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THE FRACTIONAL CHEEGER PROBLEM

L. BRASCO, E. LINDGREN, AND E. PARINI

ABSTRACT. Given an open and bounded set Q C RY, we consider the problem of minimizing the
ratio between the s—perimeter and the N—dimensional Lebesgue measure among subsets of (2.
This is the nonlocal version of the well-known Cheeger problem. We prove various properties of
optimal sets for this problem, as well as some equivalent formulations. In addition, the limiting
behaviour of some nonlinear and nonlocal eigenvalue problems is investigated, in relation with this
optimization problem. The presentation is as self-contained as possible.
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1. INTRODUCTION

1.1. Aim and results of the paper. In this paper we introduce and study the nonlocal/fractional
Cheeger problem in an open and bounded set Q C RY. This amounts to finding a set E C € such
that

Py(E) . . Ps(4)
(L.1) B~ AL A

Here | - | stands for the N—dimensional Lebesgue measure, Ps for the nonlocal s-perimeter,

La(2) — 1a(y)
dy, 1
/RN/RN R s (0,1),
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2 BRASCO, LINDGREN, AND PARINI

and 14 is the characteristic function of a set A. An s— Cheeger set in ) is a set E satisfying (1.1).
Accordingly the quantity
Py(E)

|E|

is called the s— Cheeger constant of 2. We point out that recently the study of nonlocal geometric
quantities like P, has received a great impulse, as they arise in the modelization of phase-transitions
in presence of nonlocal interaction terms. We refer to the survey [17] for an updated account on
these studies.

hs(2) =

Problem (1.1) turns out to have many interesting features and appears to be less obvious to
understand than its local counterpart, the (usual) Cheeger problem, where a Cheeger set is a set
FE achieving the infimum

(1.2) h1(2) = min ——=

with P(A) being the distributional perimeter of A, i.e. the total variation of the measure V1 .
Problem (1.2) was first introduced by Jeff Cheeger in [10] in the context of Riemannian Geometry,
see also [30] for an overview of the problem.

It is well-known that hq(£2) is indeed an optimal Poincaré constant, namely

/|Vu| dx
hi(Q) = inf

uew @)\ {0} / wldr

and that hq(£2) is the limit of the first eigenvalue of the p—Laplacian as p goes to 1, see [18, Corollary
6]. In the same spirit, in this paper we prove that the s—Cheeger constant can be equivalently
realized as the following W*!—eigenvalue (see Theorem 5.6)

/ / u(y)|
dx dy
_ N+s
$1Q) = inf RY JRY |9” y' ,
uew; (@)\{0} /|u| e
Q

and that hs() coincides with the limit as p goes to 1 of the nonlinear and nonlocal eigenvalues
1p (see Theorem 7.1), coming from the eigenvalue problem

U —u(z) P2 (u —ulx
(1.3) 2 /]RN [u() ](a: )_py|]\(f+£i) (z)) dy + )\ip(Q) ]u(a:)]pfzu(:c) =0, z€,

which has been first introduced and studied by the second author and Lindqgvist in [25].

We remark that both in (1.3) and in the definition of the s—perimeter, the integrals are taken
over the whole RY and not only over (2 itself. The reason is twofold: if one only integrates over 2
then all sets would have s—Cheeger constant equal to zero; on the other hand, the problem (1.3)
would not have the appropriate scaling properties.

For the problem (1.3) we also provide a global L estimate for the solutions (Theorem 3.3)
and a Faber-Krahn inequality with identification of equality cases (Theorem 3.5), which were both
missing in [25].

Using a scaling argument, it is easy to see that s—Cheeger sets must touch the boundary of €.
We are able to prove that, as in the local case, this happens in a C! fashion at the points where
01} is regular. Moreover we show that in the interior of ) any s—Cheeger set is, up to a singular
set of dimension N — 2, a C1® surface having constant non-local mean curvature equal to —hs(€2),
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in the sense that

1g(z) — 1gm\ ()

(1.4) lim PRI

50" JRN\ Bs(z0)

dx = —hs(Q),

for xg € OE N Q.
Finally, we provide another alternative characterization of the s—Cheeger constant, i.e.,

1 . " .
(1.5) ha(Q) min{||g| poomy xryy + Rq(p) =11in Q},

where R{, is the adjoint of the operator

u(z) — u(y)

U — ‘.’E—y‘N"'S'

This is a nonlocal version of the Max Flow Min Cut Theorem, which can be useful to obtain lower
bounds on hs(£2). We recall that for the local case this was investigated in [32], where the following
characterization

1
— 3 V oo . —d' V _ 1 . Q
h1(9) VeL{.Iol(lg;RN) {H Iz Q) iv in } 7

was obtained.

1.2. Open problems. We are left with many open questions and problems. Since the nonlocal
mean curvature is a quantity that takes into account the global behavior, the property (1.4) can
not in general imply a local characterization of the boundary of a Cheeger set. Even for dimension
N = 2 we are not able to provide any finer information about the interior behaviour of s—Cheeger
sets, apart from the C! regularity. However, we should mention that even for the usual Cheeger
constant hj(2), explicitly determining or inferring fine properties of the Cheeger sets are difficult
tasks. These usually become affordable for N = 2, when some severe geometric restrictions are
imposed on 2 (see for example [22, 23]).

A deep difference between the nonlocal case and the usual one is enlightened by the following
behaviour: for a sequence of sets {Ey}reny C RY such that

P(Ey) <C and lim |Eg| =0,
k—ro0

the s—perimeter as well converges to 0. This implies for example that in general filling a hole does
not decrease the s—perimeter, at least if the hole is “large enough”, while of course this is always
the case for the usual distributional perimeter. This behaviour is due to the fact that Ps(E) is a
sort of interpolation quantity between P(E) and |E| (see Corollary 4.3).

Related is the question of uniqueness of s—Cheeger sets which also remains open. While Cheeger
sets are known to be unique when  is convex, as proved in [3, 9], this is no longer clear in the
nonlocal setting.

1.3. Plan of the paper. We start with Section 2, where we precise the functional analytic set-
ting of our problem and we recall some facts about fractional Sobolev spaces that will be needed
throughout the whole paper. Then in Section 3 we recall the definition of first eigenvalue A ()
from [25] and prove that the associated first eigenfunctions are bounded, together with the Faber-
Krahn inequality. Section 4 introduces the s—perimeter of a set, there we recall some connections
between the naturally associated Sobolev space W*! and the space of BV functions. With Section
5 we enter the core of the paper: we introduce problem (1.1) and prove some first properties. The
remaining sections are then devoted to study regularity issues for s—Cheeger sets (Section 6), the
relation between the first eigenvalues and the s—Cheeger constant (Section 7) and the alternative
characterization (1.5) (Section 8). Three appendices containing some technical results complement
the paper.
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2. A GLIMPSE ON FRACTIONAL SOBOLEV SPACES

Here and throughout the whole paper we will use the notation B,(zp) to denote the ball of
RY centered at zy and with radius » > 0. Moreover, we will denote by wj the measure of the
k—dimensional ball with unit radius.

Given p € [1,00) and s € (0, 1), let us denote by

1
()P »

21 s, -
(21) o) </]RN/]RN Iw—yIN“” drdy )

the (s,p) Gagliardo seminorm in R of a measurable function u. Given an open and bounded set
Q c RY, we first observe that we have

[l s.p@yy < +00, for every u € C§°(Q).
We then precise the Sobolev space we want to work with.
Definition 2.1. The space Wos’p(Q) is defined as the closure of C§°(£2) with respect to the norm
u = [ulysp@ny + llullLe)-
This is a Banach space, which is reflexive for 1 < p < oc.

In this paper we will deal with variational problems in the limit case p = 1, where WN/S 1(Q) is
not reflexive. In this case, we will need the following larger Sobolev space.

Definition 2.2. The space Wg’l(Q) is defined by
Wg’l(Q) = {u e L'(Q) : [u]ys1myy < +oo and u =0 a.e. in RV \ Q} .
Of course, we have WSI(Q) C Wg’l(Q).

The following approximation result in Wg’l(Q) is valid under smoothness assumptions on €2 and
will be quite useful in Section 5 and 7.

Lemma 2.3. Let Q C RY be an open and bounded Lipschitz set and s € (0,1). For every u €
W (Q) there exists a sequence {pn}nen C C() such that

(2.2) nh_}rrgo lon —ullLr@) =0 and nlLI]go[gon]Ws,l(RN) = [ulws1@ny-

Proof. The proof is based on the construction of [26, Lemma 3.2]. Indeed, by this result we know
that under the standing assumptions on €2 there exists a family of diffeomorphisms @, : RY — RV
with inverses ¥, such that:

e we have

lim |[D®. — Id||z~ + ||®. —Id|[z~ =0 and  lim [[DW. — Id|[zee + [T — Id|| oo = O;
e—0t e—0t

e Q. :=9.(Q) €Qforall e < 1.
We then define the sequence ¢, = (uo Wy /,) * 0n, where g, is a standard convolution kernel such

that ||on||r = 1. By construction ¢, € C§°(£2) and the first property in (2.2) is easily verified.
Observe that by Fatou Lemma, this also implies that

lim inflpn]ye s myy 2 [ulyer @y,
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then in order to conclude we just need to prove the upper semicontinuity of the seminorms. We
first observe that

(2.3) [enlwsi@yy = [(wo Wisn) * onlwsi@yy < [uo Wy pnlwsi@mny,

then the latter can be written as

u(z) — u(w)|
wo Wy nlws = / / JP1/,(2)| | TPy (w)] dz dw,

by a simple change of variables (z,w) = (Vc(z), V.(y)), where J®,,, denotes the Jacobian deter-
minant. We now observe that by construction

|<I>1/n(z) - (I)l/n(w)| > M ‘Z - w’ and ‘Jq)l/n(zﬂ < My,

for some My, Ms > 1 independent of n. By applying Lebesgue Dominated Convergence Theorem
and keeping into account (2.3), we can conclude. (]

We now prove a Poincaré—type inequality for Gagliardo seminorms.

