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ON DWORK'’S p-ADIC FORMAL CONGRUENCES THEOREM AND
HYPERGEOMETRIC MIRROR MAPS

E. DELAYGUE, T. RIVOAL AND J. ROQUES

ABSTRACT. Using Dwork’s theory, we prove a broad generalisation of his famous p-adic
formal congruences theorem. This enables us to prove certain p-adic congruences for the
generalized hypergeometric series with rational parameters; in particular, they hold for
any prime number p and not only for almost all primes. Along the way, using Christol’s
functions, we provide an explicit formula for the “Eisenstein constant” of any globally
bounded hypergeometric series with rational parameters. As an application of these re-
sults, we obtain an arithmetic statement of a new type concerning the integrality of Taylor
coeflicients of the associated mirror maps. It essentially contains all the similar univariate
integrality results in the literature.

1. INTRODUCTION

Mirror maps are power series which occur in Mirror Symmetry as the inverse for compo-
sition of power series q(z) = exp(wsz(z)/wi(z)), called local g-coordinates, where w; and wy
are particular solutions of the Picard-Fuchs equation associated with certain one-parameter
families of Calabi-Yau varieties. They can be viewed as higher dimensional generalisations
of the classical modular forms, and in several cases, it has been observed that such mirror
maps and g-coordinates have integral Taylor coefficients at the origin, like the g-expansion
of Eisenstein series for instance. The arithmetical study of mirror maps began with the
famous example of a family of mirror for quintic threefolds in P* given by Candelas et al.
[6] and associated with the Picard-Fuchs equation

0*w — 52(50 + 1)(50 +2)(50 +3)(50 + 4)w =0, 6= zd%.
This equation is (a rescaling of) a generalized hypergeometric differential equation with
two linearly independent local solutions at z = 0 given by

wi(z) = Z (5n)!z” and  ws(2) = G(2) + log(z)w (2),

“— (n!)’
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where

G(z) = Z Ei,)) (5Hs, — 5H,)z" and H, := ; %

The g-coordinate exp (w2(z)/wi(2)) occurs in enumerative geometry and in the Mirror
Conjecture associated with quintics threefolds in P* (see [25]). The integrality of its Taylor
coefficients at the origin has been proved by Lian and Yau in [26].

In a more general context, Batyrev and van Straten conjectured the integrality of the
Taylor coefficients at the origin of a large class of g-coordinates [2, Conjecture 6.3.4] built
on A-hypergeometric series. (See [33] for an introduction to these series, which generalize
the classical hypergeometric series to the multivariate case). Furthermore they provided
a lot of examples of univariate g-coordinates whose Taylor coefficients were subsequently
proved to be integers in many cases by Zudilin [34] and Krattenthaler-Rivoal [18].

Motivated by the search for differential operators £ associated with particular families of
Calabi-Yau varieties, Almkvist et al. [1] and Bogner and Reiter [5] introduced the notion
of “Calabi-Yau operators”. Even if both notions slightly differ, both

require that an irreducible differential operator £ € Q(z)[d/dz] of Calabi-Yau type
satisfies

(P) L has a solution w;(z) € 1+ zC|[z]] at z = 0 which is N-integral.
(P,) L has a linearly independent solution wy = G(z) + log(2)wi(z) at z = 0 with
G(z) € 2C[[z]] and exp (ws(z)/wi(z)) is N-integral.
We say that a power series f(z) € C[[z]] is N-integral if there exists ¢ € Q such that
f(cz) € Z[[z]]. The constant ¢ might be called the Eisenstein constant of f, in reference
to Eisenstein’s theorem that such a constant ¢ exists when f is a holomorphic algebraic
function over Q(z).

One of the main results of this article is an effective criterion for an irreducible generalized
hypergeometric differential operator £ € Q(z)[d/dz] to satisfy properties (P;) and (P,).
For all tuples a := (o, ..., ;) and B := (B, ..., Bs) of parameters in Q \ Z<,, we write
Lo p for the generalized hypergeometric differential operator associated with (e, 3) and
defined by
S T d
Ea = 0 P 1) — 0 i) 0=z—
B H( +0i—1) ZH( + a;) St
We recall that £, g is irreducible if and only if, for all< € {1,...,r} and all j € {1,..., s},
we have o # f; mod Z. The equation L, - w = 0 admits a formal solution Fy, g(2) €
1 + zC|[2]] if and only if there exists i € {1,...,s} such that 8; = 1. In this case, Fy g is
uniquely determined by a and 3 and is
i T)nz" (1.1)
n= Bs)n
where (z),, denotes Pochhammer symbol (a:)n =z(x+1)---(x+n—-1)if n > 1 and

(x)o = 1 otherwise. F, g is a generalized hypergeometric series and if one assumes that
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Bs = 1, then our definition (1.1) agrees with the classical notation

_ ay,..,0 | e (1)n - () ﬁ
fgﬂu>—ra_1{@w_w&lﬁ}ﬁ_gguﬂhu_wkﬂnm.

An elementary computation of the p-adic valuation of Pochhammer symbols leads to the
following result.

Proposition 1. Let o and B be tuples of parameters in Q\ Z<y. Then, Fy g is N-integral
if and only if, for almost all primes p, we have Fq g(2) € Zy][2]].

Remark. We say that an assertion A, is true for almost all primes p if there is C' € N such
that A, is true for all primes p > C.

Using Proposition 1 in combination with a result of Christol (Proposition 1 in [7]), one
obtains an effective criterion for F, g to be N-integral, i.e. for L, g to satisty (P;). To
state this criterion, we introduce some notations.

For all € Q, we write (z) for the unique element in (0, 1] such that =z — (z) € Z,
i.e. (xr) =1— {1 — x}, where {-} is the fractional part function. In particular, we have
x — (z) = —|1 — x|, where |-] denotes the floor function. We write < for the total order
on R defined by

r3ye= (@) <) o ((0)=(y and z2y)).

Given tuples a = (ay,...,a;,) and B = (B, ..., Bs) of parameters in Q\ Z<o, we write do g
for the least common multiple of the exact denominators of elements of o and 3. For all
a€{l,...,dap} coprime to do g and all z € R, we set

bapla,z) =4#{1<i<r :aq; 22} —#{1<j<s:af; <z}
We now state Christol’s criterion for the N-integrality of F, .
Theorem A (Christol, [7]). Let o = (ay,..., ) and B = (f1,...,0s) be tuples of

parameters in Q \ Z<o. Then, the following assertions are equivalent:
(i) Fap is N-integral;
(i1) For alla € {1,...,dapg} coprime to dog and all z € R, we have {4 g(a,x) > 0.

Remark. Formally, Christol proved Theorem A (Proposition 1 in [7]) under the assumptions
that r = s, that there is j € {1,..., s} such that §; € N and that all elements o € N of
and 3 satisfies o > ;. However, his proof does not use these assumptions.

Theorem A provides a criterion for an irreducible operator L, g to satisfy (P;) but do
not give any information on the rational numbers C satisfying Fy, g(Cz) € Z][[z]]. If Fqo g is
N-integral then it is not hard to see that the set of all C' € Q satisfying Fi, g(Cz) € Z][[2]] is
CopZ for some Cq g € Q\ {0}. Our first result, Theorem 1 below, gives some arithmetical
properties of Cq, g and gives a simple formula for C, s when r = s and when all elements

of a and B lie in (0, 1]. Before stating this result, we introduce some notations.
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Let Z, denotes the ring of p-adic integers. Then, for all primes p, we define

Mo,B) =#{1<i<r:oq€Z,} —#{1<j<s: p; €L}
Note that if « € Q\ {0}, then « € Z,, if and only if p does not divide the exact denominator
of . Furthermore, we write P, g for the set of all primes p such that p divides dn g or
p < r — s+ 1. In particular, if 7 = s, then Py g is the set of the prime divisors of dq g.
Finally, for all rational numbers a, we write d(a) for the exact denominator of a. Our result
on Cq g is the following.

Theorem 1. Let o := (ay, ..., ) and B := (B, ..., Bs) be tuples of parameters in Q\Z<
such that Fo g is N-integral. Then, there exists C' € N such that

>\p(04 ,3)

Caﬁ Hz 1d az H p p—1 . (12)
H - pEP

Furthermore, if r = s and if all elements of a and B lie in (0,1], then we have C = 1.

Remarks. The following comments are detailed in Section 2.1.

e If o and 3 are tuples of same length of parameters in (0, 1] such that Fy g € Q|[2]] is
algebraic over QQ(z), then Theorem 1 gives a simple formula for the Eisenstein constant of
Fo .

e When all the elements of a and 3 lie in (0, 1], Theorem 1 also gives a necessary
condition on the numerators of the elements of av and 3 for Fi, g to be N-integral.

e Given tuples a and 3, one can follow the proofs of Theorem 1 and Lemma 5 to
determine an explicit bound for the prime divisors of C.

Let @ := (aq,...,a,) and B := (f1,...,Bs) be tuples of parameters in Q \ Z<, such
that s = 1 and F, g is N-integral, so that L, g satisfies property (P;). Then, a simple
computation (see Equation (7) in [2]) shows that £, g has a formal solution G g(z) +
log(2) Fu.p(2) with Go g(z) € 2C[[2]] if and only if there exists i € {1,...,s— 1} such that
Bi = 1. In this case G g is uniquely determined by o and 3 and it is explicitely given by

[e.9]

Goole) = 3 Sl (21,00 1,0

where, for all n € N and all © € Q \ Z<g, Hu(n) := >0~} Hk

For all tuples o and 3 of parameters in Q \ Z<(, we define

so that L, g satisfies (P) if and only if there are at least two elements equal to 1 in 8 and
Jap is N-integral. The mirror map z, g associated with (e, 3) is the compositional inverse
of gap. For all C € Q, we have z,3(Cq) € Zl[q]] if and only if g4 g(Cz) € Z][[2]], thus
our results and comments on N-integrality of g-coordinates also hold for the corresponding
mirror maps.
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For a detailed description of the known results on N-integrality of go g and z4 g, we
refer the reader to Section 2.2 below. The tuples v and B such that F, g and g g are
N-integral are entirely determined:

e when a and 3 are R-partitioned. Throughout this article, we say that a is R-
partitioned if o is the concatenation of tuples of the form (b/m)ieqi,. .. m}geddm)=1 for
m € N, m > 1, up to permutation (!). The characterization for this class of parame-
ters is a consequence of Delaygue’s Theorems 1 and 3 in [8];

e when all parameters of ¢ lie in (0,1], 8 = (1,...,1) and a and 3 have the same number
of parameters r > 2. The characterization for this class of parameters is a consequence of
Roques’ articles [31] and [32].

The starting point of the proofs of these characterizations is to reduce the problem to a
p-adic statement for any prime p, according to the following simple principle:

If x € Q, then z € Z if and only if, for all prime p,  belongs to the ring of
p-adic integers Z,,.
Then, given a fixed prime p, one can apply the following lemma of Dieudonné and Dwork
[17, Chap. IV, Sec. 2, Lemma 3| and its corollary (see [34, Lemma 5|) to get rid of the
exponential map in (1.3).

Lemma 1 (Dieudonné, Dwork). Given a prime p and F(z) € 1+ 2Q,[[z]], we have F(z) €
1+ 2Z,[[2]] if and only if F(2P)/F(2)? € 1 + pzZ,][z]].

Corollary 1. Given a prime p and f(z) € 2Q[[2]], we have exp (f(z)) € 1+ 2Z,[[z]] if
and only if f(27) —pf(z) € pzZ,|[%]].

By Corollary 1, gq s is N-integral if and only if there exists C' € QQ such that, for all
primes p, we have

Gaﬂ(CZp) Ga,g(C’z)
Fon(C) P Tag(C2) € pzZp|[2]]. (1.4)
One of the main results of this article (Theorem 2 below) provides an analogous version
of (1.4) for a large class of tuples o and 3 and whith Z, replaced by certain algebras of
Z,-valued functions. This result enables us to prove a complete characterization (Theorem
3 below) of tuples ac and 3 such that Fi, g and ¢o g are N-integral, without any restriction

on the shape of a nor 3.

1.1. Additional notations. To state Theorem 2, we first define some algebras of Z,-
valued functions and a constant associated with (o, 3).

e For all primes p and all positive integers n, we write 21, ,, respectively 27, , for the Z,-
algebra of the functions f : (Z))" — Z, such that, for all positive integers m, all x € (Z)"
and all a € Z, we have

f(x+ap™) = f(x) mod p™Z,,

respectively f(x+ ap™) = f(x) mod p™'Z,.
We say that, up to permutation, (ai,...,a,) = (of,...,al) if there exists a permutation o of

{1,...,n} such that, for all i € {1,...,n}, we have a;; = a;(i).
5



e If D is a positive integer coprime to p, then, for all v € N, and all b € {1,..., D}
coprime to D, we write (p”, D) for the set of all t € {1,...,pD} coprime to p"D
satisfying t = b mod D.

e We write A,(p¥, D), respectively Ay(p”, D)*, for the Z,-algebra of the functions f :
Qy(p¥, D) — Z, such that, for all positive integers m and all ¢1,ty € Q(p¥, D) satis-
fying t; = t5 mod p™, we have f(t;) = f(t2) mod p™"Z,, respectively f(t1) = f(t2)
mod p™1Z,.

e Forall t € Qy(p”, D) and all r 6 N, we write t") for the unique element of {1,...,p"D}
satisfying t™) = ¢ mod p” and p"t") =¢ mod D.

e Furthermore, if 8 ¢ Z°, then we write mq g for the number of elements of a and 3
with exact denommator d1V1Slble by 4. We write d,  for the 1nteger obtained by dividing
da g by the product of its prime divisors. We set C 8 = 2Cayp and d, g = 2d;, 5 if
B ¢ Z° and if my g is odd, and we set Cf, 53 = Cia) 3y and di, 53 = daﬂ otherwise.

1.2. Statements of the main results. By Theorem A, the N-integrality of I, g depends
on the graphs of Christol’s functions &, g(a, -). The N-integrality of g, g also strongly de-
pends on the graphs of these functions. More precisely, let mq g(a) denote the smallest
element in the ordered set ({aal, o aqpafy, ... afbs), < ) Let H, g denotes the asser-
tion
Haop: “For all a € {1,...,dop} coprime to do g and all z € R satisfying
Mmeag(a) =z < a, we have &, g(a,z) > 1.7
One of our main results is the following.

Theorem 2. Let o and B be tuples of parameters in Q \ Z<o with the same number of
elements such that (o) and (B) are disjoint (this is equivalent to the irreducibility of L. )
and such that Hy g holds.

Let p be a fized prime and write do,g = p'D with v,D € N and D coprime to p. Let
be {1,...,D} be coprime to D. Then, there exists a sequence (Ryp)i>0 of elements in
Ay(p”, D)* such that, for allt € Qy(p¥, D), we have

G G

D a), (1) B) (C/ Zp) (ta), <t,3
B S A2 S pi o Z =p g Rkb
i) ay, (0 ) ’ Flia, 1) ﬂ

Furthermore, if p is a prime diwisor of de g, then, for all k € N,
e if BE€ 7", then we have Ry, € p~t~/(=D] Ay (p¥, D);
o if B¢ Z" andp— 11\, then we have Ry, € Ay(p”, D);
o if B¢ L, myp is odd and p = 2, then we have Ry, € Ay(p”, D).

In Theorem 2 and throughout this article, when e = («, ..., ) and f is a map defined
on {ai,...,a.}, we write f(a) for (f(an),..., f(o)).

Remarks. e If a and 3 satisfy hypothesis of Theorem 2, then using Theorem A, we obtain
that F, g is N-integral.
elf 3€ 7 then \, < —1and —1— |)\,/(p—1)] >0 so that p~1= /=] A, (p”. D) C
Ab(py, D) C Ab(py, D)*
6



The N-integrality of ¢4 g is closely related to the N-integrality of a product exp (Saﬂ(z))
of g-coordinates associated with (o, 8), that we now define. We set

d
Glac),(ap) (2)
Sep(2) = N
; Flacy,(a)(2)
ged(a,d)=1

with d = dq g, so that

1 d
exp (Sap(2)) = 7 I e @s(2),

a=1
ged(a,d)=1

where ¢ denotes Euler’s totient function. Our criterion for the N-integrality of g4 g(z) and
exp (Sa,p(2)) is the following.

Theorem 3. Let o := (ay, ..., ) and B := (B, ..., Bs) be tuples of parameters in Q\Z<
such that (o) and (B) are disjoint (this is equivalent to the irreducibility of Lo g) and such
that Fo g ts N-integral. Then,

(1) For all a € {1,...,dag} coprime to de g, all Taylor coefficients at the origin of
Qiaa), (@) (2) are positive, but its constant term which is 0;
(2) The following assertions are equivalent.
(1) qa.p(2) is N-integral;
(1) Ga,8(Ca,p2) € Z[[2]];
111) Assertion Hg, g holds, we have r = s and, for all a € {1,..., dg coprime to
( ) B ’ g ) ) B P
o, we have 4ap(2) = Glaa) (ap) (2)-
Furthermore, if (i) holds, then we have either o = (1/2) and B = (1), or s > 2 and

there are at least two 1’s in (3).
(3) Ifr =s and if Hag holds, then exp (Sa,g(2)) is N-integral and we have

exp (2227207 ¢ g

a3
where

_o_|2e | | _ .
Nag:=dag H P 2 Lp—lJ it Be€Z°, and ngg:= d'aﬁ H p~ ! otherwise.
p‘da,ﬂ pld,a”@
p—1|Ap

As a consequence, we obtain the following relation between N-integrality of ¢q (%) and

exp (Saﬁ(z)).

Corollary 2. Let o := (v, ..., a,) and B := (B4, ..., Bs) be tuples of parameters in Q\Z<o
such that (o) and (B) are disjoint (this is equivalent to the irreducibility of Lo g) and such
that Fo g ts N-integral. Then the following assertions are equivalent:
(1) gap(z) is N-integral;
7



(2) exp (Sa”3<Z)) is N-integral and exp (Sa,g(z)) _ (qa,g(z)/z) #(dar3)

Under the assumptions of Theorem 3 for the tuples o and B and if g, g(2) is N-integral,
then Assertion (3) of Theorem 3 leads to

1 W(da,ﬁ)/na,ﬁ
/

(@%ﬂ(%,g@) € Z[[]] (1.5)

It follows that in some cases, we obtain the integrality of the Taylor coefficients of a non-

trivial root of the g-coordinate. But when all the elements of 3 are integers, Theorem 2

in combination with Corollary 1 and Assertion (2) of Theorem 3 provides a better result

than (1.5). Indeed, we obtain the following result.

Corollary 3. Let a, respectively B, be a tuple of parameters in Q \ Z<, respectively of
positive integers, such that (a) and (B) are disjoint. If Fo g(2) and o g(2) are N-integral,

then we have
1 1/n, 5
<C’—ﬁzq°"ﬁ<0‘/"ﬂz)> € Z[[z]],

with

S
o= ] p7' 7
p‘da,ﬂ

Corollary 3 is stronger than (1.5) because na g/n,, 53 = d, 5 divides ¢(dqa,g). Let us now
make some remarks on Theorems 2 and 3 and their corollaries.

e Note that, by [14, Lemma 5|, if f(2) € Z[[z]] and if V' is the greatest positive integer sat-
isfying f(2)"V € Z][[2]], then the positive integers U satisfying f(2)"/V € Z][[2]] are exactely
the positive divisors of V. Furthermore, by [24, Introduction|, for all positive integers v and
all C' € Q, we have ((Cq)’lzaﬂ(Cq))Uv € Z|[[z]] if and only if ((Cz)’lqaﬂ(Cz))l/v € Z|[[2]].
We deduce that Corollary 3 also gives the integrality of the Taylor coefficients at the origin
of roots of mirror maps.

e In Section 7, we prove Proposition 6 which generalizes Assertion (1) of Theorem
3. Furthermore, if gog(z) is N-integral, then, according to Assertions (1) and (2) of
Theorem 3, all Taylor coefficients at 2z = 0 of g g(Cy, gz) are positive integers, but its
constant term = (. This leads to a natural question: do these coefficients count any object
related to the geometric origin of ¢4 g(2)?

e In all cases, nq g and n;, 4 are positive integers.

e Suppose that L, g is an irreducible operator satisfying (7). We can formally consider
da,p Without assuming that there are at least two 1’s in 3. But if g4 g is N-integral, then
Jo,8 = Q(a),(3) and if furthermore s > 2, then there are at least two 1’s in (3) so that ¢q g
is the exponential of a ratio of power series canceled by L (3. The operator L, g may
not satisfy (P»), but (see section 2.1.2) L4),a) is an irreducible operator satisfying (P)
and (P,). Furthermore, if g5 g is N-integral, then we have r = s so that L, g and L))

are Fuchsian.
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e As explained in more details in Section 2.2, Theorem 3 generalizes previous results
on the integrality of the Taylor coefficients at the origin of g-coordinates associated with
generalized hypergeometric functions.

e Let us explain the reason why Theorem 3 provides an effective criterion for the N-
integrality of g-coordinates ¢o . Given tuples o and B, Assertion H, g can easily be
checked and the identity ¢a,8(2) = ua)@s)(2) is equivalent to Fy g(2)Glaa)es)(2) =
Flaa),(ap)(2)Ga,p(2). Let us assume that there are at least two 1’s in 3 so that G g(2) +
log(%) Fu,p(2) is canceled by Lq g

On the one hand, if r # s, then gq s is not N-integral. On the other hand, if r = s,
then Fo 8(2)Glaa),@p)(2) and Flaa), @) (2)Ga,g(2) are analytic functions at z = 0 canceled
by the tensor product £ of the differential operators Lo g and Laq),a8)- Since the order
of £ is less than or equal to 7? then we have ¢ag = Gaa),p) if and only if the first r?
Taylor coefficients at the origin of Fi 8(2)G aa),a8)(2) and Flaay ) (2)Ga,p(2) are equal,
which can be checked in a finite number of elementary algebraic operations.

o If gap(z) is N-integral, then the power series ga(Cy, 52)/(Cq g2) to the power
©(da,p)/Nap lies in Z[[z]] so that, in some cases, a non-trivial root of g g(z) is N-integral.
This suggests that one might be able to improve Assertion (3) of Theorem 3 by replacing
Nag by ©(dag) or dag (?). But this statement is not always true. Indeed, a counterex-
ample is given by o = (1/7,1/4,3/7,6/7) and B8 = (1,1,1, 1), where we have dy g = 28,
Chp=Cap =27, 0(28) =12, nap = 2,

Sep(2372 81541341 1328534273395
exp (%) € 144802z + 5 22+ 5 23 4+ 2*Ql[2]]

and
29299137
—_—z

5 + 23Q[[2]].

