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This article presents the design of a lane departure avoidance system which is conceived to operate
even in demanding manoeuvres with respect to the lateral vehicle dynamics. Piecewise affine state
feedback and output feedback controllers are used to handle the nonlinear behaviour of the lateral tyre
forces. The controllers are designed based on the search of a piecewise quadratic Lyapunov function
casted as a bilinear matrix inequalities problem. Experimental tests demonstrate the performance of
the controller in degraded road conditions.
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1. Introduction

Advances in the technology of sensors and actuators have enabled the development of driver

assistance systems (ADAS) to prevent road accidents, especially those caused by driver’s

mistakes or inattention. Several types of ADAS, such as Anti-lock Braking System (ABS)

and Electronic Stability Control (ESC) (also known as Electronic Stability Program (ESP)),

are already deployed in commercialised vehicles, and they operate by means of proprio-

ceptive sensors. Such systems are conceived for emergency situations in which the tyre

forces are usually saturated and they are very effective in enhancing the vehicle stability.

Extensive research work has been devoted to ADAS based on proprioceptive sensors such

as [1–5].

Lane departure represents a significant fraction of road accidents and in many cases it

is due to the driver fatigue or inattentiveness. Such accidents may be mitigated by the use

of lane departure warning system and lane keeping assistance system (LKAS), which are

based on exteroceptive sensors. While the ESC deals with the vehicle dynamics in emergency

situations, the currently commercialised LKAS are designed to work in conditions of weak

lateral solicitation [6–8]. Moreover, literature studies show that vehicle lateral control has

gained importance over the last 40 years. These research activities consist of either full or

partial automation of driving tasks, as an attempt to increase safety by reducing driver’s

workload. It can be noted that earlier work was devoted to autonomous vehicles in highway
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scenarios in which the experienced lateral accelerations are generally low [9]. An overview of

the recent research activity on autonomous vehicles is provided in [10], while a comparison of

four control strategies based on output feedback self-tuning, H∞, Fuzzy logic and proportional

is presented in [11].

The use of potential fields is explored in [12,13] for the design of lane keeping assistance

in which the vehicle control is shared with the driver at the guidance level. A combined

automated lane keeping and driver’s steering through a two degree-of-freedom closed loop

control strategy is presented in [14] for typical highway conditions. In this implementation

the driver has control over the manoeuvres, but the automated lane keeping system brings the

vehicle back to the centre of the lane when there is no driver steering action. In [15] the driver

is considered in the loop of the lane departure avoidance system. The controller is inactive

if the lateral offset at look-ahead distance is within a safety region, but as the vehicle tends

to point towards an unsafe area, the steering controller becomes active and even rejects the

driver input if it is even further towards the unsafer area.

On the other hand, in [16] the automata temporarily replaces the driver during the lane

departure avoidance manoeuvres by applying the designed static control action. The stability

of the system, considering the switching between driver and automata, is ensured by the

activation of the assistance within an invariant set computed based on a quadratic Lyapunov

function. Although the vehicle is controlled only by steering action in these systems, it is also

possible to consider longitudinal torque distribution such as in [17], applied to an electric

vehicle with independent four-wheel torque.

It can be noticed that the systems [9,11–14,16,17] are not conceived for demanding manoeu-

vres. In order to enhance the safety provided from these LKAS, it is essential to design

systems which are able to operate in the complete domain of tyre forces. Consequently, sev-

eral accidents due to the loss of vehicle control when the tyre forces are saturated could be

avoided.

A possibility to take into account the nonlinear behaviour of the lateral tyre forces is the

design of a parallel distributed controller based on a Takagi-Sugeno model [18].

Piecewise affine (PWA) systems can approximate nonlinearities to arbitrary precision.

Thus, they also offer a possibility to model the tyre forces saturation. In [19], the longitu-

dinal tyre forces are approximated by PWA functions for a traction control problem. The

lateral tyre forces have also been considered in PWA form to design yaw rate controllers

(see [20–22]).

In [23], a PWA state feedback controller is designed for a lane departure avoidance. The

control synthesis is based on the results from [24] to ensure the asymptotic stability. It consists

of an optimisation procedure involving bilinear matrix inequalities’ (BMI) constraints for the

search of a piecewise quadratic Lyapunov function.

This paper deals with the design of a system to avoid unintended lane departure, even in

situations of strong lateral solicitation or degraded road adhesion. It integrates the information

from the exteroceptive sensors (provided by a video camera) with the yaw rate control. For that,

a procedure, similar to [23], is employed for the synthesis of a PWA state feedback controller

for a lane departure avoidance system. Moreover, an extension using an observer–regulator

structure is proposed in order to avoid the use of sensors that are not available in the currently

commercialised passenger cars. Experimental tests on a prototype vehicle are presented for

the PWA state and output feedback controllers. The article is organised as follows: Section 2

describes the vehicle model for control synthesis. Section 3 presents the PWA controller

design and specific assumptions for the lane keeping objective. The experimental vehicle and

results from the lane departure avoidance manoeuvre on degraded adherence conditions are

presented in Section 4. Section 5 wraps up the work and provides some perspective for the

future work.
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Table 1. Vehicle Parameters and PWA approximations of lateral tyre forces.

Vehicle Parameters PWA approximations

m 1600 [kg] df 1 11162 [N/rad]

J 2454 [kg m2] df 2 39995 [N/rad]

lf 1.22 [m] df 3 11162 [N/rad]

lr 1.44 [m] ef 1 −2018 [N]

ls 5 [m] ef 2 0 [N]

a 1.5 [m] ef 3 2018 [N]

Bs 14 [m] cr 34993 [N/rad]

Is 0.05 [kg m2] ±ᾱf ±0.07 [rad]

η 0.13 [m]

Rs 15

2. Vehicle model

A widely used simplified single track vehicle model [25] is considered to capture the essential

vehicle lateral steering dynamics. It is used to develop the PWA vehicle model employed in the

design of the LKAS control law. Only the lateral translational and yaw motions are considered

and the roll and pitch motions are neglected. The wheels of the front and rear axles are lumped

into one located at the axle centre leading to a bicycle model. The equations describing this

model are given by

mv(β̇ + r) = fsf + fsr,

Jṙ = lf fsf − lr fsr,

(1)

where the involved variables consist of the vehicle yaw rate, denoted r and the vehicle sideslip

angle, β. Concerning the vehicle parameters, v represents the longitudinal vehicle speed, m

the vehicle mass, lf (lr) the distance from the front (rear) axis to the centre of gravity (CG),

and J the vehicle inertia with respect to the vertical axis through the CG. All numerical values

for these parameters are presented in Table 1. The lateral forces fsκ , with κ = f , r, for the front

and rear tyres are modelled according to the Pacejka tyre model [26]

fsκ(ακ) = Dκ sin{Cκatan[(1 − Eκ)Bκακ + Eκatan(Bκακ)]}, (2)

where ακ stands for the (front or rear) tyre sideslip angle. Considering that the angles remain

small, the sideslip angles for front and rear tyres are given by

αf = δf − β −
lf r

v
and αr = −β +

lrr

v
, (3)

where δf is the steering angle.

The Pacjeka tyre model is depicted by the dashed line in Figure 1.