Lemma 2.4. Let 1 <p < oo and s € (0,1), 2 C RY be an open and bounded set. There holds

(2.4) lulle @) < ZN,sp() [ulws.p@ny, for every ¢ € C5°(Q),
where the geometric quantity In s ,(S2) is defined by
1
: QURB N+sp\ p
(2.5) IN,5,p(2) = min { <d1am( |;| ) >p : BC RN\ Q is a ball } :

Proof. Let u € C3°(Q) and Bg C RV \ Q, i.e. a ball of radius R contained in the complement of
Q. For every x € Q) and y € Br we then have

lu(x) —u(y)P N
|U(a:)|pzm| —y[VTer,

from which we can infer

|u(z) — u(y)|”
Bgr||u(z)P <  sup az—yN+Sp/ dy
Bellu@)P < s 2=y p———

Integrating on €2 with respect to x we obtain

diam (2 U Bg)N+sP u(y)|P
P dy < dx d
e e = ]

which concludes the proof. O

Remark 2.5. The previous result shows that for an open and bounded set € C RY the space
W5 P (Q) can be equivalently defined as the closure of C§°(€2) with respect to the seminorm [ - Jyys.p (.-

In view of the previous remark, in what follows we will always consider the space Wg P(Q) as
equipped with the equivalent norm

(2.6) lullfzen ) = [Wlwer@y), — ue WP (Q).

We will also define the space WP(RY) as the closure of C§°(RY) with respect to the norm
[ Jwsnp@ny). Then it is immediate to see that the application

it WP (Q) — WP (RY),

which associates to each u € Wg’p (Q) its extension by 0 to the whole RY is well-defined and
continuous.

Next, we investigate the behaviour of fractional Sobolev spaces under varying p.
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Lemma 2.6. Let 1 < g<p< oo and s € (0,1), then for every 0 < e < s we have

C .
[U]Ws—w(RN) < (s —e) (s—e) [U]WSJ’(RN)’ for every p € C5°(Q),
where C = C(N,Q,s,p,q) > 0.

Proof. Let u € C5°(£2), by a simple change of variables and using the invariance by translations of
LP norms, we have

u(z + h) —u(z)|?
s— dx dh
[ ]W q( /{|h>1} /RN ‘h|N+s €)q
—u(z)|?
dx dh
/{|h<1} /RN \h|N+ s=e)a

q—1 _ q
< 2 NwN/ u|qu+/ </ |u(z + h) — u(z)| dx) ih, .
(s—¢e)q Jrn (nri<1y \Jrw~ |h|s4 |h[N—ea

‘We then observe that
q
P
/ |u|qu:/ luf? da < Q' </ \u|pdﬂc> ,
RN 9 Q

and for every |h| < 1, since the function u(x + h) — u(z) has compact support, we get

lu(z + h) —u(x)|? 1-4 |u(z + h) — u(x)P . ’
/RN e dz < |0 </RN i d> < P e

where in the last inequality we used Lemma A.1. Putting everything together, we have obtained

20 Ny |10 P C'Nwy .14
el LI (/Qyu\pda:> +Tm| P (Wl -

Wsp(RN)?

(s—e)q
By using Poincaré inequality (2.4) in the previous, we get the conclusion. O

Theorem 2.7. Let 1 <p < oo and s € (0,1), let Q C RY be an open bounded set. Let {tun tnen C
WP () be a bounded sequence, i.e.

(2.7) ilelg HunH’WOs,p(Q) < 400.

Then there ezists a subsequence {un, }ren converging in LP(2) to a function u. Moreover, if p > 1

then u € Wg’p(ﬂ), while for p =1 we have u € Wg’l(Q).

Proof. We first observe that the sequence {uy, }nen is bounded in L? as well, thanks to (2.7) and the
Poincaré inequality (2.4). We then extend by zero the functions u,, to the whole RY and observe
that in order to get the desired conclusion, by the classical Riesz-Fréchet-Kolmogorov compactness
theorem we only have to check that

(2.8) lim <sup/ |un (z + h) —u(z)P d:c> =0.
|h[—0 \neN JRN
By Lemma A.1 and (2.7) we get

_ p ~
/ (@ + h) — un (2)[P iz = |[*P / lun(e 1) =@ 30 O P e, < GBI,
RN RN ‘h‘sp

for every |h| < 1. The previous estimate implies (2.8) and this gives the desired conclusion. Finally,

the last statement is a consequence of the reflexivity of WOS P(Q) for p > 1. O

More generally we get the compactness of the embedding in L? spaces for suitable q.
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Corollary 2.8. For 1 < p < oo and s € (0,1), let Q C RN be an open and bounded set. Every
bounded sequence {up}nen C W3P () admits a subsequence converging in LY(Q) to a function u,
for every q > 1 such that

Np
* ) ‘ <N7
g<p =4 N-—sp ¥sp
00, if sp> N.

Proof. For 1 < q < p, we can use Theorem 2.7 in conjunction with

11
[ullLa) < 19e 7 [lul|Lr(q)-

For p < ¢ it is sufficient to combine the standard interpolation inequality (suppose for simplicity
that sp < N)

- : P q-p
lullaiy < oll g llfteys with 9= 2222,
and the Sobolev inequality in WP (RY) (see [15]) with Theorem 2.7. O

We conclude this section by considering the case sp > N. The proof is the same as in [12,

Theorem 8.2], the only difference is that here we work with the narrower space W(f P(Q1), so boundary
issues can be disregarded.

Proposition 2.9. Let Q@ C RN be an open and bounded set. Let 1 < p < oo and s € (0,1) be such

that sp > N. Then for every u € Wg’p(Q) there holds u € C%® with o = s — N/p. Moreover there
exists a constants Yy sp > 0 such that we have the estimates

(2.9) [u(@) = u®)| < (vwop ullgao ) o —vl®  zyeRY.
and
(2.10) lullz= < Yp [l diam(€)°.

Proof. By extending u by 0 to the whole RV, we can consider it as an element of Wyt (RN), then
we take zg € RY and estimate

1
ux—ux,(;pdajg/ / u(z) — u(y)|P dx dy,
/Bmo)' ) = el Boe)] Jistan) S Y

where 1, 5 denotes the average of u on Bs(xp). By observing that | — y| < 24 for every z,y €
Bj(xo) and using that Bs(zo) = wy 0, we get

/ () — Ty 5P dir < C 8P [ulyromqany,

Bs(xo)

that is

(2.11) Biao) ¥ [ ) Ty < C iy,
Bgs(xo

possibly with a different constant C' > 0. The estimate (2.11) implies that u belongs to the
Campanato space LP*P, which is isomorphic to C%® with a = s — p/N (see [20, Theorem 2.9]).
This gives (2.9), while (2.10) can be obtained from the previous by simply taking y outside the
support of wu. O
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3. THE FIRST FRACTIONAL EIGENVALUE

Definition 3.1. Let 1 < p < co and s € (0,1). Given an open and bounded set Q C RV we define
3.1 Al (Q) = i b : =1L u>0;,,
(3.) @)= il g, Bl =1 v 2 0f

where the norm || -

HWS,T,(Q) is defined in (2.6).
0

Observe that the constraint v > 0 in (3.1) has no bearing: by dropping it, the minimal value
1,(€) is unchanged, as for every u € LP({2) we have

lu(@)] = [u@)|” < fu(z) —u@)l”  and  lulllzr@) = lullLe@)
The minimum in (3.1) is well-defined thanks to Theorem 2.7 (see also [25, Theorem 5]) and every
minimizer ug € W7 (Q) satisfies the following nonlocal and nonlinear equation

ule) — w) P ) —uly)
s [ ] e (pla) = o)) dody = A [ " wipde

for every ¢ € WO’ (Q), with A = A] ().

Remark 3.2. Observe that )\ip(ﬂ) equals the inverse of the best constant in the Poincaré inequality

(2.4), thus A] ,(©2) > 0 thanks to Lemma 2.4, indeed we have the lower bound
1
M) > —— s,
M @
with Iy s as in (2.5).

We show that solutions to (3.2) are globally bounded. The same result can be found in the recent
paper [16]: there a suitable modification of the De Giorgi iteration method is employed. Here on
the contrary we use a variant of the Moser iteration technique. We can limit ourselves to prove the
result for sp < N, since for sp > N functions in Wy*(2) are Holder continuous and thus bounded,
thanks to Proposition 2.9.