So (23722
eXp( ﬁ(28 )

) €1+ 2058z +

Before ending this introduction, we would like to mention that this article also contains
two useful results, that play a central role in the proof of Theorem 3, but we need too many
definitions to state them here. The first one is Proposition 5 stated in Section 3.3 which
gives an useful formula for the p-adic valuation of the Taylor coefficients at the origin of
Fo3(Capz) when p is a prime divisor of dg g. The second one is Theorem 4 stated in
Section 5 which generalizes Dwork’s theorem on formal congruences |12, Theorem 1.1] also
used by Dwork in [13] to obtain the analytic continuation of certain p-adic functions.

While working on this article, we found an error in a lemma in Lang’s book [23,
Lemma 1.1, Section 1, Chapter 14] about the arithmetic properties of Mojita’s p-adic
Gamma function. This lemma has been used in several articles on the integrality of the
Taylor coefficients of mirror maps including papers of the authors. Even if we do not use
this lemma in this article, we give in Section 2.4 a corrected version and we explain why
the initial error does not change the validity of our previous results.

2Note that exp (Sa,8(2)/¢(da.p)) is the geometric mean of the Lqi,ay.(ag)(2)-
9



1.3. Structure of the paper. In Section 2, we make comments on results stated in in-
troduction and we compare this results with previous ones on N-integrality of mirror maps
associated with generalized hypergeometric functions. Furthermore, we give a corrected
version of a lemma of Lang on Mojita’s p-adic Gamma function at the end of this section.

Section 3 is devoted to a detailed study of the p-adic valuation of Pochhammer symbol. In
particular, we prove Proposition 1 and we define and study step functions A, g associated
with tuples o and 3 which play a central role in proofs of Theorems 1-3.

We prove Theorem 1 in Section 4.

Section 5 is devoted to the statement and the proof of Theorem 4 on formal congruences
between formal power series. We also compare Theorem 4 with previous generalizations
of Dwork’s theorem on formal congruences [12, Theorem 1.1]. Theorem 4 is the most
important tool in the proof of Theorem 2.

We prove Theorem 2 in Section 6, which is by far the longest and the most technical
part of this article.

Sections 7, 8 and 9 are respectively dedicated to the proofs of Assertions (1), (3) and
(2) of Theorem 3.

2. COMMENTS ON THE MAIN RESULTS AND COMPARISON WITH PREVIOUS ONES

This section is devoted to a detailed study of certain consequences of Theorems 1-3.
In particular, we compare these theorems with previous results on the integrality of the
Taylor coefficients at the origin of generalized hypergeometric series and their associated
(roots of) mirror maps. This section also contains some results that we use throughout
this article.

2.1. Comments on the main results. We provide precisions on Theorems A, 1 and 3.

2.1.1. An example of application of Theorem 1. We illustrate Theorem A and Theorem 1
with an example. Let a := (1/6,1/2,2/3) and B := (1/3,1,1) so that we have do g = 6.
According to Theorem A, F, g is N-integral if and only if, for all @ € {1,5} and all z € R,
we have &, g(a, x) > 0.

We have 1/6 < 1/3 < 1/2 < 2/3 < 1 thus, for all z € R, we get &, (1,2) > 0.
Furthermore, we have 1/3 +3 =10/3 < 5/2 <5/3 < 5/6 < 5 and thus, for all z € R, we
get o, 8(5, x) > 0. This shows that F, g is N-integral.

Moreover, we have r = s, all elements of a and 3 lie in (0,1], Xo(cx,3) =1 -3 = =2
and A\3(a, B) = 1 — 2 = —1 thus, according to Theorem 1, we get

_ 023, | ayg-1-172) _ gag2
Cap = o213 = 9132,

)

2.1.2. N-integrality of Fiay ). We show that if I, g is N-integral then Fq) ) is also IN-

integral. The converse is false in general, a counterexample being given by a = (1/2,1/2)

and B = (3/2,1) since we have 3/2 < 1/2 < 1 and (o) = (1/2,1/2), (8) = (1/2,1). But,

if (o) and (3) are disjoint, then, for all a € {1,...,da g} coprime to dn g, (ac) and (aB3)

are disjoint. Hence, applying Theorem A, we obtain that (Fiqy (g is N-integral)=(Fq g is
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N-integral). More precisely, we shall prove the following proposition that we use several
times in this article.

Proposition 2. Let o and 3 be tuples of parameters in Q\ Z<o and a € {1,...,dag}
coprime to do,g. Then we have dia) ) = da,g- Let c € {1,...,dag} coprime to do g and
x € R be fired and let b € {1,...,da g} be such that b= ca mod dng. Then we have

€ap(b, (x)—) if x > ¢

{laa),@py(c,r) = S r—sif o < cand z € Z;
€ap(b, (x)—) or &4 p(b, (x)+) otherwise,

where 1, respectively s, is the number of elements of a, respectively of 3.

Remark. For all a € {1,...,dag} coprime to do g, r — s is the limit of &, g(a,n) when
n € Z tends to —oo.

In Proposition 2 and throughout this article, if f is a function defined on D C R and
x € D, then we adopt the notations

fla+)i= lm fy) and f@e-)i= lm f()

y—x
yeD,y>x yeD,y<z

Proof. For all elements o and 3 of a or 8, we have (c(aa)) = (cac) = (ba) and (bar) = (bf)
if and only if (o) = (B). If (ba) = (z), then we have c(aa) <X = < c(aa) > . It follows
that if > ¢, then we have
Elaaniapy (1) = #{1 <i<r: (bay) < ()} —#{1 <j<s: (bB)) < (z)}
— £aplb, (2)-).

If € Z and x < ¢, then we have (z) = 1 and {a),08)(c, ) = 7 — 5. Now we assume
that < cand x ¢ Z. If a and [ are elements of a or 3 satisfying (z) = (ba) = (b5),
then (a) = (B) so (aa) = (af) and we obtain that c¢(aa) < = < c¢(af) < x. Thus we have
(#{1<i<r: (b)) < (o)} —#{1<j<s: (08) < (x)}

§lac) (op) (¢, ) = § O
(#{I<i<r (o) < (2)} —#{1 <5 <50 (08)) < ()}

(b, (7))

= qor
[ €a8(b, (2)+)
because (z) < 1. O

By Proposition 2 with a = 1 together with Theorem A, we obtain that, if F, g is N-
integral, then Fiqy (g) is also N-integral. Similarly, if H, g holds then Hqy g) also holds.

More precisely, we have the following result, used several times in the proof of Theorem 3.
11



Lemma 2. Let a and B be two disjoint tuples of parameters in Q \ Z<o with the same
number of elements and such that Ho g holds. Then, for all a € {1,...,dog} coprime to
dap, Assertion H,qay, apy holds.

Proof. Let ¢ € {1,...,dag} be coprime to dog and z € R be such that ma),@g)(c) =
x < c. We shall prove that &gy, ag)(c, ) > 1 by applying Proposition 2.

Let b € {1,...,dag} be such that b = ac mod dog. First, note that there exists an
element « of e or @ such that c(ac) < z, that is (z) > (ba) or ((z) = (ba) and c{ac) > z).
We distinguish three cases.

o If z > c then we have (x) > (bar) and {aay,(aB)(¢; ) = &a,8(b, (x)—). Thus there exists
y € R, mag(b) Xy < bsuch that §ua) @wp)(c, ) = fag(b y)>1

o If v < cand z ¢ Z, then we have (x) < 1 and §<m>,<alg>(c, z) = &ap(b, (z)—)
or {ap(b, (x)+). Since (z) > (ba), there exists y € R, mqap(b) = y < b such that
€ap(b, ()+) = &ap(b,y) > 1. Furthermore, if (z) > (ba) then we have {4 g(b, (x)—) > 1
as in the case x > ¢. Now we assume that, for all elements /5 of a or 8, we have (z) < (bf).
Hence we have (x) = (ba) and, as explained in the proof of Proposition 2, we have

Elaa) gy (6:) = #{1 <i <7 2 (bay) < (2)} —#{1 < j<s: (b8;) < (2)}
= ap(b, (2)+) > 1.

e It remains to consider the case © < ¢ and x € Z. But in this case we do not have x < ¢
thus Hua),ap) 18 proved. ]

2.1.3. Numerators of the elements of o and 3. Let a = (ay, ..., ;) and B8 = (p1, ..., Br)
be tuples of parameters in Q \ Z<o. Then Theorem 1 gives a necessary condition on the
numerators of elements of o and 3 for F, g to be N-integral. Indeed, let us assume
that F,, g is N-integral. Then, according to Section 2.1.2, Fi,) (gy is also N-integral. We
write n;, respectively n’;, for the exact numerator of (;), respectively of (3;). Then by

Theorem 1, the first-order Taylor coefficient at the origin of Fay,g)(Claya2) is (%)

,Ppp(fiﬁ)J 1z

so that, for all primes p, we have

ngl 1 > )‘p(av )
vl |2 |
Hj:l n; p
For instance, the last inequality is not satisfied with p = 2, @ = (1/5,1/3,3/5) and

=(1/2,1,1), or with p =3, a = (1/7,2/7,4/7,5/7) and B = (3/4,1,1,1). Thus in both
cases the associated generalized hypergeometric series F g is not N-integral.

3Note that, for all primes p, we have \,(, 8) = A\, ((e), (B)).
12



2.1.4. The Fisenstein constant of algebraic generalized hypergeometric series. Let a =
(aq,...,a,) and B = (B4, ..., 3,) be tuples of parameters in Q\ Z<o. If Fy, g(2) is algebraic
over Q(z) then Fy, g is N-integral (Eisenstein’s theorem) and one can apply Theorem 1 to
get arithmetical properties of the Eisenstein constant of F, g. For the sake of completeness,
let us remind the reader of a result of Beukers and Heckman [3, Theorem 1.5] proved in
[4] on algebraic hypergeometric functions:

“Assume that 5, = 1 and that £, g is irreducible. Then the set of solutions
of the hypergeometric equation associated with L, g consists of algebraic
functions (over C(z)) if and only if the sets {ac; : 1 <1 < r} and {af; :
1 <4 < r} interlace modulo 1 for every integer a with 1 < a < d, g and
ged(a, dag) = 1.7
The sets {a; : 1 <i<r}and {f; : 1 <i <r} interlace modulo 1 if the points of the sets
{e?mie; 1 < j <r}and {e¥ : 1< j <r} occur alternatively when running along the
unit circle.
Beukers-Heckman criterion can be reformulated in terms of Christol’s functions as fol-
lows.

“Assume that 3, = 1 and that L, g is irreducible. Then the solution set
of the hypergeometric equation associated with L, g consists of algebraic
functions (over C(z)) if and only if, for every integer a with 1 < a < dag

and ged(a, dq g) = 1, we have &, g(a,R) = {0,1}.”
2.2. Comparison with previous results.

2.2.1. Theorem 2 and previous results. The first result on p-adic integrality of ¢4 g is due
to Dwork [12, Theorem 4.1]. This result enables us to prove that, for particular tuples
a and B, we have ¢ 8(2) € Zy[[z]] for almost all primes p. It follows without much
trouble that g g is N-integral. Thus we know that there exists C' € N, C' > 1, such
that ¢a,(Cz) € Z[[z]] but the only information on C' given by Dwork’s result is that we
can choose C' with prime divisors in an explicit finite set associated with (e, 3). Hence,
improvements of Dwork’s method consist in finding explicit formulas for C' and we discuss
such previous improvements in the next section. But Theorem 2 is more general and, in
order to compare this theorem with Dwork’s result [12, Theorem 4.1, we introduce some
notations that we use throughout this article. Until the end of this section, we restrict
ourself to the case where @ and 3 have the same numbers of elements.

e For all primes p and all p-adic integers « in Q, we write ©,(«) for the unique p-adic
integer in Q satisfying p®,(a) —a € {0,...,p — 1}. The operator a — D,(«) has been
used by Dwork in [12] and denoted by a — o (*).

e For all primes p, all x € QN Z, and all a € [0, p) we define

0ifa <p®,(x) — x;
ppla,z) 1= 4 )
lLifa > p®,(z) — .

4See Section 3 for a detailed study of Dwork’s map D,.
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e We write @ = (v, ..., ) and B8 = (f1,...,5,). Let " be the number of elements f; of
(3 such that 3; # 1. We rearrange the subscripts so that 3; # 1 for i <+’. For all a € [0, p)
and all £ € N, we set

NF (a) = pr(a, Dk(y)) and NYg(a) = pr (a,D5(8)).

e For a given prime p not dividing dq g, we define two assertions:

(v)p for alli e {1,...,7'} and all k € N, we have D%(8;) € Z;
(vi), for all a € [0,p) and all k € N, we have either N ,(a) = Ny 5(a+) = 0 or N ,(a) —
NF g(a+) > 1.

Dwork’s result [12, Theorem 4.1] restricted to the case where o and 3 have the same
number of elements is the following.

Theorem B (Dwork). Let av and 3 be two tuples of parameters in Q \ Z<y with the same
number of elements. Let p be a prime not dividing de g such that o and B satisfy (v), and
(vi),. Then we have

Go (a o
e o) _ p B (c) € iz 1)
Dp(@),Dp(8) o,

Now let us assume that o and 8 are disjoint with elements in (0, 1] and that H, g holds.
For all primes p not dividing da g, we have ®,(a) = (wa) and ©,(3) = (wB) where w € Z
satisfies wp = 1 mod du g (see Section 3.2 below). Then, by Theorem 2 for a fixed prime
pand b =1t =1, we obtain that

Go,(0),0,(8) Gap
—L (O, 57°) — p=(C g2) € p2Zy[[2]]. (2.1)
Fo, )8 7 Fag P g

Thus, contrary to Theorem B, there is no restriction on the primes p because of the
constant C'(’Xﬁ. Furthermore, in the proof of Lemma 21 in Section 9.1.3, we show that if
Ha g holds then o and 3 satisfy Assertions (v), and (vi), for almost all primes p. By
Theorems 3 and B, the converse holds when, for all a € {1,...,dq g} coprime to du g, we
have

G a Q, Ga
(acr),(aB) (Z): ﬂ(z)_
Flaa) (ap) Fap
Indeed, in this case, Theorem B in combination with Corollary 1 implies that, for almost

all primes p, we have ¢o g(2) € Zy[[z]]. Then it is a simple exercise to show that g, g is
N-integral and, by Theorem 3, we obtain that H, g holds.

The main improvement in Theorem 2 is the use of algebras of Z,-valued functions instead
of Z,. This is precisely this generalization which enables us to prove the integrality of the

Taylor coefficients of certain roots of Sa g(Cy, 52)-
14



2.2.2. Theorem & and previous results. The constants C' € Q such that an N-integral
canonical coordinate go g satisfies ¢a,g(Cz) € Z[[z]] was first studied when there exist
some disjoint tuples of positive integers e = (ey,...,e,), £ = (f1,..., f,) and a constant
Cy € Q such that

= (emn)! -, (eyn)!
Fog(Coz) = 2" e Zl|Z]]. 2.2
#C) =3 e < 2] 22
The results obtained by Lian and Yau [26], Zudilin [34], Krattenthaler-Rivoal [18] and
Delaygue [8] led to an effective criterion [8, Theorem 1| based on simple analytical properties

of Landau’s function
= lew) =) ISz
i=1 j=1

By combining and reformulating this criterion and [8, Theorem 3|, we obtain the following
result.

Theorem C (Delaygue). If (2.2) holds, then the following assertions are equivalent:

(1) gap(z) is N-integral;

2) duplCo2) € ZI[2]);

(3) we have Y i e; =0, f; and, for all v € [1/Mey, 1[, we have Acg(x) > 1, where
M.z 1is the largest element of e and f.

According to [8, Proposition 2|, one can write (a rescaling of) Fy, g as the generating
function of a sequence of factorial ratios if and only if & and 3 are R-partitioned. In this
case, Landau’s criterion [22| asserts that the additional condition of integrality in (2.2) is
equivalent to the nonnegativity of Ae¢ on [0, 1], which can be checked easily because, by
[8, Proposition 3|, for all = € [0, 1], we have

Decla) = #{i : x> a} —#{j : 2 2 B}, (2.3)

Furthermore, by [8, Proposition 2|, if @ = (a4, ..., ), respectively 8 = (B1,...,[5s),
is the concatenation of tuples (b/N;)peq1,...N,},gedv,Ni)=1, 1 < @ < 7/, respectively of tuples
(O/N)bett,..N}gedp,N)=1, L < j < 8, then we have

[T NE T p o u v
Cy= —Z - P — and Zei — Zf] =r—s. (2.4)
11 1N{so( 7) [T 2 =1 i=1 j=1
J P

Let us show that Theorem 3 implies Theorem C. Let a« and 3 be disjoint tuples of
parameters in Q \ Z< such that (2.2) holds. Then a and 8 are R-partitioned and their
elements lie in (0, 1] so that () and (3) are disjoint and F, g is N-integral. First we prove
that if r = s, then we have C, 5 = Cq g = Cyp. We write ), for \,(c, 3). Since o and 3
are R—partltloned the number of elements of a and 3 with exact denominator divisible by

4 is a sum of multiple of integers of the form ¢(2%) with k € N, k > 2, so this number is
15



even. Thus, we have C’;ﬁ = Cq, . Furthermore, for all primes p, we have

Ap=1= @(Ni) = s+ Y o(Nj) ==Y o(N;)+ > @(N)).
=1 Jj=1 i=1 j=1
pI N pIN} pI N pIN}

If p divides N; then p—1 divides ¢(N;) so that —|\,/(p—1)| = =), /(p—1) and Ca g = Cy
as expected. Now we assume that (2.2) and Theorem 3 hold and we prove that Assertions
(1), (2) and (3) of Theorem C are equivalent.

e (1) = (2): If ga,p(2) is N-integral, then we obtain that ¢a,5(Cy, g2) € Z[[2]] and r = s
so that 7, 5 = Cy and Assertion (2) of Theorem C holds.

¢ (2) = (3): If ga.8(Coz) € Z[[z]] then gu g(z) is N-integral and, according to Theorem 3,
we have r = s and Hg g is true. We deduce that we have Y " | e; = 22:1 fj- Now, since o
and (3 are disjoint tuples with elements in (0, 1], equation (2.3) ensures that the assertions
“for all © € [1/Meg, 1], we have Ac¢(z) > 17 and “for all z € R, ma (1) < = < 1, we have
€ap(l,z) > 17 are equivalent. Thus Assertion (3) of Theorem C holds.

® (3) = (1): We assume that > ;" e; = >0, fj, that is r = s, and that, for all z €
[1/Meg, 1], we have Ag¢(x) > 1. Since o and 8 are R-partitioned, for alla € {1,...,da g}
coprime to dog we have (acr) = o and (aB3) = B, and these tuples are disjoint. We
deduce that for all @ € {1,...,da g} coprime to do g and all € R, myg(a) < z < q,
Equation (2.3) gives us that £, g(a,z) > 1, so that H, g holds. Thus Assertion (4i7)
of Theorem 3 holds and g, g(z) is N-integral as expected. This finishes the proof that
Theorem 3 implies Theorem C.

Furthermore, when (2.2) holds, Delaygue [11, Theorem 8| generalized some of the results
of Krattenthaler-Rivoal [21] and proved that all Taylor coefficients at the origin of g4 g(Co2)
are positive, but its constant term which is 0. Assertion (1) of Theorem 3 generalizes this
result since it does not use the assumption that a and 3 are R-partitioned.

Later, Roques studied (see [31] and [32]) the integrality of the Taylor coefficients of
canonical coordinates g g without assuming that (2.2) holds, in the case e and 3 have
the same number of elements r > 2, all the elements of 3 are equal to 1 and all the elements
of e lie in (0, 1]NQ. In this case, we have r = s and it is easy to prove that H, g holds but
o is not necessarily R-partitioned. Roques proved that ¢a g(z) is N-integral if and only
if, for all @ € {1,...,dag} coprime to da g, we have qua),@8)(2) = ¢a,8(2) in accordance
with Theorem 3. Furthermore, when 7 = 2, he found the exact finite set (°) of tuples
a such that go g(2) is N-integral (see [31, Theorem 3|) and, when r > 3, he proved (see
[32]) that g g(2) is N-integral if and only if av is R-partitioned (the “if part” is proved by
Krattenthaler-Rivoal in [18|). Note that if 3 = (1,...,1), then it is easy to prove that
Fo (%) is N-integral.

5This sets contains 28 elements amongst which 4 are R-partitioned.
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In the case 7 = 2, Roques gave constants C such that g g(C12) € Z[[z]] which equal
C,, 5 unless for a = (1/2,1/4) or (1/2,3/4) where C; = 256 and Theorem 3 improves this
constant since Cy, 5 = 32.

The integrality of Taylor coefficients of roots of 27'g4 g(2) has been studied in case (2.2)
holds by Lian-Yau [24], Krattenthaler-Rivoal [19], and by Delaygue [9]. For a detailed
survey of these results, we refer the reader to |9, Section 1.2].

e In [24], Lian-Yau studied the case e = (p) and f = (1,...,1) with p 1’s in f and where
p is a prime. In this case, we have 8 = (1,...,1) and n, 5 = 1, thus we do not obtain a
root with Corollary 3.

e In [19], Krattenthaler-Rivoal studied the case e = (N,...,N) with £ N’s in e and
f=1(1,...,1) with kN 1’s in f. In this case, we also have 8 = (1,...,1). For all prime
divisors p of N, we write N = p" N,, with n,, N, € N and N, not divisible by p. A simple
computation of the associated tuples o and 8 shows that do g = N and A\, = k(N, — N).
Thus, for all prime divisors p of NV, p — 1 divides A, and we have

N—Np

/ _ —14+k——
na,ﬁ - Hp Pl
p|N

but it seems that the roots found by Krattenthaler-Rivoal are always better than n, 5 in
these cases.

e However, in a lot of cases, our root n, 5 improves the one found by Delaygue in [9].
For example, if e = (4,2) and f = (1,1,1,1,1, 1), then [9, Corollary 1.1] gives us the root
4 while 8= (1,...,1) and nj, 5 = 32.

