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Sapienza, Italy

2International Research Center for the Mathematics and Mechanics of
Complex Systems M&MoCS, Cisterna di Latina, Italy

3Dipartimento di Ingegneria Meccanica e Aerospaziale,
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Abstract

In this paper we consider a two-degrees-of-freedom, non-linear model
aiming to describe internal friction phenomena which have been observed
in some modified concrete specimens undergoing slow dynamic compres-
sion loads and having various amplitudes but never inducing large strains.
The motivation for the theoretical effort presented here arose because of
the experimental evidence described e.g. in [94, 24] in which dissipation
loops for concrete-type materials are shown to have peculiar character-
istics. Indeed, as (linear or nonlinear) viscoelastic models do not seem
suitable to describe neither qualitatively nor quantitatively the measured
dissipation loops, we propose to introduce a micro-mechanism of Coulom-
bian internal dissipation associated to the relative motion of the lips of
the micro-cracks present in the material. We finally present numerical
simulations showing that the proposed model is suitable to describe some
of the available experimental evidences. These numerical simulations mo-
tivate further developments of the considered model and supply a tool for
the design of subsequent experimental campaigns.
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1 Introduction

The standard models usually introduced to study the deformation of cyclically
compressed specimens of modified (or not modified) concrete do not seem suit-
able to describe all the complex phenomena of internal dissipation which are
experimentally observed, also in the range of small strains. Indeed, (see [94, 24])
the dissipation loops measured under cyclic loads with relatively small ampli-
tude show very peculiar qualitative features (see Figs. 1 and 2):

• the two branches present different (varying) curvatures on the loading and
unloading paths;

• the turning points seem to have the form of cusps ;

• the distance between the loading/unloading branches is varying in a non-
linear way with the applied compression loads.
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Figure 1: Example of measured dissipation loop in concrete-based material

Even when at macro-level the compression loads and deformations are rela-
tively small, these experimental observations suggest that some non-linear elas-
tic mechanisms at the micro-level together with a Coulombian dissipation mech-
anism related to micro-motions may explain the observed evidence. The discus-
sion of the rigorous modeling and mathematical issues arising from the observed
evidence is delicate and deserves attention, but is not the primary issue of this
paper. In this work we will limit ourselves to show that a simple and efficient
model is indeed conceivable to fit the targeted experimental evidences and to
study its most relevant features.
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Figure 2: Example of measured dissipation loop in concrete-based material

1.1 Models for internal dissipation in solids

The problem of modelling internal dissipation in solids is very old and, for this
reason, a huge literature concerning this subject is available. For clear rea-
sons of consistency we limit ourselves to draft some considerations and to cite
some among the relevant papers. It is indeed rather difficult to distinguish
between the dissipated energy which participates to damage and plastic phe-
nomena (even by producing new micro-cracks or enlarging the existing ones)
and the dissipated energy which is associated to friction related to reversible
internal relative motions. Interesting investigations which are meant to de-
scribe internal dissipation in presence of the damage progress are presented in
[131, 22, 117, 66, 65, 88] where various mechanisms of damage and plasticity are
taken into account, even at different length scales (see also [126, 130, 124, 125]).
On the other hand, the classical works [83, 146] study the internal mechanisms
of dissipation in solids when no relevant damage phenomena occur at the macro-
scopic level. In the same spirit are the papers [117, 66, 65, 54, 132, 147] where
several models for dissipation of energy due to elastic deformation rate and rel-
ative motion of different parts of considered bodies are studied and applied in
the case of metals or even concrete. Finally, two papers which accept a point of
view very similar to ours are [1, 20] where the internal dissipation mechanism
are clearly distinguished in two different types: one producing crack generation
and growth, the second being related to reversible relative motion of micro-crack
lips. In [1] micro-crack lips relative motion is described by means of a tensorial
quantity, distinguished from plastic and elastic deformations. In some works
(see e.g. [20]) the analysis is based directly on a finite-dimensional model to
be used for numerical simulations: however, internal friction is there regarded
as a phenomenon also driven by opening and closing of already existing cracks.
Different works exist on the mathematical modeling of reversible damping ef-
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fects. In linear approaches, often stress-strain relations with integral kernels are
used, while for geometrically nonlinear problems, the addition of rate-equations
for some internal variables seems to be more useful, see e.g. [113, 112, 114] for
incorporation of grain boundary relaxation effects. The approach followed in
the present paper follows the same spirit by means of the introduction of an
internal variable ϕ which is able to account for microscopic friction dissipation.
These concepts can also be profitably extended to shells and plates (see e.g.
[116, 115, 148]) and to rods (see e.g. [18, 19]), where internal dissipation stabi-
lizes the model, leading to robust numerical algorithms and profound theoretical
results.