Theorem 3.3 (Global L™ estimate). Let 1 < p < oo and 0 < s < 1 such that sp < N. If
u € WyP(Q) achieves the minimum (3.1), then u € L>°(RY) and for sp < N we have the estimate

~ N
(3.3) [l oo (@) < COnp,s AP [[ull Lr(a),
where éN,p,S > 0 is a constant depending only on N,p and s (see Remark 3.4 below).

Proof. We first consider the case sp < N. For every M, we define up; = min{u, M} and observe
that wupy is still in W (Q), since this is just the composition of u with a Lipschitz function. Given
B > 1, we insert the test function ¢ = u@ in (3.2), then we get

/ / [u(x) = u(y)P~* (u(x) — uly)) (uy (@) = uy (y))
RN JRN

’a: _ ’N—i—sp

dxdy < )\/ uftr—1 dux,
]RN

where we used that uy; < u. We now observe that the left-hand side can be estimated from below
by a Gagliardo seminorm of some power of u. Indeed, by using inequality (C.2) in the Appendix
we get

P @) =) 5 g
/RN /RN |:L‘—y|N+8p (uyy () M( ) dzdy

5+P 1 Btp—1 p

_uMp (y)
dxdy.
B+p—1 /]RN/]RN Iw—y\N+S” o
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We can now use the Sobolev inequality for WP (RY), so to get

B+p 1 B+p—1 p

_uMp (y) B+p—1 Nj\ifp N
drdy > Cn s P d
/R/R [ — y[NFsp v = TN /R (“M ) !

By keeping everything together and passing to the limit as M goes to oo, we then obtain the
following iterative scheme of reverse Holder inequalities
N—sp

oo (JEy ) T () ) e

where we used that g > 1, so that

B+p—1
p
, then the previous inequalities can be written as

N % A ﬂi =1 ﬁi
(Jorosa) () O ("
CNops

A\ o
< v) :
ol oz, < (o)™ (99) 7 el

We want to iterate the previous inequality, by taking the following sequence of exponents
Yo =1 Y =9 = .
0 ’ n+1 nN—Sp <N—Sp>
Observe that N/(N — sp) > 1, then 9,, diverges at infinity and in addition

X525 -5

n=0

<p.

Let us now set 9 = %

that is

and

o % 1SS nlOg (Nysp) N Ns—;p;

[[o2 =exp Z(N)n “\v_s» -
n=0 n=0 N—sp

By starting from n = 0, at the step n 4+ 1 we have

p—1

)\ % 28:1 ﬂil n 1 P
Jull s < ((CN ) ) (HW ) o
7p?s

then by taking the limit as n goes to oo we finally obtain

N(N—-sp) p—1

e < (LAY (L) T
Lo = CN.p,s N —sp tiLe,

which concludes the proof.

We now pay attention to the borderline case sp = N. In this case WiP(Q) < L%(Q) for every
q < 0o. Then we can proceed as before, by replacing Sobolev inequality with the following one

ﬁﬂ’ 1 Btp-1 P

_uMp (y) B+p—1\ 2P %
> ans( g ;
/RN /RN poypr Wz v </RN (“M ) dgc)
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where

ans(Q) = min 1 [u]? . u =1¢.
() W;m){[ ooy lellzzo@ =1}

Then as before we arrive at

o ([ ) < (M) )

which is analogous to (3.4). By setting again ¥ = (5 + p — 1)/p, we obtain

1 B _ 1
/uwpd:v w < A v (79119>ppl /upﬂdx v
~ \aws(Q)
By iterating the previous with the sequence of exponents
Yo=1,  Opy1 =20, =2""1

we can conclude the proof as before. O

Remark 3.4. A closer inspection of the proof informs us that for sp < N the constant in (3.3) is
given by

N
N—sp 2

Np N sP
Ul N—-sp dm N(N-sp) p—1
]RN| | ( N > 52 p2 P

Cnps = sup

ueWS P (RV) [U]Wsm(RN) N —sp

The first term is the best constant in the Sobolev inequality for W (RY), see [15]. .
Observe that the quantity )\jp(Q) enjoys the following scaling law
LI =1PL@, 10,
then the shape functional Q — |Q|®5)/N \; /(Q) is scaling invariant. We have the following.

Theorem 3.5 (Faber-Krahn inequality). Let 1 < p < co and s € (0,1). For every Q C RY open
and bounded, we have

(3.6) QPN N (@) > (BTN A L(B),

where B is any N—dimensional ball. Moreover, if equality holds in (3.6) then Q is a ball. In other
words, balls uniquely minimize the first eigenvalue Aj, among sets with giwen N—dimensional
Lebesgue measure.

Proof. Without loss of generality, we can suppose that |Q2] = |B|. Then it is sufficient to use the
following Polya-Szegd principle

(3.7) [U]];Vs,p(RN) 2 [u#]];vsvp(]RN)’

which is proved in [2, Theorem 9.2], see also [15, Theorem A.1]. In (3.7) u# stands for the symmetric
decreasing rearrangement of the function u, i.e. u? € WN/S P(B) is the radially decreasing function
such that
Ha = u(z) >t} = [{z : () >t} t>0.

By using (3.7), we immediately get (3.6). For the case of equality, we observe that if A] (2) =
A ,(B) and [Q] = |B|, then equality must hold in (3.7). Again by [15, Theorem A.1], we obtain
that any first eigenfunction of {2 has to coincide with (a translate of) a radially decreasing function.
This implies that €2 has to be a ball. O
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4. THE s—PERIMETER OF A SET

Definition 4.1. For every Borel set E, we define its s— perimeter as

[1p(z) — 1E(y)|
P,(E 1 s dx dy,
( ) [EWlRN /]RN/]\{N ‘I_y‘]\/‘_i_s

where it is understood that Ps(FE) = 40 if the above integral is not finite.

Observe that the s—perimeter has the following scaling property
P,(tE)=tN"*P(E), t>0,
and we have the isoperimetric inequality
N—s
B[\~
(4-1> PS(E) ZPS(B) E )

where B is any N—dimensional ball. Moreover, equality holds in (4.1) if and only if E is a ball,
see [15, 19]. It is straightforward to see from the definition that

1
E)=2 . dxd
) /E/clw—y\N+s v

where we set £¢ = RM \ E. In what follows we denote by BV (R") the space
BV(RY) = {ue L'RY) : |Vu|R"Y) < +oo},

where |Vu|(RY) is the total variation of the distributional gradient of u. The following interpolation
inequality will be useful.

Proposition 4.2. Let s € (0,1). For every u € BV (RY) we have
2NwN

1=y s IVl ®] el
Proof. Let u € BV (RY ) at first we will prove that

u(y)| 1 / 1/
4. <2N —_— - .
(4.3) /RN/RN = ‘N+ dedy <2Nuwy (1= [ 1Vuldo+ s [ ulda

We recall that there exists a sequence {uy, }neny € C®°(RY) N BV (RY) such that

(42) [’U,]Ws,l(RN) S

nh_{r;o |un — ull g1y =0 and nh_{rgo o |Vuy,|dx = |Vu|(R™),

see for example [5]. Then in order to prove (4.3) it will be sufficient to prove it for u,. We at first
rewrite the double integral as follows

|t (2 / / [tn (2 4+ h) — up(z)]
d dy = dx dh
/]RN /]RN ’I—y’NJrS V= RN JRN WNJFS !
n( h)
R e BT T
(h:lh>1} JRNY \h\

n( h)
/ / |un(z + N+S Un ()| d dh
(h:|h|<1} JRN \h|

1
|un (z + h) — up(z)] < </0 |Vup(x +th) dt> |h], heRYN.

then we observe that we have
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By using this and the invariance of LP norms by translations, we get

/ |Vup(x +th)|dt

ln (2 + h) — / /
d dh < dx dh
/h Ih|<1} /]RN WNJ“S {Ihl<1} JRN |h|NFs—1
/ |Vuy,| dz
Nw /
RN N
dh < Vu,|dx.
/{|h|<1} |h|N+s—1 I—s ]RN’ |

For the other integral, by using the triangular inequality and again the invariance of LP norms by
translations, we get

|un (z + h) — up(x)| / 1 </ >
dx dh < _— un(x + h)|dx | dh
/h Ih|>1} /RN WN“ (hijhjz1y (RIS RN‘ ( )

+ / _dn </ lu |dx>
{helh)>1y [RINTS RN

N
<2 WN/ |up| dz.
S RN

In conclusion we obtained (4.3) for the sequence {u,}nen and thus for u, by passing to the limit.

(
In order to arrive at (4.2), it is now sufficient to use a standard homogeneity argument. Let
u € BV (RY) and set uy(x) = u(x/)\), where A > 0. Then by (4.3) we get

N-1 N
/ / u(w) = )’d dy <2Nuwpy A / |Vu]dx+)\/ |u| dz |,
RN JRN |l’—y‘N+S 1—s RN S RN

2N
/ / )‘d dy—ZNwN)\/ lu| dz < WN/ |Vu|dz.
RN JRN |95*Z/|NJr RN L—s Jry

By maximizing in A > 0 we obtain the desired result. O

that is

We highlight a couple of consequences of the previous interpolation inequality. The first one
gives a relation between the s—perimeter and the standard distributional perimeter. For the proof
it is sufficient to take u = 1g in (4.2). We point out that a related estimate for N = 2 can be found
in [28, Lemma 2.2].