2.3. Open questions. We formulate some open questions about N-integrality of mirror
maps and ¢-coordinates.

e Does the equivalence in Assertion (2) of Theorem 3 still hold if we do not assume that
Fo 5(2) is N-integral?

e One of the conditions for g4 g(z) to be N-integral is that, for all a € {1,...,dng}
coprime to do g, we have ¢a 8(2) = G(aa),(@@)(2). According to [31] and [32], we know that,
when 8 = (1,...,1) and all elements of a belong to (0, 1], this condition implies a stronger
characterization related to the exact forms of a and 3. Is it possible to deduce a similar
characterization in the general case?

2.4. A corrected version of a lemma of Lang. As mentioned in the Introduction, while
working on this article, we noticed an error in a lemma stated by Lang [23, Lemma 1.1,
Section 1, Chapter 14] about arithmetic properties of Mojita’s p-adic Gamma function.
This lemma has been used in several articles on the integrality of the Taylor coefficients of
mirror maps including papers of the authors. First we give a corrected version of Lang’s

lemma, then we explain why this error does not change the validity of our previous results.
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Let p be a fixed prime. For all n € N, we define the p-adic Gamma function I', by

n—1
Ly(n):=(-0)" J[ *
k=1
ged(k,p)=1
In particular, I',(0) =1, I',(1) = —1 and I', can be extended to Z,.

Proposition 3. For all k,m,s € N, we have

I')(k) mod p* if p* # 4,
(—1)™T',(k) mod p® if p* = 4.
The case p* # 4 in Proposition 3 is proved by Morita in [28]. We provide a complete
proof of the proposition.

Proof. If s =0 or if m = 0 this is trivial. We assume in the sequel that s > 1 and m > 1.
Then
k+mp®—1 p®—1 m—
Pp(k + mps) S . s . i
et (1 mp — (-1 mp ]{Z S
) (=1) H i=(-1) II  IJCk+i+ip)
i=k 1=0 7=0
ged(z,p)=1 ged(k+i,p)=1
p°—1
™ [ *k+i)™ modp’

=0
ged(k-+i.p)=1

—_

p°—1

(=™ J[ 4™ modp’, (2.5)

because, for all j € {0,...,p* — 1}, there exists a unique ¢ € {0,...,p* — 1} such that
k+i=j mod p°.

We first assume that p > 3. In this case, the group (Z/p°Z)* is cyclic and contains just
one element of order 2. Collecting each element of (Z/p°Z)* of order > 3 with its inverse,

we obtain
p*-1

H j=-1 mod p°.
5=0
ged(j,p)=1

Together, with (2.5), we get
I'p(k + mp®)

=1 mod p°,
Ly (k)

because p is odd.
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Let us now assume that p = 2. If s =1, then

p*—1

II =1

Jj=0
ged(4,p)=1

and by (2.5) this yields I',(k +mp®) = T'p(k) mod p®. If s =2, then

p°—1

H j=3=-1 mod p°,

=0
ged(4,p)=1

and by (2.5), this yields I',(k + mp®) = (—1)"I',(k) mod p°. It remains to deal with the
case s > 3. The group (Z/2°Z)* is isomorphic to Z/2572Z x Z/27. Moreover,

25721 1 25721
> (k)= <2 > k,25‘2> = (27%(2°72 — 1),2°72) € 2?2 x 2Z,
k=0

k=0 j=0

because s > 3. Hence,
p°—1

H Jj=1 mod p°
j=0
ged(j,p)=1

and by (2.5), this yields
Iy (k +mp®)
Lp(k)
which completes the proof of the proposition. O

=1 mod p’

The error in Lang’s version is that he wrote I',(k + mp®) = I',(k) mod p* if p* = 4,
forgetting the factor (—1)™. He gives the proof only for p > 3 and he claims that the proof
goes through similarly when p = 2, overlooking the subtility. Delaygue and Krattenthaler-
Rivoal used Lang’s version in [8, Lemma 11|, [10, Lemma 8| and [18]. Fortunately, the
resulting mistakes in these papers are purely local and can be fixed. Indeed, the factor
(—1)* (that should have been added when p* = 4) would have occurred for an even value
of ¢ and thus would have immediately disappeared without changing the rest of the proof.

3. THE p-ADIC VALUATION OF POCHHAMMER SYMBOLS

We introduce certain step functions, defined over R, that enable us to compute the p-adic
valuation of Pochhammer symbols. We will then provide a connection between the values
of these functions and the functions £, g(a,-). This construction is inspired by various

works of Christol [7], Dwork [12] and Katz [16]. We first prove Proposition 1.
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3.1. Proof of Proposition 1. Let o and B be two sequences taking their values in
Q\ Z<o. If there exists C' € Q* such that F,, g(Cz) € Z[[z]], then for all primes p such that
v,(C) <0, we have Fy g(z) € Z,[[2]]. Hence, there exists only a finite number of primes p
such that Fy g(2) ¢ Z,[[#]].

Conversely, let us assume there exists only a finite number of primes p such that F, g(2) ¢
Z,|[#]]. To prove Proposition 1, it is enough to prove that, for all prime p, there exists
m € Z<o such that for all n € N, we have

N <H) = mn. (3.1

Let z € Q, x = a/b with a,b € Z, b > 1, and a and b coprime. If b is not divisible by
p, then for all n € N, we have v,((z),) > 0. On the other hand, if p divides b, then

Up ((x)n) = vp(x)n.

Let us now assume that @ ¢ Z<o. Then, for all n € N, n > 1,

o (é) o <a(a+b)---€:+b(n—1))> = (W—Hm)')

b la|
> - —9

because
la| + bn la] +bn  |al b
vp((Ja| + bn)!) Z{ Z p _p—1+p—1n'
= =1
Hence, (3.1) holds and Proposition 1 is proved. O

3.2. Dwork’s map ®©,. Given a prime p and some a € Z, N Q, we recall that ©,(«a)
denotes the unique element in Z, N Q such that

pDy(a) —a e {0,...,p—1}.

The map a — D,(a) was used by Dwork in [12] (denoted there as a — o). We observe
that the unique element k € {0,...,p—1} such that k+a«a € pZ, is k = p®,(a) —a. More
precisely, the p-adic expansion of —« in Z, is

e}

Z pgf-i-l @ﬁ( ))
=0
where @f) is the ¢-th iteration of ©,. In particular, forall € N, £ > 1, ’Df;(a) is the unique
element in Z, N Q such that p’®f () —a € {0,...,p" — 1}.
For all primes p, we have ©,(1) = 1. Let us now assume that « is in Z, N Q N (0,1).

Set N e NN N >2andr e {l,...,N —1}, ged(r, N) = 1, such that a« = r/N. Let sy
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be the unique right inverse of the canonical morphism 7y : Z — Z/NZ with values in
{0,..., N —1}. Then (see [31] for details)

sy (mv(p) ' (r)) _

Dy(a) = N

Hence, for all £ € N, £ > 1, we obtain

SN (7TN (P)_KWN(T)) .

N
In particular, if o € (0, 1), then ©,(a) depends only on the congruence class of p modulo
N. If a € Z satisfies ap =1 mod N, then D () = {a‘a} = (a‘a) because a is coprime to
N, hence a‘a ¢ Z. This formula is still valid when a = 1 and a is any integer.

Dl(a) = (3.2)

Lemma 3. Let a« € Q\ Zs¢. Then for any prime p such that o € Z, and all ¢ € N, £ > 1,
such that p* > d(a)(|[1 — a]| + (@), we have DE(a) = DL((e)) = (wa), where w € Z
satisfies wp® =1 mod d(a).

Proof. Let @ € Q\ Z<o and p be such that o € Z, and £ € N, ¢ > 1 be such that
p* >d(a)(|[1 —a]| + (a)). By definition, D! («) is the unique rational number in Z, such
that p"@f(a)—a € {0,...,p =1}, Weset v = (a)+k, k € Zand r := D! ((a))+ | k/p"] +a,
with a = 0 if k — p’[k/p*] < p'DL((@)) — () and a = 1 otherwise. We obtain

k
pr— = D)) - (a) + ' L;J —ktplac {0, —1),

because p'®f((a)) — (@) and k — p’|k/p] are in {0,...,p" — 1}. Since r € Z,, we get
D! () = r. We have d(a)(|k| + (a)) > |k thus |k/p’] € {—1,0}.

If [k/p] = 0, then since D{((a)) > 1/d(a), we get pDL((a)) — (@) > |k| and thus
a = 0. In this case, we have D (o) = D ((a)).

Let us now assume that |k/p‘| = —1, i.e. k < —1. We have (o) < 1 because o ¢ Z<o,
hence d(«) > 2. We have

d(Oz) -1 pz
(ey? ¢ ¢
— — (k < —— =1 - k< ———— —k
PO — (0} = b+ ) <o (T 1) ) — b= -

< —Jk| - 2{a) = k < —2(a) <0,
thus a = 1 and D! (a) = DL(()). O
3.3. Analogues of Landau functions. We now define the step functions that will enable
us to compute the p-adic valuation of the Taylor coefficients at z = 0 of F, g(z). For all

primes p, all @« € QN Z, and all £ € N, £ > 1, we denote by 6, (a,-) the step function
defined, for all x € R, by

— O‘J
pZ

(51,,@(&,1‘) =k <e— r— @ﬁ(a) . 11
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In particular, if a € (0, 1], then for all k € Z, we have
Spe(c, ) =k <=z —D(a) € [k —1,k).

Let a := (aq,...,.) and B := (fy,...,[s) be two sequences taking their values in
Q\ Z<p. For any p that does not divide du g, and all £ € N, £ > 1, we denote by AZ’?B the
step function defined, for all x € R, by

)= S ) ).
i=1 J=1

The motivation behind the functions Afx’fﬁ is given by the following result.

Proposition 4. Let o := (o, ..., ) and B := (B4, ..., Bs) be two sequences taking their
values in Q \ Z<g. Let p be such that o and B are in Z,. Then, for all n € N, we have

) £01)-Sl(2)
vy | —————— | = APV =) = AY — o | 4+ (r = s)vy(n!).
P < (Bl)n o (Bs)n ; P pﬁ ; P pé P
Remark. This proposition is a reformulation of results in Section IIT of [7], proved by
Christol in order to compute the p-adic valuation of the Pochhammer symbol (z), for
T € L.
Proof. For any p, any n := Y ;o ngp® € Z, with ny, € {0,...,p—1}, and any £ € N, £ > 1,
we set T,(n, () := f;_:t ngp®. For all £ € N, £ > 1, we have
Ty(—a,l) = pﬁ’Dﬁ(a) —a.

We fix a p-adic integer o« € Q \ Z<. For all k € Z and all £ € N, ¢ > 1, we have

ny\ ¢ 11—« 11—«

Spi (a, ﬁ) =k <= D (o) + p %

= p'Di(a)+ [1—a] + (k= 1)p" <n < pDi(a)+[1—a]+kp'

+k

+k—1§]%<©f;(a)+

= pe’Dﬁ(a) —a+(k-1)p‘<n< pe’Dﬁ(a) —a+ kp* (3.3)
— [#&—aﬂ -

where, for all x € R, [x] is the smallest integer larger than x. We have used in (3.3) the
fact that —a = —(a) + [1 — a], =1 < —(@) < 0 and p"Df(a) — a € N. We then obtain

St (a, z%) - [ww . (3.4)

o
Christol proved in [7] that for all @ € Z, \ Z<y and all n € N, we have

oy ((@)a) — i prf -1 —Tp(—a,ﬁ)J .

’
(=1 p

(3.5)
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For all £ € N, ¢ > 1, we have

n+pt—1-Ty(-a,l) 1
- c -7

s
~

so that if &k € Z is such that
n+pt—1-"T,(—a,f)

k< S <k+1,

p
then

T

k—1<l pg 0
p
Hence, we get
n+pt—1-"T,(-a,f) n—T,(—a,l)
% N

By (3.4) and (3.5), it follows that

vxm»>=§§%ny§)=§§@JQL{§})+%mm

=1

because 6, ¢(ca, n/p") = d,0(a, {n/p}) + [n/p*] and v,(n!) = D2, |n/p"]. O

The following lemma provides an upper for the abscissae of the jumps of the functions
AP
a,B

Lemma 4. Let o« € Q\ Z<o. There exists a constant M(«) > 0 such that, for all p such
that o € Zy,, and all ¢ € N, £ > 1, we have

< < 1.
Ma) = oS

Remark. In particular, if o and 8 are two sequences taking their values in Q \ Z<, there
exists a constant M (a,3) > 0 such that for all p that does not divide dn g, all £ € N,

¢>1,and all z € [0,1/M(c, 3)), we have Ag’fﬁ(:c) =0.
Proof. Set a := p€©f;(a) —a€{0,...,p" —1}. We have
[1— o] {a)

a
= — 4+ 1 e(0,1],
P’ pt o pt (0.1

because 0 < (@) < 1. By Lemma 3, if p > d(a) (|1 — o) |+ (), then D () = DE({a)) >

1/d({c)) and hence
1—qf 1 (o)
D (a) + L > < ) .
AT 2 day \TT o] [ 7 ()
This completes the proof of Lemma 4 because there exists only a finite number of couples

(p,¢) such that p* < d(oz)(| |1 — o]+ <a)). N O

@f,(oz) +




Finally, our next lemma enables us to connect the fonctions Ap to the values of the
functions £ g(a, ). This is useful to decide if Fy, g is N-integral.

Lemma 5. Let a and B be two sequences taking their values in Q \ Z<y. There exists a
constant N g such that for all elements o and B of the sequence o or 3, for all p that
does not divide do,g and all ¢ € N, £ > 1 such that p* > Nu g, we have

aajaﬁ:)@f;(a) L ; al <’D€(5) U};BJa

where a € {1,...,dapg} satisfies p'a =1 mod dag. Moreover, if the sequence o and 3
take their values in (0,1], then we can take Nog = 1.

Proof. Let p be such that the sequences o and 3 take their values in Z,. By Lemma 3,
there exists a constant A such that, for all £ € N, ¢ > 1 such that p* > N;, and all
clements « of a or B, we have D (o) = D!((a)). Moreover, if o and B take their values
n (0, 1], we can take N7 = 1 because a = (o). We set

Noi=max {dag||l —a;] = [1=8;]| : 1<i<r, 1<j<s}+1

and N, g := max(Ni,Ny). In particular, if & and 3 take their values in (0,1], then
Nap=1. Let £ € N, £ > 1 be such that p* > Ny g and a € {1,...,da g} coprime to da g
such that p‘a =1 mod d, g.

Let o and 8 be elements of ac or 3. We set ky := |1 — «] and ks := |1 — ]. By (3.2),
we have a(a) — Df((a)) € Z. Hence,

ac = al{a) — ak; = @f;((oz» + ala) — @ﬁ((a}) — aky,
with D ((a)) € (0,1] and a({a) —DE((a)) — aky € Z. Moreover, if DL ((a)) = DL((5)), then
still by (3.2), we have () = (). By definition of the total order <, we obtain
ac % af} <= ’Df;(( < ’Dz(< p)) or (@f,((oz)) = ’Df;((ﬁ)) and aa > af)
<D

)
= D,((a)) <D,((B) or (Dy({a)) =D,((B)) and ky > ki)
) —

]{ZQ — ]{Zl
D,((8) < o (3.6)

= D! ((o

(3.7)

where in (3.6) we have used the fact that if D] ((ar)) # D5((8)), then |D)((a)) —D5((8))] >
1/da . The equivalence (3.7) finishes the proof of Lemma 5. O

Proposition 4 shows that the functions APt o5 dllow to compute the p-adic valuation of
(a)n/(B), when p does not divide do g. If @ and 3 have the same number of parameters
and if these parameters are in (0, 1], the constant C,, g enables us to get a very convenient

formula for the computation of the p-adic valuation of Cf, 5(c),/(8), when p divides dq,g.
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This formula, stated in the next proposition, is key to the proof of Theorem 1 and is also
used many times in the proof of Theorem 2.

Proposition 5. Let o and 3 be two tuples of r parameters in Q N (0,1] such that Fu. g
is N-integral. Let p be a prime divisor of dog. We set dag = p'D, f > 1, with D € N,
D not divisible by p. For all a € {1,...,p'} not divisible by p, and all ¢ € N, £ > 1, we
choose a prime p, ¢ such that

Par=p" mod D and p,e=a mod p’. (3.8)
Then, for all n € N, we have

() oty £ S () (eg). o

gcd(a p)=

where
Ap(a ﬁ)

Hl 1 d
Cy = =
o HJ 1 <6 pgﬂ d

Proof. We denote by «, respectively B, the (possibly empty) sequence of elements of a,
respectively of 3, whose denominator is not divisible by p. We also set A, := A (e, B). For
all n € N; we have

(C"H) = iAiéﬁ ({Z }) + Apup(nl) —n Lﬁ)lJ . (3.10)

(=1

Let o be an element of a or 3. Let N be the denominator of a. If p does not divide N,
then N divides D and, for all a € {1,...,p'}, ged(a,p) =1, and all £ € N, £ > 1, we have
Pae =p° mod N. Hence, (o) = D,, () because a € (0,1].

On the other hand, if p divides N, then for all n,¢ € N, ¢ > 1, we define wy(c,n) as the
number of elements a € {1,...,p/}, ged(a,p) = 1, such that {n/p‘} > D, ,(a). Thus for
all n, 0 € N, £ > 1, we get

$ g ({21) =etnaes ({2]) + T ertanm - S eatgym. @11

a=1 =1 7j=1
ged(a,p)=1 i ¢Zp B¢y

Let a be an element of o or 3 such that p divides d(c). We now compute Y~ we(a, n).
Let a = r/(p°N) where 1 < e < f, N divides D, 1 < r < p°N and r is coprime to
p°N. Given ¢ € N, £ > 1, there exists r,, € {1,...,p°N} coprime to p°N such that
Dpoo(@) =740/(p°N) and pyrae — 7 =0 mod p°N. In particular, by (3.8), we have

pgravg —7r=0 mod N and ar,,—r=0 mod p°,
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_ 71-N(T) e 7Tpe(7“) e
Ta4 = SN <W)p +Spe <m N modp N.

In the rest of the proof, if a/b is a rational number written in irreducible form and the
integer ¢ > 1 is coprime to b, we set

=)=~ (%)

rae _ @n(r/p") | @pe(r/(aN))
= = d 1. 3.12
DN N T - mo (3.12)
For all £ € N, we have p™lwy(r/p**1) — plon(r/p?) =0 mod N, hence, since p and N
are coprime, we obtain pwy(r/p*t) — wn(r/p?) =0 mod N, i. e.

o, (wN(]G/pE)) _ wN(';\/]p“l)’

Then,

yielding
wy (r/p™) _ pt+l (L)
N PN/
Let —r/N = Y77, axp” be the p-adic expansion of —r/N. For all £ € N, we have

¢

1+l (T ro_ 2

PO () - =
k=0

and thus
e l+e— l— e—
wn(r/pte) n e tagpt o @p® | S g averp” (3.13)
N - pé—l—eN pZ—I—e o pﬁ-i-eN pZ—I—e pe : :

Moreover, pwy(r/p) =7 mod N but pwy(r/p) # r because r is not divisible by p. Hence,
pwn(r/p) —r > N and ag > 1.
The elements of the multiset (i.e., a set where repetition of elements is permitted)

{{wpe (CLLN> s 1<a<pl, ged(a,p) = 1}}

are those b € {1,...,p°} not divisible by p, where each b is repeated exactly p/~¢ times.
We fix ¢ € N, £ > 1. We have

P Neat 1 p-1 1 ,
pZJreN pZJre - pZJre pZJre pe peN
By (3.12) et (3.13), the multiset

st~ {{6 1 <0 o1 )}
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has the elements
__" o b
TNep - PeN plre I

where b = EZ;% bip®, b € {0,...,p — 1}, by # a, and each 7, is repeated exactly p/—¢
times. In the sequel, we fix n = > 2 np* with ny € {0,...,p— 1} and, for all k > K,
ng = 0, where K € N. For all £/ € N, we let Ag(OZ n) = 1if

l—e—1

Z np* > Zakp

and Ay(a,n) = 0 otherwise. Let us compute the number w;(a,n) of elements in ®,(a)
which are < {n/p‘}.

If ¢ <e—1, then

n ot im0 0P | i b
— 0= ey = = > =
{pé } pﬁ pﬁ-i-eN pZ—I—e pe
-1 ¢ k0
r a b
s anpk >4 Ek o6 v Ek ekp
— peN P p
-1 -1
=Y mpt > berupt,
k=0 k=0
because
-1 k e—l-1p ki ; 00 el
r a b 1 -1 -1
0 < L 2o WP Do brp <L, Al >§1.
p°N P° P° P° p° e
Thus
—1
we(a, n) ((p 1pe ! an’“) P
k=0
If ¢ > e, then
-1 k -1 e—1 k
n _o gD r k=0 akp k=0 bk‘p
— 0 2 Nep < k=0 > +
{ } pé pZJreN pZJre pe
/-1 /— k e—1
k r Zk:o agp kt+l—e
<= ngp. = + bkp
-1 -1 e—1
=Dt > e Y bt (3.14)
k=0 k=e k=0
because )
e— k e
a 1 —1
0< —— 4 &h=0® o2 W P70 oy
p°N p° p° p°



If we have

then (3.14) holds and we obtain

Ek —l—et1 nyp"
) pé e+1

(p—

numbers b satisfying the above inequality. Let us now assume that

Z nkp _ Zbkpkh% e

k=f—e+1

Then (3.14) is the same thing as

l—e -1
Z nip® > Z app® ¢ + bop'e. (3.15)
k=0 k=e

If ng_. > ay + 1, then there are n,_, — 1 elements by € {0,...,p — 1} \ {as} such that
ny_. > by, and, for by = ny_., we have (3.15) if and only if Ay(a,n) = 1. Moreover, when
ny_e > ag + 1, we have Ay 1(a,n) = 1. Hence, if ny_. > ay + 1, we have ny_. + Ay(a,n) —
Agy1(a, n) numbers by such that (3.15) holds.

