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Abstract

This paper states asymptotic equivalents for the three first moments of the Eescher trans-
form of a distribution on R with smooth density in the upper tail.
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1 Introduction

Let X denote a real valued random variable with support R and absolutely continuous distri-
bution Px with density p.
The moment generating function of X

O(t) := Elexp(tX1)] (1.1)
is supposed to be finite in a non void neighborhood N of 0. This hypothesis is usually referred

to as a Cramer type condition.

The tilted density of X (or Eescher transform of its distribution) with parameter ¢ in A is defined
on R by

t
mi(z) = ex;?ftf)p(x) (1.2)
For t € N the functions
t— m(t):= %log (1), (1.3)
2
t— s2(t) = % log ®(t), (1.4)
& .
t— pj(t) = g7 log ®(t),j = 3,4. (1.5)

are respectively the expectation and the three first centered moments of a random variable with
density ;.
When & is steep, meaning that

lim m(t) = oo (1.6)
t—tt
and
lim m(t) = —o0
t—t—
where t* := esssupN, and ¢~ := essinf N then m parametrizes R (this is a special case of

steepness, see Barndorff-Nielsen [1]). We will only require (1.6) to hold.
This paper presents sharp approximations for the first three moments of the tilted density 7
under conditions pertaining to the shape of p in its upper tail, when ¢ tends to the upper bound

of N.



2 Notation and hypotheses

The density p is assumed to satisfy the following requirements. It is a bounded density function
of the form

p(x) = cexp(=(g(z) — q())) z € Ry, (2.1)

where c is some positive normalized constant. For the sake of this paper, only the form of p for
positive x matters. The function g is positive,convex, twice differentiable, and satisfies

9(z) — 00. (2.2)

Tr xT—o0

Define h(x) := ¢'(z). We assume that there exists some positive constant ¢, such that

1 NG
sup |q(v)] = ol —=——=, h € Rg, sup |q(v)| = 0( > , h € Ry,
|lv—z|<dz L300 RV xh(m) ’ |[v—z|<dz L=00 h(m.)Z
(2.3)

where Rg and R, are defined below.

Not all positive ¢’s satisfying (2.2) are adapted to our purpose. We follow the line of Juszczak
and Nagaev [5] to describe the assumed regularity conditions of h.

Two cases will be considered. The first one is adapted to regularly functions g, whose smoothness
is described through the following condition pertaining to h.

Case 1: The case when g is a Regularly varying function. It will be assumed that h belongs
to the class Rg, 8 > 0, which is the class of all measurable real values functions h defined on a
neighborhood of +o0o, which can be represented by

where [(x) is a slowly varying function with Karamata representation

I(z) = exp </1 @du> , z>1, (2.4)

u

and e(z) is twice differentiable and e(x) — 0, together with
T—00

satisfies

lim sup z|€'(z)| < oo, lim sup 22|’ (2)] < oo (2.5)

T—r00 T—00

Case 2: In this case g is a rapidly varying function. The behavior of h at infinity is described
through its inverse function

P(u) :==h" (u) == inf{x : h(z) > u} (2.6)

which is a slowly varying function with some regularity, to be stated through the following
description.
The class Ry is the subclass of the slowly varying functions with e(z) twice differentiable and

() — 0, which satisfy further [(x) —2 00 and

/ 2.1
T O, lim @) (2.7)

z—oo €(x) z—oo  €(x)




and for some 7 € (0,1/8)
lim inf z7¢(x) > 0. (2.8)

T—00
We say that h € Re if h is increasing and strictly monotone and its inverse function
belongs to Ry.

Denote R := ( U Rg) U R which covers a large class of functions, with either regular or rapid

B>0
variation at infinity.

We will assume that
h belongs to R.

Remark 2.1. The role of (2.4) is to make h(x) smooth enough. Under (2.4) the third order
derivative of h(x) exists, which is needed in order to use a Laplace method for the asymptotic
evaluation of the moment generating function ®(t) as t — oo, where

O(t) = /OOO e p(x)dr = c/ooo exp(K (z,t) + q(x))dz, t € (0,00)

in which

K(z,t) =tx — g(x). (2.9)
If h € R, then for large t, K(x,t) takes its maximum at & = h* (t) and is concave with respect
to x.

The evaluation of ®(t) for large t follows from an expansion of K(x,t) in a neighborhood of &,
using Laplace’s method. This expansion yields

"% 3 (3
K(z,t) = K(&,t) + K'(,t)(z — &) + M(;c — &)+ W(:c — &) + e(w,t)
= K(i,t) — %h’(ﬁc)(x — &) — éh”(ﬁc)(x — &) +e(x,t), (2.10)

where €(x,t) is some error term. Conditions (2.5), (2.7) and (2.8) guarantee that e(x,t) goes to
0 when t tends to oo and x belongs to some neighborhood of .