Corollary 4.3. Let s € (0,1), for every finite perimeter set E C RY we have
2N wyn
(1-3s)s

Remark 4.4. The previous result implies that if {E;,} C RY is such that P(Ey) < C and |E}|
converges to 0 as k goes to oo, then Ps(Ej) as well converges to 0. For example, by taking the
annular set Cp, ={z : 1 —1/k < |z| < 1}, we get that Ps(C}) is going to 0 as k goes to co. Then
in general for the s—perimeter it is not true that filling a hole decreases the perimeter, like in the
standard case.

Py(E) < P(E)® |E|*.

By simply using Poincaré inequality in (4.2), we can also infer the following.

Corollary 4.5. Let s € (0, 1). For every u € BV (RN) with compact support there holds

() 2Nw 1- N
dx dy 7d1am sptu) % |Vu|(R
foo Lo R o < G5 dampt '~ 9 &)

where spt(u) denotes the support of u.
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In what follows, we will need the following Coarea Formula for nonlocal integrals. This has been
first proved by Visintin in [33]. The proof is omitted, we just recall that it is based on Fubini’s
Theorem and on the so-called Layer Cake Representation for functions.

Lemma 4.6. Let u € LY(RY), then there holds the following Coarea-type formula

(4.4) ot vy = / P{z : u(z) > 1)) dt.
In particular, if [ulys1gyy < +00 then for almost every t € R the sets {x : u(x) >t} has finite

s—perimeter.

By Proposition 4.2 and Lemma 4.6, we can infer the following limiting behaviour for the (s, 1)
Gagliardo seminorm, whose proof is essentially the same as [27, Theorem 8]. We give it for ease of
completeness.

Proposition 4.7. Let u € BV(RY) have compact support. Then there holds

(4.5) E/Hi(l - S) [U]Ws,1(RN) = WN_1 ‘VUKRN)

Proof. First of all, we remark that [u]ys,1 gy < +00 for every s < 1, thanks to Proposition 4.2.
By the coarea formula (4.4)

+o0
(1 - 8) [ulyyon g = (1—5)/0 Py(Q) dt,

where we set ; := {u > t}. Since by definition Ps(Q) = [1o,Jys1mn), by Corollary 4.5 we have
that!

(1—s) Py(Qu) <2CP(Q),  t>0,

where P denotes the usual distributional perimeter. By using the usual coarea formula for BV
functions (see [5]), we get

+oo
/ P(Qy) dt = |Vu|(RY) < +oc.
0
On the other hand, by [27, Theorem 4] we have

lim (1 5) Pa(Q) = oy -1 P(O).

We point out that the constant wy_; can be deduced from formula (4) in [27]. Therefore it is
possible to apply Lebesgue’s Dominated Convergence Theorem in order to obtain

+o00 400

lim (1 — ) [ulyys1@ny = lim(1 — s) Py(Q) dt = wn—1 P() dt = wy_1 |Vu|(RY),
s s 1 0 0
thus concluding the proof. O

Remark 4.8. For the seminorm [']WS,I(Q) with © C RY open bounded Lipschitz set, the previous
result has been proved in [11, Theorem 1] with a different proof. The case of a general open set 2
is slightly more complicated and can be found in [24, Theorem 1.9].

As a further application of the Coarea formula (4.4), we have the sharp Sobolev inequality in
Wy ’I(RN ), which is nothing but a functional version of the isoperimetric inequality (4.1).

1The constant C only depends on the dimension N and the diameter of sptu, for s close to 1.
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Theorem 4.9 (Sobolev inequality in WS’I(RN)). Let N > 2 and s € (0,1), then
u(y)|
dx dy
(4.6) min /RN /RN o = y‘NJrS =

51 Ny N—s
HEWo T ED) / | s da )
RN

where B is any N—dimensional ball. The minimum in (4.6) is attained by any characteristic
function of an N —dimensional ball.

Py(B)

Proof. We at first observe that it is sufficient to prove the result for positive functions. Let u €
Wy 71(RN ) be positive and let us indicate with p its distribution function

pt) =z = u(z) > t}].

By using the Cavalieri principle we get the following estimate (see [29, Section 1.3.3])

N v & N—s
/ |u| ¥=5 dx §/ w(t) N dt.
RN 0

Using the latter, (4.4) and the 1soper1metrlc inequality (4.1), we get the estimate

/RN/RN |$_ |N+de /P{u>t}) )
<AUW“>%S fy e

for all u € W ’I(RN ). On the other hand, by taking u = 1p with B any N—dimensional ball, we
get equality in the previous. O

Py(B)

5. THE NONLOCAL CHEEGER CONSTANT

Definition 5.1. Let s € (0,1). For every open and bounded set  C RY we define its s— Cheeger
constant by

_ .. P(B)
(5.1) hS(Q)_EHéEz Tl

A set Eq C Q achieving the infimum in the previous problem is said to be an s— Cheeger set of 2.
Also, we say that € is s—calibrable if it is an s—Cheeger set of itself, i.e. if
Ps(2)

€

hs(€) =

Remark 5.2. As in the local case, any ball B C RY is s—calibrable. This is a direct consequence
of the isoperimetric inequality (4.1), which gives

awggam<woﬁzpw>

P E N | Bl

for every £ C B.

Proposition 5.3. Let s € (0,1), every Q C RY open and bounded admits an s— Cheeger set.
Moreover, if Eq is an s— Cheeger set of Q, then O0FEq N OQ # ().

Proof. First of all, we observe that hs(2) < 400, i.e. there exists at least an admissible set such
that the ratio defining hs(2) is finite. Indeed, since 2 is open, it contains a ball B, and for this
Py(B;) < 4.
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We then take a minimizing sequence {E, }nen C 2 and we can obviously suppose that

Py(E,)
| En|

< hs(Q) +1, for every n € N.

As |E,| < |9, the previous immediately gives a uniform bound on the s—perimeter of the sequence
Ps(E,,). Moreover, by combining the previous and (4.1), we get

B 5 (PS(?S> < (hs(Q) + 1) [Enl,
|BI"¥

which in turn implies
(5.2) |En| > engas > 0.

Then we get

[1En]Ws,1(RN) + |1, |l <C, for every n € N.
By appealing to Theorem 2.7, this in turn implies that the sequence {1g, },en is strongly converging
in L' to a function ¢, which has the form ¢ = 1g, for some measurable set Eq C Q. Thanks to

(5.2), we can also assure that |Eq| > 0. By using the latter and the lower semicontinuity of the
Gagliardo seminorms, we get

e Jwsimyy

1)
Malwer@y) oo — he(9).

|Eql n—o0 | En|
This concludes the proof of the existence.

Let us now prove the second statement. Assume by contradiction that Eq & €. Then, for t > 1
sufficiently close to 1, the scaled set t Eq is still contained in 2. We have

Py(tEq)  tN7* Py(Eq)
| Eq tN| Eq

contradicting the minimality of Eqn. Hence we obtain the claim. ([

= ha() < hy(Q),

It is not difficult to see that balls (uniquely) minimize the s—Cheeger constant among sets having
given N —dimensional measure. This can be seen as a limit case of the Faber-Krahn inequality (3.6).

Proposition 5.4. Let s € (0,1), for every open and bounded set Q C RN we have
(5.3) Q¥ hs(Q) > |B|N he(B),
where B is any N—dimensional ball. Equality in (5.3) holds if and only if Q0 itself is a ball.

Proof. Let B be a ball such that |2| = |B| and let Eq be an s—Cheeger set for Q. By using (4.1)
we have

Py(Eq) _ Pu(B) ( |B] > Py(B)
he(Q) = 22 > — hy(B),
D= Tgor = g \igel) =m0
where we used that |Eq| < || = |B|. The characterization of equality cases directly follows from
the equality cases in (4.1). O
We now provide an equivalent definition of hs(£2). Let us define
@)= il Ay 5 lullpg) =1 w0}

wews Q)

This variational problem in general has a “relaxed” solution, i.e. this infimum is attained in the
larger space WS’I(Q), at least for 2 smooth enough. This is the content of the next result.
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Lemma 5.5. Let s € (0,1) and Q C RY be an open and bounded Lipschitz set. Then

s = i s : = >
(5.4) (@) uevnvg;;(m{[um,l@w) el =1, u >0},

and the minimum on the right is attained.

Proof. Of course, since WS’I(Q) C Wg’l(Q), we have

. i s . == > < H
(5.5) o {[ulwr@m  Jullpe) =1, u =0} < X5,(9),

then we just have to show the reverse inequality. At first, we observe that the infimum in the
left-hand side of (5.5) is attained by some function uy € WS’I(Q), again thanks to Theorem 2.7.
Then we observe that since (2 is Lipschitz, by Lemma 2.3 there exists a sequence {¢y }nen C C5°(Q2)
such that

Jim [l — uol[p1(0) =0 and Jim [on]yysr @y = [uolwsr @)

As C§°(Q) C Wg’l(ﬂ), by appealing to the definition of A{ ;(€2) we get

[‘Pn]Ws«l(RN)

11(Q) < lim ——————— = [uo]yys1(ry)-

1,1( )—n_ﬂ)o ||S0n||L1(Q) [ U]W L(RN)

By using the minimality of ug and (5.5), we get (5.4). O
Then the main result of this section is the following characterization of hs(€2).

