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ABSTRACT. We establish a logarithmic stability estimate for the problem of
detecting corrosion by a single electric measurement. We give a proof based on
an adaptation of the method initiated in [3] for solving the inverse problem of
recovering the surface impedance of an obstacle from the scattering amplitude.
The key idea consists in estimating accurately a lower bound of the local L2-
norm at the boundary, of the solution of the boundary value problem used in
modeling the problem of detection corrosion by an electric measurement.

1. Introduction. Let 2 be a C3-smooth bounded domain of R", n = 2, 3, so that
the following assumption fulfilled: any two points of 2 can be joined by a broken
line consisting of at most ¢ segments, where £ is a given non negative integer. A
domain satisfying this property with £ =1 is nothing but a starshaped domain.
We denote the boundary of 2 by I' and we consider the following boundary value
problem (abbreviated to BVP in the sequel)
Au=0 in Q, (1)
u+q(x)u=g onT.
In the sequel, g € H3/?(I") and g is non identically equal to zero.

For s € R and 1 < r < oo, we introduce the vector space
By (R"1) = {w e ' (R"); (1+[6*)*w e L"(R"1)},
where .%/(R"~1!) is the space of temperated distributions on R"~! and @ is the
Fourier transform of w. Equipped with its natural norm
lwllp, , @n1y = 11+ €% * @ o (@nry,

Bs.-(R"™1) is a Banach space (it is noted that Bso(R"™!) is merely the usual
Sobolev space H*(R™""1)). By using local charts and a partition of unity, we con-
struct B ,-(T') from Bs,.(R"~!) similarly as H*(T') is built from H*(R"~1).
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To carry out our analysis, we need solutions of the BVP (1) with some smooth-
ness. In order to give sufficient conditions on the coefficient ¢ guaranteeing this
smoothness, we set

2 ={q€ B3;:1('); ¢ >0and g # 0}
and
2m ={a€ 2; |ldlls,, ,(r) < M},

where M > 0 is a given constant.

By [10, Theorem 2.3|, for any ¢ € 2, the BVP (1) has a unique solution u, €
H3(€)). Moreover,

gl sy < Co for allg € 2y (2)

The constant Cjy above can depend only on €2, g and M.

It is worthwhile to mention that, from the classical embedding theorems, H?3(2)
is continuously embedded in C?(Q) if n = 2 and in C*/2(Q) if n = 3. Due to the
regularity of Q, C%(Q) is continuously embedded in C*#(Q) for any 0 < 8 < 1.
Therefore H3(Q) is continuously embedded in C*'/2(Q) when n = 2 or 3.

A typical example corresponding to the mathematical analysis we develop in
the present work is the problem of detecting the corrosion inside a pipe by electric
measurements. This is one of the most important topics in engineering, for instance
for administering safely a nuclear power station.

Usually, in a BVP modeling the problem of detecting corrosion damage by electric
measurements the boundary I' consists in two parts: ' =T, UT;, I, and ['; being
two disjoint relatively open subsets of I'. Here, I, corresponds to the part of the
boundary accessible to measurements and I'; is the inaccessible part of the boundary
where the corrosion damage may occur.

Henceforth, we assume that the current flux ¢ satisfies supp(g) € T'y. The
function ¢ in (1) is known as the corrosion coefficient and it is naturally supported
on I';. This motivate the introduction of the following subset of 2,;:

2%, = {q € 2u; supp(q) C I';}.

We are interested in the stability issue for the problem consisting in the determi-
nation of the boundary coefficient ¢ from the boundary measurement ug,, where
is an open subset of the accessible sub-boundary I',. In the sequel, we assume that
~ does not meet supp(g):

v C T'a \ supp(g).

We aim to prove the following theorem. We only sketch the main steps of the
proof since the most intermediate results consist in an adaptation of the ones already
proved in [3] (see also [14]).