Example 2.1. Weibull density. Let p be a Weibull density with shape parameter k > 1 and
scale parameter 1, namely

p(x) = kzFLexp(—zF),z >0
= kexp(—(zF — (k — 1)log z)).
Take g(z) = 2* — (k — 1) logz and q(z) = 0. Then it holds

k—1 k—1
h —k k—1 _ k—1 k— )
() x — =t e

Set l(x) =k — (k —1)/2* & > 1, then (2.4) holds, namely,
l(x) = exp </ @du> ,o > 1,
1 u

k(1)
@) =

The function € is twice differentiable and goes to 0 as x — oo. Additionally, € satisfies condition
(2.5). Hence we have shown that h € Rj_.

with



Example 2.2. A rapidly varying density. Define p through
p(z) = cexp(—e* 1),z > 0.

Then g(z) = h(z) = e*~ and q(z) = 0 for all non negative x. We show that h € Ry. It holds
Y(x) = logx + 1. Since h(x) is increasing and monotone, it remains to show that ¥ (x) € Ro.
When x > 1, ¢(x) admits the representation (2.4) with e(x) = 1/(logx + 1). Also conditions
(2.7) and (2.8) are satisfied. Thus h € Roo.

3 An Abelian-type theorem

We have

Theorem 3.1. Let p(z) be defined as in (2.1) and h(x) € R. Denote by m(t), s*(t) and us(t)
the functions defined in (1.3), (1.4) and (1.5). Then with ¢ defined as in (2.6), it holds

m(t) = w(B)(1+o(1)), (3.)
() = ¢(H1+o(1), (3.2)
ps(t) = "(B)(1+o(1)), (33)

The proof of this result relies on Lemmas 4.2, 4.3, 4.4 and 4.5. Lemma 4.1 is instrumental for
Lemma 4.5. The proof of these Lemmas and of Theorem 3.1 and Corollary 3.1 are left to Section
4.

Remark 3.1. As a by-product of Theorem 3.1, we obtain the following Abel type result
®(t) = ev2moeX @D (1 + (1)),

where K (2,t) is defined as in (4.11) and o is defined in the beginning of Section 4. It is easily
verified that this result is in accordance with Theorem 4.12.11 of [2], Theorem 3 of [3] and The-
orem 4.2 of [5].

Corollary 3.1. Let p(x) be defined as in (2.1) and h(x) € R. Then it holds

. g((tt)) — 0 (3.4)

Proof:The proof relies on Theorem 3.13.1 and is put in Section 4.

4 Appendix: Proofs

For density functions p(z) defined in (2.1) satisfying also h(xz) € R, denote by 1(x) the inverse
function of h(z) and o2(v) = h'~!(v),v € R,. For brevity, we write , o and [ instead of Z(t),

o((t)) and I(t).
When ¢ is given, K (x,t) attains its maximum at & = (¢) as seen in Remark 2.1. The fourth
order Taylor-Lagrange expansion of K(z,t) on x € [& — ol, & + ol] yields

K(z,t) = K(i&,t) — %h’(a&)(m —#)? - éh”(ﬁc)(x — &) +e(x,t), (4.1)

for some 0 € (0,1)
ez, t) = —%h@) (& +0(x — 2))(x — 2)" (4.2)



4.1 Some useful Lemmas

The following Lemmas will be useful for proving Theorem 3.1 and Corollary 3.1.

Lemma 4.1. It holds

log o) W)
fltw(u)du t—00

Proof:
Case 1: If h € Rg, by Theorem (1.5.15) of [2|, there exists some slowly varying function {; such
that 9 (x) ~ /P11 (z) holds. Hence (see Theorem 1 of [4], Chapter 8.9 or Proposition 1.5.8 of

2) N
' toh(t) _ Brg(l)
/1 P(u)du N %—i— TR (4.4)

On the other hand, 7/(x) = 7~ 1(x)(8 + €(z)). Thus we have as 2 — oo

|log o(x)| = [log (' (x)) 2

‘%((ﬁ — 1) logx + logl(x) + log(8 + €(x)))

Firstly, I(z) is a slowly varying function thus logi(z) = o(x®), for « > 0. Hence for z large
T—r00

enough and for all § > 0, we have |logl(x)| < 0z“. Secondly, |logz| < 0z7, for v > 0, and
x large enough, and for all § > 0. Thirdly, e(xz) — 0 which implies that for x large enough,

T—00

le(x)] < C, for some positive constant C'. Hence |log(5 + €(x))| < 9B+ e(x))? < ¥(B+ C)", for
n > 0, x large enough and for all ¥ > 0. Consider the special case a =d=v=0=9 =n=1.
We obtain

llog o(x)| < 5(8 + (6 + C).
Set x = 1(t); we get for ¢ large enough
1
[log o (4 (1)) < 5(B9(1) + (8 + C)),
which, together with (4.4), gives

[loga(y(t)] _ Bv@t) +(6+0C) - 1 sec
JLotde 2500 (45 = 1+ 8) (5 + gy ) 2.0

2t ' 2BtY(t)
which yields (4.3).