If ny_. = ay, then there are n,_, numbers by such that (3.15) holds. Furthermore, we have
Ay(a,n) = Agy1(a,n) and in this case we also have n,_. + Ay(a,n) — Agyq (@, n) numbers

by such that (3.15) holds.

If ny_. < ay—1, then there are n,_, numbers by such that by < n,_., and for by = ny_,
we have (3.15) if and only if Ay(a,n) = 1. Moreover, if ny_. < a, — 1, then Agq(a,n) =0
and again there are ny_. + Ag(a,n) — Agy1 (@, n) numbers by satisfying (3.15).

It follows that if ¢ > e, then,

/-1
wg(Oé, n) = (nZe + AZ<O[7 n) - Ag+1<Oé, n) + (p - 1) Z nkkaJrel) pfie

k=l—e+1

Hence, for all m € N, m > K + e, we get

m e—1 -1
pe—fzwz(a TL Zpe /—1 nkpk
/=1 /=1 k=0
m m /—1
+ Z (ne—e + Mo, n) = Appa(,n)) + (p— 1) Z ngpt e (3.16)
l=e l=e k=f—e+1
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Let us compute the coefficients hy of ng, 0 < k < K, on the right hand side of (3.16),
so that

m

pe! Z we(a,n) = Ac(a,n) — A (a,n) + Z hiny. (3.17)

(=1 k=0

If e =1, then for all k € {0,..., K}, we have hy, = 1 = p°~1. Let us assume that e > 2.
We have

—_

e—

hO — <p o 1) peféfl 4 1= pefli

1

~
Il

If1<k<e—2, then

e—1 k+e—1
hy, = (p N 1) Z pk—f—i—e—l +14 (p o 1) Z pk—é—i—e—l _ pe—l _pk +1 +pk 1= pe—l.
{=k+1 l=e

Finally, if £ > e — 1, then

k+e—1
hy =1+ <p o 1) Z pkuJrefl _ 1_'_pefl 1 :pefll
l=k+1
Hence, we obtain
peif Z w€<057 n) = Ae<057 n) - Am+1 (Oé, n) + p6715p<n>7
=1

where 5,(n) := Y200 g = 3 pg Tk

Moreover, we have A.(a,n) = 0 and there exists K’ > K+e such that, for allm > K’ we
have Ay,11(o,n) = 0. Indeed, Y 77, axp”® is the p-adic expansion of —r/N ¢ N. Thus, there
exists K’ > K + e such that axs # 0 and hence, for all m > K’ we have A, 1(a,n) = 0.
Consequently, for all large enough ¢, we have w,(a,n) = 0 and

> o) = () 2. (3.8
/=1

By (3.11) and (3.18), we obtain, for all n € N,

o o N
S
> 5 st ({2 =ty Sa ({B1) 4 0 smaote) 22
- ng(;;)zl =1
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Together with (3.10), this implies that

S ws = ()

ged(a,p)=1
A
A <5”(") +vp(n!)) “n L r J (3.19)
p —
But for all n € N, we have
n — s,(n)
1 — p
vp(n!) PRI

so that for all n € N,

A <;”£ni +vp(n!)> —n L)A_le —n {pA_”l} . (3.20)

Hence, using (3.20) in (3.19), we get equation (3.9), which completes the proof of Propo-
sition 5. 0

4. PROOF OF THEOREM 1

Let a and B be two sequences taking their values in Q \ Z<,. Let us assume that Fi, g
is N-integral. We first prove (1.2).

We fix a prime p. We denote by a, respectively B, the (possibly empty) sequence

(a1, ..., qay), respectively (51, - BU), made from the elements of «, respectively of 3, and
whose denominator is not divisible by p. In particular, we have \,(a,3) = u —v. By

Proposition 4, for all n € N, we thus have
v <(a1)n"'(ar)n> — o H d(c +, (@1)n - (@)
g (ﬁl)n(ﬁs)n : H BJ (5) (@)n

i)
d(;)
o () S ({51) it

(4.1)

By Lemma 4, there exists a constant M > 0 such that, for any prime p that does not
divide dg 3, for any £ € N, £ > 1, and any = € [0,1/M), we have Ag%(:c) = 0. Hence, for
all n € N, we have 7

o[ log,(nan)| < Y ALY ({ 1%}) < ul log,(nM)],

/=1

1 > p,l n
1 () o
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Moreover, for all n € N, we have v,(n!) = 3,2, [n/p*], hence

[log,,(n)] [log,,(n)]

n n
Z P Llogp(n)J < wp(n!) < Z p
=1 =1
and
Loplnt) — —— (4.3)
nvp n! ST )

We now use (4.2) and (4.3) in (4.1), and we obtain

(a1)n -~ (ar)n — [[i_, d(a) Ap(a, B)
'UP <(61)N(68)n) ":)00 P <Hj1 d(ﬁﬂ) + p—1 ’

1

n
But for all n € N,
(al)n e (ar)n

CZ 7ﬁ

It follows that for all n € N, n > 1,

L (el (Iada)) s
UP(Caﬁ) > n p<(61)n(68)n) njoo D (Hjld(ﬁj)> p—l

H;:1d<ai) _ )‘p(avﬁ)
#(Cas) 2 (szldwj)) e

because v, (C’a,g) € Z. Furthermore, if p does not divide do g and if p > r — s + 2, then
Mo, B) =r —sand [N\, (e, 3)/(p—1)| = 0. This proves the existence of C' € N* such
that

and thus

Cap = CM H p—{%&iﬁw

[I_.d(5) (44

pepa,ﬂ
We now define [ dle)
T o ECY:)
CO = % p L p—1 J
Hj:l d(@) H
In the sequel, we assume that both sequences a and 3 take their values in (0, 1] and
that » = s. We show that in this case C' = 1 and for this it is enough to prove that
Fag(Coz) € Z[[7]].
Consider a prime p that does not divide dq g, so that A\,(c, 3) = r — s = 0. Together
with (4.1), this yields

(i) -2 ()

By Lemma 5 and Theorem A, for all £ € N, ¢ > 1, we have
Az,eﬁ([ov 1]) = faﬂ(a, R) CN,
31
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where a € {1,...,dqapg} satisfies p'a = 1 mod d, 5. Hence, we obtain that F, 3(Coz2) €
Z,([z]]. It remains to show that for any prime p that divides da g, we also have that
Fap(Coz) € Zy[[2]]-

Consider a prime p that divides do g. With the notations of Proposition 5, for all n € N,
we have

P(lnan) w2 R () (550

Since none of the primes p,, divides dq g, we have Aﬁ‘fé’l([o, 1]) € N so that Fi, g(Coz) €
Z,|[#]]. This completes the proof of Theorem 1. O

5. FORMAL CONGRUENCES

To prove Theorem 2, we need a “formal congruences” result, stated in Theorem 4 below
that we prove in this section.

We fix a prime p and denote by 2 the completion of the algebraic closure of Q,, and by
O the ring of integers of €).

To state the main result of this section, we introduce some notations. If N := (N,),>0
is a sequence of subsets of (J,~; ({0,...,p" — 1} x {t}), then for all r € Z, r > —1 and
all s € N, we denote by Wu(r,s) the set of the u € {0,...,p* — 1} such that, for all
(n,t) € Nypys_t41, with t < s, and all 5 € {0,...,p* " — 1}, we have u # j + p*'n. In
particular, for all » > —1, we have U (r,0) = {0}.

For completeness, let us recall some basic notions. Let A be a commutative algebra
(with a unit) over a commutative ring (with a unit) Z. An element a € A is regular if, for
all b € A, we have (ab=0=b=0). We define S as the set of the regular elements of A.
Hence S is a multiplicative set of A and the ring S~'A with the map

ZxS1TA — S1'A
(A, a/s)  +— (N-a)/s

is a Z-algebra. Moreover, the morphism of algebra a € A — a/1 € S7' A is injective and
enables us to identify A with a sub-algebra of S™'A. This is what we do in the statement
of Theorem 4.

Theorem 4. Let Z denote a sub-ring of O and A a Z-algebra (commutative with a unit)
such that 2 is a regular element of A. We consider a sequence of maps (A,),>o from N
into S, and a sequence of maps (g)r>o0 from N into Z \ {0}. We assume there exists a
sequence N := (N;),o of subsets of U,~, ({0,...,p" — 1} x {t}) such that, for all r >0,
we have the following properties:
(1) A.(0) is invertible in A;
(i7) for all m € N, we have A,(m) € g,(m)A;
(7i) for all s,m € N, we have:
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(a) for allu € Upr(r,s) and allv € {0,...,p— 1}, we have

A, (v+up+mpt) B A1 (u+mp®) € grisi1(m)
Ao+ up) Arar(0) A0+ up)

’

(a1) moreover, if v+up € Up(r —1,s+ 1), then

Ar(v+up+mp™™)  Ani(u+mp®)

_ s+1 .
gr<v + up) ( AT(U 4 up) Ar+1<u> ) € D gr+s+1<m)~’47

(ag) however, if v+ up & Upr(r —1,s+ 1), then

Arpi(u+mp?)
Ar+1(u)

(b) for all (n,t) € N,, we have g.(n+ mp') € p'g,,(m)Z.
Then, for all a € {0,...,p— 1} and all m,s,r, K € N, we have

gr (U + up) € ps+1gr+s+1<m)~’4;

ST'(a7 K? S7p7m) =
(m~+1)p°—1
Z (Ar ((l + (K - ])p) Ar+1(j) - Ar+1(K - j)Ar(a + ]p)> € p8+1gr+s+1(m)*’4’
j=mp?®

(5.1)
where A, (n) =0 if n < 0.

Theorem 4 is a generalisation of a result due to Dwork [12, Theorem 1.1], first used (in
weaker version [13]) to obtain the analytic continuation of certain p-adic functions. Dwork
then developped in [12] a method to prove the p-adic integrality of the Taylor coefficients
of g-coordinates. This method is the basis of the proofs of the N-integrality of g g(2).
In the litterature, one finds many generalisations of Dwork’s formal congruences used to
prove the integrality of Taylor coefficients of g-coordinates with increasing generality (see
[20], [8] and [10]).

If we consider only the univariate case, then Theorem 4 encompasses all the analogous
results in [20] and [10]. Its interest is due to the two following improvements.

e Theorem 4 can be applied to Z,-algebras more “abstract” than O. We use this pos-
sibility in this paper, where we consider algebras of functions taking values in Z,. This
improvement enables us to consider the integer n, g in Assertion (3) of Theorem 3.

e Beside this difference, Theorem 4 is a univariate version of Theorem 4 in [10] that
allows to consider a set N that depends on r. This property is crucial when we deal with
the case of non R-partitioned tuples a and 3.

There also exist in the litterature other types of generalisations of Dwork’s formal con-
gruences, such as the truncated version of Ota [29] and the recent version of Mellit and

Vlasenko [27] (applied to constant terms of powers of Laurent polynomials).
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5.1. Proof of Theorem 4. For all s € N, s > 1, we denote by a; the following assertion:
“Foralla € {0,...,p—1},allu e {0,...,s — 1}, all m,r € N and all K € Z, we have

Sr(a’a K7 u, p, m) € pu+1gr+u+1<m)"4'”

Forall s € N, s > 1, and all ¢t € {0,...,s}, we denote by f; s the following assertion:
“For all a € {0,...,p—1}, all m,r € N and all K € Z, we have

S,(a, K +mp® s,p,m) =

Z A1 (j +mp)
FEUN(rtt,5—t) Arii1(7)

Foralla € {0,...,p—1},all K € Z an all r, j € N, we define
Ur(a'a Kapaj) = Ar(a+ (K _j)p)Ar-f—l(]) - Ar+1(K _])Ar(a+]p)

Then, we have

S.(a,K,t,p,j) mod p5+1gr+s+1(m)A.”

p°—1

S (a,K,s,p,m) =>_ U(a,K,p,j+mp*).

J=0

We now state four lemmas that will be needed to prove (5.1).
Lemma 6. Assertion oy holds.

Lemma 7. For all s,r,m € N, alla € {0,...,p—1}, all j € Up(r,s) and all K € Z, we
have

A, 1(j +mp®)
Ar+1(j)
Lemma 8. For all s € N, s > 1, if as holds, then, for alla € {0,...,p— 1}, all K € Z

and all r,m € N, we have

Sr(av K7 S, Py m) = Z Ur(aa K,p,j + mps) mod ps+1gr+s+1(m)~’4;

JeVx(r,s)

U, (a, K +mp®,p,j+mp®) = U,(a,K,p,j) mod p5+1gr+5+1(m)A.

Lemma 9. Foralls € N, s > 1, allt € {0,...,s — 1}, Assertions as and Bis imply
Assertion By s.

Before we prove these lemmas, let us check that they imply (5.1). We show that «, holds
for all s > 1 by induction on s, which gives the conclusion of Theorem 4. By Lemma 6, ay
holds. Let us assume that a, holds for some s > 1. We observe that f3;  is the assertion

60,3 : S?‘(aa K + mpsu S, D, m) =

Z A1 (j +mp®)
Ar+1 (j)
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Since S, (a, K,0,p,7) = U,(a, K, p, j), we have

A (g s . A 1(7 s .
E “Oerp)Sr(a,K,O,p,J)z E H(‘H.mp)Ur(a,K,p,J)
A Ar+1(j) , Ar+1(])
JEW N (r,8) JEW N (7,8)

and, by Lemma 7, we obtain, modulo p*™'g,, .. 1(m)A, that

Z A, (5 +mp®)

——U,(a,K,p,j) = U,(a, K +mp®,p,j + mp*)
ArJrl(.]) Z

JEWA(7,s)
=S,(a, K +mp®, s,p,m), (5.2)

JEYN(T;8)

where (5.2) is obtained via Lemma 8.

Consequently, Assertion [, holds. We then obtain the validity of ;s by means of
Lemma 9. Iterating Lemma 9, we finally obtain ;s which, modulo p**'g, . 1(m).A, can
be written

z A‘T’ S . + m .
Sr(a7K+mpS’S7p7m)E ;—’—1(]() )Sr(a7K7S7p7])
JEWN(r+5,0) rs+il]
A isi1(m)
= ———S,(a,K,s,p,0), 5.3
Ar+s+1<0) ( ) ( )

where we have used in (5.3) the fact that W (r + s,0) = {0}.

Let us now prove that, for all @ € {0,...,p — 1}, all » € N and all K € Z, we have
S.(a,K,s,p,0) € pLA. For all N € Z, we denote by Py the assertion: “For all a €
{0,...,p—1} and all 7 € N, we have S,(a, N, s,p,0) € p**1A".

If N <0, then forall j € {0,...,p*—1}, we have A, (a+(N—j)p) = 0Oand A, 1 (N—j) =
0, so that S,(a, N, s,p,0) = 0 € p*'A. To find a contradiction, let us assume the existence
of a minimal element N € N such that Py does not hold. Consider m € N, m > 1, and
set N/ := N —mp®. Using (5.3) with N’ instead of K, we obtain

Ao (m)

Sr(aa N7 S, Dy m) = A R +1<O)

S,(a,N',5,p,0) mod p**'g,,.y1(m)A.

Since m > 1, we have N’ < N, which, by definition of N, yields that S,(a, N’,s,p,0) €
p*TtA. By Condition (i), A,;s;1(0) is an invertible of A and thus

S,(a,N,s,p,m) € pA.
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Hence, for all m € N, m > 1, we have S,(a, N, s,p,m) € p*"* A. Consider T' € N such that
(T'+ 1)p® > N. Then,

T
Z Sr<a7 N7 $, D, m)

m=0

(Ar(a+ (N = )p)Aris(i) = Ara(N = A, (a + ) (54)

- 5 (5.5)

where we have used in (5.4) the fact that A, (n) = 0if n < 0. Equation (5.5) holds because
2 is a regular element of A and the term of the sum (5.4) is changed to its opposite when
we change the indice j to N — j. It follows that we have

T
S.(a,N,s,p,0)=— Z S,(a, N, s,p,m) € p*t A

m=1

This contradicts the definition of N. Hence, for all N € Z, Py holds.

Moreover, Conditions () and (ii) respectively imply that A,.s.1(0) is an invertible
element of A and that A, ;11(m) € gr+5+1(m)A. By (5.3), we deduce that

Sr(a’a K + mp87 s, D, m) € ps+1gr+s+1<m)A-

The latter congruence holds for all a € {0,...,p — 1}, all K € Z and all m,r € N, which
proves that Assertion «a,,; holds, and finishes the induction on s. It remains to prove
Lemmas 6, 7, 8 and 9.

5.1.1. Proof of Lemma 6. Let a € {0,...,p— 1}, K € Z and m,r € N. We have
S.(a,K,0,p,m) = A,(a+ (K —m)p)A,+1(m) — A1 (K — m)A,(a + mp). (5.6)

If K—m ¢ N, then A, (a+ (K —m)p) =0 and A, (K —m) = 0 so that S,(a, K, 0,p,m) =
0 € pg,+1(m).A, as stated. We can thus assume that K —m € N. We write (5.6) as follows:

ST(CL, K,0,p, m) = Ar<a) (Arﬂ(m) (Ar (a +1A(f<ib>— m)p) . Ayu;&ff(g{ﬂ))

— A (K - m)(
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Since Wpr(r,0) = {0}, we can use Hypothesis (a) of Theorem 4 with 0 instead of u, and a
instead of v. We get this way

A, (a + (K — m)p) A1 (K —m) gr+1(K —m)

A (a) T AL P AW A
and
Ar<a’ + mp) Ar+1<m) ngrl(m)
AW A0 VAW
Therefore,
A, (a)Arii(m) <AT o JrA(f((a)_ ) ArXff(g)m)> € pgr+1(K —m)A,1(m)A
€ pgry1(m)A (5.8)

and

Ar(a’ + mp) N Ar+1(m)
Ar<a’) Ar+1<0>

A@A (5 ) ( ) € e ) A — ) A

€ pgri1(m)A, (5.9)
where we have used, in (5.8), Condition (i7) that yields A, 1(m) € g,1(m).A. Using (5.8)
and (5.9) in (5.7), we obtain S,(a, K,0,p,m) € pg,+1(m).A, as expected.
5.1.2. Proof of Lemma 7. We have

Ar—l—l(j + mps)
Ar+1(j)

‘ . A, (a+ jp+ mptt A, 1(j+mp
:—ArH(K—y)AT(aﬂp)( (atiptmp™) Al p>)- (5.10)

U,(a, K +mp®,p,j +mp®) —

U, (a, K,p,j)

AT’(a’+jp) Ar+1(j)
Since j € Wyr(r, s), Hypothesis (a) implies that the right hand side of (5.10) is in
s+1 gr+s+1(m)
A (a+ jp)

These estimates show that the left hand side of (5.10) is in p*™'g, . 1(m).A, which con-
cludes the proof of the lemma.

A, (K —j)Ar(a+jp)p

5.1.3. Proof of Lemma 8. We consider s € N, s > 1, such that a, holds. We fix r € N. If
Upr(r,s) =40,...,p° — 1}, Lemma 8 is trivial. In the sequel, we assume that U (r,s) #

{0,...,p° —1}.

We have u € {0,...,p° — 1} \ Wu(r,s) if and only if there exist (n,t) € Nyis_t41,
t <s,and j €{0,...,p° " — 1} such that u = j + p* 'n. We denote by M the set of the
(n,t) € Nyps_t11 with t < s. We thus have

{0,....p" =\ Un(rs)= | {j+pn:0<j<p—1}.
(n,t)eM
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In particular, the set M is non-empty.
We will show that there exist k € N, k£ > 1, and (ny,t1),. .., (ng, tx) € M such that the
sets

J(niti) = {j+p"""ni 1 0<j <ph -1}
form a partition of {0,...,p° — 1} \ War(r, s). We observe that

MCQ({O,...,pt—l}x{t})

and thus M is finite. Hence, it is enough to show that if (n,t),(n/,t') € M, j €
{0,...,p°* =1} and j' € {0,...,p> " — 1} satisfy j + p*'n = j' + p*~'n’, then we
have either J(n,t) C J(n'/,t") or J(n',t') C J(n,t).

Let us assume, for instance, that ¢+ < #'. Then there exists jo € {0,...,p" " — 1} such
that j = j/ +p° ' jo, so that p*~¥'n’ = p*'n+p°* j, and thus J(n’,t') C J(n,t). Similarly,
if t >t then J(n,t) C J(n',t'). Hence, we obtain

S, (a,K,s,p,m)=
> Ula, K,p,j+mp’) + > U.(a, K, p,j+mp*), (5.11)
JEY N (r,8) JE{0,...p =1\ (7,5)
where
E psti—1
Z U,(a, K,p,j+mp’) = Z U, (a,K,p,j+p° "“ni+mp®). (5.12)
FE{0,. s — 1P\ W nr(r,5) i=1  j=0

We will now prove that for all i € {1,...,k}, we have

psfti —1

Z Ur(a'a Kapaj +p8_tini + mps) S p8+1gr+8+1(m)*’4' (513)
7=0

Let i € {1,...,k}. By definition of U,, we have
psfti_l
Z Ur(aa Kapaj +ps_tini + mps) = Sr(aa K7 S — tiapa ny; + mptz)
§=0
Since t; > 1, we get via ay that

s—t;+1

Sr<a’7 K7 S — tiapu n; + Mptl) € P gr+37ti+1<ni -+ mptz)A

We have (n;,t;) € N,i1s4,4+1 and thus we can apply Hypothesis (b) of Theorem 4 with
r+s—t;+ 1 instead of r:

P s (- mpt) € pTTI Pl g (M) 2 = p g () 2.

It follows that for all ¢ € {1,...,k}, we have (5.13).
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Congruence (5.13), together with (5.12) and (5.11), shows that
S.(a,K,s,p,m) = Z U,(a, K,p,j +mp*) mod p*g. ci1(m)A,
JEW N (T,5)

which completes the proof of Lemma 8.