1.2 Continua with microstructure

In this paper we choose to introduce an extra kinematical field ϕ, in addition
to the standard macroscopic displacement, to describe the relative displace-
ment of superimposed lips of the microscopic cracks which are known to be
present in concrete materials. The fact of introducing extended kinematics to
study materials with microstructure was developed by many authors in the
decades 1950-1980 (see e.g. [64, 60, 63, 61, 62, 64, 60, 63, 61, 62, 79, 80, 78,
77, 103, 104, 105, 136, 137, 79, 78, 77, 103, 104, 105, 136, 137]) to study de-
formation, damage and internal friction phenomena occurring in deformable
bodies which, at a suitable micro-level, may show strong inhomogeneities in
geometrical and mechanical properties. Models of continua with enriched kine-
matics are known as micromorphic models and originated with the works of
Mindlin [103] and Eringen [64]. Such micromorphic models can also be seen as
a way to obtain, as suitable limit cases, other very common generalized contin-
uum theories which are known as second gradient theories (see e.g. [74, 75]).
These latter, have the same kinematics as classical Cauchy continuum theories
(only displacement field), but the microstructure of the continuum is accounted
for by suitable length-scales associated to the fact that the strain energy den-
sity is assumed to depend on the second gradient of displacement. Various
micromorphic and higher-gradient theories have been re-proposed in the last
years to study different kinds of physical systems with microstructure (see e.g.
[43, 70, 72, 73, 71, 84, 106, 109, 108, 107, 120, 138, 139, 140, 14, 15]). Recently,
a relaxed micromorphic model have been proposed in [76, 111] which allows
to account for possible micro-heterogeneities with a considerably reduced num-
ber of constitutive parameters with respect to classical micromorphic models.
We can summarize by saying that micromorphic models are able to catch the
complexity of the coupling phenomena between micro- and macro-motions. We
claim that these micro-macro coupling phenomena actually dominate dissipa-
tion in solids constituted by grains bonded with viscoelastic cement. As the
internal frictional phenomena which we have in mind obviously can also occur
in beams and shells the concept of additional microstructural or internal vari-
able we discuss here may be adapted to many different cases as for instance the
continuum models treated in the papers[5, 9, 8, 6, 4, 56, 57, 58, 59, 7] for shells
with surface stresses or micro-polar extra kinematical descriptors and [3, 4, 10])
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for continua showing viscoelastic behaviour. In future investigations it could be
needed to conceive homogenization procedures aiming to deduce the most suit-
able macroscopic models for describing the phenomena we have in mind (see e.g.
[2] for a homogenization process leading to second gradient materials) and which
seem to be associated to the proposed model of continuum with microstructure.
This would allow to set up a micro-macro identification procedure for the deter-
mination of macroscopic constitutive parameters characterizing the mechanical
behaviour of modified concrete starting from its microscopic internal structure.

In this paper we consider a continuum model with microstructure aiming
to describe some of the dissipation phenomena occurring in deformable bodies
which, at a micro-level, are constituted by a compact matrix presenting a uni-
form and isotropic distribution of penny-shaped micro-cracks. We are aware of
the fact that this last assumption is rather simplified: not only micro-cracks are
not in general isotropically and homogeneously distributed in the reference con-
figuration, but even if they are so, they will lose these properties in the current
configuration. Therefore, one should expect that for a careful and detailed mod-
elling of the phenomena that we have in mind one should introduce some tensor
fields (see e.g. [1]) in order to describe the evolution of the state of micro-cracks
inside the Representative Elementary Volume (REV). This delicate point is not
addressed in the present paper and we will limit ourselves to consider a simple
scalar field ϕ whose evolution describes, in an approximate and averaged way,
the total amount of relative displacement of crack lips present in the consid-
ered REV. Indeed, it will be assumed that the number of micro-cracks, their
geometrical and mechanical properties do not change in considered dynamic
phenomena. In other words we assume that damage is not progressing: actually
the dissipative phenomena which we want to describe are related to reversible
contact phenomena at crack lips (see e.g. [89] and references there cited).

1.3 Methods for reducing the degrees of freedom in con-

sidered models

The concrete specimens tested in the experimental campaigns described in [94]
and the behavior of which we want to reproduce, are three-dimensional spec-
imens. Therefore, the suitable model to be introduced is a model (eventually
non-linear) of a three-dimensional continuum. However, to simplify the used
model one can think to follow the method pioneered by Saint-Venant (for some
generalizations of the classical problem named after him and the discussion of
the central idea of his method see e.g.[16, 49, 40, 12] and the references there
cited). This method allows for the reduction of the complexity of the problem of
determining the deformation of a specimen the shape of which is cylindrical in
its reference configuration. More particularly, the problem of solving a system
of PDEs is reduced into a simpler one: solving a system of ODEs.

In the present paper we assume that

• considered cylinders are deformed only in the Saint-Venant compression
(with Poisson effect) mode;
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• frequency of the forcing load is much smaller than the eigenfrequencies of
the cylinders;

• the distribution of micro-cracks is uniform so that one scalar quantity is
sufficient to describe the internal micro-motion in the cylinder;

• the present imperfections do not cause or do not influence in any way
(neither global nor local) instabilities and in particular do not change
microstructure evolution (the literature in the field is immense, the reader
is referred e.g. to [90, 85] and references there cited).

Once having assumed the previous hypotheses the problem to be solved consists
then in

• looking for the evolution equation for the newly introduced kinematical
parameter ϕ describing micro-displacement with Coulombian dissipation;

• determining the modifications to be introduced in standard evolution
equations for the displacement field;

• determining the coupling terms between these equations.

Of course, in order to get the reduced model one could conceive a more or less
mathematically rigorous process starting from a Cauchy model at a given small

length scale for the material inside a REV, in which the boundary conditions at
crack lips are chosen to include Coulombian friction. We do not address such
a delicate analysis in this paper and we will instead formulate a macroscopic
model which shows the qualitative behavior which is expected on the basis of
appropriate phenomenological considerations. In fact, we present a target theory
to which such a homogenization process should try to arrive. It is clear that
the constitutive parameters appearing in the phenomenological theory which
we develop can be determined only by means of the comparison of suitable
numerical simulations with corresponding experimental evidence: in this paper
we present suitable parametric studies of the proposed model in order to be able
to subsequently tune these parameters to direct the design of a measurements
campaign.

