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Abstract

We estimate the support of a uniform density, when it is assumed to be a convex
polytope or, more generally, a convex body in R%. In the polytopal case, we construct
an estimator achieving a rate which does not depend on the dimension d, unlike the
other estimators that have been proposed so far. For d > 3, our estimator has a better
risk than the previous ones, and it is nearly minimax, up to a logarithmic factor.
We also propose an estimator which is adaptive with respect to the structure of the
boundary of the unknown support.

Keywords: adaptation; convex set; density support; minimax; polytope.

1 Introduction

Assume we observe a sample of n i.i.d. random variables X;,¢ = 1,...,n, with uniform
distribution on some subset G of R? d > 2. We are interested in the problem of estimation
of G. In particular, this problem is of interest in detection of abnormal behavior, cf.
Devroye and Wise [11]. In image recovering, when an object is only partially observed,
e.g. if only some pixels are available, one would like to recover the object as accurately as
possible. When G is known to be compact and convex, the convex hull of the sample is
quite a natural estimator. The properties of this random subset of R% have been extensively
studied since the early 1960’s, from a geometric and probabilistic prospective. The very
original question associated to this object was the famous Sylvester four-point problem:
what is the probability that one of the four points chosen at random in the plane is

inside the triangle formed by the three others 7 We refer to [1] for a historical survey and



extensions of Sylvester problem. Of course, this question is not well posed, since the answer
should depend on the probability measure of those four points, and the many answers that
were proposed, in the late 18th century, accompanied the birth of a new field: stochastic
geometry. Rényi and Sulanke [22, 23] studied some basic properties of the convex hull
of X;,i =1,...,n when G is a compact and convex subset of the plane (d = 2). More
specifically, if this convex hull is denoted by CH (X7, ..., X, ), its number of vertices by V,
and its missing area |G\CH (X,...,X,)| by 4,, they investigated the asymptotics of the
expectations E[V},] and E[A,]. Their results are highly dependent on the structure of the
boundary of G. The expected number of vertices is of the order n'/? when the boundary
of G is smooth enough, and 7 Inn when G is a convex polygon with r vertices, r > 3. The
expected missing area is of the order n=2/3 in the first case and, if G is a square, it is of the
order (Inm)/n. May the square be arbitrarily large or small, only the constants and not
the rates are affected, by a scale factor. Rényi and Sulanke [22, 23] provided asymptotic
evaluations of these expectations with the explicit constants, up to two or three terms. In
1965, Efron [14] showed a very simple equality which connects the expected value of the
number of vertices V41 and that of the missing area A,. Namely, if |G| stands for the

area of G, one has
|G|E[Vy41]
= 1
n+1 7 (1)

independently of the structure of the boundary of G. In particular, (1) allows to extend

E[Ay]

the results of [22, 23] about the missing area to any convex polygon with r vertices. If G
is such a polygon, E[A,] is of the order r(Inn)/n, up to a factor of the form ¢|G|, where
c is positive and does not depend on r or G. More recently, many efforts were made to
extend these results to dimensions 3 and more. We refer to [28], [15], [13] and the references
therein. Notably, Efron’s identity (1) holds in any dimension if G C R? is a compact and
convex set and |G| is its Lebesgue measure.

Barany and Larman [4] (see [3] for a review) proposed a generalization of these results
with no assumption on the structure of the boundary of G. They considered the e-wet part
of G, denoted by G(g) and defined as the union of all the caps of G of volume |G|, where a
cap is the intersection of G with a half space. Here, 0 < e < 1. This notion, together with
that of floating body (defined as G\G(¢)) had been introduced by Dupin [12] and, later, by
Blaschke [5]. In [4], the authors prove that the expected missing volume of the convex hull
of independent random points uniformly distributed in a convex body is of the order of the

volume of the 1/n-wet part. Then the problem of computing this expected missing volume



becomes analytical, and learning about its asymptotics reduces to analyzing the properties
of the wet part, which have been studied extensively in convex analysis and geometry. In
particular we refer to [24], [25], [27], [20] and the references therein. In particular, it was
shown that if the boundary of the convex body G is smooth enough, then the expected
missing volume is of the order n=2/(4+1) and if G is a polytope, the order is (Inn)4=1n=1,