5.1.4. Proof of Lemma 9. In this proof, 7 is an element of {0,...,p—1} and u is an element
of {0,...,p" 71 —1}. For t < s, we write 3,4 as
Sr(aﬂ K + mpsa Sapa m) =

Z Ar+t+1<i + up + mps_t)
Ar+t+1<i + up)

Sr(a’a K7t7p7i + Up) mod ps+1gr+s+1(m)"4'
i+upEWpr(r+t,s—t)

(5.14)

We want to prove the congruence 3,1, s, which can be written

S,(a, K +mp® s,p,m) =
s—t—1
) Sr<a7 K7 t+ 17 b, U) mod ps+1gr+s+1(m)"4'

Z A, yio(u+mp

A U
UEW pr (r+t+1,5—t—1) r+t+2(0)

We see that S,(a, K, t+ 1,p,u) = Zf:_ol S,(a, K, t,p,i+ up). Hence, with

X :=S,(a, K +mp’,s,p,m)

p—1 i
Ar s—t—1
SIEDS 202U (0, Kt 4 up),
1=0 ueWzr(r+t+1,s—t—1) rHt+2 (u)
it remains to show that X € p*™'g,..,1(m)A. We have
itup e Vp(r+t,s—t)=ueVy(r+t+1,s—t—1). (5.15)

Indeed if u & Wpar(r+¢+1,s—t—1), then there exist (n, k) € Noys py1, k < s—t—1, and
j€40,...,p°""17% — 1} such that u = j + p*t"1"*n. Hence, i +up =i + jp + p*~*n,
so that i +up & Wy (r +t,s —t). By (B, in the form (5.14) and modulo p**'g, . ¢y1(m)A,
we obtain

sftfl)

X

A‘T’ ) s—t A_r
Z S,(a, K, t, p,i+up) < ter1(Ctup+mp*™)  Arpea(utmp

i+up€EW s (r+t,s—t) Ar+t+1(l + Up) Ar+t+2(u)

s—t—l)

Z Aryira(u+mp
Ao (U)

S, (a, K,t,p,i+ up).
u€W pr(r+t+1,s—t—1)
i+up@ ¥ pr(r+t,s—t)
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But, by Hypothesis (a;) of Theorem 4 applied with s —¢ — 1 for s and r + ¢ + 1 for r, we
have

. A (t+up+mp™™)  Apppo(u+ mp8t1)> —t
- 14+ u : — € p’ g1 (m)A.
g +t+1( p) < Ar+t+1(2 + Up) Ar+t+2(u) p gr+ +1( )

Moreover, since t < s and « holds, we have

S,(a, K, t,p,i+up) € pgi1(i +up)A (5.16)

and, modulo p**'g, . . 1(m).A, we obtain
Arippa(u+mp ™) :
=— S,(a, K t,p, 1+ up). 5.17
Z A, yiio(u) ( ) ( )

u€W pr(r+t+1,s—t—1)
1+upg W ar(r+t,s—t)
Finally, when i +up & Uxr(r 4+ t,s —t), we can apply Condition (ay) of Theorem 4 with
s —t—1for s, ¢ for v and r +t + 1 for r, so that

A, o(u+mpsTth)

rat1 (04w € p*'grysi1(m)A 5.18
grret( p) A1) P 8rpst1(m) ( )
Using (5.16) and (5.18) in (5.17), we thus have X € p**'g,. . 1(m).A. This completes the
proof of Lemma 9 and consequently that of Theorem 4. O

6. PROOF OF THEOREM 2

The aim of this section if to prove Theorem 2. We will first prove some elementary
properties of the algebras of functions A, and A;.

6.1. Algebras of functions taking values into Z,. We gather in the following lemma
a few properties of the algebras 2l,,,, and 2 .

Lemma 10. We fiz a prime p andn € N, n > 1.
(1) An element f of 2, ., respectively of 2>

if and only if f((Z;)") CZy;
(2) the algebra A, ,, contains the rational functions

is invertible in A, ,,, respectively in A

7n7 p?n7

[ (Z;)n — Zp
P(z1,..., Tn
(21, ) > et

where P,Q € Zy[X1,...,Xy] and, for all xy,..., 2, € Z), we have Q(wy,...,7,) €
ZX .

¥4 7

(3) if f ey, and if &, s > 1, is the function Euler quotient defined by
¢, 7Y — Z,

z = (2¢P) = 1) /pf,
then we have ;o f € 27 .
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Proof. Let f € A, ,. For f to be invertible in 2, ,, we clearly need that f((Z;)") C Z,
and in this case, for all x € (Z))", all a € Z and all m € N, m > 1, we have

1 1 1 11

Fox+apm) [ +mpm fX) 1T+ 5p ()

because f(x) € Z), n € Zy, and (1+p™Z,, xX) is a group. The case f € A5 | being similar,
Assertion (1) is proved.

mod p"'Z,,

To prove Assertion (2), we apply Assertion (1) because any polynomial function f : x €
(Z3)" = P(x), with P € Zp[X1, ..., X, isin A, .

Let us now prove Assertion (3). For all s € N, s > 1, the cardinal of (Z,/p°Z,)* is
¢(p°) because Z,/p°Z, is isomorphic to Z/p*Z. Hence, for all z € Z), we have P’ =1
mod p°Z, and the function &, is well defined.

We fix s € N, s > 1. To prove Assertion (3), it is enough to prove that for all z € Zy,
all a € Z, and all m € N, m > 1, we have €,(x + ap™) = E;(z) mod p™ 'Z,. We have

s) s
m\o(p®) _ S p(p°) a* km .o(p®)
k=0

@(p®) QO(pS) ak
= :L,SO(I)S) + Z ( L )ﬁpkm mod ps-l-mzp’
k=1

because z¢?) =1 mod p°Z,. By a result of Kummer, the p-adic valuation of (“"(lfs)) is
the number of carries in the addition of k£ and ¢(p®) — k in base p. Let us show that this
number is equal to s — 1 — v, (k).

Indeed, if v,(k) = 0, then this number is s — 1 because ¢(p*) = (p — 1)p*~*. If v,(k) =
o > 1, then we write k = k'p® and ¢(p*) — k = p*((p — 1)p* ™= — k) with v,(k’) =0, so
that the number of carries of the addition of £ and ¢(p®) — k in base p is the number of
carries in the addition of &' and @(p*~ ) — k', d.e. s—1—a=s—1—1v,(k).

In particular, we obtain that, for all £ > 1,

s k

U ((cp(kp ))a—kpkm) >s+m+(k—1)m—uv,(k)—1>s+m—1,
x

hence (z +ap™)¥?*) = 2#P°) mod p*+™~1Z,. Consequently, we have &,(z +ap™) = &,(z)

mod p™~1Z,, and the proof of Lemma 10 is complete. U

Lemma 11. Letv,D e N, D > 1, and b€ {1,...,D}, ged(b, D) = 1.

(1) We have Ay(p”, D) C Ay(p”, D)* and pAy(p”, D)* C Ay(p”, D);

(2) An element f of Ay(p”, D), respectively of Ay(p”, D)*, is invertible in Ay(p”, D),
respectively in Ay(p”, D)*, if and only if f(u(p*, D)) C Z;

(3) Any constant function from Qu(p”, D) into Z, is in Ay(p”, D) ;

(4) If r € N and a € Q satisfy d(a) = p*D’, with 1 < pu < wv and D' | D, then the map
t € W(p”, D) = d(a)(tMa) is in Ay(p”, D)*;
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(5) Ifa € QN Zy and k € N, then the map t € Qu(p¥, D) — wye(tar) is in Ay(p”, D);

6) Ifn € Ny > 1, fi,.... fn € A(p",D)*, g € Ay and h € A5, then g =
go(fi,..-sfn) € Ap(p”, D) and W' := ho (f1,...,fn) € Au(p”, D)*. Furthermore
if g is invertible in A, ,, respectively h is invertible in U, , then g is invertible in
Ay(p”, D), respectively h' is invertible in Ay(p”, D)*;

(7) If f € Ay(p”, D) and g € Ay(p”, D)*, then

Yo fep 'z, and ) g(t) €9,

e (p¥,D) e (p¥,D)

Proof. Assertions (1) and (3) are obvious. The proof of Assertion (2) is similar to that of
Assertion (2) of Lemma 10.

Let us prove Assertion (4). For allt € Qy(p”, D), the number d(a)(ta) is the numerator
of (t"a) and thus it is in Z* because p divides d(«).

Let a = k/d(a), t1,t2 € Qp(p¥, D) and m € N, m > 1 be such that t; = t5 mod p™.
Since t1 =12 = b mod D, we get tgr) = t;r) mod D.

If m > p, then tY) = tg) mod p* and the chinese remainder theorem gives tY) =
7 mod p"D. Since D' | D, we obtain t"x = t{”x mod d(e) and thus d(a){t{"a) =
d(e)(ta), as expected.

On the other hand, if m < g, then £ = ¢{” mod p™. Since D’ | D and d(a)(t"a) =
tg% mod d(a) for i € {1,2}, we obtain d(a)(t;a) = d(a){tea) mod p™, which proves
Assertion (4).

Assertion (5) is obvious and Assertion (6) is a direct consequence of the definitions and
of Assertion (2).

Let us prove Assertion (7) by induction on v in the case f € Ay(p”, D). We denote by
A, the assertion

Z f(t) e pyilzp-

teQb(pV 7D)

Assertion A; trivially holds. Let v € N, v > 1 be such that A, holds.

The set Q,(p”™, D) is the set of the ty,,; € {1,...,p* ' D} such that t,,.; =b mod D
and ty,,1 = ¢ mod p**! with £ € {1,...,p""'}, ged(¢,p) = 1. Let £ := u + vp” with
ue{l,....,p"}, ged(u,p) =1 and v € {0,...,p — 1}. Then, we have ¢,,41 = v mod p”
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and by the chinese remainder theorem, we obtain ¢,,; = t,, mod p”D, so that

u+1 p

Z f(t): Z ftzwrl Z Zf utvp? u+1

tEQb (pu+l,D)
gcd(ﬁ p) gcd(u p)

p
D Z f(ty,) mod p“Z,
gcd(z;p)=1
=p Z f(t) mod p“Z,
teQy(p¥,D)

=0 mod p"Z,,

by Assertion A,. Hence, Assertion A, holds, which completes the proof of Asssertion (7)
when f € Ay(p”, D). The case f € Ay(p”, D)* is similar. O

6.2. Proof of Theorem 2. In this section, we fix two r-tuples o and 3 with parameters
in Q\ Z<yp. We assume that (o) and (3) are disjoint and that H, g holds.

We set C' = Ciay ), C' = Cl g, 0 = Nag, M = Mag and A, = A(a, 3). We write
dap = p'D with v > 0 and ged(D,p) = 1. For all t € {1,...,dsp} coprime to dy g and
all » € N, we recall that ¢ is the unique element in {1, ..., da,p} coprime to dg g such
that t) =t mod p” and p"t™") =¢ mod D.

We fix b € {1,...,D} coprime to D and set €, := Q(p”, D), Ay := Ay(p”, D), A; =
Ap(p¥, D)*. We recall that if v = 0, then €, = {b} and that A4, = A} is the algebra of
functions from {b} into Z,.

For all t € 0, and all r,n € N, we set

Q,+(n) == (C’)”ri and Q,.(n) = (t € Oy — Qr,t(n))-

For all ¢ € {1,...,p"} not divisible by p and all £ € N, ¢ > 1, we fix a prime p., such that
pes =p° mod D and p., = c¢ mod p”. For all t € Oy and all r € N, we set

C,Z . Pc,e5 1
AL = AT

If o, respectively B, is the sequence of elements of (¢ a), respectively of (¢ 3), whose
denominator is not divisible by p, then we set AP f = AP Zﬂ We gather in the following

lemma a few properties of the sequences Q,.. We set ¢ =1 if m is odd and if 8 ¢ Z", and
t = 0 otherwise.
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Lemma 12. For all n,r € N, there exists Ay, (n) € Z, such that Q,.(n) € 2" Ay, (n) A},

where
() 224 )

c,l n )\p
A )
ged(c,p)=1

If p divides do g, then for alln,r € N, n > 1, we have v, (Abﬂ,(n)) > 1 and if B € Z" then
A
vy (Apr(n)) > — L)_le :
Proof. For all t € ,, we have Q,.;(n) = 2" Ay, (n)R,(n,t) with
[T5,¢2, 4B) \ " Tl ez, ((H70i))n
[L.¢z, d(ci) ) Tlgez, (((7)5:))n

Ap,r(n) = <C

and
[asgz, A" (0 ai))n  ags, Z‘é (d(ai)(t" ) + kd(ev))
sz, dB)" (DB Tlsen, TTizo (d(B) (0 8;) + kd(5:))

By Assertions (2) and (4) of Lemma 11, we have %r(n, ) € Ay. Moreover if a is
a term of the sequences a or 3 whose denominator is not divisible by p, then (t(a)
depends only of the class of ¢") in Z/DZ which is that of wp(p~"b) when t € €. Indeed,
if (o) = 1, then (tMa) = 1 and if (o) = k/N # 1, where N is a divisor of D, then
N{tMa) = N{t"{(a)} = wy(tk). For all t € , and all r € N, we have p't") = b
mod D, so that wy (k) = wy(bp™"k). Tt follows that A, ,(n) depends only on b, r and
n. By Proposition 5, we have

0y (A () = v, (o%) - i e ({5)) -wot {2

R, (n,t) =

p
:goéwé > i) )

In the sequel, we assume that p divides dn g. Let us now show that if n > 1, then
vp(Apr(n)) > 1. Let a be a term of the sequences (") or (¢”3) whose denominator
is divisible by p. By (3.18), the number of elements ©, ,(a), £ > 1, ¢ € {1,...,p"},
ged(e,p) = 1, that satisfy {n/p‘} > D, _, (@) is equal to ¢(p”)s,(n)/(p —1). In particular,
if n > 1, then there exist at least one ¢ > 1 and one ¢ € {1,...,p"}, ged(c,p) = 1, such
that {n/p'} > D, ,(®).
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Thus, there exists one term o/ € (0,1) of the sequence (t™a) or (t"3) such that
Aﬁf({n/pg}) = Aﬁf (’Dpc’f(o/)). By Lemma 5, we obtain Aﬁf({n/pg}) = Sumay,umng (@, ad’),
where a € {1,...,dq g} satisfies p.ya = 1 mod dup. Since o ¢ Z, we have mqy g(a) =
aa’ < a and by Lemma 2, Assertion H () qy g holds, so that Aﬁ:f({n/pf}) > 1. Hence,
vy (Apr(n)) > 1.

Moreover, it B8 € Z", then A\, < —1 and the functions &?’f are positive on [0,1). Tt

follows that
s,(n) A A A A
i I R
This completes the proof of Lemma 12. O

P p—1 p—1

In the sequel, we set K, := A; if p does not divide dq g. If p divides dq g, we set

p = e/e=D] A if B e 77,

Ay if B¢ Z", misodd and p = 2;
Ayif B¢ 7" and p — 11 \;

A} otherwise.

ICb =

By Lemma 12, for all r € N,
(t € Qb — F<t(r)a>7<t(7‘)ﬁ> (C/Z)) el+ Z’Cb[[Z'H

is an invertible formal series in KCp[[2]]. Hence, to prove Theorem 2, it is enough to prove
that the function

t e Qb — G(t(l)a>7<t(1)ﬂ>(C/ZP)F(ta>7(tB>(C/Z) — pG<ta>,<t5>(C/Z)F<t(1)a>7<t(1),@>(C/Zp) (6.1)
is in piCy[[2]].

For alla € {0,...,p— 1} and all K € N, the a + Kp-th coefficient of the formal series
(6.1) is

T

te U ofa+ Kp) =) (Pa,ula+ Kp) — s,(a+ Kp)),
i=1
where

K
Do (a+ Kp) == Z Qui(a+jp)Qui(K — 5)(Hyw ) (K — J) = pHyay(a + jp))-
=0

It is sufficient to show that, for all terms « of the sequences o and 3, for all a € {0, ..., p—1}
and all K € N, we have

®,.(a + Kp) € pKy. (6.2)

If a + Kp = 0, then ®,.(0) is obviously the null map. In the sequel, we assume that

a+ Kp # 0, so that for all j € {0,..., K}, we havea+ jp>1or K —j > 1.
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If p divides do g and if o is a term of the sequences a or 3 whose denominator is divisible
by p, then for all n,r € N and all ¢t € {,, we have

—

3

d(a)
d(a)({tMa) + k)’

Hymoy(n) =

i

0

yielding (t € Uy = Hymgy (n)) € pA,. By Lemma 12, for all n,r € N, n > 1, we have
Q,.(n) € Apr(n)A, with

p_l_)‘P/(p_l)J Zp lf B & Zr’
pZ,, otherwise.

Abﬂ,(n) € {

Hence, we have (t €y Pyi(a+ Kp)) € p*’Ky, C pKy, as expected.

It remains to deal with the case when the denominator of « is not divisible by p. We
fix an element o € Z, of the sequences o or B in the proof of (6.2). We recall that (t«a)
is independent of ¢ € €, because a € Z,. By [12, Lemma 4.1|, for all j € {0,..., K}, we
have
pla, {ter))

Hoy(a+Jp) = PHio)(UP) + =7 — d pZ,,
PH oy (a + jp) = pH i) (7p) D)) 15 Mol
where we recall that for all z € Q N Z,, we have
0if a < p®,(x) —x;
p(a,:c) — ‘ p( )
lifa > p®,(z) — z.
Moreover,
Jjp—1 Jj—1 p—1 j—1
1 1 1 1
Hua(ip) = 3 s =~ > m o S —
(tay (JP) p (ta) +k p kz% D,((ta)) + k P g (ta) + i+ kp

i#pDp((ta))—(ta)

so that pH ) (jp) = Ho,(tay)(j) mod pZ,. Writing (o) = k/N as an irreducible fraction,
we obtain
wy(Np~tta))  wn(p 'on(k)  wy(p k)

Dy((tar)) = N = ¥ == tWa). (6.3)

Hence,
pla, {ter))
Dp((ta)) +j

We now use the following fact (6.5), to be proved in Section 6.2.1. For all j € {0,..., K},
we have

pHoy(a +jp) = Hyo o) (4) + mod pZ,. (6.4)

pla, {ta)) : :
(t c Qb — W@Q,t<a +.]p)Q1,t<K — j)) € ple. (65)
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The notation f(t) = g(t) mod I where [ is an ideal of A, means that there exists h € I
such that f —¢g = h|% with f:t € Q, — f(t) €Q, and g : t € Q, — g(t) € Q,. Using
(6.4) and (6.5) in the definition of @, .(a + Kp), we obtain

K
Py i(a+ Kp) = Z Qo.t(a+ jp) Qi (K — j)(H<t(1)a)(K —J) - H(t(l)a><.j))
7=0

= = >~ () (Quala+3p)QulK = ) = Quala+ (K = ip) Qui(i)),

§=0
modulo p/Cy.

6.2.1. Proof of Equation (6.5). For this, we prove several results that will be used again
in the proof of Theorem 2.

Lemma 13. Leta € {0,...,p— 1}, me Nand x € Z,NQ N (0,1]. If p(a,z) = 1, then
forall € € {1,... .1+ v,(Dp(x) + m) }, we have {(a+ mp)/p'} > Di(x).

Proof. We write m = E;iomjpj with m; € {0,...,p—1} and we fix some ¢ in {1,...,1+
vy (Dp(z) +m)}. Then,

a+mp _a+p2§;§mjpj
o o :
We have D,(z) + m € p*~'Z, and thus

o0

Dy(a) +m— Y mp €pL,,

j=t—1

so that
-2

pDy(x) +p > myp’ — p'Di(x) € p'Z

because pD,(z) — pg@f;(a:) € Z. We obtain

Dp(x )JFPZ] om]p7
P’

—Di(z) € Z

Moreover Df(z) € (0, 1] and

D, (z) +p S mapi -1 _
07 p() P;J_o apjgpﬂﬂ(pe 1)§1’
p p
so that
+ m
() pZJO ]p]—zf,(:c)zo

p*
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We have p(a,z) = 1 hence a > p®,(x) —z i.e. a > pDy(r) —x+ 1 and a > pD,(z). It
follows that " A
a +p2j;o mjp]

o

> @ﬁ(:p).
0J

For all ¢ € {1,...,p”} not divisible by p and all £, € N, £ > 1, we define 7(r,{)
as the smallest of the numbers @z,c’l((t(r)oz}), where a runs through the elements of the
sequences o and 3 whose denominator is not divisible by p. Since (o) € Z,, the number
D,.,((tMa)) does not depend on ¢ and thus 7(r, £) neither. Moreover, since o € Z,, the
rational number (¢ a) does not depend on t € €, and thus 7(r, £) neither. We define 1, ,
as the characteristic function of the interval [T(r, 0), 1). For all m,r € N, we set

- m
:ur(m) = Z 1717( ({]?}) cN and gr(m) — pur(m).
/=1

Similarly, the function g, does not depend on t € €.

Lemma 14. Let r,¢,n € N, { > 1, be such that {n/p'} > 7(r,£). Then for all t € €
and all c € {1,...,p"} not divisible by p, we have Aﬁf({n/pg}) > 1. In particular for all
n € N, we have

A
vy (Apr () > v,(9,(n)) +n {p —pl} .
If B € Z7, then for alln € N, n > 1, we have
A
0y (A0 ) 2 . 0) = | 22|
Proof. Let v,4,n € N, £ > 1, such that {n/p’} > 7(r,£). Let ¢ € {1,...,p"} not divisible

by p. There exists an element a, of the sequences a or 3 such that Aif ({n/p"}) =
Aﬁ:f(@l,cl«t(r)ac))) with D,,_,((t"a.)) < {n/p'} < 1. Hence (tMa) < 1. By Lemma

we obtain
c,l n r
AT’,t ({ ]? }) - g(t(”a%(t(’")ﬁ) (a'7 a<t( )ac>) 9

where a € {1,...,dqp} satisfies p.ea = 1 mod da,g. We also have m ) ) ung)(a) =

a(t™a.) < a and by Lemma 2, Assertion H )y, ) holds. Hence, Aﬁf({n/pé}) > 1.
By Lemma 12, we have

o (Bor(m) = w(;”) gf; i A% <{1%}> HL{pA—pl}’

ged(e,p)=1

ot

)

so that

0p (B (1)) > 0y (g0 () + 1 {A—} .

p—1
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Let us now assume that 3 € Z". If we have 1 > {n/p‘} > 7(r, (), then there exists an el-
ement a of a whose denominator is not divisible by p and such that {n/p‘} > D, _,(({"a))

for some ¢ € {1,...,p"} not divisible by p. The denominator of (+"a) divides D and p,, =
p’ mod D hence we have D, ,((t")a)) = D((tVa)), which yields A% ({n/p’}) > 1. By
Lemma 12, for all n € N, n > 1, we have

w535 ({2]) {2
> i(n) — p)jjl + {pA_”l} > vp(g-(n)) + L,A_I)IJ )

because A, < 0. This proves Lemma 14. O

We are now in position to prove (6.5).