Case 2: If h € R, then since ¢(x) € EO is slowly varying as © — oo it holds, as t — oo

/ " () ~ t(t) (45)

(see Theorem 1 of [4], Chapter 8.9 or Proposition 1.5.8 of [2]).
Additionally, we have h/(z) = (v~ (2)) = 1/ (v~ (x))) = 1/¢/(t) with z = 9(t). It follows

[log ()] = [log(h ()| = 2 log /(1)



Since (t) € Ry, it holds

oz o((1))| = 5|10z /(1) = §l1oa(w(® ")
< 5 (118 (1)| + 1o ()] + [Tog(1)
<t+ (i, (4.6)

for some positive constant C7. Indeed, since 1(t) is a slowly varying function and €(t) b 0, we
— 00

have for t large enough, as previously, |log ¥ (t)| < t, |logt| <t and |loge(t)| < C for C' = 2C.
(4.5) and (4.6) imply (4.3)

logo(w(®)| _t+Cy_ 1 G

[Towdu = W0 90 WD) o

This completes the proof.

Lemma 4.2. For p(z) in (2.1), h € R and for any slowly varying function | such that l(t) —

t—o0
oo, it holds
sup %) (& 4 z)o** — 0. (4.7)
|$|§O’l t—o00
where [ := [(t).
Proof:
Case 1: If h € Rg, then we have h(z) = 2°ly(z), lo(z) € Ro, B > 0, for = large enough. The
function A is three times differentiable
W (z) = Bz’ g(x) + 2P1)(z), (4.8)
W' (@) = B(B = )"l (x) + 28277 Ug (x) + 27Ig (=),
RO () = B(B — 1)(8 — 2)2°lo(x) + 38(8 — )2’ 1)) + 3625 (x) + 2A1P (2).  (4.10)

Since [y € Ry, it is easy to obtain

lo()

lo(z) = = —e(a), (4.11)
(x) = loggf) ((2) + 2 () — e(x)), (4.12)
1§ (@) = loif) (€ (x) + 32¢ (x)e(x) — 3¢3(x) — 22€ (z) + 2e(x) + %€ (x)). (4.13)

Under condition (2.4), there exists some positive constant C; such that |e(z)| < C) for x large
enough. Under conditions (2.5), there exists some positive constants Cy and Cj such that
z|d(z)| < Oy and 22|€"(x)| < Cs, for x large enough. Together with (4.12) and (4.13), there
exists some positive constants )1 and Qo such that, for x large enough,

lo()
,172

l
15 @) < 22

1(x)] < Q1

)

Including these results in (4.10) yields with some positive constant Q3 and for x large enough,

19 @) < Qs (4.14)

x



By definition, we have o%(z) = 1/h'(x) with A'(x ) = BB y(z) + 2Pl (x) = 2P Vp(2)(B +
e(x)) = h(z)(B + e(x))/x, thus o?(z) = x/(h(z)(B + €(x))). Hence it follows that
2 0'2(5[?) _ z 1[)(75) ¢(t)

T G~ 05 @) o a0 L0, (415)

where the last equality follows from () e and €(x) — 0, which implies, by composition,
—00 xT o0

W(t) — 0.
Result (4.15) implies

ol l 0
¢( ) t%oo ﬁtw( ) t~>oo

since [ slowly varying then negligible compared to any power of ¢t. This means that

ol T o(Y(t)) = o(2). (4.16)
By (4.14) we have
sup [h3) (& + )] < sup ng (4.17)
2| <ol w|<ol (2 +2)3
Since * = o(#) on{z : |z| < ol}, then 2+ ~ 7 and (2 +x)> ~ #3. Moreover, since
t—o0 t—o0 t—r00

h(z) = 28lg(z) for x large enough and lo(x) € Rp, then h(d + z) = (& + 2)Plo(2 + ) e
Plo(2 + z). By (2.4),

- T+
lo(& ‘i‘ z) — exp (/ @d >
lo(z) 1 u
T+x E(U)
- &P </:i T ) t~>oo ( > t~>oo
seeing that & — oo and €(2) = 0. Thus we obtain h(Z + x) ( ). Together with (4.17),
—00
we have h#)
. z
sup [h*)(2 +2)| < Qs—3" = Qs 73~ (4.18)
|z|<ol 1,[) ( )
which, combined with (4.15) yields
sup [h®) (& + )1t < Q3 4 Qsl* — 0,
|z| <ol 1/}3( ) t—>oo ﬁQW( ) =00

since [ varies slowly. This proves (4.7).

Case 2: If h € Roo, we have h/(z) = 1/¢/(h(x)). Since & = 9(t), we have h(&) = t. Thus it
holds

B (%) = Wl(t), (4.19)
h"(2) = — (;}/’, (g))Q’ (4.20)
(3) / _ " 2



Notice if h(#) € Roo, then 9(t) € Ry. Therefore we obtain

¥(t)

Y(t) = —elt), (4.22)
v = () 116 (t) ~ ete)
() €(t)
==y e(t) L —e(t) — ¢ <0 ) (4.23)
YO(t) = %(e%) — 3e2(t) + 2e(t) — 2t€' () + 3te (t)e(t) + t2€"(t))
_ v 2t (t)  t2€'(t)

e(t)(2 + €2(t) + 3te' (t) — 3e(t) — ) (4.24)

+3

Putting (4.22),(4.23) and (4.24) into (4.21), we get

wQ(tgf(t) le(t) — 62@) — L (t) + 2 €t 4 ¢2 t) _ gy2 (E'(t))Q]