Theorem 1.1. There exist four constants C; > 0 and o; > 0, i = 0,1 so that, for
any q,q € 2%, N CY(T),

lg = qll Lo (ry < Co¥ (C1® (|lu — | p2(+)))
where u = uq, U= ug and
U(p) = Inlnp|~"" +p, p>0,
P(p) = [lnp|~" +p, p>0.
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Theorem 1.1 can be seen as a completion of the results established in [8] in
dimension two and in [4] in dimensions two and three. We note that in the above
mentioned works the difference of ¢ — ¢ is only estimated in a compact subset of
{z € T'y; uq(x) # 0}. However, there is a counterpart in estimating ¢ — ¢ in the
whole T';. The stability estimates in [8] and [4] are of single logarithmic type, while
the estimate in Theorem 1.1 is of triple logarithmic type. This means that the
stability deteriorates near the points where the solution of the BVP (1) vanishes.

There is a wide literature treating the problem of detecting corrosion by electric
measurements. We refer to [1, 6, 7, 9, 11, 12, 15, 16, 18, 19] where various type of
stability estimates are given. We just quote these few references, but of course there
are many others. A neighbor problem is the one consisting in the determination of
the surface impedance of an obstacle from the scattering amplitude (e.g. [2, 3, 17]
and the reference therein).

To our knowledge, the existing results on stability including the vicinity of the
zeroes of the solution, of the BVP under consideration, do not give self contained
proofs. They always refer to several previous works. Therefore it is very hard to
recover completely the proofs. Although our result seems to be weaker than some
of these existing results, our method is direct and it is based only on an elementary
Carleman inequality. In fact our result is not really comparable with those of the
literature because in the existing results ¢ is only estimated on a fixed subset of I';.

The rest of this text consists in two sections. In section 2 we estimate accurately
a lower bound of the local L?-norm at the boundary, of the solution of the BVP
(1). We show, step by step, how we adapt the method in [3] to the present problem.
Section 3 is devoted the proof of Theorem 1.1.

Unless otherwise specified, all the constants we use in the sequel depend only on
data.

2. Lower bound for L?-norm at the boundary. We first note that as € is
C3-smooth, it has the uniform interior cone property, abbreviated to the UICP in
the sequel. That is there are R > 0 and 6 €]0, 7| satisfying, for all € T, we find
& € R™ such that [¢] =1 and

Cx)={xeR" |r—2Z <Rand (x —Z) - > |z — T|cosf} C Q.

The domain §2 satisfies also the uniform exterior sphere property, abbreviated
to UESP in the sequel: there exists p > 0 so that, to any Z € T corresponds
xo = 2o(T) € R™\ Q for which

B(xg,p) NQ =0 and B(zo,p) NQ = {Z}.
Additionaly, ¢ is defintion of UICP can be chosen as follows £ = (T — z)/|T — xo].

For § > 0, we set

Q° = {x € Q; dist(z,T) >}
and we recall the following useful three sphere inequality for the H!-norm.
Lemma 2.1. There exist C' > 0 and 0 < s < 1 so that: for allu € H*(Q) satisfying
Au=0inQ, yeQandd<r< %dist(y,F),

rllull i y.2r) < Cllullin sy, ||u||11q_15(3(y,3r))~

We refer to [3] for a proof. The case of a general divergence form operator is
detailed in [13] and [14].
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Proposition 1. Let s be as in the previous lemma and fix M > 0. There exists a
constant C > 0 so that for any § > 0, u € H'(Q) satisfying Au =0, ||[ul| 1oy < M
and, z, y € Q9
N N
(€)' ullm By < lullinpeem)y 0<r<d/6,
where N is the smallest integer satisfying |x — y| — 2Nr < r.

Proof. The proof is given for ¢ = 1. For an arbitrary ¢, the proof is quite similar
with slight adaptation. Set

y—

ly — =

d=ly—=z|, n=
and consider the sequence, where 0 < 2r < d,
xp=y—k(2r)n, k>1.
Clearly,
|lzg — x| = d — k(2r).
Let N be the smallest integer such that d — N(2r) < r, or equivalently

d 1 d 1
— — —<N< — 4+ —.
2r 2~ <2r+2

By Lemma 2.1, there exist C' > 0 and 0 < s < 1 so that
Crllull gy (B < ullin By
where we take into account that B(z1,r) C B(y,2r).
Similarly, we have
Crllull e (B < Nl B, k=1

