables and the phase space transform q? has compact
support, hence also {H, ¢} € A. As a consequence, we can extract a subsequence of the above one so
that the semiclassical limit of the righthand side of (4.99) reads

/0 /n Rn{H,qﬁ}(m,n)dws(ac,n)ds. (4.106)

We therefore deduce that Vi € R

/Tann o(x,m)dwy (z,m) — /Tann o(,m)dwo (2, 1) :/o /ann{H’ &Yz, n)dws (z,n)ds,  (4.107)

16
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and observe that the righthand side is differentiable for any ¢ € R (and thanks to the equivalence,
the lefthand side too). We now take the time derivative of both sides and get equation (4.97). On
the other hand, since H is smooth, it is easily seen that equation (4.97) has a unique solution, and
it is given by the push forward of the initial data w; = (¢%;).(wo) involving the Hamiltonian flow.
However, this is also the unique solution of the Liouville equation written in the following weak sense

/0 /Tn . [O:f(t,,m) + {f, H}(t,x,n)] dws(z,n)ds =0 Vf e C([0,t] x T" x R™), (4.108)

see for example ﬁ] O

4.2 WKB wave functions of positive and negative type

We begin this section introducing a class of WKB-type wave functions in H(T";C) associated with
weak KAM solutions of the stationary Hamilton-Jacobi equation.

Definition 4.2. Let P € (Z" for some ¢ > 0 and h™' € ¢7!N. Let vyi(P,-) € CO{(T™;R) be
weak KAM solutions of the H-J equation (2.57) (in the sense of [[13], see subsection 2.2.1). Select
a, p € HY(T™;R*) such that

dom(a%ﬁp) C dom(Vzvs(P,-)) (4.109)
Ha;PHLz =1 and h||a§PHH1 — 0 as h — 0%. We suppose that the following weak limit upon
passing through a subsequence h; — 0"

3 dms(z) = . lim |a;fﬁp(x)|2dx (4.110)
—0t 7

J

fulfills dmp < 7 (dwp) =: dop where dwp is a Mather P-minimal measure as in (2.66). The WKB
wave functions of negative type are defined by

op () = ay, p(z) ehPatv—(Pa)] (4.111)
The WKB wave functions of positive type are given by
of(z) == a{P(z) e Patvi(Pa)] (4.112)

Remark 4.3 (Example). About the previous definition, we exhibit an explicit construction for a;P.
In fact, consider p € C3°(R™) such that 0 < p, supp p C Qy, := [0,27]" and [ p(x)dz = 1. For a fized

a >0 let ok
e x — 2w
Bon(e) i=h" Y p(T). (4.113)
kezm

Then / O, p(x)dr =1, and if f € L*(T™) we have, by the periodicity,

Conxfa) = [ Cane =)y = [ pefla - 12
Fiz a fized (P-dependent) Borel positive measure dm% on T™ with supp(dmE) C dom(Vyv(P,-)),
an amplitude function can be given by

tp@) = { [ oo(n+ 2nte =) ame)}

4.114
L (4.114)

dOm(VUi),

where €, > 0 with 0 < e +y(n+1) < 1, co = co(h) = [h° + plrr(@,) = 1+ O(k). Notice that
a > h€/2c61/2 then since x +— aip(x) is 2m-periodic (in each variable), it is a well-defined function
on the torus. The function (4.114) is in C*(T™;R*), V k € N, and fulfills (see Prop 4.5 in }723/)

17
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@) [l pla)Pe = 1

i) 1 [ (920 p(o)Pdo < [Vaplfe 2000,
Tn

i) Jim [ f@laiplo)de = [ fayimia), VS e o),

(iv) hh%lJr/ f(@)|af p(2)2dx :/ f(x)dmE(x), ¥V bounded Borel measurable f: T" — R whose
— Tn ’ Tn

discontinuity set has zero dmp-measure.
In the following, we provide two useful Lemma involving our class of WKB functions.
Lemma 4.4. Let o be as in Definition 4.2. Then, ¢f € H'(T";C).