. et e(t e2(t
R (&) = — T @®) (®) )
t3
2 € (1) 2¢”(t) 2 (€'(1)?
e (t) —e(t) +te'(t) — 2t R O Ar=10)
t(t)e(t)
1
= S — 4.2
= (www) 429)

since €(t) hvd 0, te'(t)/e(t) hd 0, 2" (t) /e(t) hd 0 by (2.7) and te'(t) = e(t) xte'(t)/e(t )

As previously o2 = ¢/(t) = ( )e(t)/t = o(¥(t)/t), then al/i(t) < 1/\/t(t) . 0. By (2 8)
— 00
x"e(x) > C with C some positive constant and n € (0,1/8). Thus we obtain

o Q
W@ < i = ey

Notice that ol I o(¥(t)) = o(z); therefore

—00

1

sup |h®) (& + z)| < Qs Q1

jal <ot = (@ — o) 1(@ — ol) tee (h(z — ol) & too ( x) , (4.26)

since h(x) is increasing. Moreover, h(z) — oo and & — ol 2 and 1 —7n > 0 imply
T—00

1/(h(& — ol))1=" — 0. Thus it follows that
t—r00

:Q5%2t)l — 0

t—00

3) (5 494 - Qs (V(1)* 4
s WG+ ot <

for some positive constant ()5 and where [ and v are slowly varying. This completes the proof.

Lemma 4.3. For p(z) in (2.1), h € R and for any slowly varying function I(t) 00 it holds
—00

h®) (& + z)
and
r"(2)o%l — 0, r"(z)o* — 0. (4.28)
t—o0 t—o00



where [ := [(t).

Proof:
Case 1: h € Rg. Using (4.9), (4.11) and (4.12), we get

W'(x) = &2l (@)(B(8 — 1) + (28 — De(x) + €*(2) + z€'(x)
~ 272 (2)(B(B — 1) + 2 (x)), (4.29)

T—00

By (2.5), for some real M, we have z|¢/(x)] < M which implies z€'(z) > —M. Let N :=
B(B—1)— M . Since & = 1(t), for ¢ large enough it holds

t
W'(2) > N—— 4.30
(6) 2 N (4.30)
which, together with (4.15) and (4.18), yields
R (3 t Pt t l
sup ’75,36:1-96)0” < G 3 L0 )l: s — 0 (4.31)
|z|<ol h (.%') N (t) t Bt N ﬁﬁ/)(t) y—oo
since [ varies slowly. Hence we get (4.26).
From (4.15) and (4.18), we obtain for ¢ large enough and some positive constant Qg
R topi(), Qs I
R ()03l < Qg —1 = — 0, 4.32
B0 < Qo iy 532 = 52 VoD o 432)

as sought previously. This implies that the first limit in (4.28) holds. Likewise we get the second
limit in (4.28) since

1" t ¢2(t) _ Q7
r'(2)ot < Q7¢2(t) Pe = 5 = 0 (4.33)
for some constant Q7.
Case 2: h € Ry. Using (4.20), (4.22) and (4.23) we obtain
" 2
Wia) =W v g gy - L qheay). s

(W/(8)? tooe 12 W2(H)E2(H) t=o0 (t)e(t)
Combining (4.26) and (4.34), using 0 = (h’(i“))fé, we have as ¢ — oo and for some positive
constant Qg

h(3)(§7+ z) 0s M
22 Ty NS e OOV T AL

where €(t) vd 0, I and v vary slowly. h®) () hd 0 according to (4.25) and €(t) = 0. For

some positive constant (Qg, we can write for large ¢

sup |h(3) (Z+2)
|z|<ol h”(j)

where [ and 1 vary slowly. This implies (4.27).

D3 (1)l

all < Qo i

Using (4.34), we have

PP B 200 X0 SRV OO
@ s g (T




where 1 and [ vary slowly and €(t) 2 0. This implies that the first limit in (4.28) holds.
—00
Similarly we have
t)e(t
v

1"eaN 4
h (1‘)0’ t—o00 t2 t—00

hence the proof of the second limit in (4.28).

Lemma 4.4. For any slowly varying function | such that I(t) 2 00 1t holds
—00

T, t
sup M — 00, (4.35)
yE[—l,l] h (1’)0’ t—o0

where &(z,t) = e(x,t) + q(x) and | :=[(t).

Af)i(l)gsi look to the proof of Lemma 4.3 shows that (4.27) can be slightly modified into
3) (3

o,y 20

Hence for y € [—1,1], by (4.2), it holds
e(oy+,t) ‘ KO (& + 0oy)(ol)*|  |hO) (& + oy)ol?
W (2)o3 W' (&)od K (2) ’
with 6§ € (0,1). Let 2 = foy. It then holds |z| < ol. Therefore
e(oy + 2,1)| ' _ h3) (& + x)ol?

n'(&)o3 |~ h'(z)

Hence .
e = [T (40

by Lemma 4.3.

