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Abstract The paper considers a linear regression model with multiple change-points occur-
ring at unknown times. The LASSO technique is very interesting since it allows the parametric
estimation, including the change-points, and automatic variable selection simultaneously. The
asymptotic properties of the LASSO-type (which has as particular case the LASSO estimator)
and of the adaptive LASSO estimators are studied. For this last estimator the oracle properties
are proved. In both cases, a model selection criterion is proposed. Numerical examples are pro-
vided showing the performances of the adaptive LASSO estimator compared to the LS estimator.
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1 Introduction

A change-point model is a model which changes at the unknown observations. Change-point
detection procedures fall into two categories: retrospective or a posteriori change detection and
on-line, sequential or a priori change detection. This paper focuses on an a posteriori change-
point problem, which arises when the data are completely known at the end of the experiment
to process. More precisely, we study the high-sized a posteriori change-point model: study a
phenomenon (dependent variable), function of one very large regressors variables number, with
unknown change-points number.

A significant advancement in variable selection in a model without change-point was realized by
Tibshirani (1996), proposing the LASSO method. Then, the estimation and model selection are
simultaneously treated as a single minimization problem. If the model have change-points, the
LASSO method would allow at the same time to estimate the parameters on every segment and
eliminate the irrelevant predictive covariates without crossing every time by a hypothesis test.
We remark that the least squares (LS) method gives nonzero estimates to all coefficients.

In this paper we propose a method for a change-points linear model with the aim of estimating
and choosing the covariates (regressors) simultaneously. The obtained results will be very useful
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for high-sized models which is often used in various fields especially in medicine, meteorology or
financial econometrics.

Concerning the LASSO method in a model without change-points, a generalization of LASSO
(Ly penalty) and ridge (Lo penalty) estimators was given in [Knight and Fu (2000) by min-
imizing the residual sum of squares plus a penalty proportion to the models parameters. The
obtained estimator is called LASSO-type estimator. The ridge method has a good prediction per-
formance through a bias-variance trade-off, while the LASSO method encourages both shrinkage
and automatic variable selection simultaneously and it has very good computational properties.
Nevertheless the LASSO estimator does not satisfy the oracle properties. To remedy this in-
convenience, an adaptive LASSO estimator was proposed by |Zou (2006). Recall that the oracle
properties are: the zero components of the true parameters are estimated (shrunk) as 0 with
probability tending to 1 (also called sparsity property) and the nonzero components have an
optimal estimation rate (and is asymptotically normal).

Let us give some references of recent papers on the LASSO method, with the remark that to the
author’s knowledge, the LASSO problem has not yet been addressed in a change-point model.
For the models without change-points, in the case of linear regression, [Fan and Li (2001) show
that the LASSO method produces biased estimator for the large parameter regression and |Zou
(2006) proves that the oracle properties do not hold for the LASSO. [P6tscher and Schneider
(2009) study the distribution of the adaptive LASSO estimator in finite samples and in the
large-sample limit while Xu and Ying (2010) consider the LASSO-type penalty in a median re-
gression. In the paper of [Foster et _al! (2009) a LASSO random effects model is considered and in
Bickel et al! (2009), the equivalence results and sparsity oracle inequalities for the LASSO and
Dantzing estimators in a nonparametric regression model are given. [Wei et all (2011)) consider
the problem of variable selection and estimation for a linear model with time-varying effects
for covariates using the group LASSO and adaptive group LASSO methods. They proved that
the obtained estimators are consistent and the adaptive group LASSO estimator has the oracle
selection property.

Seen the very interesting properties of these estimators (LASSO-type and adaptive LASSO), we
study its behavior in a model with change-points. In order to estimate the change-point number,
we also propose a model selection criterion based on LASSO-type or adaptive LASSO method.
In a multiple change-point model, the break estimation could affect the estimator properties:
variable selection on each segment, oracle properties, ... This is the main interest of this paper.
Besides, since the penalty contains the model parameters, the change-point results of the litera-
ture (see e.g. Bai (1998), Bai and Perron (1998), [Koul and Qian (2002) or |Ciuperca (2009)) do
not apply.

This paper considers the estimation and the selection of the significant variables in a linear
regression with multiple change-points occurring at unknown time. The study of this method
was motivated by wishes to find the properties of the estimator, particularly interesting in a
change-point model with high-sized regressors, which allows the automatic elimination of the
non significant variables on every phase, without using hypothesis test.

Two estimation methods are proposed and studied: LASSO-type (with particular cases: ridge and
LASSO method) and adaptive LASSO. The first method has the advantage that it can consider
a lower observations size with respect to model parameter number. But, under certain conditions
on design (matrix of observed regressors), the LASSO-type regression parameters estimators are
not consistent. Then, we can use the adaptive LASSO method which correctly selects variables of
nonzero coefficients with probability converging to one. On the other hand, in order to calculate
an adaptive penalization, this method can be used only if the observations size on every segment
is bigger than the parameters number in corresponding interval.

The difficulty to study a change-point model, when the number of change-points is fixed, results
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first from the dependence of the model of two parameter types: the regression parameters and
the change-points. Moreover, for multiple breaks, each middle regime has completely unknown
boundaries. Then, for the two estimators we study the asymptotic behavior: convergence rate and
asymptotic distribution. For the adaptive LASSO regression parameter estimator, we also prove
that the change-point presence in the model does not influence the oracle property: between two
consecutive breaks, nonzero parameters estimator is asymptotically normal and zero parameters
are shrunk directly to 0 with a probability converging to 1.

If the number of breaks is unknown, the problem of its estimate arises. We propose, a general
criterion to estimate the number of change-points.

Finally, numerical simulations are realized to illustrate the theoretical results and to show the
advantages of the proposed methods in terms of detection of irrelevant variables in a change-
points model and also of break number estimation.

In the present paper, as original contribution we provide statistical asymptotic properties of the
LASSO-type and adaptive LASSO estimator in a change-point model. The structure of this paper
is as follows. The model and assumptions are introduced in Section 2. In Section 3, a LASSO-
type estimator in a change-point model is proposed and its asymptotic behavior is studied.
Convergence rate, asymptotic distribution of the regression parameters and of the change-point
estimators are obtained. A model selection criterion is also studied. Next, adaptive LASSO esti-
mator and its oracle properties are given in Section 4. Section 5 reports some simulation results
which illustrate the theoretical results. Finally, Appendix contains the proofs of the results.

2 Model

We consider the model: Y; = fo(X;) + &;, for the step-function with K (K > 0) change-points:
fo(Xi) = he, (Xi)Lici, + he, (X)L <ict, + 0+ he e (Xi) Lisiy, i=1,--,n

more precisely hg(X) = X'¢ep, ¢ € I' CRP, I' compact.

Up to our knowledge, no result exists in the literature on the LASSO estimation in a model
with change-points. In all previous works, where the estimation by penalization is considered in a
multi-phase model, the penalization does not contain model parameters (see [Ciuperca (2011b))
and thus we cannot make model selection and the estimation simultaneously. Classically, in
the rich literature on the change-point estimation, many articles contribute to determine the
break number, to estimate the change-point location and the regression parameters (see e.g.
Bai and Perron (1998), [Kim and Kim (2008) or [Ciuperca (2009)). Once the asymptotic distri-
bution of estimator is proved, the hypothesis test may be performed to eliminate the irrelevant
predictive covariates. This approach requires a huge amount of computation if p or K are large.
A solution to carry out change-point analysis, perform variable selection and estimate regres-
sion parameters simultaneously was proposed by [Wu (2008). Since it is necessary to calculate
all sub-models, of order 2P** when K = 1, the criteria considered by [Wu (2008) still require
many calculations. On the other hand, if p is large compared to n, the Wu’s criteria need to be
modified.

We can also recall the paper [Harchaoui and Lévy-Ledud (2010) where the estimation of the lo-
cation of change-points in one-dimensional piecewise constant in an white noise is reformulated
as a variable selection problem with a L1 penalty. Note that their model is constant between two
consecutive change-points and reformulated model is a classical linear regression without breaks.
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For the sample i, Y; denotes the response variable, X; is a p-vector of regressors and the ¢; is
the error. The errors (g;)1<i<n are independent identically distributed(i.i.d.) random variables.