Three distinct behaviours can be distinguished for the lateral tyre forces as a function of

the wheel sideslip angle. Firstly, for small values of wheel sideslip angle a linear behaviour

is dominant. As the values of wheel sideslip angle increase, a nonlinear behaviour tends to

take place, causing the wheels to skid. For larger values, saturation of the tyre forces occurs.

The lane departure avoidance system proposed in this work has a main objective to take into

account the nonlinear behaviour work and avoid the saturation of the tyre forces.

Bifurcation analysis of the nonlinear model (1) shows, as well-known in the literature

(see for example [27]), a limited stability region which also depends on the driver steering

wheel angle, two unstable equilibrium points and a stable one. The continuous blue lines in
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Figure 1. Front tyre forces described by the Pacejka magic formula and corresponding PWA approximations and
partitions.
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Figure 2. Effects on the state trajectory for nonlinear vehicle model at constant steering, considering the different
road adhesion: μ = 1 for dry asphalt, μ = 0.7 for wet asphalt and μ = 0.4 for icy asphalt. (a) δf = 0, μ = 1; (b)
δf = 0, μ = 0.7; (c) δf = 0, μ = 0.3; (d) δf = 0.04 rad, μ = 1; (e) δf = 0.04 rad, μ = 0.7 and (f) δf = 0.04 rad,
μ = 0.3.

Figure 2 show the stable trajectories for several initial conditions for the nonlinear vehicle

model (1) at v = 21 m/s considering steering inputs of δf = 0 rad and δf = 0.4 rad. Moreover,

three different road adhesions are also explored. The dashed red lines represent the unstable

trajectories.
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The causes of the instability are due to the nonlinear behaviour of the tyre–road forces

which are taken into account in the PWA vehicle model described in the next section.

2.1. Piecewise affine vehicle lateral dynamics

The front and rear tyre forces, described by Equation (2), are approximated by the following

PWA functions:

fsf (αf ) = dk
f αf + ek

f ,

fsr(αr) = dl
rαr + el

r ,
(4)

where the coefficients dk
f and ek

f depend on the affine approximation of the front tyre forces

and the index k corresponds to the partitioning of the front tyre force domain (front tyre

sideslip angles). The PWA approximations are illustrated by the solid lines in Figure 1 for the

front wheel, while the partitioning of the front tyre sideslip angle is shown by the dash-dot

line. Analogously for the rear tyre, dl
r and el

r depend on the rear tyre force approximation and

the index l represents the corresponding partitioning of the rear tyre sideslip angle. For the

region containing the origin (k = k0 and l = l0), a simple linear approximation is considered,

in this case, the cornering stiffness coefficients are related to the Pacejka parameters as:

d
k0

f = cf = Bf Cf Df and dl0
r = cr = BrCrDr for the front and rear tyres, respectively, while the

affine terms are zero, i.e. e
k0

f = 0 and el0
r = 0. For the example shown in Figure 1, k = k0 = 2.

An injective mapping T is useful to ease the notation of the operating regions, by associating

an index i to a given pair of k and l, such that i = T(k, l). Consequently, the operating regions

obtained from the partitioning of front and rear wheels sideslip angles are identified by i.

Replacing the PWA approximation of lateral tyre forces (4) in the vehicle model (1) leads to

the PWA system

ẋd = Ad
i xd + Bd

i ud + ad
i , (5)

with the corresponding dynamics

Ad
i =

⎡

⎢

⎢

⎣

−2
dfi + dri

mv
−1 − 2

dfilf − drilr

mv2

2
drilr − dfilf

J
−2

dfil2
f + dril

2
r

Jv

⎤

⎥

⎥

⎦

,

Bd
i =

⎡

⎢

⎣

2
dfi

mv

2
dfilf

J

⎤

⎥

⎦
and ad

i =

⎡

⎢

⎣

2
efi + eri

mv

2
efilf − erilr

J

⎤

⎥

⎦
, (6)

where the control input is the front wheel steering angle ud = δf and the state xd = [β, r]T.

Despite the use of the PWA systems to represent the vehicle lateral dynamics found in the

literature [20–23], bifurcation analysis has been carried out on system (5) in order to verify

the validity of the PWA representation with respect to the nonlinear dynamics. The dynamics

of the PWA model at v = 21 m/s has been simulated for different initial conditions consid-

ering constant steering angles δf = 0 rad and δf = 0.04 rad on three different road adhesion

conditions. The obtained results are shown in Figure 3.

By comparing subplots (a), (b) and (c) from Figure 3, it can be seen that as the adhesion is

reduced so is the stable region. These results are similar to those obtained for the nonlinear

model depicted in Figure 2. The response of the PWA vehicle model is very similar to the

nonlinear one, also for a steering angle δf = 0.04 rad as shown respectively in the subplots

(d), (e) and (f) from both figures.
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Figure 3. Effects on the state trajectory for PWA vehicle model at constant steering, considering the different road
adhesion: μ = 1 for dry asphalt, μ = 0.7 for wet asphalt and μ = 0.3 for icy asphalt. (a) δf = 0, μ = 1; (b) δf = 0,
μ = 0.7; (c) δf = 0, μ = 0.4; (d) δf = 0.04 rad, μ = 1; (e) δf = 0.04 rad, μ = 0.7 and (f) δf = 0.04 rad, μ = 0.3.

2.1.1. Additional dynamics for lane keeping and steering column model

For lane keeping purposes, the model (5) has to be expanded with the dynamics of the relative

yaw angle and the lateral displacement with respect to the lane centre-line.These measurements

are provided by a video sensor in front view. Let ψL = ψ − ψd be the yaw angle error which

is the angle between the vehicle orientation and the tangent to the road. The road reference

curvature ρref is defined by (ψ̇d = vρref), and the following equality can be derived:

ψ̇L = r − vρref . (7)

Denoting by ls the look-ahead distance, the equation giving the dynamics of the measurement

of the lateral offset yL from the centre-line is obtained by

ẏL = v(β + ψL) + lsr. (8)

An illustration of the state variables is provided in Figure 4.

The prototype vehicle has been equipped with a DC-motor that provides the torque on the

steering column (described in detail in Section 4). For this reason, it becomes important to

consider the steering column dynamics in the PWA vehicle model used to design the lane

keeping assistance, so that the torque on the steering column can be used as control input for

the practical implementation.

A second order linear system is adopted to model the steering column as follows:

[

δ̇p

δ̈p

]

=

⎛

⎝

0 1

0 −
Bs

Is

⎞

⎠

[

δp

δ̇p

]

+

⎛

⎝

0 0
1

Is

−
1

Is

⎞

⎠

[

τp

τalg

]

, (9)
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Figure 4. Single track vehicle model.

where δp is the angle on the steering wheel, and the inputs are the torque on the steering

wheel τp and the self-alignment torque τalg from the wheels at the steering wheel level. The

parameters Bs and Is stand for the damping coefficient and inertial moment of the steering

column, respectively.

The self-alignment torque, at the front wheels level, can be modelled as the product between

the length of the tyre contact η and the front tyre lateral force fsf . Considering the PWA

approximation for the front tyre lateral forces (4) and the front wheel sideslip angle as in

Equation (3), the self-alignment torque at steering wheel level becomes

τalg = η
2 fsf

Rs

= 2
η

Rs

(

dfi

(

δf − β −
lf r

v

)

+ efi

)

, (10)

where Rs is the gear ratio from the steering wheel to the front wheels, given by Rs = δp/δf .