Under condition (2.3), setting x = (), we get

1
sup  Jq(v)] = o ,
o= ()| <V (1) t=o0 tah(t)

e
wpa(v)] = ( tJ)),
o= ()| <09 (1) e

for h € Rg and

for h € Ry.
We have to prove that

— 0. (4.37)

t—o00

q(oy +2)
h”(i)ag

Case 1: h € Rg. We have h(z) = 2°ly(x),lo(x) € Ro, 3 > 0. Hence
W (z) = 27 o (2)(8 + €(x)).

10



Notice that o2 = ¢/(t) = 1/ (¢(t)) It holds

l l l
a__ _ 0, (438)

O IOVID)  900) T o) (6 + )t

o=

since 1(t) ~ t%ll(t) for some slowly varying function [y, lp varies slowly and e(¢(t)) — 0.
t—00 t—ro00
We can write (4.38) as

ol = o(YY(t)).

t—o00

Thus {v: |[v —¥(t)] < ol} C {v:|v—y(t)] <IYP(t)} which implies

sp g < sup  |g(v)] = ( ! ) (4.39)

lo—4(t)| <ol T o—gp(t) | <ow(t) t—00 tah(t)

By (4.15) and (4.30), it holds for ¢ large enough

‘q(ay + %)

n'(2)o? o (ﬁf

<lqloy + 2)|— r o

= lg(oy +2)| 5 VI D).

Let v = oy + Z, then |v — (t)| < |oy| < ol. Thus we obtain

e

sup  |q(v)|==+/ty(t) — 0, (4.40)

'q(ay + )
T o—(t)| <ol N t—o0

1 (7)o

where last step follows from (4.39).

Case 2: h € Ry. For any slowly varying function I(¢) it holds

ol YOl | et) 1

N O R O M | vy
hence we have
Y(t)
= . 4.41
|v71?12€1):7§ol la()l, = 0( 2 ) (4.41)

Using this relation and (4.34), when y € [—[,], it holds for ¢ large enough

q(oy + ) N ) +
‘ W (£)03 | t—oc lg(oy + 2)| DD)e()
+5
S Ly ey
<YM tr @ (4.42)

12 U(t) 415 1o

for some constant @, since (2.8) implies €(t) > C/t", for n € (0,1/8) and some positive constant

C.
Combining (4.40) and (4.42) completes the proof.

11



Lemma 4.5. For a € N, denote

U(t, a) ::/ (x — 2)*e"p(x)dz. (4.43)
0
Then A
U(t,a) = co® T eKEDT (1 ) (1 + o(1)), (4.44)
—00
where s ) o s )
Vo, Y h'(z)o® [z o y
Tl(t,a):/ s Y exp(=T)dy — ( L VT exp(—7)dy. (4.45)
V2 e
Proof:

Given a slowly varying function I(¢) with [(¢) T 00, We define the interval I; as follows
—00

1 1
I 30 30
t-— \/5’ \/5 .

For large enough 7, when t — oo we can partition R, as
Ry={r:0<z<r}U{r:zvecz+L}U{z:x>10&i+ 1},
where 7 is large enough so that for z > 7, ¢(x) < log2. Thus we have
p(z) < 2ce—g(x). (4.46)

Obviously, for fixed 7, {# : 0 < x < 7}N{z : z € & + I;} =  since for large ¢t we have

x
1
min(z:xz € T+ 1) o0 Therefore 7 < & — 22 < Z. Hence it holds
—00

U(t,a) = / (x — 2)%ep(x)dr + / (x — 2)%ep(x)dr + / (x — &) p(x)dr
0 reT+1y cEi+1Iv,x>1

=Vt o) + Yat, ) + s(t, o). (4.47)
We estimate Uy(t, ), WUa(t, ) and ¥3(¢, o) in Step 1, Step 2 and Step 3.
Step 1: Using (4.46), for 7 large enough, we have

T T T
|Wq(t, )| < / |z — 2|" e p(x)dr < 20/ |z — & 9@ dy < 20/ e dx,
0 0 0

since when 0 < x < 7 < & then |z — Z| = & — z < & and g is positive.

Since . . . .
/ 2% dr = uﬁai _ < uﬁai
0 t ot -t
we obtain .
U1t 0)] < 208, (4.48)
for 7 large enough.
We now show that for A € R, it holds
etT N
— = o(c*M MBI (3)0%), (4.49)

t—o00
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with K(z,t) defined in (2.9). This is equivalent to

Fo etT

= K(#,t)
tao‘+4h”(§j) {00 0(6 )7

which is implied by

exp(—(a+4)logo — logt 4+ alog @ + 7t — log k' ()) = o(eX@),

t—o0
Since & = 1(t), it holds
K(#,t) = t(t) — g(4(1))- (4.50)
Setting u = h(v) in flt (u)du
t P(t)
[ vtwdu= [ sn) )
1 ¥(1)
¥(t)
= / vh/(v)dv
¥(1)
¥(t)
= [vh(v)]*", — / h(v)dv
Y e
= () — (1) — g(¥(t)) + 9(x(1)) (4.51)
by integration by parts, and then using h(z) = ¢'(z).
Finally (4.50) and (4.51) produce
t
= [ wtwau+ (1) - g, (1.52)
N t
By Lemma 4.1, log o S0 fl u)du). Furthermore K(z,t) o Ji ¥(u)du. Hence log o I
[e.9] — 00
o(K(Z,t)). It remains to show that ¢ o o(K(Z,t)), log & o o(K(z,t)) and log h” (%) I
o o — 00

o(K (i,1)).

e If h € Rg, by Theorem (1.5.12) of [2], it holds ) (z) - x%ll(az) for some slowly varying
function [y (z). Together with (4.4) and (4.52), this yields

K(o,t) [ wde o .