The model parameters are 0 = (¢, , 1,01, ,lx) € 'L x N¥ and their true values
(unknown) are 8° = (4, -+, @h 1, 19, ,1%). We set: 0 = (81,02), with 61 = (P, , Pi1)
the regression parameters, 82 = (I1,- - ,lx) the change-points.

Denote by ¢, ;. the kth component of ¢,. and qﬁg’k the kth component of ¢>S, forr e {1,---, K+1},
k=1,---,p.

Let us consider the deterministic design matrix X = (X;;) 1<i<n, X7 " its column j and X; the
1<j<p
ith line.

We now state the assumptions under which the asymptotic properties of estimators will be de-
rived.

First, we impose the condition that the change-points are sufficiently far apart:
(H1) there exists two positive constants w,c(> 0) such that l,4; — I, > cg[n"], for every
r=1,--- K, with lp =1 and lgx4+; =n.
Without loss of generality, in the following we consider 3/4 < u < 1 and ¢y = 1.

For the design X, we suppose that:

(H2) n~ ! max;<;<, X!X; — 0 and for any r = 1,--- , K + 1, the matrix
- - n—oo
Cn,r=(l,—l—1)! Zli;lr,lJrl Xixgn:zoch with C, a non-negative definite matrix.

For the errors e; we suppose that:
(H3) ¢ is a random variable absolutely continuous. Moreover F[e;] = 0 and [E[e?] = o2.

The assumption (H1) is standard for a change-point model, see Bai (1998) or |Ciuperca
(20114), while (H2) is imposed when LASSO methods are used, see for example |Zou (2006)
or [Knight and Fu (2000). Assumption (H3) is classic in a regression model.

The matrix C,, , are non-singular for all n and r, while the matrix C, can be singular. Let
us denote by C(T) the limiting matrix for the true-change-points (%, r = 1,--- , K 4+ 1. Without

T

loss of the generality, we assume that the regressors are centered.

To complete the model, we shall make the usual identifiability assumption that adjacent re-
gressions are different: ¢, # ¢, ., r=1,--- | K.

All throughout the paper, ¢ denotes a positives generic constant. For a vector v = (v1,--- , vp)
let us denote |v| = (Jv1],- - ,|vp|) and |v|® = (Jv1]%, - -, |vp|®). On the other hand, ||v|| is its Eu-
clidean norm. All vectors are column and v’ denotes the transpose of v. For a real x, [z] means

the largest integer not larger than x.

After from these general notations, in every section we shall give the notations used for each
method.

3 LASSO-type estimators

In this section we define and study the LASSO-type estimators in a change-point model.
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3.1 Notations

Under assumption (H1), between two consecutive change-points .1 and [, we consider a positive
sequence A, (,_, 1) — 00 for n.— oo to control the amount of regularization applied to the
estimators. Based on the LASSO-type method introduced by [Knight and Fu (2000) in a model
without breaks, let us consider the penalized sum:

n K41 p
/ nv(lrflvl'l‘)
T,(K,01,0;) = Z Z (Y: — Xj9,)* + L1 Z P 7| L, <i<tys
i=1 r=1 7j=1
For the tuning parameter A, ;. , ;) = O(l, — l,—1)*/? and v > 0, denote then the minimum of
the penalized sum of the residuals squared for each fixed breaks ly,--- ,lx11:
S(ll,"',l )ElnfT (K 01,02) (1)

with lp = 1 and lx41 = n. For K fixed, we define the LASSO-type (or Bridge) estimator of
(89,69) as a point

(éin, é;n) = argmin T, (K, 01, 05).
(01,02)

More exactly we denote: éin = (gz)in, e ,gAb;H,n) the regression parameter estimator and

0, = (Af, e ,l}) the LASSO-type estimator for the change-points. Obviously
02, = argming, . ;yenx S, 1K)

We remark two particular cases: for v = 2 we obtain the ridge estimator and for v = 1 the
LASSO estimator.

The construction of the estimators has two stages: first we search the regression parameters
estimators and then we localize the change-points. Then, first, between every break [,._; and [,
we calculate the LASSO-type estimator of ¢, by:

Ly p
(b(lr,l,lr) = arg mln[ (}/Z - X;¢)2 + An;(lr,hlr) |¢,k|w]
¢
i=lp_1+1 k=1

Qg?lrfl,lr),k its kth component and the corresponding forecast Y( X’»éizr,l,m- The re-

17l )]
gression parameters estimators are: 0;(02) = (0?10111), 0‘(5117[2), e 0(
the change-points estimators:

I lics1))- After we calculate

6, = argmin T, (K, 0),(05),05)
0 eNK

Also éin = Qin(é;n)

Note that in order to take into account the sample size in every segment (phase), the tuning
parameter A, . _, ;) varies from a segment to the other one with the interval length I, —I._1.

For the true values of parameters (¢}, - - - ,gb?@rl, 19,--+,1%), we consider the equivalent sum of
@M: So=> 1,7+ ZK+ A 10y 51 |92 17, where ¢ ; denotes the jth component of ¢°.

7‘177‘
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For every sample, we consider the difference of the squared errors by taking some parameter
and true parameter in the model. So, for two parameters ¢ and ¢, we define the function:

ni(d;8°) = (e, — Xl(p— ¢°)2 —2,  i=1,---,n.

When a LASSO-type method is considered, for the model between two consecutive change-points
71 < je2, a penalization term is added:

)\n~ o p p ' ' .
1) (03 9°) = i@ 8°) + ﬁ Dol =D 16| fori=jit 1, g,
k=1 k=1

with ¢, and gb?k the kth component of ¢, respectively of ¢°. We denote n: (¢; qbo) = 771'5-(0 n) (; ¢O)
and >\n = /\n;(O,n)-

Once the LASSO-type estimators and notations being introduced, we can study the asymp-
totic behavior of the estimators. First, supposing that the change-points number is known, we
consider the corresponding convergence rate, which will allow us to derive the asymptotic distri-
bution of the estimators. We propose a consistently estimator for the case when the number K
is unknown.

3.2 Asymptotic behavior

Following result implies that the penalized sum S of (), optimized with respect to the regression
parameters, is of order Op(n®), with « > 1/2 arbitrary.

Lemma 1 Under assumptions (H2), (H3), if Ay (j, j2) = O(n'/?), for two points j1, jo € {1, ,n},
v >0, @° the true value of the parameter, for all o > 1/2 we have:

J2
sup [inf Y 18, (6, 8%)| = Op (max(Aey(j, jr):n®)) = Op(n®).
0<j1<ja<n | ¢ i=j1+1

Convergence rate of the LASSO-type estimator is of order n='/2 (see Knight and Fu, 2000). We
study then, by the following Lemma, the penalized sum for a LASSO-type method in a model
without change-points, when the regression parameters are not in a n~'/2-neighborhood of the
true value parameter.

Lemma 2 Under assumptions (H2), (H3), if \, = o(n), then there exists € > 0 such that:

iminf  inf 7t 93¢, ¢°) > e
=1

00 || 0| 2n=1/2

This result is useful to prove the following two Lemmas. These indicate that when the data are
from two different models, the LASSO-type estimator in a model with a change-point is close to
the parameter of the model where most of the data came.

For u € [2,1) in assumption (H1), v € (0, 1), let us consider a constant § such that:

§ € (0,u—3v). (2)

For the following lemma, the size sample of model is ny + ns.
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Lemma 3 Under assumptions (H2), (H3), for all n1,ny € N such that ny > n*, with 3/4 <
u<1,ng <n" v<1/4, let be the model:
YV, =X\ +e, i=1,---,m
}/i :X;¢g+€z, ’L:TL1+1, , N1 —+ no
?ith ¢l # B3 We set: A5 ng (@) = 3000 ni(o,nl)(gb; o) + Z?:l:?jl nf;(n17n1+n2)(¢; b3) and
Dy in, = argming A5 (). Under condition () we have:
~8 _ v43
() [ @ns s = B < 3P0y <= (om0
(ii) 3252 nf;(o,m)(cbmm; ¢1) = Op(1).

