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Dynamics of periodic Toda chains with a large
number of particles

D. Bambusi? T. Kappeler! T. Paul*

September 21, 2013

Abstract

For periodic Toda chains with a large number N of particles we con-
sider states which are N~2—close to the equilibrium and constructed
by discretizing any given C?—functions with mesh size N~!. For
such states we derive asymptotic expansions of the Toda frequencies
(wWN)ocn<n and the actions (I)g<n<n, both listed in the standard
way, in powers of N~! as N — oco. At the two edges n ~ 1 and
N —n ~ 1, the expansions of the frequencies are computed up to
order N—3 with an error term of higher order. Specifically, the coeffi-
cients of the expansions of w) and w%_n at order N3 are given by a
constant multiple of the n’th KdV frequencies w;, and w; of two peri-
odic potentials, g_ respectively ¢y, constructed in terms of the states
considered. The frequencies w) for n away from the edges are shown
to be asymptotically close to the frequencies of the equilibrium. For
the actions (IY)o<n<n, asymptotics of a similar nature are derived.

1 Introduction

In this paper we study the asymptotics of the dynamics of periodic Toda
chains with a large number of particles of equal mass for initial data close
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to the equilibrium. Toda chains were introduced by Toda [20] as a class of
special Fermi Pasta Ulam (FPU) chains with the main feature that they are
integrable Hamiltonian systems. The Hamiltonian of the Toda chain with N
particles is given by

1 N N
H f— 5 szb + Z GQn_QnJrl
n=1 n=1

where ¢,, denotes the displacement of the n’th particle from its equilibrium
position and p,, its momentum. It is convenient to define (g,,p,) for any
n € Z by requiring that (¢,+n, Pnin) = (Gn, Pn) Y1 € Z. Note that the total
momentum le\il p; is a conserved quantity of the Toda flow and hence the
Hamiltonian equations of motion imply that the center of mass % EnNzl qn
moves at constant speed. Hence when considered relative to the motion of
its center of mass, the Toda chain has N — 1 degrees of freedom.

Flaschka [9] introduced the variables b = (b,)1<n<n, @ = (an)1<n<n defined
by b, = —p, € R, a, = e2(@—an+1) > ( and showed that when evolved along
the Toda flow the corresponding equations of motion of b, a can be described
by a Lax pair (L, B),

L=[B,L] (1.1)
where the N x N matrices L = L(b,a) and B = B(a) are given by
bl aq 0o ... 0 an 0 aq 0 e 0 —an
ay b2 Aoy ... 0 0 —a 0 as ... 0 0
0 ay by ... O 0 0 —ay 0 ... 0 0
. . and . .
0 bel anN—1 0 0 anN—1
an 0 anN_—1 bN an 0 —aN-1 0

respectively. Note that by the periodicity of the g¢,’s, HN a, = 1 and

=1
hence the position of the center of mass cannot be recoverercll from the a,’s.
However the latter is easily reconstructed from its initial condition and the
total momentum — ZnNzl b,. In the sequel, we exclusively concentrate on the
system described by (1.1), viewing it as equivalent to the Toda chain and
referring to it by the same name. Actually, it is convenient to choose a slightly
larger space for the variable a by requiring only that a = (a,)1<n<n € RY.
First we note that b, a are not canonical variables. In fact, when express-
ing the Hamiltonian equations of motion of the Toda chain in terms of the




variables b, a, the corresponding Poisson bracket is degenerate. The level
sets

N N
Leie, :=1(b,a) € RY x R]>V0 : an = ¢y Han =y}
n=1 n=1

are the corresponding symplectic leaves. As already mentioned, when re-
stricted to such a leaf, the system has N — 1 degrees of freedom. Using (1.1),
it can be shown to be an integrable system of N —1 coupled oscillators, mean-
ing that it admits globally defined Birkhoff coordinates — see [13] for details.
In particular, its invariant manifolds are smooth tori. As a consequence, the
dynamics of such chains is quasi-periodic in time. Furthermore, in terms of
the spectrum of L(b,a), which by (1.1) is preserved by the Toda flow, there
is a canonical choice of N — 1 globally defined actions I = (I,,)ocn<n € RY;!
— see [13] for details as well as Section 3. They parametrize the invariant tori
T; and allow to read off their dimension, dim 7; = |{0 < n < N|I,, > 0}|.
Furthermore, the Toda Hamiltonian H can be expressed as a function of 1
which we again denote by H. In fact, H is a real analytic function of I and
the total momentum. The frequencies corresponding to this canonical choice
of actions are denoted by w,,(I) = 9r,H. We refer to w(I) = (w,(1))o<cn<n as
the frequency vector corresponding to I. As an aside we mention that actions
are uniquely determined only up to unimodular transformations. Neverthe-
less, the dynamics on such a torus can be described in a coordinate free way
in terms of the frequency map. More precisely, let x = (b, a) be an arbitrary
point on a leaf £, ., and denote by 7T (x) the invariant torus containing z.
Let M = M(z) be the frequency module of T (z), consisting of all integer
combinations of wy,...,wn_1,

M={k-w:keZ" '} CR.

Note that M doesn’t depend on the choice of the actions and thus is invari-
antly defined. It plays an important role when analyzing data of the evolution
of systems such as Toda chains — see e.g. [18]. For any given complex valued
function f defined on L., ., and any = € L., ., let f.(t) := f(P'(x)) where
x +— ®(z) denotes the Toda flow. The support of the Fourier transform of
fz(t) with respect to the real variable ¢ is then contained in the frequency
module M and if f is sufficiently regular, f,(t) takes the form

fo(t) = > aa(k) expliva(k)t)

k‘EZN*I



where ¢, : Z¥~! — M is a linear map and a, : Z¥~! — C has appropriate
decay conditions. In the case at hand, ¢, can be chosen to be ¢, (k) = k-w(I)
where [ is the action of T (x). For more details see e.g. [16], Section 3.

The aim of this paper is to compute the asymptotics as N — oo of the
frequencies and actions of states which are N~2-close to the equilibrium 0y =
0,..,0), 1y =(1,...,1). As KdV frequencies will play an important role for
describing these asymptotics we first need to review some features of the
KdV equation in the periodic set-up. It turns out that for our purposes, the
period of the space variable is equal to % Recall that the (generalized) KAV
equation with parameters dy,ds € R

0ig = di(=02q + 690,q) + dodrq , L ER, x € R/(Z/2)
is an integrable Hamiltonian PDE with Hamiltonian

1 1

Haya, = h /2 (1(@61)2 +¢°)da + o /2 ¢ dx
0o 2 2 Jo
Note that given any solution, the average is a conserved quantity. For our
purposes it suffices to consider solutions in Sobolev spaces H{,s > 2, of
elements in H*® with mean zero. Such solutions exist globally in time and
are almost periodic, evolving on invariant sets which are tori, generically of
infinite dimension. These invariant tori are parametrized by globally defined
actions which have the property that on H}, the KdV Hamiltonian can be
expressed as a real analytic function of them alone. Furthermore, the KdV
frequencies are given by the partial derivatives of the KdV Hamiltonian with
respect to these actions. See [16] for details. Note that Hg 4, is a linear
combination of the first two Hamiltonians H; and H, of the so called KAV
hierarchy, where

1 [2 N
Hl(q)zé/o q2d33 and HQ(Q)ZA (5(8:1:Q>2+q3)dx

To state our first result, assume that 3, a are in the space CZ(T) = CZ(T, R)
of one periodic, real valued functions of class C? and mean 0. The space
CZ(T) is endowed with the standard supremum norm || f||c.

For any N > 3, we then introduce the periodic Toda chain with /N particles,
defined in terms of Flaschka coordinates by

1

1
b = v (%) and o) = 1+ma(%). (1.2)
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Alternatively, one can consider

where ¢ is the element in C3(T), satisfying ¢’ = a. Using that

Q,qu - (L]@VH (ijv - QT]LV+I —4 N -3
eXp(f):l—l-#—'—O(N ):an—i—O(N )
one can show that our results stated below hold for either of the two dis-
cretizations. See the remark at the end of Section 2 for details. In this
paper, we concentrate on the case where the data is given in the form (1.2)
Denote by wY and IN, 0 < n < N, the frequencies and actions, correspond-
ing to (b, a"). To describe their asymptotics as N — oo introduce the two
potentials

q+(z) = —2a(27) F B(22).
Note that they have period 1 and are of class C?. Let Iji and wji = 0,:Ho,

J > 1, be the corresponding KdV actions and frequencies and define the
following sequence of KAV Hamiltonians (N > 2)

1 1 1
N [ — S
Hiav =5 =54 (21\])37’1{2

whose frequencies can be computed to be

2mn 1 1
O Hiay (qs) = o — =575 s Wi -

N~ 24(2N)

To describe the asymptotics of the frequencies w” for n ~ 1 and n ~ N — 1
consider functions F': N — R, satisfying
(F) A;im F(N) = o0; F' increasing; F(N) < N" with n > 0.

—00
Theorem 1.1 Let F': N — Ry satisfy (F) withn < 1/3 and set M = [F(N)].
Then the asymptotics of the frequencies (W2 )ocnen of (O, a) defined by
(1.2) are as follows:
at the left and right edges: for 1 <n < F(M)

(1.3)

1 2P (M 1
o = 0 Mk + 0 (35 (i )

m( M1/2 Jr117(]\/[)5/2)

bt



1 n?F(M) 1
N N
WN_p = [;HKdV + O (m( M1/2 + F(M)5/2)> (]_4)
in the bulk: M <n< N —M
N o TN log M
Finally, for F(M) <n <M
2mn n3 2mn n3

These estimates hold uniformly in 0 < n < N and uniformly on bounded
subsets of functions «, B in C2(T).

We remark that uniformly for 1 < n < F(M), the error terms in the asymp-
totics (1.3) and (1.4) have stronger decay as N — oo than the principal terms
O HRg = 22 — % (2]{,)3 w in view of the asymptotics wE = (4nm)? + O(1)
(cf Section 4).

To state the asymptotics of the actions I, 0 < n < N, we first need to
introduce some additional notation. Recall that the Hill operators Hy :=
—0? + q4, associated to the potentials g1, come up in the formulation of the
KdV equation in terms of a Lax pair. In particular, the spectrum of H.,
when considered with periodic boundary conditions on the interval [0, 1], is
preserved by the KdV flow. It is pure point and consists of real eigenvalues
which when listed in increasing order and with their multiplicities satisfy

MNE< A<M <.

For any n > 1, the difference ;* := A\, — AL | is referred to as n’th gap
length. Tt is well know that the decay properties of v as n — oo are
related to the smoothness of ¢.. In particular, as ¢1 are of class C?, one has
>oo2  n*(vF)? < oo, hence in particular v;F = O(n™?).

Theorem 1.2 Let F : N — Ry satisfy (F) withn < 1/2 and set M = [F(N)].
Then the asymptotics of the actions IN = (IN)oo,<n of the states (Y, a)
defined by (1.2) are as follows:

at the left and right edges: for 1 <n < F(M)

M2F(M) M3 F(M) M>

21N _ 71— —
SNIn—[n+O(— +7n<W+W)

N M1/2 N3/2 <17>
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M2E(M)  MP F(M) M
2N
SN, = I+ O(Sr =i + v T (G T 7)) (19)
in the bulk: M <n < N/2
1 1
N N
]"’IN*":O<TLM2W>
whereas for F(M) <n < M,
1 MY 1 1 MY 1
1 =0( ()P +53)7s) A= O0( (0P + 5) 7):
n n((’Yn) +N2)N2 ) N—n n((’Yn) +N2)N2

These estimates hold uniformly in 0 < n < N and uniformly on bounded
subsets of functions a, 3 in C3(T).

The following remark comments on the implications of Theorem 1.1 and
Theorem 1.2 on the approximation of the Toda chain with initial data given
by (bY,a™) by KdV type solutions. For simplicity we assume that F'(N) =
N with 0 < 5 < 1/3. Then M = [N"] and F(M) ~ N'".

Remark 1.3 In Birkhoff coordinates, the n'th component (xzX(t),yX(t)) of
the solution, 0 < n < N, is of the form

(2 (), 4 (1)) = V2IN (cos(B)) + tw,),sin(0, +twy)) if L) #0
and zero otherwise where 0Y is the n'th angle coordinate, determined by the
wniatial data. For any given N, it evolves on the torus

TV = {@, yN)ocnen] (@) + (yN)? = 2IY V0 < n < N}.

n

First note that according to Theorem 1.2 the size of the components of the
solution in the bulk is small in the sense that

1 1 log N
> 1 =0(plgEt )

F(M)<n<N—-1-F(M)

Here we used the fact mentioned above that Y -, n*(y;F)? < oo. Hence for
N sufficiently large, the solution of the Toda chain with initial data (b~ ,a™)
can be viewed as a small perturbation of a long wave obtaind from the solution
by setting the components (x2 (1), yX (t)) with F(M) <n < N —1— F(M)
to zero.



Secondly we note that it follows from Theorem 1.1 that on a time interval
of size larger than N3, these long waves are approzimated by two KdV type
solutions. More precisely, in the case where 0 < 1 < . one has for any

11°
1<n<F(M) by (1.3) and (1.4),

1

Wiv - a[g,H%dva Wﬁ—n - asz%dv = O(W)'

Hence the approximation of solutions of Toda chains considered above is valid
on a longer time interval than the one obtained in [3] (cf also [21]).

The asymptotics of the Toda frequencies up to order 5 — which in principle
is possible — will incorporate in (1.3)-(1.4) further terms, conjecturely involv-
ing the third Hamiltonian of the KdV hierarchy, and thus will provide an
approzimation beyond the one by KdV type solutions.

Outline of the proofs of Theorem 1.1 and Theorem 1.2: A first key ingre-
dient are the asymptotic expansions of the eigenvalues of Jacobi matrices
L(bY,a") obtained in our paper [2], having the novel feature that they in-
volve the periodic eigenvalues of two independent Hill operators. Secondly,
we rely on the rich structure of periodic Toda chains and the KdV equation
related to their integrability. In particular, we use that their spectral curves
are of a very similar nature. The proof of Theorem 1.2 involves formulas,
representing the Toda and KdV actions as periods of differentials on the cor-
responding spectral curves where the cycles involved are closely related to
the spectrum of the underlying Jacobi matrices respectively Hill operators.
The spectral curve as well as the differentials are expressed in terms of the
discriminants, associated to the Toda chains respectively KdV equation and
the asymptotics of the Toda actions are obtained from the asymptotic expan-
sion of the discriminant Ay (u), associated to the sequence of Toda chains
(1.2), derived in [2] — see Section 2 for a precise statement of this result.
The proof of Theorem 1.1 is more involved. Again the Toda and the KdV
frequencies can both be represented as periods of certain differentials on the
corresponding spectral curves. Unlike in the case of the actions there are
however significant structural differences between the differentials involved
in the two cases. To continue we first need to introduce additional notation.

It turns out to be more convenient to double the size of the Jacobi matrix
L(bY,a") and to consider

W= L(N, V), (aV,a")).

