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GROUND ENERGY OF THE MAGNETIC LAPLACIAN
IN POLYHEDRAL BODIES

VIRGINIE BONNAILLIE-NOEL, MONIQUE DAUGE, NICOLAS POPOFF

Abstract. The asymptotic behavior of the first eigenvalues of magnetic Laplacian operators
with large magnetic fields and Neumann realization in polyhedral domains is characterized by
a hierarchy of model problems. We investigate properties of the model problems (continuity,
semi-continuity, existence of generalized eigenfunctions). We prove estimates for the remain-
ders of our asymptotic formula. Lower bounds are obtained with the help of a classical IMS
partition based on adequate coverings of the polyhedral domain, whereas upper bounds are
established by a novel construction of quasimodes, qualified as sitting or sliding according to
spectral properties of local model problems.
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1. Introduction. Main results

The Schrodinger operator with magnetic field (also called magnetic Laplacian) takes the
form

(—iV +A)?
where A is a given vector field that will be assumed to be regular. When set on a domain 2 of
R" (n =2 or 3) and completed by natural boundary conditions (Neumann), this operator is
denoted by H(A, ). If Q is bounded with Lipschitz boundary, the form domain of H(A, Q2)
is the standard Sobolev space H(Q2) and H(A,Q) is positive self-adjoint with compact
resolvent. The ground state of H(A, Q) is the eigenpair (X, 9)

. (VLAY =Xy in Q
' (=i, +n-A)Yy =0 on 0%,

associated with the lowest eigenvalue X. If €2 is simply connected, its eigenvalues only depend
on the magnetic field B defined as

(1.2) B = curl A.

The eigenvectors corresponding to two different instances of A for the same B are deduced
from each other by a gauge transform.

Introducing a (small) parameter h > 0 and setting
Hn(A, Q) = (—ihV + A)?  with Neumann b.c. on 8%,

we get the relation

(1.3) Hy(A, Q) = h2H<%,Q>
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linking the problem with large magnetic field to the semiclassical limit h — 0. We denote by
An(B, Q) (or Ay if no confusion is possible) the smallest eigenvalue of H,(A, 2) and by 1y,
an associated eigenvector, so that

(1 4) (—/hV + A)2'l/Jh = >\h’l/}h in Q,

' (—ih8, +n-A)p, =0 on 0.

The behavior of A, as h — 0 clearly provide equivalent information about the lowest eigen-
value of H(A, ) when B is large, especially in the parametric case when B = BB where the
real number B tends to 400 and B is a chosen reference magnetic field.

From now on, we consider that B is fixed. We assume that it is smooth and does not
vanish® on €. The question of the semiclassical behavior of A, has been considered in
many papers for a variety of domains, with constant or variable magnetic fields: Smooth
domains [23, 18, 13, 2, 34] and polygons [4, 5, 6] in dimension n = 2, and mainly smooth
domains [24, 19, 20, 35, 14] in dimension n = 3. Until now, three-dimensional non-smooth
domains are only addressed in two particular configurations—rectangular cuboids [28] and
lenses [30, 33], with special orientation of the (constant) magnetic field. We give more detail
about the state of the art in Section 2.

1.1. Asymptotic formulas with remainders. Let us briefly describe our main results in the
three-dimensional setting.

Each point x in the closure of a polyhedral domain € is associated with a dilation invariant,
tangent open set [y, according to the following cases:

(1) If x is an interior point, MM, = R3,

(2) If x belongs to a face f (i.e., a connected component of the smooth part of 092), Iy
is a half-space,

(3) If x belongs to an edge e, I, is an infinite wedge,

(4) If x is a vertex v, Ny is an infinite polyhedral cone.

Let B, be the magnetic field frozen at x. Let E(By,Iy) be the bottom of the spectrum
(ground energy) of the tangent operator H(A,, ) where A, is the linear approximation of
A at x, so that

curl A, = By.

We introduce the quantity
(1.5) &(B,Q) ;= inf E(By, Ny).
x€Q
In this paper, we prove that this quantity provides the value of the limit of A\,/h as h — 0
with some control of the convergence rate as h — 0, namely

(1.6) — Ch™* < \p(B, Q) — h&(B,Q) < Ch¥4,

1Should B cancel, the situation would be very different, leading to another type of asymptotics [17, 12].
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where the constant C is bounded by the norm of A in W?2>(Q), as proved in Theorems 6.1
and 7.1. We can also control the constant C by the magnetic field B as established in
Corollaries 6.2 and 7.2. With the point of view of large magnetic fields in the parametric
case B = BB, (1.6) yields obviously

(1.7) —CB¥* < \(B,Q)-B&(B,Q) < CB¥*,  as B— 4.
Note that B&(B, Q) = &(B, Q) by homogeneity (see Lemma A.5).

If the magnetic potential is more regular A € W3>(Q), we establish in Theorem 6.3 a better
upper bound:

(1.8) — Ch* < \p(B, Q) — h&(B,Q) < Ch*/3,

where the constant C is bounded by the norm of A in W3°°(Q) and can be controlled by the
magnetic field B as mentioned in Corollary 6.4. Like for (1.7), we deduce the asymptotics
for large magnetic fields B = BB:

(1.9) —CB¥* < X\(B,Q)—B&(B,Q) < CB?3  as B— 4.

These results are new in this generality. In view of [20, Theorem 1.1] (in the smooth three-
dimensional case) the upper bound in (1.9) is optimal. The lower bound coincides with the
one obtained in the smooth case in dimensions 2 and 3 when no further assumptions are
done. In the literature, improvements of the convergence rates are possible in certain cases
when one knows more on &(B, 2), in particular whether the infimum is attained in some
special points.

Our result does not need such extra assumptions, but our proofs have to distinguish cases
whether the local ground energies E(B,, I,) are attained or not, and we have to understand
the behavior of the function x — E(By, ) when x spans the different regions of Q. We
have proved very general continuity and semi-continuity properties as described now.

Let § be the set of faces f, & the set of edges e and U the set of vertices of 2. They form
a partition of the closure of €2, called stratification

(1.10) Q=au(|JfHu(Je)u(lJ v).

feg ece¢ vey

The sets ©, f, e and v are called the strata of Q, compare with [25] and [27, Ch. 9]. We
denote them by t and their set by €. For each stratum t, let us denote by A; the function

(1.11) A it 2 x— E(By, Iy).
We will show the following facts

a) The function x — E(By, M) is lower semi-continuous on Q.

b) For each stratum t € ¥, the function A, is continuous on t and can be continuously
extended to the closure t of t. Moreover, for each xo € t, A¢(xq) is the bottom of
the spectrum E(By, x) of a tangent magnetic operator H(Ax, lNx) associated with
a singular chain X originating at xq.
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As a consequence, the infimum determining the limit & (B, 2) in (1.5) is a minimum

(1.12) £(B, Q) = min E(By,My).

1.2. Contents of the paper. In Section 2 we place our results in the framework of existing
literature for dimensions 2 and 3. In Section 3 we introduce the wider class of corner domains,
alongside with their tangent cones and singular chains. We particularize these notions in
the case of three-dimensional polyhedral domains. In Section 4 we introduce and classify
magnetic model problems on tangent cones (taxonomy) and extract from the literature
related facts. We show that to each point x € Q is associated a singular chain X originating
at x for which the tangent operator H(Ax, lNx) possesses admissible generalized eigenvectors
with energy E(B,,Iy). In Section 5 we prove the semi-continuity and continuity properties
of the functions x +— E(By, M) on Q and its strata. In Section 6 we prove the upper bounds
(B, Q) < h&(B,Q) + Ch*, with kK = 5/4 or k = 4/3 according to the regularity of A,
by a construction of quasimodes based on admissible generalized eigenvectors for tangent
problems. In Section 7 we prove the lower bound h& (B, Q) —Ch>* < X\,(B, Q) by a classical
IMS formula.

1.3. Notations. For a generic (unbounded) self-adjoint operator L we denote by Dom(L)
its domain and &(L) its spectrum. Likewise the domain of a quadratic form g is denoted by
Dom(q).

Domains as open simply connected subsets of R"” are denoted by O if they are generic, I1 if
they are invariant by dilatation (cones) and Q2 if they are bounded.

In this paper, the quadratic forms of interest are those associated with magnetic Laplacians,
namely, for a positive constant h, a smooth magnetic potential A, and a generic domain O

(1.13) anlA, O(f) = / (—=ihV + A)f - (—ihV + A)f dx,
o
and its domain

(1.14) Dom(gs[A, O]) = {f € L2(O), (—ihV + A)f € L2(O)}.

For a bounded domain €, Dom(gx[A, Q]) coincides with H'(€2). For h = 1, we omit the
index h, denoting the quadratic form by g[A, O].

In relation with changes of variables, we will also use the more general form with metric:
(115 alA0.GIW) = [ (~ihV+ Ay G(THT T AY) 6],
o

where G is a smooth function with values in 3x3 positive symmetric matrices and |G| = det G.
Its domain is (see [20, §5] for more details)

Dom(gs[A, O, G]) = {3 € LZ(O), GY?(—ihV + A)yY € LZ(0)},
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where L2(0) is the space of the square-integrable functions for the weight |G|~*/? and G/2
is the square root of the matrix G.

The domain of the magnetic Laplacian with Neumann boundary conditions on the set O is

(1.16) Dom (Hx(A, 0)) = {¢ € L*(0),
(—ihV + A)*y € L*(O) and (—ihd, +n-A)yp =0on 00} .

We will also use the space of the functions which are locally’ in the domain of H,(A, O):

(1.17)  Dom e (Ha(A, ©)) := {9 € HL (O),
(—ihV + A € H. (O) and (—ihd,+n-A)p =0 on 8O},
When h = 1, we omit the index hin (1.16) and (1.17).

2. State of the art

Here we collect some results of the literature about the semiclassical limit for the first eigen-
value of the magnetic Laplacian depending on the geometry of the domain and the variation
of the magnetic field. We briefly mention the case when the domain has no boundary, before
reviewing in more detail what is known on bounded domains €2 C R” with Neumann boundary
condition depending on the dimension n € {2,3}. To keep this section relatively short, we
only quote results related with our problematics, i.e., the asymptotic behavior of the ground
energy with error estimates from above and from below.

2.1. Without boundary or with Dirichlet conditions. Here M is either a compact Rie-
mannian manifold without boundary or R”, and H,(A, M) is the magnetic Laplacian asso-
ciated with the 1-form A. In this very general framework, the magnetic field is the 2-form
B = curl A. Then for each x € M the local energy at x is the intensity

b(x) := 5 Tr([B*(x) - B(x)]*/?)
and &(B, M) = by := infyep b(x). It is proved by Helffer and Mohamed in [17] that if by is
positive and under a condition at infinity if M = R”, then
3C >0, —Ch”* < y(B, M) —h&(B, M) < Ch*'3 .

More precise results are proved in dimension 2 when b admits a unique positive non-degenerate
minimum: A complete asymptotic expansion of the eigenvalues of H,(A, M) in powers of
v'h has been obtained by Helffer and Kordyukov in [15], and improved in by Vii Ngoc and
Raymond in [38] where it is proved that the sole integer powers of h appear in the expansion.
These results imply in particular that with these assumptions there holds

IAn(B, M) — h& (B, M)| < Ch.

Here H_(O) denotes for m =0, 1 the space of functions which are in H™(O N B) for any ball B.
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The case of Dirichlet boundary condition is very close to the case without boundary.

2.2. Neumann conditions in dimension 2. In contrast, when Neumann boundary condi-
tions are applied on the boundary, the local energy drops significantly as was established in
[39] by Saint-James and de Gennes as early as 1963. In this review of the dimension n = 2,
we classify the domains in two categories: those with a regular boundary and those with a
polygonal boundary.

2.2.1. Regular domains. Let Q C R? be a regular domain and B be a regular non-vanishing
scalar magnetic field on Q. To each x € Q is associated a tangent problem. According
to whether x is an interior point or a boundary point, the tangent problem is the magnetic
Laplacian on the plane R? or the half-plane I, tangent to Q at x, with the constant magnetic
field B, = B(x). The associated spectral quantities E(By, R?) and E(By, y) are respectively
equal to |By| and |B4|©y where ©q := E(1,R2) is a universal constant whose value is close
to 0.59 (see [39]). With the quantities

(2.1) b= inf |B(x)] and b = inf |B(x)|,
xeQ x€0Q2

we find
E(B,Q) =min(b, b'Oy) .
In this generality, the asymptotic limit

(2.2) lim (B, €2)

h—0

= &(B,Q)

is proved by Lu and Pan in [23]. Improvements of this result depend on the geometry and
the variation of the magnetic field as we describe now.

e (Constant magnetic field. If the magnetic field is constant and normalized to 1, then
&(B,2) = ©y. The following estimate is proved by Helffer and Morame:

3C >0, —Ch¥?2<X(1,Q)—hey < Ch¥?,

for h small enough [18, §10], while the upper bound was already given by Bernoff and
Sternberg [3]. This result is improved in [18, §11] in which a two-term asymptotics is
proved, showing that a remainder in O(h*?) is optimal. Under the additional assumption that
the curvature of the boundary admits a unique and non-degenerate maximum, a complete
expansion of A\,(1, Q) is provided by Fournais and Helffer [13].

e \Variable magnetic field. Here we recall results from [18, §9] for variable magnetic fields
(we use the notation (2.1))

(2.3a) If b<©ob, 3C>0, |M(B.Q)—hbl <Ch?,
(2.3b) If b> b, 3C>0,  —Ch* <Xy(B,Q) — h©ub < Ch¥/?,
(2.3c) If b=6ob, 3C>0,  —Ch’* <X,(B,Q)—hb< CH,
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Under non-degeneracy hypotheses, the optimality of the interior estimates (2.3a) is a conse-
quence of [15], whereas the eigenvalue asymptotics provided in [34, 37] yield that the upper
bound in (2.3b) is sharp.

2.2.2. Polygonal domains. Let Q be a curvilinear polygon and let U be the (finite) set of
its vertices. In this case, new model operators appear on infinite sectors I, tangent to Q2
at vertices x € Y. By homogeneity E(By, 1y) = |B(x)|E(1, ) and by rotation invariance,
E(1,T1,) only depends on the opening a(x) of the sector . Let S, be a model sector of
opening o € (0,27). Then

&(B,Q2) =min (b, b'Oy, min 1B(X)| E(1, Saw)) -

In [4, §11], it is proved that

3C >0, —Ch*<X\(B,Q)—h&(B,Q) < Ch8.
This estimate can be improved under the assumption that
(2.4) & (B, Q) < min(b, b'Oy),

which means that at least one of the corners makes the energy lower than in the regular
case: The asymptotic expansions provided in [5] then yield the sharp estimates

3C >0, |M(B,Q)—h&B, Q)| <Ch¥?.

From [21, 4] follows that for all o € (0, 5] there holds
(2.5) E(1,8.) < ©q.

Therefore condition (2.4) holds for constant magnetic fields as soon as there is an angle
opening a, < 7. Finite element computations by Galerkin projection as presented in [6]
suggest that (2.5) still holds for all @ € (0, 7). Let us finally mention that if Q has straight
sides and B is constant, the convergence of A\,(B,Q2) to h&(B, Q) is exponential: Their

difference is bounded by C exp(—Bh~1/?) for suitable positive constants C and 3 (see [5]).