Proof. The L?-norm simply reads ||¢; || 22 = [laif p|lz2 < +00, whereas

1
IVagh 2 < 2 1(P+ Vavz)ag plize + [ Vaai pll e
Recalling (2.61) and the setting of a, p, it follows

1
IVap|le < ﬁ||P+ Vavs | L + llay pllp <400 YVO<h<1

|

Lemma 4.5. Let @% be as in Definition 4.2. Let IP’% be as in (2.41) associated to go%. Then, the
family of measures {P;f}oghgl 18 tight.

Proof. Let Mp :=T" x {R™\Bgr} and Ug := R™\ Bgr. Thanks to (2.52)
P (T" x Ur) = Y Xug(he)| 6y, (4.115)
a€Zm

where the Fourier components read

q?f{a = (2#)_"/ et (2)de = (271')_"/ e_m‘””a;lip(x) e Patve(Pa)l gy (4.116)

n

= (2#)_"/ aip(x) ehvE(Po)efi(—hatP)x gy (4.117)

and P € ¢Z" for some fixed ¢ > 0; moreover we underline thar the series (4.115) is computed over
|ha| > R (or equivalently |a| > RA™!). In the case R > |P|, it holds the equality

(—ih)

| — ha + PJ? (=ha+ P)- (277')7”/ G;EP(-T) e%vi(P’I)Vze%(ihaer)'Idl‘. (4.118)

n

Fha
The integration by parts gives
(ih)

Oha = Tha s pEla P Cm" | Vaai p(@) eh v (PO eh (Zhat P gy (4.119)
_ o
1 7 7
7| Tt PE (—ha+ P)- (2#)_"/ agp(x)(vmvi(P, x))eﬁ”i(P’I)eﬁ(_ho‘*’P)“dw
_ ha O,

18
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We are now in the position to provide an estimate for |$§a|, indeed some easy computations together
with the application of Cauchy-Schwarz inequality give

(27T)—n/2
| — ha + P|
Recalling (2.61) we have ||Vovi(P,-)|pe < +oo for any fixed P € (Z". We also remind that
Hhvza;;PHLz — 0 as A — 07. To conclude, by defining

ol < (119205 pll 22 + 1Vavs (P, )l ) (4.120)

2
Cop = (27r)-"( sup (|hV2ai pllz2) + I Vova (P, .)HLx) (4.121)
0<h<1
it follows (when R > |P|)

CnP CnP
|Pi(T" X UR)| < [ AL L — S/ — T _dy (4_122)
' aezn%ablz | = ha+ PJ? R™/BR(0) | —y+ PJ?

The last (h-independent) upper bound implies that

lim  sup [PF(T™ x Ug)| = 0. 4.123
pim 0<hI;1| i ( Rl ( )

We next exhibit a property of the involved monokinetic measures.

Proposition 4.6. Let dms as in (4.110) and v_(P,-) € COY(T™R) be a weak KAM solution of
negative type for the H-J equation (2.57). Define the lifted Borel measure on T"™ x R™ by

/ o(x,n)dms(z,m) = / ¢(x, P+ Vyu_(P,x))dmb(z), Y o€ A. (4.124)
Tn xR™ Tn xR™

Then, dﬁﬁg does not depend on the choice of v_(P,-), namely
[ elemdmb.m = [ o P+ Tl (Pa))imi (o) (4.125)
Tn xR™ Tn

for any other weak KAM of negative type v’ (P,x). Moreover, for any weak KAM of positve type
vy (P, x) it holds

/ o(x,n)dmp (z,m) = o(x, P+ Vi (P x))dmE(z) (4.126)
T™ xR™ Tn

Finally, there exists a Borel measurable function g=(P,-) : T — R* such that
/ o(x)dmE (x) = o(x) g (P,x)dos (x). (4.127)
T xR™ ™

Proof. For any vy (P,-) € C%Y(T";R) which is a weak KAM solution of Hamilton-Jacobi equation
(2.57), the map x — V,vi (P, ) is continuous and uniformely bounded on its domain of definition
dom(V,vL(P,-)) C T™. Moreover, since we assumed dms < dop then supp(dm3) C supp(dop). By
recalling that supp(dop) C m(M?%) C m(A%) and thanks to the localization the Aubry set A} shown
in Section 2.2.3, it follows