All these works were developed in a geometric and probabilistic prospective. No efforts
were made at this stage to understand whether the convex hull estimator is optimal if
seen as an estimator of the set G. Only in the 1990’s, this question was invoked in the
statistical literature. Mammen and Tsybakov [19] showed that under some restrictions on
the volume of G, the convex hull is optimal in a minimax sense (see the next section for
details). Korostelev and Tsybakov [17] give a detailed account of the topic of set estimation.
See also [8], [9], [10], [16], for an overview of recent developments about estimation of the
support of a probability measure. A different model was studied in [7], where we considered
estimation of the support of the regression function. We built an estimator which achieves
a speed of convergence of the order (Inn)/n when the support is a polytope in R%,d > 2.
Moreover, we proved that no estimator can achieve a better speed of convergence, so the
logarithmic factor cannot be dropped. Although our estimator depends on the knowledge
of the number of vertices r of the true support of the regression function, we proposed an
adaptive estimator, with respect to r, which achieves the same speed as for the case of
known r.

However, to our knowledge, when one estimates the support of a uniform distribution,
there are no results about optimality of the convex hull estimator when that support is a
general convex set. In particular, when no assumptions on the location and on the structure
of the boundary are made, it is not known if a convex set can be uniformly consistently
estimated. In addition, the case of polytopes has not been investigated. Intuitively, the
convex hull estimator can be improved, and the logarithmic factor can be, at least partially,
dropped. Indeed, a polytope with a given number of vertices is completely determined by
the coordinates of its vertices, and therefore belongs to some parametric family. This paper
is organized as follows. In Section 2 we give all notation and definitions. In Section 3 we
propose a new estimator of G when it is assumed to be a polytope and its number of
vertices is known. We show that the risk of this estimator is better than that of the convex
hull estimator, and achieves a rate independent of the dimension d. In Section 4, we show
that in the general case, if no other assumption than compactness, convexity and positive

volume is made on G, then the convex hull estimator is optimal in a minimax sense. In



Section 5 we construct an estimator which is adaptive to the shape of the boundary of G,
i.e. which detects, in some sense, whether GG is a polytope or not and, if yes, correctly

estimates its number of vertices. Section 6 is devoted to the proofs.

2 Notation and Definitions

Let d > 2 a positive integer. Denote by p the Euclidean distance in R? and by Bg the
Euclidean unit closed ball in R

For brevity, we will a call convex body any compact and convex subset of R? with
positive volume, and we will call a polytope any compact convex polytope in R¢ with
positive volume. For an integer » > d + 1, denote by P, the class of all convex polytopes
in [0,1]? with at most r vertices. Denote also by K the class of all convex bodies in R

If G is a closed subset of R? and € is a positive number, we denote by G¢ the set of all
x € R? such that p(z,G) < € or, in other terms, G¢ = G + ¢BY. If G is any set, I(- € G)
stands for the indicator function of G.

The Lebesgue measure on R? is denoted by |-| (for brevity, we do not indicate explicitly
the dependence on d). If G is a measurable subset of R?, we denote respectively by Pg
and Eg the probability measure of the uniform distribution on G and the corresponding
expectation operator, and we still use the same notation for the n-product of this distribu-
tion if there is no possible confusion. When necessary, we add the superscript ©” for the n
product. We will use the same notation for the corresponding outer probability and expec-
tation when it is necessary, to avoid measurability issues. The Nikodym pseudo distance
between two measurable subsets G; and Go of R is defined as the Lebesgue measure of
their symmetric difference, namely |G1AGa|.

A subset G, of R?, whose construction depends on the sample is called a set estimator
or, more simply, an estimator.

Given an estimator Gn, we measure its accuracy on a given class of sets in a minimax

framework. The risk of G, on a class C of Borel subsets of R? is defined as

Rin(Gn;C) = sup Eg[|GAG,]. ()

GeC
The rate (a sequence depending on n) of an estimator on a class C is the speed at which its
risk converges to zero when the number n of available observations tends to infinity. For

all the estimators defined in the sequel we will be interested in upper bounds on their risk,



in order to get information about their rate. For a given class of subsets C, the minimax
risk on this class when n observations are available is defined as

Rn(C) = inf Ry (G C), (%)

n

where the infimum is taken over all set estimators depending on n observations. If R, (C)
converges to zero, we call the minimax rate of convergence on the class C the speed at
which R,,(C) tends to zero. For a given class C of subsets of R?, it is interesting to provide
a lower bound for R, (C). By definition, no estimator can achieve a better rate on C than
that of the lower bound. This bound gives also information on how close the risk of a given
estimator is to the minimax risk. If the rate of the upper bound on the risk of an estimator
matches the rate of the lower bound on the minimax risk on the class C, then the estimator
is said to have the minimax rate of convergence on this class.