8



The eigenvalues of the symmetric 2N x 2N matrix Q(fv’ﬁ when listed in in-
creasing order and with their multiplicities then satisfy

N N N _ N
Ap <A1 <A < <)‘2N3<)‘2N2<>‘2N1

Precise asymptotics as N — oo of the spectrum of Q%° were derived in [2]
and are recalled in Section 2. Furthermore, let xn(u) be the characteristic
polynomial of Q%"
xn(p) = H (1 — AkN)
0<k<2N-1

By Floquet theory, it equals A% (1) — 4 up to a u—independent factor where
An(u) is the discriminant of the Toda chain (b™,a") (see Section 2). This
factor has been computed in [2],

N
AN () —4=aqy’xn(p)  with  qy =[] al". (1.9)

n=1

Finally denote by /A% (u) — 4 the canonical root of A% (i) — 4, defined for
e C\ ((—oo, YTU DN AU -+~ UMy, 00)) by the sign condition

VAN(p+i0)2—4>0  Yu>MANy, (1.10)

and set /xn(p) = qn/An(p)? —4. The representation of the Toda fre-

quencies used for deriving their asymptotics is the following one

N R N
NN — /AQ”‘1 (b — PN/N)AN Y e e (mdp
oAy VAR —0) 0Zpon N V(e —i0)
I{C\’;&o
‘ (1.11)
Here py is the trace of L(b"Y,a), py = trL(b",a"), Ax(p) = %AN(M) and

for any 0 < n < N, ¢~ (i) is a polynomial of degree N — 2,

Nmn
N = ] =™,
0<]€/;<N

whose N — 2 zeroes (a,iv’")o<k¢n< ~ are uniquely determined determined by
the N — 2 normalization conditions

L SD"()du_o VO<k+#n<N. (1.12)

N ‘C/XN



Here (T'Y )o<k<n, denote pairwise disjoint counterclockwise oriented contours
in C, chosen in such a way that A, ,, A} are inside of T'Y whereas all other

eigenvalues of Q%° are outside. (Actually, (\jkNi(—lz))d,u)kk ~ are differential
X (p

forms on the spectral curve defined by x (1) — see Section 4 for more details.)
Unlike for the corresponding formula for the KdV frequencies, (1.11) is a
system of equations for the frequencies (W)Y )o<,<n rather than a formula as
the Toda frequencies also appear on the right hand side of the identity (1.11).
Fortunately, the two terms on the right hand side of (1.11) are not of the
same order as N — oco. It turns out that the first one dominates the second
one, suggesting to use a two step approach to prove the claimed asymptotics.
In a first step (Section 6), we compute the leading order of the asymptotics
of w!, using the following alternative representation of the Toda frequencies.

Theorem 1.4 The frequenciesw?, 0 < n < N, of the states (b, av) defined
by (1.2) are strictly positive, wY > 0, and given by the expression

W = ( ! on (1) dﬂ)_l. (1.13)

! 21 Jrn /xn (1)

We use Theorem 1.4 to prove the asymptotics (1.5) of the frequencies in the
bulk in Section 6, Proposition 6.2. In a second step we establish the asymp-
totics (1.3), (1.4), and (1.6) of Theorem 1.1. The proof of these asymptotics
is based on formula (1.11), uses the first order asymptotics mentioned above
and relies on a comparison with corresponding formulas for the KdV frequen-
cies (Section 4) as well as the asymptotics of the zeroes of the functions ¢’
(Section 5) and the Toda actions I'¥ (Section 3). The formulas (1.11) of the
Toda frequencies are reviewed in Section 4. There we also prove Theorem
1.4. The higher order asymptotics (1.6) are shown in Proposition 7.1. Using
a symmetry of the Toda chain, discussed in Appendix E, the proof of (1.4)
can be reduced to the one of (1.3). The latter asymptotics are proved in
Section 7 using auxilary estimates derived in Appendix D.

Related work: In the fifties, Fermi, Pasta, and Ulam introduced and stud-
ied a model consisting of a chain of particles interacting with their nearest
neighbors through nonlinear strings, referred to as FPU chain. Expecting
that the thermalization of small energy solution of such chains is valid they
wanted to compute in numerical experiments the partition of energy among
the normal modes of the linearized chain to see at what rate equipartition of
energy is achieved. Much to their surprise, instead of equipartition of energy,

10



they observed recurrent features of these solutions. Their report [8] had a far
reaching impact. To our days, the questions raised with their experiments
have been intensely studied. However, the question if thermalization occurs
has not been settled so far. It requires to compute delicate asymptotics for
large number of particles. For status reports on the investigations of the
FPU chains at the occasion of the 50th anniversary of the FPU experiments
see the articles/books [4], [6], [11].

Formally, the dynamics of FPU chains of particles corresponding to long
wave initial data can be approximated by solutions of the KdV equation at
least for some interval of time — see e.g. [22], [20], [7]. But only recently this
has been rigorously proved for certain classes of initial data ([21], [3]). More
precisely, in [21] it was proved that for long waves on the real line with initial
date of size €? and sufficiently strong decay, the corresponding solutions of the
FPU chain can be approximated up to a translation by the superposition of
a right—going and a left-going wave, both evolving according to KdV, over a
time interval of order e~3. Despite the fact that in the periodic set-up, waves
interact much stronger, an analogous result for special type of analytic initial
data could be proved in this set-up as well by [3].

In the case of the Toda chain, Toda himself formally addressed the problem of
approximating solutions of the Toda chain by solutions of KdV with the aim
of explaining the recurrent features of FPU chains at least in this integrable
case — see [20]. Typically, in investigations of this kind, a limit of Toda chains
of the type describe above is obtained by computing the formal limit of the
Jacobi matrices L for a sequence of initial data, obtained by discretizing two
given smooth functions, one for the diagonal and the other for the upper
(and hence also lower) diagonal of L. In such a way one gets formally that
L approaches a Hill operator which via the Lax pair formalism then leads
to a solution of the KdV equation. The fundamental question then arose
how a second Hill operator can be found providing the second solution of
the KdV equation needed to describe the above mentioned approximation of
long waves of periodic Toda chains.

To answer this question, we used as a key ingredient the discovery made in
[5] that the Jacobi matrix describing the Toda chain with N particles can be
viewed as the (geometric) quantization with Planck constant i of a Hamil-
tonian system on the torus T2, and the limit of such periodic Toda chains as
the semiclassical limit of this quantization where the number N of particles
of a chain coincides with the inverse of the mesh size of the discretization as
well as with 5. This observation was used in a crucial way in paper [2] (cf

11



also [1]) where among other results we proved an asymptotic expansion in
N~ of the eigenvalues of the Jacobi matrices in terms of the eigenvalues of
two Hill operators with potentials ¢, respectively ¢_, introduced above.

Acknowledgments: The authors would like to thank the CNRS, the Ecole
polytechnique, the Swiss National Science Foundation, the University of Mi-
lan and the University of Ziirich for financial support during the elaboration
of this work.

2 Spectral asymptotics

For the convenience of the reader, we recall in this section results established
in [2] which will be used throughout in the sequel. The first result concerns
the asymptotics of the eigenvalues

N <A SAY < < Aoy S Ave < Ay
of the Jacobi matrices
W =N, dV) = LN, bY), (a",a™)) (2.1)

where (b, a) are the states introduced in (1.2),

1 n 1 n .
b = mh(5). @ =1+ pmolsy) with fae GH(T).

Explicitly, the symmetric 2N x 2N matrix Q?‘Vﬁ is given by

A 0 ak
a¥y by a0 ..o L 0
0 af oY & 0 ... ... .. 0
@10 ... 0 o, BN a8 0 ... ... 0
0 ... ... 0 a¥ b)Y a¥y 0 0
0 ... oo i oo 0 aN, BN, dN
ay 0 0 o, oY

12



Using Floquet theory (cf. e.g. [12]) one sees that the eigenvalues of L(b",a™)

can be identified among the ones of Q(b",a”) as follows: if N is even they
are
Ay <A <A < < Anvos S A < Ay (2.2)
and hence
An(p) —2=a5' (n=2) =2 ) T (=200 =A%)
0<k<N/2

whereas if N is odd

A A <A S AT < <A S Mvs < Ay (2.3)
leading to
An(p) —2=qy' (n — Aon-1) H (1 = Aea) (1 — N 3)-
0<k<N/2

To describe the asymptotics of AY at the edges, n ~ 1 or n ~ 2N — 1, we
introduced in [2] two Hill operators Hy := —0? + g+ with potentials

g+ () = —20(22) F B(22). (2.4)

The periodic eigenvalues (AE),>o of Hi on [0, 1], when listed in increasing
order and with multiplicities are known to satisfy

M <A <A <A <AF <
As g+ have average zero, one has in addition that )\(T < 0.

Theorem 2.1 Let F : N — Ry satisfy (F) withn < 1/2 and set M = [F(N)].
Then for any «, 8 in C2(T), the asymptotics of the eigenvalues (AN )o<n<an—_1
of Q%ﬁ are as follows:

at the left and right edges: for 0 < n < 2M

1 M? M?
)\nN =2+ 4N2)\n + O(N3 )7 )‘évalfn 2 - W)\: + O( )

in the bulk: formn =20,20 —1 with M <{ < N — M,

I 1
AV = —ZCOSN+O(MN2)
These estimates hold uniformly in 0 < n < N and uniformly on bounded
subsets of functions «, 3 in C3(T).
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The second result which we recall from [2] concerns the asymptotics of the
discriminant associated to the difference equation

an y(k — 1) + 0y y(k) +ayy(k+1) = puy(k) Yk e Z. (2.5)
The discriminant is the trace of the Floquet operator of (2.5) and given by
An () =y (N, p) + y2(N + 1, )
where yf¥ and ¢’ are the fundamental solutions of (2.5) determined by
yi(0,p0) =1, y1(1, ) =0 and (0, p) =0, yo(L,p) = 1.

Analogously, the discriminant AL () = A(A, ¢+) of

=y (2, A) + g (2)y(z, A) = Ay(z, M), (2.6)
is defined as the trace of the Floquet operator associated to (2.6),

Ar(N) = (1/2,0) + (7)) (1/2,A)

where yi-(z,A) and (y5)'(x, \) are the fundamental solutions of (2.6) deter-
mined by

yi(0,A) =1, (y7(0,1)) =0 and  y5(0,A) =0, (53°(0,1)) =1.
For F': N — Rs; as in Theorem 2.1 and M = [F(N)] let
A= A = 2, X5 p iy + 2+ i[-2,2]
and choose Ny € Z>; so that
N1 = Agp 26V k> F(F(Np)) (2.7)

By the Counting Lemma for eigenvalues of Hill operators, Ny can be chosen
uniformly for subsets of function «, 8 in C3(T).

Theorem 2.2 Let F' : N — Ry satisfy (F) withn < 1/2 and set M = [F(N)].
Then for any a, B € CZ(T) and N > Ny, one has uniformly for X in A;’M,

1 F(M 2
Similarly, uniformly for X in A;—,M
1 F(M)?
An(2 - 3 = A + o () 29)

These estimates hold uniformly on bounded subsets of functions a, 3 in Ca(T).
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The latter theorem has been applied in [2] to obtain asymptotics for the
derivatives of the descriminant. In this paper we will need such asymptotic
estimates for the first derivative, Ay (u) := %AN(N)- Let

+ M .
AT =0 = L A ey + U i1,

Then, under the same assumptions as in Theorem 2.2 the following holds:

Corollary 2.3 Uniformly for \ in Al_’M

. 1 oy F(M)?
A (—2+ 550 = (1) A,(A)+0( = )

. : M
and similarly, for X in AT

LW)

1 .
——— Ay o

1 )
A2 ) = A +o(

These estimates hold uniformly on bounded subsets of functions a, 3 in C3(T).

For later reference we record that in view of (1.9) and (2.2) - (2.3), Ay (p)
admits the product representation

An(p) = Nay' - T (=) (2.10)

0<k<N
where the zeros (AN)gcn<n of Ay (j) are listed in increasing order and satisfy
A <AV <A vo<n<N.

Remark 2.4 As mentioned in the introduction, instead of considering the
states (BN, a"), alternatively, one could consider (dV,cV), obtained by ex-
pressing (p~, ¢V) in Flaschka variables. Recall that the components of (p™, ¢™)
were defined in Section 1 by

n 2 n
o=l ) wmd gl =—g5ey)

where & is the element in C3(T), satisfying & = «. Note that d~ = bV
whereas ¢ = al + O(N73) for any 1 <n < N. Indeed, as

1 N—1 n n " . i

15



one concludes that

7 — ¢V 7 — ¢V
o = exp(T) = 14 B mE 4 0N = + O(N)

where the error term is uniform for o in a bounded subset of the Banach
space CZ(T). Let Q(bN,a™) = L((bV,bN), (a,a™)) and similarly, define
Q(dN,cN). The operator norm of the difference Q(bY,a™) — Q(d™,cN) can
thus be estimated by

QMY a™) — Q" )|l = |Q(0n, a™ — )| = O(N?)

Therefore the spectrum of Q(c™,d™) is N=3-close to the one of Q(b™,a").
Theorem 2.1 thus remains true if (b, a") is replaced by (dV,cN). In view
of Proposition 8.1 in [2], it also follows that Theorem 2.2 and Corollary
2.8 remain true for (dV,cV). We leave it to the reader to go through the
arguments used in the proofs of the results of the paper to verify that they
remain valid if (BN, a™) is replaced by (dV,cV).

3 Asymptotics of the actions

The aim of this section is to prove the asymptotics of the action variables
for the states (b, a”) stated in Theorem 1.2. Without further reference, we
will use the notation introduced in the previous sections and assume that
the assumptions of Theorem 1.2 hold. To prove it we first derive asymptotic
estimates for IV not involving KdV actions and valid for any 0 < n < N. In
the case where \Y | < AY | the action variable IV is given by (cf [10], [12,

Section 3])
N N
L = ADAN )
Com g, VAR (e —i0) -4
and is zero otherwise. Recall that AY denotes the n’th zero of Ay (p) (Sec-

tion 2) and that the canoncial root /A% (1) — 4 was introduced in Section 1.
The above formula for the actions leads to the following estimates.

(3.1)

Proposition 3.1 (i) Forany 1 <n < M

1 - MA o1 1 M4 1
B =0(5 00+ o)) W= 0L+ 35) 53)

16



(i) For any M <n <X
11
N N
1 =0 ae)

The estimates hold uniformly in n and uniformly on bounded subsets of func-
tions «, 3 in C3(T).

Proof of Proposition 3.1: Clearly, we only need to consider 0 < n < N with
AY < ANV as otherwise, IV = 0. As by (2.10) and (1.9),

A =Nay - I =M, A —-4=a® [ (-2
0<k<N 0<k<2N—1
one then gets by the above formula for the actions

N [ (1 — AN)2 —A\N 1
N = / (w ) HMN k. du
AL \/)\

Mor = )= N i 6 U3/, — e = A )

where w (11) denotes the standard root, wi (u) = \/(,LL — ) (=AY ),
defined on C \ [A]],_,, )\évk] — see Section 5 for the determination of the sign.