The model presented here may have a wide applicability range: however it is
tailored with a view towards a precise application which is of interest in struc-
tural and civil engineering. Actually, our attention is focused, in particular, on
the description of mechanical behavior of concrete-like materials with enhanced
internal frictional dissipation. This enhancement is obtained by changing the
recipe of the concrete mix by adding suitable inert additives, whose grains have
the size needed to fill crack voids or to improve friction contact of crack lips
(see e.g. [94, 117, 24] and references there cited). The numerical simulations
which are presented in this paper needed to be calibrated carefully because of
the strong nonlinearities they present and because of the singular nature of
ODEs usually associated to Coulomb friction. These points are not addressed
in the present investigation (in this aspect, and also for what concerns the mod-
elling difficulties, the model here proposed resembles closely the one studied in
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[46]). The numerical results obtained show that the proposed model is suitable
to describe some of the experimental evidences discussed in [94]. The main
peculiarities of the proposed model can be resumed as follows:

• nonlinearities appear only in terms of the parameter ϕ and its time deriva-
tive,

• Coulombian dissipation mechanism plays a role only in the evolution equa-
tion for ϕ,

• dissipation cycles in the force-displacement plane show a variety of quali-
tative behaviors depending on the choice of constitutive parameters which
is wide enough to encompass the structure which has been observed e.g.
in [96] and reproduced in Figs. 1 and 2.

1.4 Some considerations about future perspectives and

limits of the presented model

The system of ODEs we consider, presents non-trivial mathematical difficulties
which need to be studied, in order to assess their possible use in the considered
applications. This mathematical study is preliminary to the formulation of a
suitable variational principle to be developed in order to supply the governing
equations of systems which are more general than the one considered here.
Moreover, the role of the micro-displacement parameter ϕ, as conceived in this
paper, will need to be further specified. More specifically: one may ask himself if
it is possible to regard such a parameter as an internal variable (as done in very
similar models, see e.g. [41, 42, 44, 45] and references there cited) or if it should
be regarded as a truly micro-structural parameter (as done e.g. in [136, 137,
78, 77, 103, 108, 107, 135, 49] and references there cited). The mathematical
relevance of such a question is not negligible. Indeed, in the first case the
deformation energy is assumed to depend on ϕ only, while in the second one
also a dependence on rϕ will appear. As a consequence, the evolution equations
for ϕ in the first case will not involve partial derivatives, which will instead be
present in the second case. A related problem concerns the highest order of the
derivatives of the placement field which one will need to introduce in deformation
energy to obtain the searched generalized model: it is indeed known (see e.g. [2]
and references there cited) that high contrast in the mechanical properties at
the micro-level (which surely is present in the physical system considered here)
requires the introduction of higher order continua (see e.g. [50, 43, 70, 72, 73, 71,
97, 110, 134] and references there cited). In this paper we are assuming that the
population of cracks present in considered specimens is not varying in number
and is not changing its mechanical and geometrical properties because of the
applied loads. In other words we assume that the level of damage (as modeled
in different ways see e.g. [1, 3, 13, 20, 22, 23, 30, 33, 35, 32, 31] and references
there cited) at microlevel is not changing during considered loading/unloading
processes. Indeed, the experimental evidence presented in [94] shows that one
has not a degradation in the mechanical properties of considered specimens
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when the intensity of the applied loads is below a precise threshold and if the
duration of loading is limited in time. This means that dissipation occurs at
crack lips without relevant abrasion (see e.g. [89] and references there cited),
without any plastic phenomenon (see e.g. [33, 35, 34, 38, 37] and references
there cited) and that there is no formation of new cracks (as described in [82]
and the literature stemming from it).

We will not assume in this paper an explicit dependence of the strain energy
density on the space gradient of ϕ. This means that we are assuming that the
micro-motion inside one REV does not depend on the microscopic motions inside
the contiguous ones. This is equivalent to say that we do not account for the
possibility of describing, at a macroscopic scale, the presence of high gradients
of microscopic relative displacements. This hypothesis is quite sensible since no
localization phenomena are observed in the performed mechanical tests. The
model which is presented here has been tailored to be used for modified concrete.
However, one should consider that many possible applications can be imagined
for it. Actually, internal friction is a phenomenon which plays a relevant role
in different contexts: for instance in the flow in porous media (see e.g. [50, 46,
69, 51, 97, 106, 123, 122, 133, 134] and references there cited) where internal
friction competes with Darcy or Brinkman dissipation or in growing tissues (as
described using micro-structured continuum models see e.g. [67, 68, 87, 96, 95])
where internal friction seem to play a non-negligible role in those mechano-
sensing phenomena controlling tissue synthesis.

It has to be finally remarked that the modifications of concrete by means of
suitable inert additives proposed in [94] are founded on some precise theoretical
considerations (see e.g. [117]) which need to be further developed. Actually,
the idea is the following: the concrete recipe is modified in order to increase the
dissipation capability without favoring the onset of plastic deformation or crack
formation and growth. In order to develop this idea an important theoretical
effort is required: one has to adapt the methods used in the theory of structural
modification (see e.g. [28, 29, 27, 36] and references there cited) or in the design
of smart materials and structures (see e.g. [11, 47, 48, 98, 99, 100, 121, 144, 143]
and references there cited). In the first type of theories the concept which is
exploited is the following: one adds to the system some coupled subsystems
in which the energy preferably flows and in which it remains trapped until it
is somehow dissipated. We remark that this effect can be obtained by using
only linear phenomena (see [28]) and that its analysis is based on the concept
of internal or micro-structural evolutionary variables whose evolution equations
are suitably designed. This is also the concept on which the second of the
aforementioned research streams is based: the coupled systems are designed in
order to internally resonate with the principal system and the damping elements

are tailored to optimize energy dissipation.