Rewriting the second equation from Equation (9) in terms of δf and considering the self-

alignment torque τalg as described in Equation (10) yields

δ̈f = 2η
dfi

IsR2
s

β + 2η
lf dfi

IsR2
s v

r − 2η
dfi

IsR2
s

δf −
Bs

Is

δ̇f +
1

IsRs

τp − 2η
efi

IsR2
s

. (11)

The PWA vehicle model (5) can then be extended to take into account the positioning of the

vehicle described by Equations (7) and (8) and the PWA dynamics of the electrically powered

steering column (11). Hence

ẋ = Aix + Biu + Bρρref + ai, (12)

where x = [β, r, ψL, yL, δf , δ̇f ]
T, u = τp

Ai =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

Ad
i 0 0

2dfi

mv
0

0 0
2dfilf

J
0

0 1 0 0 0 0

v ls v 0 0 0

0 0 0 0 0 1

2η
dfi

IsR2
s

2η
lf dfi

IsR2
s v

0 0 −2η
dfi

IsR2
s

−
Bs

Is

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

,

Bi =

[

0, 0, 0, 0, 0,
1

IsRs

]T

,

Bρ = [0, 0, −v, 0, 0, 0]T and

ai =

[

(ad
i )

T, 0, 0, 0, −2η
efi

IsR2
s

]T

.

(13)
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2.2. Description of the piecewise affine system operating regions

The operating regions of a PWA system are usually described by polytopes, although other

possibilities also exist. The partitions of the PWA vehicle model (12) are defined by the domains

of the lateral forces for the front and rear tyres (front and rear sideslip angles). Considering

that the wheel sideslip angles remain small, Equation (3) is used to describe the partitions

in terms of state-space variables, as the intersection of a finite number of hyperplanes. The

operating region Ri is defined as

Ri =
{

x | x ∈ [αk
f < hf x < ᾱk

f ]
⋂

[αl
r < hrx < ᾱl

r]
}

, (14)

where hf = [−1, −lf /v, 0, 0, 1, 0], hr = [−1, lr/v, 0, 0, 0, 0], αk
f and ᾱk

f are respectively the

lower and upper bounds on the front tyre sideslip angle, and, analogously, αl
r and ᾱl

r are the

lower and upper bounds from the partitions of the rear tyre sideslip angle.

Each facet boundary between the neighbouring regions Ri and Rj is contained in the

hyperplanes described by

{x | cT
ij x − dij = 0} (15)

and the boundary parametric description (see [28] and [24]) can be obtained by:

R̄i ∩ R̄j ⊆ {lij + Fijs/s ∈ R
5}, (16)

where Fij ∈ R
6×5 (full rank) is the matrix whose columns span the null space of cij, and lij ∈ R

6

is given by lij = cij(c
T
ij cij)

−1dij. This description is useful for writing constraints to enforce

continuity of the PWA controllers and Lyapunov function across the boundaries, as detailed

in Section 3.

Alternatively, each region Ri may be outer approximated by the union of ellipsoids [28] εij,

for j = 1 . . . ni, which are described by the matrices Eij and fij as follows:

Ri ⊆

ni
⋃

j=1

εij, where εij =
{

x/‖Eijx + fij‖ ≤ 1
}

. (17)

The quadratic form of Equation (17) may be advantageous for the search of piecewise

quadratic Lyapunov functions.

2.3. Assumptions for lane keeping assistance system using piecewise affine control

As most vehicles have understeering behaviour, it is assumed that the front tyre forces tend

to saturate first, therefore only the front tyre forces are approximated by PWA functions as in

Equation (4), and a simply linear approximation is assumed for the rear tyre, as follows:

fsf (αf ) = ef 1 + df 1αf , for αf < −ᾱf ,

fsf (αf ) = cf αf , for − ᾱf ≤ αf ≤ ᾱf ,

fsf (αf ) = ef 3 + df 3αf , for αf > ᾱf ,

fsr(αr) = crαr , ∀αr .

(18)

The PWA approximations of the Pacejka model used in the design of the LKAS are shown in

Figure 1, and the numerical values describing the coefficients of the tyre force approximations

are shown in Table 1.
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It is also assumed that the slopes describing the PWA approximations of the front tyres

lateral force are positive, as illustrated in Figure 1.

These assumptions are important for two reasons. Firstly, it enables the use of system

analysis and control synthesis based on quadratic Lyapunov functions, ensuring that the closed

loop system has only one equilibrium point. Secondly, approximating the Pacejka nonlinear

model (dotted line in Figure 1) with PWA functions of positive slopes determines partitioning

values αf = ±ᾱf such that the switching threshold are within the beginning of the saturation

zone. Such partitioning is therefore advantageous, as it provides PWA controllers in which

are able to anticipate critical situations.

Considering the front wheel sideslip angle as in Equation (3), it can be noticed that the cell

partitioning described by Equation (18) depends only on the subset of state variables {x̂ ∈ R
3 |

x̂ = [β, r, δf ]} from the PWA vehicle model (12). Thus, the operating regions are unbounded

in the direction of the other state variables. According to [28,29], when the operating regions

present such slab shape, the ellipsoidal description (17) is particularly interesting, because

each operating region can be exactly described by a single degenerated ellipsoid of the form

εi = {x | ‖Eix + fi‖ ≤ 1}. If Ri = {x | αi
f < hf x < ᾱi

f }, the degenerated ellipsoid is described

by Ei = 2hf /(ᾱ
i
f − αi

f ) and fi = −(ᾱi
f + αi

f )/(ᾱ
i
f − αi

f ).

For the PWA approximation of the lateral tyre forces as in Equation (18), the ellipsoidal

cell description (17) of the operating regions become

ET
1 =

[

−1, −
lf

v
, 0, 0, 1, 0

]

2

−ᾱf − d
, f1 = −

−ᾱf + d

−ᾱf − d
,

ET
2 =

[

−1, −
lf

v
, 0, 0, 1, 0

]

1

ᾱf

, f2 = −
ᾱf − ᾱf

ᾱf + ᾱf

= 0,

ET
3 =

[

−1, −
lf

v
, 0, 0, 1, 0

]

2

d̄ − ᾱf

, f3 = −
d̄ + ᾱf

d̄ − ᾱf

,

(19)

where the numerical values used to bound the regions R1 and R3, in the direction of αf , are

d̄ = −d = 0.3 rad.

The ellipsoidal description (19) for the slab operating regions is also more advantageous

than the polytopic representation (14), since it involves fewer parameters in the optimisation

procedure for the controller synthesis [24], as presented in the next section.

The parametric cell description (16) for this partitioning is given by

Fi,j =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

lf

v
0 0 1 0

1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

and li,j =

[

−
α

ij

f

2 + l2
f /v2

,
α

ij

f lf

v(2 + l2
f /v2)

, 0, 0,
α

ij

f

2 + l2
f /v2

, 0

]

,

(20)

for (i, j) = (1, 2) or (i, j) = (2, 3).