Using the identity f Y OT u;(u v l)du = 7 and the mean value theo-

rem (cf Lemma C.6) one sees that there exists A\ | < u, < AY so that

NY2 _
N < N(v,) H e >\
A AT DS L

Using that 1 + 2 < e” for > 0 one has, with u = p.,

(b= A)? =M, ( %iv) o
< L il 1+ < exp ~ v |
14 < e - T (2 <o (S g

A
k<n k<n K 2k k<n 2k

and similarly [],.,, w{g’(u)) < exp (Zk>n ﬁ) . By Proposition A.1 it

then follows that [],_, ﬁ = 0(1), yielding

N2

Y=ol oo o) o

17



We now discuss the asymptotics of I[N N — oo, in the four cases listed in
the statement. To get the claimed estimate for [T]LV with 1 < n < M note

that by Theorem 2.1, (vY)2 = O(ﬁ((%?)z + %_;l)) and

N

L R A ] s

yielding the claimed estimate IV = O (51 ((v,)* + M2Y). The one for IY_,
is shown similarly. In the case M < n < &, Theorem 2.1 implies (7.)?
O (i) as well as (AY,_; — A))71/2 = O(%). Indeed, as by (C.2), 2(1 —

cos(57)) = ’TN—"; one gets

2 A\ M2 11
AV AN = ™o Ao ( )
1 =20 = J e TO
yielding in view of the inequality A; < 0 (cf Section 2) the stated estimate.

Combining the above estimates leads to I,iv =0 (m\ld2 %) In the case % <

n < N — M one argues in a similar fashion. Going through the arguments
of the proof one verifies that the claimed uniformity statement holds. O

To prove the asymptotic estimates (1.7) and (1.8) of Theorem 1.2, we will
use the following version of the above formulas of the actions (cf [10], [13])

v_ 1 X NonAn (1)
Iy =~ " arcosh ((—1) 5 Jdp Y1<n<N-—1. (3.4)
2n—1

The action variables of KAV can be expressed in a similar way (cf [10])

2 M AN

I = _/ arcosh ((—1)" x( ))d)\ V> 1. (3.5)
Q )\étnfl 2

In [16] one finds a detailed derivation of formula (3.5) for 1-periodic poten-

tials. As indicated in [10], the formula remains valid for potentials of any

given period.

Proof of Theorem 1.2: In view of Proposition 3.1 it remains to prove (1.7)
and (1.8). As both estimates can be proven in a similar way, we concentrate
on (1.7) only. So let 1 < n < M. By the change of variable p = —2 + —3\

4N?
in the integral in the above formula for IV one gets
1 [ven (=1)N-n A
27N _
ANPI = — /VN arcosh(TAN(—Q + m))dA (3.6)

2n—1

18



where for any 0 < j < 2N — 1 we set v)¥ = 4N*(AY 4 2). By Theorem 2.1
one has for any 0 < 7 < 2M,

M2

=X +O(N)

(3.7)
Let us consider first the case where v, = X;, — A3,_; > 0. Then with the
change of variable
4N2 N
o) = +——%2, 0<z<y,
Tn

one gets in view of the identity (3.4)

BN NN
sN2Y = & n p- Tn /0 f(2)dx (3.8)

Tn Tn T

where

f(z) = arcosh(HT_nAN(—Q + 25\3;2))) — arcosh(<_ )NA,(AQ’n_l +1)).

Note that by Theorem 2.2 one has

ng):(_zl)nA()\(:c))JrO( 7 ).

By (3.7), the first term on the right hand side of (3.8) can be estimated as

8NN I; M?
nI, =1, +0(Z—).
T (% V)

As I;7 = O(:(v,)?) (cf [16, Theorem 7.3]) one concludes that

SN M?
= —= 1, =1, +0(, nN). (3.9)

The second term on the right hand side of (3.8) is estimated by using that

1

arcosh is 5—Holder continuous (cf Lemma C.1). Indeed, together with the

fact that A_()) is Lipschitz continuous and therefore
A_(M@)) =AMz 1 +7) = O(Mx) = Ay g —7) = O
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one gets

F(M) M
f(z) = O( ]\§1/2) + N1/2)'
Hence
SN2yN 1 [ _ M F(M) M
S [T e = o6 + ) G+ ) 610)

Substituting (3.9) - (3.10) into (3.8) leads to

oM F(M) M
8N2[1]1V:[n +O((W+’7n)<w+w))

as claimed. Since the estimates are uniform with respect to the size of the
gap length ~,  one can use an approximation argument to extend the result
to the case where 7, = 0. Going through the arguments of the proof one
verifies that the claimed uniformity statement holds. O

To prove the asymptotics of the Toda frequencies stated in Theorem 1.1 we
will need in addition the asymptotics of the quantities J»,0 < n < N, given
by

PR R A
"0 if /N =0

in terms of J=,n > 1, given by

JE =

n

Lr/(2yf)  if >0
0 if 7= =0

Theorem 3.2 Uniformly in 1 <n < F(M) and uniformly on bounded sub-
sets of o, B in C3(T),

_ M F(M)
JN g N I =0(—= + —=).

Remark 3.3 The proof of Theorem 3.2 will show that both (JY)i<n<ar and
(J ) 1<n<nr respectively (JN . )i<n<nar, (L )1<n<nr are uniformly bounded with
respect to n and with respect to bounded subsets of functions a, 8 in CZ(T).
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Remark 3.4 In [12] and [16] it is established that for any fived N, IV =
O((vM)?) and IF = O((7F)?) uniformly on closed bounded subsets of vectors
(bya) in RY x RY, respectively of potentials in L*(T). Theorem 3.2 states
that the estimates for (JN)1<n<nr, (JN_,)1<n<nr are uniform in N.

Proof: The estimates for JY — J~ and JY_, — J are proven in a similar
way and so we concentrate on the first one only. We argue similarly as in
the proof of Theorem 3.2. Let 1 <n < F(M). First consider the case where
v, > 0. With the change of variable A = A\, _; + t7,,, one gets

A2n
I = %/ arcosh((—l)"AZO\))d)\

2n—1

_1)n

1
=2, — / arcosh(( A_(Ngy_y + t7y,,))dt.
T Jo

Note that the assumption v, > 0 together with the asymptotics 7Y = % +
@) (%—;) implies that for N sufficiently large one has v > 0. Hence with the
change of variable g =AY | + tvY one gets
v_ o nL [ (=D N N
IV =~)= [ arcosh(~——=——AN(A),_; + t7)))dt.
T Jo 2
We then conclude that

IN I~ 1 1 —1 N+n
’YLN _ 27"_ = ;/0 ( arcosh(%AN ()\9;71 + t%\/) )

— arcosh (<_21>HA_ (Mgt + tv;)) )dt

and as arcosh is %—Hélder continuous (cf Lemma C.1) one then has

oI - =)
= o = 0(sup [()Y AN+ 1) = A O, + 097 |7,
Vi Vn 0<t<1

As N+t = =24 (A5, + 1, + O(MTQ))ﬁ Theorem 2.2 implies that

| (DY AN gy + 1) = Ao (Mg +197) |

_ _ M2 -~ _ FM2 M2
= | A 17+ 0(57)) = A=y +17,) | +0< (M) +W)
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and by the Lipschitz continuity of A_ it then follows that
VAR e —O(F(M)+ M)
T NG T SN )
Since the estimates are uniform with respect to the size of the gap length
7, one can use an approximation argument to extend the result to the case
where v, = 0. Going through the arguments of the proof one verifies that
the claimed uniformity holds. O

4 Formulas for the frequencies

In this section we prove Theorem 1.4 and review formulas expressing the
frequencies of the periodic Toda chain and the KdV equation as periods of
certain differentials of cycles on the corrsponding spectral curves.

Spectral curves. The Toda curve Cny = C](\?’ﬁ ) corrsponding to the state
(BN, a") is defined as the affine curve

Cnv = {(1,2) € C*: 2* = A{(n) — 4}.

In case the spectrum of Qf‘v’ﬁ is simple, it is a two sheeted open Riemann
surface whose ramification points are the eigenvalues (AY)o<,<an_1 of Q?\;B )

If \), is a double eigenvalue of Q%ﬁ, then (A\Y),,0) is a singular point of Cy.

On Cy we define a set of one forms \/%d,u where 12 (11) are polynomials

of degree N — 2, uniquely determined by the normalisation conditions

1 Un (1)
2m Jry /A% (1) — 4
Here /An(11)? — 4 denotes the canonical root of

N

A?V(M) —4= qJ_VQXN(/L)? qn = Ha’zN7 (4.1)

=1

and (T'Y)1<x<ny_1 the counterclockwise oriented contours introduced at the
end of Section 1. In view of (4.1) it is convenient to write Y in the form

N () = MYaqg'el (), o) = [ (w—oi™)=(=D)" ] (02" —n).

0<k<N 0<k<N
k#n k#n
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: B s vn (W) ;
Note that if the spectrum of Q" is simple ( \/mal,u)kn< N are linearly

independent holomorphic differentials on the Riemann surface Cy. If A is
a double eigenvalue, —22%__ gy, has a pole of order 1 at (AL, 0).

VAR (n)—4

For the KdV equation, similar objects have been introduced. Denote by C.
the curve corresponding to ¢,

Ci={(\w)eC?: w?=A%(\) —4}.

If the spectrum of the Hill operator H is simple, C is a two sheeted open

Riemann surface of infinite genus whose ramification points are the eigenval-
(A

ues (AX),>o of Hi. On Cs we define a set of one forms %dk. Note

that AL(\)? — 4 admits the product representation (cf [2, Appendix A])

— N1 —A)

(472n2)? '

ML) 4= - T

n>1

(4.2)

whereas 1F(\), n > 1, are entire functions of \ of the form

:I:,n_>\

1 o
+ - k
U () = 27mn H 4m2k2

k>1,k#n

constructed in [16, Proposition D.10] for potentials of period 1 - see [2, Ap-
pendix A] for the adjustments needed in the case of potentials of period 1/2.
Its zeros crki’" are determined by the conditions

U (V)
—————d\=0 Vk>1, k#n 4.3
VA0 4 -
and the normalisation factor ﬁ by the requirement that
+
v () d\ = 1. (4.4)

rE /AL (N\) —4
Here (T')x>1 denote pairwise disjoint counterclockwise oriented contours cho-
sen in such a way that )‘zik_p )‘zik are inside of F,f whereas all other eigenvalues

are outside and /A% (\) — 4 is the canonical root of AL (\)? —4 determined
by the sign condition i</AZ(\) —4 > 0 for \T < A < A or

JALA+i0)—4>0 YA
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Toda frequencies. As a first step we prove Theorem 1.4.

Proof of Theorem 1.4. Let 0 < n < N. Using a continuity argument, it
suffices to prove the claimed identity in the case where A | < A\). By the
definitions of 12 and ¥ one has

Yn () v e ()

VAL () —4 " v

implying that the normalisation factor MY is given by

(4.5)

1 A N
MY .2 _ e (4.6)

"oy xv(p—i0)

To see that MY > 0 note that Y, | < o™ < A}, 0 <k < N, and thus

DNl () = [T =™ - [Jor™ =) >0 YV AY, << A,

k<n k>n

On the other hand, if \Y, | < A\ one has by the definition of the c-root

/v (p—i0) = (=) v () VAN <p < AL, .

Altogether it follows that M2 > 0. Going through the arguments of [15], but

without assuming that the trace of L(b"™,a’) vanishes, one concludes from

[15, Lemma 4.4, formulas (28), (33), (38)] that |w)'| = M. In particular, it

follows that w? # 0. Taking into account that at the equilibrium (Oy, 1y),
N nm

w, = 2sin(4f) > 0, a deformation arguments yields the claimed identity

n
w) = MY and positivity w) > 0. H

Remark 4.1 Assume that \Y, | < \Y. Applying the mean value theorem
(cf Lemma C.6) to (4.6) it follows that there is Ay, | < p. < N3 such that

/05— ) (5, - )
W = O = )= 2 1 i T .
k#n |Uk - :u*|
1<k<N

(4.7)

By a continuity argument, (4.7) continues to hold in the case Ny, | = A\,

N

with p, = 7,° where

N =\ AN /2. (4.8)
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Remark 4.2 Actually, formula (4.7) is valid for any state (b,a) € RN xRY.
It allows to compute the frequencies corresponding to the equilibrium states

b=rly, a=sly with 1xy=(1,...,1), reR, s>0.

By [12, Lemma 2.6] one has \Y = —2s +r, Ay, = 2s+r and
)\é\;:)\é\;hl:—%cos%Jrr VO<n<N.

Hence a,iv’" = —2scos kx ~ +r forany 1 <n,k < N —1 and thus in this case,
for any 0 <n < N,

wéV:ZSJ{/(1+COSnWW)(—COS%+1):25-sinn§.

Formula (4.7) is suited for deriving asymptotic estimates of w’ as N — oo for
n in the range M < n < N — M. However to get asymptotic estimates for the
remaining frequencies we need alternative formulas, obtained with the help
of Riemann bilinear relations. Such formulas were derived in [15], Section 4,
for trace free Jacobi matrices. In addition it is proved there that they are
independent of the trace. Hence these formulas hold in general modulo a
spectral shift. It is however more convenient for us to have formulas which
do not involve such a shift.

Proposition 4.3 The frequencies (wY) gcnen of the state (bY,a") satisfy
" (i — LA d i 21 d

in,iVZZ/ (p NPQN) N () Ho Z [;ivwziVZ/ ‘Pk( ) N
=N, VAN (1) — 4 . VX

where Ty = {1 <k <N —1|I} #0} and py = S

N
zlbz'

Remark 4.4 In the formula (4.9), the quotients, {/2%83—4 and Ji(;&)’

In, are desingularized in the sense that factors which appear both in the nom-
inator and in the denominator are canceled. Both denominators then consist
of the square root of a polynomial with simple roots.

25



Proof. In the case where all the eigenvalues ()\jv Jo<j<an—1 are simple such
formulas have been computed in [15, Theorem 4.5]. Here we will use a slightly
modified version, not involving a translation of the vector b". Going through
the arguments [15, Section 4] — in particular Theorem 4.5 and Lemma 4.2 —
one sees that if ()\ )o<j<an—1 are simple, one has for any 1 <n < N

N N
iNwN — //\2”‘1 (n— pN AN ZIN N Aot Sok M)dﬂ
! A0 VA% (1 —10) AN VX —i0)
(4.10)

Here we used Theorem 1.4 and formula (4.5) together with the fact that the

one form ‘
(p— %PN)AN(N)d
AR (p) —4

has an expansion in y = 1 at co* of the form (ex 2 + O(1))dz with e, €
{+,—} — see [15, Lemma 4.1 and Appendix A]. The integrals in (4.10) are
split up into integrals over bands and gaps,

/ Z/ /NJ . (4.11)

2]1

Recall that f/\QJ 1 %du = 7 and, as f/\QJ 1 \/% =0,
R L P
Y, /A% (e —i0) ’

Hence the integrals in (4.11) over the gaps cancel and iV wév equals

2] 1 A 2] 1
Z/ JANpNiN Zf,ng;yz/ dﬂ

In case some of the eigenvalues (A;V Jo<j<an—1 are double a continuity argu-
ment shows that [15, Theorem 4.5] continues to hold. Going through the
arguments above and using that I¥ = O((7)?) by [12, Proposition 3.6, a
limiting argument shows that the claimed formula for the frequencies holds
also in this case. O

KdV Frequencies. It turns out that there are formulas for the KdV frequen-
cies which are of a very similar form as the ones of the Toda chains.
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Lemma 4.5 The KdV frequencies of a periodic potential of period T and

mean 0 are wr, = —%Wn, n > 1, where
)\gnfl A )\271, 1
o AA(N)dA Z [k / (A)dA
" Ao z\/A2 —10) k>1[¢0 z\/A2 —1i0)

(4.12)
where (A\,)n>0 denote the periodic eigenvalues of —02 + q on [0,2T), A the
discriminant of —0% + q on [0, T, and I}, the action variables.