Consequently,

t 1+8 1
K@0) toe B (D) o

which is equivalent to ¢ = o(K(Z,t)). In addition, logz = logy(t) ~ (%)logt +
t—»00 t—r00
logli(t) = o(t) = o(K(z,t)), using the slow variation of 1 and logt = o(t). For
t—»00 t—»00 t—r00
the same reason and using (4.29), we have log h”(z)/t < Q(logt — 2log)(t))/t = 0
—00
which implies log h”’(Z) = o(t) = o(K(&,t)). Since K(Z,t) — oo and using previous
t—r00 00 t—r00

t—
results, then we have that (4.49) holds.

13



e If h € Ry, Y(x) € Ry is slowly varying. Thus logd = log p(t) I o(t). Therefore, by
(4.5) and (4.52), it holds ¢ .

sequently, log .

o(K(z,t)); using the same method as previously. Con-
—00
o(K(Z,t)). (4.34) yields logh”(z) < Qn"(z) L Q/Y(t)e(t), for
—00 —

oo

some positive constant Q. Thus we have logh”(2)/t < Q/(ty(t)e(t)) < Q1/(t1™Mp(t)),
for Q1 = Q/C, since €(t) > C/t", for some positive constant C' and n € (0,1/8). Since
Q1/(t1(t)) o2 0, then log h"() I o(t)) I o(K(z,t)). We get (4.49).

oo —00 —00

(4.48) and (4.49) yield together

Wit )| = o(e® 1R EIR (2)0%).

(4.53)
Step 2: By (2.1) and (4.1), as t — oo
Uy (t,a) = / (x — &) ceS@DFa@) gy
rEZ+1
1 1
= / (x — &)%exp ((K(ﬂ%,t) — —W(@)(x —2)? — Zh"(2)(x — )3 + 5(36,15))) dx,
rex+1t 2 6
where &(x,t) = e(z,t) + q(x). Making the substitution y = x — /o, it holds
3
3z 2,2 3,3
V2 . . N
Uy(t, o) = cao‘eK(”)/ l; y* exp <—%h'(m) - %h"(m) +&(oy + m,t)) ody
“y
X % g2 o3P
= co® 1K@ / 1 Yy exp <—7 - Th”(i“) +&(oy + i,t)) dy (4.54)
V2

where the last equality follows from b/() = 1/02.

On{y:ye (—z%/ﬂ,z%/\@}, by (4.28),

first order Taylor expansion

W' (&)o%y?| < ‘h”(&%)a?’l‘ﬂ% — 0. Perform the

t—o00

"(&)o? R W' (&)o3 R
exp (—(T)y?’ +&(oy + l',t)> = 1= %y?’ +&(oy + &, ) + 01(L,y),

where s
o1(t,y) =o <_ (?U y3 +&(oy + i,t)) . (4.55)
We obtain
13
V3 2 3,3
[ oo (- - T o+ 2.0 )
V2
i3 X )
V32 h' (&
=] (1 - (?U Y Eloy+at) + 01(t,y)> y* exp (—%) dy = Ti(t, a) + Tu(t, ),
V2
where T} (t, @) is defined in (4.45) and
1
: -
Tt,a) = [ (elow+ 2.0+ orlt)) yexw (- )
V2

14



For Ty(t, ), using (4.55) we have for ¢ large enough

7 2
A V2 Y
el < s ey a0 [ e (<) do

_ﬁﬁ V2
vel- 5,751
1
13
V3 n'(z)o . N 2
# [ (o (P20 + oteto-+ a0 ) ot exp (- )
V2

R X . 1 o
where SUP. 13 /308 vl |€(oy +2,1)| < supyei_yy [§(oy + 2, 1) since 13/y/2 < 1, which is

equivalent to [ > 1/8, is true for ¢ large enough. This implies [—l%/\/ﬁ, l%/\/i] C [-1,1]. Thus

2 h// j o 2
ly| eXP( Y >dy+‘0< )‘/ ly[>t* exp (—%) dy

w\»—‘

|To(t, )| <2 sup |{(oy + ,t) |/
yel-1, l]
1

1 1
h// l 3 2 % o 2
=F<—il—>‘ / ly|* wp<—2>dy+/l%WFFem<—%>dy,

\/5 V2

S
CD

cni%>

where the last equality holds from Lemma 4.4. Since the integrals in the last equality are both
bounded, it holds

Ty(t,a) = o(h"(&)o?).

t—o00

ol

l

When « is even, we have T (t, o) = [ V% y®exp <——) dy ~ \/27TMa, where M, = a!/(2%%(a/2)!)