Proof of (6.5). If p(a, (ta)) = 0 then (6.5) holds. We can thus assume that p(a, (ta)) = 1,
i.e. that a > p®,((ta)) — (ta). In particular, we have (ta) < 1 and ¢ > 1. For all
j€A{0,...,K}, we have a + jp > 1 hence by Lemma 14,

Qo,.(a+ jp) € gola + jp)KCs.
It follows that it is sufficient to show that

pla, (tor))
D,p((ta)) +7

By Lemma 13 with (ta) instead of « and j instead m, we obtain, for all j € {0,..., K}
and all £ € {1,...,14 v,(D,((ta)) + j) }, that {(a + jp)/p‘} > @ﬁ((t@) =D, ,({ta))
because (ta) € Z,. We obtain {(a + jp)/p'} > 7(0,¢), thus

vy (g0(a + jp)) Zm ({“‘”’}) > 0, (D, ((ta)) + §) + 1,

and this completes the proof of (6.6) and also that of (6.5). O

gola + jp) € pZ,. (6.6)

6.2.2. A combinatorial lemma. We now use a combinatorial identity due to Dwork (see
[12, Lemma 4.2, p. 308|) that enables us to write

K

Z H )0y () (Qo,t<@ +Jp) Q1 (K — j) — Qu1.4(J) Qo (a + (K — j)p))

j=0

Wt<a’7 K7 S, P, m)7

where r is such that K < p",

Wt(aa K7 $, D, m) = (H<t(1)a> (mps) - H(tU)a)(Lm/pJp8+1))St(aa K7 S, D, m)
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and

(m+1)p°—1

Si(a, K,s,p,m) = Z (Q07t(a+jp)gl,t(K_j) - Ql,t(j)QO,t(a+ (K—j)P)>>

Jj=mp?®

where, for all r € N, we set Q,;(n) = 0 if n < 0. Thus, to complete the proof, it is enough
to show that for all s,m € N, we have (t € QO — Wi(a, K, s, p, m)) € pKy. If m = 0, this
is obvious. We now assumes that m > 1.

We write m = k + gp with k € {0,...,p— 1} and ¢ € N, so that mp® = kp® + ¢p*™! and
|lm/p|p*tt = qp**t. By [12, Lemma 4.1], we obtain

1 p(kD5((ta))) 1
mod —
ps+1 ®;+1(<t(1)a>) +q ps

Let us show that for all s,m € N, m > 1, we have

(k. @s«t“ o))
D ((0ay) +q <P

If p(k,@f)((t(l)@)) = 0, this is clear. Let us assume that p(k, @S((t(l)a>)) = 1. Since
(tWa) € Z,, Eq. (6.3) yields D5((tWa)) = (t*Ha) and D57 (((Wa)) = D, (¢ Ha)).

Using Lemma 13 with (t¢+Ya) for z, k for a and ¢ for m, we get that, for all £ €
{1 1+ 0,(D,((t¢*Va)) + q) }, we have {m/p'} > @ﬁ(@(s“)@) = Dy, ((t*Ta))
because (t*TVa) € Z,. We obtain {m/p‘} > 7(s+ 1,¢) and

p(gs1(m Z Lot1e ({ }) > 0, (Dp (T a)) + q) + 1,

which finishes the proof of (6.7).

Z

H )y (mp®) — Hyon oy ([m/p]p**) =

D-

gs+1(m ) (6.7)

By (6.7), for all s,m € N, m > 1, we have

(H<t(1)oz)(mps) - H(t(l)a)(Lm/pJpS+1))pS+1gs+1( m) € pZy,.

Hence, to complete the proof of Theorem 2, it is enough to show that, for all s,m € N,
m > 1, we have

(t € Q= Sia, K, s,p,m)) € p* go1(m)KCy. (6.8)

We do this in the next section.

6.2.3. Application of Theorem 4. To prove (6.8), we will use Theorem 4 with the ring Z,
for Z and the Z,-algebra A defined as follows:
e A=A, if (B€Z orp—11A,) orif (p=2and misodd);
o A = A} otherwise.
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A map f € Aj is regular if and only if for all £ € Q, we have f(t) # 0. Moreover, we have
-Ab C AZ

In particular, by Lemma 12 and Assertion (2) of Lemma 11, for all r,m € N, the map
Q,.(m) is a regular element of A,. In the sequel, for all r,m € N, we set A, (m) := Q,..(m)
and we define a function g, as follows:

o IfB€Z and p | dag, then g,(0) =1 and g,(m) = %Ab,r(m) for m > 1;

o If B¢ 7" or pfdag, then g, = g,.
We recall that if m > 1 and if p | do,g, then for all r € N, we have A, ,(m) € pZ,. Hence,
the maps g, take their values in 7Z,.

We will show in the next sections that the sequences (Ar)r>o and (g,),>o satisfy Hy-
pothesis (i), (ii) and (#ii) of Theorem 4. Thus, for all m,s € N, m > 1, we will obtain
that
P Apsi1(m)A, if B€Z and p | dog;

P lgei(m) Ay if B¢ Z" and p— 14 \p;
pge(m) Ay if B¢ Z7, p =2 and m is odd;
(m)

P gsr1(m)A; otherwise.

S(a,K,s,p,m) €

because if p { dg g, then A, = A;.
Proceeding this way, we will obtain (6.8). Indeed, the only non-obvious case is the one
for which 3 € Z" and p | do g. But in this case, by Lemma 14, we have

S S —1- >\Tp S
p Ab,s+1(m)Ab cp +1P L’ 1Jgs+1(m)-'4b =D +1gs+1(m)le.

In the next sections, we check the various hypothesis of Theorem 4.

6.2.4. Verification of Conditions (i) and (it) of Theorem 4. For all r > 0, the map Q,.(0)
is constant on €2, with value 1, and thus it is invertible in A,.

By Lemmas 12 and 14, for all m € N, we have Q,.(m) € g¢,(m)A, and Q,.(m) €
Ay (m)Ap so that in all these cases we have Q,.(m) € g,(m)A,. This shows that Condi-
tions (¢) and (i7) of Theorem 4 hold.

6.2.5. Verification of Condition (iii) of Theorem 4. For all r € N, we set

N, = ({ne (0,....p =1y - vee{1,... &}, In/p") zr(r,e)} X {t}).

t>1

We apply Theorem 4 with the sequence N := (N,),>o. We observe that for all r,¢ € N,
¢ > 1, we have 7(r,£) > 0 and hence if (n,t) € N,, then n > 1. Moreover, in the sequel,
we will often use the fact that for all h € N, all ¢ € {1,...,p”} not divisible by p and all
t € , we have

T(r,{ + h) =7(r + h,?), &fn”’f% = AP!

c,l+h _ Act
rpngand AT = A (6.9)
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Indeed, let a be a term of the sequences o or 8. Writing (o) = k/N as an irreducible
fraction, we obtain

r WN (p;E-i-ht(r) k) (Pc l} trth) k) T
Dpc,€+h(<t( )0‘>) = N = N = ’Dpc’[(@( +h)a)),
so that 7(r, {+h) = 7(r+h, ¢) and A?’f*h Acfh ;. Furthermore, if o € Z,, then by (6.3),

we have
DL ((E0)a)) = DE(D((Ha))) = DL a)),
which yields AP = Ap,

6.2.6. Verification of Condition (b) of Theorem 4. Let r,m € N and (n,u) € N,. We want
to show that g,.(n +mp*) € p*g,+u(m)Z,. We need to distinguish two cases.

e If B€Z" and p | dag, then

et ) = 30 B ({ PR L), SO gy {2

p—1 p—1

“ >\~ + mp" s,(m) A
; A Z:;rl ! P ‘p-1 p—1

because A, < —1 and n > 1. Since (n,u) € N, for all £ € {1,...,u}, we have {n/p‘} >
7(r, ) and thus

bt ) s 50 Bt ({2E)) 00 ()

l=u+1

We set m = > oo, mgp”, where my € {0,...,p— 1} is 0 for all but a finite number of £’s.
For all £ > u + 1,

" l—u—1 " l—u—1
{n + mp“} n +p (Zk:o mkpk) N p (Zk:o mkp"“> B { m }
— 5 .

o o < o (—u
Moreover, since (3) = (1,...,1), the map AP/ w¢ is non-decreasing on [0,1) and we obtain
that
o (A (n + mp")) > u + i At ({Zﬂ}) p5p<m) m{ﬁ}
Pt p p—1 p—1

But we have

£ () -3 () - £ (2)

which yields v, (Abr n -+ mp"* ) > U+ v, (Abwﬂ(m)) and thus

Up (Ab r(n + mpu)) > ;;LQ+ Up (Ab,r—l—u(m)) + 1.




Since n > 1, we have g,(n + mp") = %Ab,r(n + mp*) and we obtain

vp (g (n +mp*)) > u+ vy (Apyra(m)) > u+ vy (grra(m)),
as expected.

o If 3¢ Z" or ptdagp, then we have to show that g.(n+mp*) € p“g,u(m)Z,. We have

o+ ) = 310 ({252
= () 2 ({5))
e S ([, o

{=u+1 p

because (n,u) € N,. Hence, for all £ € {1,...,u}, we have {n/p‘} > 7(r,¢). Furthermore,
for all h € N, we have 7(r, £ + h) = 7(r 4+ h, {) and consequently

[e.e]

S () 2 5 () =S ({21 = st

Together with (6.10), we obtain g,(n + mp*) € p*g,4u(M)Z,.

6.2.7. Verification of Condition (ag) of Theorem 4. Let r,s,m € N, u € Wyr(r,s) and
v €{0,...,p— 1} be such that v +up & W (r — 1,5+ 1). It is enough to show that

QT+1,-(U +mps) c s+

QrJrl,-(u)

We will first provide a few important properties concerning the set Wxs(r, s).
Lemma 15. Letr € Z, r > —1 and s € N. Then Y (r, s) is the set of the u € {0,...,p° —
1} such that {u/p*} < 7(r + 1,s). Moreover, for all u € Vpr(r,s) and all £ > s, we have
{u/p'} < 7(r +1,£) and, for all m € N, we have

Qi1 (u+ mp?)
QrJrl,-(u)

By Lemma 15, to show (6.11) and thus to complete the verification of Condition (as),
it is enough to show that v, (g, (v + up)) > s+ 1.

We have v + up ¢ War(r — 1,5+ 1) hence there exist (n,t) € Npys ¢41, t < s+ 1 and
j €1{0,...,p*™7t — 1} such that v +up = j + p*™17'n. Since u € U (r, s), we necessarily
have s +1 —¢ = 0, so that (v +up,s+ 1) € N,, i.e., for all £ € {1,...,s+ 1}, we have
{(v+up)/p'} = 7(r,€) and thus g,(v+up) € p**'Z,. Furthermore, if 8 € Z" and p | da.g,
then since v+ up > 1, we have g,.(v 4 up) = iAbn“(U +up)Z, and by Lemma 14, we obtain

g-(v + up)

lgr+s+1<m)~’4b- (611)

A s
S 2mesp{”_fl}m(p 1)Ab,r+s+1<m)Ab-

0y (2 (v -+ up)) > vy (g (0 + up)) — 1 - Lf_le S
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because A\, < —1. This completes the verification modulo Lemma 15.

Proof of Lemma 15. We first show that War(r, s) is the set of the u € {0,...,p* — 1} such
that {u/p°} < 7(r +1,s). If s =0, then Wy (r,0) = {0} and 7(r + 1,0) > 0 thus this is

obvious. We can then assume that s > 1. Let w € {0,...,p° — 1}, u = Z;é urp®, with
ug € {0,...,p— 1}. It is sufficient to prove that the following assertions are equivalent.

(1) We have {u/p*} > 7(r + 1, s).
(2) There exist (n,t) € Nojs—s11,t < sand j € {0,...,p* =1} such that u = j+p° 'n.

Proof of (2) = (1): we have

{u}_u_j+p3tn>n_{n}
)P o T W

Moreover, by definition of the sequence N, we have {n/p'} > 7(r+s—t+1,t) = 7(r+1,s)
and hence {u/p*} > 7(r + 1, s).

Proof of (1) = (2): for all s > 1, we denote by B the assertion : “For all u € {0,...,p°—
1} and all » € N such that {u/p°} > 7(r + 1, s), there exists ¢ € {0,...,s — 1} such that
(Zz;i uppt Tl s — z) € N,4it1.” Tt is enough to show by induction on s that for all s > 1,

B, holds.

If s =1, then, for all u € {0,...,p— 1} and all » € N such that {u/p} > 7(r +1,1), we
have (u, 1) € N,;1. Hence, B; holds.

Let s > 2 be such that By,...,Bs_1 hold, let u € {0,...,p° — 1} and r € N be such
that {u/p*} > 7(r +1,s). We further assume that (u,s) ¢ N,,;. Hence, there exists
¢e{l1,...,s} such that

-1 k
_ kWP _ {u}
ap:==2— == <71(r+1,0).
P P
We necessarily have ¢ € {1,...,s —1}. We write
{g} _u _PatpSwn™ e S wet
s s s psff psff

Since {u/p*} > 7(r + 1, s), we obtain that

s—1
Zukpk’z >pir(r+1,8) —ap > p*r(r +1,8) — 7(r + 1,0),
k=t

or

s—1
Zukpk’é >pr(r+0+1,5—0) —7(r+{+1,0),
k=t

54



Let o be an element of the sequences & or 3 such that 7(r—+(+1,s—¢) = Dt ay).
Then, we have 7(r + ¢+ 1,0) < (t"**Vq) and thus

Zukpkfz > p372913;2<<t(r+2+1)a>) o <t(r+2+1)a>. (6.12)

Both sides of inequality (6.12) are integers, so that
s—1
Zukpkfé > pszQIs;Z((t(rJréJrl)a)) _ <t(r+2+1)a> 1> psfégzs;é((t(wr@rl)a».
k=t

It follows that
s—1

Ly up ;S“’;p > D)) = r(r + £+ 1,5 — 0).

By B,_y, there exists i € {0, ..., s—¢—1} such that (Ezfiﬂ upp? s — 00— i) € Npgeris
Hence there exists j € {/, ..., s—1} such that (Z ukpk I s — ]) € N, 4j+1, which proves
Assertion B, and finishes the induction on s.

The equivalence of Assertions (1) and (2) is now proved and we have
Upn(r,s) ={ue{0,....p° =1} : {u/p"} <7(r+1,s)}.
Let u € Wpr(r,s). Let us prove that for all £ > s, we have {u/p‘} < 7(r +1,/).

To get a contradiction, let us assume that there exists £ > s such that {u/p‘} > 7(r+1,¢).

Let o be an element of the sequences & or @ such that 7(r + 1,¢) = DL((ta)). We
obtain that

o) vmmom

> p' D, ((t"Va)) = Dy (" Va)) + Dy (e
> D;((t"a))
>7(r+1,s),
which is a contradiction. Hence, for all £ > s, we have {u/p‘} < 7(r + 1,£).
To complete the proof of Lemma 15, it remains to prove that, for all u € W (r, s) and

all m € N, we have

QrJrl (u+mp) e 2me {p 1}m(1’7$ 1) Ab,r+s+1(m)Ab' (613)
Qr+1 ( )

By Lemma 12, we have

Qri1,.(u + mp®) c gump’ s Npri1(u + mp®)

Q41 (u) Ap i (u) 2
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with

v (Abvrﬂ(u + mps))
P Ab,r+1(u)

= [~ +mp® <t u s,(m) A
=2 (e (7)) -8 () e (5
z:1< +1,t o +1,t o Py 1 D p—1

£ ({5) i e ) o

l=s+1

because, for all £ € {1,..., s}, we have {u/p’} = {(u+mp*)/p'} and, for all £ > s+ 1, we
have {u/p'} < 7(r +1,¢), thus &ffu({u/pé}) = 0. Let us show that, for all £ > s+ 1, we

have
~ u + mp°® ~ s m
st ({50 ) = e ({75 (015

Let a be an element of the sequences a or 3 whose denominator is not divisible by p. To
prove (6.15), it is enough to show that, for all £ > s+ 1, we have

{2 o)) = {7

P pﬁ—s

} > DL (¢t ha)). (6.16)

We write m = 22 myp* with my, € {0,...,p — 1}. Then, we have
utmpt | ut Syttt w m
P’ g ARV EIA
We observe that DL7((ta)) = DE((t"Day)), so that
{plf'l} > [ ((tr D)) = {“ o } > DYt Va)).

Moreover, we have

{u+;nps} > DLt Da)) = £+{ m } > D0 (1" a))

p pﬁ pﬁ s
m u

:>p£—s {pg 8} > pé sgé(( (r+1) >) E
—S m S T T

Ly {p“}> D[ a)) — D))
—S m S T S T

= {p} DL a)) — DI((HTHa)) + 1
m S ™S

— {s) 2ol ay



Equivalence (6.16) is thus proved and we have (6.15). Using (6.15) in (6.14), we obtain

Abr+1<u+mps)) e ({ m }) sp(m) A }
v ’ = AP — | =N mpt L
p ( Ab,r+1(u) _Z +s+1,t pg,s pp 1 P b1
N~ WV m 5 On) s A
S8 ({F]) - e {2

= 0y (Anrasa(m)) + G = ) {22},

This completes the proof of Lemma 15. U

6.2.8. Verification of Conditions (a) and (ay) of Theorem 4. Let us fix r € N. For all
se N allv e {0,...,p— 1} and all u € Uy (r,s), we set b, (v + up) := Q,.(v+ up) if
v4up ¢ Ua(r—1,s+ 1), and 6, (v + up) := g, (v + up) otherwise.

The aim of this section is to prove the following fact: for all s,m € N allv € {0,...,p—1}
and all u € U (r, s), we have

s+1 s
v (S S ) g ia o

This will prove Conditions (a) and (a;) of Theorem 4. Indeed, by Lemmas 12 and 14, for
allv €{0,...,p—1} and all u € U (r, s), we have
Q,.(v+up) € Ay, (v+up)A C g, (v+up)A.

Hence, Congruence (6.17) implies Condition (a) of Theorem 4. Moreover, by definition of
0,5, when v+up € Uy (r—1,s+1), Congruence (6.17) implies Condition (a;) of Theorem 4.

If m = 0, then we have (6.17). In the sequel, we assume that m > 1 and we split the
proof of (6.17) into four distinct cases.

e Case 1: we assume that v+up ¢ V(r — 1,5+ 1).
We then have 0, ;(v+up) = Q,.(v+up) € Ay, (v+up)Ap. Let us show that Ay, (v+up) €

p*T7Z,. We have
A
Aﬁf ({7v+up}) + (v + up) { P } )
p—1
gcd(cp)

Since v+up ¢ ¥(r—1,s+1) and u € ¥(r, s), we obtain that (v+up, s+ 1) € N, and, for
all £ € {1,...,s+ 1}, we have {(v + up)/p'} > 7(r,¢). Tt follows that

s+1 pY
1
- i,’f ({v+gup}) >s+1
W) = o p

(Ab v+ up
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and v, (Ay, (v +up)) > s+ 1 because the functions Aﬁzf are positive on [0, 1).
Since u € ¥(r, s), Lemma 15 yields

Q11 (u + mp®)
Qr+17~(u)
Thus, to show (6.17), it it enough to show

Q. (v + up)

€ ps+1Ab,r+s+1(m)Ab C P grpsr1(m) A

Q,.(v+up+mp*tt) € ptlg, i ci1(m) Ay (6.18)

g ({re )
c=1 p

gcd(c p)=1

By Lemma 12, we have

Up (Apr (v + up + mp™*h)) =

hence

Up (g (v + up + mp*)) >

)

¢
E s+2 c=1 p

ged(c,p)=1
Ap
+m {p — 1} .

If B € Z", then the functions Aﬁ:f are non-decreasing on [0,1) and, by (6.9), for all
¢ > s+ 2, we obtain

> 3 oa({mem)n b s({m)

l=5+2 c=1 l=5+2 c=1
ged(e,p)=1 ged(e,p)=
00 pY m
1
> 3 A%H+<{7})
/=1 c=1 p
ged(e,p)=1

v

ee} p
> ata ({5}
=1 c=1 p

ng Cyp):

1

v

Consequently if 3 € Z", then
Up (Ab,r(v + up + mp8+1)) Z s+ 1 + Up (Ab,r-i-s-i-l(m)) Z s+ 1 + Up (gr-i—s-i—l(m))a

as expected.
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On the other hand, if 3 ¢ Z", then we observe that, for all £ € N, ¢ > 1, we have

m m s+1
{Z?} >71(r+s+1,0) = {#} >7(r,l+s+1)

v+ up + mpsT!

:>{ U >7(r,l+s+1)
1 " clts+1 v+ up + mp*t!

) 2 A pltstl =1

c=1
ged(e,p)=1
so that
1 > P g<{v+up+mp5+1})
A? Z v gr+s+1<m)
e S s({e o

and thus v, (A, (v 4 up +mp)) > s+ 14 v, (8r4s+1(m)), as expected. Hence (6.18) is
proved, which finishes the proof of (6.17) when v +up ¢ V(r —1,s+ 1).

e Case 2: we assume that v +up € U(r — 1,5+ 1) and that p — 11 \,.
We have 6, (v + up) = g, (v + up), A = A, and we have to show that

Q..(v+up+mp™) Q.. (u+ mps)) 41
! — . cp’ r+s Ap.
St w) Ot ) €7 ErrenmAs

g (v + up) (

By Lemma 15,
QrJrl,-(u + mps>

/\P s
€ {E}m(p DA rrst1(m)A
Qr+1,~(u) p b,r+ +1( ) b

and
Q,.(v+ up + mp*™!