Proof: In the case T' = 1, formula (4.12) has been proven in [16, Lemma 2.5].
For an arbitrary period we argue similarly, using that wrp, = KW, n > 1
for some constant K > 0 which can be computed by following the arguments
in [16] for the case T' = 1: according to the computations at the end of
[2, Appendix A], the zero potential, viewed as potential of period T has
discriminant A(\) = 2 cos(v/AT). By the definition of the c-root one has for

A >0, \/A2(\) — 4 = —2isin(/AT) and the periodic eigenvalues are
n?m?
Ao =0, )\Qn:Aanl:W Vn>1
and, for A > 0, A(\) = —% sin VAT. As I, = 0 for any k& > 1 it then
follows that
Aznt A T @ T
o /AN —40) 3 3VT

Arguing as in [16], the frequencies of the zero potential on [0,7] can be

computed as wr, = (2"7”)3 Hence wr,, = —%Wn as claimed. O

Applying Lemma 4.5 in the case T = % and ¢ = g+ and arguing as in the
proof of Proposition 4.3 leads to the following formulas.

+

Proposition 4.6 The KdV frequencies w,-, n > 1, of the potentials q+ of

period 1/2 and mean 0 are

21 AA (Nd 2j—1 A)dA
—482/ \/ﬁ 124 Z FZ/i \/Ni

k=11f#0  J=1
(4.13)
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5 Asymptotics of the zeroes of )’

In this section we compute the asymptotics of the zeroes 0Z of the polyno-
mials ¢}, introduced in Section 1, in terms of the zeroes ag ¥ of the entire
functions 1 (cf Section 4). To define the edges of the spectrum of QN
we use an arbitrary function F' : N — Ry, satisfying (F) with n < 1/3.
For the remainder of the paper we set M = [F(N)] and L = [F(M)]. Then
L3 < FM)? < M and M < N. Furthermore, as L > 1, M3 < NL? or
M <5 . We record for reference the following inequalities

M? 2, M? L7 M L

yELUsh FEy mEcum
Theorem 5.1 Let F' : N — Ry satisfy (F) withn < 1/3. For1 < k.l <
L=[F(M)] with { # k

(5.1)

+k 1

—k
. Nk ’ 1 .. Nk
i) o, = —2+——|—O(N2L5/2> (i) oy, = 2_4N +O<N2L5/Q>'

The error estimate is uniform in k,¢ and uniform on bounded subsets of
functions «, B in C3(T).

To prove Theorem 5.1 we first need to introduce additional notation and
derive auxilary results. It turns out to be convenient to define the following
roots: for 0 < ¢ < N denote by w)¥ (1) the standard root

W) = {fON - —w),  weC\DMY LAY (52)

determined by the sign condition w} (i) < 0 for any pu > A). The standard
root is related to the canoncial root, introduced in (1.10) as follows

\/AZ —i0) =4 =qy' \/N AN\/)‘QN L= (=Y H wy (A Y > Ay,
0<l<N
. Pr (1) _ N e
leading to the formula — reX PR E o) where
A (u—i0)— X (p—i
N Nk
er (1) 1 1 H Op —H (
= . 5.3)

VXN (= i0) =2V /AN, —uwﬁ(ﬂ) T ¢ ()



For later reference we record that

(—DYit/xn () > 0 i€ (. A0). (5.4)

Similarly, introduce the standard root

wEN) = (/05 - NEL -V, AeC\DE AL (55)

with the sign condition wi"(A) < 0 for any A > AY. The canonical root

¢/A%(\) — 4 is related to the standard roots by

+
A
\C/Ai(x+¢0)—4: {/Ag—A”wi?fQ) VA< AT (5.6)
0>1 L

where 7, = {7 for { # 0 and 7 = 1, yielding for A < \f

k
£k )

vEN) 2%k 1 e
ALV -4 G AwE (N gy wi (N

Again for later reference we record that

i/AZ(N)—4>0 VA € (N, A]). (5.8)

As items (i) and (ii) are proved in the same way we concentrate on (i) only.
For the sequel it turns out to be convenient to choose the contours I',, in
(4.3) as follows. Choose p > 0 in such a way that

Ay +3p < Aypy —3p VLZ>0

and define T';, to be the rectangle with top and bottom side given by [\, | —
2p, A5, + 2p] £ip. (Recall from [16, Proposition B.11] that the periodic
eigenvalues of Hill operators are compact functions of the potential on L*(T).
It then follows from the Counting Lemma that for any &£ > 0, the k’th band
length ;. ., — Ay, can be estimated from below — and hence p > 0 chosen —
uniformly on bounded subsets of functions «, 8 € CZ(T).) Furthermore, let

Ay, Ay,
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and denote by V' the set of all sequences s = (s¢)r>1 in ¢? such that for any
¢ > 1, the sequence oy = 7, + s satisfies Ay, | —p < oy < Ay +p. In
particular the sequence oy is strictly increasing. Note that V' is a closed,
connected subset of £2. Furthermore, for any k£ > 1, let §* = (Sfl)nzl denote
the map from ¢? to ¢? whose n’th component is given by

op—A . 7"%_772 2nm d\ if k
fr; Hz?'ékw N wy (A) VA, 1 n?é

Sk ifn==%k

Sﬁ 1S = (85)521 —

In [16, Appendix D] it is shown that this map is real analytic and its dif-
ferential at any point s € V a linear isomorphism (cf [16, Lemma D.6]).

Furthermore, s—%F = (s;’k)gzl, given by
—k _
T, =0 (#£Ek
spk =00 T 7 (5.10)
0 =k

is the unique solution of §*(s) = 0 in V. Let V¥ := [Jys3 V*" where
(VEN) ys3 is a sequence of subsets of V with V4 given by

2 2

(seVisg=o, " — 1, V> L —%—CW<33 +C Ve < L}

where C' > 0 denotes the constant in the error estimate of Theorem 2.1 for
the asymptotics of A)Y,¢ < M. Next we want to show that for any k > 1,
the restriction of ¥ to V¥ is 1 — 1. To this end we first verify that V* is
relatively compact in (2. To see it note that as F(N) < N” with < 3
one has EZSF(M)(MTQ)Z < N7 . N*1=2 = O(N-5/9) and hence V* is bounded
in ¢2. To see that the sequences in V¥ are uniformly summable, choose a
strictly increasing sequence (¢;),>1 in N so that ZZ>Z (7, )2 < % By the first
part of assumption (F), there then exists another strlctly increasing sequence
(N;);j>1 in N so that F[F(N;)] < {; < F[F(N;+1)]. Then, for any sequence
s = (s¢)e>1 € VPN with N < N; one has ) s < Zz>zj(7£_)2 < %Whereas

for sequences in V¥ with N > N; one has

S <Y e Y %4< 1+202Nn N2 < L g
S > Ve N2 j J = J )

1>1; L>1; L<F(M)

Altogether, we thus have proved that V¥ is a relatively compact subset of V
and hence, as V is closed, V¥ C V is compact. Further note that V* and
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hence V¥ is star shaped and thus connected. The following Lemma is the
key ingredient of the proof of Theorem 5.1.

Lemma 5.2 For any k > 1, the map §* ‘ vk VE — F*(VF) is one-to-one
and together with its inverse uniformly Lipschitz.

Proof. Let VF .= {s e VF: ¢ <(Sk)*1({§k(s)) N W) = 1}. By the observation

above, (s, ")s>1 is in V¥ and hence V* # 0. As §* is a local diffeomorphism,
V* is closed. Furthermore by the compactness of V¥ and the local diffeo-
morphism property of g* ~one concludes that the complement of \7_kin vk,
VF\V* is also closed. As V* is connected we thus have proved that V¢ = V¥,
ie. F* 9 is1—1. As VFis compact one can argue as in the proof of [16,
Proposition D.8] that d,F* is uniformly boundedly invertible for any s € vk
and any k > 1, implying that F* ‘W and its inverse are uniformly Lipschitz
for any k > 1. O

For any 1 < k < L introduce

AN2(oM* +2) 1<0<Ll#k

AR T, =k ;
a[’k (> 1L
and the corresponding shifted sequence §V* = (ééw‘C = 62”6 — 7‘[) o>1 € 2.

Lemma 5.3 There exists Ny > 3 so that V% € VPN for any 1 < k < L
and N > Nj.

Proof. By Theorem 2.1 that there exist Ny > 3 and C' > 0 so that for any
N>Nyand 1 </ < M

M?2 M?2 2
)\&_1 — CW < I/é\éih Vé\é < )\gg + CW and CW <p

where v = AN?(AM" +2). As AY_ | < o) < AY for 0 < k,0 < N the
definition of &év’k implies that for any 1 < k < L, N > N, one has for
1<¢<L

B M2 N B M2
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or, by subtracting 7,°
B M2 Nk B M2
Ve /2_CW <5 S /2+CW
and for any £ > 1, \;,_; —p < 6, < Ay, +p. Altogether we thus have shown
that V% € VAN for any N > Nyand 1 < /¢ < L. O
Lemma 5.4 The first L elements of the sequence §*(5V*) satisfy

(D18 1) = O(#) (5.12)

n=1

uniformly for 1 < k < L and on bounded sets of potentials o, 8 in CZ(T).

Proof. Recall that the N — 1 zeroes (aév FYoceen of o are determined by the
N — 1 equations (0 <n < N,n # k)

ok — py T — w2 2nm 2
:/ (] &5ty _. dp. (5.13)
MY oy W (1) ~AN?wif (1) 2N \//~L — Ao J{/)\éVN_l —

Introduce the products

N,k
2 ’

QY (u) = : A (5.14)
e VAo — L<1;£N wy ()
—k
TPV | 5.15
-L "
BN () = Q" (\) 2N/ =\ AN*w () (5.16)

S VAN )
where 1 = pi(A) = =2+ 35. Then
2

~ N,k 2
- a," — A NI T, — T 2nm
SS, SN’k; :/ 7£ . ’ n
S r (11 4N2wN(,u)) @ (“)4N2w,fy(u)2]v+ =\

ANZwy ()

B w;, ()

NN — 1</<L
14k

d.
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The terms in the latter integral are estimated separately. By Theorem 2.1
(cf also Proposition A.1), one has for any A € ',

2, N 2, N 2, N
e Rl | (LT S ERT
1<¢<L W <)\) Wy, <)\) 1<0<L, Wy (A)
t#k #kn
M2 M? 1 M?
:(1+O( eXp(K;Llog 1+O(N7|£2_n2|))):1+0(w).
i#kn

e (M)
for 1 <n,k < L,n#kand\el,. By (5.13) it then follows that

By Lemma B.7 one then has &, (\)-[[y<,<, NPl 14+0(45) uniformly
Y

~ N,k

k (=Nk\ _ g — A N,L
Sn (s )—/( H WM)Qk (1)
n 1<¢<L
14k
2 _ g2 2 2 1
‘ 7r,€2 7rn nmw N ‘ 0 ( 3) J\

Furthermore, again by Theorem 2.1 one has uniformly for 1 < n,k < L and
rely,

2nm G-k )\ ~ o)
ON /=N ¢/ )\éVN L 4N2wN '
G, Nok_ )\

7 By Theorem 2.1 (cf also
Proposition A.1), &,% — v =0 (”y[ + MTQ) for j € {20,20 — 1} and 1 <

( < L where v} = 4N2()\§V’k +2). Hence, for A € I';, and 1 < ¢ < L with
(#k.n

It remains to estimate the term [[,.,.; W
i e K

= (S o+ i)
4N2wév(u) (I/é\é — )\)(l/é\é Y ) N e
and thus
A— 5_éV,k - M2 1
et =en (X tog (14 0(( + S0 ) = 0(0).
1<¢<L 4N2wév<,u) (1§;SL ( ( ¢ N |52—n2\))) ( )
t#kn I#k.n
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In view of (5.1) we thus proved that for any 1 < n < L,n # k, F&(8VF) =
O(%).

uniformity statement. OJ

Going through the arguments of the proof one verifies the claimed

Lemma 5.5 The tail (§(3VF)) s of FF(3NF) satisfies the estimate
- 1/2 1
(D IBEGEHP) " =0( ) (5.18)
n>L

uniformly in 1 < k < L and on bounded sets of potentials a, 8 in C3(T).

Proof. By the definition of §¥* and F* one has

—k
k ~Nk H - ,k o, — A
e '

where
2

RO = ( H ag_’k—)\)wg—wn 2nm .
" o1 WA S w () /A=)y

L#£k,n
We argue as in (5.17) and write for A € I',, with n > L

~ N,k ~Nk —k

g, " — —0
H 57 = exp E 1og 75))
1<¢<L Oé - 1<¢<L 0y A
4% 1%

N,k

Note that by (5.11), —1 | <2+ CMTQ. Taking into account that
lo, " — 77| < ~;7/2 it then follows that

M? 1 M?
~Nk —k -

As (o, =N)"1=0 (£z) for £ < L/2 and n > L, one concludes from (5.1)

Z o o Z :
‘ u —L = O0(=).
> T2 2 2
1<e<re %0 T A L ¢ L
17k

34



Furthermore

L/2<0<L
0#£k

Altogether we thus have proved that for n > L

Actually, these asymptotic estimates hold not only for A € I, but also for
any A in the interior of I',, uniformly in 1 < k < L and n > L. Fur-
thermore, one verifies in a straightforward way that ¢(;*(\) = O(1) for
A € I, and in the interior of I';,. To prove the claimed estimate note that

fr; ¢V "", (;Ad)\ = 0 by the definition of (az k) implying that

£k’
~N,k — -k _ A\
Jh(EV) / ¢ " —F 1)%_7)\09\-
1<€<L o = A wy (A)
1#k
In the case 7, = 0, one has "j,—lc(;))‘ = 1 and as the integrand is analytic in

A the latter integral vanishes by Cauchy’s theorem. In the case v, > 0 we
deform the contour ', to the interval [\;, |, \;,] to conclude by the mean
value theorem that

_ 1 1 B
SQ(SN’IC) = O(ﬁ%) = O(ﬁfﬁ%)-

The claimed estimate then follows from the assumption that a, 3 € C3(T).
Going through the arguments of the proof one verifies the claimed uniformity
statement. U

Proof of Theorem 5.1. Combining (5.12) and (5.18) yields

- 1
I3 e = O(757)

uniformly for 1 < k < L. As forany 1 < k < L, §¥(37%) = 0 (cf (5.10)),
Nk € VF (Lemma 5.3), §¥ is 1 — 1 and together with its inverse uniformly
Lipschitz on V* (Lemma 5.2) we then get the claimed estimate

67 = o~ = 3 = 574 = O( 35
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Going through the arguments of the proof one verifies the claimed uniformity
statement. O

6 Leading order asymptotics

In this section we compute the leading order asymptotics of the Toda fre-
quencies w”. In particular we prove the asymptotics (1.5) in the bulk. In
addition we identify the principal contributions in the formulas (4.9) to the
asymptotics of w? at the two edges.