Although the partitioning could be refined, the results obtained in practical implementation,

presented in Section 4, show that the controller computed using this simple partitioning is able

to handle the nonlinear behaviour of the tyre forces satisfactorily.
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3. Controller strategy

In this section, the design requirements of the controllers for the lane departure avoidance

system are presented. The synthesis of PWA state and output feedback controllers are also

shown. For both controllers, the synthesis is based on the results from [24] in which a solution

of an optimisation problem subject to BMI constraints is sought. These constraints are obtained

from stability conditions associated to a piecewise quadratic Lyapunov function.

Disturbances and exogenous inputs, such as the road curvature, are not taken into account

in the control synthesis, therefore ρref is set to zero for the model describing the vehicle

dynamics (12).

3.1. Control objectives for lane departure avoidance

In order to design a lane departure avoidance system that performs satisfactorily in situa-

tions of strong lateral solicitation, it is essential to take into account the nonlinear behaviour

of the lateral tyre forces. As shown in the previous sections, PWA systems can adequately

approximate nonlinearities. Therefore, the use of PWA controllers is a natural choice for the

design of the vehicle lateral controller. The following requirements are imposed on the control

synthesis:

• The PWA controller must ensure asymptotic stability of the closed loop system.

• In order to ensure satisfactory performance, the vehicle must be driven to the centre of the

lane as fast as possible without detriment of the vehicle stability.

• The vehicle displacement to the centre of the lane must be smooth despite the possible

switches between the PWA controllers, so that they are imperceptible by the driver.

• The control input must be bounded and continuous among the switches of the PWA controller

in order to avoid damage of the actuators.

• Use only of sensors and actuators that are already available in the currently commercialised

vehicles in order to avoid significant cost increase for hardware in the implementation of

the proposed lane departure avoidance system.

Based on these requirements, the design of a PWA state feedback controller for lane departure

avoidance is shown in the subsequent part.

3.2. Piecewise affine state feedback control

Firstly, a PWA state feedback controller is proposed for the design of the lane departure

avoidance system. The synthesis takes into account the requirements listed in Section 3.1.

The main goal is to stabilise the PWA vehicle model (12), with a PWA state feedback gain

u = Kix + mi. The closed loop state-space equation becomes

ẋ = (Ai + BiKi)x + (ai + Bimi) = Āix + āi. (21)

The matrix Āi of the closed loop system of each region is designed such that it is invertible

and its equilibrium point is denoted xi
eq. This condition is mathematically expressed by

(Ai + BiKi)x
i
eq + (ai + Bimi) = 0. (22)

The asymptotic stability of the closed loop system (21) can be ensured by the existence of a

piecewise quadratic Lyapunov function. Such form is less conservative than a single quadratic

10



Lyapunov function and it can be written as

Vi(x) = xTPix + 2qT
i x + ri, (23)

where Pi = PT
i , Pi ∈ R

6×6, qi ∈ R
6 and ri ∈ R. Vi(x) is a Lyapunov function with a decay

rate αi, for the region Ri if the following conditions are satisfied:

x ∈ Ri,

{

Vi(x) > ǫ‖x − xeq‖2,
d
dt

Vi(x) < −αiVi(x),
(24)

where xeq is the equilibrium point of the closed loop system and ǫ ≥ 0 is a fixed constant.

Rendering the vehicle to the centre of the lane is a stabilisation problem for systems (21),

since in a straight line all state variables should converge to the origin. Therefore, the desired

equilibrium point of the closed loop system, xeq is placed at the origin. In consequence,

q2 = 06×1 and r2 = 0 to ensure that V(0) = 0 for systems (21).

Since the lateral tyre forces are symmetric with respect to the origin, and consequently also

the dynamics of the PWA vehicle model (12), only regions R1 and R2 are considered in the

control synthesis. The gains obtained for region R1 are applied in region R3, i.e. K1 = K3 and

m1 = −m3. This procedure reduces the number of constraints to be solved.

Due to the quadratic form of the ellipsoidal description for the operating regions (17),

the S-procedure [30] can be used in order to express the condition of Lyapunov stability in

matrix inequality form, so that they are valid for each region. Considering the ellipsoidal cell

description described in Section 2.3, these conditions can be written as

λ1 > 0, γ1 > 0,
[

P1 − ǫIn + λ1ET
1 E1 q1 + ǫxeq + λ1ET

1 f1

∗ ri − ǫxT
eqxeq + λ1(f

T
1 f1 − 1)

]

≻ 0,

[P2 − ǫIn] ≻ 0,

(25)

[

ĀT
1 P1 + P1Ā1 − γ1ET

1 E1 + α1P1 P1ā1 + ĀT
1 q1 − γ1ET

1 f1 + α1q1

∗ 2āT
1 q1 − γ1(f

T
1 f1 − 1) + α1r1

]

≺ 0,

[ĀT
2 P2 + P2Ā2 + α2P2] ≺ 0,

(26)

where ∗ indicates the transpose.

The conditions of stability (25) and (26) relative to R2 are simply those of a linear system,

since the origin is chosen as the equilibrium point of the closed loop system. In other words, the

S-procedure is not applied for R2 in order to avoid strict infeasibility [28]. These constraints

ensure the asymptotic stability of the closed loop system.

Ensuring a smooth manoeuvre to the centre of the lane, despite the possible control switches,

can be obtained by forcing continuity of the piecewise quadratic Lyapunov function (23). Using

the parametric description of the region boundaries (20), the constraints become

FT
1,2(P1 − P2)F1,2 = 0,

FT
1,2(P1 − P2)l1,2 + FT

1,2(q1) = 0,

lT
1,2(P1 − P2)l1,2 + 2(q1)

Tl1,2 + (r1) = 0.

(27)

The actuators should also work continuously, even in the presence of control switches.

The main goal of this measure is to preserve the actuators and ensure a smooth response of
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the vehicle. The continuity of the control input along the boundaries (R̄i ∩ R̄j) can also be

guaranteed by using the following constraint:

(K1 − K2)F1,2 = 0,

(K1 − K2)l1,2 + (m1 − m2) = 0.
(28)

Constraints (26) consist of BMI due to the product of Pi and BiKi. Although algorithms

such as [31] are available for solving BMI, the V–K iterative method, as presented in [24], was

used in this work. This algorithm consists in solving alternately two Linear Matrix Inequalities

(LMI) problems which are obtained by fixing one of the terms in the BMI as follows:

V-step: Given fixed controllers, and fixed αi, solve

Find: P1, q1, r1 and P2,

such that: (25), (26), (27),

ǫ > 0, γ1 > 0, λ1 > 0.

(29)

K-step: For Pi, qi and ri obtained at the previous step, solve

max
(

min
i

αi

)

,

such that (22), (25), (26), (28),

ǫ > 0, γ1 > 0, λ1 > 0, αi > l0 > 0,

− l1 < Ki < l1, −l2 < mi < l2,

(30)

where l1 and l2 are vector bounds.

For each iteration of the K-step, the decay rates α1 and α2 must be greater than the value

computed at the previous iteration. The loop must be repeated until there is no significant

improvement on the cost function or the LMIs become infeasible. The previously obtained

results are thus retained.

Maximising the decay rates αi is equivalent to searching the fastest closed loop system

response, which corresponds to the design requirement to steer the vehicle to the centre of the

lane as fast as possible. The bounds l1 and l2 are also used to moderate the system response.