Similarly, it have that:

Lemma 4 Consider the model:

Y, =X\ e, i=1,--- k
E:X;¢g+€w Z:k+1vak+n2

with k € [any,n1], a € (0,1). Under the same conditions as in the Lemmal3 we have:
. nS — —
(Z) Supa’rmﬁkﬁng ||¢k+n2 - ¢(1)H S n (u—v 5)/2'

(“) Supan1§k§n2 ’Zi’c:l 771((;5;+n27¢?> = OP(1>

The proofs of all Lemmas are given in Appendix.

Suppose first that the change-point number K is known. We start by studying the convergence
rate of the change-point LASSO-type estimator. The proof of Theorem [ (given in Appendix)
is split into three steps. first, using Lemma [II we prove that the change-point estimators are
to a smaller distance n'/2 from the true values. This implies that between two consecutive true
change-points 12, 19 11, there are at most two change-point estimators. This allows to prove, using
also Lemma[3] the step 2: the change-point estimators are at a smaller distance than n'/4
values. Finally, also using Lemma [ the Theorem [is proved.

of true

Theorem 1 Under assumptions (H1)-(H3) we have [5 —1° = Op(1), for everyr =1,--- K.

Combining Theorem [I] and the fact that the convergence rate of LASSO-type estimators in
a model without change-points is n~/2 allow us to have immediately the convergence rate for
the regression parameter estimator:

Corollary 1 Under assumptions (H1)-(H3) we have ||(Ab?[i7557
forallr=1,--- K +1.

)= ool = (19 =19 )"120p(1),

1

These results imply that the LASSO-type penalization does not have influence on convergence
rate, which is the same as by LS method (see Kim and Kim, 2008): of order (12 —19_,)~1/2 for
the regression parameters and n~! (after a change of variable) for the change-point estimators.
The following theorem, whose proof is given in Appendix, using Theorem [l gives the asymptotic
distribution of the LASSO-type estimators for the change-points. This result implies that the
asymptotic distribution is the same as for change-points estimators by LS method and it depends
on the errors (g;), the design (X;) around every true change-point and on the difference (¢ ; —

7).
Remark 1 Since the matrix of assumption (H2) can not be full rank, the limiting distribution of

the change-point estimators can not be the argmaz of a Wiener process with shift, unlike the LS
estimator (see Bai and Perron, 1998).
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Theorem 2 Under assumptions (H1)-(H3), for eachr =1,--- | K, we have that Zﬁ—lg converges
in distribution for n — oo to argmin,cy, ZJ(T), with Z(()T) =0 and

. r 1045
- for J= 13 2; ] ZJ( ) = Zi;lgj-l,-l 771(¢2a ¢2+1);

lO

~forj=—1,-2,---, ZJ@ = Y 0s (92415 BY).

The asymptotic distribution of LASSO-type estimators for the regression parameters is given
by the following result. For the particular case v = 1, the LASSO estimator is asymptotically
normal for the nonzero true regression coefficients. Note also that, as [Knight and Fu (2000)
indicate it, for v > 1, the estimator (;bzii s for the nonzero coefficients can be asymptotically
biased.

lO

Theorem 3 Under assumptions (H1)-(HS3), if the matriz C2 = lim,,_, oo ﬁ Yot 1 XX
; 7s_]s 59 i L

are not singular then: (I =1:_)*(¢gs_ 1y —¢p) = (0=10_1)*(dg:_ iy —7)(1+0p(1)) favd
arg min,cp, V. (u) with V,.(u) defined by:

D) ify > 1, Vi(u) = =20 W, + @/ COu+ X0 wupsgn(¢? )60, |77, with 0 < X0 =

T T k=1 r.k r.k T

limy, s 00 )\n;(lAsil,lAS)/(l}“j - Zifl)l/Q'

(ii) if vy = 1, Vp(u) = —2u' W, + v/ Clu + \0 Zi:l[uksgn(¢2,k)n¢gyk7§0 + |uk|]1¢27k20], with

0< )\2 = lim, o )‘n‘(lAS [S)/(Zf — A:_1)1/2.
(iii) if v < Land A, g o) /(3=12_1)7/? n%@ A >0, Vp(u) = =20 Wt/ Clut- A D20 [k o,
In the three cases, the random p-vector W, is the same: N'(0, 02 C?).

We observe that the asymptotic distributions of LASSO-type estimators for the change-points
does not depend on the tuning parameter A, (;,_, ;) while for the regression parameters this se-
quence intervenes. This is due to the constraint A,.q,_, ;.) = O(nl/Q) and to the fact that the

convergence rate of the change-point estimators is of order n=!.

3.3 Choice of change-point number

Suppose now that we don’t known a priori the change-point number which is quite often the case
in practice. Then we introduce a criterion which is going to allow to estimate the number Ky of
the change-points. Intuitively, the true Ky will be the one which minimize the function S (or its
log) with respect to K. In order to take into account the model complexity, the criterion is pe-
nalized by an increasing function in K and model parameter number. The penalization depends
also on the sample size.

For a fixed change-points number K, let us denote 5 = S(lAiK, -+, l% )/, where the func-
tion S is defined by (Il). The criterion consistency is established below with proof in Appendix.
The demonstration idea is to prove that the change-point estimator is strictly larger or smaller
than the true value with a probability converging to zero.

Theorem 4 Let K, be the value of K that minimizes B(K) = nlogéx + G(K, px)By, with

PK = Zf{:ﬁl le Lg0 o, function G(K,pk) increasing in K, (By) a deterministic sequence
7

such that B, — oo, Bpyn=3/* = 0 and Byn=Y/2 — 0o for n — oo. Then PP[K, = Ko] — 1 for

n — 00.
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The function G is a generic factor on a penalty B,,. If on every segment (phase) all variables
are significant, taking G(K,px) = K, we obtain the Schwarz criterion proposed by Yao (1988).
Concretely in practice, we begins by finding K using the proposed criterion. Afterthat their
locations and the regression parameters on the segments defined by the change-points are esti-
mated by minimizing the function T,, with respect to 8;. Finally, the function S given by () is
minimized with respect to 0.

4 Adaptive LASSO

As mentioned in Introduction, in a model without change-points, the LASSO-type estimator has
the oracle properties for v € (0,1) only, but it is not continuous. On the other hand, the LASSO
estimator (for v = 1) is continuous but does not satisfy the oracle properties. To remedy these
inconveniences, Zou (2006) proposed an adaptive LASSO estimator. These properties are all
the most interesting in a change-point model, since they allow to select the significant predictive
variables on every phrase without realizing the hypothesis tests. We propose the adaptive LASSO
estimator for a model with change-points.

4.1 Notations

In a similar way to the LASSO-type method, between two consecutive change-points I,._; and
I, we define the regression parameters estimators by adaptive LASSO method:

I 2
$q,_,,1,) = argmin] Z (Yi = Xi0)* + At 1) Z W1,y 1,),kl0kl]; (3)
O k=1
with qb 1),k its kth component, W, _, ) = |<?’(lrfl,lr)|_g’ W, _, 1),k the kth component of

W, 1) and ¢(lT71,lT) is LS estimator of qb calculated between [,_; and [,. The constant g
is positive and will be later specified. As for the LASSO-type estimator, the tuning parameter
Ani(l,_1,1,) depends of the sample size in every segment.

Now, the penalized sum for the true parameters is: S = >, 1+2K+1 (10, 19) 0) D het W
Consider the sum with an adaptive penalization:

K+1 . P
S*(lla"' alK)Elélf Z (S/;_X{Lgb’!‘) (lr 1,0 Z lr—1,l |¢"‘k|
Y=l il =1
This allows us to define the adaptive LASSO estimator for the change-points: (A e fs*) =
argming, ... ;yenx S*(l1,-++ ,lx) and for the regression parameters, using (&): (}55;* Lizw), for

eachr=1,--- , K+1.

We define, between two consecutive change-points j; < jo, for ¢" the true value of the
parameters, following penalized difference:

p
771 (J1,32) (d) ¢ ) (¢ ¢ j2 1152 Zw]h]z) k |¢ k| |¢,Ok|]
k=1

19) k|¢r k|

177‘
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with ¢, and gb?k the kth component of ¢, respectively of ¢°.