Hence, an induction argument yields
_N SN
(Cr)' " Null e Ban.2r) < lullinse,2m)- (3)
Since |[xy — x| =d — N(2r) <r, B(z,r) C B(xn,2r). Whence (3) entails

7SN SN
(CT)l lull 1B,y < HUHHI(B(y,zr))- (4)
O

We recall that according to Caccioppoli’s inequality, for all v € H*(£2) satisfying
Au=01in Q and x € Q,

IVullL2(B(z2m)n < CrHullL2(B(,3r)),
for 0 < 3r < dist(z,T").

Therefore the following corollary is immediate from Proposition 1.

Corollary 1. Let s be as in the previous lemma and fir M > 0. There exists a
constant C' > 0 so that for any § > 0, u € H'(Q) satisfying Au =0, ||Jul| g1 (o) < M
and, z, y € Q9

_gN N
(Cr)l HUHHI(B(z,r)) < HU‘HLQ(B(y,Br))? 0<r< 5/6,

where N is the smallest integer satisfying |x — y| — 2Nr < r.
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Corollary 2. Fiz 0 < a <1 and0 < n < M, and set 6o = min((n/(2M))*/*, R/2).
There exists a constant ¢ > 0 so that, for any v € H'(Q) N C%*(Q) satisfying
Au=0, [[ull g1 (q)nco.e@ < M and [u(Z)| = n, for some T €T, and 0 < § < do,

e < e y€ QDI 0.< 1< (3/3)sino.
Here R and 0 are as in the definition of the UICP.
Proof. Let uw € HY(Q) N C%(Q), satisfying Au = 0, [ull i1 @)oo @ < M and
|u(Z)| > n, for some T € . If z € B(F,dp) then
[u(2)] = [u(@)] = [u(z) — u(2)|
> [u(@)] — 7 = 2|*[u]a
>n—50“M=n/2.

Let £ = £(Z) be as in the definition of UICP and set x = Z + (§p/2)¢. Since
B(z,(09/2)sinf) C C(z) € Q, z € QW/sin0 If § < 55, we get by applying
Corollary 1, for all y € Q0/2)sin0

—sN sV :
(Cr)* llull a1 (B(z,r/3)) < ||u||L2(B(y,r/3))7 0<r<(4/3)sind, (5)
where N is the smallest integer so that | — y| — 2Nr < r.
But
ull i (B3 = Nl L2(Beerss)) = (0/2)8™H(r/3)"2, (6)

due to the fact that B(z,r/3) C B(Z,dy). Hence, after some computations, (5) and
(6) yield

(Cr)e ™) < ul| 2By, 0<7 < (5/3)sind, (7)
with 2t
n/2 -+
o(N) = N 1.

Shortening C' if necessary, we can assume that Cr < 1. Hence

(n+1/2)(£+1))1ns|
(CT)Q(N) — e(—(n+1/2)eN““‘+1)\1n(cr)\ > e<—e( (£+3)) +1)|1n(Cr)|'

Here D = diam().
The expected inequality is derived in a straightforward manner from (7) and
(). O
If 7 €T, and z9 = 20(¥) and p are as in the definition of UESP, we set
B(z,r) = B(xo,7 + p), > 0.
Theorem 2.2. Fizr0<a <1 and0<n <M. Let §y be as in Corollary 2. There

exists a constant ¢ > 0 so that, for any u € H?(Q) N CY*(Q) satisfying Au = 0,
lull gr2(ynco.e@ < M and [u(@)| = n, for some 2 €T,

™" < ull2@nar) + [IVoll2@@narys, 0 <1 < 1o = min(R, 8%/ sinf),
for any T € T, where R and 6 are as in the definition of UICP

Proof. From [3, Corollary 3.1], there exist two constants Cp > 0 and 0 < § < 1/2
so that, for any v € H?(Q) satisfying Av =0, 7 € I' and r > 0,

COT2||U||H1(B(5,Z)mQ) (9)