For two quantities A and B, and a parameter ¥, which may be multidimensional, we
will write A <y B (respectively A 2y B) to say that for some constant positive constant
¢() which depends on ¥ only, one has A < ¢(9)B (respectively A > ¢(¥)B). If we put no
subscript under the signs < or 2, this means that the involved constant is universal, i.e.

depends on no parameter.

3 Estimation of polytopes

3.1 Upper bound

Let r > d+ 1 be a known integer. Assume that the underlying set GG, denoted by P in
this section, is in P,. The likelihood of the model, seen as a function of the compact set
G' C R, is defined as follows, provided that G’ has a positive Lebesgue measure:

n !

L(X1,..., Xn, @) = H%

i=1
Therefore, maximization of the likelihood over a given class C of candidates, maxgrec L( X7, .
is achieved when G’ is of minimum Lebesgue measure among all sets of C containing all the
sample points. When C is the class of all convex subsets of R?, the maximum likelihood
estimator is unique, and it is the convex hull of the sample. As we discussed above, this
estimator has been extensively studied. In particular, using Efron’s identity (1), it turns

d—1

out that its expected number of vertices is of the order of r(Inn)*"*. However, the un-

known polytope P has no more than r vertices. Hence, it seems reasonable to restrict the

o 7Xn7 G/)7



estimator of P to have much less vertices; the class of all convex subsets of R? is too large
and we propose to maximize the likelihood over the smaller class P,.
Assume that there exists a polytope in P,, with the smallest volume among all polytopes

of P, containing all the sample points. Let Py(f) be such a polytope, i.e.

P e argmin |P|. (2)

PEPr, X;€Pi=1,...,n
The existence of such a polytope is ensured by compactness arguments. Note that PT(LT)
needs not be unique. The next theorem establishes an exponential deviation inequality for

the estimator I:’r(f) .

Theorem 1. Let r > d+ 1 be an integer, and n > 2. Then,

- 4drl
sup Pp [n <]P,(L’")AP\ — nn) > x} <qe 2 x> 0.
P€EP; n

From the deviation inequality of Theorem 1 one can easily derive that the risk of the

estimator Pf(f) on the class P, is of the order lnT" Indeed, we have the next corollary.

Corollary 1. Let the assumptions of Theorem 1 be satisfied. Then, for any positive number

q,

. 1 E
sup Ep [|P,(LT’)AP|‘1} Sdyg (T nn> .
PeP, n

Corollary 1 shows that the risk RN(P,ST);PT) of the estimator Pf(f) on the class P,
rinn

Therefore we have the following upper bound for the minimax risk on the class P,

is bounded from above by up to some positive constant which depends on d only.

rinn

n

It is now natural to ask wether the rate th" is minimax, i.e. whether it is possible to find a
lower bound for R, (P,) which converges to zero at the rate 1“7", or the logarithmic factor

should be dropped. This question is discussed in the next subsection.

3.2 The logarithmic factor

We conjecture that the logarithmic factor can be removed in the upper bound of

Rn(Pr),r > d+ 1. Specifically, for the class of all convex polytopes with at most r vertices,



not necessarily included in the square [0, 1]d , which we denote by 77;’”, we conjecture that,

for the normalized version of the risk,
r
Qn(Pg”) gd -
n
What motivates our intuition is Efron’s identity (1). Let us recall its proof, which is very

easy, and instructive for our purposes. Let the underlying set G be a convex body in RY,
denoted by K, and let K,, be the convex hull of the sample. Almost surely, K,CK , SO

EQ | Kn AK|] = B[ K\Ky ]
_ o [ /K Iz ¢ f(n)dx}

— |K|ES” [ﬁ /K I ¢ Kn)da;]
— |K|ES™ [PK[X ¢ K,|X1,. .. ,Xn]} , (4)

where X is a random variable with the same distribution as X7, and independent of
the sample Xi,..., X, and Pg[-|X1,...,X,] denotes the conditional distribution given
X1,...,X,. In what follows, we set X, 11 = X, so that we can consider the bigger sam-
ple Xq,..., Xp41. For ¢ =1,...,n+ 1, we denote by K~ the convex hull of the sample
X1, ..., Xpy1 from which the i-th variable X; is withdrawn. Then K, = K_("+1), and by

continuing (4), and by using the symmetry of the sample,

B [Kn AK | = KPR X ¢ K]

|K| n+1
— ]P)@TL-I—I XZ IA{—(Z)