Theorem 5.6. Let s € (0,1) and let @ C RY be an open and bounded set. For every u €
WS’I(Q) \ {0}, we have

[U]stl(RN)

5.6
(5.6) Tl

> hy(9).

Moreover, if equality holds in (5.6), then u has the following property:

(5.7) for almost every t 4 ={x : u(z) >t} is an s—Cheeger set of ).
Finally, if QO has Lipschitz boundary then

(5.8) 1) = hy(9).

Proof. The proof of the first part is based on the Coarea Formula of Lemma 4.6. Without loss of
generality, we can suppose that u is positive. Then by (4.4), Cavalieri formula and the definition
of hs(2) we get

[U]WS,I(RN) B /0 PS({x : u<1') > t}) dt

lull @) / {z & u(z) > t}|dt
0

> hs(92),

which proves (5.6). The property (5.7) is a consequence of the previous estimate, since if equality
holds then we must have

P({z : u(z) > t}) = hs(Q) {z : u(z) > t},
for almost every level .
In order to prove (5.8), we at first observe that the previous estimate easily implies

11(92) = hs(Q).
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On the other hand, by Lemma 5.5 we have that the variational problem giving A{ ; () is the same
as hs(£2), but in the latter we restricted the competitors to a narrower class. This implies

1,1(€) < hs(Q),
so that equality (5.8) holds. O

6. REGULARITY OF s—CHEEGER SETS

Following [6], given two sets A, B C RY and 0 < s < 1, we introduce the following notation

1
LA B ://d:cd.
( ) Alp |z —yNts Y

Moreover, if @ € RY is an open set, we define
Ja(E) =L(ENQ,E)+ L(E\ Q,E°NQ).
Observe that if £ C 2, then
Jo(B) = L(E,B*) = 5 Py(B)

Using this perimeter-type functional we introduce the notion of nonlocal minimal surfaces and
almost nonlocal minimal surfaces, in the spirit of [6] and [7].

Definition 6.1. We say that F is a nonlocal minimal surface in §2 if for any F' such that F'\Q2 = E\Q
there holds
Jo(E) < Jo(F).
Definition 6.2. Let § > 0 and w : (0,d) — RT a modulus of continuity. Then we say that £ ¢ RY
is (Jo,w,d)—minimal in Q if for any z¢p € OF and any set F such that E\ B,(zg) = F'\ By(x0)
and r < min(4, dist(zg, 9Q)) we have
Jo(E) < Jo(F) +w(r)rN=s.
We will also simply say that F is almost minimal in €.
We need to recall the following regularity result.
Theorem 6.3. Assume that E C RN is (Jg,Cr®,1)—minimal in By for some a € (0, s] and some
C > 0. Then:
(1) there exists 6o = 0o(N,s,C) > 0 such that if

OENB; C{z : [(x,e)| < do}, for some unit vector e,

then OF is C' in By o5
(2) outside a singular set having at most Hausdorff dimension N — 2, OF is C' regular;
(3) in the case N = 2, the singular set is empty, i.c., OF is C' reqular everywhere.

Proof. The first two parts are proved in [7]. For the last part we observe that in [31, Theorem 1]
it is proved that actually there are no singular cones for N = 2. By using [7, Theorem 7.4, part 3|
this implies that nonlocal almost minimal surfaces are C! for N = 2 as well. [l

By appealing to the previous result, we can prove at first interior regularity for an s—Cheeger
set.

Proposition 6.4 (Interior regularity). Let s € (0,1) and Q@ C RY be an open and bounded set. Let
E be an s—Cheeger set of Q. Then OENQ is C', up to a singular set of Hausdorff dimension at
most N — 2. In the case N =2, 0ENQ is C'.
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Proof. We prove at first that F is (Jg,C r®,1)—minimal in Q, with C' = C(N,Q) > 0. Since FE is
an s—Cheeger set, it is a minimizer of

1
6.1 2// — daxdy— hs(Q)|E|,
(6.1) |y ey = b))

among all subsets of Q. Hence, for any g € 0ENQ, r < dist(zg, 92) and F such that F'\ By (zg) =
E\ By(x0), we have F' C Q and thus

//crx—yrf“s d””dyq//c\x—ywﬂ ddy + hy(Q)(|E 0 By(0)| — |F 01 By (w0)])

<2// 7dxdy—|—0r .
FJre |z —y/Nts

Now, we observe that E\ Q = 0 = F\ €, thus the previous estimate is the same as
(6.2) Jo(E) < Jo(F) +CrV
which proves that E is (Jq,C r*,1)—minimal in .

We are now going to use Theorem 6.3. Let 9 € E N €2, then there exists a ball By, (zo) C 2. By
defining

E—.’L’o and QZQ—ZO’

70 o

E=

and using the scaling properties of L, we get

~ Jo(E
I8y = 228
"o
By using this and (6.2) we get
~ ~ C
Ta(E) < Jo(F) + v,
0

for every y € OF, , every F such that E\ By(y) = F \ B,(y ) and every r such that r < dist(y, 89)
This gives that E is (Jg Crs , 1)—minimal in Q, where C = Cry N Observe that B; C Q by

construction, thus E has the same almost minimality property in B; and Theorem 6.3 applies. By
scaling and translating back, we get the desired result for E. O

By the same idea, we can obtain regularity of an s—Cheeger set at points touching 0.

Proposition 6.5 (Boundary regularity). Let zo9 € OE NIQ and assume that 02 is locally of class
CY* around wg. Then there exists mo > 0 such that OE N By, (wo) is the graph of a C* function.

Proof. Let 9 > 0 and set for simplicity B = B, (x0). Up to translating and scaling the sets as in
the proof Proposition 6.4, we can suppose for simplicity that o = 0 and ro = 1. As before, we
start by proving that F is (Jp,C'r®,1)—minimal in B, where we set

a = min{a, s}.

We take again F' to be a set coinciding with E outside B, (y) for y € OE N B and r < dist(y, 9B).
Then F'N < is admissible for the minimization of (6.1) thus as before

dxdy</ / dz dy + hs E|l—|FNQ
//c|$—y|N+ FnQ J(FnQ)e |5!7—Z/|N+ ()(| ’ | |)

7da:dy—i—Cr
/FmQ/FnQ |z —y|N+s



THE FRACTIONAL CHEEGER PROBLEM 19

where in the second inequality we used that E and F only differ in B,.(y). For the same reason we
have FF\ B=E\ B and F'°\ B = E°\ B, so that

Jp(E)=L(ENB,E°)+ L(E\ B,E°NB)
=L(ENB,E°)+ L(E\B,E°)+ L(E\B,E°NB)—L(E\ B, E°)
=L(E,E°)— L(E\ B,E°\ B)
LIFNQ,(FNQ)° — L(F\ B,F°\ B) +Cr"
= Jp(F)+ [L(F N Q,(FNQ)F) — L(F N B,F°) - L(F \ B, F*)]
+CrN
which gives
(6.3) Jp(E) < Jp(F) + [L(F N9, (FNQ)°) = L(F, F9)| + C 7™,
We have to estimate the second term in the right-hand side of (6.3). For this, we note
FCU(FNQY)=FuUQ=(FnNQ)S,

then for every positive measurable function g we have

/Fﬂﬂ /(Fﬂﬂ)e olesy) = /Frm/c 5(z:v) + /Fmsz /Frmc 9(@9)
B / /C o) = /Fmszf /c gl@y) + /Frm /ch 9(@,)
// 9(.y) //B(ymC 9(@,y),

thanks to the fact that F' N Q¢ C B,(y) N Q°, since F' C B,(y) UQ by construction. Thus we can
infer

1 1 1
dmdyg// dmdy+// ————dxdy
/Fmﬂ /(FOQ)C |z — y|NFs e |z — y|N+S - (y)Ne |z — y|NFs

where the second inequality follows from [7, Example 2] since we have assumed that 2 has a C'1@
boundary. By inserting the previous estimate in (6.3), we finally get

Jp(E) < Jg(F) +CrN 4 CrorN=s,
which proves that E is (Jp,C 7%, 1)—minimal in B, possibly with a different constant C.

The C! regularity now follows from part 3 in [7, Theorem 7.4]. Indeed, if we perform a blow-up of
E, we will as usual obtain a nonlocal minimal cone K. Moreover, the complement K¢ is minimal
as well and K¢ contains a tangential ball, due to the fact that € is assumed to be C'h®, which
means that O becomes a half-space after a blow-up. By [6, Corollary 6.2] we get that 0K is a C*
surface, and since K is a cone, this means that K is a half-space. From part 3 in [7, Theorem 7.4],
we can now conclude that F is C'. ([

Finally we prove that at any point of 9EN{2 having a tangent ball from both sides, an s—Cheeger
set F has constant nonlocal mean curvature equal to —h4(€2). At this aim, we first need a technical
result, whose proof closely follows that of [6, Theorem 5.1].

Lemma 6.6. Let Q C RY be an open bounded set and E C RN a set satisfying
(6.4) L(AE)— L(A,(EUA)°) < Cy|A],
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FIGURE 1. The vector T (x) 4 en is parallel to x + exy and 7 (z) and x have the
same distance from the boundary of the ball.