The control synthesis proposed in [32] and tested on the same prototype vehicle has been

employed for the design of the initial controller Kn=0
i , used in the first iteration (n = 0) of

the V–K method. The motivations for using this control synthesis are twofold. Firstly, the

control synthesis in [32] is able to compute invariant sets for the lateral assistance given that

the road curvatures are bounded, therefore it circumvents the neglection of the disturbances

in the proposed method for PWA control of the vehicle. Secondly, the gains obtained from

[32] have already been validated for the prototype vehicle in the linear domain of tyre lateral

forces and in the presence of non zero road curvature. For these reasons, the controller chosen

for the linear region R2 is

Kn=0
2 = [−351.9, −68.37, −728.44, −56.69, −620.60, −1.81], m2 = 0. (31)

For the first iteration, the same gains have been applied for region R1, i.e. Kn=0
1 = Kn=0

2 .

Due to the chosen partitioning and PWA approximation of the tyre forces, the equilibrium

point of the closed loop dynamics in R1 is already outside this region, i.e. x1
eq /∈ R1, therefore

mn=0
1 = mn=0

2 = 0 have been set for the first iteration.

It is known from [32] that the performance of the state feedback gain Kn=0
2 is satisfactory,

therefore the variation of K2 is limited in the range Kn=0
2 ± 5% in the K-step to avoid that the
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behaviour of the vehicle in the linear region is much altered during the optimisation process.

The corresponding additional constraint is

0.95|K0
2 | < |Kk

2 | < 1.05|K0
2 |. (32)

The bounds on the controller gain and affine terms have been set as l1 = l2 = 103 and

ǫ = 10−6.

Considering a longitudinal speed of v = 21 m/s, the V–K method has been carried out using

solver [33], until there was no significant improvement on the cost function. The resulting

gains after 19 iterations are

K1 = [−334.3651, −71.7693, −764.8334, −53.8590, −651.2582, −1.7312],

K2 = [−378.8095, −74.3513, −764.8334, −53.8590, −606.8138, −1.7312],

K3 = K1,

m1 = 3.1111, m2 = 0 and m3 = −m1,

(33)

and the decay rates for each operation region of the piecewise quadratic Lyapunov

function are

α1 = α3 = 0.8383 and α2 = 1.3301. (34)

The system requirements mentioned in Section 3.1 are all included in the constraints used

to synthesise the PWA state feedback controller, except for the last one, which restricts the

measurable variables to those whose sensors are available in currently commercialised cars.

This aspect is taken into account in the subsequent part.

3.3. Piecewise affine output feedback control

Currently commercialised passenger cars are not equipped with sensors to measure the sideslip

angle, therefore an observer-based control strategy is proposed so that the controller can be

implemented without additional costs on components.

Except the vehicle sideslip angle, all the state variables are available for measurement,

therefore the vector of measurable variables y from the PWA vehicle model (12) is given by

y = Cix, (35)

where Ci = [05×1, I5×5], for i = 1, 2, 3.

The PWA output feedback controller can be defined as

ẋc(t) = Acixc + Liy + bci and

u = Kixc + mi.
(36)

The closed loop system can be expressed in the same form as in Equation (21), by defining

an augmented state x̃ = [xT, xT
c ]T, hence

˙̃x = Ãix̃ + ãi, (37)

where

Ãi =

[

Ai BiKi

LiCi Aci

]

and ãi =

[

ai + Bimi

bci

]

. (38)

Similarly to the state feedback case, the matrix Ãi from Equation (37) must be designed so

that it is invertible and its equilibrium point is denoted x̃i
eq, for each of the operation regions
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of the PWA system. The corresponding constraint is

Ãix̃
i
eq + ãi = 0. (39)

The candidate piecewise quadratic Lyapunov function for the augmented system (37) has

the form

V(x̃) = x̃TP̃ix̃ + 2q̃T
i x̃ + r̃i, (40)

where P̃i = P̃T
i , P̃i ∈ R

12×12, q̃i ∈ R
12 and r̃i ∈ R.

Similarly to the state feedback case, the origin is chosen to be the equilibrium point of the

closed loop system (37), x̃eq = 012×1. Consequently, q̃2 = 012×1 and r̃2 = 0 in order to ensure

V(x̃eq) = 0.

The conditions of positive definiteness and negative first derivative along the system tra-

jectories (24) can be rewritten using the S-procedure [30] and the ellipsoidal cell boundaries

(17). They are expressed as

λ1 > 0, γ1 > 0,
[

P̃1 − ǫI2n + λ1ẼT
1 Ẽ1 q̃1 + ǫx̃eq + λ1ẼT

1 f1
∗ r̃1 − ǫx̃T

eqx̃eq + λ1(f
T

1 f1 − 1)

]

≻ 0,

[P̃2 − ǫI2n] ≻ 0,

(41)

[

ÃT
i P̃1 + P̃1Ã1 − γ1ẼT

1 Ẽ1 + α1P̃1 P̃1ã1 + ÃT
1 q̃1 − γ1ẼT

1 f1 + α1q̃1

∗ 2ãT
1 q̃1 + α1r̃1 − γ1(f

T
1 f1 − 1)

]

≺ 0,

[ÃT
2 P̃2 + P̃2Ã2 + α2P̃2] ≺ 0,

(42)

where Ẽi = [Ei, 0].

The conditions to ensure the continuity of Equation (40) across the boundaries become

F̃T
1,2(P̃1 − P̃2)F̃1,2 = 0,

F̃T
1,2(P̃1 − P̃2)l̃1,2 + F̃T

1,2q̃1 = 0,

l̃T
1,2(P̃1 − P̃2)l̃1,2 + 2q̃T

1 l̃1,2 + r̃1 = 0,

(43)

where F̃ij and l̃ij are the parametric description of the boundaries (16), adjusted to the

augmented system (37) and given by

F̃ij =

[

Fij 0

0 I

]

and l̃ij =

[

lij
0

]

. (44)

It is assumed in this approach that the switching between the controllers is driven only by

the system outputs. In order to enable switches based on estate estimates, a structure of a

regulator and an estimator is required. Therefore, the following constraint must be added:

Aci = Ai + BiKi − LiCi and

bci = Bimi + ai + (Ai − LiCi)x
i
eq.

(45)

The optimisation procedure to find Aci, Ki Li, mi, bci, and the piecewise quadratic Lyapunov

function (40), can be solved with the V–K method, analogously to the PWA state feedback

synthesis, as follows:

14



V-step: Given a fixed controller, and a fixed αi, solve

Find: P̃2, P̃1, q̃1and r̃1,

such that: (41), (42), (43),

ǫ > 0, γ1 > 0, λ1 > 0.

(46)

K-step: For P̃i, q̃i and r̃i fixed at the previous step, solve

max
(

min
i

αi

)

,

such that: (39), (41), (42), (45),

ǫ > 0, γ1 > 0, λ1 > 0, αi > l0 > 0,

− l1 < Ki < l1, −l2 < mi < l2,

(47)

where l1 and l2 are vector bounds.

Similarly to the state feedback controller, the numerical values from the prototype vehicle

described in Table 1 have been used, considering a longitudinal speed of v = 21 m/s as well

as the PWA functions to approximate the Pacejka tyre model previously presented. The same

initial controller (31) was considered for all regions.