AT PR ¢ KO
- Xl nflw@"ﬂ[xewk )] (5)
= 0 + 1 £ K 7 n+1)]s

where V(K}LH) is the set of vertices of Kn—l—l = CH(X1,...,Xnt1)- Indeed, with proba-
bility one, the point X; is not in the convex hull of the n other points if and only if it is a

vertex of the convex hull of the whole sample. By rewriting the probability of an event as



the expectation of its indicator function, one gets from (5),

ny| K &= n 2%
B 1K SK]) = LS BRI € V(o)
=1
’K‘ n+1

== 11}3;8;"“ > I(X; € V(Kni1))
=1

K EY Vi)
n+1

)

A

where V;,11 denotes the cardinality of V' (K,,41), i.e. the number of vertices of the convex
hull Kn+1. Efron’s equality is then proved.

It turns out that we can follow almost all the proof of this identity when the underlying
set GG is a polytope, and when we consider the estimator developed in Section 3.1. Let
r > d+ 1 be an integer and P € Pﬁ”. Let PT(LT) be the estimator defined in (2), where P,
is replaced by P, In this section, we denote this estimator simply by B,. Note that this
estimator does not satisfy the nice property b, C P, unlike the convex hull. However, by
construction, |P,| < |P|, so |[PAP,| < 2|P\P,|, and we have:

EZ"(|PaAP|) < 2EE™[|P\Py|]
= 2|P|ES" [% /Pf(x ¢ Pn)da;]
— 2|P|ES" []PP[X ¢ By X1, ... ,Xn]] : (6)

where X is a random variable of the same distribution as X7, and independent of the
sample Xi,..., X, and Pp[-|X7,..., X,] denotes the conditional distribution of X given
Xi,...,Xn. We set X;,+1 = X, and we consider the bigger sample Xi,..., X,4+1. For
1=1,...,n+ 1, we denote by P~ the same estimator as ]5”, but this time based on the
sample X, ..., X, 41 from which the i-th variable X; is withdrawn. In other words, Piis
a convex polytope with at most r vertices, which contains the whole sample Xy, ..., X;,+1

but maybe the i-th variable, of minimum volume. Then, B, = P~(*1) and by continuing



n+1
_ 2’P’ ZP%n—l—l[Xi ¢ P—(z)]
1=1

n+1 -4

2|P| n+1
_ ont1 g p-()
—Ep ;:le(XZ ¢ =)

_2|PES" V]
N n+1

: (7)

where V| stands for the number of points X; falling outside of the polytope with at
most r vertices, of minimum volume, containing all the other n points. Note that in this
description we assume the uniqueness of such a polytope, which we conjecture to hold
almost surely, as long as n is large enough. It is not clear that if a point X; is not in
P‘i, then X; lies on the boundary of ]5”+1. However, if this was true, then almost surely
V.1 would be less or equal to d 4 1 times the number of facets of Pn+1, since any facet
is supported by an affine hyperplane of R%, which, with probability one, cannot contain
more than d + 1 points of the sample at a time. Besides, the maximal number of facets of
a d dimensional convex polytope with at most r vertices is bounded by McMullen’s upper
bound [21], [6], and we could have our conjecture proved. However, there might be some
cases when some points X; are not in P~%, though they do not lay on the boundary of

P,11. So it may be of interest to work directly on the variable V,, ;. This remains an open

problem.

3.3 Lower bound for the minimax risk in the case d = 2

In the 2-dimensional case, we provide a lower bound of the order 1/n, with a factor

that is linear in the number of vertices r. Namely, the following theorem holds.

Theorem 2. Let r > 10 be an integer, and n > r. Assume d = 2. Then,

Rn(Pr) 2

313

Combined with (3), this bound shows that, as a function of r, R,,(P,) behaves linearly
in 7 in dimension two. In greater dimensions, it is quite easy to show that R, (P,) 24 %,

but this lower bound does not show the dependency in r. However, the upper bound (3)

shows that R, (P,) is at most linear in r.



4 Estimation of convex bodies

In this section we no longer assume that the unknown support G belongs to a class
Pr,r > d+ 1, but only that it is a convex body and we write G = K. Denote by K,
the convex hull of the sample. The risk of this estimator cannot be bounded from above
uniformly on the class K, since by (1) for any given n, Ex[|[KAK,|] — oo as |[K| — oo.
Moreover there is no uniformly consistent estimator on the class I of all convex bodies if
the risk is defined by (x). The following result holds.