Q,.(v+ up)
Since p — 11 A\, and m > 1, we have

A s —1 by

L Sm(p®—1)> m? > s and P Sm(p™ —1) > s+ 1.
p—1 p—1 p—1

Thus, we obtain

A s -
) c p{rfl}m(p o 1)Ab7r+8+1(m)Ab.

Q. (v + up + mp**t)
Q.. (v + up)
because g, (v + up) € Z,. It remains to show that
QrJrl,-(u + mps)
QrJrl,-(u)

gr (U + up) € pSJrlAb,rJrerl(m)-Ab C ps+1gr+s+1<m>-’4b7

gr (’U + up) € p8+1gr+s+1(m)Ab- (619)

By Lemma 14,

Up (Aprrst1(m)) = vy (Gresa(m)) +m {p)f) : }
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and thus, since p — 11 A, and m > 1, we obtain that Ay, s11(m) € pgrys+1(m)Z,. Hence,
we have Ay, ys41(m) € pgrist1(m)Z,, as well as (6.19) because g, (v + up) € Z,.

e Case 3: we assume that v+up € U(r —1,s+ 1), 3¢ Z", p= 2 and that m is odd.
We have 6, (v + up) = g, (v + up) = g.(v + up), A = A, and we have to show

Q (v +up+mp*™) Qi (ut+ mp®)
Qr,-(v + up) Qr—l—l;(u)

By Lemma 15, we have

gr(v + up) < ) € pMgisi(m)A,.  (6.20)

Q41 (u + mp?)

€ 2™ Ny, oi1(m)A
0,1 (1) brtst1(m) Ay

and
Q,.(v+ up + mp*) o1
Q,.(v +up)
Moreover, we have m2* > s+ 1 and m2°™" > s+ 1 because m > 1. Since Ay, 5:1(m) €
Gris+1(m)Z, and g, (v + up) € Z,, we get (6.20).

e 2"

Ab,r—i—s—l—l (m)Ab

e Case 4: we assume that v + up € ¥(r — 1,s+ 1), p — 1 divides ), and that, if p = 2
and B ¢ 7", then m is even.

We set
Q. (v+up) Qo (ut mp)
Qry1.(u) Qr.(v+up+mpt)
Assertion (6.17) is satisfied if and only if for all s,m € N, all v € {0,...,p — 1} and all
u € Wpr(r,s), we have

X, s(v,u,m) =

Q,.(v+ up + mp*tt)
Q,.(v+ up)

The following lemma will give the conclusion.

g (v + up) (X,s(v,u,m) — 1) € plg. s (m)A (6.21)

Lemma 16. We assume that p — 1 divides A\, and that, if p = 2 and B ¢ Z", then m is
even. Then,

(1) Forallr,s € N, allv € {0,...,p— 1}, all u € Ypr(r,s) and all m € N, there exists
Y, s(v,u,m) € Z, independent of t € §, such that

Y, s(v,u,m)(1+p°Ap) it B Z" and p | dapg ;
Y, s(v,u,m)(1+ p*t1A;) otherwise;

X, s(v,u,m) € {

(2) If there exists j € {1,...,s+ 1} such that {(v+up)/p’} < 7(r,j), then we have
V(v u,m) € 1+ p*i2Z,,
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Since v +up € U(r — 1,5+ 1), Lemma 15 implies that {(v + up)/p**'} < 7(r,s + 1).
Let jo be the smallest j € {1,...,s+ 1} such that {(v+up)/p’} < 7(r,j). By Lemma 16
applied with jo, we obtain that Y, ,(v,u,m) € 1 4+ p*~°2Z,, and that

1 +ps—jo+1Ab if /6 e 7" et D | da,,@;
1+ psfjo+2 Aj otherwise.

X, s(v,u,m) € {

Hence, Lemma 15 yields

Q,.(v+ up + mp*)
Q,.(v+ up)

Ay if B €Z" and p | do g;

X, s(v,u,m)—1 .
(Kol 1) Aj; otherwise.

€ p g, i1 (m)x {

Therfore to prove (6.21), it is enough to show that g.(v + up) € p*~1Z,. If v+ up = 0,
then we have jo = 1 and the conclusion is clear. We can thus assume that v +up > 1. But
for all j € {1,...,jo— 1}, we have {(v+up)/p’} > 7(r, j), hence v, (g, (v + up)) > jo — 1.
Furthermore, if 8 € Z" and if p | do g, we have A\, < —1 and, by Lemma 14, we have

Ay (v + up)

g, (v +up) = € g.(v+up)Z, C p°'Z,,

as expected.
To complete the proof of (6.21) and that of Theorem 2, it remains to prove Lemma 16.

Proof of Lemma 16. We will show that Lemma 16 holds with

. p(v,(t) By))
HﬁiEZz) <1 + (t(rﬂ)pﬁz'PrU)

mps
HaiEZp (1 + <t(r+1)ai>+u

By Lemma 1 of [13, Dwork], if o is an element of the sequences a or 3 whose denominator
is not divisible by p, then for all v € {0,...,p—1}, all s, m € Nand all u € {0,...,p°—1},
we have

Y;’,s(va U, m) = >p(v,(t(r)a¢>) )

(a)v+up+mps+1 (Dp(a)) “
(,}DP(OZ))u+mpS (a)v—i—up

where ¢, = —1 if K = 2, and ¢, = 1 otherwise.

Similarly, using Dwork’s method, we will show that if o is an element of the sequences
a or 3 whose denominator is divisible by p, then for all v € {0,...,p— 1}, all r,s;,m € N
and all u € {0,...,p* — 1}, we have

<t(r)a> )v-i—up-i—mpsJrl ( <t(r+1)a> )u
(D) )pmpe ((E ) ot

where ¢}, (o) = e if v,(d(a)) = 1 and £} («) = 1 otherwise.
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. . s p(v,a)
() (14 g) etz 6

(t € 0y — d(a)m@@s“)( ) cel(a)™(1+p " A4p), (6.23)



We first show that (6.22) and (6.23) imply the validity of Assertion (1) of Lemma 16.
Indeed, by (6.22), we obtain

Ay (v + up +mp ™Ay i1 (u)
Ap i1 (u+mp*) Ay, (v + up)

[oge, 450\ (=0 ep)™

We write
) d Bz _| 2 Ap
ooz, 4B _ -] e
Haiézp d(al)
with o € Z;, so that

s+1)

mp(p

sz dB)\"" -

(C% e pN (L4
;i ¢y ?

We thus have

s+1)

me(
Hﬁiézp d(ﬁz) o P m\p mpsh, _MAp s+1 mAp s+1
o ) ()™ € e T, € ),
;¢ ZLp v
(6.25)

b}?cause —1 € Z; and (p*™') = p*(p—1) divides mp®),. Using (6.25) in (6.24), we obtain
that

Ap i1 (W) Ay (v + up + mp™™1) 8;?”
Ab,r (U + up>Ab,r+1<u + mps) Y;’,s <U7 u, m)

By (6.23), we also obtain

%rJrl(u + mps7 ')mr(v + up, ) e (Hﬁzézp p? )
+(@)
> 2

(1+p°t'Z,). (6.26)

(1+p™tAp).

R, (v + up + mps+ IR, (u, -) [1..¢z, €pe

If p* # 2, then, for any element o ¢ Z, of « or 3, we have ¢}
if the number of elements « of o and 3 that satisfy v (d(c ))

we have
Hﬁigzp e (5:)
Haiézp E;)S (al)

Moreover, we have pA; C A, and eps, €. (o) € 1+ p°Z,,. It follows that we obtain

=¢ep = 1. If p° =2 and
is even, then since r = S,

= (-1 =&

Ry 1 (u + mp®, )R (v + up, ) {1 +p° Ay if B € Z" and p | dag; (6.27)

R, (v+up + mpstt IR, (u, -) 729 (1 + p*tIA) otherwise.
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By (6.26) and (6.27), we obtain

(14+p°Ap) if Be€Z and p | dag;

XT‘ S ) ) E .}/Tr S ) ) X .
s, um) o0, m) {(1 + p*T1AY) otherwise.
To finish the proof of Assertion (1) of Lemma 16, we have to prove (6.23).

Let o be an element of a or B whose denominator is divisible by p. For all s,m € N
and all uw € {0,...,p° — 1}, we set

Mgy R
q-(u, s,m) ==t € Q — d(a)mpsw = H (d(@)(tMa) + d(a)u + d(a)k).

Hence, proving (6.23) amounts to proving that

q-(v +up, s+ 1,m)

Jr+1 (ua S, m)

€ ) ()" (L + 1 A7),

As functions of £, we have

q-(u, s,m)(

1__[ H a)(t"a) + d(a)u + d(a)i + d(a)jp°)

S

=
—_

(d()(t"a) + d(a)u + d(a)i)™ mod p*A,

1
—

S o
ol
>_‘O

(d(@)(tMa) + d(a)i)™ mod p A,

[e=]

Since d(«) is divisible by p, we obtain that, for all ¢ € {0,...,p* — 1}, the map t € Q —
d(a)(tMa) 4 d(a)i is invertible in A, and thus

q,(u,s,m) € q,(0,s, 1)™(1 + p*T1A,).
Hence proving (6.23) amounts to proving that, for all s € N, we have
q-(0,s+1,1)

/ s+1 g
o (0.5.1) s (@) (1 +p T Ap). (6.28)

e Case 1: we assume that s = 0.

As functions of ¢, we have
9,0, 1, 1)(t) _ (d(@)(t"a))"
qr+1(0,0, )() d(e) (trVa)

t b
) = Ty (5) D+ wp <pu+r) p” mod p“D.
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Hence with (a) := k/d(«), we obtain the existence of n(r,t) € Z such that

d() (t7a) = w, (tg) D+ (pb’j) P+ d(a)n(r, ).

Moreover by Assertions (2), (4) and (5) of Lemma 11, the maps t € 4, — d(a){tMa)
and f :t € O — wp(tk/D)D are in A;. Thus t € Q — d(a)n(r,t) is in A, and
t € Q— d(a)n(r,t)/pis in A; because p divides d(«). It follows that

(t € Q= d(a)(tMa)) € f(1+ pA;). (6.29)

We obtain
9-(0,1,1)
q-41(0,0,1)
as expected, where the final inclusion is obtained wvia Assertion (3) of Lemma 10.

€ 7M1+ pA;) C (L+p(€ro f))(1+pA;) C1+pA;,

e Case 2: we assume that s > 1.

If s > 1, then
H (d(e)(ta) + d(a)i) = H H (d(e)(tMa) + d(a)j + d(a)ap*™) (6.30)
= H (d(e)(tMa) + d(a)j)” mod p° A, (6.31)

Using (6.31) with s + 1 for s, we obtain
(0,5 +1,1) € q,(0, s, 1)P(1 + p*™' A4,)
and thus .
q0-(0, s+ 1,1) € (d(a)(tMa))” (1 +p ™ A). (6.32)

We set P(z) :=aP —x € Zy[z]. Foralla € {0,...,p—1}, we have a”? —a =0 mod pZ,.
Since P'(z) = pa?~' — 1, for all @ € {0,...,p — 1}, we have v,(P'(a)) = 0 and, by
Hensel’s lemma (see [30]), there exists a root w, of P in Z, such that w, = a mod pZ,.
Consequently, for all z € Z, and all s € N, s > 1, we have

p—1 pfl
H (z + d(« = a)w;p®™')  mod p*t'Z,
a=0 z=0
=P — (d(a)ps_l)pflx mod p**'Z,. (6.33)

If p # 2, then (d(a)psfl)pflx € p*t'Z, thus, by (6.30), for all s € N, s > 1, we obtain

sll

d4r1(0,5,1) € H ) (¢ Va) + d(a)f)" (1 +p* Ay,
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hence q,11(0,5,1) € 4,41(0,s —1,1)?(1 + p**1A;) and
9,41(0,5,1) € (d(@) (V)" (14 p**14y).
By (6.32) and (6.29), we obtain the existence of fi, fo € A} such that

s+1

q-(0,s+1,1)
qr+1<07 S, 1)

sy (L+pfi)?
(1 +pfo)?
C (1 +p8+1(€5+1 Of))(l +p8+1AZ) c1 +ps+1AZ’

c felr (1+p*Ay)

which proves (6.28) when p # 2 because in this case we have e/, (a) = 1.

Let us now assume p = 2. Then by (6.30) and (6.33), for all s € N, s > 1, we obtain

2511

a0, 1) € ] (d(a><t<"+”a>+d<a>j)2(1_d d(c)2*”

(@) (D) + d(a)j

) (142571 A4,).

Since 2 divides d(«), we have

z o d(a)25! ! d(a)25!
11 (1‘d<a><t<r+1>a>+d<a>j)‘ 11 (1‘1+zel(d<a><t<r+1>a>+d<a>j>>

(1 —d(a)2°"") mod 2°7' A4;

o

j=

=1-d(a)2** mod 25 4;,

with 1 —d(@)2* 2 =1 mod 2! if s > 2 or vo(d(a)) > 2, and 1 —d(a)2*% = —1 mod 4
if s = vy(d(a)) = 1. It follows that

25—1_1
ar11(0,5,1) € eho(@) ] (de) (") +d(a)j)"(1+ 277 4),
§=0

i.e. 4r41(0,8,1) € eh(a)qr41(0,s — 1,1)*(1 + 2571 A%) and thus
4r41(0,5, 1) € &b, (a) () (£ ) (14 2145).
By (6.32) and (6.29), we obtain the existence of fi, fo € A} such that
qr(0,3+ 1,].) ]_ (23+1)(1 +2f1)2s+1

©
a0 1) (@) Ar2n
C eha(a) (142 (Es1 0 f)) (14 271 A7) C eha (@) (14 2771 A4;),

(142571 A4%)

which proves (6.28) and completes the proof of (1) of Lemma 16.
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Let us now prove Assertion (2) of Lemma 16. We have

s p(v,(t) ;)
HﬁiEZz) (1 + <t(r+1)p5i>+U>

mp*
HO&Z'EZP (1 + (t(T+1)ai>+u

Let j € {1,...,s+ 1} be such that {(v+up)/p’} < 7(r,j). We set u = > 77 jupp”. For
all elements a € Z,, of the sequences a or 3, we have

Yis(v,u,m) =

)p(vv(t(”aw) ’

j—2
{U —;up} <7(r,j)=v +pZukpk < M@;((t(”o&)

k=0
=2
= v+p Y wp® <pPDI((t"a)) — (tTa)
?ig j—1
— v+p Y up® <Y P EDLTH((Ha)) - D7 a)))
k=0 k=0
=
= <p(v, (tDa)) =0 or > wpt <p D" a)) - Qp(<t(r)a>)>
k=0

- (P(v’ (t"Ma)) =0 or ]Z_:u;cpk <p D) (" a)) — <t(”+1)a>>
k=0
— (p(v, <t(r)a)) =0 or v(u+ <t(r+1)a>) <i- 2)

s p(v,(t) ar))
mp s—j+2
(tr+Da) 4 u) cltp L,

as expected. This completes the proof of Lemma 16 and that of Theorem 2. U

:>(1+

7. PROOF OF ASSERTION (1) OF THEOREM 3

We shall prove the more precise following statement.

Proposition 6. Let o and B be tuples of parameters in Q \ Z<y such that () and (3)
are disjoint. Let a € {1,...,dag} coprime to do g be such that, for all x € R, we have
fapla,x) > 0. Then, all the Taylor coefficients at the origin of qua),ap)(2) are positive,
but its constant term which is 0.

To prove Proposition 6, we follow the method used by Delaygue in [11, section 10.3|,
itself inspired by the work of Krattenthaler-Rivoal in [21]. We state three lemmas which
enable us to prove Proposition 6.

Lemma 17 (Lemma 2.1 in [21]). Let a(z) = Y > a,2" € R[[z]], ap = 1, be such
that all Taylor coefficients at the origin of a(z) = 1 — 1/a(z) are nonnegative. Let
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b(z) = > o2 anhyz"™ where (hy)n>0 is a nondecreasing sequence of nonnegative real num-
bers. Then, all Taylor coefficients at the origin of b(z)/a(z) are non-negative.

Furthermore, if all Taylor coefficients of a(z) and a(z) are positive (excepted the constant
term of a(z)) and if (hy)n>0 s an increasing sequence, then all Taylor coefficients at the
origin of b(z)/a(z) are positive, except its constant term if ho = 0.

The following lemma is a refined version of Kaluza’s Theorem [15, Satz 3|. Initially,
Satz 3 did not cover the case a, 10, 1 > ai.

Lemma 18 (Lemma 2.2 in [21]). Let a(z) = Y .~ a,2" € R[[2]], ap = 1, be such that
a; > 0 and apy1a,_1 > a for all positive integers n. Then, all Taylor coefficients of
a(z) =1—1/a(z) are nonnegative.

Furthermore, if we have a,1a,_1 > a2 for all positive integers n, then all Taylor coeffi-
cients of a(z) are positive (except its constant term,).

By Lemmas 17 and 18, to prove Proposition 6, it suffices to prove the following result.

Lemma 19. Let oo = (o, ..., ) and B3 = (P4, ..., Bs) be tuples of parameters in Q\ Z<
such that (o) and (B) are disjoint. Let a € {1,...,do g} coprime to do g be such that, for
all x € R, we have £q g(a,x) > 0. Then, for all positive integers n, we have

Qaar) (aB) (M + 1) Qaay a8) (M — 1) > Qlaay) (ap) (1)*.

Furthermore, (>i_, Higa,)(n) — > i1 H<a5j>(n))n>0 is an increasing sequence.

To prove Lemma 19, we first prove the following lemma that we also use in the proof of
Assertion (2) of Theorem 3.

Lemma 20. Let oo = (o, ..., ) and B3 = (P4, ..., Bs) be tuples of parameters in Q\ Z<o
such that () and (B) are disjoint. Let a € {1,...,da g} be coprime to dog. Let y1,..., %
be rational numbers such that {(ay1) < --- < (ay) and such that {{am),...,{av)} is the
set of the numbers (avy) when y describes all the elements of o and 3. For alli € {1,... t},
we define m; .= #{1 < j <r : {aa;) = {av;) } — #{1 < j < s : (aB;) = (an)}.

Assume that, for all v € R, we have £q g(a,x) > 0. Then, for alli € {1,...,t} and all
beR,b>0, we have

e " (1 ;) )
;(a%>+b>o nd kHl Tawy )

Proof of Lemma 20. First, observe that by Proposition 2, for all 7 € {1,...,t}, we have

j
Zmi = {(aa),(ad) (1, (@75)) = 0.
i=1

Furthermore, since (aa) and (a83) are disjoint, for all ¢ € {1,...,t}, we have m; # 0. In
particular, we obtain that m; > 1. It follows that we have

mq 1 "
———— >0 and 1+ 7) > 1.
(ay) +b ( (av) +b
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Now assume that ¢ > 2. We shall prove by induction on i that, for all ¢ € {2,...,t}, we
have

;(ag’;b <Zk 1 ond H(1+ e b>mk><1+m)

We have (ay;) < (avs) and my > 0 thus we get

22:1 mg

(7.1)

my n my S my + Mo
(ay1) +b  (avys) +b " (avys) +b

(i) () > (omm)

so that (7.1) holds for i = 2. We now assume that ¢ > 3 and let ¢ € {2,...,¢ — 1} be such
that (7.1) holds. We obtain that

and

i+1
> ( 1k E’“ 1M i (7.2)

1 am) + b (avi) +b  (avir) +b
and
i+1 . - X —— 1 -
,Hl (1 + m) > (1 + m) (1 + m) : (7.3)

Since (ay;) < (ay,11) and 35, my > 0, we obtain that

i 7 Zk 1Mk Zk 1Mk
D ket M > D ket M and (1 X 1 ) > (1 i 1 ) 7
(av;y +b ~ {ayip1) + b (av;) +b (avyiy1) +0

which, together with (7.2) and (7.3), finishes the induction on . By (7.1) together with
22:1 my, > 0, this completes the proof of Lemma 20. U

We can now prove Lemma 19 and hence complete the proof of Proposition 6 and of
Assertion (1) of Theorem 3.

Proof of Lemma 19. Throughout this proof, we use the notations defined in Lemma 20.
For all nonnegative integers n, we have

Qaaypy(n +1) 1 iy (aai) +n)
Qaa) (a8 (1) Quaay, 08y (n)  Qaay,esy(1) [T ((aB;) +n)
_ [iea (3 +n/(acs))
[[-.(1 +n/{aB;))
=11 (1 + k>) .
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We deduce that for all positive integers n, we obtain

Qaa) (a8) (7 + 1) Qaa) (ag) (2 — 1) ﬁ ( 1+ n/{am) )m’“
Qaa) (a) (17)? L+ (n—1)/{ay)

k=1

t 1 my
i)
pabe (ayg) +n—1

where the last inequality is obtained by Lemma 20 with n — 1 instead of b.

Furthermore, for all n € N, we have

Z Hgay(n +1) = Z Hapy(n +1) — (Z Hgayy(n) — Z H<aﬁj>(n)>

> 1
- Z (ac;) +n Z (aB;) +

B

where the last inequality is obtained by Lemma 20 with n instead of b. It follows that
(> Ha,(n) — > - Hp, (n))n>0 is an increasing sequence and Lemma 19 is proved. [

a%

8. PROOF OF ASSERTION (3) OF THEOREM 3

Throughout this section, we fix two tuples av and B of parameters in Q \ Z<, with same
length such that (o) and (3) are disjoint. Furthermore, we assume that H, g holds, that
is, for all a € {1,...,dn g} coprime to do g and all z € R satisfying mq g(a) < = < a, we
have £ g(a, x) > 1. We will also use the notations defined at the beginning of Section 6.2.