In conclusion, the change of concrete recipe which is envisaged here should
forecast the formation of suitable slave microstructures

• whose motion is activated by macro-deformation

• whose presence do not modify the mechanical strength of the modified
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concrete

• whose damping capabilities reduce (or do not alter) the damage progress
in presence of cyclic load.

One of the main conclutions to which the present paper leads is that the mod-
elling tool which seems more suitable in this context is a microstructure field
theory coupled with standard methods of optimization and control. More pre-
cisely, once having introduced a new scalar kinematical parameter ϕ, which
is intended to measure the overall relative displacement of micro-cracks lips
inside a Representative Elementary Volume (REV) of considered specimens,
we postulate, on the basis of reasonable simplifying assumptions, some cou-
pled Ordinary Differential Equations governing both macroscopic strains and
micro-deformations of internal micro-cracks. We aim to describe i) linear and
nonlinear deformation phenomena occurring because of aforementioned relative
displacement ii) coupling phenomena between macro-motion and micro-motion
and iii) Coulomb dissipation phenomena occurring at crack lips. The presented
model assumes no crack growth or crack production but simply the existence of
a reversible (although dissipative) internal micro-motion due to the presence, in
the reference configuration, of micro-cracks.

2 Modelling

The model for concrete-based materials which we want to introduce is a very
particular case of continuum with microstructure (see e.g.[60, 103]). Our final
aim is to investigate the mechanism of internal dissipation due to Coulombian
friction. Many authors examine the different mechanisms of internal dissipation
in brittle materials such as concrete, see e.g. for more details [88], [20]. In par-
ticular, we want to focus our attention on dissipation in materials (as concrete)
which present voids typically characterized by a shape as a coin (penny-shaped
cracks), and materials (as modified concrete e.g. [94, 24]) containing microscopic
components such as micro-filler used to improve damping performances with-
out compromising mechanical strength. An additional and independent micro-
structural kinematical variable ϕ is newly introduced to take into account the
interaction between the opposite faces of voids (micro-cracks) when they come
in contact and slide one with respect to the other because of the externally ap-
plied load. We assume that the deformation energy of the considered medium is
characterized by a volume strain energy density Ψ which depends on the basic
kinematic descriptors, i.e. the classical displacement field u and the new scalar
field ϕ which represents the relative displacement of two superimposed lips of
considered micro-cracks. In particular, we set

Ψ (E,ϕ) =
1

2

⇣

2µE ·E+ λ (trE)
2
⌘

+
1

2
k1ϕ

2+
1

3
k2ϕ

3+
1

4
k3ϕ

4+αϕ

q

I
(d)
2 (1)

where λ and µ are the Lamé parameters for linearly elastic isotropic materials,
E =

(

ru+ru
T
)

/2 is the linearized Green-Lagrange deformation tensor and
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the scalar I(d)
2

is the second invariant of the deviatoric strain tensor skewE =
E− 1

3 trE 1 defined as

I(d)
2

=
1

2
tr (skewE skewE) ,

On the other hand, the kinetic energy density of the considered system is defined
by

K =
1

2
ρ u̇2 +

1

2
ρϕ ϕ̇2 (2)

where ρ is the mass density of bulk material and the ρϕ is an effective macro-
scopic mass density linked to the micro-structural variable ϕ. It can be checked
that, since the micro-strain field ϕ is assumed to have the dimensions of a length,
the units of the parameter ρϕ are the same as the units of the macroscopic bulk
mass density ρ. Since the dissipation is not negligible, the governing equations
of the considered medium do not have a variational structure, but they possess
a quasi-variational structure. In this context we introduce a Rayleigh potential
R, which is aimed to describe Coulomb-type friction dissipation, in the form

R = ζ trE

✓

Log(Cosh( η ϕ̇ ) )

η

◆

, (3)

where ζ and η are constitutive constants. We can notice that, in particular, the
constant η can be seen as the inverse of a characteristic velocity associated to
microscopic motions, while the constant ζ directly accounts for dissipation due
to microscopic frictional sliding. Few words need to be spent here: actually in
the literature Coulomb friction force is usually modeled by the introduction of
the function signum whose argument is the velocity of the kinematical quantity
on which friction forces are acting. This function, when appearing in differential
equations, is a source of strong singularities and numerical or chaotic instabilities
(whose regularization and study can be performed using the methods described
in the literature (see e.g. [91, 92, 102, 93] and references therein). Also bas-
ing ourselves on physical considerations, we propose to regularize the function
signum with an hyperbolic tangent modulated with an amplitude ζ (giving the
maximum of friction force which may be exerted) and with a suitably chosen
slope given by η (triggering the range of velocity where friction force is an in-
creasing function of the velocity). This is equivalent to state that we assume a
Navier-Stokes type of dissipation for low micro-velocities: this physical assump-
tion, although reasonable, needs to be justified with more detailed analyses and
can also be related to bifurcation and instability phenomena which may occur
in modified concrete (see e.g. [85] and references therein).