/ N

/ /'/ Bg (O) \‘\

FIGURE 2. The construction of Lemma 6.6. In this particular case we have T(A™)N
E = (), so that we simply have A™ = T(A™).

for every A C Q\ E and for some constant Cy. Let us suppose that there exists a ball B,(yo) C E
which is tangent at xg € OF N Q. Then we have

lg — 1ge
(6.5) lim sup/ Eiﬁﬁ dzx < Cy.
50+ JRN\Bj(x0) [T — ol
Proof. We briefly recall the construction of the proof in [6, Theorem 5.1] for the reader’s conve-
nience. Let us set ey = (0,...,0, 1), without loss of generality we can assume that zo = 0 and that
B, (yo) = Ba(—2en), since we can always reduce to this case by rescaling and translating. Take
0 < § < 1 such that Bs(0) € Q and 0 < € < 6 such that? By, .(—ex) \ E C Bs(0). We denote by
T the radial reflection in the sphere 0B14.(—en) (see Figure 1), then we define the sets
A” = Bii(—en) \ E, At =T(A)\E and A=ATUA,

see Figure 2. Observe that by construction A C Bs(0) C Q. Finally, we define

F:=T(Bs(0)Nn(EUA)°) c En Bs(0).

2This is possible by taking for example € < go(d), where

[, 82 52
eo(0) == 1+571:Z.
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Since by construction A C Q\ E, by (6.4) we get
(6.6) L(AE)— L(A, (FUA)) < CylA|.
We remark that we have the following set relations
E=(E\ Bs(0)) U[(ENBs0)\ FIU[(EN B;s(0)) N F]
— (B\ Bs(0)) U[(E N B3(0)) \ F]UF,
where we used that F' C E N Bg(0). Also, since A C Bs(0) there holds
(EUA)=E°NA°=[(E°NA°)NBs(0)]U[(E°N A°) \ Bs(0)]
— T(F)U[E\ Bs(0)].
By putting these two relations together we can realize that
L(AE) — L(A, (EU A))

— |L(A, B\ B5(0)) = L(A, B\ B5(0))] = [L(A, T(F)) = L(A, F)| + L(A, (E 1 B5(0)) \ F)

> [L(A,E \ Bs(0)) — L(A, E°\ 35(0))} - [L(A,T(F)) - L(A,F)} -1 - .
Due to (6.6) we can thus conclude that
(6.7) I — I, < CylAl.
In the proof of [6, Theorem 5.1] it is proved that (see formula (5.1))

I |4 eyl < 0ot 5104,

rM\B; [y|VTe
and? (see formula (5.3) and Lemma 5.2 in [6])
I <O A+ Ce"|A™| < C|A| (6175 4 &),

for some sequence ¢ — 0 and for some n € (0,1 — s). Plugging the two above estimates into (6.7)
and dividing by |A| yields

1p — 1
/ LB gy < Co+Cerd i 4 O O,
RN\ Bs |y

We then pass to the limit as € goes to 0 and then to the limit as § goes to 0, this implies

. 1 — 1pe
lim sup/ — v dy < Co,
rN\B, |Y[NTe

6—0t

which concludes the proof. O

Theorem 6.7. Let E be an s— Cheeger set of Q) such that E admits a tangent ball from both sides
at xg € OEN Q. Then
: lp —1lpge
lim T — . [Nts d
5—0F JRN\ B (o) 1T — Zo|
Proof. We first observe that since E is a minimizer of (6.1), we get that E satisfies (6.4) with
Co = —hs(Q). For this, it sufficient to test the minimality of E against a set of the form AU E, for
every A C Q\ E. Therefore (6.5) implies

x = —hs(9).

1p — 1ge
lim sup/ Eif;ﬁ dxr < —hs(92).
§—0+ JRN\Bj(z0) |z — o

3We should note that in order to prove the estimate on I> the authors strongly use the positive density property
for nonlocal minimal surfaces (see [6, Section 4]), which also holds true for nonlocal almost minimal boundaries, see
[7, Proposition 4.1].
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On the other hand, we also get

where this time we tested the minimality of F against E'\ A, with A being any subset of E. It is
immediate to see that (6.8) means that E¢ as well satisfies (6.4), this time with Cy = hs(£2) and
by hypothesis E¢ contains a tangent ball at 5. Then again we can apply Lemma 6.6 and thus

1 c — 1 c)c ]_ - ]. c
—hs(Q) < —lim sup/ B 0 (ﬁﬁs dr = liminf/ BT B ]€+8 dz,
50+ JRN\Bs(z0) 1T — o0 5=0% JRN\Bs(a0) 1T — ol
which gives the desired result. ([

7. THE FIRST EIGENVALUES AND THE CHEEGER CONSTANT

In this section we show that for a Lipschitz set €2, the nonlocal Cheeger constant hs(2) is the
limit of the first eigenvalues Aj ,(€2), as in the case of the p—Laplacian. The main result is the
following.

Theorem 7.1 (Convergence of the minima). Let Q C RN be an open and bounded Lipschitz set.
For every 0 < s < 1 we have
(7.1) lim Aj

p—1t

(9) = hy(9).

P

Proof. We are going to prove the two inequalities
liminf A} () > hs(92) and limsup A ,(Q) < hs(€2).

p—1t p—1t
Liminf inequality. Let {p;}jcn be a sequence converging to 1 and such that

»,() = lminf X7, (©).

lim A]

J—00
Thanks to Lemma 2.6 we have the continuous embedding Wg P(Q) — WOS/ 2’1(9). The latter is in
turn compactly embedded in LI(Q2) for ¢ < 2N/(2N — s) by Corollary 2.8. Up to extracting a
subsequence, we can then suppose that the eigenfunctions {up y } jen are converging to a function u
in L7(Q) and almost everywhere. In particular we have

lim [|wp, [ i = [Jullpr ] < lim flup, —ullpe; + Tmjul| e — [lufl | =0,
j—o0 j—o0 j—o0

where we used that p; < ¢ for j sufficiently large. The previous implies that |ju||;1 = 1. From
Fatou’s Lemma we can then infer

li}g inf AT, () = lim A7, (@) = lim [wp, lyyons vy = [Wlwsa gy > hs(9),
where we used (5.6) in the last inequality.

Limsup inequality. We have for any ¢ € C§°(£2)

@ < ()’

||80HLP(Q)
Thus,
P
(7.2) limsup A{ ,(€2) < lim sup <MW<RN>) _ [Hwerey)
Pt p=l lell () lell 21

Thanks to equation (5.8) and by density of C§°(Q2) in Wg 1(Q), for every § > 0 we can take
s € C3° () so that
[wé]ws,l(RN)

hs(2) + 9 > .
sl (o)
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Then by appealing to (7.2) we get
limsup A ,(22) < hs(Q) + 6.

p—1t
Since ¢ is arbitrary, this proves the result. O

Theorem 7.2 (Convergence of the minimizers). Let Q C RN be an open and bounded Lipschitz set

and let uy, € Wg,p(g) achieve the minimum (3.1). Then there exists a sequence {p;}jen converging
to 1 such that {uy, }jen converges strongly in L(Q2) for every q < oo to a solution uy of

s frg 1 s . = > = s .
@) = min {ldweage) e = 1w 0} = k(@

Moreover uy € L>(2) and we have

N
& e < | gy | @5,
where B is any N—dimenstonal ball.
Proof. Observe that we have
[up]eys,p(]RN) = ip(Q)y
then by Theorem 7.1
i [ ) = ().

By Lemma 2.6 {u,},~1 is equi-bounded in WS/ >1(Q) for p sufficiently small. Again thanks to
Theorem 2.7 we can extract a subsequence {u,, }jen converging in L' to a function u; such that
|lui||r = 1. Thus we obtain

hs(Q) = lim [upj]p]

M Tt Ty vy 2 [iliwen ey 2 hs(9),

thus u; achieves A{;(Q2) = hs(£2). Observe that the sequence {uy, }jen is equi-bounded in L*°(Q2)
thanks to Proposition 3.3, then u; as well is in L*°(Q2) since

N

. . = sp2
(7.4) llui|lpe < lim ”’U,ijLoo < lim Cnyp, s )\17pj((2) Pi < 4o00.
j—o0 j—o0

By a simple interpolation argument we then get that {u,,};en actually converges to u; in every
L1(Q), with 1 < g < 0.

In order to prove (7.3), we use (7.4) and keep into account Remark 3.4, which permits to infer

N
Npj N_J\?pj °bi
N*Sp'd -~ N
o (L ) B
lim Cyp, s = lim sup < | ==
j=e0 20 | wew i (&) [ulwrs ) Py(B)

In the last inequality we have used that the limit of the best constant of the Sobolev inequality in
WSP(RY) for p > 1 is certainly less than the best constant for the limit case p = 1 (see [15, page
3424]), the latter being given by (4.6). A combination of this and the convergence of A1, (€2) to
hs(2) concludes the proof. O
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Remark 7.3. We point out that estimate (7.3) is sharp in the following sense: should u; be the
characteristic function of a s—Cheeger set Eq of (2, i.e.

|Eal’

then by the isoperimetric inequality (4.1) we would have
N
]. N—s 1 s N—s hS(Q) >
u 0o = — = E s —_— = E s
fusllm = o =180l () = 1Bl (5
( N-—s

< |Eql™+ <1@:(g))>f <\EBQ’|> |

This is exactly the same as (7.3). Observe that equality holds in (7.5) (and thus in (7.3)) when €2
is a ball. This argument shows that the estimate (3.3) becomes sharp in the limit as p goes to 1. In
the local case, we recall that an L* estimate for functions achieving the Cheeger constant hq(€2)
can be found in [8, Theorem 4].