8.1. A p-adic reformulation of Assertion (3) of Theorem 3. To prove Assertion (3)
of Theorem 3, we have to prove that

exp <M) e Z[2]]. (8.1)

Na.g
A classical method to prove the integrality of the Taylor coefficients of exponential of a
power series is to reduce the problem to a p-adic one for all primes p and to use Dieudonné-
Dwork’s lemma as follows. Assertion (8.1) holds if and only if, for all primes p, we have

exp (M) € Z,[[2]]- (8.2)

Mo, 3

Let us recall that we have
d
Glaa),(a8) (2)
Se,p(2) = — = € 2Q[[~]],
; Flaa) s (%)
ged(a,d)=1
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with d = dn . By Corollary 1 applied to (8.2), we obtain that (8.1) holds if and only if,
for all primes p, we have

Sa8(Cap?") = PSap(Ca p?) € Phapp[[2]]. (8.3)

The map t ~ t0) is a permutation of the elements of {1,.. .,da g} coprime to dq g.
Hence, we have

d
Gumay, @ Gla
Sa,g(clzp) — pSaﬂ(C’z) = Z <W(C'2’p) . pF<t ),(tB) (C/Z)) ’
t=1 tWay), M B) (tar),(tB)
ged(t,d)=1

with d = dg g and C' = C, 5. By Theorem 2, we obtain

D 00

Sa8(Chp?) —DSap(Chpz) =p D DY Riy(t)e

b=1 teQy k=0

ged(b,D)=1
D fe'e)
. (zw)
b=1 k=0 \tcQ
ged(b,D)=1

with Ry, € A; and, moreover if p divides dq g, then we have

p—l—LAp/(p—l)JAb if ez
Ripe A if B¢ 7Z and p— 11\
Ay if B¢ 7Z", mgpis odd and p = 2.

By point (7) of Lemma 11, we have

> " Riplt) € napZ,. (8.4)

Indeed, if p does not divide dq g, then p does not divide ng g and Ry p(t) € Z,. Let us
now assume that p divides dq g so that v > 1.

If 3 € Z", then we have v,(nag) =v—2—|\,/(p—1)]. E B¢ Z" and if p—11 \,, then
we have p # 2 and v,(na,g) = v — 1. Let us now assume that 3 ¢ Z" and that p — 1 | A,.
If p # 2 then v,(ng g) = 0 or v — 2. On the other hand, if p = 2, then either m, g is even
and va(ne.g) =0 or v — 2, or my g is odd and va(ngg) = v — 1.

It follows that in all cases, we have (8.3) and Assertion (3) of Theorem 3 is proved.

9. PROOF OF ASSERTION (2) OF THEOREM 3

Let o and B be tuples of parameters in Q \ Z<, such that () and (3) are disjoint (this
is equivalent to the irreducibility of L, g) and such that F, g is N-integral. Assertion (3)
of Theorem 3 implies Assertion (iii) = (i) of Theorem 3. Indeed, it suffices to prove the
following result.
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Proposition 7. Let f(z) € 14 2Q[[z]] be an N-integral power series and let a be a positive
integer. Then f(z)/? is an N-integral power series.

Proof. We write f(z) =1+ zg(z) with g(z) € @[[z]] Thus, we obtain that
—1
1/(1 1 +Z /(l At St AL g(z)n

Since f(z) is N-integral, there exists C' € N such that g(Cz) € Z[[z]]. Furthermore, by
Theorem A applied with @ = (—1/a) and 3 = (1), we obtain that there exists K € N such
that, for all n € N, we have

1
gV o
n!

It follows that f(CKz)Y* € Z[[z]], i.e. f(2)"/®is N-integral. O

Furthermore, by definition, we have (i7) = (i) of Theorem 3. Thus, we only have to
prove that (i) = (éi7), (i) = (i) and that if (¢) holds, then we have either ¢ = (1/2) and
B = (1) or there are at least two elements equal to 1 in (3). Throughout this section, we
assume that (i) holds, i.e. that g g is N-integral. Furthermore, for all n € N, we set

(1) ()
(61) (ﬁs)n '

9.1. Proof of Assertion (iii) of Theorem 3. The aim of this section is to prove that
r = s, that Hya g holds and that, for all a € {1,...,dapg} coprime to dsg, we have
Jo,8(2) = Qlaa),(ap) (7). Since Fy g and ga g are N-integral, there exists C' € Q \ {0} such
that

Qap(n) ==

Fap(C2) € Z[[2]] and gap(Cz) = exp (%) e Z[[7]].

Thus, for almost all primes p, we have
Gasl(z
Fap(2) € Z,[[2]] and exp (F ol )) € Z,[[])- (9.1)
p(2)

We shall use Dieudonné-Dwork’s lemma in order to get rid of the exponential map in (9.1).
Let p be a prime such that (9.1) holds. By Corollary 1 applied to (9.1), we obtain that

Gop(?)  Gap(?)
Fap(2?) " Fap(2)

Since Fy g(2) € Zy[[2]], we get
Gop(2) Fap(2) = PGap(2)Fap(2") € p2ZLy[[2]]. (9-2)

In the sequel of the proof of Assertion (2) of Theorem 3, we use several times that (9.2)
holds for almost all primes p.

€ pzLyp([=]].
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9.1.1. Proof of r = s. We give a proof by contradiction assuming that r # s. Since Fy g is
N-integral, Christol’s criterion ensures that, for all a € {1,...,dn g} coprime to du g and
all z € R, we have &, g(a,z) > 0. In particular, since r — s is the limit of {4 g(1,7) when
n € Z tends to —oo, we obtain that » —s > 1. For all n € N, we write A,, for the assertion

S Hoyln) = > Hy, () =

First, we prove by induction on n that A, is true for all n € N.

Assertion Ay holds. Let n be a positive integer such that, for all integer k£, 0 < k < n,
Ay, holds. The coefficient ®,(np) of 2™ in (9.2) belongs to pZ, and is equal to

Z Qaﬂ(jp)gaﬂ(n - J) (Z (Hai<n - J) - pHai(]ﬁ)) - Z (H51<n - j) - pHﬁiOP))) :

5=0 i=1 i=1

By induction, we obtain that

Dy(np) = Qa,(n (Zﬂm ZHﬁxn))
_pZQaB]anBn_ (ZHa,Jp ZHﬁi(jp))

j=1
Furthermore, according to Lemma 4, there exists a constant M, g > 0 such that, for all
x € [0,1/Mgyg[, all primes p not dividing do g and all £ € N, ¢ > 1, we have A’;’fﬁ(x) = 0.

Hence, for almost all primes p and all j € {1,...,n}, we have
, C Jp ' : ,
(Qmatin)) = Y- Aty (1) = iyt ZA”“ (2) = 2t = str=). (03
=1

According to Lemma 3, for almost all primes p and all the elements « in a or 3, we
have ©,(a) = D,({a)), so that ®,(a) = (wa) where w € {1,...,dq g} satisfies wp =1
mod dq g. Thus we get

i 1
pHa(jp) =1 :
par e a+k+ip
= Hp (0)(j) +p H o) (3) + PZyp,
P prt —~a + k+1ip
k#pDp(a)—a

which leads to

(Z Ha, (jp) Z Hp, (Jp)> = Z Hioay(7) = > Hiwsy(j)  mod pZ,. (9.4)



Furthermore, for almost all primes p, we have

{ZH<W% ZH(wﬁz 1<]<n 1<w<dag, gcd(w daﬁ)—l} Zp,

which, together with (9.3) and (9.4), gives us that

_an'@(Jp)Qaﬂ ) (Z H,, (jp) ZH@OP)) € p' Ly,
=1

for almost all primes p and all j € {1,...,n}. In addition, for almost all primes p, we have

Qup(n (Z H,.(n Z Hs, (n)> € ZXU{0} and Qup(n) # 0.

Since ®,(np) € pZ, and r — s > 1, we obtain that A, holds, which finishes the induction
on n.

It follows that for all n € N, we obtain that

T S T S

Z aiin B Zl ﬁzin - Zl (Hai<n+ 1) - Haz'(n)) - Z (Hﬁz'(n_'_ 1) - H&(”)) =0,

i=1

contradicting that a and 3 are disjoint since

- 1 > 1
;ai—i—X_;ﬁijLXeQ(X)

must be a non-trivial rational fraction in this case. Thus we have r = s as expected. [

9.1.2. Proof of Hu . Let us recall that, since F, g is N-integral, for all @ € {1,...,do g}
coprime to do g and all z € R, we have £, g(a,z) > 0. We give a proof by contradiction
of H, g assuming that there exist a € {1,...,dq g} coprime to do g and zy € R such that
Meap(a) 2 29 < a and 4 g(a, z9) = 0. Let o and B be such that

aﬁzmax({av cay < xg, 7y is inaorﬁ},j)
and
aq = min ({(w : g < ay, y equals 1 or is in @ or 3}, < )
It follows that for all z € R satisfying a5 < = < aa, we have &, g(a, z) = 0. Observe that,

since () and (3) are disjoint, (ac) and (a83) are also disjoint, thus /3 is a component of
B and « equals 1 or is an element of a because &, g(a, -) is nonnegative on R.

Let us write P g(a) for the set of all primes p such that ap =1 mod dn g. For all large
enough p € P, g(a), Lemma 3 gives us that D,(a) = D,((a)) = (aa) and D,(5) = (af).
On the one hand, if (af) < (ac), then, for almost all p € P, g(a), we obtain that

Do) g =Bl 1 l1-a] -] 1

P P dag P p P
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On the other hand, if (af) = (aa) and 8 > «, then we have (8) = (a) so f > 1+ « and

1—« 1-p 11—« 1-p 1
! J_@p(ﬁ)_t J_l=o] [1-8] 1
p p p p p
In both cases, we obtain that, for almost all p € P4 g(a), there exists v, € {0,...,p—1}
such that 1_ 8] L |
1-— v -«
D,00)+ ——= <L <D, (a)+ ;
p(5) ’ ) pl@) .
which, together with Lemma 5, gives us that A’;}ﬁ(vp/ p) = 0 for all large enough p €

PBap(a). Furthermore, by Lemma 4, for almost all p € P, g(a) and all £ € N, £ > 1, A’;’fﬁ
vanishes on [0, 1/p] so that

0y Q) = 3 AT, (—) _ An, (—) _,

¢
— p p

Dpla) +

i.e. Qa,p(vy) € ZY. Now looking at the coefficient of 2% in (9.2), one obtains that

T

—PQa,8(vp) Z (Hai (vp) — Hp, (Up)) € py.

i=1

To get a contradiction, we shall prove that, for all large enough p € Pq g(a), we have

p <Z H,,(v,) — ZHBi(vp)> S Z;- (9.5)

Indeed, for all elements vy of a or B and all large enough p € Py g(a), we have

vp—1

1 p(vp)
pH.,(v,) =p = mod pZ
o kZ:O v+k 2,(7) g
— ,O(Up, 7)
= mod pZ,.
(a7) g

Furthermore, we have
P(vp,7) =1 = v, 2 pDy(7) =7+ 1 = v, Z pD,(7) + [1 =]
[1—7]

Up
p p( ) P

because p®,(v)—~v € Z which leads to v, > p®,(7)+[1—v]| = v, > pD,+|1—v]+{1—~}.
Thus, by Lemma 5, for all large enough p € B, g(a), we have p(v,,v) =1 if ay < af and
p(v,,v) = 0 otherwise.

Now, let 7, ,7 be rational numbers such that (ay;) < --- < (a7) and such that
{{am1),...,{av,)} is the set of the numbers (avy) when - describes all the elements of a
and (3 satisfying ay < af. For all i € {1,...,t}, we define

m; = #{1<j<r: (aq;) = <amg4} —#{1<j <7 {aBy) = (am)}.



Then, we obtain that

<

T

- - vp,ozl Pl Upa ;)
D (; He, (vp) — ; Hyg, (Up>> (acs) Z (aB;) mod pZ,

i=1 j=1

t
my
EZ Ty mod pZ,.

For almost all primes p, we have >'_ (mi/(av;)) € Z)y J {0}, thus to prove (9.5), it

suffices to prove that
t

; a7

which follows by Lemma 20 applied with b = 0. This finishes the proof of Hy, g. 0

9.1.3. Last step in the proof of Assertion (iii) of Theorem 3. To finish the proof of Asser-
tion (i7i) of Theorem 3, it remains to prove that, for all @ € {1,...,da,g} coprime to dq g,
we have ¢a 8(2) = Qaa),(ap)(2). For that purpose, we shall use Dwork’s results presented
in [12] on the integrality of Taylor coefficients at the origin of power series similar to gq, g
We remind the reader that, by Sections 9.1.1 and 9.1.2, we have r = s and H, g holds.

More precisely, we prove the following lemma which shows that, under these assumptions,
we can apply Dwork’s result [12, Theorem 4.1] for almost all primes.

Lemma 21. Let o and B be two tuples of parameters in Q \ Z<o with the same numbers
of elements. If (o) and (B) are disjoint (this is equivalent to the irreducibility of Lag)
and if Ho g holds, then for almost all primes p not dividing do g, we have

Go,(0)2,)(2")  Gaplz

e A

22,3 (2") " Fap(z)

Remark. Lemma 21 in combination with Lemma 2 gives us that S, g(2) € pzZy|[[z]] for
almost all primes p.

Proof. If p is a prime not dividing dq g, then the elements of o and 3 lie in Z, and

Go,2,) (") Gaplz)
Fo,(e)0,(8)(27) pFaﬂ( ) < Ll

Furthermore, o and 3 have the same number of elements so that Lemma 21 follows from
the conclusion of Dwork’s Theorem [12, Theorem 4.1|. In the sequel of this proof, we check
that a and 3 satisfy hypothesis of [12, Theorem 4.1] for almost all primes p, and we use the
notations defined in Section 2.2.1. For a given fixed prime p not dividing d g, hypothesis
of [12, Theorem 4.1] read

(v) for all i € {1,...,7'} and all k € N, we have D(6;) € Z);
(vi) for all a € [0, p[ and all k € N, we have either N} ,(a) = N} g(a+) = 0 or N}, (a) —
NF5(a+) > 1.
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If p is a large enough prime, then, by Lemma 3, for all i € {1,...,7'}, we have D,(5;) =
D,((8:)) so that

1 dog—1

; 1 7. .
,}DP(BZ) € {da,ﬁ’ ) da,ﬁ ) } - D (9 6)

Thus, for all large enough primes p, 3 satisfies Assertion (v).

Let o and 8 be elements of a and 3. First, we prove that, for all large enough primes
p we have
PO,(a) —a < pD,(F) — f = wa 2 wp, (9.7)
where w € {1,...,dq g} satisfies wp =1 mod dy . Assume that p is large enough so that,
by Lemma 3, we get ©,(a) = (wa) and ©,(8) = (wpB). In particular, we obtain that

1
Dp(a) =D,(8) or ’@1,(04) - ®p<6)} > ﬂ
Thus, for all large enough primes p, we have
(){ J—
POya) — 0 < pD,(8) — § = Dya) = Dy(3) < 220

= (Dy(0) <Dy(B) or (Dyla) =Dy(f) and o> p))
<— wa < wpf,

as expected. Now, we observe that if N¥;(a+) = 0, then Assertion (vi) is trivial, so
we can assume that N;B(ajt) > 1. Weset 3 := (By,...,8). Let us write 9}’;(3:) for

PO (x) — D(x) and let v be the component of a or B’ such that 6%(v) is the largest
element of

{91';(%) S1<i<r, 0F (i) < a} U {9{;(@) 1<j<r, 05(8;) < a}.

Since (a) and (3) are disjoint, D%(cr) and D} (8') are also disjoint and, according to
(9.7), 05 () and 65(8') are disjoint. It follows that N, (a) — N7 5(a+) is equal to

#{1<i<r:08(a) <O} —#{1<i<r 058 <)
=#{1<i<r: wdh(ay) WD)} —#{1<i <v'  wDE(B) 2 wDE(y)}.

If k = 0, then we obtain that w®k(a) = wWDL(7) & wa <X wy with Magw) < wy < w
since v # 1. Indeed, if v is an element of B3’ then v # 1, else 7 is an element of o and
0%(y) < a so that v # 1. Thus we have NJ,(a) — N) g(a+) = &ap(w,wy) and, by Ha g,
we get N ,(a) — N g(a+) > 1 as expected.

If > 1, then, for all elements « of & and 3', we have DF(a) = (w*a) and (WDE(a)) =
(wlwFa)) = (W a). We deduce that we have wDk(a) = wDE(y) & (Wa) < (WFHy
because

(Wla) = (W) = () = (7) <= (Wha) = (W)
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If (v) < 1, then (w*"!v) < 1 and we obtain that

N;a(a) — N; slat) = Eap(W (WFHYY4) > 1.

On the contrary, if (y) = 1, then we get N}, (a) — Ny g(a+) = r —1’. Note that ' < r
since there is at least one element of B equal to 1. Indeed, according to Ha g, if x € R
satisfies mq (1) = & < 1, then we have £, g(1,2) > 1. Since () and (3) are disjoint, we
have (mq g(1)) < 1 so that mq (1) <2 <1 and

1<&p(L2)=#{1<i<r:a#1}—#{1<j<r: B #1}
We deduce that there is at least one j € {1,...,7} such that §; = 1 and we obtain that
NF (@) = N} g(at+) =1 —r' > 1,
as expected. Thus Assertion (vi) holds and Lemma 21 is proved. 0

Now we fix a € {1,...,dapg} coprime to dy g. For all large enough primes p € B, s(a)
and all the elements a of a or 8, we have ©,(«) = (acr). By Lemma 21, we obtain that,
for almost all primes p € Pq g(a), we have

Glaa) (@) (2") pGa,a(Z)
Flaa)p)(27) 7 Fap(2)

€ pLy[[2]]-

Furthermore, since gq g(z) is N-integral, for almost all primes p, we have

Gasl) _ Gapld) . o
Fel o vt el

Thus, for almost all primes p € B4 g(a), we obtain that

Glaayp) () Gap(??)
’ - = € pZy[[2]],
Flaayap)(?P)  Fap(2?) P
which leads to
Glaayap)(2)  Gap(z)
oo P20 B e 7,12

Flaay,ap)(2)  Fap(2)

By Dirichlet’s theorem, there are infinitely many primes in B, g(a) so that we have

Glaa)@p)(2)  Gapl(z)

Flaayap)(2)  Fap(?)’

which implies that ¢ag(2) = a),@s)(2) as expected. This finishes the proof of Asser-
tion (4i7) of Theorem 3.

7



9.2. Proof of Assertion (ii) of Theorem 3. We have to prove that ¢ g(Cy, g2) € Z[[2]].
By Section 9.1, Assertion (4i7) of Theorem 3 holds, i.e. we have r = s, H, g holds and, for
alla € {1,...,dq g} coprime to da g, We have qa) (08)(2) = Ga,8(2) so that

G(aa),(uﬁ) (’Z) _ Gaﬂ(z) (98)

Flaa).@p)(2)  Fap(z)
By Theorem 2 in combination with (9.8), we obtain that
Gaﬁ Ga,,@
Fa”[B Fa,ﬁ (Cl,)t,ﬁz) S pr[[Z]]7
so that, according to Corollary 1, we have ¢a5(Cy, g2) € Zy[[2]]. Since p is an arbitrary
prime; we get ¢a,5(Cy, g2) € Z[[2]], as expected.

a

( éx,gzp) —p

9.3. Last step in the proof of Assertion (2) of Theorem 3. To complete the proof
of Assertion (2) of Theorem 3 and hence that of Theorem 3, we have to prove that we
have either o = (1/2) and 3 = (1), or r > 2 and there are at least two 1’s in 3. We shall

distinguish two cases.
e Case 1: We assume that r = 1.

As already proved at the end of the proof of Lemma 21, there is at least one ele-
ment of B equal to 1. Thus we obtain that 8 = (1). We write &« = (a). Since
Assertion (7i7) of Theorem 3 holds, for all a € {1,...,d(a)} coprime to d(«), we have

G<aa>,<a,@>(Z)/F<aa>,<a,@>(z) = Gaﬂ(z)/Faﬂ(z), 1.e.
Faﬂ(z)G(aa),mg)(z) = F(aa),(aﬁ)(z)Ga,ﬁ(z)- (99)

Now looking at the coefficient of z in power series involved in (9.9), one obtains that

) (e ~1) = (5 1)

We deduce that for all a € {1,...,d(a)} coprime to d(«), we have (ac) = . Thus we get
that

R

{— 11 <k <d(), ged (k,d(e)) = } = {{aa) : 1 <a <d(a), ged (a,d(a)) =1}
= {&}7

which implies that o = 1/2 as expected.
e Case 2: We assume that r > 2.

We already know that there is at least one element of 3 equal to 1. Since (a) and (3) are
disjoint, for all the elements « of ar, we have (o) < 1. Furthermore, for alla € {1,...,da g}
coprime to dq g, we have

oy ipy(a, 1-) = #{1 < i <r i {) #1} —#{1<i <r 2 (B) #1}
=r—#{1<i<r: () #1}.
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It follows that we have to prove that &y (g (a,1—) > 2.

Let v be an element of a or 3 with the largest exact denominator. Then, there exists
a€{l,...,dog} coprime to dog such that (ay) = 1/d(y). By Hap in combination with
Lemma 2, we obtain that Hay g holds. In addition, we have (a(v)) = (ay) = 1/d(y) so
that &ay,(8) (@, 1/d(y) +) > 1. Since (acx) and (aB3) are disjoint and have elements larger
than or equal to 1/d(vy), we obtain that 7 is a component of .

Furthermore, there exists a € {1,...,ds g} coprime to du g such that
d(y) -1
(@) = -
d(v)

Thus k is the largest element distinct from 1 in (aa) and (aB3), and we obtain that
a3y (@, KF) = &y ) (@, 1=). If (myay 8y (a)) = K, then all the elements of (3) are equal
to 1 and the result is proved. Otherwise, we have (mq),(3)(a)) < & so that a8 (a, k=) >
1. Since 7 is an element of a, we obtain that &y (g (a, k+) > 2 as expected. This finishes
the proof of Assertion (2) of Theorem 3 and thus the one of Theorem 3.
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