/ﬂ‘n o ‘b(% n)dmljg (za 77) = - Qb(x, P+ V, vy (P7 :c))dmlig (1‘) (4.128)

for any vy (P, ) € C%1(T™; R) weak KAM solutions of Hamilton-Jacobi equation. Finally, the assump-
tion on the absolute continuity of clmljtD with respect to dop together with the well known Radon-
Nikodym derivative provides the existence of g% (P, r) satisfying (4.127). O
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Semiclassical limits of Wigner transforms on the torus

Lemma 4.7. Let
dims(z,n) = 6(n — P — Vyvi(P,x))dmE(z) (4.129)

be as in Proposition 4.6. Then, dﬁﬁg is absolutely continuous to dwp the Legendre transform of a
Mather P-minimal measure. In particular, there exists a Borel measurable function g=(P,-) : T" — R
such that

dinp(x,1) = g (P,x)dwp (x,n) (4.130)

where dwp(z,nm) = 06(n — P — Vyvi (P, x))dop(x).

Proof. By the assumption within Definition 4.2, it holds dmp < m,(dwp) =: dop where dwp is
Legendre transform of a Mather P-minimal measure dup as in (2.66). Equivalently, we can also take
m(dpp) =: dop since the push forward by the canonical projection is the same. Thus, there exists a
Borel measurable function g*(P,-) : T® — R* such that

dms(z,n) = g5 (P,x)5(n — P — Vyvi (P, x))dop (). (4.131)
In fact, it holds the equality 6(n — P — Vyvi (P, x))dop(x) = dwp(z,n) thanks to the inclusion
supp(dwp) € Ap C Graph(P + Vv (P, ),

-G-S
see Lemma 3.1 shown in [T4]. The (4.130) follows directly. i

We are now ready to provide the result involving the semiclassical limits of the Wigner transform
for the above class of WKB-type wave functions.

Theorem 4.8. Let P € (7" for some £ >0, h=! € (7N, vy be weak KAM solutions of H-J equation
(2.57) and @if be the associated WKB wave functions as in Def. 4.2, dmlf as in Def. 4.2. Then,

hlirél+ Wit (x,m) = 6(n — P — Vyui (P, x))dm® (x) =: dims(z,n) (4.132)
—

in A’ and passing through a subsequence.

Proof. The Wigner transform in the variables (¢, p) € Z™ x R™:
Wiy (¢,p) = / P (y)*e' @D o (y + hp)dy

_ / DA/ P D] i Fos (P~ (Pl g ()0 L (y + Bp)dy. (4.133)
Since aip € L*(T";RT), the integral in (4.133) is absolutely convergent and the function ﬁ/\hgo%t() is

Lebesgue measurable and uniformely bounded in both variables.
By the H!-regularity we can write a;;P(y + hp) = aip(y) + hfol D- Vzaip(y + Ahp)dA and hence

lag, p(o +hp) = ag p()z2 < Ipl 2 llagy pll (4.134)

Thus,

Wt (q,p) = / i a/2H o] Giauehlos(Pathp)~ve (POl | () 2dy 1+ Ry(g.p) (4.135)

n

where
Rn(q,p) = / ¢ilhp-a/2+P-pl eiQ'ye%[’Ui(P,erhp)*vi(P,y)]a;ip(y)[aip(y + hp) — aiP(y)]dy

and thus V(¢,p) € Z™ x R”

|Bn(q, p)| < vol(T")l|an,pl|L2llan,p(e + hp) — an p(o)l[L2 < (2m)" |p| A [[an.plla (4.136)
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Semiclassical limits of Wigner transforms on the torus

For any ¢ € A and supp(¢) is compact,

> /R (e D) Wit (a.9) (g, p)dp (4.137)

qEZ™

= > /R (4, 1) /T el a/ 2+ PPl giay o [ve(Pathe)—vs (Pl gy o (1) 2dydp
qEZL™ " "