ZO

In order to study the oracle properties, for each two consecutive true change-points 19_,, 19,

consider the set

oy ={ke{l,- DY Gk # 0}
with the index of nonzero components of the true regression parameters. Since in practical
problems, we don’t known the true value of the change-points, but their estimators, we consider

the similar set of index, corresponding to the adaptive LASSO estimators lf_* 1 lf* of the change-
points:

Azﬁ(iiilji*) ={ke{l,- ,phd ls* L)k # 0}
will be abbreviated A} for convenience. For simplicity we denote by ¢ 4: the sub-vector of ¢
containing the corresponding components of A*. We also denote by CO j the (k, 7)th component
of matrix C?.

4.2 Asymptotic behavior

By the Lemmas [B] and [6] we prove that the adaptive penalization is not a bigger order than the
minimized squares sum.

Lemma 5 Let the model Y = X¢p+¢, with Y anx1 vector of Y; and X a n x p matriz. If ¢° is
the true value of the parameter ¢, under assumptions (H2), (H3), for g € (0,1), 0 < j1 < j2 < n,
N 1+g

An,Girja) = o(n'/?), we have: A, Grrj2) Wi ga) = Op(n7= ).
Following lemmas are needed to the proofs for the adaptive LASSO results. In fact, they study

the adaptive LASSO estimator in a model without change-point and they are the equivalent of
the Lemmas [T

Lemma 6 For two points ji,jo € {0,1,--- ,n}, @° the true value of the parameters, under
assumptions (H2), (H3), if An,(j,.52) = o(n'/?), then, for all g € (0, i) we have:

J2
: S 1+g
sup finf > %, ) (6:6°)| = Op(n +

0<j1<j2<n i=j1+1

).
Lemma 7 Under assumptions (H2), (H3), if A, = o(n'/?), then there exists ¢ > 0 such that:

-1
hgr_l}gf o ¢&I\1£n*1/2 277 0.n) (3 ¢°) >
Lemma 8 For all n1,ny € N such that ny > n*, with 3/4 < u < 1, no < n%, v < 1/4, let us
consider the model:
Yi=Xig) +ei, i=1.m
Y, = Xy +ei, i=ng+1,--- 01 +no
with the assumption ¢ # ¢3. Consider Ay, ($) = 312y 150 oy (6 DN+ 312 5 sy (D5 B3)

~ Sk

and @, 1, = argming A3 (@). Under the condition (2) and assumptions (H2), (H3), we
have:

~ Sk _ v+6
(i) @y 1y — @01 < 7 /207 < (emv=)/2
(“) Zz 1777(0 nl)(¢n1+n2;¢?) = OP(l)
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The equivalent of the Lemma [dlis also valid for the adaptive LASSO estimators.

As in Section 3, let us first suppose that the change-point number K is fixed. By the same
arguments used in the proof of Theorem[] using now Lemmas[f and 8 we have following theorem
which gives the convergence rate of the adaptive LASSO estimators for the change-points. The
proof is omitted.

Theorem 5 Under assumptions (H1)-(H3), for all g € (0,1), we have Is* — 19 = Op(1), for
eachr=1,--- K.

In order to work in a bounded interval, we can consider 70 = 19/n and 75* = [5*/n its es-
timator. Then, Theorem [l implies that 75* converges in probability to 70 with the convergence

rate n~ 1. It is the same convergence rate as by the LS method (see Bai and Perron, 1998).

We need that g € (0, i) since the equivalent of the relation (), for samples between two true
change-points, is —Olp(n#) which must be < Op([n”]). This will imply that every change-
point estimator is to a distance strictly smaller than n” with respect to the true value. The
constant 1/4 results from the supposition that the constant u of assumption (H1) is larger than
3/4. In fact, the satisfied condition by positive constant g is: ¢ + v < 1. In a model without
change-points the constant g can take any positive value, while in a change-point model it de-
pends on the distance between the change-points.

Theorem [B] combined with the oracle properties of adaptive LASSO estimator in a model
~ Sk
without change-points (see Zou, 2006) yield that the convergence rate of Pis= |Jis=) to the ¢>S is

of order (19 —19_,)~1/2, the same for the LASSO-type estimator and by LS method (see Bai and
Perron, 1998).

Remark 2 By similar arguments used for the proof of Theorem [2] we can prove that the asymp-
totic distribution of differences [5* — 12 is the same as for the LASSO-type estimators.

The presence of change-points in the model makes that the important oracle properties of
the adaptive LASSO estimator for the regression parameters are not obvious.

The following result proves that on every segment, the adaptive LASSO estimator for the
regression parameters has the oracle properties: nonzero parameters estimator on each estimated
segment is asymptotically normal and zero parameters are shrunk directly to 0 with a probability
converging to 1.

Theorem 6 Under assumptions (H1)-(H3), g € (0,3), if )\n,(lgil,lg)(lg —19_)"Y%2 = 0 and

An, (10 19)(19 —19_)=1/2 5 0o for n — oo, then:

r—1s
) (Tsk  Tsx 0 S* 5 5% £ —
() =L )2 (Dge oy =) az = 0=10_ )2 (P(gon ey = b)) 4z (10 (1)) — N(o, ()7,

where for q,. = CaTd{Azlﬂfl,lg)}’ Qg = (Co,kj)kijAflo 18 a qr X qp Matriz.

r . 19)
(i) limy, o0 PVtZ,(ELJﬁ* = A:z,(l‘j,l,lﬂ = ?l‘j,l,l‘;)] =1.

Theorem [(]is proved in Appendix. The demonstration is based on the Lemma Bl the Karush-
Kuhn-Tucker (KKT) conditions and the oracle properties in a model without change-points.

Note that, for nonzero coefficients their estimators are asymptotically unbiased.
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Let us make vary the change-point number K. Choosing

(Ais*Ka"' alA?K) = argmin S*(lla alK)
’ ’ (U1, 1K)
and §5 = S*(ZfTK, -+, 1% i)/, similarly to the Theorem @ and its proof, we can define a con-

sistent, criterion for the change-point number: K* = argming (nlog 8y + G(K,px)B,), with
function G and sequence B,, as in Theorem [l

Remark 8 Since, on every segment, the adaptive LASSO estimator of the regression parameter
has the oracle properties, we can consider instead of px its estimator

K+1 p
=D > g o
—1 j—=1 (Tl’ £*).3

which was not possible for the LASSO estimator (7 = 1) studied in Section 3. Then the adaptive
LASSO criterion is more interesting numerically.

Remark 4 If p is large compared to n, or more precisely for (K + 1)p > n, there exists at least
a segment where the LS estimator cannot be calculated. Then the adaptive LASSO estimator
cannot be calculated also, and in this case, the LASSO-type method must be used.

5 Simulations

To illustrate the theoretical results and to compare the performances of the adaptive LASSO
method with classical LS method in a change-point model we perform a simulation study. By
these simulations, we show the advantages of the proposed method in terms of detection of ir-
relevant predictive variables. The obtained results proves that the proposed method will be very
useful for an high-sized change-point model.

All simulations were performed using the R language. To calculate the adaptive LASSO estima-
tions, the function Ilga of the package lqa was used.

First, the number of phases is assumed to be known. We consider 10 latent variables X5, --- , Xig
with X5 ~ N(2,1), X4 ~ N(4,1), X5 ~ N(1,1) and X; ~ N(0,1) for j € {1,2,6,7,8,9,10}.
The models contain two change-points (three phases) and the errors are Gaussian standardized.
The true values of the regression parameters (coefficients) on the three segments are respectively:
(1,0,4,0,-3,5,6,0,—1,0),(0,3,—4,-3,0,1,2,-3,0,10), (1,3,4,0,0,1,0,0,0, 1). The tuning pa-
rameter An,_, ) i (Ir —[,—1)” and the two change-points can vary in the interval [1,n]. For
adaptive LASSO method, various values for the parameters g and p are considered. Recall that
g is the power of the adaptive penalization W _ ;) = |<?’(lrfl,lr)|_g in relation @) and p is the
power for the tuning parameter A, _, ;) = (I — l,—1)” on each interval [I,_1,l,] The sample
size n varies from 35 to 400. The classical LS method is also considered. For each model, we gen-
erated 500 Monte-Carlo random samples of size n. The percentage of zero coefficients incorrectly
estimated to zero(true 0) and the percentage of nonzero coefficients estimated to zero(false 0)
are computed (see Tables [IHG)). Since the asymptotic distribution of the change-points estima-
tors can not be symmetric, in each table we also give the median of the change-point estimations.