Remark 6.1 We recall that for the remainder of the paper we set M =
[F(N)] and L = [F(M)] where F' : N — Ry, satisfies (F') with n < 1/3.
Then (5.1) holds and the asymptotics of Theorem 1.2 and Theorem 3.2 at
the right and left edges read as follows: for any 1 <n < L

M? L M?> L
271N _ 71— — 21N _ 7t +
JN g gy —J+:0(i)
n n N—n n M1/2

Proposition 6.2 Uniformly for M < n < N — M and on bounded subsets
of functions a, B in C3(T)

log M
e ))

n

. nm
WY = 2(s1nW) (1—|—O(

Proof: By (4.7) there exists u, € [\, |, A\)] so that

{/O% = 1)y — pe)

W = {0y — i) =2 11

Nn
k#n |Uk - :u*|
1<k<N
By Theorem 2.1, f1, = —2cos 2+ 0 (5357), A = —2+O0(N72), and A}y, =

2+ O(N~?). Hence

. o N 1
(Adn_1 — ) (p — A') = 4sin® N + O(m)
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As sin &F >s1n1‘]4V”:O(%)forM<n<N—M,

VON = p) = M) = @sin S (14+0(<5). (6.1)

Next we write
Aéi A1 — fhs) AN AN N2
H\/ - :<H|]\2[?HN|H|2§W1_N|) .

k#n ,u*‘ k+#n |0k _,u*‘ k#n |Jk /~L*|

0<k<N 0<k<N 0<k<N

The two products are estimated in the same way, so we concentrate on the
N _ _Nn

first one. Note that 0 < 2’“7”* =1+ /\%’f,nia’“u for any k # n. It will turn
Uk —Hx

k "= p
N,n
out that A%’@f’“ﬂ is very small so that we can write
Uk —Hx
A, — fos Ay — o "
H o = exp( Z log (1 N )) (6.2)
ktn Ok M k#n Tk~ s
0<k<N 0<k<N
and get the estimate
Ay — oy A3 — 0"
exp( Z log (1 + T)) —120(2 N ).
k#n O~ M« k#£n |0 " — p]
0<k<N 0<k<N

The latter sum is split up and as A, | < op" < AN can be estimated as
follows

N Nmn
Z [Aop — 01" < Z 4 Z
‘UN’n — ‘ — )\2 _ )\N )\N
k#n k * O<k<n ~2n—1 2k pck<N T2k—1
0<k<N

N °
)‘Qn

Taking into account that 7 < 1/3 and hence 22 = o(1), the right hand side

N
loe M) 1y Proposition A.1 (ii). Altogether we

of the latter inequality is O(=
thus have proved that

VO = )OS - ) log M
11 =1+0(—7).
k#n |U _:u*|
0<k<N

Combined with (6.1), we then obtain the stated estimate. Going through the
arguments of the proof, one verifies the claimed uniformity statement. O
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Proposition 6.3 Uniformly for 1 < n < M and on bounded subsets of
functions a, B in C3(T) one has (i) w) = O (%) and (i) wy_, =0 (&).

Proof: The estimates (i) and (ii) are proved in the same way and so we
concentrate on (i) only. We use again formula (4.7). As by Theorem 2.1

Al + A M? Ao — Ap M?
N 0 2n—1 N 2n 0

one gets

00— e - M) =0 o). (63)

Next we need to estimate the product

H \/)‘912 A1 = H) :( H IAD, — 1. )1/2< H |)\§21—u*|>1/2
N,n N,n :

k#n k _:u*| k+#n |Uk _:u*| k#n |Uk _M*|

1<k<N 1<k<N

The two products in the latter expression are estimated in the same way
and thus we concentrate again on the first one. Argue as in the proof of
Proposition 6.2 and use that by Proposition A.1(i)

)\N
2 : | Qk k S § : ——— + § : —— :O(l)
*| )\QTL— —A A )\Qn
k#n k —H 0<k<n 2k p<k<N T2k-1
0<k<N

to conclude that (]] . ‘)‘2’“7“*‘ )1/2 = O(1). Substituting the obtained

1<k<N I ‘

estimates into formula (4.7) yields (i). Going through the arguments of the
proof one verifies the claimed uniformity. OJ

We now use the rough estimates of the Toda frequencies w)Y obtained above
to identify the principal contributions in the formulas (4.9),

21 p A du -1
zNw Z//\ \C/XNiN Z[éVNZ/ f/xT

keJdn

bN

i1 b;' and xn is

to their asymptotics at the two edges. Recall that py = Z
the characteristic polynomial, defined by (4.1).
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Proposition 6.4 Uniformly for 1 <n < M, n < My < M, and on bounded
subsets of functions «, 8 in C3(T)

2
wN = ﬂ _ m Z Ayico — — (P2) — (P3) + Error (6.4)
where
VQJ 1)N+] A
N3Z/,, arccos ( AN(—2+W))CD\

N N
@y (1 1 Py (1
E Yoy —.Ck<—) dp, (P3):= % > ]/iVWéV/ —.ck<>_d,u
1<k<MO v i/ X (1) Mo<k<M N

N0

with vN = AN?(2+ AY), IV .= N, AN\ (U= (A1, AY]), and

Jj=

1 nM? n
Error = O(m( N + m)) (6.5)
Furthermore,
log(n+1), 1 M*log M

Remark 6.5 The integer My in the statement of Proposition 6.4 is a free
parameter for which different choices will be made in the course of the proof of
Theorem 1.1: in the proof of Proposition 7.1, Proposition 6.4 will be applied
for 1 < n < M with My = M whereas in the proof of Theorem 7.4 we apply
it for 1 <mn < L with My = L.

Proof. For any 1 < n < M, write the formula (4.9) for the nth frequency,
recalled above, as a sum w = (T'1) + (T2) — (T3) — (T'4) where

u du

(1) :__Z/ \/AQ Z A \/AQ

(6.7)

2] ,u—|—2 AN( )d,u
(T2) NZ/ BUNY MY (6.8)
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1 2] 1 4,0
(T3) = — ,QVZ/ (6.9)
N 1§k§M i/ xn(p
N0
1 2] 1
(T4) = 5 Iy NZ/ ‘p (6.10)
M()<k2<N
1N 20

The various terms are treated individually. We begin with the term (7'1).
Notice that [Ay(p)| <2V € (M) 5, A1) and

Ay ) = 2=, Ay(AY_,) = 2(~1)V !

and denote by arccos(z) the principal branch of the inverse of cosine, defined
on [—1,1] with arccos(—1) = 7 and arccos(1) = 0. Then for s € {£1}

izaurccos =D An() - _ Av(p)(-1)° . .
dp ( 2 ) /4 — An(p)? V€ (Agjo2, Agja)-

As by the definition of the c-root, (/4 — Ayx ()2 = (=1)N i/ An(u)? — 4

one concludes that M L arccos ( (—1)N 22 ) and hence
VAN (p)2—4 T 2

Yo Aww) >
/AQ
Finally, as py = O(N3) by [2, Proposition 8.1],

2mn
N

n

(T1) = )

+O( (6.11)

To estimate the term (72) integrate by parts to get for (72)

s ves An(n) 5 vy An(n)
arccos (—1) JT ——Z/ arccos((—1)""/ 5 ——)du
T — (—1)N+ A
=~ ING 2 1/2] 2~ I3 Z/ arccos (——=———Ay(—2+ m))d)\
j:
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where we made the change of variable of integration u = —2 + \/4N?%. As
by Theorem 2.1 v)¥ = A7 + O(M?/N)

M2
4N32 22t 0(55 ) — (P1). (6.12)

Next observe that (73) = (P2). Concerning (7'4) note that the summation
indices k, j in the definition of (T4) satisfy n < k and j < n, implying that
1 ol (wdp

i3/ xn(p

—2 i{/xn(n)
splitting up (T4) we get (T4) = (P3) + (F1) + (E2) + (E3) where

(Bl):= > ... (B2):= > ... (B3):= )

M<k<d Nck<N-M N-M<k<N

the improper Riemann integral f Ay exists even if IV = 0. Hence

A N . R,
In fact, f/\gi; &%du = O(T,gViTJN =) for such k, j by Lemma B.1 yielding

=0 X 1S )

n<k<N

Concerning the estimate (6.6), note that for 1 < j <nandn < k < M,
= O(kQN—_QjQ) (cf Theorem 2.1), IY = O (= (7 )? +%4)) (Proposition

Tk N2
3.1), and wp = O(%) (Proposition 6.3). As ((k*v;)?)k>1 is summable and
> %JQ = O(%) (Lemma C.7) one has for any n < My < M,

J=1 k2

1 (K ) 1 MY 1
<P3):O( Z ﬁ( L4 k2—j2+mk2—j2)>
Mo<k<M

1<j<n
log(n+1) 1  M'logM

:O( N3 <M§ + N2 >)

To estimate (E1) note that for M < k < N/2, wf = O(sin%%) (Proposi-
tion 6.2), 1Y = O(5=xz#) (Proposition 3.1), and = = O(———7r7)
k j COSs W*COST

M2N? k&
(Theorem 2.1, Lemma A.2). By Lemma C.5 one then concludes that

sin &% 1
Z Z O<M2N2kcos ]CVOS—NQ) :O(ﬁ)' (6.13)

M<k<H 1<jsn
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(Proposition 6.3), IV =
) (Theorem 2.1, cf Lemma

To estimate (E2), observe that w) =

(' n )
O(5p5z 7)) (Proposition 3.1), and Tk O(1

M?Z2N? N k

A.2)) and hence

(EQ):O( 2. 2 M21N2 Js\}n—iﬁ) :O(ﬁ) (6.14)

Y <k<N-M1=jsn

J

1 km __ 1 iy (N=O)7 -
~F Sin 5 = ZM<£§%@SIH ~— is bounded

as sin = sin 7 . Finally we consider (£3). Changing the index
of summation, ¢ = N — k: and using that w¥ , = O( Z) (Proposition 6.3),

IN = O(z=((v)* + 23))) (Proposition 3.1), and ——- e = O(1) (Theo-
rem 2.1, cf Lemma A.2))

(E3)=0( Y Y Il iyg) = O (6.15)

1<0<M 1<j<n

where we used that ZN<k<N M=

(N;z) b < Z7r

Combining the estimates obtained for (E1), (F2), and (£3) yields the claimed
bound (6.5). Going through the arguments of the proof one verifies that the
claimed uniformity statement holds. 0

7 End of proof of Theorem 1.1

In this section we complete the proof of Theorem 1.1 using the results ob-
tained so far together with auxilary estimates obtained in Appendix D. First
we prove the asymptotics (1.6) for the frequencies near the edges.

Proposition 7.1 Uniformly for 1 < n < M and on bounded subsets of
functions a, B in C3(T) one has w), wh_, = &2+ O(%5 )

Proof. The asymptotics of w)' and w¥ _  are shown in a similar way so we
concentrate on w). Starting point is formula (6.4) with the choice My = M,

27Tn

wh — = 4N3 Z Agig — — (P2) + Error.

2

Note that 37 Ay o =O0(n ) (asymptotlcs of (A;);>1) and (P1) = O(%3)
(Theorem 2.1) where (P1) = 53 >0, 13’ "arccos (S Dl Ay (=2+3=))dX

-2
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Concerning (P2) = + ZIN#O r<vens IR Wi fIN Yo du note that N2IY =

O(}((3)* + &) (Proposition 3.1), >332, k‘4(7k )2 < oo (¢- € C§(T)),
N

w_ = O(1) (Remark 3.3, Theorem 3.2), and w;' = O(%) (Proposition 6.4).

It then follows from Corollary D.2, D.4, D.6, D.8, D.10, and Corollary D.12

that (P2) = O<W) As Error = O(L(nw + M3)) (Proposition 6.4) and

MUN
thus Error = O(%), the stated asymptotics follow. Going through the
arguments of the proof one verifies that the claimed uniformity statement
holds. 0

To prove the asymptotics (1.3) for the frequencies at the left edge. the
starting point is formula (6.4) with the choice My = L,

27m
N AT 4N3 Z Ayja — — (P2) — (P3) + Error. (7.1)

n

First consider (P1) = 15 > Iij arccos (%AN( — 2+ 37))dA.
Lemma 7.2 Uniformly for 1 < n < L and on bounded subsets of functions

a, B in CZ(T)

_WZA2]2—4N3 P1) Z/f \/A;i)d)\ 0(;552). (7.2)

1<5<n

Proof. Integrating by parts, one gets for any 1 < j <n

Aot ANAZ(A A2j-1 —1)
( ) = =Ty o —/ arccos <( ) A(A)) dA.
-2 \/ >‘27j72 2
) . ZVa —1)N+i A
To estimate the difference of (Q}) = N’ arccos (;AN (—2+ W)) d\
Vaj—

with the corresponding KdV integral, (Qj )= IZJ_Q arccos (%WA, ()\)) d,
we use that arccos is %—Hélder continuous. Indeed, making in the integral
(QY) the change of variable [0, ;] —>I[V>\§j o Agjol, = M) = vgy o+ R}
with 67 = A3;_| — Ay, and b} = /\237)\,2 the difference (Q}) — (Q7)
takes the form

65 o —1)
h;\[/o f(x)dz + (hY — 1)/0 arccos(( 21) A_(Ay;_y+x))dz  (7.3)
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where f(x) := arccos (%AN(ACL’))) — arccos ((721)jA, (Ay;_p + 1)) satisfies
by Theorem 2.2

f(z) = arccos ((_21>j A_(MNx)) + O(LM)) — arccos (<_21>j A_(Nyj_o+1)).

Let us first consider the second term on the right hand side of (7.3). As
the length 0, of the j'th band satisfies 1/6; = O(1/j), one concludes from

_ M?
Theorem 2.1 that h;v =1+ O(]—N) Hence

o i 2
i —1)7 M
(hY — 1)/ arccos (( ) A_(Ayj_y+x))dx = O :
0
Towards the first term on the right hand side of (7.3), note that by the
Lipschitz continuity of A_, A_(AMx)) = A_(Ay;_y+2) = O(AMx) =Xy _5—1x).
As Mz) — (Agj_o + @) = vy o — Ayj_o + (h)Y — 1)z it follows that

2

A-(\(@)) = Ay +2) = O().

and hence, by the $—Hoélder continuity of arccos, f(z) = O( ) (use that

by (5.1),

L
M1/2

jMTQ < LMQ ), implying that

Combining the obtained estimates, the stated asymptotics follow. Going
through the arguments of the proof one verifies that the claimed uniformity
statement holds. O

Next we consider the term (P2) = % >0, [ w) fIN = (“) du in (7.1).
IN #0

In Appendix D we show that the analogous expression for KdV plays an im-

portant role in describing the asymptotics of (P2). The asymptotics proved

i (u)

in the lemmas of Appendix D show that -, fIN - du stays bounded if

N approaches 0. By Theorem 3.2, (P2) can thus be ertten alternatively as

N
Py JN AN Y g
(P2) =w Zl<k<L AR ffé\’ i/ xn (1) s
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Lemma 7.3 Uniformly for 1 < n < L and on bounded subsets of functions
a, B in CZ(T)

- (A) I 1
- AT — ). (74
31<;L I Z\/W +O(N3(M1/2+L5/2)) (7.4)

17 #0

Proof. Using the terminology of Appendix D, decompose (P2) into three
parts,

1 o (1)
¥ [ AW,
N 1<k<L XN

I]]vaé(),kyén
L L, N/ onlt) g L ogvvan [ onl) (M)
TN ey i/ xn (1) 4N3 T Jey i/ xn(u

where we used that IV = JN3Y and 4 = 4N?yY. The three parts are
treated separately, but in a similar way, using the asymptotics of I}Y (Ap-
pendix 3), w (Proposition 7.1), and the integrals (Section D). Each of them
yields O(N3 (M1/2 + L5/2 )) as an error term. Let us compute the asymptotics
for the third part in more detail. Write it as

RAON
JNNAN

n %Yn Tn CN’l /7)(]\/

where (T1) i= (3 =T ol 30 o £

Vv’

(T3) = J; (2”"~N #n ( e / NGV )
o7 p—
o Z\/XN i/ A )\
For any 1 < k < L, one has JY — J = O(547%) (Theorem 3.2, Remark 6.1),
wY = 2m 4 O(27) (Proposition 7.1) and by Lemma D.9,

n

=J,7 / n (V) d)\+ T1)+(T2)+(T3)

\/A2 A)

T92) = J— N_27rn N Pn (u)d,u’
(T2) o (W) nfC i/ ()

omn_y [ e () (V) L1
A d - n =d\+0 + =)
’7 oN i /XN K= Tn o i C/A_()\)Q _ (M1/2 L5/2)

Furthermore, J, = O(n™?") ([16]), w) = O(%) (Proposition 7.1), and finally
ﬁ#du = O(%) (Corollary D.10). Combining all these estimates

<N
Tn fCTILV i{/xn (1)
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and using that J, v, = I, /2 one then concludes that

1) 1 I U (N) p L 1

- A+ 0 + ).
ey i/ xn(p 2" Jog ix/A_(N)?2—4 (M1/2 L5/2)

As already mentioned above, the first second part in the decomposition of
(P2) are estimated in a similar way. Going through the arguments of the
proof one verifies that the claimed uniformity statement holds. O

#n (

JNWGNAN d,u—

Combining the results obtained so far we get the following asymtptotics for
the frequencies at the left edge.