- B
< ol 37acay (1l 2s@mar) + 1V0ll 2 8@ mar)-)
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Let u € H*(Q)NC%*(Q), satistying Au = 0, [[ul ;2 () 0.0 @y < M and [u(@)] >
n, for some x € I

For 0 <r < R, let y =T + (r/4)¢ with £ = £(Z). Then it is straightforward to
check that B(y, (r/4)sin @) c QU/9sn0 A B(Z,r). Therefore by (9)

B
Cr|lull L2y, /0y sine)) < (IullL2@@nr) + IVl @@ ar=)" - (10)
On the other hand from Corollary 2

c

" < ull2 (B, 0<p < (r/6)sing, (11)

6766

provided that p < dp, where dg is defined in Corollary 2.
Combine (10) and (11) with p = (r/8) sinf in order to get

c
—cer

e " < ull 2@, + IV L2B@,m)nr)n-
O

One can proceed as in the proof of [3, Theorem 4.1] to derive from the previous
theorem the following corollary.

Corollary 3. Let Iy be an open non empty subset of I'. Fiz 0 < a <1, Ag >0
and 0 <n < M, and let ro be as in Theorem 2.2. There exists a constant ¢ > 0 so
that, for any u € H*(Q2) N C**(Q) satisfying

Au =10 in$,

|0 u] < Aglu| on Ty,

lu(z)| >n for somex €T,

lull g2y oo @y < M,
and T € Ty,

<
—cer

g

< lullz2B@mnry, 0<r <ro/2.

Therefore, we can mimic the proof of [3, Proposition 4.1] to get the following
result.

Proposition 2. Let Iy be an open non empty subset of I'. Fix 0 < o, < 1,
Ao >0 and 0 <n < M. There exist constants C' > 0 and o > 0 so that, for any
u € H?(Q) N C%*(Q) satisfying

Au =0 in,

|0,u| < Aglu| on T,
|u(z)| >n for somex €T,
lull g2 )o@ < M,

and for any f € C*P(Ty) with [fllcosm) < M,
11z < € (It (Il oeo) |~ + Ifullz=qry) ) -

3. Proof of the stability estimate.

Lemma 3.1. There exist a constant n > 0, that can depend on M and g, with the
property that, for any q € 2%, one finds T € 7 so that |u,(T)| > 7.
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Proof. Let vy € v and Cp be the constant in (2). By [5, Corollary 1], there exist
three constants C > 0, 8 > 0 and 6 > 0 so that for any A > 0
_ -B
ClAgll L=y < Co | (Cy * (lug(Ag)l| L2 (o) + IVugADL230)) |
whenever [|uq(Ag)[|L2(0) + [Vug(A9)ll2(70) <9
Using a cutoff function and an interpolation inequality we obtain
lug(Ag) L2 (o) + IVug(A) L2(30) = [ltg(AG) || 11 (o) < Cillug(Ag)llL2()-
Then the choice of A > 0 so that C;CyA < § gives

— B
CAlgli=r) < Co i (G5 Mol 12)|
Hence s
7C 700
Coe™ M0 < Jlug(9) 22y < WY luglloe ().
This estimate implies that there exists € 7 so that

_ ~1/8 _
n = |,Y|71/2OOe Cillgly s 1 < |uq(:E)|

This lemma in combination with Proposition 2 yields

Proposition 3. Let 0 < f < 1. There exist two constants C > 0 and o > 0 so
that, for any q € 29, and f € C*P(T) with Il fllcosry < M,

112y < € ([ (1 fugll )| ™7 + 1 futall e ) - (12)

Proof of Theorem 1.1. Let v = u — u. Since Av = 0. The stability estimate for the

=

Cauchy problem in [5] (see also [14]) yields

—B
ollwey < € (I(ollzze)] ™ + lellzee ) (13)
for some constants C' > 0 and g > 0.
But
(¢ — @)u = dyv + qu. (14)

Hence (13) yields

-8
(@ = ulz=ry < € (Inol2)| ™+ lellza)) - (15)
In light of (13), we end up getting
lg = @lle(r) < Co¥ (C1® ([lu—allL2())) -
The proof of Theorem 1.1 is then complete. O
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