+ 0y /R (¢, p)Ru(g. p)dp. (4.138)

qeEZL™
An easy computation shows that

> [ danmaana]< 3 [ e bl b loeld

qeEZ™ qeEZ™

and hence, since supp(¢) is compact and h||a§PHH1 — 0 as h — 0T (see Remark 4.3) it follows

e 3 / (0.0 1pldp i a pllzs — 0% as h— 07, (4.139)
qEL™ "

~

In view of (4.139) and the compactness of supp(¢), the (4.137) reads
Z s (E(q,p) hl—i>%1+ /En eilhp-a/2+P-p] eiq‘ye%[Ui(P’y"’hp)_”i(P’y)]|a;ip(y)|2dydp.
qeZ™

By looking at the integral

/ eilhpa/2+Ppl gigqy  f[vx (Py+hp)—vs(Py)] |a%t » (v) |2dy (4.140)

we observe that e'("P4/2) ¢ [v£ (Py+hp) —vx(Py)] ig 4 family of uniformely bounded continuous functions
on T” such that

lim ei(pa/2) o v (Py+hp)—v (Py)]
h—0t

P Vavt(Py) (4.141)

Y(q,p) € supp(a) and V y € dom(V,vi(P,+)), since any map « — V,vi(P,x) is continuous on
dom (Vg vi (P, -)) (as we recall in Section 2.2.1). By the inclusions

supp(dm) C supp(dop) C dom(V,v4(P,-)) (4.142)

we deduce that (4.141) is not fulfilled only for a set of zero dm¥E measure.
Hence, we can apply Lemma 6.4 for the semiclassical limits of the integral (4.140) to obtain

/ et eiq‘yeip'v”i(P’y)dmli,(y)dp. (4.143)

We deduce that the semiclassical limits of the mean value (4.140) read

> . $(q,p)( /T etfr eiq'yeip'v’“”i(P’y)dmljS(y))dp. (4.144)

qun n n

= / > / B(q, p)eTP Ve VevE(PW) gy dmi (y) (4.145)
Tn qczn Rn
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Semiclassical limits of Wigner transforms on the torus

~

where we used again the compacteness of supp(¢). Through the inverse phase-space Fourier transform
the above expression becomes

[ 0P+ Vo0 (Py) dmi (). (1.146)
O
Remark 4.9. Let P € {Z" for some £ >0 and <p7:it as in Definition 4.2. Define the current
i (2) = I () Vo () = (P + Vovs (P, x))|ay, p (o) (4.147)
The (formal) free current equation diszgt (x) = 0 becomes well-posed in the weak sense:
/ Vof(z) - Jp(z)de =0  VfeC®(T%R). (4.148)

In particular, we recall the inclusion (2.61) which implies, together with the assumptions on a;fP,

the estimate supg.p<; [T s < [P+ Vave (P, )|z < +o00. However, the low regularity va (P, -) €
CYL(T™; R™) do not guarantees the existence of some amplitude function satifying this equation, hence
we write the asymptotic condition

‘/ V. f(z)- J,ﬁi(z) de| — 0, Vfe C®(T"R) (4.149)

for a sequence {ﬁ;l}jeN € (7N with h; — 0" as j — +oo.
The above observations become meaningful in view of the following result.

Proposition 4.10. Let P € {Z" for some { > 0, v4(P,-) € CO%Y(T™;R) be a weak KAM solution
for (2.57). Then, there exist af{P as in Remark 4.3 such that the (unique) weak-x limit dmp(x) :=

lim; 4 oo |agjyp($)|2d$ equal dop = 7. (dwp) where dwp is the Legendre transform of a Mather P-
minimal measure and

] Vof(z) JE (z)dz| — 0 asj — +oo0 Vf e C®(T";R). (4.150)
Tn J

Proof. Let dop := m(dwp) = dup with dwp as in (2.66). Then, dop is a Borel probability measure
T™ with
supp(dop) C m(Mp) C me(Ap) C dom(Vzve (P, -)). (4.151)