Theorem 7.4 Uniformly for1 < n < L and on bounded subsets of functions
a, B in C§(T),

1 n’L 1
m<M1/2 T L5/2))

2 1 1
N = o w, + O(

N 24(2N)3°" (7.5)

W

Remark 7.5 Correspondingly, the asymptotics of wX . are given by wy_ = =
2mn 1_1 1 (n’L 1
N T ﬂ(zz\f)sw?zL + O(W(Ml/g + m))-

Proof. By (7.1), Lemma 7.2 and Lemma 7.3, one has for any 1 <n < L,

2j-1 A) 1 n’L
wrjzv_ N3 Z /_ \/A27d)‘+0( N3M1/2)

1<j<n
- (A) I 1
8N3 1<;L / \/Wd +O(N3(M1/2+L5/2'))_(P3)+ET‘T0T.
I #0

By the formula for the KdV frequencies of Proposition 4.6, we thus get

2mn 1 1 1 1 _ U, (M)
wN =" —— ) T / — T\
N  8N324 8N324k§ M i /AT (N — 4
I, #0
1  n’L 1

+ O(m(MVQ - W)) —(

P3) + Error.

As by (5.1), "M < ﬁlﬁ

2
Ml% + #)) Takmg into

By Proposition 6.4, Error = O(%("%Q + 3)
and 753 <

777))-
L5/2, one concludes that Error = O(NL
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account in addition that My = L, Proposition 6.4 also implies that (P3) =

O(%(]\ﬁ% + ﬁ)) Arguing as in Appendix B one sees that for any k > L,

P (N) log(n o) _
fIE WCD\ = O(%). As o, € C§(T), one has > o k°I; <

oo ([17]), implying that >, I~ fzg %dk = O(lOgL). Hence the

> {/A2 (N4 s

I #0
stated asymptotics are proved. Going through the arguments of the proof
one verifies that the claimed uniformity statement holds. U

Proof of Theorem 1.1 By Theorem 7.4 and the definitions of H%;,, and w,,,
the claimed asymtotics (1.3) of the frequencies at the left edge hold. The
asymptotics (1.4) of the frequencies at the right edge are proved using the
symmetry of Toda chains, discussed in Appendix E. Indeed, let

B(z) = —B(=2); alz) :=a(-2); §-(r) = —2a(2x) + B(22)

and note that §_(—x) = ¢, (z). Furthermore, one verifies in a straightforward
way that the periodic eigenvalues of —9? + ¢_(—=z) coincide with the ones
of =92 + G_(z). Hence ¢, and ¢_ have the same actions and the same KdV

frequencies. In view of Appendix E one has bY = —bN_, = 2> 3(%) and
1 n+1 1 n 1
~N _ N _ ~ _ ~
Gy = Oy-no = 1+ @) = 1+ paly) +O(N3)'

By (E.1), the claimed asymptotics (1.4) then follow from (1.3), applied to
and &. Alternatively, one can derive the asymptotics (1.4) from (1.3) using
Corollary E.2. The asymptotics (1.6) of the frequencies near the left and
right edges are established in Proposition 7.1. Finally the asymptotics (1.5)
of the frequencies in the bulk are given in 6.2. OJ

A Spectral estimates

In this appendix we apply Theorem 2.1 to prove formulas involving, the
eigenvalues of the Jacobi matrices Qf‘v’ﬁ , used at various places of the paper.

Proposition A.1 Under the same assumptions as in Theorem 2.1 the fol-
lowing estimates hold uniformly in 1 < n < N/2 and on bounded subsets of
functions «, B € C2(T):
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(i) If 1 <n < M, then

N N N
Yooy ¥yt Y sy =0
N _ N N N ) N — \N 3
0<k<n )\Qn—l )\Qk n<k<M )\21671 )\Qn n M<k<N/2 )\214:71 )\Qn M
N N 3
Ve 1 Ve 1 M
)3 —0() Y = Ot
N  _\N ’ N  _\N 2 3
N/2<k<N—-M Adk—1 ~ A2n NM N—M<k<N Adk—1 — A2y, N2 N
(ii) If M < n < N/2, then
N
Vi 1 M log M
S o ok M,
N N
Ochen 2n—1 " Aok M? N
N N
Y v log M
Z AN k_ AV Z AN k_ W O( e ),
M<k<n ~2n—1 2k R 2k—1 2n
N N 3
gl log M 0l 1 M
> woor 0GR X s o — Ot
N Ve N-M<k<N "2k=1 " "\2n

Analogous results hold for N/2 <n < N.

To prove Proposition A.1 we first establish the following auxilary result.

Lemma A.2 Under the same assumptions as in Theorem 2.1 there exist
No >3 and C' > 1 so that

1 n?—k? N
1 k% —n? N
AgH—AgVnza Nz VO0sSn<k<g

where C' and Ny can be chosen uniformly for k,n and on bounded subsets
of a, 8 € CZ(T). Similar estimates hold for % < k < n < N respectively
T <n<k<N.

Proof of Lemma A.2. Recall from [16, Proposition B.11] that the periodic
eigenvalues of Hill operators are compact functions of the potential on L*(T).
It then follows from the Counting Lemma that for any &£ > 0, the k’th band
length A, ; — A5, can be estimated from below uniformly on bounded subsets
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of functions «, € C3(T). Furthermore, Ay, Ay, | = ZJQV—”; +O(5) as £ — oo

where the error term is uniform on bounded subsets of functions a, 3 € CZ(T)
(cf e.g. [17] ). After these preparations we can prove the claimed estimates.
For the following we choose N > N, with Ny > 3 sufficienly large. Let us first
consider the case where 0 <n < M. If 0 < k < n, it follows from the above
lower bound of the spectral bands and Theorem 2.1 that AY, ;=\ > é" ]\?2’“2
for some C' > 1. The case where n < k < M can be treated in the same way.
ftM<k< %, write

M M
)\Qk 1 )\2 —()\Qk 1+200ST)+< 2 cos —— I —\Y )+ ()xéVM—)\éVn)

and estimate each expression in a bracket separately. We have already seen
that A, — A), > & M2_n® - As by Theorem 2.1, )i _| = —2cos &2 .+ O(5257)

N2
it follows from (C. 1) that

M M k 1
A1+ QCOSTW = (QCOST7T — 2cos %)(1 + O(W))

Hence by (C.2) there exists C' > 1 so that A}, + 2cos % > ékQJ_VJQMQ

Finally, by Theorem 2.1 and the asymptotics of the elgenvalues A, reviewed
above, A\, = —2 + M2 2+ 0( ~=7z) Whereas by a stralghtforward Taylor

expansion, 2 cos 1‘]4\,” = 2 — M2 : 4 O( ) Hence we get —2cos 47 — \NV =

O+ (5= + ]‘]@ ). In view of the assumption n < 1/2in (F'), we then conclude

that for C' > 1 sufficiently large, A}, , — A\ > é’ﬁ@" The case where
M<n< JQV is treated in a similar fashion. Gomg through the arguments of
the proof one verifies that C' > 1 and Ny > 3 can be chosen uniformly for
k,n and for bounded subsets of functions o, 8 € CZ(T). The estimates for

% < k < n < N respectively % <n < k < N are proven in the same way. [
Proof of Proposition A.1. (i) By Lemma A.2 and Theorem 2.1

N - 2
Yk N Vi % 1 _ l
Z)\N _A%—O(an_k2+N an_ka)_O(n)

O<k<n = 2n—1 0<k<n 0<k<n

N
Similarly, > _, <y /\NV%/\N = O(2) and in view of Lemma C.7 one gets
2k—1

N
Vi 1 1 . JogM
N —)\é\,ﬁ SO(M Z k2_n2)_0< M2 ).

Adk—1
M<k<N/2 M<k<N/2
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As for any & <k < N — M and N sufficiently large, AJ,_; — A, > L and

C
Yo' = O(5z7) one concludes

N

Tk _ 1
2 N =N = Oy

A
N/2<k<N—-M *2k—

+
Finally, by similar arguments and taking into account that v}’ = O(W%Qk +

%—;)forN—M§k<Nonegets

N 3 3
Vi B 1 L M 1 M
> W oy 9, D W) =05 + )

A _
N-M<k<N ~2k=1 1<6<M

(ii) The claimed estimates are proved in a similar way as the ones of item (i).

N
We only mention that to prove >, _, -, ﬁ = O(525 + 22 we split
- n— 2k

the sum 3,y = Zo<k§% +Z%<k§M and use that >, (*y,)* < o0
N

and for the estimate E%<R<N7M m = O(l(}\%ﬂ) we use that Ay | —

Ay, = —QCOS% +2cos JF + O(x257), cos F > 0 and _COS% - COSW

to conclude that by Lemma C.4

N
Vi 1 1 log M
Z )\é\iil — A\ <N2M Z k_ﬂ> ( M2 )

N<k<N-M M<k<Y N

Going through the arguments of the proofs of item (i) and (ii) one verifies

that the estimates hold uniformly for 1 < n < % and on bounded subsets
of functions «, 3 € CZ(T). The estimates for &+ < n < N are proven in the

same way. 0

=]

B Estimates of products

We prove estimates on products needed at various places of the paper.
Throughout this appendix, F' : N — Rs; denotes a function satisfying (F)
with n < 1/3, M = [F(N)],L = [F(M)], and w} (), w(\) the standard
roots introduced in Section 5.

In Section 5 and Section 6 we need the following lemmas.
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Lemma B.1 Foranyl1 <j< M andO0< k<N, k+#73,5—1

RO PR (B.1)

Vo =)

The estimate holds uniformly in 7,k and uniformly on bounded subsets of
functions «, 8 in CZ(T).

Proof. Let us first consider the case 7 = 1. Then by assumption, k£ > 2. As
AY_ <o < A one sees that for AY < < A, | RN | is bounded by

- - VAN ()]
1 YA =AY 1 AV — 1 \1/2

\/()‘N — )1 =AY \/)‘2N =AY A1 = M 1<(<N A1 —

£k

By Lemma C.6 there exists )Y < p = pjlv’k < AV so that

! or (1) VA =N 1 Ay — P \1/2
O g < : : Cat TP 2
/)\{)V | VX () [ < AN AN Adpq =AY 11 ()\9@_1 - P)

2N -1 1</#<kN
= o< < oxp (2
AS )\é\fe 1= 1 + )\é\z - GXp( 22 — ) eXp( 2[ ) )\N) one has
Aé\g —p 1/2
11— (53 ) = 0)
V#k 20-1 p ﬁ;ék 20—1

>1 >1

where for the latter estimate we used Proposition A.1. Furthermore, by
Theorem 2.1, Ay, =AY =4+ 0(55), YA = A =0(3), and (A\)),_, —

A1 =0 ((r)) = 7¥)~!) . This proves the claim for j = 1. The case where
2 < j < M is treated in a similar way. Going through the arguments of the
proof one verifies that the claimed uniformity statement holds. OJ

In Section 5 we introduced the rectangles I',, with top and bottom side given
by [Ag,_1—2p, Ay, +2p]Eip where p > 0 satisfies Ay, +3p < Ay 1 —3p V£ >0,
Furthermore, we chose Ny > 3 in such a way that the error term in Theorem
2.1 is smaller than p for any N > Ny (cf Lemma 5.3). Then

)\2_571—p<l/é\£_1§1/é\£<>\2_g+p V1</?i<M. (B.2)
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Lemma B.2 For any = p(\) = =2+ 25 with A € T, and N > Ny,

o — N

l ¢
G H o)
W) T

uniformly in 1 < n,k < L, L <{ < N, and on bounded subsets of functions
a, B in C3(T).

Proof. Given p = p(A) with A € T’ write T 1= T ) We
' - n’ w) (1) wy (w)

estimate denumerator and numerator separately. In view of the definition of

[ and the lower bound \) — (=2 + i‘%) > — &= from (B.2) it follows that
Aop + P 2p
G0l = A — (24 22 sy - 2
Hence ﬁ = O(=x*=). Concerning the numerator, it follows from the
’LUZ TZ —Th

definition of the standard root that

u@%u>=<nﬁ—u>va——(Z?/Q)2=<nﬁ—uw«nﬁ—u><vQ——(Z?/z)2—1)

Ty —H Ty — M

Note that by Theorem 2.1, v} = O(%—; + Mﬁvg) and by the definition of p,

|7/ — p| > & Thus by choosing Ny larger if necessary one can assume that
for any N > N

N
}Tk/zﬂ}éé VL<({<N, Vpel, withl1<n<L
N
and hence
7/2 \2 e
-t - Gy <

Finally, as ‘crév’k — TéN‘ < héV/Q
Altogether we thus proved that

, one has 0" — 11— wl (i) = O(Y).

Uév’k—u_HO( w
) AErd

Going through the arguments of the proof one verifies the claimed uniformity
statement. O
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Lemma B.2 is used to get an estimate for
9 N,k

QN () = —— [ 2t

\+/ AéVN 1 — M L<é<N We ('u)

introduced in (5.14). With the notation introduced above we have

Lemma B.3 Forany = p(A) = =2+ 37 with A€ T, 1 <n,k <L, and
N Z NO?

1
Q" (1) =14 0(5) (B.3)
uniformly in 1 < n,k < L and on bounded subsets of functions c, 8 in CZ(T).

Remark B.4 Similarly one shows that (B.3) holds for n < (A, +A\.1)/2
uniformly in 1 < k < L and on bounded subsets of functions a, 3 in Ca(T).