2.3. Neumann conditions in dimension 3. In dimension n = 3 we still distinguish the
regular and singular domains.

2.3.1. Regular domains. Here Q C R3 is assumed to be regular. For a continuous magnetic
field B it is known ([24] and [19]) that (2.2) holds. In that case

£(B,Q) = min (inf [B(x)]. inf |B(x)|o(8(x))).

where 6(x) € [0, 7] denotes the unoriented angle between the magnetic field and the bound-
ary at the point x € 052, and the quantity o(6) is the bottom of the spectrum of a model
problem, see Section 4. Let us simply mention that o is increasing on [O,g] and that
0(0) =0, o(m/2) = 1.
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e (Constant magnetic field. Here the magnetic field B is assumed to be constant and unitary.
There exists a non-empty set © of Q2 on which B(x) is tangent to the boundary. In that
case we have
&(B,Q) =0 .
Theorem 1.1 of [20] states that
3C >0, |M(B,Q)— hOy| < Ch*3,

for h small enough. Under some extra assumptions on ¥, Theorem 1.2 of [20] yields a
two-term asymptotics for A\,(B, Q2) showing the optimality of the previous estimate.

e Variable magnetic field. Let B be a smooth non-vanishing magnetic field. There holds
[14, Theorem 9.1.1]

3C >0, —Ch”* <X\(B,Q)—h&(B,Q) < ChY* |

The proof of this result was already sketched in [24]. In [20, Remark 6.2], the upper bound
is improved to O(h*/3).

Under the following two extra assumptions

a) The inequality infycan |B(x)| 0(8(x)) < infyeq |B(x)| holds,
b) The function x — |B(x)|c(0(x)) reaches its minimum at a point xo where B is neither
normal nor tangent to the boundary,

a three-term quasimode is constructed in [35], providing the sharp upper bound:

3C >0, M(B,Q)—h&(B,Q) < Ch¥?,

2.3.2. Singular domains. Until now, two examples of non-smooth domains have been ad-
dressed in the literature. In both cases, the magnetic field B is assumed to be constant.

e Rectangular cuboids. The case where Q2 is a rectangular cuboid (i.e., the product of three
bounded intervals) is considered by Pan [28]: The asymptotic limit (2.2) holds for such a
domain and there exists a vertex v € ¥ such that &(B,Q2) = E£(B,I1,). Moreover, in the
case where the magnetic field is tangent to a face but is not tangent to any edge, there
holds

E(B,M,) < inf E(B,TI)
xEQ\Y

and eigenfunctions associated to A\,(B, Q) concentrate near corners as h — 0.

e [enses. The case where 2 has the shape of a lens is treated in [30] and [33]. The domain
(2 is supposed to have two faces separated by an edge e that is a regular loop contained in
the plane x3 = 0. The magnetic field considered is B = (0,0, 1).

It is proved in [30] that, if the opening angle a of the lens is constant and < 0.38,
inf £(B, M) < inf E(B, M)

xce x€Q\e
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and that the asymptotic limit (2.2) holds with the following estimate:
3C >0, |M(B,Q)—h&(B, Q)| < Ch¥* .

When the opening angle of the lens is variable and under some non-degeneracy hypotheses,
a complete eigenvalue asymptotics is obtained in [33] resulting into the optimal estimate

3C >0, |M(B,Q)—h&(B, Q)| < Ch¥?,

3. Polyhedral domains and their singular chains

For the sake of completeness and for ease of further discussion, in the same spirit as in [10,
Section 2], we introduce here a recursive definition of two intertwining classes of domains

a) B,, a class of infinite open cones in R".
b) ®(M), a class of bounded connected open subsets of a smooth manifold without
boundary—actually, M = R"” or M = S”, with S” the unit sphere of R"*!,

3.1. Domains and tangent cones. \We call a cone any open subset [1 of R” satisfying
Vo>0 and xell, pxell,

and the section of the cone I is its subset M N S" . Note that S°® = {—1, 1}.

Initialization: 3 has one element, {0}. D(S°) is formed by all subsets of S°.

Recurrence: For n > 1,

(1) M € B, if and only if the section of I belongs to D(S"1),

(2) Q € D(M) if and only if for any x € Q, there exists a cone I, € B, and a local €
diffeomorphism U* which maps a neighborhood U, of x in M onto a neighborhood V)
of 0 in R” and such that

(3.1) U (U Q) =V, NI and UX(UyNONQ) =V, NOoll,.

We assume without restriction that the differential of U* at the point x is the identity
matrix II,,. The cone I, is said to be tangent to 2 at x.

Examples:

e The elements of PB; are R, Ry and R_.

e The elements of D(S*) are S* and all open intervals T C S* such that T # S'.

e The elements of P, are R? and all sectors with opening o € (0,27), including
half-spaces (o = ).

e The elements of D(R?) are curvilinear polygons with piecewise non-tangent smooth
sides. Note that corner angles do not take the values 0 or 2w, and that D(R?)
includes smooth domains.

Definition 3.1. Let O, denote the group of orthogonal linear transformations of R”".
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a) We say that a cone [1 is equivalent to another cone 1" and denote
n=rn
if there exists U € O,, such that UM =T,

b) Let M € P,. If M is equivalent to R"~9 x [ with I € P, and d is minimal for such
an equivalence, I is said to be a minimal reduced cone associated with [1.

c) Let x € Q and let I, be its tangent cone. We denote by dy(x) the dimension of the
minimal reduced cone associated with [1,.

3.2. Recursive definition of singular chains. A singular chain X = (xo, X1, . . ., x,) € €(Q)
(with a natural number v) is a finite collection of points according to the following recursive
definition.

Initialization: x, € Q,

o Let C,, be the tangent cone to Q2 at xq (here Cy, =Ty,),
e Let I, € Py, be its minimal reduced cone: C,, = UP(R"™% x I, ).
e Alternative:
— If v =0, stop here.
— If v >0, then dy > 0 and let ©,, € D(S®~1) be the section of I,

Recurrence: x; € Oy« , € D(S9*71). If dj_y =1, stop here (v =). If not:

o Let G,
o let Ty
e Alternative:

— If j = v, stop here.

x be the tangent cone to €2, . , at x;,
5, € B, be its minimal reduced cone: Gy, x, = U(RI217179 x T ).

Note that n > dy > dy > ... > d,. Hence v < n. Note also that for v = 0, we obtain the
trivial one element chain (xp) for any xq € 2.

While @(Q) is the set of all singular chains, for any x € Q, we denote by €,() the subset

of chains originating at x, i.e., the set of chains X = (xo, ..., x,) with xg = x. Note that
the one element chain (x) belongs to &,(Q2). We also set
(3.2) C(Q) ={X e &(), v >0} =&\ {(x)}.

We set finally, with the notation (y) for the vector space generated by vy,
(3.3)
CXO = |_|Xo |f vV = O,

My = ¢ UP(R™™% x (x1) X Cyyx,) if v=1,
UO(R™% x (x1) X ... x U (R%=271701 5 (x,) X Gy x,) - - ) if v>2.

Note that if d, = 0O, the cone C,,  x, coincides with R%-1~1 leading to Mx = R".
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Definition 3.2. Let X = (xo, . . ., x,) and X' = (xg, . . ., x,) be two chains in €(2). We say
that X is equivalent to X' if xg = x{ and lMx = Mx.

Special subsets of Q: For d € {0, ..., n}, let
(3.4) Ay(Q) = {x €T, do(x) = d}.

The strata of Q are the connected components of 24(Q), for d € {0, ..., n}. They are
denoted by t and their set by <.

Examples:

e () coincides with Q.

e () is the subset of Q2 of the regular points of the boundary.
o If n=2, A(Q2) is the set of corners.

o If n =3, A(Q) is the set of edge points.

o If n=3, A3(Q) is the set of corners.

3.3. Polyhedral domains. Polyhedral domains and polyhedral cones form subclasses of
D (M) and B, denoted by D(M) and R, respectively:

a) The cone 1 € B, is a polyhedral cone if its boundary is contained in a finite union
of (hyper)surfaces. We write I € 3,,.

b) The domain 2 € ®(M) is a polyhedral domain if all its tangent cones [1, are poly-
hedral. We write Q € D(M).

This allows to make precise the definition of faces, edges and corners in dimension 3, in
connection with singular chains.

(1) Interior point x € 2. Only one chain in €,(Q2): X = (x).
(2) The faces f are the connected components of 2;(€2). The set of faces is denoted
by §. Let x belong to a face. There are two chains in &,(2):
(a) X = (x) with My = I, the tangent half-space. My = R? x R,.
(b) X = (x,x;) where x; = 1 is the only element in Ry N'SY. Thus My = R3.
(3) The edges e are the connected components of 2,(2). The set of edges is denoted
by €. Let x belong to an edge. There are three types of chains in €,(2):
(a) X = (x) with Mg = M, the tangent wedge (which is not a half-plane). The
reduced cone of Iy is a sector [, the section of which is an interval Z, C S*.
(b) X = (x,x;) where x; € Z,.
(i) If x is interior to Z, My = R3. No further chain.
(i) If x; is a boundary point of Z,, lMx is a half-space, containing one of the
two faces 0*[y of the wedge IM,.
(c) X = (x,x1,xp) where x; € 8Z,, x, = 1 and My = R3.
To sum up, there are 4 equivalence classes in €,(£2) in the case of an edge point x:
o X =(x)
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e X = (x,x{) with {x7,x{} = 0Z,
o X = (x,x}) with x{ any chosen point in Z,.

(4) The corners v are the connected components of 23(£2). The set of corners is denoted
by 0. There are four types of chains in &,(2):
(a) X = (x) with Mg = [,, the tangent cone (that is not a wedge). It coincides
with its reduced cone. Its section Q is a polygonal domain in S?.
(b) X = (x,x;) where x; € Q,.
(i) If x; is interior to Q,, Mx = R3. No further chain.
(ii) If x1 is in a side of Q, MNx is a half-space, containing one of the faces of
the cone Tl,.
(iii) If x1 is a corner of €, lNx is a wedge. Its edge contains one of the edges
of T,.
(c) X = (x,x1,X%p) Where x; € 09,
(i) If x; is in a side of Q,, xo = 1, Mg = R3. No further chain.
(ii) If x1 is a corner of €2, Cyy, Is plane sector, and x, € fx,xl where the
interval Z, ,, is its section. If x, is an interior point, then My = R3.
(d) X = (x,x1, X2, x3) Where x; is a corner of Q, xo» € 0Z,x, and x3 = 1. Then
My = R3.
Let xfi, 1 <j < N, be the corners of 2, and f{, 1 <j <N, be its sides (notice that
there are as many corners as sides). There are 2/N 4 2 equivalence classes in €, (Q2):
o X = (x) (vertex)
e X = (x,x}) with 1 < j < N (edge points limit)
o X = (x,x;’) with x;” any chosen point inside f, (face points limit)
e X = (x,x}) with x] any chosen point in Q, (interior points limit).

Remark 3.3. For polyhedral domains €2, it is a consequence of the description above that
chains (xg, x1) of length 2 are enough to describe all equivalence classes of the set of chains
€, (€2) (3.2). This does not hold anymore if general corner domains are considered. Besides,
the notion of equivalence classes as introduced in Definition 3.2 is sufficient for the analysis
of operators H,(A, Q2) in the case of magnetic fields B smooth in Cartesian variables. Should
B be smooth in polar variables only, the whole hierarchy of singular chains would be needed.

4. Taxonomy of model problems
4.1. Tangent and model operators. We recall that A is a magnetic potential associated
with the magnetic field B on the polyhedral domain Q € D(R®). For each singular chain
X = (x0,X1,.-.,%X,) € €(Q2) we set

(41) BX = B(Xo) and Ax(X) = VA(X()) -X, XE ﬂx,
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so that By is the magnetic field frozen at x, and Ax the linear part® of the potential at xo.
We have obviously

curl Ax = By,

so that the tangent magnetic operator H(Ax, [x) and its ground energy E(By, lMx) make
sense. By homogeneity, there holds for tangent problems (cf. Lemma A.5)

Lemma 4.1. Let 1 € P53 be a cone, B be a constant magnetic field with norm b > 0. There
holds

(4.2) E(B, M) = bE(% ﬂ).

Moreover, let A be a linear potential associated with B. Then x — W(+/bx) is an eigen-
function of H(A, ) associated with E(B, M) if and only if x — W(x) is an eigenfunction of
H(A/b, M) associated with E(B/b, ).

That is why we can reduce to consider model problems on cones M € B, with unitary
constant magnetic fields.

4.2. Singular chains and generalized eigenvectors for model problems. Let 1 € B, be a
polyhedral cone and B be a unitary constant magnetic field associated with a linear potential
A. Let I € B, be a minimal reduced cone associated with M. We recall that this means
that M =R3"9 x I and that the dimension d is minimal for such an equivalence.

Let &o(IM) denote the singular chains of I1 originating at its vertex 0 and let €5(I1) be the
subset of chains of length > 2 (see (3.2)). Note that €(I1) is empty if and only if M = R3,
l.e., if d =0. We introduce the energy along higher chains:

Definition 4.2 (Energy along higher chains). We define the quantity

ianE@’é(ﬂ) E(B, I_Ix) if d > 0,
oo

(4.3) &*(B,N) = £ d =0

which is the infimum of the ground energy of the magnetic Laplacian over all the singular
chains of length > 2.

If d >0, let Qo € D(SY!) be the section of I'. Since MM is a polyhedral cone, we have (cf.
Remark 3.3)

(4.4) E*(B, M) = inf E(B,Mpx)) .

x1E€Qp

i.e., among all chains X € &{(I1), we can restrict to those of length 2, X = (0, x1).

3In (4.1), VA is the 3 x 3 matrix with entries 0xA;, 1 <, k < 3, and - x denotes the multiplication by the
column vector x = (x1, X0, x3) |
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Since the cone [T is unbounded, it is relevant to define Aess(B, 1) as the bottom of the
essential spectrum of the operator H(A, ). When d < 2, due to translation invariance we
have E(B, ) = Aess(B, 1). When d = 3, the operator H(A, IT) may have discrete spectrum.

With the aim of constructing quasimodes for our original problem on €2, we need general-
ized eigenvectors for its tangent problems. For this we make use of the localized domain
Domec (H(A, 1)) of the model magnetic Laplacian H(A, 1) as introduced in (1.17).

Definition 4.3 (Generalized eigenvector). Let 1 € B be a polyhedral cone and A a linear
magnetic potential. We call generalized eigenvector for H(A,T1) a nonzero function W &€
Domoc(H(A, 1)) associated with a real number A, so that

(—iV+ APV =AV inI,

(=i +n-A)W =0 on Jrl.
Definition 4.4 (Admissible generalized eigenvector). Under the hypothesis of Definition 4.3,
a generalized eigenvector W for H(A, ) is said to be admissible if there exist a rotation
U: MR35 x T with k > d and T € %B,, and a system of coordinates (y, z) € R3% x Rk
such that
(4.6) VolU Hy, z) =e?0UD d(z),

with some real polynomial function 9 of degree < 2 and some exponentially decreasing
function @, namely there exist positive constants ¢y and Cy such that

(4.7) e ]| 20vy < Cul| Pl 20v) -

We will denote by x = (y, z) € R3> % x T the natural coordinates and by W% = W o U~! the
natural form of W.

(4.5)

Remark 4.5. By Lemma A.4 it is straightforward that in coordinates x! the magnetic potential
and the magnetic field are transformed into

A"=JT(AoU™) and B'=JT(BoU™)
where the orthogonal 3 x 3 matrix J is such that U~*(x#) = Jx". Note also that U(x) = Jx.
Therefore W is an admissible generalized eigenfunction of H(A, I1) associated with the value

A if and only if W o Ut is a generalized eigenfunction of H(A" R3% x T) associated with
the same value A.

Lemma 4.6. /f V is an admissible generalized eigenvector for H(A, ) associated with N,
for any other linear magnetic potential A" such that curl A" = curl A, the operator H(A', )
possesses an admissible generalized eigenvector V' associated with the same value .