The initial gains Ln=0
i of the observer has been computed by pole placement, such that

its poles are eight times faster than the eigenvalues of the closed loop system dynamics

(Ai + BuiK
n=0
i ). The same gains have been considered for all regions at the first iteration of

the V–K method, i.e. Kn=0
1 = Kn=0

2 and Ln=0
1 = Ln=0

2 .

The constraints to enforce the bounds on the controller K2 according to Equation (32) have

been included in the K-step.

The process stops after three iterations. The computed controller is

K1 = [−415.0616, −81.1789, −806.3640, −50.5724, −591.5498, −1.6332],

K2 = [−317.1029, −75.4880, −806.3640, −50.5724, −689.5085, −1.6332],

K3 = K1,

m1 = 6.8571, m2 = 0 and m3 = −m1,

(48)

and the resulting gains for the observer are

L1 = L3 = 104

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

0.3076 0.9144 0.5649 −1.1432 1.0388

−0.1782 −0.5599 −0.4354 0.8375 −0.8309

0.1662 0.5005 0.3144 −0.6335 0.5798

0.9786 2.9595 1.8830 −3.8019 3.4587

−0.4465 −1.3493 −0.8514 1.7212 −1.5662

1.1999 3.9064 3.6210 −6.8277 7.2030

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

and

L2 = 103

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

0.9589 2.5050 0.1537 −0.8708 0.0297

−0.2040 −0.6620 −0.0936 0.2362 −0.1872

0.4824 1.3151 0.0860 −0.4493 0.0377

2.6273 7.1835 0.5271 −2.7802 0.0949

−1.2489 −3.4238 −0.2314 1.2670 −0.0453

0.6049 2.7614 0.7531 −1.8031 3.9319

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (49)

This control synthesis takes into account all the requirements described in Section 3.1 for

the design of the lane departure avoidance system.
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3.4. Robustness analysis

Simulations and stability analysis have been carried out in order to verify the robustness of the

synthesised PWA state and output feedback gains with respect to parameter variations, such

as longitudinal velocity and road adhesion.

The simulations have been run on the nonlinear vehicle model (1), with lateral forces

according to the Pacejka model (2). The road profile used for the practical experiments and

detailed in Section 4 has been considered for the simulations. It consists of an S-turn with

the first curve to the left-hand-side. The corresponding road curvature estimated by the lane

detection algorithm [34] at v = 15 m/s is depicted in the bottom subplot of Figure 10.

Concerning the stability analysis, a piecewise quadratic Lyapunov function has been sought

for the PWA closed loop systems (21) or (37). For that, the feasibility of the LMI constraints

(25)–(27) have been tested for the PWA state feedback controller. Similarly, for the PWA

output feedback controller, constraints (41)–(43) have been used.

Piecewise quadratic continuous Lyapunov functions have been found for closed loop system

(21) for vehicle longitudinal velocity up to v = 24 m/s. Nevertheless, the simulation results

on the nonlinear vehicle model are still satisfactory for longitudinal velocity up to v = 25 m/s.

Figures 5–7 show a comparison of the vehicle dynamics considering the PWA state feedback

controller, depicted in solid line, and the linear controller (only K2), which is shown in dashed

line. The distinct action of the PWA control can be seen in Figure 5. The switches occur each

time that the value of the front wheel sideslip angle crosses the threshold values which delimits

the linear operating region. These values are shown by the dash-dot line in the upper subplot

of Figure 6. The vehicle sideslip angle and yaw rate are shown in Figure 7. It can be seen

that the PWA controller is able to stabilise this variable faster than the single linear controller,

showing an enhanced performance of the PWA controller to deal with the nonlinear behaviour

of the lateral tyre forces.

In order to verify robustness of the controllers with respect to variation of the road adhesion

coefficient μ, the terms of the Pacejka model have been modified according to [35], as follows:

Bκ to (2 − μ)Bκ , Cκ to (5 − μ)Cκ/4 and Dκ to μDκ . These modified coefficients have been

considered for the PWA approximation of the nonlinear lateral tyre force.

Constraints (25)–(27) have been satisfied for the interval μ ∈ [0.3, 1], ensuring the exis-

tence of a piecewise quadratic Lyapunov function. Nevertheless the simulations at nominal
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Figure 5. Steering torque for linear (dashed line) and PWA state feedback controller (solid line) on simulated lane
departure avoidance manoeuvre.
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Figure 6. Front wheel sideslip angle and steering angle for linear (dashed line) and PWA state feedback controller
(solid line) on simulated lane departure avoidance manoeuvre.
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Figure 7. Vehicle sideslip angle and yaw rate for linear (dashed line) and PWA state feedback controller (solid line)
on simulated lane departure avoidance manoeuvre.

longitudinal velocity v = 21 m/s, presented unstable behaviour at low adhesion, i.e. μ ≤ 0.6.

The stable trajectories on degraded adhesion had similar responses as the results shown in

Figures 5–7.

The robustness of the controller with respect to variations of the threshold value of front

wheel sideslip angle ᾱf , which defines the controller switches, has also been evaluated.

Simulations of the linear and PWA state and output feedback controllers applied to the non-

linear vehicle model have been carried with variation of ±30% of ᾱf considering the same

lane departure avoidance manoeuvre. An earlier switch, i.e. |ᾱf | lower than its nominal value,

results in a attenuation of the front wheel sideslip angle, leading to smaller lateral forces. In

consequence, the vehicle tends to deviate more from the centre of the lane. On the other hand,

if the threshold value |ᾱf | is larger, the PWA controller response becomes more similar to

the response obtained with the linear controller, as switches occur only when skidding (or

saturation of lateral tyre force) is imminent. Despite the variation of ᾱf , the simulation results
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Figure 8. Aerial view from Satory-Versailles test track. Photo from: TGLR, Atelier Gérard Leroux, 13, rue Pierre
Clavillier, 78800 Houilles, France and experimental vehicle.

showed satisfactorily responses. Nevertheless, if switches occur only at higher values of front

wheel sideslip angle the vehicle yaw stability may be mitigated as the response of the PWA

controller becomes closer to that of the linear system.

The stability of the PWA state feedback closed loop system has also been analysed with

respect to variation of the look-ahead distance ls. The conditions of stability were satisfied for

a continuous piecewise quadratic Lyapunov function for ls within the range ls ∈ [1, 15] m. The

simulations on the nonlinear vehicle showed that even though the system is stable for values

of ls > 15 m, its response is not satisfactory due to the oscillatory behaviour.

The observer–regulator structure of the closed loop system with PWA output feedback

(37) is more sensitive to longitudinal velocity variations than the state feedback controller for

two reasons. Firstly, the estimator is designed for a constant longitudinal speed, therefore the

estimation of vehicle sideslip angle is directly affected. Secondly, the LMI constraints (41),

(42) and (43) have larger dimensions, thus it is more cumbersome for the solver [33] to find a

solution. The results obtained from the solver when changing the vehicle longitudinal velocity

is that it is likely to have a complementary solution, therefore one cannot ensure stability.

Both control strategies have been implemented on the prototype vehicle as described in the

following section.