1
13

%)

2
is the moment with order « of a standard normal distribution. It follows by (4.28) in Lemma 4.3

To(t, ) h”()
Tito) = \/%M t;)oo' (4.56)

When « is odd, we have Ty (t, o) = —M(TW f ly|> T exp (——) dy %\/ 2mMoays,

t —00

quw

where M,z = (a + 3)!/(20@+3)/2((a 4 3)/2)!) i
normal distribution. It follows

Tg(t,a) 6
= ——o(1) — 0. 4.57
Tl(t7a) t=oo  \/2m My 3 ( )taoo ( )

(4.56) and (4.57) imply that, for a € N,

the moment with order o + 3 of a standard

(IJ

To(t,o) = o(Ti(t,)). (4.58)

t—o00

Using (4.55) and (4.58), we get

Uy(t,a) = co®exp (K (&,t)) T1(t, a)(1 + o(1)). (4.59)

Step 3: For any ¢, K(z,t) as a function of x is concave.
The Three Chords Lemma implies, for z — K (z,t) concave and (z,y,z) € Ry such that z <
y<z

y—z - T—2z - T —y '

(4.60)
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Since z — K(z,t) is concave and attains its maximum in Z, we consider two cases: = < &
and ¢ > 2. Consider a positive real z such that x ¢  + [, and x > 7. This implies that

x>sup(7’,a§—|—ll\//3§") ::E+ll\//3§(’ >TorT<r<i— l\/[a < z. For x < z, by (4.60), we have
LY N
K(r,t) — K(i,t) K@ —55) - K(@,1)
=280 < — (461
V2
Similarly for x > z,
L M3 A
K(x,t) — K(#,1)  K@+55) - K(@,1)
o < 2 (4.62)
V2
(4.61) and (4.62) are summed up as
N N 1/3 o
K(z,t) = K(i,t) _ K@+ sgnle - 2)Eo7) — K (i) 63)
r—I B sgn(z — uﬁ)ll\//%” ’ .
where
sgn(a — &) = 1 ifx>2
g -1 itr<é
Using (4.1), we get
K (& + sgn(x — )ll/g ) — K(&,t) < 1h’(A)z?/ff 2 Ly
T+ sgn(x 7 2,t) < =W (@)IT0% = =177,
which, combined with (4.63), yields
\/5[1/3
Ko, t) — K@) < —Y2' |z — 2
@t) - K@< -2 s
We obtain
|Ws(t, )| < 2¢ / 2 — &|%eK @D dy
cET+ 1, x>1
. 2 1/3
§206K(m’t)/ ) |x — | exp —£—|:c—i“| dz
|z — m\>l\/f S L>T 4 o
. 2
_ QCeK(x,t)O.cH-l/ ” ) ‘y’a exp _%ll/?:‘y’ dy
ly|> 175 > 150
K@) ot | [T V2 1/2 7% V2 1/3
= 2ce™ g %1/3 Yy exp _Tl y | dy + /Tz (—y)¥exp Tl y | dy
el -

= 2ceK @G (1 4 T,).

It is easy but a bit tedious to show that

\/_12
L= lua ¥ eXP( e

(e}
sits—a ;o= az(@1+1) al
= exp( ——l2/3 22
=0

(v —3)!

~ 25" exp(—zﬂ/f*)z%

t—o00
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and

11/3
Ja:/kQ( )exp( l1/3>

o

=1, +exp <\2_l1/37 )Z(

~ I, +exp< l1/37' ) 7’ l71/3
t—00
_ A ~ag—1/3
<I,+exp <£l1/37— :c) il
4 o o%
=TI, + M(t),

with z/o Al when h € R. Furthermore, since M () . 0, we have for some positive
— 00 — 00

constant )
. 1 o
[Ws(t,0)| < QeeR o exp(— 31215

With (4.59), we obtain
_ Qexp(—3*)175
B Ti(t, )|

' \Ifg(t, Oé)
\1/2 (t, Oé)

In Step 2, we saw that T} (¢, «) N V2w M,, for a even and Ti(t, o) o h” \/277Ma+3,
—00 — 00

for @ odd. Hence for a even and ¢ large enough

Us(t, o) exp(——l2/3)l
< — 0. 4.64
‘ \IIQ(t7 a) n V21 M, t—00 ( )

And for o odd and t large enough

‘\Ifg(t,oz) exp(——l2/3)l
Us(t,a) | — W,/gﬂwaJr3

For example, we can take [(t) = (logt)3.
If h € Rg, using (4.30), we have for ¢ large enough

. C
W'(@)o > —— (4.65)
2728
since 1 (t) N tY/P14(t) for some slowly varying function ;.
—00
With the choice of ls as above, we have
Uyt,a)| 1 1 11 15
3, o 2/3 4
< —e —— + —
“112@704) - C Xp( 4 ( ) > V2 Mays
1 (log 1)~
~ —ex logt)? | ~=—=+— — 0. 4.66
t—oo C p< ( & ) > \/ﬂMa—H’) t—oo ( )

If h € Ry, using (4.34), then we have

P(t)e(t)