Proof. If curl A = curl A" and A, A’ are both linear, there exists a polynomial function ¢ of
degree 2 such that A = A’ — V¢. Using a change of gauge (Lemma A.1), we find that W’
defined as

V'(x) = e®™e®a) d(z), x e,

is an admissible generalized eigenvector for H(A’, ). U
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4.3. Dichotomy for model problems. The main result which we prove in this section is a
dichotomy statement, as follows.

Theorem 4.7. Let|l € §3 be a polyhedral cone and B be a constant nonzero magnetic field.
Let A be any associated linear magnetic potential. Recall that E(B, 1) is the ground energy
of H(A, M) and &*(B, M) is the energy along higher chains introduced in (4.4). Then,

(4.8) E(B,M) < &*(B, M)
and we have the dichotomy:

(i) IFE(B, M) < &*(B,N), then H(A, M) admits an admissible generalized eigenvector
associated with the value E(B, IT1).

(i) If E(B, M) = &*(B, M), then there exists a singular chain X € €§(MM) such that
E(B,Mx)=E(B,M) and E(B,Mx) < & (B, ).

Remark 4.8. In the case (ii), we note that by statement (i) applied to the cone Ny, H(A, Mx)
admits an admissible generalized eigenvector associated with the value E(B, ).

e Qutline of the proof of Theorem 4.7. Owing to Lemma 4.1 we may assume that B :=
curl A is unitary. The proof relies on an exhaustion of cases, organized according increasing
values of d, the dimension of the reduced cone of 1. First note that quantities E£(B, 1)
and &*(B, M), like the definition of admissible generalized eigenvectors, are independent of
a choice of Cartesian coordinates. Thus, for each value of d, ranging from 0 to 3, once
T and a constant unitary magnetic field B are chosen, we exhibit a system of Cartesian
coordinates x = (x1, X2, x3) that allows the simplest possible description of the configuration
(B, ). In these coordinates, the magnetic field can be viewed as a reference one and we
denote it by B. We also choose a corresponding reference linear potential A, since we have
gauge independence by virtue of Lemma 4.6. Then relying on various results corresponding
to each case, we prove that we are either in situation (i) and exhibit coordinates* (y, z) and
admissible generalized eigenvectors, or in situation (ii).

In each of Sections 4.4—4.7 we consider one value of d, from 0 to 3, which will achieve
the proof of Theorem 4.7. In Section 4.8, we collect all possible structures of admissible
generalized eigenvectors W, organized according to increasing values of k, the number of
directions in which W has exponential decay.

4.4. Full space. d =0. TI1is the full space. We take coordinates x = (xq, x2, x3) so that
M=R?® and B=(1,0,0),

and choose as reference potential

*As our system of Cartesian coordinates x = (x1, X2, x3) will be already chosen in some optimal way, coor-
dinates (y, z) will simply be a splitting of (x1, x2, x3). But it is noticeable that the dimension k of z variables
may be strictly larger than d.
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Hence
HA M) =HA R*)=D]+ (D, —%)°+(Ds+ %) with D;=—id,.
It is classical (see [22]) that the spectrum of H(A, R3) is [1, +oo). Therefore
(4.9) E(B,R*) =1.
An admissible generalized eigenfunction associated to the ground energy is
W(x) = e—(x22+><§)/4'

which has the form (4.6) withy = x;, z= (X2, x3), and 9 =0 .

4.5. Half space. d =1. [1is a half-space. We take coordinates x = (x1, X2, x3) so that
MN=R3 :={(x,x x3) €ER? x3>0} and B = (0, by, by) with b + b5 =1,
and choose as reference potential
A = (byxs — byx,,0,0) .
Hence
H(A, ) = H(A, R2) = (D; + bixs — byx2)? + D3 + D3.
We note that
(4.10) &*(B,R3) = E(B,R*) = 1.

There exists 6 € [0, 27) such that by = cosf and b, = sin 6, so that 0 is the angle between
the magnetic field and the boundary of R3. Due to symmetries we can reduce to 6 € [0, 31
Denote by F; the Fourier transform in x;-variable, 7 the Fourier variable associated with xq,
and R

Hr (A, R2) := (T + bixs — byxp)? + D3 + D3,
acting on L2(R x R, ) with natural boundary condition. There holds

o
FiHAR) Fr = [ A8 B2 dr

€RrR
We discriminate three cases:

e Tangent field. 6 =0, then H,(A,R?) := D2+ D3 + (7T 4 x3)2, let £ be the partial Fourier
variable associated with x, and define the new operators
Her(ARY) =€ 4+ D2 4 (T + x3)2,  H(T) = D2 + (T + x3)%,

where H(7) (sometimes called the de Gennes operator) acts on L2(Ry) with Neumann
boundary condition. There holds

inf S(H(T)) = u(r), inf &(Hre(AR)) = u(r) + €%,

in which the behavior of the first eigenvalue u(7) is well-known (see [11]): The function
admits a unique minimum denoted by ©y ~ 0.59 for the value 7 = —/©,. Hence

E(B,R3) =0y < &*(B,R3).
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We are in case (i) of Theorem 4.7. If ® denotes an eigenvector of H(T) associated with ©g
(function of x3 € R, ), a corresponding admissible generalized eigenvector is

(4.11) W(x) = e VO d(x3).
which has the form (4.6) with y = (x1, X2), z = x3, and ¥(y, z) = —x1v/Op.

o Normal field. 6 = T, then H,(A,R3) := D3 + D3 + (T — x)°. There holds for all T € R,

~

inf S(H,(A,R3)) =1 (see [24, Theorem 3.1]), hence
E(B.R}) =1=¢&"(B,R?).

We are in case (ii) of Theorem 4.7. The chain X is given by (0, 1) and Ny = R3, for which
E(B,R%) < &"(B,R?).
o Neither tangent nor normal. 6 € (0, %). Then for any 7 € R, ﬁT(A, R?) is isospectral to
ﬁo(A, R?) the ground energy of which is an eigenvalue o(8) < 1 (see [19]). We deduce

E(B,R}) =0(f) with o(f) < 1.
We are in case (i) of Theorem 4.7. We recall:

Lemma 4.9. The function 8 w o(8) is continuous and increasing on (0, 5) ([19, 24]). Set
0(0) = ©g and o(5) = 1. Then the function 6 — o () is of class €* on [0, 5] ([7]).

The first eigenvalue of ﬁO(A, Ri) Is associated with an exponentially decreasing eigenvector
® which is a function of (x,x3) € R x Ry. An admissible generalized eigenvector for
H(A,RY) is given by

(4.12) V(x) = ®(x0, x3),
which has the form (4.6) with y = x1, z = (X2, x3), and ¥ = 0.

Thus Theorem 4.7 is proved for half-spaces.

4.6. Wedges. d =2. Ilis a wedge and let € (0, ) U (7, 27) denote its opening. Let us
introduce the model sector S, and the model wedge W,

{x = (x.x3), xotan > |x;|} if a € (0,m)

> _ and W,=R xS, .
{x=(x,x3), xxtan3 > —|X3|} if a € (m,2m)

(4.13) S, = {

We take coordinates x = (x1, X2, X3) so that
M=W, and B = (b, b, b3) with b2 + b3+ b3 =1,
and choose as reference potential
A = (byx3 — b3x2, 0, byxo) .

Hence
H(A, M) = H(A, W,) = (D1 + boxz — b3xp)? + D3 + (D3 + by1x2)?.
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Denote by 7 the Fourier variable associated with x;, and

(4.14) Hr (A, Wa) = (T + baxs — b3xp)? + D3 + (D3 + byx,)?

acting on L2(84) with natural Neumann boundary condition. We introduce the notation:
S(B, Sa; T) := inf &(H. (A, Wy)),

so that we have the direct Fourier integral decomposition

D
Fi HA Wa) F; = / A.(A, W,) dr

TER
and the relation

(4.15) E(B, Wy) = Tir;}‘l;s(ﬁ, So; T) .

The singular chains of €§(W,) have three equivalence classes, cf. Definition 3.2 and Sec-
tion 3.3 (3), corresponding to three distinct model operators, associated to half-spaces I'I§
corresponding to the faces %W, of W, and to the full space R3. Thus

(B, Wa) = min{E(B.1N), E(B.M;), E(B,E)}.
Let 6= € [0, 3] be the angle between B and the face AMZ. We have, cf. Lemma 4.9,
(4.16) E*(B,Wy) = min{c(6"),0(67), 1} = a(min{6", 67 }).
When T =W,, Theorem 4.7 relies on the following result [32, Theorem 3.5]:

Lemma 4.10. We have E(B, W,) < &*(B, W,).

Moreover, if E(B, W,) < &*(B, Wy), then the function T — s(B, S,; T) reaches its infimum.
Let T* be a minimizer. Then E(B, W) is a discrete eigenvalue for the operator ﬁT* (A, Wy)
and the associated eigenfunctions have exponential decay.

From the previous lemma we deduce

() If E(B,W,) < &*(B, W, ), there exists 7* such that the operator Hy-(A, W,) admits
an exponential decaying eigenfunction ® of (xp, x3) € S, associated with E(B, Wj).
The function

W(x) = e O(x, x3)
is an admissible generalized eigenvector for the operator H(A, W, ) associated with
E(B,W,). It has the form (4.6) with y = x;, z = (x2, x3), and ¥(y, z) = T*y.

(i) If E(B, Wy) = &*(B, W), let o € {—,+} satisfy 8° = min(6—,0") and I, be the
corresponding face. We have 6° € [0, 5) and &*(B, W,) = 0(6°). We deduce from
Section 4.5 that &%(B, M%) =1, hence E(B, W,) = E(B,3,) < &*(B, 12).

Thus Theorem 4.7 is proved for wedges. We extend the definition of W, to o = 7 by setting
W, :=R3. Let us quote now the continuity result of [32, Theorem 4.5]:

Lemma 4.11. The function (B, a) — E(B, W,,) is continuous on S? x (0, 27).
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We end this paragraph by a few examples.
Example 4.12. Let B € S? be a constant magnetic field. Let a be chosen in (0, 7) U (, 27).

a) For a small enough E(B,W,) < &*(B,W,) (see [32] when the magnetic field is not
tangent to the plane of symmetry of the wedge and [30, Ch. 7] otherwise).

b) Let B = (0,0,1) be tangent to the edge. Then &*(B,Wy) = ©9 and E(B,W,) =
E(1,8,), cf. Section 2.2.2. According to whether the ground energy E(1,S,) of the plane
sector S, is less than ©q or equal to ©g, we are in case (i) or (ii) of the dichotomy.

c) Let B be tangent to a face of the wedge and normal to the edge. Then &*(B,W,) =
©. It is proved in [31] that there holds E(B,W,) < ©q for a small enough, whereas
E(B,W,) =& for a € [5, 7).

As a direct consequence of the whole description performed in the previous Sections 4.4-4.6,
we obtain the following continuity statements.

Theorem 4.13. Let N be a cone in P; with d < 3 (i.e. N is the full space, a half-space or
a wedge). Then the function B — E(B,T1) is continuous on S?.

Corollary 4.14. Let N be a cone inB5. The function B — &*(B, M) is continuous on S?.

4.7. Polyhedral cones. d =3 The main result of this paragraph is the characterization of
the bottom Aess(B, 1) of the essential spectrum of H(A, ).

Proposition 4.15. Let 1 € $3 be a polyhedral cone with d = 3, which means that I is not
a wedge, nor a half-space, nor the full space. Let B be a constant magnetic field. With the
quantity &*(B, 1) introduced in (4.3), there holds

Aess(B, 1) = &*(B, M) .

Before writing proof details, let us specify what is &*(B, 1) in the case of a polyhedral cone.
Let Qo be the section of 1, i.e., Qo =M NS2. We recall from (4.4) that

(4.17) &*(B,M) = inf E(B,Mpx,)) -

x1€Qp

In fact the set of equivalence classes (Definition 3.2) of the chains X = (0, x;) is finite. Let
us describe this set, cf. Section 3.3 (4). Let § and €& be the set of faces f and edges e of I1.
For f € §, let lf be the half-space whose boundary contains f and containing points of [l
near any point of f. For e € &, there are two faces fejE adjacent to e. Let [1e be the wedge
whose boundary contains e U f U f_ and containing points of 1 near any point of ff Uf, .

Let x; € Q. There are three possibilities:

(1) xq is interior to Qo. Then Mg x,) = R>.
(2) x; belongs to a side of y. This side is contained in a face f of 1. Then Mg x,) = M.

(3) x; belongs to a vertex of €q. This vertex is contained in an edge e of 1. Then
|_|(0,x1) - I_Ie.
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We have that
(4.18) &*(B, 1) = min { min £(B, ), rfnlg E(B,Mg), 1}.
S

ec¢

Since (4.8) is proved for d = 2, we have E(B, 1) < min{E(B, MN¢:+), E(B, Mg )}. Therefore
equation (4.18) becomes

(4.19) £°(B. M) = min{ E(B, Me)}

We recall the Persson Lemma that gives a characterization of the bottom of the essential
spectrum (see [29]):

Lemma 4.16. We have
Aess(B, 1) = RiTooZ (B, 1, R)
with
A Tl
s B, R) = inf AW ]2(¢)
weege(nesg) Yl
Y0

where Bg is the ball of radius R centered at the origin and CBg its complementary in R3.

Proof. (of Proposition 4.15). Let A be a linear potential associated with B.
Upper bound: We denote by xe- a vertex of € and e* the associated edge such that
&*(B, M) = E(B, M), cf. (4.19). Let € > 0, there exists ¥ € €5°(Te-) a normalized
function such that
q[A, He*](we) S E(B, [—le*) +e€.

For r > 0 we define

’l,bg(x) = ei(x,A(rxe*)> ’L/}E(X . I”Xe*) ’
so that we have, due to gauge invariance and translation effect, cf. Lemma A.2,

supp(¥y) = supp(We) + rxe-  and  g[A, M](¥7) = g[A, Me-](2e) .

Let R > 0, for r large enough we have supp(¥?) C CBr and ¥~ € Dom(q[A, ]). We get

qlA, N(¥7) = g[A, Me:] () < E(B, M) + €.
We deduce
Ve >0,VYR>0, X(B,M,R)<E(B,Me)+c¢
and Lemma 4.16 provides the upper bound of Proposition 4.15: Aes(B, 1) < &*(B, ).

Lower bound: Let

UL (| U )u (| Ue)

fes ec¢

a covering of Qp according to its stratification, which means that

Uy C o, Ufﬂﬁozﬂfﬂﬁo (VfES), and Ueﬂﬁo:ﬂeﬂﬁo (VEGQE)
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Let };, j € J:= {0} UFUE, be an associated partition of unity of the section Qq such that
D (%)*=1 and supp(x) CU, Vj €.
JEJ
Let x € ¢>~(Ry) such that x = 0 on [0,%] and x = 1 on [1,+00). We now define a
partition of the unity of CBx N T by setting

X[\ o (% N
o0 -x(5)2(2), e
We have Y (xf)> =1 on CBr N T and
YR >0, Y |VXF?<CR™2
JEJ

Moreover we have supp(x;%) N McT,jed={0}UFUE where we have set Iy = R3.
The IMS formula for quadratic forms (see Lemma A.7) provides

v € G(MNCBr).  glANI(w) > Y alA N P) — CR[YI

Jjed

= 3" glA, M) (xFY) — CR?(|9]?
JE€J

> EB. MY — CRZ |yl
JEJ

> (67(B.M) = CR?)|l¥]*.

Thus we deduce the lower bound of Proposition 4.15 by using Lemma 4.16. ]

Then it is clear that Theorem 4.7 in the case of polyhedral cones is a consequence of
Proposition 4.15:

o if E(B, M) < &*(B, ) = Aess(B, 1), then there exists an eigenvector for H(A, 1),
which by standard arguments based on Agmon estimates is exponentially decreasing,
see [1].

o if E(B,T) = &*(B, 1) = Aess(B, 1) = minece{E(B, )}, we are reduced to the
previous cases in lower values of d.