Moreover, it holds
/ Vef(z)  (P+ Veve (P z)) dop(z) =0 Vfe CP(TR). (4.152)
Indeed, dwp := L,(dpp) and dup is invariant under Lagrangian flow, hence closed, which means that
[ Vi@ g dur(ng) =0 vf xR,
T™ xR™
Here the Lagrangian reads L(z,&) = 3|¢|? + V() and thus the Legendre transform £(z,¢) = (z,¢),

which gives
[ Vat@)ndunem =0 vfeCxR).
Tn xR™
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Propagation of Wigner measures on weak KAM tori

-G-8
By Lemma 3.1 in [T4], we have necessary supp(dwp) C Ay C Graph(P + V,vi (P, -)). Thus, we can
restrict dwp|Graph(P+v, vy (P,)) Since Graph(P + Vv (P, -)) are Borel measurable subsets of T" x R"
containing the support of this measure. Hence

/ V.f(x) -ndwp(x,n) =0 VfeC®(T"R).
Graph(P+V v (P,-))

The canonical projection 7 : Graph(P + V,vy(P,-)) — T™ is a Borel measurable map, because of
Graph(P + Vgzvi(P,-)) = T". We can apply the change of variables and get (4.152).

Now, define the Borel probability measure dmp(z) := dop(z) on T". Recalling Remark 4.3, there
exists a;P € CH(T™;R*) such that limy, o+ |ct§],1p(90)|2 = dmp(z) in the weak-x convergence of

Borel measures on T"™. Notice that now we do not write dmp as dmljg since in fact holds the inclusion
(4.151).
Thus, we look at

. Vof(z)  JE(x)de = . Vo f(x) (P+ Vv (P, ) |aj p(2) dz. (4.153)

and observe that the function
x+— Vo f(z) (P + Veve (P x))

is a bounded Borel measurable function, and x +— Vv (P, x) is continuous on its domain of definition.
Hence, the set of z € T™ such that 3 {zy }breny C T, limg_ 100 T =  and

kgrilw Vaof(xg) (P4 Vave(P,ak)) # Vaf(x) - (P + Vave (P, x))

is a set of zero dmp-measure. We now apply Lemma 6.4 to get

lim V.f (@) (P+ Vuui(P)) oy p(z)*de (4.154)
Jj—=+00 Jn 7
= / Vef(z)  (P+ Vv (P z)) dnp(z) =0 (4.155)
where the last equality is given by the above setting of dmp(z) := dop(z) and (4.152). O

5 Propagation of Wigner measures on weak KAM tori

5.1 The forward and backward propagation
The main result of the section reads as

Theorem 5.1. Let @i be as in Def. 4.2 and p(t) := e~ nOPR ()t Let mE(t) be a limit of Wyt (t)
in L®([~T,+T); A'), and mE, g+(P,x) be as in Proposition 4.6. Then, mE(t) = (pby)«(5) €
MIF(T™ x R™). Moreover, ¥ € A and ¥ t >0

/ (z,m) dmb(t,z,n) = ¢(x, P+ Vyuy (Px)) g, (t, P,x)dop(x) (5.156)
Tn xR™ T
gi(t,Px) = gr(P,mogy (z, P+ Vv (Px))) (5.157)
Whereas ¥V t <0
[ s aipen = [ 6P+ Vo (Pe) g0 Podor@)  (5:159)
T™ xR™ Tn

g (t,Pz) = g_(P,moyy (z,P+ Vyui(P ) (5.159)
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Propagation of Wigner measures on weak KAM tori