Theorem 3. For all n > 1, the minimaz risk (xx) on the class K is infinite:

Therefore we will use another risk measure which is the normalized risk for an estimator

K, of K, based of a sample of n observations:

Q. (Kn; ) = sup Eg Ly
Kek | K|

Also define the normalized minimax risk on the class K:

0, (K) = inf sup Ey; | oKl
K, KeK |K|

where the infimum is taken over all estimators K,, based on a sample of n i.i.d. observations.
For the estimator K, we do not provide a deviation inequality as in Theorem 1, but only

an upper bound on the normalized risk.

Theorem 4. Let n > 2 be an integer. Then,

Qu (K K) Sam” .

Note that this result gives a bound on Eg [IK@I‘(M} that is uniform over all convex

bodies in R?, with no restriction on the location of the set K (such as K C [0,1]%) or on
the volume of K, unlike in [19]. From Theorem 4 and the lower bound of [19] (the lower

bound of [19] is for the minimax risk, but the proof still holds for the normalized risk), we

obtain the next corollary.

10



Corollary 2. Let n > 2 be an integer. The normalized minimaz risk on the class K
satisfies
2 2
n= i Sq Qn(K) Sans

and the convex hull has the minimax rate of convergence on K, with respect to the normal-

ized version of the risk.

Note that if instead of the class K we consider the class K; of all convex bodies that
are included in [0,1]%, then VK € Ky,|K| < 1 and therefore, the risk of the convex hull

—2/(d+1)

estimator K, on this class is bounded from above by n , SO

Rn(K1) Sa no

Besides, the lower bound that is given in [19] still holds for the class Ky, and thus we have

the following corollary.

Corollary 3. Let n > 2 be an integer. The minimaz risk on the class K1 satisfies
__2 __2
n~H Sg Ry (Ky) San” T,

and the convex hull has the minimax rate of convergence on K1, with respect to the risk
defined in (xx).

5 Adaptative estimation

In Sections 3 and 4, we proposed estimators which highly depend on the structure of
the boundary of the unknown support. In particular, when the support was supposed
to be polytopal with at most r vertices, for some known integer r, our estimator was by
construction also a polytope with at most r vertices. Now we will construct an estimator
which does not depend on any other knowledge than the convexity of the unknown support,
and the fact that it is located in [0,1]¢. This estimator will achieve the same rate as the
estimators of Section 3.1 in the polytopal case, that is, rlnn/n, where r is the unknown
number of vertices of the support, and the same rate, up to a logarithmic factor, as the
convex hull which was studied in Section 4 in the case where the support is not polytopal,
or is polytopal but with too many vertices. Note that if the support is a polytope with
r vertices, where r is larger than (In n)_ln%, then the risk of the convex hull estimator

K,, has a smaller rate than that of P,ST). The idea which we develop here is the same as in

11



[7], Theorem 6. The classes P,,r > d + 1, are nested, that is, P, C P, as soon as r < r/.
So it is better, in some sense, to overestimate the true number vertices of the unknown
polytope P. Intuitively, it makes sense to fit some polytope with more vertices to P, while
the opposite may be impossible (e.g. it is possible to fit a quadrilateral on any triangle, but
not to fit a triangle on a square). We use this idea in order to select an estimator among
the preliminary estimators PT(LT),T >d+ 1, and K,,. Note that in [7], Theorem 6, the key
tools for adaptation are the deviation inequalities for the preliminary estimators, but we
do not have such an inequality for the "last” one, i.e. the convex hull K,,. This induces

a loss of precision in our estimation procedure. Namely, an extra logarithmic factor will

appear.
Set R, = |n(@D/(@+1) | where |-| stands for the integer part. Let C' be any positive
constant greater than 16d + %, and define

Cr'lnn

7 = min {7“ e{d+1,...,n}: |PMAPM| <
n

,Vr':r,...,n}.

The integer 7 is well defined ; indeed, the set in the brackets in the last display is not
empty, since the inequality is satisfied for » = n. As previously, denote by V,, the number
of vertices of K,,, the convex hull of the sample. By definition of the convex hull, Py(f) = K,,
for all » > V,,. Therefore 7 < V,, almost surely.

The adaptive estimator is defined as follows.