We obtain that, if there are segments with a small sample size, the detection percentage of
the true zeros is relatively low and that of detection of the false zeros is high. The same results
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Table 1 Median of change-points estimations, percentage of true 0 and of false 0 by adaptive LASSO and LS
methods for n = 50, K = 2, {{ = 20, 1§ = 35.

(9,p) = (z:22)  (Ga) Goog) Gpd) | LS
median of (I5%,157) | (20,35) (20,35)  (20,35)  (20,35) | (20,35)
% of trues 0 77 78 77 77 0
% of false 0 22 22 20 18 0

Table 2 Median of change-points estimations, percentage of true 0 and of false 0 by adaptive LASSO and LS

methods for n = 100, K = 2, 19 = 20, 13 = 85.

(9,p) = (#:28) Goz) (Goag) (ipd) (Gogp) | LS
median of (I5%,157) | (20,85) (20,85) (20,85) (20,85) (20,85) | (20,85)
% of trues 0 86 87 88 38 89 0
% of false 0 18 18 17 14 12 0

Table 3 Median of change-points estimations, percentage of true 0 and of false 0 by adaptive LASSO and LS

methods for n = 400, K = 2, 19 = 20, 19 = 385.

(9:p) = (5o 2 (3,25 160 2) LS
median of (I5%,157) | (20,385) (20,385)  (20,385) | (20,385)
% of trues 0 90 90 90 0
% of false 0 16 16 12 0

Table 4 Median of change-points estimations, percentage of true 0 and of false 0 by adaptive LASSO and LS

methods for n = 500, K = 2, 19 = 200, {9 = 400.

(gvp): év%) (%7%) (%7% LS
median of (I5*,15") | (200,400)  (200,400) _ (200,400) | (200,400)
% of trues 0 99.9 99.9 100 0
% of false 0 9.5 8 4 0

were obtained in the simulations of Zou (2006) for a model without change-points (for a model
without change-point with a sample size equal to 60, four covariates, the largest percentage ob-
tained by Zou to detect the zeros was 73%). We observe that the detection rate of the true 0
varies more with the sample size on every segment than with the parameters g or p. This rate
increases slightly with g and it does not depend on the location of change-points: equidistant
or not. Recall that the performances of criteria proposed by Wu (2008) have varied with the
change-point location for fixed n. In all cases, even for a small number of observations, the me-
dian of the obtained estimations coincides with the true values of the change-points.
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Table 5 Median of change-points estimations, percentage of true 0 and of false 0 by adaptive LASSO and LS
methods for n = 1500, K = 2, 19 = 200, {3 = 400.

R e
median of (15, 15") | (200,400)  (200,400) _ (200,400) | (200,400)
% of trues 0 100 100 100 0
% of false 0 4.9 3.5 2.3 0

Hence, when the sample size increases, the adaptive LASSO method tends to select the true
model. The penalization absence means that the LS method do not exhibit this good property
in the sense that all estimations are non-zero and in order to identify the 0 parameters some
supplementary hypothesis test on every phase are necessary.

In order to illustrate the model selection criterion, we now simulate a linear model with
one change-point: Y; = Xi¢?11§i<l‘f + Xz‘¢gﬂlggign +e;,4=1,---,n, with n = 100, ¢(1) =
(1,0,4,0,-3,5,6,0,—1,0), ¢ = (1,3,4,0,0,1,0,0,0,1) and I{ = 35. The criterion B(K) for
adaptive method is computed for B, = n%/®, G(K,px) = K and the parameters for the adap-
tive LASSO are g = 1/5, p = 9/20. For this model 200 Monte Carlo samples of size n are
generated for regressor X and error €. We obtain that argmingcg1,2.3) B(K) = 1 for each
Monte Carlo model replication.

Conclusion By these simulations we showed advantages of the proposed (adaptive LASSO)
method in terms of detection of irrelevant variables in a model with change-points and also of
break number estimation. For a large enough sample size the adaptive LASSO method selects
the true model, independently of change-point location. On the other hand, the constant g affects
slightly the detection of the true 0 parameters. The change-points are correctly estimated.

6 Appendix

Here we present the proofs of the results stated in Section 3 and 4. We first give the proofs of
Lemmas which are useful to prove the main results.

6.1 Proofs of Lemmas

The first four lemmas concern the LASSO-type estimator.
Proof of Lemma [ We first show that:

J2
sup | inf ni(¢; d°)| = Op(n®). A
0<51<j2<n | ] i:;-l ( )| P( ) ( )

Since Ele;] = 0, E[n;(¢; #°)] > 0 and 7:(¢%; ¢°) = 0, it holds that: 0 > infgs S5 n;(¢h; ¢°) >

infy o0 i3 ")~ Elni(; ¢°)]J. Thus | infy 70, 1:(65 )| < supy | [0 (65 67)— Iolmi (0 &)
and relation (@) follows as in Lemma 3 of Bai (1998), using (H3). For 7] we have:
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s A J157 . . . ) '
|ni;(jl7j2)(¢ ¢ ) = mil¢s ¢ )< J2( 1]12) 221 |or|” — |¢ |7|, which implies, taking into
account (), that: supg<, < j, <y, | infe Zi:j1+l nf;(j17j2)(¢; ¢ )| < SUPg<j, <jp<n (| infyp Zgij_lﬂ ;i (b ¢0)|+
Ani(r.ga)) = Op(n®) + O(n?/?). .

Proof of Lemma [2] Since \,, = o(n), then for all € > 0, ¢ € I, there exists n. € N such that:

z:|<15k|V Z|¢

uniformly in ¢. Under (H2) and (H3), we have that E[n=" 31 n:i(¢; ¢°)] > 0 for ||¢ — ¢°|| >
n~1/2 and furthermore Var[n=' 31 | n:(¢; ¢")] < C. Then there exists ¢ > 0 such that, with
probability 1:

nI\, n > ne, (5)

€
2

o . -1 (. 40
lim inf inf R 2n1(¢,¢)>6. (6)

n—=oo [|p—¢°||zn
On the other hand: inf}g_40|>p-1/2 n=tS i (¢ 9°) > inf)|g_go|>n-1/2 n= S i 9°) —
17 A SUD|| g g0 mn-1/2 [ Do [0%]T = Dh—y |¢7k|7‘. The Lemma follows taking into account the
relations (B]) and (G]). [ |
Proof of Lemma [3] (i) We show first that the assertion is true for the LS estimator: (Abnﬁm =
arg min,, Sy, —X’igb)Q. Taking into account the assumptions (H2) and (H3), we have for all

perl, Z?lzlnjl ni(¢; #9) = Op(n?). By way of contradiction, suppose that for the LASSO-type

_1/p kS .
/25 7% Then, since ny > n*, we have S (B g DY) >

estimator: Hgbm+n2 o)) > n,

vts
ninytny " > nT9. Thus, taking into account that ny < n':inf {27:11 ni(¢; @Y) + Z?lejl ni(; d)g)} >

Op(n"%)+0p(n?) = Op(n"+?). On the other hand: inf {27:11 ni (s @7) + EZ“ZI"L i (3 ¢2)} <
Z?lzlnjl( — Xi(#) — ¢9))? = Op(n?). Contradiction, between the two last results. Then
||¢m+n2 Bl < n-lumom0/2,

Evidently Z?lzlnjl 5 (1 s ) (d); %) = Op(n?)4o(ny) = Op(n’). We suppose that: H¢m+nz
B > ny T ko b, =