In conclusion, the virtual work due to internal dissipation can be written as

δW
(Diss)

(E, ϕ, ϕ̇) =

ˆ T

0

ˆ

V

✓

∂R
∂ϕ̇

δϕ

◆

dV =

ˆ T

0

ˆ

V

ζ trE tanh( η ϕ̇ ) δϕ dV,

where V is the volume which the specimen occupies in its reference configura-
tion and [0, T ] is the time interval during which we observe the motion of the
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specimen. We can write the governing equations in weak form of the considered
concrete-based material as

−δW
(Elast)

+ δW
(Iner)

= −δW
(Diss)

+ δW
(Ext)

(4)

in which

δW
(Elast)

=

ˆ T

0

ˆ

V

δΨdV, δW
(Iner)

=

ˆ T

0

ˆ

V

δK dV,

δW
(Ext)

=

ˆ T

0

ˆ

V

b
ext · δu dV,

with the expressions for the strain energy and kinetic energy densities given by
Eqs. (1) and (2) respectively and where b

ext are the bulk externally applied
forces.

2.1 Simplified equations of motion based on Saint-Venant

theory for the case of simple compression

We use from here on the fact that the experiments which are targeted in this
work are simple compressions of cylindrical concrete specimens, so that we as-
sume that Saint-Venant theory for simple compression can be applied. In this
way, we are able to deduce the simplified equations in strong form directly from
expression (4). To do so, we start recalling that, in the case of axial compression
along the x3 axis of a Saint-Venant cylinder, one has

E =

0

@

−ν ε 0 0
0 −ν ε 0
0 0 ε

1

A , u =

0

@

−ν ε x1

−ν ε x2

ε x3

1

A ,

where we set ε = E33 = u3,3, ν is the Poisson coefficient and x1, x2 and x3 are
the Lagrangian coordinates (in a given reference frame with origin on the axis
of the cylinder) of the material points constituting the considered specimen. We
also explicitly remark that another assumption of the Saint-Venant model is that
the field ε does not depend on x1, x2, x3, but only, eventually, on time. We make
the same assumption for the micro-displacement field ϕ. With these simplifying
assumptions, it can be checked that in the considered particular case, integrating
by parts in time, considering isochronous motions and arbitrary variations δε
and δϕ the principle of virtual powers (4) implies

Mε̈+Kε+ α̃ϕ = f0 + f1 sin(ωt),

mϕϕ̈+ k̃1ϕ+ k̃2ϕ
2 + k̃3ϕ

3 + α̃ε− ζ̃ tanh(η ϕ̇) ε = 0,
(5)
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where

M =

ˆ

V

ρ
(

ν2
(

x2
1 + x2

2

)

+ x2
3

)

dV, mϕ =

ˆ

V

ρϕ dV,

K =

ˆ

V

(

λ+ 2µ+ 4 (λ+ µ) ν2 − 4λ ν
)

dV, α̃ =

ˆ

V

⇣p
3/3 (1 + ν)α

⌘

dV,

k̃1 =

ˆ

V

k1 dV, k̃2 =

ˆ

V

k2 dV, k̃3 =

ˆ

V

k3 dV, ζ̃ =

ˆ

V

ζ (1− 2 ν) dV.

Moreover, the external applied forces have been chosen to be those of a simple
dynamic compression, i.e. b

ext = (0, 0,−b)T , with b = b0 + b1 sin(ωt). With
this assumption, it can be checked that the loads appearing in equations (5) are
defined as f0 = k b0 and f1 = k b1 with k =

´

V
x3 dV .

Some comments are needed at this point:

• One can easily estimate the equivalent mass M by assuming that the
volume mass density of concrete specimens is homogeneous (and known)
while the displacement field depends linearly on reference configuration
variables and on elongation.

• We assume that elastic nonlinearities are involved only in the evolution
equation for the variable ϕ.

• The function k̃1ϕ+ k̃2ϕ
2+ k̃3ϕ

3 is assumed to be monotonously increasing.

• The deformation energy clearly needs to be definite positive and conse-
quently suitable restrictions on the stiffness parameters must be consid-
ered.

• The amplitude of the Coulombian frictional force, for obvious physical
reasons, has to be smaller than the lowest amplitude of the applied external
load (see the papers [91, 102, 85] and references there cited for a discussion
of the possible bifurcation phenomena which may occur).

• Many other possible dissipation regimes can be conceived in order to reg-
ularize the discontinuous dependence assumed in Coulombian model for
friction: each of them would represent a different physical phenomenon,
which would have different effects on the turning points of dissipation loops
(i.e. when |ϕ̇| is suitably small). In this paper we assume that viscous
Navier-Stokes dissipation effects are dominant when the microstructure
velocity |ϕ̇| is suitably small, while they vanish and need to be replaced
by Coulombian friction beyond a given micro-velocity level.

12



3 Numerical simulations: specimen in pure com-

pression

We limit our attention to numerical a model for a cylindrical specimen with
diameter φ = 11, 28 cm and height h = 22 cm. All simulations are performed
via the automatic code COMSOL Multiphysics. As for boundary conditions, the
specimen is constrained at the bottom with a zero displacement in its normal
direction x3. A cyclic external load per unit area is applied on the top with
a frequency of 1 Hz, very low compared with the natural frequencies of the
testing sample to avoid obnoxious inertial effects. For the same reason, an initial
smooth ramp is considered as showed in the figure 3. In order to illustrate the

Figure 3: Cyclic external load

performances of the proposed model for the cement-based materials presented
in this paper, we consider several numerical simulations performed by varying
the parameters introduced in equation 5. We show in table 2 the values of the
basic parameters of our model used in the preformed numerical simulations.