Proof. By Theorem 4.1, any limit dw(t) of the Wigner transform Wyp(t) in L ([-T, +T]; A’) solves
the Liouville equation in the distributional sense L>°([—T,4T1]; A’) and hence, thanks to the unique-
ness for the solutions of this continuity equation, it holds dw(t) = (¢% )«(dw(0)). This also implies that
dw(-) € C([-T,+T); A’). On the other hand, for our initial data ;> we proved, within Theorem 4.8,
that the Wigner transform Whgo;f is weak converging (for test functions in A) to the monokinetic prob-
ability measures dﬁﬁg € MIF(T™ x R™). Moreover, recalling Lemma 4.5, the complex measures P% are
tight and hence their time evolution Py (¢) is tight as well (see Proposition 2.11). This implies that there
exist semiclassical limits of Py (¢) in the sense of (2.42), namely there exist weak limits of Wytp(t) with
respect to test functions in Cp(T™ x R™) D A to some (a priori complex) Borel probability measures
for any fixed ¢. In fact, this means that it must be dw(t) = (p%;).(dw(0) = dm5) € M (T™ x R™).
From now on, we write dins(t) := (4 ) (dm3).

Next, we underline that Vo,9 € A

[ stem dmban = [ ooyt dien) (5.160)
Tn X R™ Tn xR"
/11‘an” Y(x,m) dims(z,n) = . Y(x, P+ Vv (P x)) g+ (P,x)dop(x). (5.161)
Hence
/T o) din(tan) = / 60 0l (2, P + Vavs (P,2)) go(P,)dop (z). (5.162) [108
nxRP n
We now recall that dop := my(dwp) where dwp is the Legendre transform of a Mather P-minimal

measure, which takes the monokinetic form

[ dlem dup(en) = [ ole.P+ Vova(Pa)) doe(a) (5.163)
T xR™ T

-G-8
and dwp is invariant under the Hamiltonian flow. This is a consequence of the Lemma 3.1 in [T4],
which gives supp(dwp) C A% and thanks to the inclusion A} C Graph(P + V,vi(P,-)).

Hence, we can rewrite

/ $(w,n) dimp(t,z,m) =/ ¢ o @y (x,n) g+(P,7(x,n))dwp (z,7). (5.164) | 1fg
T xR™ Tm xR™
By the generalized change of variables,
/T , Slam) dmp(tam) = /T . S@m) 9= (P o gp (@ m) (0 )wdwp () (5.165)
xR n R
and thanks to the invariance of dwp,
/ ¢(x,m) dmp(t,z,n) =/ ¢(x,n) g+(P, o oy (z,n))dwp (2,7). (5.166)
Tm xR™ T xR™

By (5.163)

/ o(z,n) dinp(t,z,n) = | ¢z, P+ Vovi(P,x)) g(P,mo gy (x, P+ Vovy (P x))) dop(z).
Tn xR™ Tn

(5.167)

Thus, we can define

g+(t, P,x) = g+ (P,mopy (x, P+ Vyu_(P,z))) fort>0 (5.168) |g+1
and
g_(t,Px):=g_(P,mopy (z,P+Vyvi(Px))) fort<O0. (5.169) |g-1
O
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Propagation of Wigner measures on weak KAM tori

Remark 5.2. We notice that the supports of the measures dﬁllf (t) are contained, for any t € R, in
the Mather set M} C A}, in the phase space which is invariant under the Hamiltonian flow as well as
A%, Hence, these are also contained in any set Graph(P + Vgzvy (P, -)) and this means that we could
write several possible equilvalent Borel measurable density functions g4 (t, P, x). However, within the
next result we underline that the functions g4 solve a forward continuity equation with respect to the
vector field P + Vv (P,-) and g— solve a backward equation with respect to P + Vv_ (P, ).

Proposition 5.3. Let gy and dop as in Theorem 5.1. Then, Vf € C*°([0,t] x T™; R)

/0 /n[(?sf(s, )+ Vaf(s,x)  (P+ Vyvye(Px))] g4(s,P,x)dop(x)ds=0 for t>0 (5.170)
and
/0 /n [0sf(s,2) + Vuf(s,z) - (P+ Vyv_(P,x))] g_(s, P,x)dop(x)ds =0 for t<0 (5.171)

Proof. We recall ¢ | Ay Ap — Ap is a one parameter group of homeomorphisms on the closed
invariant graph A} on T", hence

g+ dop = mdinp(t) = 7. (¢ly)dinp(0) = 7. (Pl lag, ) die(0) = (n(eylaz)) dimp(0)  (5.172)