Example 4.17 (Octant). Let 1 = (R,)? be the model octant and B be a constant magnetic
field with |B| = 1. We quote from [28, §8]:

(i) If the magnetic field B is tangent to a face but not to an edge of [, there exists an
edge e such that &*(B, M) = E(B, ) and there holds E£(B, M) < E(B, ).

(i) If the magnetic field B is tangent to an edge e of 1, &£*(B, 1) = E(B, .) = E(B, N).
Moreover by [28, §4], E(B,Tle) = E(1,Sx/2) < ©9 = &*(B, Te).



GROUND ENERGY OF THE MAGNETIC LAPLACIAN IN POLYHEDRAL BODIES 23

4.8. Structure of the admissible generalized eigenvectors. \We have described in the pre-
vious Sections 4.4-4.7 admissible generalized eigenvectors in every situation. In this section
we list the model configurations (B, 1) owning admissible generalized eigenvectors and give
a comprehensive overview of their structure in a table. We also prove some stability prop-
erties of the generalized eigenvectors and the associated energy under perturbation of the
magnetic field B.

Let B be a constant magnetic field and M a cone in PB,. Let us assume that £(B, M) <
&*(B, ). Therefore by Theorem 4.7 there exist admissible generalized eigenvectors W that
have the form (4.6). We recall the discriminant parameter k € {1, 2, 3} which is the number
of directions in which the generalized eigenvector has an exponential decay. For further use
we call (G1), (G2), and (G3) the situation where k = 1, 2, and 3, respectively.

In Table 1 we gather all possible situations for (k, d) where d is the dimension of the reduced
cone of 1. We assume that the magnetic field B is unitary, similar formulas can be found
using Lemma 4.1 for any non-zero constant magnetic field. We provide the explicit form of
an admissible generalized eigenfunction W of H(A, ) in variables (y,z) € R3% x T where
A is a model linear potential associated with B in these variables. We also give the cone T
on which the generalized eigenfunction has exponential decay (note that T does not always
coincide with the reduced cone I of ).

(k,d) | Model (B, 1) Potential A T Explicit W ® eigenvector of

(3.3) N=r |®d(2) H(A, )

(2,2) (bo, bl, b2) (b122 - b2Z]_, 0, boZl) Sa =TI eiT*yCD(z) //'/\T(A, Wa), cf (414)

(2,1) (O, by, b2), by #0 (b122 — by, 0, O) R x R4 cD(Z) —N\, + (b122 — b221)2
N=R?x Ry

(2,0) (1,0,0) (0.—1z 1z) R? e-l2?/4 D+ iz XV, + 2

n=R3

(1,1) (0,1,0) (2,0,0) Ry =T |eMV®d(z)| =82 + (z — /)2

M=R%2 xR,

Table 1.  Generalized eigenfunctions of H(A, 1) depending on the geometry
(B, M) with £(B, M) < &*(B, M) written in variables (y, z) € R3 % x T,

Remark 4.18. In the case where I1 is a half-space and B is normal to Ol1, we have E(B, 1) =
&*(B, M) = 1 and we are in case (i) of Theorem 4.7, therefore there exists an admissible
generalized eigenvector for the strict singular chain R3 of 1. However there also exists an
admissible generalized eigenfunction for the operator on the half-plane . Let z = (z1, 2)

be coordinates of Al and y coordinate normal to Ol. Let A(y,z,2) = (0, —%, %) As
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described in [24, Lemma 4.3], the function W : (v, z;, z,) — e~ (@ +2)/* is an admissible gen-
eralized eigenvector for H(A, ) associated with 1, indeed it satisfies the Neumann boundary
condition at the boundary y = 0 since it is constant in the y direction and it is a solution of
the eigenvalue equation H(A, M)V = W, see Section 4.4.

A perturbation of the magnetic field has distinct effects according to the situation : (G1) is
not stable whereas (G2) is. We prove this in the following lemma together with local uniform
estimates for exponential decay.

Lemma 4.19. Let By be a non zero constant magnetic field and T be a cone in R with
d < 3. Assume that E(By, ) < &*(By, ).

(a) In a ball B(By, €), the function B — E(B, 1) is Lipschitz-continuous and
E(B, M) <& (B, M).

(b) We suppose moreover that (By, 1) is in situation (G2). For B € B(By, €), we denote
by WB an admissible generalized eigenfunction given by Theorem 4.7. For € small
enough, (B, 1) is still in situation (G2) and W® has the form

VB(x) = 0D0B(z) for UBx=(y,z)eRxT,
with UB a suitable rotation, and there exist constants ¢ > 0 and C > 0 such that

(4.20) VB € B(Bo,£),  [|PBe || 2¢r) < CI|PB| 2y -

Proof. Let us distinguish the three possible situations according to the value of d:

d=0: When Il = R we have E(B,) = |B| and &*(B,) = +oco. The admissible
generalized eigenvector WB is explicit as explained above. Thus (a) and (b) are
established in this case.

d =1: When I is a half-space, we denote by 6(B) the unoriented angle in [0, 7] between
B and the boundary. The function B +— 6(B) is Lipschitz. Moreover the function o
is €' on [0, /2] (see Lemma 4.9). We deduce that the function B — o(6(B)) is
Lipschitz outside any neighborhood of B = 0. Thus point (a) is proved. Assuming
furthermore that (1, By) is in situation (G2), we have 6(Bg) € (0, 5) and there exist
€ > 0, Bnin and 0,2 such that

VB € B(Bo,€), 0(B) € [0min, Omax] C (0, %)

The admissible generalized eigenvector is constructed above. The uniform exponen-
tial estimate is proved in [7, §2].
d =2: When [ is a wedge, point (a) is proved in [32, §4]. Due to the continuity of B —
E(B, I1) there exist ¢ > 0 and € > 0 such that
VB € B(By,e), &*(B,M)— E(B,I) > c.

Point (b) is then a direct consequence of [32, Proposition 4.2].
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The proof of Lemma 4.19 is complete. Ll

5. Continuity properties of the ground energy

Let Q € D(R3) and let B € ¢°(Q) be a continuous magnetic field. In this section we
investigate the continuity properties on Q of the application A : x +— E(By, ). Let t be a
stratum of Q (see (1.10)). We have denoted by A; the restriction of A to t (see (1.11)).
Combining (4.2), (4.9), Lemma 4.9 and Lemma 4.11 we get that /A is continuous.

Let us assume that t is not reduced to a point. We now describe how we extend /\; to the
boundary of t. Let x € 8t and [, € PB5 be its tangent cone. Let Uy, Vi and U* be the open
sets and the diffeomorphism introduced in Section 3.1. Let t be the stratum of [N, such that

UX(tNUy) =EN Yy .
Totis associ~ated the singular chain X € €§(IMy) such that lMx is the tangent cone to [y at
any point of t.
We extend A; in x by setting
(5.1) Ae(x) = E(Bx, M) .

Lemma 5.1. Let Q € D(R3) and let B € €°(Q). Let t a stratum of Q which is not a vertex.
Then formula (5.1) defines a continuous extension of the function )\, to t.

Proof. For x € Ot we show that the extension defined by (5.1) is continuous in x. Let
y € Uy Nt and Ty be the tangent cone to €2 at y. In the following we will prove that

(5.2) lim E(B,.,M,) = £(By, M)

For a tangent cone I we denote by d(I1) the dimension of its reduced cone. Since t is not
reduced to a point, we have d(x) = d(Iy) < 2 and we distinguish several cases:

e d=0. MNx=1"mN,=R3 It follows from Section 4.4 that E(B,,Tl,) = |B,| and
E(By, Mx) = |By|. Therefore (5.2).

e d = 1. [x and My are half-spaces. We denote by 6, (respectively 6y) the angle
between By and [lMx (respectively By and I1y). We have E(By, 1) = |By|o(6y) and
E(Bx, INx) = [Bg|o(6x) (see Section 4.5). Since 6, goes to 6 when y goes to x,
(5.2) follows from the continuity of the function o, see Lemma 4.9.

o d =2. [lx and [, are wedges. We denote by o, and ay their openings. We denote
by U* € 93 (respectively UY € 93) the linear orthogonal transformation which maps
Mx on Wy, (respectively My on W, ). We have

(5.3) E(By, Mx) = E(By, Wa,) and E(By,Ty) = E(By, Wa,) .
where we have denoted B, = U*(B,) and B, = UY(By). We have

lim |U*—UY| =0 and lim o, —ay| =0,
y—=x y—x
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therefore we deduce (5.2) from (5.3) and Lemma 4.11.

Hence we have proved (5.2) in all cases. O

Let x € Ot, we deduce from (4.8) that
Ae(x) = E(By, Myx) > E(By, My) = A(x) .
Combining this with Lemma 5.1, we obtain the following:

Theorem 5.2. Let Q € D(R®) and let B € €°(Q2) be a continuous magnetic field. Then
the function N\ : x — E(By, Ny) is lower semi-continuous on Q.

6. Upper bound for first eigenvalues in polyhedral domains

In this section we prove general upper bounds for the first eigenvalue A\,(B, Q) by h&'(B, Q2)
up to a remainder of size h* with Kk > 1. The first theorem provides an upper bound with

5

k = % using a novel construction of quasimodes depending on the geometry. Under more

regularity assumptions on the potential and using more knowledge on the model problems
we refine the quasimodes and we reach an upper bound with Kk = %.

Here is our first result:

Theorem 6.1. Let Q € D(R3) be a polyhedral domain, A € W?>=(Q) be a twice differen-
tiable magnetic potential such that the associated magnetic field B does not vanish on Q.
Then there exist C(2) > 0 and hy > 0 such that

(6.1) Vh e (0, hg), Xp(B,Q2) < h&(B,Q2)+ C(Q)(1+ ||AH\2/V2,OC(Q)) h/*
We recall that the quantity &(B, ) is the lowest local energy defined in (1.5).

It is possible to obtain an upper bound in (6.1) depending on the magnetic field B and not
on the magnetic potential. For this, we consider B as a datum and associate a potential A
with it. Operators & : B — A lifting the curl (i.e. such that curlo .« = T) and satisfying
suitable estimates do exist in the literature. We quote [38] in which it is proved that such
lifting can be constructed as a pseudo-differential operator of order —1. As a consequence
o/ is continuous between Holder classes of non integer order:

Va € (0, 1), dC4 > 0, H%BHWZHX,OO(Q) < Ca||BHW1+a,x(Q) .
Choosing A = /B in Theorem 6.1, we deduce the following.

Corollary 6.2. Let Q € D(R?) be a polyhedral domain, B € W+%>(Q) be a non-vanishing
Holder continuous magnetic field of order 1 + o« with some o« € (0,1). Then there exist
C(Q2) > 0 and hy > 0 such that

(6.2) Vhe (0,h),  An(B,Q) < h&(B, Q)+ C(Q)(L+ [IBlfyrianey) h7* .
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Theorem 6.1 is proved in Sections 6.1-6.3 according to the following plan. Since the energy
x — E(By, Iy) is lower semi-continuous (see Theorem 5.2), it reaches its infimum over the
compact 2. We denote by xo € {2 a point such that

(6.3) E(By,, My,) = £(B, Q)

where [y, is the tangent cone at xq. Starting from this, the proof is organized in three main
steps, developed in Sections 6.1, 6.2, and 6.3 respectively:

(1) By the local diffeomorphism U* in the neighborhood U, of x¢ introduced in (3.1),
we reduce to a local magnetic operator set on the tangent cone 1, .

(2) We construct quasimodes for the tangent magnetic operator at the vertex 0 of [, .
Here we use Theorem 4.7 which provides us with a suitable admissible generalized
eigenfunction associated with the energy E(By,, ly,). This generalized eigenfunction
will be scaled, truncated and translated in order to give a quasimode for the local
magnetic operator.

(3) The estimation of various terms in the associated Rayleigh quotient and the min-max
principle will finally prove Theorem 6.1.

If steps (1) and (3) are very classical, step (2) reveals much more originality, because our
constructions are valid in any configuration: We do not need to know a priori whether
(By,, MNy,) is in situation (i) or (ii) of the dichotomy theorem. If we are in situation (i) — the
most classical one — our quasimodes will be classical too, and qualified as “sitting”. If we are
in situation (ii), we define our quasimodes on a higher structure My and make then “slide”
towards the vertex 0 of [y,.

Our second result is also general, the unique additional assumption is a supplementary reg-
ularity on the magnetic potential (or equivalently on the magnetic field).

Theorem 6.3. Let Q € D(R?) be a polyhedral domain, A € W3>(Q) be a magnetic potential
such that the associated magnetic field does not vanish. Then there exist C(Q2) > 0 and
ho > 0 such that

(6.4) Vh e (0,h),  An(B,Q) < h&(B, Q)+ C(Q)(L+ ||Al[fysmey) M .

Like for Corollary 6.2, we can deduce an upper bound where the constant depends on the
magnetic field.

Corollary 6.4. Let Q € D(R3) be a polyhedral domain, B € W?+*>(Q) be a non-vanishing
Holder continuous magnetic field of order 2 + o« with some o € (0,1). Then there exist
C(€2) > 0 and hy > 0 such that

(6.5) Vh e (0,h),  An(B,Q) < h&(B, Q)+ C(Q)(L+ [IBlfyzianey) h*> .

Note that the h*/3 bound was known for smooth three-dimensional domains, [20, Proposition
6.1 & Remark 6.2] and that our result extends this result to polyhedral domains without loss.
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Theorem 6.3 is proved in Section 6.4 and we give now some hint on the proof. Like for
Theorem 6.1 we start from admissible generalized eigenfunctions and construct sitting or
sliding quasimodes adapted to the geometry. However, unlike for the proof of Theorem
6.1, we are going to actually take advantage of the decaying property of the generalized
eigenfunctions and adopt different strategies depending on the number k of directions in
which the generalized eigenfunction has exponential decay: A Feynman-Hellmann formula if
k = 1, a refined Taylor expansion of the potential if k =2, and an Agmon decay estimate if
k = 3.

6.1. Change of variables. Let us recall from Section 3.1 that the local smooth diffeomor-
phism U* maps a neighborhood Uy, of xo onto a neighborhood Vy, of 0 so that
(6.6) U Uy, NQ) =V, NT, and U (U, NON) = Vy, N OMy,.
The differential of U* at the point xq is the identity matrix II5. Let
Ji=d(U)! and G:=J'(JHT

be the jacobian matrix of the inverse of U* and the associated metric. Lemma A.4 leads
to introduce the following formulas for the transformed magnetic potential A and magnetic
field B = curl A in Vy, NIy,

(6.7) A:=J"((A=A(x))o(U®)™) and B:=|detJ]J " (Bo(U®)!).
We also introduce the phase shift

(6.8) (P(x) = e AL/ e Uy

To any function f in H*(Q) with support in U,, corresponds the function

(6.9) = (CPf) o (U)F

defined in [ly,, with support in Vy,. For any h > 0 we have

(6.10) anlA, Q)(F) = an[A — A(xo), QI(CFF)

and thus

(6.11) a[A, Q)(F) = a[A, T, GI(W)  and  [[Fllizie) = Iz

where the quadratic forms gp[A, 2] and qh[li, My, G] are defined in (1.13) and (1.15), re-
spectively.

Since dU*(xq) = I3 by definition, there holds
(6.12) B(0) = B(xo) .