Parameter Value Unit

M 7.8⇥ 10−2 kgm2

mϕ 7.8⇥ 10−5 kg
K 25⇥ 109 N m
α̃ 1.9⇥ 1011 N

Parameter Value Unit

k̃1 1.86⇥ 1012 N/m

k̃2 9.4⇥ 1013 N/m2

k̃3 9.2⇥ 1019 N/m3

ζ̃ 1.5⇥ 1011 N
η 2⇥ 102 s/m

Table 1: Reference values of the parameters used in the numerical simulations.

The numerical values shown in Tab. 1 have been determined by means of
the following calibration process:

13



• in the static loading cases the measured stress-strain relationship has to
be verified;

• the value of the parameter ϕ has to be compatible with the order of
magnitude of known linear dimensions of typical cracks in concrete;

• equivalent mass coefficients are determined by taking into account volume
mass density of concrete and an estimate of the percentage of total mass
of concrete specimens which is moved because of crack lips movement;

• amplitude of Coulomb friction force has to be smaller than the force de-
forming micro-cracks;

• coupling between micro and macro motion must respect definite positive-
ness of deformation energy;

Some parametric studies are performed in the remainder of this paper on the cru-
cial parameters of the presented model. Unless otherwise specified, the typical
ranges of values assigned to the material parameters in the performed numerical
simulations are those listed in table 2.

Parameter Range of values Unit

k̃1 1.7⇥ 1012 − 1.93⇥ 1012 N/m

k̃2 0− 8⇥ 1015 N/m2

k̃3 6.5⇥ 1019 − 9.5⇥ 1020 N/m3

α̃ 1.7⇥ 1011 − 2⇥ 1011 N

ζ̃ 1010 − 4⇥ 1011 N

Table 2: Ranges of values of the material parameters to be used in the numerical
simulations on concrete.

3.1 Parametric analysis of dissipation loops for varying

friction coefficient

In this subsection we consider the effect of the Coulombian friction coefficient ζ̃
on the amplitude of dissipation loops, the area of which increases monotonically
with ζ̃. However, because of the strong non linearity of considered system,
also the variation of the other relevant parameters is greatly influencing the
dissipating capability as well.
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Figure 4: Influence of the friction coefficient ζ̃ on the energy dissipation loops
for cement-based materials. ζ̃ = [1⇥ 1010, 1.4⇥ 1011, 2.7 1011, 4⇥ 1011].

Figure 4 shows the variation of energy dissipation loops in a stress-strain
diagram when varying the friction coefficient ζ̃. It can be remarked that the
area of the loops is increased when increasing the value of the coefficient ζ̃. This
is completely sensible, since the mechanism which we want to associate to the
parameter ζ̃ is the dissipation (at the scale of the micro-cracks) which is due to
the relative motion of the two superimposed lips of each crack as a consequence
of the application of the external dynamic load. This numerical evidence is
a step towards the conception of suitable experimental campaigns on concrete
modified with micro-fillers enhancing its dissipative properties.

Figure 5: Influence of the material parameter α̃ on the energy dissipation loops
for cement-based materials. α̃ = [1.7⇥ 1011, 1.8⇥ 1011, 1.9⇥ 1011, 2⇥ 1011].
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Figure 5 shows the variation of dissipation loops when varying the coefficient
α̃, i.e. the coupling parameter between the micro-structural variable ϕ and the
macroscopic strain. It is worth noticing that the effect of increasing micro-macro
coupling implies that the dissipation loop is shifted towards the right. This
means that the contribution to macroscopic deformation due to microscopic
strain becomes more and more important and greater macroscopic strains can
be attained with the same force level. Moreover, with a small coupling, the
obtained loops can be seen to show a slightly smaller area and thus a reduced
dissipation.

Figure 6: Influence of the material parameter k̃3 on dissipation loops for cement-
based materials. k̃3 = [6.5⇥ 1019, 3.6⇥ 1020, 6.55⇥ 1020, 9.5⇥ 1020].

In figure 6 dissipation loops are depicted which show the effect of the material
parameter k̃3. It is possible to remark that, contrarily to what happens with
the coupling parameter α̃, high values of k̃3 increase the whole stiffness of the
system and consequently decrease the energy dissipated in each cycle.
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Figure 7: Influence of the material parameter k̃2 on energy dissipation loops for
cement-based materials. k2 = [0, 2.67⇥ 1015, 5.33⇥ 1015, 8⇥ 1015]

In Fig. 7 the behavior of dissipation loops is depicted when increasing the
value of the material parameter, k̃2. A similar qualitative behaviour can be
observed for the parameter k̃2, even if the influence of this parameter is less
pronounced when compared with that due to k̃3. This is sensible since the
microscopic non-linearities associated to the parameter k̃3 are of higher order
than those associated to k̃2. We can hence conclude that the parameters k̃2
and k̃3 can be seen as averaged measures of the distribution of cracks inside
the material: higher values of k̃2 and k̃3 can be associated to higher densities
of cracks which allow for higher values of dissipation but somehow make the
specimen softer than an equivalent one presenting lower densities of cracks.