Proof. By Theorem 2.1, vﬁ =140 ( 2) and by Lemma B.2

N,k N
e —H_ (1+O(77 —exp log 1+O )))
L<1;£N wy' (1) LJ;!N T - TN L<12<N N TN
yielding the estimate

N,k N

Oy — 1 Ve
[T Zt-1eo( 3 o)
N N _ N
reen W (1) L<t<n 't n
Hence it suffices to show that >, _, . %NTN = O(45). The latter sum

is split up into four parts ZL<£§M + ZMdgg + Zg<£<N—M + ZN—M§Z<N .
We argue as in the proof of Proposition A.1. In particular there exists C' > 1,
independent of n, so that

7 v+ % 7 C . 2
<C L</{< M —F———<— —), N—M < /¢ < N.
N —TN T 212 - N =N~ N2(7N4+N)’ -

0? fyg M?*1 1
2 W = Z 70 NIT-T
L<t<M L<t<M L<t<M
1 M? logL 1
O(L3 N I ) (E)



and as by Theorem 2.1, 1— = O(1) for any N—M < ¢ < N and n < 1/3,
4

N 1
> NLN:O<—)'
™ - N2
N—M<t<N ¢ n

Finally, for M < ¢ < £ one has 7Y = O(N"2M ') and

14 M
=N >N - = —QCOSNWJFZCOSTWJFO(N*QM*I),

Using — cos & + cos 2 > WKQNJQVIQ ( cf (C.2)) and Lemma C.6 one sees that

N
~ log M
Z TZN+T711V: NQMZEZ - (MQ )

M<e<Z

Note that IOA%[]QM = O(L3) Finally, as (7)Y —=7V) "' = O(1) for § < ¢ < N—M,

one has EN<£<N ey = O( ) Going through the arguments of the
T 7T
proof one Verlﬁes the claimed uniformity statement. O

In a straightforward way one estimates Q""(\) = [Tar 2
(5.15) and obtains the following result.

— ( N , defined by

Lemma B.5 Uniformly for 1 < nk < L, A € T',, and uniformly on
bounded subsets of functions «, 3 in C3(T)

Q) =14 03 5 ) = 1+ 0(33). (B.4)

>L

Remark B.6 Similarly, one shows that (B.4) holds for A < (Ay, +A5141)/2
uniformly in 1 < k < L and on bounded subsets of functions a, 3 in Ca(T).

Using the lemmas above we now estimate &, "()), introduced in (5.16),

®N,L(>\) _ Q/;LO‘) _ 2N /= AN ) ANwyY (1)
* QM) A w )

where 1 = pu(\) = -2+ 3.
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Lemma B.7 Uniformly for1 <n,k < L withn # k, A € I',,, and uniformly
on bounded subsets of functions a, 3 in C3(T), one has

1
&N =1+0(53). (B.5)
Remark B.8 Similarly, one shows that (B.5) holds for A € [A7, Ay, _o] U
[Ases1s> Aop) uniformly in 1 < k < L and on bounded subsets of functions o, 3
in CZ(T).

Proof. By Theorem 2.1 one has, with v = 4N?(AY + 2),

AN () [ = N, =) :HO(E;)
w; (A) Por — Ny — V) N |k? —n?|
and
2N+ _ N PR N M2 1
PNV _ oy ooy oML
A A= N

The claimed estimate then follows from Lemma B.3, Lemma B.5, and (5.1).
Going through the arguments of the proof one verifies the uniformity statement.[]

C Auxilary lemmas

For the convenience of the reader, we collect in this appendix elementary
lemmas which are used at various places of the paper. The first two lemmas
concern uniform bounds for the Holder continuity of some special functions.

Lemma C.1 (i) 0< Ve —/y<Jr—y Ya>y>0;
(i) 0 <logz —logy <z —y Va>y>1;

(iii) 0 < log(z+va? —1)—log(y++/y>2—1) <2y/r+yJ/r —y Yo >y > 1.

Remark C.2 Note that for x > 1, the principal branch of arcos(x) is given

by arcosh(zx) = log(z + vx2% — 1).

Proof: (i) The claimed estimate is obtained from combining the following
inequalities, valid for any x > y > 0,

=y = (Ve—y)Vr+y), c—y<Vr—yJr+y, Vr+y<Jr+/y.
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(ii) For any > y > 1 one has

1
0 <logxz —logy :/ Olog(y +t(x —y))dt <z —y.

(iii) By applying first (11) and then (i) one sees that for any x >y > 1,

log(x + V22 — 1) — log(y + \/y? — x? — 2.
s vx? —y? =+/x —y/T + y, the claimed estimate follows. 0

Lemma C.3 For any a,b >0 and x,y > 0,

<la—b|"? + |z — y|'/2
| s e

By a limiting argument, the inequality continues to hold for a,b > 0.

Proof: For any a,b > 0 and x,y > 0 one has

a b 2 a b a b
Vatz bty Sl<¢a+x_\/b+y)(¢a+x+¢b+y)‘
‘ a? B aQb—ab2+a2y—b2x‘
a+x b4y ab + xb + ay + xy
As @b — ab® + a’y — v’z = (ab + xb + ay)(a — b) + ab(y — z) one gets
i AP <Ja— b+ |y — ] or

a b ‘ 1
— <la— b2+ |y — z|"/2
‘\/a+x Vb+y < | ly =l

O
Lemma C.4 For any M <n,k <N — M,k #n
nmw km M s
2T cos o L= 1
|COSN COSN NN (C.1)
whereas for any 0 < < % and 0 < j < ¥
. e €2 _ .2
cos % — Cos Nﬁ > <N7§>7T (C.2)
Furthermore, for any M <n < N — M one has
1 log M
> e = OV ) (€3)
| cos iF — cos 7| M

k#n
M<k<N—M
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Proof. The difference cos 57 — cos %’T is bounded in absolute value from below

by miny | cos §F — cos W\ Writing | cosz —cosy| = | [ sin tdt| and using
that
S Mmn S 2 Mn Ve [Mﬂ' Mﬂ']
sinzg > sin — > — - — T E[—,T— —
- N — 7 N N’ N

(C.1) follows. Next, for any 0 < ¢ < % and 0 < j < £ one has

. o 9

g s N x
COS =— — COS — = smxd:p2—|

N N in s

(& — 5
e

232S

which proves (C.2). Concerning (C.3) let us concentrate on the case where

M<n< % (The case where % < n < N — M is treated in the same

way.) Then one sees in a straightforward way that >, . v_u & n o <

32 m<kenyo, kpn - Hence (C.3) follows from (C.2) and Lemma C.7. O
Lemma C.5 The following estimate holds

s km
sin &7
Z cos Mz —Ncos kr ON).
M<k<¥ N N
Proof. Note that
Z sin %r < sin w n / 2 sinx d
T
M kr — T M+1)7w Tr Mm
Moy COs F — COS 5 T cos MT — oS % Q1)x co8 “F — COS T
and
/2 sin x dr —1 M /2
P V-p— x = log [ cos N CE I
N N N
Mn (M +1)r

< —log ( cos — — cos ————).

< —log ((cos — )
By (C.2) one has cos %4F — cos (M;\rfl)” > (2%\;1)” and hence

Mn (M + 1)m
—log ( cos —— — cos ————) < 2log N.

g (cos — ) <2log

Furthermore, together with the estimate 0 < sin (M;\rfl)” < (Mj\rfl)” one gets
sin((M + 1)w/N) <N
Mn (M+1)mr —
COS “f — COS

Combining the two latter estimates the claim follows. OJ
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Lemma C.6 (Mean value theorem in integral form) Let f be continuous and
g > 0 integrable on the interval [a b] wz’th a < b. Then there existsa <y < b

so that f:f(a:) x)dr = f g(x

Lemma C.7 Foranyk € Zs, andanyl <n <k, Y, kg—ijg = O(%).
0<j<n

-0 (log(k+1) ) .

Similarly, for anyn >k, > .

j>n 52— k2

Proof. Note that for any n > k, > 211# < 2k + fn = dex Using that

]>n
J:QikQ - (ﬁ B ﬁ)i - 21k dx lOg a:—f—k 2119 dz 10g< - xQ——fk) one gets
| 2k 1 2k
——dxr = —1 1—— —log (1 —
/n el =gpls (- ) —gplee - )
1 2k 2k
=—log(l— —— —log(1 4+ ——
25 o8 ( N+k:)+2k ogll+ %)
Hence limN_mof Asdr = & log(l + 2£) < Llog(l + 2k). The sum
> ﬁ can be estimated in a similar fashmn. O
0<j<n

D Auxilary estimates

In this appendix we prove auxilary estimates needed in Section 7 to derive
the claimed asymptotics of w? for 1 < n < L. In view of (6.5), (6.6), and
the assumptions about F, formula (6.4) reads in the case 1 < n < L and
My=Laswy =58 — 3530 Ay; o — (P1) = (P2) + Errory, where

N 4N3
N
ey [ el (D.1)
1<;L y Z\C/ XN(IM)
N0

1 JdogL nM? n
Brron = 0( 5 (4 + 5 +3p):
We will need estimates for the integral in (D.1), relating it to a corresponding
one of KdV. The integral in (D.1) is a sum of convergent improper Riemann
integrals on intervals at the endpoints of which the integrandeight be sin-
)‘219—1 @kN(ﬂ)

gular. More specifically, the improper Riemann integrals | v " -
2k—2 14/ xn (1)
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and f)\ 21 “kafj()“ dp can be shown to be of the order O(% log~s') and to

diverge 1f IY = 0. On the other hand, iy/x () is real valued on both inter-
vals (A3, AN 1] and [AJ), A%, ;] and has opposite signs which will lead to
cancelations. Hence a careful analysis is needed to obtain estimates which
are uniform on bounded subsets of functions «, 8 in CZ(T). We split the
domain ZY of the integral in (D.1) as follows. Fix p >0 in such a way that
Ay +3p < Ay — 3p for any j >0 (cf (B.2)), set p = &% and introduce

Ajv :P‘é\; 1 P >‘2] Ju P‘%Q\N N]> 0<g<n
B :[)\é\;qtp )\2]+1 PN, 0<j<n
Aév -:P\éva )\]1\7 - /)N]a Cyjzv = P‘é\; 1 /) )‘Qn 1

so that Z) = (UZy AN) U (U2} BY) U CY. Correspondingly define

A_ :P‘2_] 1 p7>‘2_] 1] [>‘2_]7)‘2_J+p]7 ) 0<]<’I’L
Bj_ :[AQ_] +p’)\2]+1 p]) O<j<77,
A(; :P\O ’ >‘_ ] ) Cr: = P‘Q_nfl - P )‘2_1171]

andset Z 5 = ( U" ! Aj ) ( 7;11 B]’) UC, . In the lemmas below we will derive
the asymptotics of the 1ntegrals over the intervals (AN )o<j<n, (B} )o<j<n, and
CX in terms of corresponding integrals for KdV over the intervals (A} )o<j<n,

(B} )o<j<n, and C_ . We begin with the analysis of the integral over the
interval A) = [)\év, AV — oM.

Lemma D.1 Uniformly for 1 < k < L and on bounded subsets of functions
a, B in C§(T)

@k() N ka N 1

AN i/ xn (p _27T]<«' A i/AL(N) d)\+0(7€2L5/2)

Proof. For € AlY, and 1 < k < L one has by (5.2), (5.3), (5.14), (5.15)

(D.2)

e 1oty o
i/ xn (1) 2(1;[9 w (1) ) iyl ( RS (1)-
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Here we used that o (1) = (—1)N"2[],cpcp (00" — 1) and that by (5.4)
#k

(=1D)Ni/xn(p) > 0 for any p € (A),A\)) to get the correct sign. Setting

N,k
— — A e 1 o, —p
p = p(N) = =2 + 5= and writing ) ngefs%L gy as
K N,k _
4N2 H 0-5 —)\ H 4N2< k —,M) ) H U}Z (Jff\)
wy () 1<0<r We () <0< o, — A 1<i<L 4N?w," (1)
£k £k

one argues as in the proof of (5.17) to conclude that for A\ < A\| — p/2,

[Tici<s ng;i(zv/\)(m =1+ O(MTQ) and, taking into account also Theorem 5.1,
Nk _
[Tici<s 4N2;§€ )\“) = 1+ O(335). By Lemma B.3 (cf Remark B.4) and

£k
Lemma B.5 (cf Remark B.6), Q" () = 1+ O({5) respectively Q. (V) =
1+ O(£5). By (5.1) one then gets uniformly for A < AT — p/2,

ep(p) 1 o7 — A, 2N? 1
i/ xa(n) wk(A)(kkm o) m( +0(53)).

£k

—k_
Note that uniformly for A € A, Hoiff,fo ,—(/\ = O(1) and, by the asymp-
totics of the periodic eigenvalues of H_, 7,7 = (A, +A5,)/2 = 4k*m*+0(1),
whence w;, (A\)™! = O(k™2). Thus for A < A\] — p/2,
1 o, F =\

ooy A Sy =0 (D-3)

fo(A) =

ep (1)

i/ xn ()

the change of variable Ay, A\] — p] = [AY, AV — p"], given by

To prove the claimed asymptotics of the integral [ Ay dp introduce

= AT gy e TN gy
T = ANz M), 0 = Y. . .

Then h) =1+ O(22) (cf Theorem 2.1) and for any = € Ay, A\] — pl,

Az) = (p(z) +2)4N? = = + o(%2 du  _ /ny  de

N Vi N 2Nz
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Using (D.3) and (5.1) we get

er () N Vho N 1
=N A — Y0 e+ 0O(=—— D.5
AN i/ xn () N Jo(A(@)) U — Ny + (k;2 L5/2) (D-5)
As by (5.7) and (5.8) GO fé“()\) and as A\(z) = hifz +cn

) 27rk \/A2 (N)—4 v
with cy = O( ) the stated asymptotics then follow by using once more
(D.3). Going through the arguments of the proof one verifies that the claimed
uniformity statement holds. O

AR

ix/xN (1)

ticular; in the proof of Proposition 7.1 we need a bound for these integrals
also for k in the range L < k < M. By similar arguments as in the proof of
Lemma D.1 one gets the following result.

Corollary D.2 Uniformly for 1 < k < M and on bounded subsets of func-

tions «, B in C3(T)
a i k) ()

Proof. Going through the arguments of the proof of Lemma D.1 one sees that

For the proof of Theorem 1.1 we need bounds for [ Ay du In par-

A 2 4AN?(o, " —
H1<£<M4N27(N)(u) = 1+ O(%) and ng{ing% = O(1) (Theorem
2.1, 0 € AN, A, As QM (1), QM (M)t = O(1) the claimed estimate
then follows from (D.3). O

Let us now analyze the integrals over A;V in the case 0 < j <n, j #k.