4. Practical implementation

The PWA state feedback and output feedback controllers have been implemented on the proto-

type vehicle shown in Figure 8. For validation purposes, the experimental vehicle is equipped

with a CORREVIT sensor to measure the vehicle sideslip angle β; an inertial navigation sys-

tem to measure the vehicle yaw rate r; and an odometer to compute the vehicle longitudinal

speed, v, at each sampling interval, based on the ratio between the measured distance travelled

and sampling time. A 48V DC-motor mounted on the steering column provides the assistance

torque at a maximum nominal torque of 40 N m in steady-state condition. An optical encoder

is used to measure the steering angle, δf , and load cell sensors integrated on the steering wheel

are used to measure the driver torque.

A video camera is used to detect the lane markings by the vision algorithms developed in

[34]. It enables the measurements of lateral offset yL at look-ahead distance ls, relative yaw

angle ψL and the road curvature ρref .
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The vision algorithm is able to compute the vehicle position with respect to the lane at

each 40 ms, while the proprioceptive sensors can provide measurements from 10 to 50 ms.

The gains for the controller are computed offline, therefore the computation of the control

input requires very low computational resource (determination of operating region and matrix

multiplication for observer and control input computation), which is carried out in less than

10 ms in a PC equipped with a 2.2 GHz processor. Considering all the data acquisition and

treatment, the algorithm for the lane departure avoidance runs at a period on 100 ms, which is

satisfactory for a real time application.

The experiments took place on a test track located in Satory-Versailles, 20 km west of Paris,

France. The track is 3.5 km long consisting of typical road profiles with straight lines and

bends of various radii. Figure 8 depicts an aerial view of the test track.

Forcing the instability of the vehicle to test the developed driving assistances may become

very critical in terms of safety. For this reason, the prototype vehicle has been equipped with

composite rings (skid-concept [36]) that are mounted on the front tyres, in order to reproduce a

degraded road adhesion condition.A picture of the ring mounted on the front wheel of prototype

vehicle is shown in Figure 9. The use of these rings eases the occurrence of vehicle instability

which occurs at relatively low speeds, due to the reduced adhesion coefficient (μ ∈ [0.2, 0.4]).

Consequently, the cornering stiffness and values of sideslip angle, at which the nonlinear

behaviour is observed, are also reduced. Due to these characteristics, these composite rings

enable the evaluation of the lane departure avoidance assistance without jeopardising the safety

of the vehicle and passengers.

The results presented for both controllers correspond to a lane departure avoidance manoeu-

vre performed at approximately v = 15 m/s on an S-curve. This chosen speed is a lower value

than one considered during synthesis, for several reasons: safety, testing at a different speed

and the fact that the considered curve already leads to tyre saturation when the vehicle is

equipped with the rings.

Figure 9. Skidconcept ring mounted on front wheel.
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4.1. Activation strategy

The human interactions play an important role in driving assistance systems, therefore an

adequate activation strategy is required. In order to avoid an intrusive assistance that may not

be well accepted by drivers, it is important to consider the driver awareness, as well as the risk

of lane departure or collision accidents.

Assessment of driver’s awareness can be found for instance in the work of [37,38], while

[39] presents a survey of methods to estimate the risk of lane departure. The authors in [14,15]

have proposed control strategies that keep the driver in the loop, while [16] switches between

the driver and automata when the assistance system intervenes. Other sophisticated strategies

can be used for the design of driver assistance, but they are beyond the scope of this work,

since it focuses on the control synthesis and its performance.

The strategy chosen for this work is similar to the one used in [16], which takes into account

the driver’s attentiveness as well as the risk of lane departure during lane keeping manoeuvre.

The driver’s attentiveness is estimated by comparing the driver’s input torque on the steering

wheel, τp with a threshold value. The risk of lane departure is estimated through the position

of the front wheels with respect to a fixed strip of width 2d located in the centre of the

lane. According to [16], the condition of both front wheels inside the centred strip can be

mathematically represented by the state vector in region between two parallel hyperplanes, as

follows:

T
�
= {x ∈ R

6 : |Fx| ≤ 1}, (50)

where F = (0, 0, (2(lf − ls)/(2d − a)), (2/(2d − a)), 0, 0) and a is the front axle width.

In summary, the activation and deactivation of the assistance system takes place in the

following cases:

• activate if (τp < 5 N m) & (|Fx| ≥ 1),

• deactivate if (τp ≥ 2 N m),

where & represents the Boolean operator AND. More details about the activation strategy are

provided in [16].

Throughout the practical experiments the driver was considered inattentive.

4.2. Results from practical implementation of piecewise affine state feedback controller

The results from the lane departure avoidance manoeuvre are illustrated in Figures 10 and 11.

The road profile can be seen in the bottom subplot of Figure 10 which depicts the road curvature

estimated by the lane detection algorithm. It consists of an S-turn with the first curve to the

left-hand-side.

The vehicle is located at the centre of the lane as it approaches the curve, and tends to

continue forward, since there is no action of the driver on the steering wheel, as depicted in

Figure 12. The activation takes place as the front right wheel crosses the centre strip with width

2d = 2.2 m, shortly after t = 15 s and it is indicated by the red symbol ‘∗’ on the figures.

The position of the front wheels with respect to the lane is reconstructed from the extero-

ceptive signals representing the positioning of the vehicle and illustrated in Figure 13, with the

lateral offset at look-ahead distance and the relative yaw angle on the top and bottom subplots

respectively.

The control input, corresponding to the activation of the assistance is shown in Figure 12.

The state variables representing the dynamics of the car are shown in Figure 14 describing the

measurements of sideslip angle and yaw rate.

20



12 14 16 18 20 22 24 26

−0.1

−0.05

0

0.05

0.1

a
f 
(r

a
d
)

Time (s)

12 14 16 18 20 22 24 26
−0.02

−0.01

0

0.01

0.02

C
u
rv

a
tu

re
 r

re
f 
(m

−
1
)

Time (s)

Figure 10. Estimated front wheel sideslip angle and measured road curvature for PWA state feedback controller
with skip-concept rings.

12 14 16 18 20 22 24 26
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

Time (s)

P
o
s
it
io

n
 o

f 
fr

o
n
t 
w

h
e
e
ls

 (
m

)

Figure 11. Position of front wheels with respect to lane markings for PWA state feedback controller with
skip-concept rings.

These two variables, the front wheel steering angle, shown in Figure 15 and the vehicle lon-

gitudinal speed shown in Figure 16, are used to compute an estimate of the wheel sideslip angle,

according to Equation (3). The resulting front wheel sideslip angle is illustrated in Figure 10,

which drives the switching between the PWA state feedback controllers. The thresholds limit-

ing the linear region of operation are depicted by the green dash-dot line. The switching takes
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Figure 12. Control input and corresponding operation regions for PWA state feedback controller with skip-concept
rings.
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Figure 13. Vehicle positioning from video sensor: lateral offset and relative yaw angle for PWA state feedback
controller with skip-concept rings.

place, as shown in the bottom plot of Figure 12 from R2 to R3 shortly after the assistance is

activated.

It can be noticed that the control input (top plot of Figure 12) is reduced when the switching

takes place, as an attempt to drive the state variables to the linear operating region of the tyre

lateral force, under the action of K3 and m3. Consequently the reduction on the steering action,

shown in Figure 15, shortly before t = 16 s induces a reduction of the front wheel sideslip

angle.
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Figure 14. Vehicle sideslip angle and yaw rate for PWA state feedback controller with skip-concept rings.
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Figure 15. Steering angle and steering angle derivative for PWA state feedback controller with skip-concept rings.