. Then, by Lemma |2L 27:11 n;(o,nl)((bnﬁrnz;(ﬁl) 2 OP(maX()‘n;(O,nl)an1u ))
with a strictly positive probability. Thus

vtd 5
Afll+n2 (¢) > OP (nv) + OP (maX(An;(o,m), nlu )) = OP (max(anr aAn;(Oﬂu))) (7)

But, on the other hand, A5 1, (#) < Y002 105 0 1o (@15 89) = Op(n2) = Op(n®) with
probability 1, what is contradictory with (I:ﬂ)

(ii) Let us denote: Z,(¢) = Zz 1 i (@ ¢1) th(gp) = Z?l;rlnjl[( - Xi(¢ — ¢2>) — (& —
X/ () — ¢9))?], gAbm is the LS estimator of ¢ calculated for i = 1,---,n;. For t,, we use
the inequality |a? — b?| < (a — b)?, assumption (H2), claim (i), condition () and we obtain:
|tn(€bm+n2)| < Op(n==v=9pv) = Op(n~(=2v=9)) = op(1). We apply this result in the
following: 0 = Z,(¢9) = ta(®)) > Zn(Prysn,) + tn(Pnyin,) > infe Zn(¢p) — |op(1)]. Thus
|Zn((}5m+n2)| < |infy Z,(¢)| + op(1). Under assumptions (H2) and (H3) we have:

infy Zn(®) = (Vi bn, — S1)701 " L XKl = 2y/M(@,, — &)y P Ty X
=0p(1)0(1) = Op(l)op(l) = Or(1) and 1Zn Py 10y)| = O,p( )
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Let us denote t’fl((b) = tn(¢> + A";("lanl-‘rnz) {Z£:1(|¢,k|7 - |¢(1) k|’y):|a
Z3(8) = Z(®) + Ms(oma) [Tk (6617 = 169,7)] - We cam write 43, 4., (9) = Z3(9) +15,(9) -

Sitmtile} = (& = Xi@1 = 60))] + Ansguiniona) Shea (0447 = 105,47). Then &y, =
argming(Z, (@) +t;,,(¢)) = argming, A;, ., (¢). But

ni+nz

|ts( n1+n2)| < Z ||¢n1+n2 - ¢?||2X;XZ + Ap; i(n1,m1+ng2)

1=n1+1

P
> (D5 o = 169 1)
k=1

and by claim (i), under condition (2J):
u—2v—4
= Op(n™ """ 0") + O(n"?)0p (165, 1n, — Al = Op(n™ "2 ) = op(1).

Besides Z;(¢]) = £5,(7) = 0, thus: 0 > infg(Z3(8) + 3(0)) = Zi (B, 1ny) + (D, ) =
23 (b sn) — lop(1)] > infy Z5(¢) — op(1)]. Then

125 (b +ma)| < |inf Z,.(0)] + o (1). (8)

On the other hand: infy Z5(¢) < infg Zn(d) + Ani1my) infg {Zizl (|¢7k|v - |¢?7,€|7)]. But

infe [0y (Ioal” = 168,7) | < S0 (10nk” = 168,417) = =Op (|, ~@8l) = ~Op (niV/?
Since infy Z, (q{)) = Op(1), we get: infy, Z5(¢p) < —Op(1). Replacing this last relation in () we
obtain: | Z:2 (¢ n1+n2)| =O0p(1). [ |

N—

Recall that w;, | j2) = |qZ>(]1 J2)| , Where q?>(j1 j») 1s the LS estimator of ¢ calculated to the
Sa’mples jl + 15 7.]2 R
Proof of Lemma [5] Since the distribution of ¢ is absolutely continuous, then IP[¢;, j,).x =

0] = 0, for every k € {1,---,p}. Consider, in this case by convention A, (;, ]2)(;5 (r.ja) ke = 0 (see
Potscher and Schneider, 2009). So only the case qb (jr,jo),k 7 0 is considered.
Let us denote X(;, j,y a (j2—j1) X p sub-matrix of X corresponding of the samples i = j;+1,- - , ja,

X](vjlajZ) denotes its kth column and Y, j,) = (Yi)j, <i<jo-

For j1,j2 € {0,1,---,n}, let be the set: A:; (1ia) ={k e {l, - ,p} gb(h ik P 0} with the
index of nonzero components of the adaptive LASSO estimator of o} calculated to the samples
j1+1,---,72. In order to prove the Lemma, we consider two possible cases for an index: it
belongs or not to this set. R

If ke Ay (1rja)’ then by the Karush-Kuhn-Tucker (KKT) conditions (supposing sgn((bf;‘l ,jz),k) =

’

+), we Pa*ve: 27 N Gri) D)k = Xy (Y = X @) = X(iugn) €Gria) —
X/(jlah)(qb(jhjz) - (bo)) = OP(nl/Q)Ai OP(n71/2)O( ) ( 1/2)
Ifk ¢ A;'(jl ja) W have that n1/2¢(]—11j converges in law, for n — oo, to some centered normal

o nGrapn?? =0 "
J1,d2)k = (\f|¢(]1 Jz)k‘) P( 2 )

AnGi1 N
Proof of Lemma [6] Obviously |77 " ]2)(¢; ¢° ) — 771-(¢;q50)| < Sl | >y W(j, ga) kLB k] —

J2—I

distribution. Then A, ;, j,)W(

|¢ |]|. Using Lemma [f] we obtain:

sup mf Z un (JI,JZ) (o ¢ ) < Op(n®) —|—Olp(nﬂ

0<j1<j2<n i=j1+1
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Proof of Lemma [l From Lemma B n~ '\, | Y20 W0,n) k0% — 6%]| < €/2, ¥n > nc. The rest
of proof is similar to that of Lemma |

Proof of Lemma [ (i) If H(}b;;rnz & > ny ”1 , then we have: 320, 077, (¢ oY) >
vta 1te ni+nz v
O (max(o " ym, ) = Op (max(u"0,n5) ) and S8 07,y (10) = O (') ¢
1tg 1 1
Op(ny® ) =0p(n*)+0p(n v5%) = Op(n?). These imply that Asr (@) > O0p (max( ”*5,71“79))
with a strictly positive probability. On the other hand, taking into account Lemmal[Bl A5* | (@) <

nirTnz Sk 5
Yok ZIH n; (nl7n1+n2)(¢1; d)Q) =O0p(n2) + Op(ny? ) = Op(n2) = Op(n’). Contradiction.
( ) We set: ts* ((b) = tn(¢> + )‘n;(nl,nl-i-ng) Zi:l 1‘2}(77,1,77,1-'1-77,2) k(|¢ k| - |¢0 |) ZS*(¢> = Zn((b) +
A 0n1)2£:1 Wo.ny),k(|Ok] — |q§(1)k|), with Z,(¢), tn(®) as in the proof of Lemma Then

A?z*lJrnQ (¢) = Z:z* (¢)+t$z* (¢)—271:1ni1[ (51 X/(d)l ¢2)) ]+)‘n;(n1,n1+n2) Zk:l w(n1,n1+n2),k(|¢?,k|_
|¢9 &) The rest of proof is similar to that of Lemma [3l [

6.2 Proofs of theorems

Proof of Theorem [I] The proof is split into three steps, using the same technique as in the
paper Ciuperca (2011a):

Step 1. We prove that, under (H1)-(H3), with probability approaching 1, the change-point esti-
mators are to a smaller distance than [n'/?] from the true values. More precisely, for p € (a, 1)
with @ > 1/2 as in the Lemma [Tl we have:

Vr=1,- K  P[ii -1 >[n] =0, n—oo 9)
For this, let us study what happens if we assume that there exists I such that |l; — 19| > [n?],
for each t = 0,1,--- , K + 1. In this case, between 19 — [n*] and 10 + [n] there is not any point
li,--- ,lk. Then, let be the set: £(p) = {(11,-- 0 <l <<l <n, N5 |1,—19 < [nf]},
with p € (o, 1) and let us consider (1, - ) E Eﬁ( ), with Kﬁ(p) = {(l, )|l = 10 >
[nP],¥t =1,---,K}. Thus, for all v > 0, we have:
K42

Sy, 1) = S, L 19, 10, 10— [P0+ (0P 10y, 1) = > L, (10)