Likewise, let INAO be the linear part of A at the vertex 0 of M,,. Note that, as a consequence

of (6.7), A(0) = 0 and the two potentials Aq and A,, coincide (we recall that A, is the
linear part of A at xq).
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Lemma 6.5. Let r; > 0 be such that V,, contains the ball B(0, ry) of center 0 and radius
ro. Then there exists a constant C(Q2) such that for all r € (0, rp], if 9 € HY(MNy,) with
supp(¢) C B(0, r) we have the two estimates

(6.13) |Gl A, Mol (W) — an[A — A(xo), (% 0 U)| < C(Q) r gulA, M) (%),

(6.14) ‘||"PHL2(|'|XO) — [l o U®|| 2| < C() r Y1l 2,y )-

Proof. Recall that J = d(U*)~! and G := J7Y(J™1)T. Since dU*(x) = d(U*)~1(0) = I3
by definition, we have J(0) =I5 and G(0) = I3. We deduce

(6.15) 1G = Iz [le=(s(0.r)) < rllGllwreeuyy)-

Since Q is assumed to be polyhedral, its curvature (curvature of the faces and curvature of the
edges) is bounded, therefore there exists a uniform bound C(€2) for the norm in W (V,,)
of the metric G = G when x, runs through . Notice that g,[A, My,] = gy[A, My, 5], so
we deduce the Lemma by using (6.15) in (6.11). g

Therefore we are reduced to study the Laplacian with magnetic potential A on the cone My,
with the identity metric.

6.2. Construction of quasimodes. Let x, € Q be a point satisfying (6.3). Thus xq mini-
mizes the local ground energy. For shortness we denote by Ag this energy:

(6.16) No = E(By,. My,).

In order to prove Theorem 6.1, we are going to construct a family of quasimodes f;, € H*(Q)
satisfying the estimate for h < hy (with some chosen positive hg)

an[A, Q](f4)

6.17
(6.17) TAE

< hho + C(Q)(L+ |A[[7y2m ) 1™,

Let A be the magnetic potential in the tangent cone I,, NV, given by (6.7). We recall that
Ao is the linear part of A at 0. We recall that since dU*(xq) = I3, the point values of the
corresponding fields B(0) and B,, coincide.

Theorem 4.7 provides a singular chain® X in €,,(Q) = €(MM,,) and its associated cone Mx
such that the operator H(Ag, INMx) has an admissible generalized eigenfunction W* associated
with the energy E(By,, My,) = No.

There exists a rotation U which transforms My into R37% x T so that in coordinates x! &
R3~% x T, with T € 9, the generalized eigenfunction writes:

(6.18) UX(x) = WI(x) = e®02) d(z) with Ux=xI=(y,z) e R** x T,

SIn the case (i) of Theorem 4.7, X is the trivial chain (xo) and Mx = My, .
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where @ is an exponentially decreasing function. The function W* satisfies
—iV + Ag)2WE = NgW™ in My,
(619) ( l O)~ 0 In Tlx
(—/6n+n-Ao)\IIX =0 on aﬂx

Then the scaled function

(6.20) W (x) = wx(

=

defines a generalized eigenfunction for the operator Hh(ﬂo, Mx) associated with hA.

), for x ey,

According as Ty, equals lMx or not (cases (i) or (i) in Theorem 4.7, respectively), our
constructions will be different, leading to two types of quasimodes qualified as “sitting” or
“sliding" .

6.2.1. Sitting quasimodes. \When we are in case (i) of the dichotomy given by Theorem 4.7,
X = (x0) and My = T,. In a classical way, the construction amounts to realize a suitable
cut-off of the scaled generalized eigenfunction Wi. For doing this, let us choose, once for
all, a model cut-off function x € €*>°(R™) such that

1ifr<1,
6.21 r)y = -
(6.21) x(r) {Oifr22.
For any R > 0, let Xr be the cut-off function defined by

r
(6.22) XN =x (%)
and, finally
x| x| . 1

Here the exponent ¢ is the decay rate of the cut-off. It will be tuned to optimize remainders.
We choose R = 1 in the formula for the cut-off and set®

(6.24) @5 (%) = ¥y (%) = X (X)W} (%)

which provides a quasimode for qh[ﬂo, Mx] satisfying (—ih0, +n- Ko) £ =0 on dMNx. Note
that when h decreases, the supports of (pff decrease while staying embedded in each other.

6.2.2. Sliding quasimodes. Now we are in case (ii) of the dichotomy given by Theorem 4.7,
which means that Ag = &*(By,, ly,) and that there exists a chain X € & (€2) such that
No = E(By, MNx) < &*(By, MNx). Let U° € O3 such that M,, = U’(R>? x I") where I is the
reduced cone of M,,. Let Qo = TNS?"! be the section of . According to Remark 3.3, there
exists x; € Qg so that X = (xq, x;). Then we define the unitary vector T by the formulas

(6.25) 7:=(0,x)eR*™ %I and 7=U%Tc$S°%

5The reason for the double notation @ (x) = Pit(x) will appear clearly later on, see (6.26a)-(6.26b).
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Remark 6.6. The cone [lx can be the full space, a half-space or a wedge, and T gives a
direction associated with [lx starting from the origin 0 of [1,,:

(1) If Mg = R3, 7 belongs to the interior of M, .
(2) If Mx =R3, T belongs to a face of My,.
(3) If Mg = W,, T belongs to an edge of I1,,.

Note that unless we are in the latter case (Mx is a wedge), the choice of T is not unique.

At this point, let us emphasize that we need that our quasimodes on the tangent cone [y,
are compatible with the structure of x that provides the admissible generalized eigenvector
WX Here the vector T introduced in (6.25) comes into play. Instead of being concentric like
before, the supports of the quasimodes are sliding along T and concentrate at the same rate
h®: We define our quasimode 7 by setting

(6.26a) wf(x) = xh(x)\llig(x), (Vx € M),
(6.26b) QF(x) = e B@/M Ky p) with p= kT (Vx€E).

The vector p is a shift and the translation TP by —p sends a neighborhood of p in [y, onto
a neighborhood of 0 in lNMx. We check that

(6.27) (—ihV + Ao(x))@r(x) = e Po®) X/ (_iny 4 Ao(x — p))Yi(x — p),  Vx € My, .

We choose R > 0 in (6.22) such that B(7,2R)NMMy, = B(T,2R)NMMx. Note that R depends
only on the geometry of Q2 near xo. Hence, using the translation T7 : x — x — T,

(6.28) TT{ supp (XR(' — 1-)) N I_Ixo} = supp(XR) N My .

It follows by scaling that, with the translation TP : x — x — p,

Vh >0, T"{ supp(iy) N ﬂxo} = supp(¥y) N Mx.
Therefore, in virtue of (6.27) we have

(6.29) Ao, My, (90}) = qnlAo, Ml (W),

with 9% satisfying the Neumann boundary conditions (—/h@,,+n~/10)1,b§ = 0 on Ollg, which
allows to take advantage of better cut-off estimates, cf. Lemma A.8.

The localization of the quasimodes % can be deduced from Remark 6.6:
(1) If Nx = R3, ¢F is centered in the interior of M.

2) If Mx = R3, ¢ is centered on the face of MM, associated with T.
+ h 0
(3) If Mx = W,, ¢ is centered on the edge of Il,, associated with 7.
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6.2.3. Synthesis. \We have constructed the functions @3 € Dom(Hp(Ao, My,)) by formulas
(6.18)-(6.28):

(i) If X = (xo), the functions @ are sitting quasimodes:
] X
(6.30a) 0 (x) = X, <F W (W) . for x €My,

(i) If X = (xg,x1), the functions % are sliding quasimodes:

(6.30b)  @F(x) = e~ (Ao(p).x)/h Xp (%) 28 (xh:/;)) . for x€ M, and p= KT,

6.3. Estimation of the quasimodes. \We separately estimate the cut-off errors, the lin-
earization errors, and the error due to the change of metric.

6.3.1. Cut-off effect. In both situations of sitting and sliding quasimodes, relying on formulas
(6.24), (6.26a) and (6.29), we can apply Lemma A.8 with the magnetic potential Ao, X = X»
and ¥ = Wi, we obtain for the Rayleigh quotient of o=

an[Ao, M) (0 _ Gl Ao, Mx] (W B anlAo, M) (xh V)

6.31a = = = hA\g + h°
(6.31a) AR HE PRGAE o+ ey
with

V] WE2
6.31b =
(6.31b) Pr = VIR

The fact that W belongs to Dom |oc(/-/h(ﬂo, Mx)) is essential for the validity of the identities
above.

The following lemma estimates the remainder due to the cut-off effect:

Lemma 6.7. Let V be an admissible generalized eigenvector given by (6.18) and W, the
rescaled associated function given by (6.20). Let x, be the cut-off function defined by
(6.23) involving parameters R > 0 and § € [0, 1]. Then there exist constants Co > 0 and
Co > 0 depending only on hg > 0, Ry > 0 and V such that

_ IVl vl {Coh‘” iFk<3

1
S PVAVATE Coh el iy _3 VR > Ro, Yh < hg, V6 € [0, 5].

Proof. By assumption W(x) = e®02 d(z) for Ux = (y,z) € R3> % x T and there exist
positive constants ¢y, Cy such that

(6.32) /Tex‘“'z\(D(Z)Fdz < Cull®l[Fzevy-

Let us set T = RA®, so that xx(x) = x(|x|/T).
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Let us first give an upper bound for || |Vxs| Wyl:

If kK < 3, then
2
z
1Vl Wall? < CT‘2/ dy / *(75)] ¢
h‘ " ly|<2T T N{|z|<2T} \/E
< CT2T R R 20220,
else, if k =3
2
z
VXAl Wa* < CT_z/ q)(—) dz
TN{T<|z|<2T} \/E
< CT2pe2 1 . |P(2)|? dz
Ta{Th i<z 2 }
< CT2h/2 g 2wT/Vh > |d(2)[* dz

1 1
Tr{Th << 3}
S CT—2 hk/2 e—2c\|,T/ﬁ HCDH%2(T)

Let us now consider ||x,Wy| (we use that 2]y| < R and 2|z| < R implies |x| < R):

2
z
xpWVall? > / dy/ @(—)‘ dz
el 2ly|<T TN{2z|<T} vh
(6.33) > CT3‘khk/2/ L |o(2))?dz
T {2lz<Th 2}
(6.34) > CT3*hR2I(Th™2) || &2

where we have set for any S > 0

The function S — Z(S) is continuous, non-negative and non-decreasing on [0, +00). It is
moreover increasing and positive on (0,00) since @, as a solution of an elliptic equation
with polynomial coefficients and null right hand side, is analytic inside T. Consequently,
Z(Th=2) = Z(RK*~2) is uniformly bounded from below for R > Ry, h € (0, hy), 6 € [0, ]
and thus

_ Jere (T(Th2)} ' < Coh™® if k < 3,
o= eT2 etV (T(Th2)} 7 < Coh Pe ol if k=3,

where the constants Cy and ¢, in the above estimation depend only on the lower bound Ry
on R, the upper bound hg on h, and on the model problem associated with xq, provided
6 €[0,2]. Lemma 6.7 is proved. O

If the exponent 9 is bounded from above by a number §g < % we obtain the following
improvement of the previous lemma.
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Lemma 6.8. Under the conditions of Lemma 6.7, let §; < % be a positive number. Let
Ro > 0. Then there exist constants hy > 0, C; > 0 and ¢; > 0 depending only on Ry, 0o
and on the constants cy, Cy in (6.32) such that

_ Il vl {Cl k<3,

VR > Ry, Vh < hy, V& € [0, 8]
[xrWhl|2 C; e—Clh‘S*l/Z ifk =3, = t0 o [0, 0o]

Proof. We obtain an upper bound of || |Vxy| Wp||? as in the proof of Lemma 6.7. Let us
now deal with the lower-bound of ||x,W,||2. With T = Rh?, we have

IxpWsl? > CTEkpk/2 L |9(2))7dz
rn{ok<Tn s}

(6.35) > T3 kpe2 (1 - Cwe—cw’?h‘s’”) 1122y

Since 0 < § < 8y < %, there holds Cye~R""* < L for h small enough or R large enough.
Thus we deduce the lemma. U

6.3.2. Linearization. Note that in any case (sitting or sliding) the quasimode % (6.30) on
My, belongs to Dom(gy[A, My,]). We can compare the quadratic form for the magnetlc
potential and its linear part by using (A.7) with A = A A = Ao O =T, and ¥ = @i

(6.36) aulA, My,](0) = anlAo. My ](0F)

+2Re . (—ihV + Ag)@is (%) - (A = Ao) (x)@if(x) dx + [|(A — Ao )iy ||*.

Combining with (6.31) we get

an[A, T ](5)

(637) || X||2 = h/\o + h2,0h
2 Re fHXO(—/hV + Ag)i(x) - (A — Ag)(x) i (x) dx (A — Ag)k|
10112 3112
By Cauchy-Schwarz inequality, we obtain easily
A, M, ](oF
(6.38a) 9l ”(pXT'E(‘ph) < hho + WPon +2V'hy/No + hpy ap + a2
h
where we have set
A—A
[l

We now estimate the remainder due to the linearization of A.
Lemma 6.9. Let ry > 0 be such that Vy, D B(0, ry). For any r € (0, ry], we have
(6.39) wx € B(0,r),  A(X) = Ao(x)| < L[|Awzuqso.n I
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Proof. Since éo is the linear part of A and K(O) = 0, the formula is deduced from the Taylor
expansion of A at x = 0. O

By construction, there exists C(€2) > 0 such that the support of % is included in the ball
B(0, C(Q)h?). Consequently, we obtain immediately

(6.40) an < C(Q I Allwe (supp(eoiy -
Moreover using the definition of A (see (6.7)) we get

!Iﬂllwzw(supp(wg)) < (T4 1T Il i) 1) A2 aa)
< (1+C()r°)|IA

lw2s0 ()
Thus, putting this last inequality in (6.40), we deduce
(6.41) an < C(Q)[|A w2y h®.

Combining (6.38), (6.41) and Lemma 6.7 we get

anlA, M) (0F)
oy 112

(6.42) < hho + C(Q)(1 + [[A[If o)) (B2 + h2¥2 4 ).
Note that we have also used Ag < [|B[1~(0) < [|Allwi=(q) (since B = curl A) in order to
control the cross term v/hyv/Ag + hppay in the right hand side of (6.38).

6.3.3. Quasimode on €2 and estimation of the remainders. \We now define a quasimode for
an[A, Q]. Let us note that for h small enough, in any situation (sitting or sliding) % is
supported in Vy,. Therefore we can define 7, by

(6.43) fa(x) = @3 o U*(x) CR(x), X €Uy, ,

where the phase shift (;° was introduced in (6.8). We extend f, by zero, thus defining a
function f, € H*(2). Combining (6.42) and (6.10) with Lemma 6.5 for r = h® we get

an[A, Q](fr)

T < (o COD+ Al @) (72 + h2 4 1)) (14 CO)H)

Therefore there exists a constant C(2) > 0 such that

an[A, Q|(f4)

06.44
(6-44) AE

< Ao + C(Q)(L + [|A]12 2 () ) (B2 + h+2 4 g 4 p1¥0)

We optimize this upper bound by taking 6 = %, which provides immediately estimate (6.17).
The min-max principle then yields Theorem 6.1.
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6.3.4. Improvement in case of corner concentration. \When the geometry minimizing the
energy is given by a corner whose tangent problem has an eigenvalue under its essential
spectrum, we get a better upper bound by improving the estimate on ap:

Proposition 6.10. Let Q € D(R3) be a polyhedral domain, A € W?>(Q) be a twice
differentiable magnetic potential such that the associated magnetic field B does not vanish
on 2. We assume moreover that there exists a corner xo € {2 such that

& (B, Q) = E(By,, My,) < & (By,, MMy,).
Then there exist C(2) > 0 and hy > 0 such that
Vhe (0,h), An(B,Q) < h&(B, Q)+ C(Q)(L+ [|Allf2m ) h*?Ilog hl .

Remark 6.11. As in Corollary 6.2 we can express this upper bound in function of the Holder
norm of the magnetic field.