U1

(7.5)

It is interesting to investigate the relation between h4(€2) and the usual (local) Cheeger constant
h1(€2). We start with an estimate linking the latter and the former.

Proposition 7.4. Let s € (0,1) and Q C RY be an open bounded set. Then we have

2N0.)N
he(Q) < ———~—
(@)= (1-39)s
Proof. Let EE C ) be a Cheeger set, then by using Corollary 4.3 we get
P(E)\’ 1-— P,(F
@y — (PEY 5 (=93 P(E)
B 2Ny B

which gives the conclusion. ([

hi(Q)°.

By using the recent I'—convergence result by Ambrosio, De Philippis and Martinazzi in [4], one
can show that hs(£2) converges to hy(£2).

Proposition 7.5. Let Q@ C RN be an open and bounded set. Then we have

(76) h/{Hi(l - 8) hS(Q) = WN-1 hl (Q)
Proof. For every € > 0, let u. € C§°(Q2) be such that
RN
() +e> YUl ®T)
el (@)
By using (4.5) we obtain
[Vue|(RY) [uelwsimny .
wn_1(M(Q)+e)>wnyg———==1lim(l —s) ———= > lim(1 — s) hs(©2),
t@ + ez o AT g 2 AL T

where we used again (5.6) to get the last estimate. By the arbitrariness of ¢, we get
wn—1h1(2) > limsup(l — s) hs(Q).

s,/

On the other hand, for every s € (0,1) let us take E5 C €2 such that

(1=5)hs(Q2) = (1 —5)

so that
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This in turn implies that if we fix sg € (0, 1), then (see for example [12, Proposition 2.1])
P, (Es) < C, for every s > sq,

possibly with a different constant C. Then the sets E, are converging in L' to a Borel set Ey C .
This implies in particular that |Es| converges to |Ep| and by using the I'—liminf inequality of [4,
Theorem 2], we get

P (E; P(E
liminf(1 — s) hs(2) = liminf(1 — s) (E;) > WN-1 (o) > wn-1h1(Q)
s—1 s—1 |Es| |E0|
This concludes the proof. O

8. A NONLOCAL MAX Frow MIN CuT THEOREM

It is well-known (see [21]) that for the Cheeger constant h;, we have the following dual charac-
terization in terms of vector fields with prescribed divergence

1
= Vlpee(q) : —divV =1
m(Q) VeLoo(Q RN) IVl v b

where the divergence constraint has to be attained in distributional sense, i.e.

/(Vgo, V)de = / pdz, for every ¢ € C3°(2).
Q Q
The previous in turn can be rewritten as
h(Q)=sup{heR : IV € LR s, t. ||[V[pe <1and —divV > h},

and the latter is usually referred to as a continuous version of the Min Cut Max Flow Theorem
(see [21] for a detailed discussion). In this section we show that similar characterizations hold for
hs(§2) as well.

Let Q C RY be as always an open and bounded set. Let p € [1,00) and s € (0,1), we set
g=p/(p—1)ifp>lorg=occisp=1and

W—59(Q) = {F WSP(Q) — R : F linear and continuous}.
We also define the linear and continuous operator Ry, : WP(Q) — LP(RY x RY) by
R p(u)(z,y) = L}\i(y), for every u € WSP(q).
@~y 7"
Lemma 8.1. The operator R, : LY(RY x ]RN) — W1(Q) defined by
(8.1) (R / / — ( ) dx dy, for every u € WEP(€),
v Jrw

!fﬂ - y!
is linear and continuous. Moreover, R, is the adjoint of Rsp.

Proof. We start by observing that for every ¢ € LI(RY x RV), RS ,(¢) defines a distribution on
Q, i.e. R,(p) € D'(Q). Then by Hélder inequality, we get

(8.2) [{Bsp () )| < ll@llza@y xrmy [ullsr g
By density this implies R} ,(¢) can be (uniquely) extended to an element of W—54() and

IR () sy < el oo

Then R}, is well-defined and is of course a linear operator. The previous estimate implies that this
is continuous as well.



26 BRASCO, LINDGREN, AND PARINI
To prove the second statement, by the very definition of Ry, we get?
<R§,p(90) >(W £9(Q),WSP(Q) = (p, Rs p(u ))(Lq(RNxRN),LP(RNxJRN))-
This concludes the proof. O

Remark 8.2. The operator R; , has to be thought of as a sort of nonlocal divergence. Observe
that by performing a discrete 1ntegrat10n by parts”, R, (¢) can be formally written as

(8.3) Ry = [ p@y) —ew.2) 5 L R,
P RN |,I _ y|;+$
so that

(R: (), u) = /Q < /R i P(@y) _ﬁ(ys’ 7) dy) u(z)de,  uwe WyP(Q).

o —y| "
Indeed, by using this formula

/ u(z) Ry, ( da:—/ / dyda:—/ / u(x) ) dyda:
R~ R~ Je \x—y\ R Jio |x—y\

and exchanging the role of x and y in the second integral, we obtain that this is formally equivalent
o (8.1).

We record the following result for completeness.

Proposition 8.3. Let 1 < p < oo and s € (0,1). Given an open and bounded set Q C RY, for
every f € W™%9(Q) we have

u(y)P
dz d
i { /RN/RN o~ |N+sp Y

(8.4)
%mﬁﬂmN{ ANAQWﬂ:By splp) = [ in }
where as before ¢ = p/(p — 1) and the constraint R ,(¢) = f has to be attained in the sense
/ / ( ) dx dy, for every u € C5° ().
v S Ix - y\

Proof. Observe that the maximization problem in the left-hand side of (8.4) can be written in the
form

%%?{(w*,@ — G(A(x)), xr e X*,

with X reflexive Banach space having dual X*, G : Y — R a lower semicontinuous convex functional
and A: X — Y a linear continuous operator. Specifically, we have

X =WeP(Q), X*=W(Q), A=R,, Y=IL"RYxRY),
and
G(¢) = ||5HLp @mvwryy €€ LPRY xRY).
Then general duality results of Convex Analysis (see [14, Proposition 5, page 89]) guarantees that
max(2*,7) — G(A(z) = min{G"(€") : A"(€") ="},

where A* : Y* — X* is the adjoint operator of A. In our case, we have Y* = LI(RY x R) and of
course A* coincides with the operator defined by (8.1), thanks to Lemma 8.1. O

4Given a topological vector space X and its dual space X, we denote by (-, -, )(x+,x) the relevant duality pairing.
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By a simple homogeneity argument, the concave maximization problem in (8.4) is equivalent to

p
max > ‘

b
uEng(Q )|P dxd
N JpN |:U — |N+5p y
RN JR
more precisely we have

|u(z) — u(y)[? }
max - - dzx dy
ueWeP(Q) { /IRN /]RN |z — ?J‘N—Hp
(p - 1) !p
= — max >
p ’U,EWS p(Q)/ / )| d dy
RN JRN |95 -

y|N+sp

- ||f||

W=sa(Q)’
by recalling that ¢ = p/(p — 1). As a straightforward consequence, we have the following.

Corollary 8.4. Let 1 < g < oo and s € (0,1), then for every f € W*s’q(ﬂ)

sy = i {Ielavamy)  Biy(e) = £ in 0}

Remark 8.5. By looking at the formal expression (8.3) for R
function ¢ € LI(RY x RV), i.e. if we have

s,p» We may notice that for a symmetric

o(z,y) = oy, ),

then of course R;‘,p(go) = 0. Roughly speaking, this means that functions symmetric in the two
variables play in this context the same role as free divergence vector fields in the usual local case.

Then the main result of this section is the following alternative characterization of the s—Cheeger
constant of a set, which can be used to deduce lower bounds on h4(€).

Theorem 8.6. Let Q C RY be an open and bounded Lipschitz set and s € (0,1). Then we have

1
ha() = min { |||l oo gy xrN) =1}.

Proof. We start by observing that

1 / |u| dx

= Sup
hs(2) ueWwy! / / W)l dzx dy
RN JRN |~’U— |N+8

)|
= Sup (1,u) / / —drdy <1
ueWw! { RN JRN |$— |NJr

thanks to Lemma 5.5 and Theorem 5.6. Again, the latter is a problem of the form
Sup<w z) —G(A(x)), 2" e X7,

zeX

where G : Y — R is convex lower semicontinuous and A : X — Y is linear and continuous. In this
case we have

X=W'(Q), X*=W%€Q), A=R., Y=L'R"YxRY),
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and

400, otherwise.

() = { 0,  if [l€ll 1y xryy < 1,

Then again we have

max(z*, z) — G(A(z)) = min {G*(£") : A*(£") =27},

zeX £rey
where

v*=1g,  G(€) =€ pe@rxry), YT =LORY xRY),
and the adjoint operator is T* = Ry ;. This concludes the proof. O

As a corollary of the previous result, we obtain the following characterization.