P ifp <R,

padapt __
P = R
K, otherwise.

Then, if we denote by Py, = K1, we have the following theorem.
Theorem 5. Letn > 2. Let ¢, , = min (”%, (In n)n_%) , for all integers r > d+1 and
r =oo. Then,

sup sup Ep [gb;}\]af;d“ptAP\] <al.
d+1<r<oco PEP;,

Thus, we show that one and the same estimator PPt attains the optimal rate, up to
a logarithmic factor, simultaneously on all the classes P,,d + 1 < r and on the class K of

all convex bodies in [0, 1]¢.

Remark 1. The construction of 7 is inspired by Lepski’s method [18]. However, we cannot
use the same techniques here since they need deviation inequalities for all the preliminary
estimators, while we do not have such an inequality for K,. Our proof uses directly the

properties of the convex hull estimator.

12



6 Proofs

6.1 Proof of Theorem 1

Let r > d+ 1 be an integer, and n > 2. Let Py € P, and consider a sample X1,..., X,
of i.i.d. random variables with uniform distribution on Fy. For simplicity’s sake, we will
denote Pn instead of PT(LT) in this Section.

Let Pn be the estimator defined in Theorem 1. Let us define Pr(") as the class of all
convex polytopes of P, whose vertices lay on the grid (%Z)d, i.e. have as coordinates

integer multiples of 1/n. We use the following lemma, whose proof can be found in [7].

Lemma 1. Letr > d+ 1,n > 2. There exists a positive constant K1, which depends on d

only, such that for any convex polytope P in P, there is a convex polytope P* € 737(«") such

that :
|PrAP| < B
(8)
pP*C pYid/n  pcC (pr)Vin,

In particular, taking P = Py or P = P, in Lemma 1, we can find two polytopes P* and
P, in qun) such that
PR <
P*C Pox/a/n’ Py C (P*)\/E/n

and ~ .
[P, AP, < &1

B, c BV, B, c YY"

Note that P, is random. Let e > 0. By construction, |P| < | Py, so |B,APy| < 2|Py\ Pyl
Besides, if G1, G2 and G3 are three measurable subsets of R?, the following triangle in-

equality holds :
|G1\G3| < |Gi\Ga| +|G2\G3]. (9)

Let us now write the following inclusions between the events.
{|PnAP0| > e} - {|P0\Pn| > 6/2}

. 2K
C {|P*\Pn| >€/2 — Tl}

- LPJ {13” - P} , (10)

13



where the latest union is over the class of all P € P\ that satisfy the inequality |P*\P| >

€/2 — % Let P be such a polytope, then if P, = P, then necessarily the sample
{X1,...,X,} is included in P\/TE, by definition of P,, and (10) becomes

. vi
Pp, [Pn:P} < Pp, [XZ-GPn,z:l,...,n}

NN
<(1_ [Po\P 7 |
B | Pol

< (1- yPO\P%) . since |Py| < 1
f n
< (1= |P\P|+|P\R| + P \P]) . using (9)
4K \"
< (1 — /2 + —1>
n
< Cyexp(—ne/2), (1)

where C; = e* 1. Therefore, using (10) and (11) and denoting by #777(«”) the cardinality of
the finite class Pr(n),

Pp, ||PaAPy| > e] < #PMCy exp(—ne/2)

< (n+ 1)y exp(—ne/2)

< Cyexp(—ne/2 + 2drinn). (12)
) ddrinn =
It turns out that if we take € of the form - + — (12) becomes
A 4dr1
]P)Po |:7'L <|PnAPO| - Tnnn> > :E:| < Cle_x/zv (13)

which holds for any z > 0 and any Py € P,. Theorem 1 is proved.
Corollary 1 comes by applying Fubini’s theorem (see [7] for details).

6.2 Proof of Theorem 2

Let 7 > 10 be an integer, supposed to be even without loss of generality and assume
n > r. Consider a regular convex polytope P* in [0, 12 with center C' = (1/2,1/2) and with
/2 vertices, denoted by Ay, Ag, ..., A,_2, such that for all k =0,...,r/2—1, the distance
between Ay, and the center C'is 1/2. Let Ay, As, ..., A,_1 be r/2 points built as in Figure 1:
for k =0,...,7/2 — 1, Aggy1 is on the mediator of the segment [Asy, Aogio], outside P*,
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Ay Ag

Ay / € o, Ar2

Figure 1: Construction of hypotheses for the lower bound

at a distance 6 = h/2cos(27/r) tan(4w/r) of P*, with h € (0,1) to be chosen. Note that
by our construction, Ag, and Agyio are vertices of the convex hull of Ay, Aa, ..., A,—2 and
Ak

Let us denote by Dj the smallest convex cone with apex C, containing the points
Aok, Aggy1 and Aggyo, as drawn in Figure 1. For w = (wo,...,wyj2_1) € {0,1}7/2, we
denote by P, the convex hull of P* and the points Asggi1,k = 0,...,7/2 — 1 such that
wi = 1. Then we follow the scheme of the proof of Theorem 5 in [7].