The map 7(¢%|ax) : 7(Ap) = 7(Ap) is a one parameter group of homeomorphisms associated with
the vector field
d
bi(a) = Ty (o, P+ Vs (P,a)
defined for any = € w(A%) but also in the bigger sets dom(V, vi(P,-)) defined a.e. z € T". Here
H(z,n) = |n|* + V() and thus V,H(z,n) = n. About the regularity, we have by € L>(T™;R™).
Write down the ODE

o= Vol (2, P+ V,0i(P2)) (5.173)
t=

5= ba(y) (5.174)
with v(0) = z € dom(V v+ (P, -)) but remind the inclusions (see Section 2.2.3)
oLy (Graph(P Va0l (P, -))) C Graph(P + V,ui(P,")) ¥t>0 (5.175)
ol (Graph(P Vo (P, -))) C Graph(P + Vyu_(P,-)) ¥t <0 (5.176)

Thus, even if we have the low regularity by € L°°(T";R"™) and not (in general) in the larger
WLoo(T™; R™), the equation (5.174) is well posed and solved for t > 0 and (0) = x € dom(V vy (P, ")),
or in the case t < 0 and v(Q) = = € dom(V,v_(P,-)). We are now in the position to apply the same
proof of Proposition 2.1 in %] and get the statement.

About the explicit representation of the density g4 for ¢t > 0,

¢(z)g+(t, P, x)dop(x) :/ O(m(@llap) (@) g+ (Pa)dop(z) = | ¢(x)g+(P,m(py |ag)(@))dop(x)
T Tn Tn

since dop is invariant under m(p3| Az ). We are now looking at the Hamiltonian flow for negative
times, and we recall supp(dop) € M3p C Ay C Graph(P + V,vi(P,-)), thus we can choose the
solution

g (t,Px) =g (P,mopy (x, P+ Vyu_(Px)) fort>0 (5.177)
as we have choosen in (5.168). The same arguments for negative times lead to

g (t,P,x) = g_(P,mopy (2, P+ Vv (Px)) fort<O0. (5.178)
as we have choosen in (5.169). O
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Propagation of Wigner measures on weak KAM tori

Remark 5.4. Let i (s,z) = e’%Op%(H)Scpif(:c), define the position density pif(s,z) = i (s, 2)[?
and the (formal) current density Ji- (s, x) := ﬁlm((wg)*vzd);&t (s,x)). The (formal) conservation law
reads

ey, (t @) + dive Sy (8, 2) = 0. (5.179)
In the next result we exhibit the well-posed setting.

Proposition 5.5. Let wg(s,x) = e‘lﬁOplﬁu(H)sgo;f(x), p;bt(s,ac) = |1/J,ibt(s,x)|2. Let <p;f,8 € C>(T™;C)
such that ||<,0;E8 — i |l — 0 as e — 0F. Define J,ﬁb‘fg(s,x) = hIm((wia)*Vmwig(s,x)) and take a
distributional limit Jif :=lim,_o+ Jif_ in D'([0,T] x T"). Then,

t
/ Osf(s,2)py (s,2) + Vauf(s,2) - Jif (s,x) deds =0 Yf € C>([0,¢] x T";R). (5.180)
o Jrn

Proof. This equation well posed. Indeed,

h2
B o) = [ IVt + V@)l o)Pde (181)
2
= [ SV + V@)l ) Pds (5.182)
FL2
o [ SN @P +V@let@Pde s < o° (5.153)
’I["n.

1 h?
= [ (GP+ Vs PP + V@) ok p@Pde + [ TIV.0E ()P da

_ h?
= H(P) +/ 7|Vza;ﬁp(z)|2d:c <400 VO<h<1 (5.184)

since hHVma;ﬁPHLz — 0 thanks to the setting of aip.