Corollary 8.7. Let Q@ C RY be an open and bounded Lipschitz set and s € (0,1). Then we have

_ . oo (mN N H()OHOO <1 and
(8.5) hS(Q)—max{hGR.ﬂthL (RY x R™) s.t. Q) > hin® [

Proof. We have
max{h : Jp € L2RY x RY) s.t. ||¢]loc <1 and RS1(¢) > h}

:max{h : 3 e L®(RY x RY) s. t. > hand R}, (p) > 1}

l[lloo
{ L R (o) =1 Q}
= max — p)=11in ,
per®@¥xrN) | flollo ~
and the latter quantity coincides with
1

min { [|]| oo myxryy ¢ Riq(p) =1in Q)

By using Theorem 8.6 we can conclude. O

Remark 8.8 (Interpretation). The characterization of (8.5) can be seen as a kind of nonlocal
version of the Max Flow Min Cut Theorem. A possible interpretation of (8.5) is the following:
we have a continuous network represented by R, with sources (producing a given commodity)
uniformly distributed in 2 and the complement of € being the sink. Transportation activities are
described by ¢, in such a way that at each point x €  we have an incoming quantity of flow
o(x,y) |z —y|7N* from y € RY and an outcoming flow ¢(y,z) |z — y|~V~* to the same y € RV.
Then the total flow at x is given by (see Remark 8.2)

o) = [ FED R g

The sources in 2 continuously in time produce at a rate which is (at least) h, that is RS () > h.
The L bound on ¢ is clearly related to a capacity constraint for our network. A cutis any £ C (2
and observe that for every admissible flow ¢ and every cut E C Q, we (formally) have

h|E| < / * (o) do = / / o Ren(1p) dedy < Py(E).
E RN JRN

Thus (8.5) states that trying to find the maximal (nonlocal) flow is the same as trying to find the
best (nonlocal) cut of €.



THE FRACTIONAL CHEEGER PROBLEM 29

APPENDIX A. GAGLIARDO SEMINORMS AND DIFFERENTIAL QUOTIENTS

For the sake of completeness, we record the proof of a technical result we needed for the compact
embedding WP (Q) < L9(2). The proof below is a simplification of that of [4, Proposition 4].
This simplified version does not display the sharp dependence of the constant on s.

Lemma A.1l. Let 1 <p < oo and 0 < s < 1, for every u € WSP(RY) there holds

u(z + h) — u(z)?
(A.1) |§l1|1>p0/RN e dr < Clu)?,

Ws, p(RN)
for a constant C = C(N,p) > 0.
Proof. Let p € C5°(RY) be a positive function with support given by the annular region Bs(0) \

Bi(0) = {z € RN : 1 < |z| < 2} and such that [,y pdz = 1. We fix h € RV \ {0}, then for every
|h|/2 < e < |h| we set

pe(z) = %N p (g) :

and we may write

lu(x + h) —u(z)| = '/U(y)ps(:wrh—y) dy+/[U(w+h) —u(r+h—y)]pe(y) dy

- ([ stwote =+ [te) ~ ute - o) dy>‘
| '/ )lpe(z+h—y)— pa(fv—y)]dy‘
+ [+ ) = ao b= )| ooy + [ fuo) = uta = )] p-0) .
We then observe that

‘/ )[pe(zr+h—y) — pe(z—y dy‘ )(Vpe(x —y+sh),hydyds

) —u(z+sh)] (Vps(x —y+sh),h)dyds

HVPHooW / /
lu(y) — u(z + sh)|dy
€N+1 B25 $+5h \Bs(:v—i-s h)

o |
HVPAUH’ ’// u(x+z+4 sh) —u(z+ sh)|dzds,
3 B26 \BE

where in the second identity we used that [ Vp.dz = 0. Finally by Jensen inequality and transla-
tion invariance of the LP norm, from (A.2) we can infer

P
/ lu(z 4+ h) — u(z)|P de < C]J,T / / lu(z + z) — u(z)|P de dz
RV e Bac (0)\B:(0) /RN

L C ||§)V\|oo / / u(z + 2) — u(z)|P dz dz.
€ Bae(0)\B:(0) /RN

Since € < |h|, the previous implies in particular

P
/ lu(z 4+ h) —u(z)|P de < CA’,T / / lu(z + z) — u(z)P dx dz,
RN €N J By (0)\B:(0) JRN
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possibly with a different constant C', independent of h and . If we now divide both sides by |h|*?,
we get

_ p p(1—s)
/ lu(z + h) — u(x)| dr < C ‘h]l[ / / u(z + 2) — u(z)|P dz dz,
RN |h|sP M By (0)\B.(0) JrY

then we observe that by construction

|h’p(1_s) p(l—s) .—N—sp N+p |, |—N-sp

N <2 € <2 K , z € B2:(0) \ B:(0),

which concludes the proof. O
Remark A.2. The previous result can be rephrased by saying that W;" (RY) is continuously
embedded in the relevant Nikolskii space. See for example [1] for further details on this topic.

APPENDIX B. A REMARK ON TWO DIFFERENT SOBOLEV SPACES

In order to avoid confusion, we point out that usually (see for example [12]) the symbol WP (€2)
denotes the closure of C§°(2) with respect to the norm

u = [ulwsr ) + lull e o)

In principle W;*(Q) is larger than our Ws’p (Q) introduced in Section 2. Indeed

(Bl) [U]Ws,p(RN) - Ws p + 2 / /RN\Q |x — |N+sp d.’L’ dy,

and there could exist Q@ C RY and u € WP () such that the second integral on the right-hand side
is infinite. Though we did not need this result in the paper, for completeness we record a sufficient
condition for the two spaces to coincide.

Proposition B.1. Let s € (0,1) and 1 < p < 0o be such that sp # 1. Let Q C RY be an open
bounded Lipschitz set. Then there ezists a constant C' = C(N,s,p,Q) > 0 such that
[ulwsp@yy + Ul < C ([U]Ww(sz) + HUHLP(Q)>7 for every u € C°(Q).
In particular WP () = WP (Q) as Banach spaces.
Proof. Let u € C§°(R2), for every x € 2 we set

o) = il e~y

i.e. this is the distance of = from the complement of 2. Then we observe that
RN\Q CRN\Bﬁn(z)(x)a z €€,

which implies

// N dﬂ:dy<// [uz ])\lp dy dz
RN\Q ]x—y| tep RN\Bs (o) (z) |2 — 9|V FoP

= u(x)P w - —l=sp T
(B.2) —AHM(NNAMQ dad

_ Nwy [ Ju(z)]?

~ sp Jq da(x)eP
We now have to distinguish between sp > 1 and sp < 1: in the first case, by using in (B.2) the
fractional Hardy inequality of [13, Theorem 1.1]

|u(z) P P
Q%@wmgcwwmw



THE FRACTIONAL CHEEGER PROBLEM 31

wtih C = C(N, s,p,Q) > 0, we can conclude.
In the case sp < 1 the previous Hardy inequality can not hold true (see [13, Section 2]), but we

have (o)
u(z R ) N
o 00 (z)5P dr < C ([U]Ws,p(g) + HUHLp(Q)) , u e C(Q),

with C" = C'(N, s, p, ), see [13]. O

APPENDIX C. POINTWISE INEQUALITIES
We collect some inequalities needed for the proof of the L estimate for eigenfunctions.

Lemma C.1. Let 1 < p < oo and 8> 1. For every a,b > 0 there holds
B pP B+p—1 B+p—1|P
et R S I
(B+p—1)p
Proof. We first observe that if a = b, then (C.1) is trivially true. Let us then suppose that a # b

and of course we can suppose that a > b, without loss of generality. Then by collecting a®TP~! on
both sides of (C.1) and setting ¢t = b/a < 1, we get that (C.1) is equivalent to

(C.1) |a—b|/p_2 (a—10) (aﬁ —bﬂ) >

1-tr 11— t%) > (ﬁ—i—ﬂppil)l’ (1—15%571)[), 0<t<l.

This inequality is just an easy consequence of Jensen inequality. Indeed, we have

_ll—tﬁ_ -1 1 B—1 1 % p_ pp B+;771 p
(1—t)p T—(l—t)p /;S dSZ(/tv S dS) —m(l—t ) N

which gives the desired inequality. ([

Actually, we used the following version of the previous result.
Lemma C.2. Let 1 <p < oo and B > 1. For every a,b, M > 0 there holds

B pP
(B+p—1)

B+p—1 B+p—1|P

P

(C.2) ja—blP~% (a — b) (aj, — b,) > ay” = by

)

where we set
apr = min{a, M} and byr = min{b, M}.

Proof. By using inequality (C.1) we get
Btp—1 Btp—1
ay”

Bp”

N p—2 _ B — p >
lang — b P~ (ans — bar) (ap, —byy) 2 (B+p—1)

To conclude, we just need to prove that
(C:3) Janr = barlP™? (ans = bar) (ayy = byy) < la = bP~% (a = b) (ay — ).
Let us suppose at first that a > b. Of course, if a = b inequality (C.3) is trivially satisfied, so we
can consider a > b. In this case we have two possibility:
b>M or b< M.
In the first case, then ajy; = byy = M and (C.3) is satisfied. In the second case (C.3) reduces to
(anr = P (ay = 0°) < (a = 0)P ! (ay, — bY),
which is equivalent to
ay —b<a-—0.

As the latter is trivially verified, the validity of (C.3) is checked for a > b. It is only left to observe
that the discussion for the case a < b is exactly the same, so the proof in concluded. ([
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