Lemma D.3 Uniformly for 1 <nk<L 0<j < n with j # k, and on
bounded sets of functions a, 3 in CZ(T fAN e (“) du has the asymptotics

N 796 ax+0(( Mo N ‘)). (D.7)

27k A Z’c/AQ_()\)_4 N1/2 L5/2)j(k32—j2
Proof. We present a proof which can be easily adapted to the case where
j = k. Similarly as in the proof of Lemma D.1, write for u € A§V

or () 1 Uj\[’k_r“ UéVk— N,L 1
ot~ rver ot L g ) A gy

£Fj:k
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N,k N,k
B B A\ .oy Ty TH
Set 1 = p(A) = ~2+ gz and write e [hceer gy 25

AN (07" — )
wy; (A)

11 ot =X 11 AN (o) — ) 11 w, (A)
- _7k 2 N :
1<e<r, We (A) <<, 90 — A 1<0<1L AN?wy' ()
5k U5k 2

Arguing as in the proof of Lemma D.1 and taking into account that by
_ 2
Theorem 217 4N2(,u — )\év) = ()\ — )\0 )(1 + O(]%MT)), and hence Wﬁ =

N__(1+ O(j%]%)), one sees that for A € 121; = [Agj1 = 20, Ay + 2p)

/A=y

Pk (1) — Nk
w7 Ve

(149" (),

where

vy = L WG ) oot =

SRS SR OVIRN § SOV

L#£5,k

(D.8)

and gjv’k is defined by the equation above and satisfies gjv’k()\) = O(737)-
Actually, fJN’k and gjv’k are defined and analytic on the rectangle R; C C
with top and bottom side given by A; +i2p. Note that for A € R;, one
has 4N2(O';V’k —p) = O(1) (Theorem 2.1, Ujv’k e NS _LARD, 1/ /A=A =

_ oA
O(%), 1/w, () = O(ﬁ), and Hojﬁﬁso 5);(/\) = O(1). Hence for A € R;
5

7 = O(=—=7)-

J

(D.9)

Moreover, by the same arguments as above, one sees that gjv’k(k) = O0(37)
is valid on R;. To proceed further observe that, by an explicit computation,

so that the integral + [,v 'g’/gi(%du equals
i i/ xn(u

A0+ g 0w) - AT+ g OE)
) '

N W
Aj
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Now the integrals over the intervals [A3; | — p™, A3 ] and [)\Qg, A+ pN] of
A;V can be analyzed separately. As the two cases are treated in the same way
we concentrate on the integral (") over the interval [)\év , )\N + ,0 N1 only. Write

(T) = (T1)—(T2)—(T3) where with A = A\(u) = 4N2(u+2) = AN?(tN +
2), and the identity w (1) = —55 {/X — 3] 4 \/M AJ; on [)‘%7 AR+ o],
AN fNE Y Nk (=N
(T1) := / AN ij D) g (D.10)
A wy ()
My 9" V) =g (7)) 2Ndp

T2 = [0 )

N {/)\—1/5\]7»71 i/u—)\é\;

T RO = YN EN) 2N du

(T3) = g™ (V) / .
o A% YA—vi =AY

By Lemma C.6 there exists )\QJ < pte < APy so that with A, = A(s)

Ax) 7N)
(T2) = [V (n)% Q/A*_gﬁg_(l P As 7O = O(sts) (use (D.9)
and by Cauchy’s theorem, gjv’k()\ ) — g] ( N = O(L (N — 7)) (use

j
gjv’k()\) = O(L~*?)) it then follows from Vé}ll < 7 that

1 1 )
= T

(T2) =0O(

The term (7°3) is studied in a similar way and admits the same bound. Simi-

larly, write [, Md)\ 21k fA, Y i\ where in view of (5. 7) £t s

i /AZ(N)-4 7()‘
given by (D.8) with 4N?(o; NF_ 1) replaced by (o) j . As fA’ =0

=5
2k / \/NidA AT wj_()‘)

allowing again to consider the integrals over the intervals [)\2_]-71 - p, )\2_]'71]
and [Ay;, Ay; + p] of Aj separately. It then remains to compare (7'1) with

P ) - M)
(S1) = / PR (D.11)

"y
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Make the change of variables [0, p] — [\, A\ + p"], & = p(z) = A} + 4Nz

25
n (71) and [0, p] — [)\;],)\;j +plx = A= )\ oj T @ in (S1) so that with
%N = 4N27] , ~N = 4N2( + 2), and the sign of the standard root

p ka N NkT o Nk . .

Vo e +3Y Ve Vv

1
= [ oY+t 3 D)
0
Similarly, with F]_k(:p) = fol 8)\]9_’]“(7-? +t(z + 5 /2))dt, one has
PE; /2
0

WW

Thus, by Lemma C.6, there exists 0 < z < p so that

(151 - () 2 = M T s P2

{/p ,*/z+% ,*/z+fy]

where

(D.12)

GRCRIRE) knat LN (H#N/Q Hﬁ% /2>
+Z+/yj +Z+7 +Z+fy]
As Fj_’k = O(m) (by Cauchy’s estimate and (D.9)), ¥ )
(by Theorem 2.1), Lemma C.3 1mphes that
i(72 — k2) N2/

Wz+’y ,*/erv

Using that by (D.9) and Theorem 5.1

~ N,k —k
NJ{,‘ _ . —,k‘ _ . O-]7 _0-]7 o 1 1
fj ($+)‘2j) fj ($+)‘2j)—0( (k% = 52) ) _O(L5/2j(k2—j2))’

and using that fJN * and fj_’k are analytic, hence in particular Lipschitz, one

the concludes by Cauchy’s estimate and by the boundedness of V% that

(F4) - Fh)) L o L !

J iy A=) )
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By combining the estimates obtained the stated asymptotics follow. Going
through the arguments of the proof one verifies that the claimed uniformity
statement holds. 0J

Corollary D.4 Uniformly for 1 <n,k < M, 0 < j <n with j # k, and on
bounded subsets of functions «, 8 in CZ(T)
k(1) N

Ldﬂzg(

A /XN (1) ) (D.13)

Proof. One verifies in a straightforward way that uniformly for any 1 < n, k <
M and 0 < j < n with j # k, (D.9) holds and the function gjv’k, introduced

in the proof of Lemma D.3, satisfies 1 —i—gjv’k()\(u(az))) = O(1). Arguing as in
the proofs of Corollary D.2 and Lemma D.3 yields the claimed estimate. [

N
Next we analyze the integral fAN Md,u in the case where j = k.
i i/ xn(w)

Lemma D.5 Uniformly for 1 <n < L, 0 < k <n, and on bounded subsets
of functions a, B in C3(T)

e g N Ui () M 1N
AN i\c/XN(,u)d'u - 27k AT i\c/mw‘ T O<(N1/2 - L5/2) k)
(D.14)

Proof. Proceeding as in the proof of Lemma D.3 one gets

SO;CV(M) . N,k()\) N (1+O(L)>

i v " wpY (1) L5/
where now Ly
N, B o, — 1
; k(A)—( 11 T ) e (D.15)

0<f<o0
£k

which is analytic in the rectangle Ry, introduced in the proof of Lemma D.3.
Since A ~ 47%k? for A\ € Ry, it satisfies

SN =0(5)- (D.16)
Arguing as in the proof of Lemma D.3, the claimed statements follow. [

65



Corollary D.6 Uniformly for 1 < n < M, 1 < k < n, and on bounded
subsets of functions «, 3 in C3(T)

@k() dM O(

AN i/ X (p

Proof. Arguing as in the proofs of Corollary D.4 and Lemma D.5, the claimed
statement follows. O

Next we analyse the integral |, o \/idu in the case where k # n.
paa

k) (D.17)

Lemma D.7 Uniformly for 1 <n < L, 0 < k <n, and on bounded subsets
of functions a, B in C3(T)

Spk() _N >‘

cN ZN/XN 2rk *Z\/AQ )\

N M 1
L2 n2)(N1/2+L5/2))'
(D.18)

dX+O(

Proof. We proceed similarly as in the proof of Lemma D.3, but have to
take into account that possibly, \) | = AN . Fortunately, in such a case

ok =N — = wN(p), i "jg,k(;)“ = 1. Therefore write
e (1) as
ZC XN(H)
901kV</~L) _ 1 < 1 H UéVk_ )QQL( )aé\f”“—u.
ixn(p) 23— AN N () 22, wi (1) wy (1)

Z_#n_,k
Arguing as in the proof of Lemma D.3 one sees that for A\ in the rectangle
R, C C, as introduced there, and = —2 + 4N2

AN? (o)™ — 1)

) k) (14 gV O)

i/ xn (1) wh (p)
where
iy L 1 ot =X 1
fa " (N) ) — Ny wy, () 0<12_<[oo w,; (N O(n(k2 _ nz)) (D.19)

L#n,k

and g)"* is defined by the equation above and satisfies g*(X) = O(437).
Making the change of variable p(z) = A} _; — p™ + iz, implying that
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A= AMp(x)) = vl | —p+x, and taking into account the sign of the standard
)‘é\; 1 P (:U'

N
root wlY (1), the integral + Ny Z(/X—du equals

p ~Nk _ N _ d
[ o) Pt (D-20)

0 Vi tp—z  Vp=7
where as usual, GY* = AN?(oc* +2)), V¥ | = 4N2()\§£L 1 +2), and 7Y =

Nk
~ e _1tp—=x
4NN As 0 <Nk — ¥ | < AN one has Z—22017P7F — (1

2n—1 ) 1 N
dp=(T)+ O D.21
N/?lp = OO ) 02
GNF vl +p—z  do

)
—k N On
= n X + v n—1 " =
/of (24 ving = 7) Vi +p—w Vp-—z
Arguing as in the proof of Lemma D.3 it remains to estimate the difference
(T) — (S) where
p o =X tp—x  dv
_ fn—,k(l,+ )\—n_ _p) n 2n—1 ]
/o ol Vm tp—x  Vp—u

By Lemma C.6, it suffices to estimate, uniformly for 0 < x < p,

~ N,k N

’ —,k? -
Oy —1/2n71+p—37 Oy, _)‘2n71+p_x

—k N —k —
n’ l‘+l/n7— —Jn’ "L‘+>‘nf_
f ( 2n—1 p) W f ( 2n—1 p) + ’}/g +p_ T
Note that by Cauchy’s theorem, f, *(x +vd | —p) — f R (x+ X5, 4 —p) is
1 M? 1
(@)

O(wWN NNV y—— \—0(/—/———
((Vzn_l 2"_1)71(1{:2 — nz)) ( N n(k‘2 _ n2))
whereas
1 M? 1
Nk _ N —k _ - _ _
(00" = vop_1) = (0, = Agy) = O(m + W) = O(m)
and, by Lemma C.3,
- p—x ~ M
< VIR =7l = O0(512)-
= = el - Ol)
Combining these estimates, the stated asymptotics follow. Going through
the arguments of the proof the claimed uniformity statement follows. O
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Corollary D.8 Uniformly for 1 < n < M, 0 < k < n, and on bounded
subsets of functions «, 8 in C3(T)

N
or (1) N
———dp=0(————)- (D.22)
oy i/ Xn (1) (n(k2 - n2))
Proof. One verifies in a straightforward way that uniformly for any 1 < k,n <
M with k # n, (D.19) holds and the function g2**, introduced in the proof
of Lemma D.7, satisfies 1 + gV*(A(u(z))) = O(1). Following the arguments
of the proof of Lemma D.7, the claimed statement then follows. ]

N
Next we analyze the integral ch LD dp in the case where k = n.
noiy/ X (w)

Lemma D.9 Uniformly for 1 < n < L and on bounded subsets of functions
a, B in C3(T)

N N~ (A M 1
o i/ xn (1) 21 Jor ix/AZ(N) — N "I
(D.23)
Proof. We proceed similarly as in the proof of Lemma D.7, but note that in
the case k = n, the factor vY is a substitute for the missing factor o2*F — p.
Using the same terminology as in the proof of Lemma D.7, we have
N ~
.-k R R
(D.24)
where in the case at hand, f ", defined on the rectangle R, satisfies
1 o, "= A 1
") = —— —+—~=0(- (D.25)
im0
L#£n

and g2"*()) is again O(437). Following the arguments of the proof of Lemma
D.7 yields the claimed statements. U

Corollary D.10 Uniformly for 1 <n < M and on bounded subsets of func-
tions o, 3 in C3(T)

v [ e ol O( ). (D.26)

oy i/ xn(p

68



Proof. Arguing as in the proofs of Corollary D.8 and Lemma D.9 yields the
claimed statement. U

Finally we analyze the integrals over the intervals ij with 1 <j<n—1.

Lemma D.11 Uniformly for 1 < n,k < L, 0 < j < n, and on bounded
subsets of functions a, 8 in C3(T)

%() N @/)k)\

BN i/ xn(p _27T]€ By i/ AZ(N)

where dy j = 1 + min(|j* — k|, |k* — (7 + 1)?]).

N 1
j-dy; L5/ )

d)\ +0(—— (D.27)

op () . :
—k—— is not singular, the
\C/ XN (1) ’

integral is easier to handle. To get the claimed results one argues as in the
proof of Lemma D.1, taking into account that —( = O( O
W

Following the arguments of the proofs of Lemma D.11 and Corollary D.2
leads to the following

Proof. As on the intervals BN the integrand

3

Corollary D.12 Uniformly for 1 < n,k < M, 0 < 7 < n, and on bounded
subsets of functions a, 3 in C3(T)

@fcv(ﬂ) P gy = O(

, ). (D.28)
BY i/ X (1) J

N
d

7,k

E Symmetry of the Toda chain

In this Appendix we discuss a symmetry of the Toda chain used to reduce
the proof of the claimed asymptotics (1.4) of Theorem 1.1 of the frequencies
wX at the right edge to the one of the asymptotics (1.3) of the frequencies
at the left edge. It is more convenient to discuss the symmetry property for
arbitrary Toda chains. Extend a vector (b,a) = ((bn)i<n<n, (an)i1<n<n) in
RN x RY, and extend the vectors b and a periodically, (b, )nez, respectively
(@p)nez- Define for any n € Z

by = —bn_p Qp = an_1-n
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and consider the 2N x 2N matrix Q(Z;, a). In this appendix, the superindex
N is used to indicate the number of particles of the Toda chain considered
and we use tilde for quantities such as eigenvalues, characteristic functions,
discriminants, actions, ...when evaluated at (b, ) instead of (b,a). So e.g.
AN = AN(b,a) or An(p) = An(p, (b,@)). Then the following proposition
holds.

Proposition E.1 The following formulae hold:
(1) 5\2[ =My, Y0<n<2N andhence Xn(i) = xn(—pu).

(i) An(p) = (~D)VAn(=p); OuBn () = —(—1)N An(—p).
(i) IY=IN., and @N(u) = (~1)VeN_.(-n) W0O<n<N.

Combining these formulas one obtains
o =wl , Y0<n<N. (E.1)

Proof. To prove (i) note that an arbitrary vector (F},)i<p<ony € R?Y is an
eigenvector of Q(b,a) with eigenvalue A iff ((—1)"Fon_n)1<n<on 1S an eigen-
vector of Q(l;, a) with eigenvalue —A. The identity for the charcteristic poly-
nomial Y () then follows from its product representation. Similarly, the first
identity in (ii) follows from the product representation of Ay (u) — 2, imply-
ing the claimed identity for the derivatives. Towards (iii) note that by the
definition (1.10) of the c-root, one has /A3 (—u) — 4 = (—1)N /A% (1) — 4.
The stated identity for the actions then follows from formula (3.1) whereas
the one for @ follows from (1.12) and the fact that they are polynomials
with leading term p¥~2. Finally, the claimed formula for the frequencies
then follows from (1.13). O

By applying the identity (4.9) to @2, Proposition E.1 leads to the following

Corollary E.2 For any 0 <n < N

ON—1— 2j—2 — N A
_e Z / o o NAnie)
VA (1) —4

AoN—1- (2j—1)

2N 1—(2j—2) (pN_ (:LL)
- Z Iy oy kZ/ CNide (E.2)

keIn AN —1—(2j—1) XN(:“)
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