Hence ||J,§58(s, Mer < |Yne(s, MLzl iVane(s, )z < ¢ |\hvm,§g(s, IMzz < 4oo uniformly in
(e,5) € (0,1] x [0,2]. We can take a distributional limit J;% := lim._,¢+ Ji_ in D’([0,T] x T") and this
gives

lim Vaf(s,z)- J;E(s,x) doe = V.f(s,x)- JE(s,2) de Vs € (0,1

e—=0t Jn Tn

Since p;i . is weak-x converging to the unique p% € LY([0,T] x T";RT), we deduce that the equation
(5.180) solved by (pi _(s,x), Jif_(s,x)) (in the distributional and in the strong sense) is also fulfilled
by (pi (s, ), Ji*(s,z)) in the distributional sense. |

The last result of the section reads

Corollary 5.6. Fiz P € R", suppose that vy (P,-) = v_(P,-) € C?(T"%;R) and g(P,-) € W1>°(T"; RT).

Then, g+ as in Theorem 5.1 fulfill g+ = g_, g+ € LY([0, T]); WH°(T";R*)) and solves the transport
equation
Ogy(t,Pyx) + (P+ Vyugr(Px)) - Vege(t,Px) =0 for teR (5.185)

with inital datum g+ (0, P,x) := g(P,x).

Proof. The regularity v (P,-) € C?(T™;R) implies the C'-regularity of the vector field P+ V v4 (P, ")
on T". By standard transport PDE arguments (see for example %]) we get the above equations. O
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6 Appendix

equi-op| Lemma 6.1. Let Hy = —1n2A, +V(x L H:=1in? +V(z) and Opf(H) as in (2.10). Then,
2 2 h

L-reg

Opy (H) = Hytp, Voo € C(T7;C). (6.186)
Proof. To begin, we recall that

Opf (B)(x) = (X, 5 D) o T, ) ). (6.187)

where (T,)(y) := 1(2y — x), see Section 2.1. Morever, it is easily proved that when H = |n|?+V ()
h A
H(X, 5D)¢ — A (6.188)

for 1 € C°°(T™; C) and that (HpT,1)(x) = Hpt(x). Thus, by (2.11) and (6.188) we get the statement.
O

Remark 6.2. The operator Hy, : H> (T™; C) — L3(T"; C) is linear, selfadjoint and continuous. Hence,
by standard results of evolution equations in Banach spaces, the solution of the Schrodinger equation
(5.69) fulfills 1y, € CO(R; H2(T™; C))NC (R; L2(T™; C)). The one parameter group of unitary opem_tsors
e~ #OPr ()t can be defined on L?(T™;C) and e~ #9Px ()t ¢ CO(R; L2(T™; C)) (see for evample [[27)).

Remark 6.3. We recall that b € S™(R™ x R™) consist of b € C®°(R™ x R™; R) satisfying (2.8). The
Weyl quantization on R™ of these simbols reads

be(X D) (o) = 2nh) " [ [ ehemp(EIY ) (dydn, b€ SENC). (6189

Notice that in the case of H(z,n) = 2n|* + V(z) with V. € C>®(R™R), it holds the equivalence

H"(X,hD) = Hy, on the domain S(R™;C) (see for example Section 2.7 in ar]). By the identification
T" = (R/27Z)", if V is 2nZ™-periodic then we could restrict H* (X, D) : C>*(T™;C) — C*>°(T™; C).
Obviously, this restriction cannot be done for all simbols in S™(R™ x R™) which are 2wZ"™-periodic
in z-variables. For a more detailed and general discussion about the link between Pseudodifferential
Operators on T" and Pseudodiffer; niial Operators on R™ which are 2nZ"™-periodic in x-variables, we
address the reader to Section 6 in [[25].

The following result is shown in 2? :

Lemma 6.4. Let X be a metric space. Let dp; j € N and du Borel probability measures on X such
that dy; "X du as j — +oo. Let fr, f: X — R (k € N) be Borel measurable functions such that

lim sup / | fx(z)| dpr(z) = 0. (6.190)
ATHo0 heN J{zeX; | fu(w)|>A}
Let
E = {x € X; Haplren C X, kgrfm xR = x, kgrfoo fi(zr) # f(z)} (6.191)

If W(E) = 0 then
im_ [ f(@)dns(o) = [ fa)duta).

Jj—+o0
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