Proof. Since Ty, is a polyhedral corner and E(By,, Ny,) < &*(By,, Nx,), by Proposition 4.15
the generalized eigenfunction W of H(A,,, ly,) provided by Theorem 4.7 is an eigenfunction
and has exponential decay when |x| — +o00. Here X = (x¢), the quasimode 7 is sitting and
defined by (6.24). From now on we may drop in this proof the superscript X. Using (6.39)
we get C(2) > 0 such that

Wx € supp(@n), (A = Ag)(x)| < C(Q)IIAlwz(supp(eonXI7 -
Using the change of variable X = xh™/? and the exponential decay of W we get
(A = Ao
ol
where ay is set in (6.38b). Now (6.38) provides, with Lemma 6.7, for any § € (O, 1]

anlA, My, ] ()
llnll?

anp < C(Q)HKHWZ‘”(SUDD((Ph))h’

51
h\o + C(Q) P22 % + C(Q)|Allwze @) h*? + C(Q)|Al[fy200 ) 7

_1
< Ao + CQ)(L + (AR 2 () (B2 4 p3/2),
Therefore the quasimode f;, defined in (6.43) satisfies

an[A, Q|()

51
e S Q@R {Mho + CQ+ A (e + 12}
< hN\o+ C(Q)(1 + ]|A||a/2mm)){h1+6 1 228 —ch’3 +h22),

Here C(2) denotes various constants independent from h < hy and § < % We optimize this
_1
by taking § = 5 — e(h) with €(h) so that h*™® = p220g=ch" 2 e
hg—e(h) _ h1+2e(h)e—ch—6<h>_

We find
e = pat3E) e pme = 1(_1 4 3¢(h))logh.
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The latter equation has one solution £(h) which tends to 0 as h tends to 0. Replacing h=¢("
by the value above in h2=¢(") we find that the remainder is a O(h*?2| log h|) and the min-max
principle provides the proposition. O

6.4. Improvement for more regular magnetic fields. The object of this section is the proof
of Theorem 6.3. In fact, our proof of the h®* upper bound as done in previous sections
weakly uses the exponential decay of generalized eigenfunctions in some directions. It would
also work with purely oscillating generalized eigenfunctions.

Now the proof of the h*/3 upper bound makes a more extensive use of fine properties of
the model problems: First, the decay properties of admissible generalized eigenvectors and
their stability upon perturbation, and second, the Lipschitz regularity of the ground energy
depending on the magnetic field, cf. Lemma 4.19.

We recall that xo € Q is a point such that £(B,,,My,) = &(B, Q) =: Ag. We apply Theorem
4.7 (and Remark 4.8) with (By,, My, ): we denote by X the corresponding singular chain which
satisfies

&(B,Q) = E(By,, My,) = E(By,, MNx) < & (By,, Mx).

We now split our analysis between three geometric configurations depending on the number
of variables k in which the generalized eigenfunction has exponential decay (see Section 4.8):

(G1) My is a half-space and B,, is tangent to the boundary.

(G2) We are in one of the following situations:
— Either lx is a wedge,
— or [lx is a half-space and By, Is neither tangent nor normal to the boundary.
— Oor HX = Ra.

(G3) Mx is a polyhedral cone of dimension 3 and coincides with [y, .

Let us now deal with each situation. The arguments are specific to each case.

e Assume that we are in situation (G3). This means that xq is a corner and that we have
the strict inequality E(By,, Mx,) < &*(By,,Mx,). In that case we can rely on Proposition
6.10 in which we have already proved a better upper bound for A,(B, €2), even with a weaker
regularity assumption on the magnetic field.

e Assume that we are in situation (G2). The generalized eigenfunction W associated with
H(IKO, Mx) has two directions of decay, z; and z, leaving one direction y with a purely
oscillating character. In this case, we are going to improve the linearization error: Until
now we have used that A(x) — Ag(x) is a O(|x|?). Here, by a suitable phase shift (which
corresponds to a change of gauge), we can eliminate from this error the term in O(|y|?),
replacing it by a O(]y|®). The other terms containing at least one power of |z|, we can take
advantage of the decay of W. The sitting modes will be constructed following exactly this
strategy, whereas concerning sliding modes, we have to linearize the potential at the point
p := h%T, instead of 0 as previously. Let us develop details now.
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Quasimodes f, on  are still defined by the formula (6.43), but we alter now the definition
of . We first treat sitting modes, and second, sliding modes.

— Sitting quasimodes. This is the case when X = (xg). Here we use the admissible generalized
eigenvector W in natural variables as introduced in (6.18) and its scaled version \Ut},. We set

v .
(6.45) PH(XT) = xp(xT) W (xF) = Xr (%) Wi (m) ., XTERXT.

We are going to apply Lemma A.3 in the variables (y,z) = x!. We recall that U is the
rotation (J its associated matrix) such that U(x) = JT(x) = xF (here x € TMx). Let A" be
the magnetic potential associated with A in variables x. Let Ah and Ao be their linear parts
at 0. There holds, cf. Remark 4.5

(6.46) A'(x") = JT(A(x)) and AL(XT) = JT(Ag(x)), ¥x € V.

Lemma A.3 in variables (uq, U, u3) = (v, z1, o) with £ = 1 then gives us a function F such
that Gf(Ah — VF)(0) = 0 leading to the estimates

(6.47)  |(AT— A3 — VF)(x)| < C(Vio) IIAllwarua) (1P + Iyllz] + |2P7)
After (6.45), we define

(6.48) PI (D) 1= e POyt (xB) for x"e Rx T,

which leads to our new quasimode given by

(6.49) (x) = PE(x) = PI(x?)  for x ey, =My

We have obviously ||¢§§H = ||4!1]|. Formulas (A.3) and (A.7) then yield:

(6.50)  gnlA, Nx](¥F) = gu[A% R x T](94)
= qy[A" — VF, R x T](¢})

— AL R xTI(¥)) + || (AT — AL — VF)Yh|
+2 Re/ (—ihV + ALY (x1) - (AT — AL — VF) gl (x1) dx.
RxT

By analogy with (6.38b), we define
I(A" — AG — VE)¥i

(6.51) ap =
KA
Combining (6.50) with (6.31), we obtain
A, My (P
(6.52) anlA. T1] () < hio + W op + 2V'h\/No + hpy, 8y + &

KA

In comparison with (6.38), we have &, instead of aj. It remains to bound &, from above.

The following Lemma provides an improvement when compared to (6.40), due to estimates
(6.47) which replace (6.39).
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Lemma 6.12. With the previous notation, there exist constants C(2) > 0 and hy > 0 such
that for all h € (0, hy)

I(A" — Ag — VF)9|

_ -
f < C(Q)||A||W3,oo(VX0)hmm(1,2+5,35)_
[

(6.53) 4y =

Proof. Using the form of the admissible generalized eigenvector WH:
Vi) = e (z) with x!' = (y,z),
we obtain by definition of 1,0,”7 (6.45)

i = xq (5) |0 (55) |

Then relying on (6.47) and using the changes of variables Z = zh™'/? and Y = yh™%, we
find the bounds

I\ o (2
o e (B 0 (25) | < w1k
x| z 1
Hly\ P e < w )¢ (h1/2> < KRyl

WV&<%5¢&%) < hlhl.

Summing up the latter three estimates leads to the lemma. Il

We now take the same arguments as in Section 6.3.2 but instead of (6.41) we use Lemma
6.12 to estimate 4, and (6.52) becomes

dn [;& HX]('@%)
15112
Let f, be the quasimode defined in the same way as in (6.43). The same arguments as in
Section 6.3.3 and Lemma 4.19 combined with (6.66) yields

an[A, Q](f4)
| 7412

< Mo + C(Q)(L + A2 () (B2 4 1720 4 p1+8 4 3043 4 o0y

(6.54) < o+ C(Q (1 + |A s () (PP + B30t 4 pO8 4 plHoy.

. The min-max principle provides Theorem

W=

We optimize this upper bound by taking 6 =
6.3 in the case (G2) if X = (xq).

— Sliding modes. This is the case when X = (xg,x1). Let us explain now how the above
arguments adapt to sliding quasimodes. We recall that we have introduced a vector T in
(6.25) depending on [y, and Mx. Mimicking definition (6.30b) for quasimodes %, we are
going to construct new quasimodes with two adaptations: first, we linearize the potential at
the point p := h%T, second, we shift the phase to optimize remainders.
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Let us denote by AP the potential transformed from A by the translation TP : x - x—p
AP(x) = A(x+p) — A(p), x€ Tk
(compare with (6.7)) and by AP the linear part of AP at O:
AP(x) = VA(p) -x, x el
We have curl 38 = ép where the constant I§p is the magnetic field B frozen at p.
We have E(By,, MNMx) < &*(By,, MNx). Due to Lemma 4.19, we have
(6.55) >0, VpeB(0e) Ny, E(B, MNx)<&* (B, MNx),
and (§p, Myx) is still in situation (G2). There exists an admissible generalized eigenfunction
WP for the operator H(Af, Mx) associated with E(B,, Mx) (denoted by A, for shortness):
(6.56) WEP(x1) = WEP o (UP)Y(y, 2) = e 0DDP(z) for (y,z) ERx T,
where the rotation” UP maps My onto R x Y. Here T is a cone in 2 dimensions (namely a
sector, a half-space or R?). We have
{(—/v + AR WER — AJWEPin [y,

6.57 ~
( ) (—i8, +n-Aj) VAP =0 on Ollx.

An important point is that, choosing € > 0 small enough, we may assume that, in virtue of
Lemma 4.19, the functions ®P are uniformly exponentially decreasing

(6.58) Jdc>0, C>0, VYpeB(0,e), [DPe| 20y < ClIDPP|2ery.
Now we take p = h%T with h smaII enough. Using the p-dependent variables xt = (y,z) =
UP(x), we set WIP(xl) := whv( ~) and, cf. (6.45)

X1

x!
(6.59) PP(x) = xn(x) WIP(x) = x . < 5 ) Whp (hm) ., XERXT.

We are arrived at point where the situation is similar as in the sitting case, with the new
feature that the generalized eigenvectors \IJL};" depend (in some smooth way) on the parameter
p. The potential A"P in natural variables corresponding to AP and its linear part at O satisfy

(6.60) A'P(x%) = JT(AP(x)) and ALP(x") = JT(AB(x)).

Like before we find a function FP satisfying

(6.61) (A% — AP — VFP) (x)] < C(Vio) Al sy (¥ + Iyl[2] + [2P)
We define the new functions

(6.62) PIP(x) 1= e FPON/Py iRy for xTEeR X T,

and

DiP(x) = PIP(x?) for x ey,

"The rotation UP may depend on p but that does not hamper our analysis.
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Still with p = h%7, we define the quasimode @ in My, by (cf. (6.26b))
(6.63) Q¥(x) = e A@X/MGEP( _p)  x €T, .
Using formulas (A.3) and (A.7), we have:
anlA. M ](05) = anlAP, M (93) = au A", R x T](¥P).

Relations (6.50) are still valid if we replace Y by ¥*P and A" by AP, Recall that we have
denoted A, for E(By, lNMx). Using definition (6.59) and Lemma A.8 we get like for (6.31)

an[AG". R x TI(;") _HVxal ERIP

w4112 Ixn V3P II2
Here pj, satisfies the estimates as given in Lemma 6.8 because of the uniformly exponential
decay (6.58). Now &, takes the form

_ (A" — AG® — VP9
(74

(6.64) = hA, + h’pp,  with

~

dp

and we obtain
AP, My] (PP
(6.65) | !I@Xﬁf’]lgh ) < hA, + hPpy 4+ 2Vhy /N, + hpy 8y + 87
h
Now, when comparing with (6.52), we have A, instead of Ag. Using the uniform exponential
decay (6.58), we find that Lemma 6.12 holds uniformly with respect to p and we find

an[A®, Tx] (P5P)
[Ksdlk

Now we use Lemma 4.19 to obtain the estimate |A, — Ag| < C|p| < Ch® (as previously Ag
denotes E(By,, M,)). Hence

an[A. N ](0F) _ anlA” M (9,°) _
PAE (75—
h/\O + C(Q)(l + ||AH\2/\/3,OC(Q))(/73/2 + h2—26 + hl—i—é + h36+% + h66).

< h/\p + C(Q)(l + HAHa/aoo(Q))(h:%p + h2—26 + h1+6 + h36+% + h66).

(6.66)

We end the proof as in the sitting case and Theorem 6.3 is proved in the case (G2).

e Assume we are in situation (G1). In situation (G1) the generalized eigenfunction has
exponential decay in one variable z. The upper bound (6.38) obtained by a Cauchy-Schwarz
inequality is too rough and we will deal with the previous identity (6.37). A Feynman-
Hellmann formula will simplify the cross term in (6.37) and the exponential decay in one
variable will provide the desired result.

In situation (G1) My is a half-plane and B,, is tangent to its boundary. Denote by (y, z) =
(y1, 2, z) € R?2 x R, a system of coordinates of My such that By, is tangent to the y»-axis.
In these coordinates, the magnetic field By, writes (O, b, 0).
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In the rest of this proof, we will assume without restriction that b = 1. Indeed, once
quasimodes are constructed for b = 1, Lemmas A.5 and A.6 allow to convert them into
quasimodes for any b.

Let us define the canonical reference potential
(6.67) A(y,z) =(z,0,0).
such that curl A = (0, 1,0). We know (see Section 4.8) that the function

: z
6.68 W,(y. z) = e—/\/@_oy1/ﬁ¢<_)

(6.69) iy, 2) v

is a generalized eigenvector of H,(A, R?>xR ) where ® is a normalized eigenvector associated

with the first eigenvalue of the de Gennes operator —82 + (z — /©y)? on R,

We define 1, in the same spirit as (6.45) but for convenience we take a cut-off function in
tensor product form (here for simplicity we denote Xp by X)

lyl z
(6.69) Yn(y, z) = X(F) X(W) Vi(y, 2), Y(y,z) € R? x R,.
Let U : Mg — R? x R, be the rotation associated with the coordinates (y,z) = x and J
be its associated matrix. The magnetic potential A" and its linear part still satisfy (6.46).
Since AE, and the canonical reference potential A introduced in (6.67) are both linear with
curl Ag = curl A, there exists a homogenous polynomial function of degree two FI such that

(6.70) Al - V,Fi=A

Therefore, e_’Fh/h\th is an admissible generalized eigenvector for Hh(Ag,Ri). So we define

(6.71) Wiy, 2) == e Ty, 2), Yy, z) €R? xRy,
and
(6.72) P(x) = lpi(y, z), Vx € lNx.

According as [y, equals l1x or not we now construct adjusted quasimodes using the gener-
alized eigenvector ;5.