Figure 8: Computed energy dissipation loop for cement-based material – Influ-
ence of the material parameter k1(k1 = [1.7 1012, 1.8 1012, 1.93 1012])
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Figure 8 shows how the material parameter k̃1 affects the stress-strain cycles.
It is possible to notice that an increase of the parameter k̃1 do not directly affect
the amount of energy dissipation, but changes the stiffness of the considered
material.The coefficient k̃1 can thus be seen as a coefficient directly related to
the type of filler which is used to modify the concrete mix. Fillers with the
same friction coefficient but with different mechanical properties could give rise
to mechanical behaviors which can be encompassed by tuning the parameter k̃1
alone.

3.2 Some typical plots showing the periodic variation in

time of relevant quantities

It is well-known (see e.g. [145]) that well-behaving ODEs when forcing terms
are periodic show solutions which are periodic as well. The dissipation effects
which we have introduced in the previous equations 5 have been regularized
in order to be sure that the aforementioned well-behaviour assumptions are
verified. Therefore, when the simulation is performed for a time interval which
is long enough, the calculated solution will become –within numerical error–
periodic: by a judicious choice of initial conditions the convergence towards
stationary solutions has been reduced.

We plot the following time dependent quantities

• friction term in the equation for ϕ;

• the crack lips relative displacement ϕ and its time derivative;

• the specimen elongation ε and its time derivative.

Fig. 9 shows the typical periodic evolution for Coulomb friction. The different
stiffness properties due to the introduced nonlinear term produces an asymmet-
ric evolution of this friction term. As a consequence the relative dissipation
loops will show a distance between the loading/unloading branches whose vary-
ing shape strongly depends on nonlinear behaviour considered.
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Figure 9: Periodic evolution for Coulomb friction

Fig. 10 shows the typical periodic evolution of the crack lips relative dis-
placement. We notice a different behaviour in the neighborhood of the maxi-
mum and minimum level of the cyclic external compressive load due to elastic
nonlinearities of the considered model. It is even worth noticing that near to
aforementioned levels, two different time delays with respect to the applied cyclic
load can be detected. This circumstance is related to the assumed dissipation
mechanism and to the introduced elastic nonlinearities.

Figure 10: Periodic evolution of the crack lips relative displacement

Fig. 11 shows the typical periodic evolution of the specimen elongation.
Similar considerations as those raised for the variable ϕ can be made for the
elongation, even if in this case the differences in the neighborhood of the maxi-
mum and minimum amplitude of the cyclic load are less emphasized.
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Figure 11: Periodic evolution of the specimen elongation

Fig. 12 shows the typical periodic evolution of the relative velocity of crack
lips. The time dependence of this velocity shows clearly the effect of introduced
Coulombian dissipation effect.

Figure 12: periodic evolution of crack lips relative velocity

Fig. 13 shows the typical periodic evolution of the specimen elongation rate.
It is possible, also in these time evolution plots, to clearly detect the different
effect of Coulombian dissipation in the loading/unloading cycles due to the
introduced elastic nonlinearity.
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Figure 13: Periodic evolution of the specimen elongation rate

4 Conclusions

The modelling process presented in the present paper proves that it is possible,
by means of a simple nonlinear system of ordinary differential equations, to care-
fully describe both quantitatively and qualitatively the available experimental
evidence on compression of cylindrical modified concrete specimen. In partic-
ular, it is proven that, even if the applied compression force is related to elon-
gation by a (nearly) linear relationship, some nonlinearities in the dissipation
loop may be ascribed to nonlinear elastic phenomena involving the newly intro-
duced microstructural parameter which describes internal micro-motions. More
precisely, we want to interpret the physical meaning of this micro-structural
parameter in terms of the overall relative displacement of the lips of the cracks
which characterize the microstructure of concrete-type specimens.

The time rate of the same micro-structural parameter is the source of the
only friction effect considered in this paper: the one related to Coulomb friction
force.

By means of a series of numerical simulations, we have proved that a phys-
ically reasonable set of ranges for introduced constitutive parameters can be
found which describes the whole variety of dissipation loops measured in [94].

The presented results justify the need for more complex models in order to
describe i) bending and compression periodic deformation of considered cylin-
drical specimen, ii) coupling between bending and shear with micro-deformation
iii) more complex micro-motions in which relative displacement of crack lips may
depend on the orientation and localization of cracks iv) the longer range effects
of micro-cracks-induced micro-deformation in the neighborhood of considered
REV, i.e. those effects which can be modeled by allowing for the dependence of
deformation energy on higher gradients of introduced kinematical fields.
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[42] F. dell’Isola, C. Woźniak, On continuum modelling the interphase lay-
ers in certain two-phase elastic solids, ZAMM Zeitschrift fur Angewandte
Mathematik und Mechanik 77 (7) (1997) 519–526.

[43] F. dell’Isola, P. Seppecher, The relationship between edge contact forces,
double force and interstitial working allowed by the principle of virtual
power, Comptes rendus de l’Académie des Sciences Serie IIb 321 (1995)
303–308.

[44] F. dell’Isola, L. Rosa, L., C. Wozniak, Dynamics of solids with micro
periodic nonconnected fluid inclusions, Archive of Applied Mechanics 67
(4) (1997) 215–228.

[45] F. dell’Isola, L. Rosa, L., C. Wozniak, A micro-structured continuum mod-
elling compacting fluid-saturated grounds: The effects of pore-size scale
parameter, Acta Mechanica 127 (1-4) (1998) 165–182.

[46] F. dell’Isola, K. Hutter, What are the dominant thermomechanical pro-
cesses in the basal sediment layer of large ice sheets?, Proceedings of the
Royal Society of London. Series A: Mathematical, Physical and Engineer-
ing Sciences 454 (1998) 1169–1195.