Ly will be deﬁned later. On the other hand S(I5,- - ,[%) < Sy with probability one. Recall that
So = ZZ Le2 S EEN (10,0 2h=y |67 ;|7 and the definition of S is given by (I). For all
te{l,---,r—=1,r+1,--- , K 42} let us consider the points ki ; < --- < kju) s = {l1,- - ,Ix}N
{5;19_, <j <19} and deﬁne:

J(t)+1 kjt p
Li= Y min > (i =X = )+ Nty k) D 1Bik]
Jj=1 ’ i=kj_1,:+1 k=1

Hence, due to the fact the Ak, , . k;,) = o(kj+ — kj—1+) and using Lemma [T}

J k,
02 Lo = 27U (S0, 122+ Mty ohs) S [60,17)

. (11)
> _2(K + 1) SUP1<i<ji<n ‘1nf¢ [Zg:lJA Wi;(l,j)(cb; ¢ ” = _OP(na)a
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with ¢ of relation () one of the true parameters ¢°, 7 = 1,--- , K +1. For the samples between
19 — [n”] and 1° 4 [n”] we have:

194[n”] J(r)+1 J(r
LTizz 10— [np]+1€ziz](1) A n;(kj— 17“1]7‘)2]6 1|¢ | ZE)A s(kj— 1T1]7‘)Zk‘ 1|¢7‘+1k‘|

= miny {Zz 19— [ne]+1 ;. ;10— [ne],10) (9 ¢ )+ Zi —‘1_0[11] n;, (19, 10+[np])(¢, ¢r+1)}

(12)
Since to left and to right of each change-point the models are different, we suppose ||¢ — @°|| > c.
But Zl}:l“f[nﬁ]Jrl nl((b,(]ﬁ?) = Op([n°]) > O(nl/Q)_ Since )\n;(lg_[np],lg) = O(nl/Q) and taking
into account the relation between n; and 1, we obtain that: ([I2)) is of order Op([n”]) > 0. Then,
for (I0), using () and the last relation, we obtain: S(l1, - ,lx) > —Op(n*) + Op([n?]) + So.
This last relation implies:
Plming, ... 1;0ece(p) S(la, -+, lx) > So] — 1 for n — oo, and relation (@) follows.
Step 2. We prove now that the change-point estimators are at a smaller distance than n'/4 of
true values: for all v < 1/4 we have: IP[|[5 — 1% > n¥] = 0, for n — oo, for every r =1,--- , K.
Therefore the step 1, the change-point estimators belong in the set £(p), with probability tending
to 1 for n — oco. For ar € {1,---, K} let be the subset of L(p):

Li(w) = {(l, - k) € L(p); [le = 1| > 0"t =1,--- | K}.
For (I1,--- ,1i) € LE(v), we have that: S(Iy, -+ ,1x) > S(y, -+ 1k, 10, 101,19 — [n¥],10 +

yir—1r

n¥],10, 1, -+ ,1%). For t # r —1,r, by assumption (H1), using the step 1, we have that there are
at most two points l; and l;41 between [ and l?+1. Suppose that there are two points I; and l;41
between If and I, ;. If there is a single point or no point the approach is the same.

DU 1) = info { Sy (5 = Ko = 60400 + Aup ) They [0l }
+ 1nf¢ {Zzt+ll+1(51 ;(Qb - ¢?+1))2 + An;(lt7lt+l) Zi:l |¢,klv}
. Iy
+ lnf¢ {Zz +l1+1(€1 X;((b - ¢t0+1))2 + )‘n;(lt+1,l?+1) Zﬁ:l |¢k|’y} .

Consequently, S(ly, -+ g, 19, 101,18 — [n”], 10 + [n¥], 10,1, -+ ,1%) — So can be written as:

19,1
z#”,r{ (19.00,) = S0 122 = A,y TH 1|m|}

v l0 n

+ (PO, 12 = (] = g™ &2 = Ao s ety K 160417
l’r‘
S CCRATORINED >t W B WARIIND » S L)
v v B+[n

+(DE = 110+ [07]) = i b € = Mmoo 601 = Amsitg 1t Sy [6%41,417)
= A+ B+ C+ D, with D(18_,,1° — [n¥]), D(I0 + [n ],ZSH) D12 — [n¥],1° + [n¥]) sums with
the same form that D(19,12,,).

For A: since |I9 — [$| < Op([n”]), with p < 3/4 and under assumption (H1), taking into account
Lemma [3{(ii), we have:

1241 D le41
DU U)= D =M, DN = QD0 0,00 (@ 6841) ¢ (o (1) = Op(1).
i=19+1 k=1 1=l +1

Similarly B, C = Op(1).
9]
For D: D(19 — [n”],19 + [n¥]) is equal to infg {Zlf:lof[nu](fi — X/(¢p — p2))?
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1°4n .
F X510 —[nv],19) Do |G + D00 Jlro[H( = Xi(P — d211)) 4 Ay, 004 [nv]) Dok |¢,k|7}- Since

(br #+ qbr 41, if (b is the minimizer of the last relation, there exists a constant ¢ > 0 such that at least
one of two || —@> | or ||¢— @2, ]| is greater than c. Let us suppose that it is the first one. Then,

for || — quH > ¢, using Lemma 1 of Babu(1989) we have: z?,lo ] Tos(0 =[], lo)(gb; &) = |lp—
¢ H Zz 19 —[n¥] HX ||2 2(¢ ¢ ) Zz 19 —[n¥] g Xi+A n;(19—[n¥],19) (Zk 1 |¢ k|7 - £:1 |¢2,k|7) =
Op(n”) + o(n”) = Op(n”), uniformly in ¢. So D = Op(n”) and then

Uy, liil)fe[;c(y)[s(ll’.“ ’lK’l?"' alg 1,12 [ V]alg [ ]angrla"' al(IJ()_SO] >OP([nV])’ (13)

with probability tending to one for n — oco. This involves:

inf (g, o iyecew) SUn, - ke, 19, 10, 1) — [0, 00 4+ [n¥], 10, - -+, 1%) > So and the step 2
is proved.

Step 3. Now, we can show the theorem: Zﬁ —19=0p() forany r=1,--- , K.

Let be the set: L(v) = {(l,- -+ ,lx);|le = 1| < [n*],Vt =1,--- K} with v < 1/4. For a M; >0
to determine later, let also the set: £, (v, M1) = {(l1,-lx) € L();1l, — 12 < =M }.

Consider two vectors of change-points (mq,---,mg) € L(v) and (I1,---,lx) € L.(v,M1)
such that m; = [l; for t # r and m, = ZO Using the notations specified in Section 3, we can
write: S(lla U ’lK) - S(mla MM ) = {Z] L 1+1[(Y YY(?T 1,1 )]) - (Y3 - Yv(ifhlg)yjy] +

A n;(Lr—1,0) Zi 1 |¢A’?zr 171 ), k|'y - An;(lrﬂ,lﬁ) Zk:1 |¢(l lQ),k| } + {Zj:lT-i-l[(Yj - Y(Z,zrﬂ),j)Q -
(Y Y(lr 1,19), ) ]}+{er+lt [(Yj*Y(?mlrﬂ),j)Q*(Yj7Y(?QJT+1),]')Q]JF/\n;(lT,lTH)Z£:1 |‘l§flﬁlr+l)7k|7*
Ay (19,1, 41) Ek:l |¢(12,lr+1 R ={0n + Lo} + {I21} + {131 + I32}. By Lemma (i) we have for
hy oo =Y, [Uj(fAszT,l,zT);(ﬁS) *m(ﬁﬁfzr,l,m;(ﬁ?)} = Op(1). By Lemma [i), taking
ny =1l —l—1 > %, u>3/4, ny =10 — 1, since A, , 1) = O((l, — l,—1)'/?) it holds that:

r—1,

p p
Na = Nty i) D100yl Z 160,110 k] Pty r) = At D 100,10y 4l
k=1 k=1

= sttt OP D0 1y = Bt a0y )+ OP sty 1ty = Msts 1)) = 0p (1) + 0p (12 — 1)
= op (1% —1,). Similarly, it can be shown that I3; = O,p(l) and Izp = op (1% —1,.). For I:

1° l?
n= Y (& = X{(@0 — ¢ =2+ D (&5 = Xilg,0,10) — #0)°
i=l,.+1 j=l.+1
0 X
—(ei = X] (¢r+1 ¢2))2] - Z {(Ei - X;(ﬁb(zr,l,zg) - ¢2))2 —& } =1+ 2+ Js.
i=l+1

For J5, Lemma Hl(i) combined with the step 2, condition (2]), yield that:

l()
e 0 0 0 a8
T = (1000, ~ B0 16%1 — S22 32 1Kl 2 (B, 0,,0) — 6%40)) Z £ X
i=l+1 i=l+1

u—v—>5 —5—3v

=0p(n 0~ 1)+ Op(n™ "= (I} = 1) =Op(n~ "7 ) = op(1).
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Similarly | J3| = op(1). For Jy, since ¢y # @2, 1, there exists C; > 0 such that [J;| > C1 (10 —1,.).
We choose M; > 0 such that |J1| (then I; also) is bigger than max([i2,I11, I31, Is2). Then
limy, o0 P(15,- - ,15%) € Lr(v, M1)] = 0 and theorem is established. ]

Proof of Theorem [2] Since E[ZJ(T)] > ¢j, then for all § > 0 there exists M, 5 > 0 such that:
IP[| arg min Zj(-T)| <Myl >1— 6. By Theorem[IL for all § > 0, there exists M, 5 > 0 such

that for each r = 1,--- , K: IP[|Is —19] < M5l >1- 6. Consider then M = max{M, 5, M, ;}.
For each |i.| < M, let us consider:

K L 2 2
=YY (Xl ) (%X ) ]

r=14=10_ +ir_1+1

K 12+,
r a8 2 2 155 2 2
> {[(Yj = XG5O i1 a04in)” Ea} - {(YJ‘ —Xjowwe, ) - st
r=1j=10+1
K p P
s Y o s o
+ Z )‘nv(l(ﬂfﬁir*lvl%ir) Z |¢(l‘2,1+ir71,l9+z‘r),k| )\n7(l9‘—17l9‘) Z |¢’(12,1,l$),k|
r=1 k=1 k=1

and by Corollary I = op(1) + 325, 27 (1 + op(1)) + op(1). So S + g, -+ 1% + ix) —

S@19,---,1%) converges jointly in i, in distribution to Zfil Z;T) for n — oo. Since we have

independent set of random variables around each change—poi_nt, the theorem follows. |

Proof of Theorem [3] We combine Theorems 2 and 3 of Knight and Fu (2000) with Corollary
[ and Theorem [l of this paper. [ |

Proof of Theorem M Consider first K < Kj. By Lemma [I we have for a € (1/2;3/4):

0> S35 s+ Uo.10s) — So = Op(n®). S0 85y = n 1S5 0y 4 Iy i) — 1 280 + 018 =
Op(n® 1) +n 13" 2 +op(l) £, IE[0?]. On the other hand, since the distance between
n—o0

two consecutive change-points is at least n%/%, we prove in the same way as for relation @3,
that: S(I5 .-+, i i) — So > Cn3/%. Then: n(Sx — k)35, =
S [ s+ e ) = S0) = (S0 ey Eyicy) = 50)] > Op(n)=Op(n) = Op(n4).
Due to fact B,, < n*/* we have for K < Ko, B(K) — B(K,) L, .

n—o0

Let us consider now that K > K. Thus: Sy > S(lAiKO,--- ,ZA%UyKU) > S(lAiK,--- ,ZA%K) >
S(lAiK, e ,ZA%VK,Z?, e ,l?(o) > Sy — Op(n”), with v < 1/4. The last inequality is obtained by
similar calculations of the Theorem [ proof, step 2. Then 0 < 8, — §x = Op(n*~1), which
implies immediately that: nlog §x, — nlog§x = Op(n”). Taking into account that the function
G is increasing in K and that n® < B, < n%/* we have for the criterion B(K) — B(K,) =
—Op(n*) + G(K,p)B, — G(Ko, po) By > Op(n®). Then, for n — oo, IP[K, > Ko] — 0. ]

Proof of Theorem [6] Observe that the claim (i) follows immediately by Theorem 2 of Zou

(2006) and Theorem [Bl

(ii) Recall first the definition of the two sets: A’(*lo 0y = {k € {1, ,p};¢%, # 0} and
r—1"r )
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A* (fe= | oy = {k € {1,--- ,p};q@?li‘s* o) # 0}. By Theorem 2 of Zou (2006) the adaptive
T, 1t r—1r )

LASSO estimator in a model without change-points has the oracle properties: limy, o IP[A* @010y =
o1ty

iy = Al o] = 1. The asymp-

*
n, (132

(10 10)] = 1. It remains to prove that: lim,,_, IP|
r—11tr

totic normality of estimators implies that: ¢97k — b5 £, 0, Vk € A* Then

(I3 )k nvco (050"
limy, o0 1P| Zv(fi’ip[i*) c Azlﬁ,l,l‘;)] = 1. We now prove: IP[3k € {1,--- ,p};k & Azlﬁ,l,l‘z) and k €
A

¥ e 7] = 0, for n — co. Using the notations given in the proof of Lemma Bl by KKT op-
n (05,057 & &
I ~ Sk

(Yier gy = Kjen ooy Pz, I3y ) Con-

sequence of (i): (I5* — fﬁil)l/%?lﬁ"s* By = Op(1). Taking into account conditions imposed to
re19t2)s
A

timality conditions: 2\ ({ox  dom)W(is o)k = X

n, (GSWES)
n, (i3, )

n7([i’i17[i*)w([ii1ji*)JC _ A’"”([iiljf‘* (As* _ s )9/2 1 £> 0.
(e = I3z )12 (I — e y)Y/2 (G = B Y200 ey il 77

T r—1

On the other hand, in the case (I5*,15*) C (19_,,1%), we have

K g8x K fsx _ Tsx 0 5
X(iitlji* (Y([s* Is*) — Xziiip[i*)(b(liil’li*)) X(ii*—17if‘*)x([5* s (lr - lr71)1/2(¢r - (ﬁ(iiilaii*))

r—1"r r—1"r

(I = Ipzy) 12 b =13,

K’ N N
X € (jsx  jan

(B e (Bl

RN

Using the claim (i), the assumptions (H2), (H3) we obtain that the last term converges to the
sum of two normal distributions. Then, for n — oco: IP[3k € {1,--- ,p};k & Aao 1) and k €
r—1"r

A* ] —0.

n,(I5* ,05%)

In the case (I5*,15*) € (19_,1°

r—1"r

), suppose, without loss of generality, that [5* | <10 | < [5* < [0
. el . k' R . X/ 3 51“ R
(other cases are similar). So, we have the decomposition: X(fi’ipfi*) (Y(li’ipli*) X([i’il,ii*)(b(liil’li*))

— K . _ X/ 9! Sik ~ K ~ _X’ g Sik ~ =
=X 0 Ve o =X 0 (e i) T X gy (Yo ey =Ko oy @iier i) =
A, + D,,. As previously, D, /(I5* —[5* |)'/2 converge to the sum of two normal distributions. For
At An /(17 _litl)l/Q =X}, lﬁloil)X(lAj’jl,lgil)(qbgfl —¢ (L, )0 _lii1)1/2+xk

@ (AT

£ ier 111271)(15* — 5% )12 = Ay, + Ag,. But Ay, = op(1). Combining (H2) and Theorem [ we
(oe 00y Kaaze a0 1)'(‘7’3—1*‘2’“@?11@*)) fox —fex

have: Aln = et — [SZ:ZS* ’ ([s*r_js*ri)ll/z = OP(1>OP(1) = OP(1> Then
r Tl r T lr—1

A,, = op(1l). Consequently, there exists a constant M > 0 such that lim,, o P[|A, + Dn| <

M) =0. Hence P[3k € {1,--- ,p};k & Az‘lo 10y and k € A* (i [5*)] — 0, for n — oo.
r—1"r L, b
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