— Sitting quasimodes. This is the case when X = (xg). The quasi-mode is defined by
P (%) =Py (x),

where () is set in (6.71)-(6.72). This gives a quasimode for H (A, My,) and we have

(6.73) alA Ml (W) = gl A" RE] (1)
= qn[A" = VF" R3] (9n).
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Now we apply (A.7) with A = A"~V F and A’ = A. Using (6.70) we find A—A’ = A"~ A},
and thus

(6.74) qu[A" — VF" RI](%n) = qnlA, R3](¢5)

(6.75) +2 Re/ (—ihV + A)Pu(x?) - (AF — AD)(xF) 1, (xB) dx”
R3 o o

(6.76) + ([ (A% — A w1,

We bound from above the term (6.76) like in (6.40):

(6.77) (A" — ASYP4l1% < COQNAYE, 2 cuppigny 1 1851

Let us now deal with the term (6.75). We calculate (—/hV + A)v, by using (6.68)—(6.69):

(—ihV ‘f‘A)@h(Xh) — e~ VBon/Vh o

(z = Vo) *(7) B () x(7)
X(%‘) X(7%) 0 — jh0 ﬁxf(%) x(%) q;(ﬁ)
—iVho'(F) x(%) %' (%)

Since ® and i are real valued functions, the term (6.75) reduces to a single term:

(6.78) Re/ (=ihV + A)P,(x7) - (AT — AD) (xT) 1y (x7) dx®

— / (z = V/hOy) [n(xH)[PAT™) (x5) dx!
R

- [ = vaen [o)| x|

where AY®™?) denotes the second component of A" — Al We write

A2 (x1) = Py (y) 4+ Ro(x) + ATe™3) (xh),

(&) 7 AYE™2 (xh) dxt,

where Agem'3) is the Taylor remainder of degree 3 of the second component of A at 0,
whereas Ps(y) + R»(x") is a representation of its quadratic part in the form

Pz(y) = 81}/12 + 82}/22 + asyiy» and R2(Xh) = b122 + b22y1 + b32y2.
As in (A.2) there holds
3 ~
AT | o qsupp(n) < ClIA e (supp(n) 1.

leading to, with the help of the variable change Z = z/\/ﬁ and the exponential decay of &:

(6.79)

/ (z = /h0) [n(x)[? AT*™ (x) dx?| < Ch=** |, ? |
RS B _
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Likewise, combining the exponential decay of ®, the change of variable Z = z/+v/h and the
localization of the support in balls of size Ch®, we deduce

/Rg (z = /o) [Pa(x")|? Ro(x") dx

Let us now deal with the term involving y +— P»(y). Due to a Feynman-Hellmann formula
applied to the de Gennes operator H(T) at 7 = —/©g (cf. [18, Lemma A.1]) we find by
the scaling z — z/+/h the identity

[ (2= v/80) ‘cb(ﬁ)

(6.80) < CAMNGH) |12

2
dz=0.

Thus we can write

[ &= VBB () Paly) i
:/R2 P(y) ‘X(Fyf)‘zdy /ZE]R (z—+/h©y) ‘q)(ih)rx(h%)zdz
- [ P ()

The support of the integral in z is contained in z > Rh® with § < 3. Therefore, using once
more the changes of variables Y = y/h® and Z = z/v/h, we find:

/R (2= VhO3) [a(x®)2Po(y) dx

3
F

_Ch671/2

1
< CHAh ||W2:°°(supp(’l_l/h)) h46+ ’e

Since [|94]|> > Ch®*> (see (6.35)), this leads to:

/Rg (2= V/hOg) [n(x")PPa(y) dxt

Collecting (6.79), (6.80), and (6.81) in (6.75), we find the upper bound

(6.81)

se1/2
< CHAHHWM(supp@h))e (774

(6.82) Re/3(—/hv+Ag)m_ph(x“) - (A" — ALY, (xE) dx®

<C(1+ ||Ah||a/3v°°(supp(1/1h))) hmin(%+36'1+6)”'(_ph”2 :
Returning to (6.73) via (6.74) and combining (6.82) with (6.77), we deduce
anlA, M) (¥7) _ anlA R (¥n)
Itz = Wl
Inserting the cut-off error for g,[A, R3](v,) we obtain

anlA, Ny, (W)
RAEE

i 1
+ C(L+ Ao aupp(nyy) (AT 4 120),

A — min L
< hE(By,, My,) + C(1 + ||A]|\2/V3,m(supp(w§))) (B228 4 pmin(1+6.3+36) 4 pasy.
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As already seen, we have IIRHWW(SUPPW%)) < (14 C(Q)M)||A|lws<(q). The quasimode f;, on
Q is defined as in (6.43) and the estimation of Section 6.3.3 provides

anlA, Q(1p)
17 ll?

Choosing § = % and using the min-max principle we get Theorem 6.3 in situation (G1).

(6.83) < hE(Byg, Tg) + CQ (L + A2 () ) (17720 + B3 4 1 4 p140).

— Sliding quasimodes. This is the case when X = (xo,x;). Let T be the vector introduced
in (6.25) and 7% = UT. We note that 7% has no component in the z direction, because T is
tangent to the boundary of the half-space My, see Remark 6.6. We define pf = h%T!, which
we write p? = (p,, 0) = (p1, p2, 0) in coordinates x*.

Our quasimode for H,(A, My, ) is defined by a p-translation of the quasimode Pit, cf (6.26b):
(6.84) O (x) = e R 0/hy(x — ) vx My,
There holds the following sequence of identities, cf (6.73) for the last one,
an[A. ] (0F) = anlAC +p) = Ao(p). M) (%7)
= gu[A(- + ") — AG(P"), R3] (%))
= an[A"(- + p*) — Ag(p®) — VF R (%)
and we check that
A'(- +p") — AG(p") — VFI = A(- + p%) — AG(- + p") + AG(- + ") — Ag(p") — VF
= A'(- + p") — Af(- + p") + Af — VFT
= A'(+p") — Ag(- +p7) +A.

Then, instead of (6.74)-(6.76) we obtain now that g,[A"(- + p%) — AL(pt) — VFE, R3] (¥s)
Is the sum of the three following terms:

arlA, R (1)
+2Re [ (SIV o A () - (A + p) — A+ p1)) By ) 0

+ |(AT(- + p%) — AG(- + Y)Wl

Since |p| = h°, the estimates (6.77)-(6.83) of the sitting case are still valid now, replacing
the norm in W*4*(supp(15)) by the norm in W*4>(p% + supp(,)) (for £ = 2, 3).

The proof of Theorem 6.3 is now complete since we have explored all possible geometric
situations for (By,, Mx).

6.5. Improvement for a straight polyhedron with constant magnetic field. In this para-
graph we improve Theorem 6.1 for a straight polyhedral domain with constant magnetic field.
Since there is no curvature, we expect smaller remainders in the asymptotics of \,(B, €2).
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Moreover, in that case, we will see that the function x — E(B, I1,) attains its minimum at
a vertex of 2.

Theorem 6.13. Let 2 be a straight polyhedron and B be a constant magnetic field with
|IB| =1. Then
&(B,Q) = min E(B,T11,)

where S0 denotes the set of the vertices of 2. We have
(B, Q) < h&(B,Q2) + Ch? .

If there exists v € U such that E(B,T1,) = &(B,Q) < &*(B,T1,), then there exist positive
constants C, ¢ such that

An(B, Q) < hé&(B, Q) + Ce <2,

Proof. Since the polyhedral domain is assumed to have straight faces and edges and tﬂe
magnetic field is constant, the function x — E(B,I1y) is constant on each stratum of 2.
Let v € U. We apply Theorem 4.7 and relations (4.8) and (4.19) with I = T1,:

E(B.N,) < &°(B.M,) = min £(B, M),
ecty

with €&, the subset of & such that for any e € &,, v € Oe and [, the wedge associated with
the edge e. In the same way we prove for each edge e € €:

E(B,Me) < min E(B, M) < 1
fEFe

where §. denotes the set of the faces adjacent to an edge e. Therefore

min E(B,1,) = &(B, Q).

vey

Let vg be a vertex minimizing x — E(B, IM,). Let lNx be the tangent cone given by Theorem
47. If E(B,T,) < &*(B,M,,) then MNx = M,, and we have an (admissible generalized)
eigenfunction on I, associated with E(B, I1,,). If E(B,I1,) = &*(B,I1,), then there exists
a stratum t of 2 associated with [y such that [lx is the tangent cone to any point of
t. Moreover for any point x € t we have £E(B,I,) < &*(B,Tly) therefore there exists a
generalized eigenfunction on [, associated to E(B, ). In both cases we have found a
point x € Q such that there exists a generalized eigenfunction on I, associated to &(B, ).
There exists Ry > 0 such that

(6.85) QN B0, 2R,) = My N B(0, 2Ry).

We define the quasimode ), as in (6.26) with § = 0, T = 0 and R = R,. We have
Yy € HY(2) and gp[A, M](¥h) = gu[A, Q2](p). Using (6.37) and the fact that A equals its
affine part, we have:

an[A, Q2 (Pn)

6.86
(6.:86) A

= hE(B, ) + hpy,.
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Applying Lemma 6.7 with x, as defined in (6.23), = 0 and R = Ry, we have

{0(1) if k <3,
Pn =

6.87 ey
(6:87) O(e=<""*) if k =3.

Then, by the min-max principle and (6.86), we deduce when k < 3:
(B, 2) < hinf E(B, M) + O(h2) = h&(B,Q) + Ch?.
xeQ

If there exists v € U such that £(B,I,) = &(B,Q) < &*(B,Tl,), we use Theorem 4.7,
Proposition 4.15 and there exists an (admissible generalized) eigenfunction with k = 3 of
H(A, T,) for E(B,T1,). According to (6.86) and (6.87), we have:

an[A, ()

o S MEB)+Ce
h

(6.88) An(B, Q) <

7. Lower bound for first eigenvalues

In this section we give a general lower bound on the first eigenvalue, namely:

Theorem 7.1. Let Q € D(R3) be a polyhedral domain, A € W?>(Q) be a twice differen-
tiable magnetic potential such that the associated magnetic field B does not vanish on Q.
Then there exist C(2) > 0 and hy > 0 such that

(7.1) Vh e (0,hy), Mn(B,Q) > h&(B,Q)—C(Q)(1+ ]|A]|\2/V2,M(Q))h5/4 :
We recall that the quantity &(B, Q) is the lowest local energy defined in (1.5).

e Idea of the proof. We first make a partition of the unity of © such that on each element
we are able to use the change of variable given in (3.1). The local energy of the associated
tangent model problem with frozen magnetic field is then bounded from below by h&'(B, Q2).
As above we then estimate the remainders due to the cut-off effects, the change of variables
and the linearization of the potential.

e IMS localization. Let § € (0,%). For h small enough, we denote by {(x;,r;).j € Jn}
a h-dependent finite set of pairs (center, radius) provided by Lemma B.2 for p = h°.
Relying on Lemma B.7, we choose a finite associate partition of the unity (x;)jez, with

Xj € 65°(B(x},2r;)) satisfying
fo =1 on Q

JEJIn
and the uniform estimate of gradients

(7.2) 3C >0, Vhe(0,h), Vj€In [IVXlling < Ch ™.



48 VIRGINIE BONNAILLIE-NOEL, MONIQUE DAUGE, NICOLAS POPOFF
The IMS formula (see Lemma A.7) provides for all f € H*(Q)
an[A, QJ(F) = Z anA, Q) (x;f) — s Z HVXJf||i2(Q)

JEJn JEIn

and using (7.2) we get C(€2) > 0 such that

(7.3) an[A, QU(F) = > anlA, Q) — CQP |72 -
JEJn

where f; denotes the localized function x;f.

e [ocal control of the energy. For each j € J,, we estimate the term g,[A, Q](f;) appearing
in (7.3). By construction supp(f;) C Uy,. Let A/ defined as in (6.7) with x; playing the same
role as xo. Lemma 6.5 applied with r = 2r; < Ch® provides C(Q2) > 0 such that

a[A. Q)(f) (A, N ](9)

1112 ;112
where we have denoted 9; = f;0 (U¥)~!. Let A} be the linear part of A/ at the origin 0 of
My, We use (A.7) with ¢ =4, and O =Tl
(7.5) anlA. N )(¥) = anlAp, Ms ] (%)

+2Re {(—ihV + AL, (N — ADY;)) + (A — Ay,

Therefore using the Cauchy-Schwarz inequality:

- ~. - 12 .
o [A, T )(4) > an B, Th)() — 2 (anlB d() ) I(A — Ag)y)

We cannot conclude like in (6.38) because we do not have any a priori upper bound on
dn[Ag. My ](;). That is why we use the parametric estimate

V>0, aulA&, M ](¥)) > (1= n)anlA), Mgl (9) — 0 HI(A — AL 2
based on the simple inequality 2ab < na® + n~*b?. Since curl K{) = B,, we have
an[ A, M1 (1)) = hE(By,, M) 1917
Moreover using (6.39) and the same arguments as in Section 6.3.2 we get
I(A = ALY 1> < CQ(L + A2 () H 911 -
We deduce for all n > 0:
A, M )(W;) > (1 = m)hE(By,, M) %117 = 17 C(Q) (1 + [|Alfyzme () B 1517
Choosing 1 = h?~> we get

qh[ﬂj, I_Ixj']('lpj)
195112

(7.4) > (1— (@)

1
(7.6) > hE(By,, My) — C(Q)(L + |Allfyom ) 2

> h&(B, Q) = CQ)(1+ |AIF20 () 2.
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e Conclusion. Combining the previous localized estimate (7.6) with (7.4) we deduce:

an[A, ()

i 2 hE(B.2) = C@L+ Al (P 4+ 1),
J

Summing up in j € J, and using that > ... [|f]|? = ||f]|* we obtain

JEIh

Zjegh an[A, Q](1})
s
and combining (7.7) with (7.3) we get C(2) > 0 such that

(7.7) > h&(B, Q) — C(Q)(1 + [|AlG20 ) (P22 + A1),

(7.8) Vf € HY(Q),

anA, ()

]2 > h&(B, Q) — C(Q)(1+ A0 (e) <h25+% Lt h2—25> _

We optimize this by taking § = g and we deduce Theorem 6.1 from the min-max principle.

Like in the last section, we have a result using only a Holder norm of the magnetic field:

Corollary 7.2. Let Q € D(R?) be a polyhedral domain, B € W+%>(Q) be a non-vanishing
Holder continuous magnetic field of order 1 + o« with some o« € (0,1). Then there exist
C(Q2) > 0 and hy > 0 such that

(7.9) Vh e (0,h),  An(B,Q) > h&(B, Q) — C(Q)(L+ [IBlljy1aniy)h”* .

Appendix A. Technical lemmas

A.1. Gauge transform.

Lemma A.1. Let O C R3 be a domain and let 9 be a regular function on O. Let A be a
reqgular potential. Then

vy € Dom(gs[A, O]),  gu[A+ V8, Ol(e /") = gu[A, Ol(%).

Furthermore a function % is an eigenfunction for the operator H,(A, ©) if an only if e="%/ha)
is an eigenfunction for Hy(A + V8, O) associated with the same eigenvalue.

Proof. The commutation formula
(—ihV + A+ V) (e7P/Mp) = e /"(—ihV + A)y

yields the result. ]

For the sake of completeness we provide the following standard lemma describing the effect
of a translation when the potential is affine:
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Lemma A.2 (Translation). Let O C R® be a domain and A be an affine magnetic potential.
Letd € R? be a vector and O4 := O +d be the translated domain. For € Dom(Hp(A, O)),
we define the translated function on Oq4 by

Wy X — e—/(A(d)—A(O),X>/h¢(X —d).

Then gy[A, Oql(a) = qulA, O](¢) and 1 is an eigenfunction of Hy(A, O) if and only if {4
is an eigenfunction of Hu(A, Oq).

Lemma A.3. Let O be a bounded domain such that 0 € O. Let A € W3*(0O) be a magnetic
potential such that A(0) = 0. Let Ag denote the linear part of A at 0. Let £ be an index in
{1,2,3}.

(a) There exists a change of gauge VF where F is a polynomial function of degree 3, so
that

(1) The linear part of A — VF at 0 is still Ay,
(2) The second derivative of A — V F with respect to u, cancels at 0:

2 _
0,,(A—VF)(0)=0.
(3) The coefficients of F are bounded by ||A||ly2e(0).
(b) Let us choose £ =1 for instance. We have the estimate
(A.1) |A(u) —Ap(u) — VF(u)| < C(O) ||A||W3v°°(0)(‘ul‘3 + iy | + |urus| + |ua|? + \U3\2) :

where the constant C(O) depends only on the outer diameter of O.