[47] F. dell’Isola, S. Vidoli, Damping of bending waves in truss beams by
electrical transmission lines with PZT actuators, Archive of Applied Me-
chanics 68 (9) (1998) 626–636.

[48] F. dell’Isola, S. Vidoli, Continuum modelling of piezoelectromechanical
truss beams: An application to vibration damping, Archive of Applied
Mechanics 68 (1) (1998) 1–19.

[49] F. dell’Isola, R. Batra, Saint-Venant’s Problem for Porous Linear Elastics
Materials, Journal of Elasticity 47 (1997) 73–81.

[50] F. dell’Isola, M. Guarascio, K.A. Hutter, Variational approach for the de-
formation of a saturated porous solid. A second-gradient theory extend-
ing Terzaghi’s effective stress principle, Archive of Applied Mechanics 70
(2000) 323–337.

[51] F. dell’Isola, A. Madeo, P. Seppecher, Boundary conditions at fluid-
permeable interfaces in porous media: A variational approach, Interna-
tional Journal of Solids and Structures vol. 46(17) (2009) 3150–3164.

25



[52] A. De Simone , A. Luongo, Nonlinear viscoelastic analysis of a cylindrical
balloon squeezed between two rigid moving plates, International Journal
of Solids and Structures 50 (2013) 2213–2223.

[53] A. Di Egidio, A. Luongo, A. Paolone, Linear and non-linear interactions
between static and dynamic bifurcations of damped planar beams, Inter-
national Journal of Non-Linear Mechanics 42 (1) (2007) 88–98.

[54] U.E. Shamy, C. Denissen, Microscale energy dissipation mechanisms in
cyclically-loaded granular soils, Geotechnical and Geological Engineering
30(2) (2012) 343–361.

[55] V.A. Eremeyev, A.B. Freidin, L.L., Sharipova, Nonuniqueness and Sta-
bility in Problems of Equilibrium of Elastic Two-Phase Bodies, Doklady
Physics 48 (7) (2003) 359–363.

[56] V.A. Eremeyev, W. Pietraszkiewicz, The nonlinear theory of elastic shells
with phase transitions, Journal of Elasticity 74 (1) (2004) 67–86.

[57] V.A. Eremeyev, Acceleration waves in micropolar elastic media, Doklady
Physics 50 (4) (2005) 204–206.

[58] V.A. Eremeyev, H. Altenbach, N.F. Morozov, The influence of surface
tension on the effective stiffness of nanosize plates, Doklady Physics 54
(2) (2009) 98–100.

[59] V.A. Eremeyev, W. Pietraszkiewicz, Thermomechanics of shells undergo-
ing phase transition, Journal of the Mechanics and Physics of Solids 59
(2011) 1395–1412.

[60] A.C. Eringen, Microcontinuum field theories, Springer-Verlag, New York,
2001.

[61] A.C. Eringen, E.S. Suhubi, Nonlinear theory of simple microelastic solids:
I, Int. J. Eng. Sci. 2 (1964) 189–203.

[62] A.C. Eringen, E.S. Suhubi, Nonlinear theory of simple microelastic solids:
II, Int. J. Eng. Sci. 2 (1964) 389–404.

[63] A.C. Eringen, D.G.B. Edelen, On nonlocal Elasticity, Int. J. Eng. Sci. 10
(1972) 233–248.

[64] A. C. Eringen, Microcontinuum Field Theories I. Foundations and Solids,
Springer Verlag, 1999.

[65] G. Fantozzi and I.G. Ritchie, Internal friction caused by the intrinsic prop-
erties of dislocations, J. Phys. Colloques 42, C5-3-C5-23 (1981).

[66] G. Fantozzi, C. Esnouf, W. Benoit, I.G. Ritchie. Internal friction and mi-
crodeformation due to the intrinsic properties of dislocations: The Bordoni
relaxation, Progress in Materials Science 27(3-4) (1982) 311–451.

26



[67] S. Federico, W. Herzog, Towards an analytical model of soft biological
tissues, Journal of Biomechanics 41(16) (2008) 3309–3313.

[68] S. Federico, T.C. Gasser, Nonlinear elasticity of biological tissues with
statistical fibre orientation, Journal of the Royal Society Interface 7 (47)
(2010) 955–966.

[69] S. Federico, W. Herzog, On the permeability of fibre-reinforced porous
materials, International Journal of Solids and Structures 45 (7-8) (2008)
2160–2172.

[70] M. Ferretti, A. Madeo, F. dell’Isola, P. Boisse, Modelling the onset of shear
boundary layers in fibrous composite reinforcements by second gradient
theory, ZAMP (2013) in press.

[71] S. Forest, R. Sievert, Nonlinear microstrain theories, Int. J. Solids Struct.
43 (2006) 7224–7245.

[72] S. Forest, Micromorphic Approach for Gradient Elasticity, Viscoplasticity,
and Damage, Journal of Engineering Mechanics 135(3) (2009) 117–131.

[73] S. Forest, N.M. Cordero, E.P. Busso, First vs. second gradient of strain
theory for capillarity effects in an elastic fluid at small length scales, Com-
putational Materials Science 50 (2011) 1299–1304.

[74] Germain, P., 1972. Sur l’application de la méthode des puissances
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[81] F. Hernàndez-Olivares, G. Barluenga, M. Bollati, B. Witoszek, Static and
dynamic behaviour of recycled tyre rubber-filled concrete, Cement and
Concrete Research 32 (2002) 1587–1596.
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