Since the vehicle is still negotiating the left-hand-side curve, the control input is forced to

increase again to keep the vehicle in the lane in spite of the brief excursion from the lane

exhibited in Figure 11 around t = 17 s.

The manoeuvre is successfully performed and the vehicle is repositioned at the centre of the

lane while it negotiates the right hand side turn until the driver retakes the control, as indicated

by the red symbol ‘o’ in the presented plots.

Having presented the results from practical implementation of the PWA feedback controller,

the results of the PWA output feedback controller are discussed in the sequel.
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Figure 16. Vehicle longitudinal speed and lateral acceleration for PWA state feedback controller with skip-concept
rings.
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Figure 17. Position of front wheels with respect to lane markings for PWA output feedback controller with
skid-concept rings.

4.3. Results from practical implementation of piecewise affine output feedback controller

The PWA output feedback controller obtained in Section 3.3 for the lane departure avoidance

system has been implemented on the prototype vehicle. The results shown in Figures 17–23

correspond to the lane departure avoidance manoeuvre on the same S-curve as the previously

presented results.

The activation takes place at about t = 12 s as the vehicle tends to drift out of the right lane

without action of the driver (|τd | < τon in Figure 21). Figure 17 shows the activation as the

front right wheel crosses the centred strip on the lane of width 2d = 2.2 m, depicted by the

dotted lines.

The switching of the PWA output controller is based on the estimate of the front wheel

sideslip angle. As the vehicle sideslip angle is assumed to be unavailable for measurement,
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Figure 18. Vehicle sideslip angle and yaw rate for PWA output feedback controller with skid-concept rings.
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Figure 19. Steering angle and steering angle derivative for PWA output feedback controller with skid-concept rings.

its estimate is used for the computation of the front wheel sideslip angle, using also the

measurements of yaw, steering angle and longitudinal velocity, as follows:

αf (est) = δf − β(est) −
lf r

v
. (51)

The estimated vehicle sideslip angle (β(est)) is plotted in the top of Figure 18. Its measure-

ment, provided by the CORREVIT optical sensor (βmeas), is also depicted only to enable a

comparison and evaluation of the synthesised observer. The vehicle yaw rate (r) is shown in

the same figure, while the steering angle (δf ) is provided in the top plot of Figure 19 and the

longitudinal velocity v is shown in Figure 20.
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Figure 20. Vehicle longitudinal speed and lateral acceleration for PWA output feedback controller with skid-concept
rings.
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Figure 21. Control input and corresponding operation regions for PWA output feedback controller with skid-concept
rings.

The computed wheel sideslip angle (αf (est)) based on the estimation of the vehicle sideslip

angle is shown by the blue solid line in Figure 22. For comparison purposes, the computed

front wheel sideslip angle computed using the measurement of the vehicle sideslip angle is

also shown in the same figure, represented by the dashed line.

It can be seen that the observer obtained from the control synthesis tends to overestimate the

vehicle sideslip angle, which induces also a overestimation effect on the computed front wheel

sideslip angle. Designing a better observer for the state vector turned out to be challenging,

considering the proposed method. Since there is no constraint on the observer, the poles of

its dynamics tend to become faster at each iteration of the K-step, as an attempt to maximise

the decay rate of the piecewise quadratic Lyapunov function. Thus it is likely that the errors

between the vehicle and its model tend to increase. Fixing the gains for the observer at the
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Figure 22. Estimated front wheel sideslip angle and measured road curvature for PWA output feedback controller
with skid-concept rings.
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Figure 23. Vehicle positioning from video sensor: lateral offset and relative yaw angle for PWA output feedback
controller with skid-concept rings.

K-step does not seem to overcome the problem as the LMIs become infeasible, probably due

to the lack of flexibility for the decision variables.

Despite the errors on the estimated variables, no significant changes in the performance of

the PWA output feedback controller with respect to the PWA state feedback controller can be

noticed.

It is interesting to note the reduction on the steering action after the first switch from R2

to R3 at approximately t = 12 s as shown in the bottom plot of Figure 21. On the top plot of

the same figure, it can be seen that the reduction of the control input τa due to the action of

K3 and m3, is able to reduce the vehicle sideslip angle, as an attempt to avoid the saturation of

the lateral tyre force that can be seen in Figure 22. The controller even switches back to R2,

but since it is still negotiating the curve, a more pronounced input torque is required to avoid

the lane departure.
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Similarly to the results presented for the PWA state feedback controller, an excursion from

the lane occurs briefly in the time interval 13 < t < 14 s, as it can be seen in Figure 17 from

the projected position of the front wheels, which are computed based on the lateral offset and

relative yaw angle shown in Figure 23.

While negotiating the following curve to the right hand side (for t > 17 s), some switches

can also be noticed. In this case, it is mainly due to the overestimation of the front wheel

sideslip angle as can be seen in Figure 22. Nevertheless, the action of the overall controller

is able to negotiate the S-turn and steer the vehicle back to the centre of the lane, when the

driver retakes control of the vehicle, deactivating the assistance.

5. Conclusions

In this article, PWA state and output feedback controllers are synthesised for the design of

a lane departure avoidance system, which is able to handle strong solicitation of the lateral

dynamics. By choosing beforehand the closed loop equilibrium point and using Lyapunov

stability conditions, the synthesis of the controllers can be casted as a BMI optimisation

problem.

Despite the availability of software to solve BMI, the use of the V–K method to obtain

a suboptimal solution has been particularly advantageous due to the availability of a state

feedback controller for linear model. Consequently, the main challenges have become the

adequate modelling and the optimisation of the controllers for the affine operating regions.

The PWA state feedback controller has been deployed as lane departure assistance system

and evaluated in practical implementation. The results have shown satisfactory performance

and adequate action to avoid the tyre forces saturation on degraded road adhesion.

Nevertheless, the reduction on the steering action may deteriorate the vehicle trajectory and,

depending on the road profile, this control action may not be sufficient to keep the vehicle in

the lane which implies that a combined control action may require to generate the adequate

yaw moment.

The vision algorithm has shown some limitations that prohibited the evaluation of the

controller for more demanding manoeuvres. Being designed for the detection of a single lane,

it was not able to restore and treat the images adequately when sudden direction changes or

lane excursions took place.

As currently commercialised vehicles are not equipped with sideslip angle sensors (COR-

REVIT), and their costs render it impracticable to be introduced in production, a solution

avoiding the use of such sensors has been implemented. PWA output feedback controller uses

an estimator–regulator structure to estimate the vehicle sideslip angle, and the PWA output

feedback controller can be designed, based on a piecewise quadratic Lyapunov function.

The lack of bounds for the observer gains combined with the objective function of max-

imising the Lyapunov decay rate has caused the poles of the observer dynamics to become

very fast, which is not desirable when discretisation is needed for practical implementation.

The results from the practical implementation are equivalent to those of PWA state feedback

controller, from which it can be concluded that the observer-based control synthesis is adequate

for the design of a driving assistance system that takes into account the nonlinear tyre forces

and is based only on sensors currently in use.
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