Proof. The Taylor expansion of A at 0 takes the form
A=A+ A® 4 Alem),

where A® is a homogeneous polynomial of degree 2 with 3 components and AT™3) s a
remainder:

(A.2) |A(rem'3)(u)| < ]|A||W3,x(o)|u|3 for ueO.
Let us write the m-th component Aﬁs) of A® as

AP (u) = Z amaUytus2us®  for u=(uy, o, u3) € 0.
|a|=2

(a) Now, the polynomial F can be explicitly determined. It suffices to take
F(u) = Ue2(31,a* Uy + a2 g lp + a3 o+ Uz — %ae,a* Ue).
where a* is such that a; = 2 (and the other components are 0). Then

a1,0["
VF(U) = Uez a, o
az o
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and point (a) of the lemma is proved.
(b) Choosing £ = 1, we see that the m-th components of A®®) — VF is

AR (1) = (VF)im(u)

= A, (1,1,0) U1 U2 + Am,(1,01)U1Us + 3m,(0,1,1)U2U3 + am,(02.0)U3 + am.(0,02)U5 -
Hence A® — VF satisfies the estimate
(AP (u) = VF(u)| < [|Allweso) (|usa] + [t us] + [ + [us]?).
But
A—A;—VF=A® —VF + Alem3),

Therefore, with (A.2)

|A(u) — Ag(u) — VF(u)| < HA||W2:°°((9)(‘U1U2| + |urus| + |ua)® + |U3|2) + ||A||W3:°°((9)‘u‘3-

Using finally that [ul]® < 12(|u1]® + |wa]® + |us]®) < C(O)(|ur]® + |t]? + |us]?), we conclude
the proof of estimate (A.1). O

A.2. Change of variables. Let G be a metric of R3, that is a 3 x 3 positive symmetric
matrix with regular coefficients. For a smooth magnetic potential, the quadratic form of the
associated magnetic Laplacian with the metric G is denoted by gx[A, O, G] and is defined
in (1.15). The following lemma describes how this quadratic form is involved when using a
change of variables:

Lemma A.4. Let U: O — O, uw— v be a diffeomorphism with O, O’ domains. We denote
by

J:=d(U™?)
the jacobian matrix of the inverse of U. Let A be a smooth magnetic potential and B = curl A
the associated magnetic field. Let f be a function of Dom(q,[A, O]) and ¢ := foU~! defined
in 0. For any h > 0 we have

(A.3) an[A, O)(f) = Qh[;&- O, Gl(¥) and |flli20) = ||'¢HL%((9’)
where the new magnetic potential and the metric are respectively given by
(A.4) A=J"(AoU™) and G:=JtUHT,

The magnetic field B = curl A in the new variables is given by
(A.5) B :=|detJ|J}(BoU™?).

Let p > 0, using the previous Lemma with the scaling U? := x — /px we get

Lemma A.5. Let O C R® be a domain and for r > 0, we denote by rO the domain
{x e R3 x=rx withx € O}. Let B be a constant magnetic field. Then

¥p>0, E(B, O) =pE<%,\/ﬁ(’)>.
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A.3. Miscellaneous.

e OQOrientation of the magnetic field. Let B be a magnetic field. It is known that changing B
into —B does not affect the spectrum of the associated magnetic Laplacian. More precisely
we have:

Lemma A.6. Let O C R® be a domain, B be a magnetic field and A an associated potential.
Then Hy(—A, O) and H,(A, O) are unitary equivalent. We have

v € Dom(qn[A, O]),  agu[—A, O1(¥) = gu[A, Ol(¥)
and + is an eigenfunction of H,(A, ©) if and only if ¢ is an eigenfunction of Hy(—A, O).

e Model linear potential. Let us remark that if B is a constant magnetic field, an associated
magnetic potential is given by

(A.6) A3(x) := %B/\x.
Indeed we have
1 1
curIAS:§V/\(B/\x) :5((V-X)B—(V-B)x)=B .

e Comparison between two potentials. Let O C R® be a domain and let A and A’ be two
magnetic potentials. Then, for any function ¥ of Dom(g,[A, O])NDom(gx[A’, O]), we have:
(A.7)

an[A, O1(¥) = gulA", O](¥) +2 Re/@(—/hVJrA')TP(X)-(A—A’)(X)deJrH(A—A')W-

A.4. Cut-off effect. In this section we recall standard IMS® formulas. This kind of formulas
appear for Schrodinger operators in [9], but they can also be found in older works like [26].
In this section A denotes a regular magnetic potential and O a generic domain of R3.

The first formula describes the effect of a partition of the unity on the energy of a function
which is in the form domain, see for example [40, Lemma 3.1]:

Then, for any 1 € Dom(gx[A, O])

L L
Clh[A- O](w) = Z Qh[A' O](Xﬂ/’) - Z HUJVX2||i2(O)
=1 =1

8IMS stands for Ismagilov-Morgan-Sigal (or Simon)
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Recall that Dom,.(H,(A, ©O)) denotes the functions that are locally in the domain of the
operator, see (1.17). In particular they satisfy the Neumann boundary condition. The second
formula describes the energy of such a function when applying a cut-off function, see for
example [18, (6.11)]:

Lemma A.8. Let x € 65°(O) a real smooth function. Then for any ¥ € Dom oc(Hp(A, O))

(A8) ahlA. Ol(x) = Re /O X(x)2Hu (A, O)(x) B(x) dx + B Vx ]2 o

Appendix B. Partition of unity suitable for IMS formulas

We need a preliminary definition.

Definition B.1. Let Q € D(M) with M = R" or M = S". Let x € Q and U be an open
neighborhood of x in M. We say that U is a map-neighborhood of x for €2 if there exists a
local smooth diffeomorphism U* which maps the neighborhood U onto a neighborhood V of
0 in R” and such that

(B.1) PUNQ) =vNN, and UXUNIQ) =V NaN,,
where [T, is the tangent cone to €2 at x (compare with (3.1)).

Lemma B.2. Let n > 1 be the space dimension. M denotes R" or S". Let Q € ©(M) and
K > 1. There exist a positive integer L and two positive constants pmax and k < 1 (depending
on Q and K) such that for all p € (0, pmax], there exists a (finite) set 2 C Q x [kp, o]
satisfying the following three properties

(1) We have the inclusion Q C U.ryez B(x, r)
(2) Forany (x,r) € &, the ball B(x, Kr) is a map-neighborhood of x for Q
(3) Each point xo of Q belongs to at most L different balls B(x, Kr).

Here are preparatory notations and lemmas.

Let Q € (M) and K > 1. If the assertions of Lemma B.2 are true for this €2 and this K, we
say that Property (2, K) holds. We may also specify that the assertion by the sentence

Property (2, K) holds with parameters (L, pmax, K).

Let U* CC U be two nested open sets. We say that the property Z(Q2, K;U*,U) holds®
if the assertions of Lemma B.2 are true for this Q and this K, with discrete sets & C
(U N Q) x [kap, p] and with (1)-(3) replaced by

(1) We have the inclusion U* N Q C U ez B(x, 1)
(2) For any (x,r) € Z, the ball B(x, Kr) is included in ¢/ and is a map-neighborhood of
x for 2

9This is the localized version of property 2(Q,K).



54 VIRGINIE BONNAILLIE-NOEL, MONIQUE DAUGE, NICOLAS POPOFF
(3) Each point x of U N belongs to at most L different balls B(x, Kr).

Like above the specification is
Property Z2(2, K;U*,U) holds with parameters (L, pmax, K).

In the process of proof, we will construct coverings which are not exactly balls, but domains
uniformly comparable to balls. Let us introduce the local version of this new assertion. For
0 < a < a we say that

Property Z[a, @](Q2, K;U*,U) holds with parameters (L, pmax, K)

if for all p € (0, pmax], there exists a finite set 2 C (U*NQ) x [kap, p] and open sets D(x, r)
satisfying the following four properties

(1) We have the inclusion U* N Q C U ez D(x, 1)
(2) For any (x,r) € Z, the set'® D(x, Kr) is included in ¢/ and is a map-neighborhood
of x for Q2
(3) Each point xo of U N Q belongs to at most L different sets D(x, Kr)
(4) For any (x,r) € Z, we have the inclusions B(x, ar) C D(x,r) C B(x, a'r).
Note that Z[1, 1](Q2, K; U, U) = P (Q, K;U* U).
Lemma B.3. /f Property Z[a, a](Q2, K;U*,U) holds with parameters (L, pmax, K), then
Property &2(S2, §K;L{*,L{) holds with parameters (L, a' pmax, k).
Proof. Starting from the covering of U* N Q by the sets D(x, r) and using condition (4), we

can consider the covering of U* N Q by the balls B(x, a'r). Then r' := a'r € [ka'p, a'p] =
[ko', '] with o < &' pmax.

Concerning conditions (2) and (3), it suffices to note the inclusions
1
B(x, gw) C D(x, r'K) = D(x, rK).
The lemma is proved. ]

Proof. of Lemma B.2. The principle of the proof is a recursion on the dimension n.

Step 1. Explicit construction when n=1.

The domain 2 and the localizing open sets U* and U are then open intervals. Let us assume
for example that U* = (—£,£), U = (=€ —0,£+ ) and 2 = (0,£+ ') with £,6 > 0 and
0 > 9. Let K> 1. We can take

(L
Pmax = MiN {R,é}
and for any p < pmax the following set of couples (x;,r;), j=0,1,..., J
2j—1

xg=0, n=p and xj=p+Tp,rj=% for j=1,..., J

OHere D(x, Kr) is the set of y such that x + (y — x)/K € D(x, r).
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with J such that x; < £and p+ 2p > £. If x; < £— £, we add the point x .1 = p+ Zp.
The covering condition (1) is obvious.

Concerning condition (2), we note that the bound pmax < £ implies that [0, Krp) = [0, Kp)
is a map-neighborhood for the boundary of Q, and the bound pmax < 8 implies that when

J > 1, the "balls” (x;—Krj, x;+Kr;) = (xj—p, x;+p) are map-neighborhoods for the interior
of €2.

Concerning condition (3), we can check that L = K + 2 is suitable.

Step 2. Localization.
Let Q € D(R") or Q € D(S"). For any x € Q, there exists a ball B(x, r,) with positive
radius r, that is a map-neighborhood for Q. We extract a finite covering of Q by open sets
B(x®, 1r®). We set

1
U, = B(X(Z), ir“)) and U, = B(X(Z), r(l))_

The map U* = U< transforms U, and U, into neighborhoods V; and V, of 0 in the tangent
cone [, := lM,. Thus we are reduced to prove the local property Z(,, K;V;, V) for any
£. Indeed

e The local diffeomorphism U* allows to deduce Property (2, K; Uy, Uy) from Prop-
erty Z(MNy, K';V;,V,) for a ratio K'/K that only depends on U* (this relies on Lemma
B.3).

e Properties Z(Q2, K; U, U;) imply Property Z2(2, K; U Uy, Uply) = Z(2, K) (it
suffices to merge the (finite) union of the sets 2 corresponding to each U).

Step 3. Core recursive argument: If Qg is the section of the cone I, Property Z2(Qq, K)
implies Property Z2(IN, K’'; B(0, 1), B(0,2)) for a suitable ratio K'/K. We are going to
prove this separately in several lemmas (B.4 to B.6). Then the proof Lemma B.2 will be
complete. O

Lemma B.4. Let [ be a cone in B"~t. For & = 1,2, let B, and I, be the ball B(0,£) of
Rt and the interval (—£,£), respectively. We assume that Property 2(I", K; By, B>) holds
(with parameters (L, pmax, k)). Then Property 2[1,v2](I x R, K; By x 1, B, x I,) holds.

Proof. Let us denote by y and z coordinates in [ and R, respectively. For p < pmax, let 27
be an associate set of couples (y, ry). For each y we consider the unique set of equidistant
points Z, ={z € [-11], j=1,..., Jy} such that

zi—2z1=2r, and z+1=1-2z, <r.
Then we define

(B.2) 2?0 ={(x,r), for x=(y, z)with (y,r,) € 2r, z€ 2, and r, = 1, }.
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The associate open set D(x, ry) is the product
D(x, rx) =By, ) x(z—ry,z+ 1) .

We have the inclusions B(x, r,) C D(x, r,) C B(x, /2 ) and it is easy to check that Property
21, V2](T xR, K;B(0,1) x Z1, B(0,2) x I,) holds with parameters (L', ppmax, &) With L’ =
LK. O

Lemma B.5. Let Q be a section in D(S""1), let T be the corresponding cone, and let 7, be
the interval (27¢,2%) for £ = 1,2. We define the annuli

Ag:{xel'l, x| € Z, and LEQ}.
|

We assume that Property &2(2, K) holds (with parameters (L, pmax, k)). Then Property
Pla, a(N, K; Ay, Ay) holds for suitable constants a and & (independent of Q and K).

Proof. Let us consider the diffeomorphism

T: Qx(-2,2) — A
(B.3) < z
x=(y,z) > Xx=2%

in view of proving Property &?|a, a'|(N, K; A;, As), for a given p < pmax, We define a suitable
set 2 using the set Z°) introduced in (B.2)

(B.4) ZO) ={(%,r,), for x=Tx with (x,r) € 2"},

and the associated open sets
D(x, ) = T(D(x, ).
We can check that
B(%, ar,) C D(%, ry) C B(%, a'ry)
with @ = Zlog2 and & = 8v2log?2 and that Property Z[a, a|(I, K; A1, Az) holds with
parameters (L', pmax, k) for L’ = NLK with an integer N independent of L and K. O

Lemma B.6. Let 2 be a section in D(S"1), let T be the corresponding cone, and let B, be
the balls B(0, £) of R"” for£ = 1,2. We assume that Property (X2, K) holds with parameters
(L, Pmax, K) for a pmax < 1. Then Property Z?[a, (1N, K; By, By) holds for suitable constants
a and @ (independent of Q and K ) and with parameters (L', 1, Kpmax)-
Proof. Let p <1 and let M be the natural number such that
Mt <« p< M,

On the model of (B.3)-(B.4), we set

Fm = {(27™Tx,27™r), with (x,r) € Qf@mpmaxp)}, m=0,..., M,
and the associated open sets are

(B.5) 27T (D(x, 1)) with (x, ) € 2 Pmoxs),
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The set & associated with the cone MM in the ball B is

M o
CHICISEZD

m=0
and the associated open sets are the reunion of the sets (B.5) for m=0, ..., M and of the
ball B(0, p). As the radii r, belong to [K2™ pmax0, 2" Pmaxp], We have 27 r € [KOmaxP, PmaxP)-
Since p itself belongs to the full collection of radii r, we finally find r € [Kpomaxp, p]. The
finite covering holds with L’ = 3NLK + 1 for the same integer N appearing at the end of
the proof of Lemma B.5. Ll

Lemma B.7. Let Q € D(R"). Let (L, pmax, k) be the parameters provided by Lemma B.2,
for the Property 22($2,2) to hold. For any p € (0, pmax] let 2 C Q x [kp, p] be an associate
set of pairs (center, radius). Then there exists a collection of smooth functions (X(x.r))x.ricz
with X(x.r) € €5°(B(x,2r)) satisfying the identity (partition of unity)

> Xgn=1 on Q
(x,r)eZ

and the uniform estimate of gradients
IC>0, V(x,reZ, [[Vxxnliem <Cpt,

where C only depends on Q2. By construction any ball B(x,2r) is a map-neighborhood of x
for 2.

Proof. Let &) € €5°(B(x, 2r)), with the property that £ ,) = 1 in B(x, r), and satisfying
V&l Loy < Cr?
where C is a universal constant. Then we set for each (xq, rp) € &

X(xour0) = E(xo,ro; :
(Z(x,r)ef g(x,r))l/2
Due to property (1) in Lemma B.2, Z(X'r)eg 5(2”) > 1 and due to property (3),
I Z VG lli=@s < Clq.
(x,r)ez
We deduce the lemma. [
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