For k =0,...,R/2 -1, and (wo, ... ,Wk—1,Wkt1,--->Wrj2—1) € {0, 1}7/2=1 ) we denote
by

w(k70) = (w17 o 7wk—1707wk+17 s 70')7“/2—1) and by
WD = (W, w1, 1 Wt - - s Wy j2—1)-
Note that for k = 0,...,7/2 — 1, and (wi,...,Wk—1,Wkt1s---,Wpj2—1) €

{0, 1}7’/2—1’
1)
| Pty AP, k1) | = 2 cos(2m/r).

Let H be the Hellinger distance between probability measures. For the definition and
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some properties, see [26], Section 2.4. We have, by a simple computation,

1—

H(Py00,Pyun)® _ 1 _ B\ P |
2 [Py |

_ 0/2cos(2m/r)
[Ptk |

N \/1 B 5cosfw/r)

since |P 1| > |P*| > 1/2. Now, let P, be any estimator of P*, based on a sample of
n ii.d. random variables. By the same computation as in the proof of Theorem 5 in [7],

based on the 2"/2 hypotheses that we constructed, we get

sup Ep |:|PAPn|] > 70 cos (2 /r) <1 B 5005(27?/r)>
P PT 8 4
2n 2 4n 21 2 Ar n
_rhcos(,,;tan(r)<1_hcos(r)8tan(r)> | »

2 1
Note that if we denote by x = 50 and ¢(z) = — cos(x) tan(2x), then ¢(x) 2 1
r T
since r is supposed to be greater or equal to 10. Therefore, by the choice h = r/n <1 (we

assumed that n > r), (14) becomes

sup Ep []PAJSH\] 2 1,
PeP; n

and Theorem 2 is proved.

6.3 Proof of Theorem 3

Let t > 0 be fixed. Let Gy = t'/?B§ and G5 = (2t)'/?Bg. Let us denote respectively by
Py and Py the uniform distributions on GG; and Gs, and by E; and E, the corresponding
expectations. We denote by ]P’?" and ]P’?" the n-product of P; and P9, respectively, i.e.
the probability distribution of a sample of n i.i.d. random variables of distribution Py and
Py, respectively. The corresponding expectations are still denoted by E; and E,. Then,

for any estimator G, based on a sample of n random variables, we bound from bellow the
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minimax risk by the Bayesian one.

A 1 A N
sup EG(|GaAG) 2 5 (Erl|GnAGH ] + Eal|GaAGa]))
Gek 2

Y

1 A A : n n
5/(Rd)n (162G | +1GaAG| ) min(aB§", dB§™)
1

= / |G1AGe| min(dPP", dPS™)
2 (Rd)n

n n 2

Y

v

4 2

where H is the Hellinger distance between probability measures, as in the proof of Theorem

2. Therefore,
. t| BY H(Py,Py)2\ "
sup Eq¢[|GL,AG|] > |42| (1 — M) ) (15)

GeK 2

and a simple computation shows that
) H(Py,P2)? 1

2 V2

and (15) becomes

. t|BY|
Eq[|G,AG > —2.
sup, cllGn G 2 o5

This ends the proof of Theorem 3 by taking t arbitrarily large.

6.4 Proof of Theorem 4
We first state the following result, due to Groemer [15].

Lemma 2. Let K € K and n be an integer greater than the dimension d. Let K, be the
convex hull of a sample of n i.i.d. random variables uniformly distributed in K. Then, if

B denotes a Euclidean ball in R?, of the same volume as K,

If K € K, we denote by K = \K|+/dK’ so K7 is homothetic to K and has volume 1.
Besides, if X1,..., X, are i.i.d. with uniform distribution in K, then IK\+/‘1X1’ e \I<I+MX"
are i.i.d. with uniform distribution in K7, and

KAK,
Ex [’ K] nl =Ex, [| K1 AK,|




Therefore, one gets, from the previous lemma, that if B = Bg is the unit Euclidean ball in
R,

|KAK,| |BAK,|
Ex |———| <Ep |——=—| ,VK e K.