(AN 3
h (1‘)0’ t—00 t3/2

)
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with ¢(t) a slowly varying function and e(t) > D/t", for n € (0,1/8) and some constant D by
(2.8). Thus it holds as t — oo and with the choice of [ as above

'\Ilg(t,a)

laT_l V 27TMO¢+3
\IIZ(t7 Oé)

1 1 1
< exp <_Zl2/3 + glogt ~ 3 log ¥ (t) — 3 log e(t)>

2\ (log#)**
XD < 4(log t) > NI d 0. (4.67)

As a consequence of (4.64), (4.66) and (4.67), for h € R, we obtain

U3 (t, o) T o(Va(t, a)). (4.68)

—00

The proof is completed by combining (4.47), (4.53), (4.59) and (4.68).

4.2 Proof of Theorem 3.1

By Lemma 4.5, if o = 0, it holds

L
2
— / 7%dy =2,
R

— 00

o~

since 1(t) 2 oo Hence we can approximate the moment generating function of X as follows.
—00

O(t) = /000 e p(x)dr = ¥(t,0)

= coe@OT(t,0)(1 + o(1))

t—o00

= V2r0ef@D (1 4 0(1)). (4.69)

t—o00

If o =1, it holds

where the first term goes to 0 as t — oo and the second term goes to 3v2m as t — oo. Conse-
quently, we obtain

Tl(t7 1) tjoo _w(l + 0(1))7
and
U(t,1) = —cV2mo’e K@ t>%%3(1 to(l) = —®(t) W (@)o! (1+0(1)), (4.70)
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which, together with the definition of W(¢, ), yields

00 "z 0_4
/ zep(x)de = U(t, 1) 4+ 2®(t) = <:?3 _h (2) (1+ 0(1))) D). (4.71)
0
Hence we get
o / Ool,et$ x)dx 2 i, 0,4
By (4.28), we obtain
m(t) o T =(t). (4.73)

If @ = 2, it follows

2 V3
= Var(1+o(1)). (4.74)
Thus we have
U(t,2) = a2 ®(t)(1 + o(1)). (4.75)

Using (4.70), (4.72) and (4.75), it follows
/oo(x — m(t))*e®p(z)dx = /oo(x — &+ 2—m(t) e p(z)dr
0 0
= / (z — &)%ep(x)dz + 2(2 — m(t)) / (z — &) p(x)dr + (2 — m(t))*®(t)
0 0

= U(t,2) +2(2 — m(t))V(t, 1) + (& — m(t))*®(t)

"4 o "(5o4\ 2
=" 0(t)(1+o(1)) - h'(&)o" ((I)(t)u> (1+o(1)) + <h ( ) ®(t)(1+ o(1))

2 2
"z 0,4 2
= o?®(t)(1+o(1)) — M<I>(1t)(1 +o(1)) = o®(t)(1+0(1)),

t—00 4 t—

where the last equality holds since h”(2)o® goes to 0 by (4.28). Hence

21og O(t)  D'(t) [ D'(t)\?
0=t 20 (50)

a2 (1) d(t)
z2el® x
_ fo @(t])?( z)d _ (m(t))2

Since

JoZ (@ —m(t))? e p(x)dax fo r2etp(x)dx B 2m(t) [y zetp(x)de N (m(t))? [;° e“p(z)ds
o(t) ‘P(f) o(t) (1)
$2 ta: T
= TS HOE iy
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we obtain

2 !
~ ='(t). 4.
D(t) 1500 7 (*) (4.76)
If a = 3, it holds

2
Thus we have

1
. hl/ N\ -3 13 1 2
U(t,3) = —cV 2rotel (@t (2)o \/lﬁ ySe™ s dy
6 _13 21
2
~ h// o 7
= —cMgV2meK@) (&) (1+0(1))
t—o0 6
(2 6
= "D 1)1 1 0(1)),

(4.77)
where Mg = 15 denotes the sixth order moment of standard normal distribution. Using (4.70)
(4.72), (4.75) and (4.77), we have

(@ —m@)epa)d = [ (o—3
/ |
= [ (@ + s - a7 -

= W(t,3) + 3(2 —

m(t)) + 3(z — &
m(t))¥(t,2) + 3(& — m(t))

W(E1) + (@ - m() (1)
"(z 06 " 4
= 5O a1 1 o1)) + 88 52001 1 0(1))
"(z 04 "o i
—3<ﬁ%%—> ()hg) (1+0(1 . > ()(1 +0(1))
= W @B+ o(1)) — K (#)o” <t>%<1+0<1)>
= —W(@)0%(1)(1 + o(1).

where the last equality holds since h”(2)o3 b 0 by (4.28). Hence we get

3 1o e —m 3etx
i = L5210 _ =m0

e @) = %w))g — (2).

(4.78)
The proof is completed by combining (4.73), (4.76) and (4.78)
4.3 Proof of Corollary 3.1

The proof follows from (4.28), from which h”(%)o® P 0 since I(t) — oo. By (4.76) and (4.78)
—00
it holds

3 .
B~ w(@)e® — 0.
S° t—o0 t—o0

(4.79)
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