K| | B

In other terms,
" BAK
Qn(KnaIC) <Ep M
| Bl
BAK,
By [2], nTE B % tends to the affine surface area of B = BY times some positive
constant which depends on d only, that is,
BAK,
n#Eg % — O(d),

where C(d) is a positive constant which depends on d only. Thus, Theorem 4 is proved.

6.5 Proof of Theorem 5

Let 7 be chosen as in Section 5. Let d+ 1 < r* < R,, and P € P.«. We distinguish two

cases,

Ep|Py"* AP[] = Bp[|Py"* AP|I(# < 1*)] + Ep[|P3* AP|I(7 > r*)],  (16)
and we bound separately the two terms in the right side. Note that if # < r*, then, 7 < R,,,
o) Pﬁdap t— P,ﬁ”), and by definition of 7

P AP < CT I (17)

nol= n

Therefore, using the triangle inequality,

Ep[| PPt AP|I(7 < r*)]
<Ep(|By P ABIII(F < r*)] + Ep(|PY D API(F < 1))

r*Inn

<d

~

, by (17) and Corollary 1. (18)

The second term of (16) is bounded differently. First note that Pf%P" C [0,1]%, so
PAPS Pt C 10,1])¢ and [PAPI?P| < 1 almost surely. Besides, note that if # > r*, then for
somer € {r*+1,...,n}, |P,£T*)AP,(LT)| > % Otherwise, for any r1,ry € {r*,...,n}, one
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would have, by the triangle inequality, |PT(LT1)AI3,(L

T2)| < %, and this would contradict

that 7 > r*. Thus, we have the following inequalities.

Ep[| PP AP|I(7 > r*)] < Pp[f > r¥]

n AP 1
Sy AN e
r=r*41

Nk R Crinn
< (r*) (r)
< E Pp []Pn AP|+ |PAP| > o
r=r*+1
& - Crlnn - Crinn
< E (r*) () )
< <]P’p [\Pn AP| > in } + Pp []Pn AP| > in (19)

Note that since P € P+, it is also true that P € P,,Vr > r*. Therefore, for d +1 <
r* <r <mn, we have, using Theorem 1, with x = (C/4 — 4d)r Inn,

Pp [\P,S”AP! > Cﬁn] < e (O3 2d)rinn < =(C/8-2d)(d 1) < =1

)

by the choice of C.
It comes from (19) that

Ep[|PYP AP|I(7 > )] <qgn~L. (20)
Finally, using (18) and (20),

N *1
Ep[| P29t AP|) S 0

Let us now assume that the unknown support, which we now denote by K, is any
convex body in Py, = Ki, possibly a polytope with many (more than R,) vertices. We

write, similarly to the previous case,
Ex[|PMP'ANK|] = B [|PIPEAK|T (7 < Ry)] + Eg[| PSP AK|T(7 > Ry)), (21)

and we bound separately the two terms of the right side. If # < R,,, then P24%! — P

As we already explained, if V,, is the number of vertices of K,,, then # < V}, almost surely,
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and K,, = If’f(LV”). So we have, |If’ﬁdaptAf(n| = |I57(LTA)AP7(LV”)| < W Therefore, using

the triangle inequality,

Ex[|PYP AK|I(7 < R,)] < Ex[|PA%%P' AK,|I(F < R,)]
+Ex[|[K,AK|I(7 < Ry)]

CannnI
n

<Eg (7 < Rp)| + Eg[|[ K, AK]]

< —CEK[Z”] Inn Ex[|K.AK|). (22)

We have the following lemma, which is a consequence of Efron’s equality (1) and The-

orem 4.

Lemma 3.

B
s

<, nd+t,

~

sup Ex[V,]

KeK
Therefore, (22) becomes, using Theorem 4,
Ex[|[PYP AK|I(F < Ry)] <q (Inn)n” #1, (23)

The second term is easily bounded. If # > R,,, then P2 = K,, and

Ex[|PYP AK|I(7 > Ry)] < Exg[|K,AK|]

Syn E, (24)

by Theorem 4.
From (23) and (24) we get

Ex[|PUPt AK[] <y (Inn)n~ @i,

Theorem 5 is then proven.
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