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Boundary conditions and subelliptic estimates

for geometric Kramers-Fokker-Planck
operators on manifolds with boundaries

F. Nier *
February 3, 2014

Abstract

This article is concerned with the maximal accretive realizations of
geometric Kramers-Fokker-Planck operators on manifolds with bound-
aries. A general class of boundary conditions is introduced which en-
sures the maximal accretivity and some global subelliptic estimates.
Those estimates imply nice spectral properties as well as exponential
decay properties for the associated semigroup. Admissible bound-
ary conditions cover a wide range of applications for the usual scalar
Kramer-Fokker-Planck equation or Bismut’s hypoelliptic laplacian.
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1 Introduction

1.1 Motivations

A few years ago, while I was visiting the WIAS in Berlin, Holger Stephan
asked me about the relevant boundary conditions for the Kramers-Fokker-
Planck operator
—A,+|p |2

2
in € x RZ when  C ]Rfll is a bounded regular domain. At that time I was
aware of the previous works developed within the mathematical analysis of
kinetic models (see a.e. [DeMG][Car][Luc]) but I noticed, and I have kept
in mind since, that the weak formulation (of time-dependent problems) were
far from providing the accurate semigroup or resolvent information which
was accessible in the boundaryless case (see e.g. [HerNi|[HelNi]). After this
various things occurred:

e We realized recently with D. Le Peutrec and C. Viterbo in that
the introduction of artificial boundary value problems was an important
step in the accurate spectral analysis of Witten Laplacians acting on
p-forms in the low temperature limit. Actually the harmonic forms of
these artificial boundary value problems, after Witten’s deformation,
play in the case of p-forms, p > 1, the role of the truncated version
x(q)e=V@/" of the explicit equilibrium density e~V (9/" used in
for the case p = 0. The Kramers-Fokker-Planck operator is actually
the p = 0 version of Bismut’s hypoelliptic Laplacian. We may hope to
extend the accurate spectral analysis of the case p = 0 done by Hérau-
Hitrik-Sjostrand in [HHS2], if we understand the suitable realizations
of the hypoelliptic Laplacian on a manifold with boundary.

p-0y — (0,V (q)).0p +

e While we were working with T. Lelievre about quasi-stationnary distri-
butions for the Einstein-Smoluchowski case (SDE in a gradient field),
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with the help of boundary Witten Laplacians acting on functions (p =
0) and 1-forms, T. Lelievre repeatedly insisted that the Langevin pro-
cess was a more natural process for molecular dynamics. The quasi-
stationnary distributions are especially used to develop or study effi-
cients algorithms for molecular dynamics. The PDE formulation of the
Langevin process is the Kramers-Fokker-Planck equation and quasi-
stationnary distributions especially make sense on bounded domains
(in the position variable ¢).

e A bit more than one year ago, we had discussions with F. Hérau and
D. Le Peutrec who elaborated an approach of those boundary value
problems relying on the weak formulation of [Car| combined with the
so-called hypocoercive techniques proposed by C. Villani in [Vil]. They
were embarrassed with the definition of traces and I suggested that the
problem should be reconsidered from the beginning, by trying to mimic
what is done for elliptic operators with the introduction of Calderon
projectors. We continued on our different ways while keeping in touch.
Their point of view may be efficient for nonlinear problems.

e In 2007, G. Lebeau besides his work [BiLe€] in collaboration with J.M. Bis-
mut about the hypoelliptic Laplacian, proved maximal estimates for
what he called the geometric (Kramers)-Fokker-Planck operator. This
is actually the scalar principal part of the hypoelliptic Laplacian. Those
estimates have not been, seemingly, employed seriously up to now. We
shall see that they are instrumental in absorbing some singular pertur-
bations due to the curvature of the boundary.

This article presents the functional analysis of geometric Kramers-Fokker-
Planck operators with a rather wide and natural class of boundary conditions.
About the application to Bismut’s hypoelliptic Laplacian and if one com-
pares with the program which has been achieved for the accurate asymptotic
and spectral analysis of boundary Witten Laplacians in [HeNil] and [Lep3]
and its applications in [LNV] and [LeNi|, it is only the beginning. Noth-
ing is said about the asymptotic analysis with respect to small parameters,
nor about the supersymmetric arguments so effective when dealing with the
Witten Laplacian. In the case of the Kramers-Fokker-Planck equation two
parameters can be introduced with independent or correlated asymptotics,
the temperature and the friction (see for example [Ris][HerNi]).

Other boundary conditions which are proposed as examples of application,



are heuristically introduced by completing the Langevin process with a jump
process when particles hit the boundary. Except in the case of specular re-
flection studied in [Lap|[BoJal] or exotic one-dimensional problems with non
elastic boundary conditions in [Ber], no definite result seems available for
justifying these heuristic arguments. Our subelliptic (regularity and decay)
estimates of the corresponding boundary value problem, may help to get a
better understanding.

Finally one may wonder whether it is necessary to work in the general frame-
work of riemannian geometry. Our approach passes through the local reduc-
tion to straight half-space problem where the coordinate changes prevent
us from sticking to the euclidean case. Moreover, even when the metric is
flat (the Riemann curvature tensor vanishes), the extrinsic curvature of the
boundary raises crucial difficulties in the analysis. Working with a general
metric on a riemannian manifold with boundary (in the ¢ variable) does
not add any serious difficulties. I nevertheless chose to put the stress on
a presentation in coordinate systems, in order to make the essential points
of the analysis more obvious, and to avoid confusing the possibly non fa-
miliar reader with the concise but nevertheless subtle notations of intrinsic
geometry. Such formulations occur when necessary in the end of the article,
for example while applying the general framework to Bismut’s hypoelliptic
Laplacian.

1.2 The problem

We shall consider the geometric Kramers-Fokker-Planck equation set on
X = T*Q when Q = Q U 0Q is a d-dimensional compact riemannian man-
ifold with boundary or a compact perturbation of the euclidean half-space
R = (—00,0] x R"! x R*. When ¢ € 0Q, the fiber T*Q is the direct sum
T;0Q @ Ny o« where N; 0@ is the conormal fiber at g.

In a neighborhood U of ¢ € @ , position coordinates are denoted by (¢!, ..., ¢?).
We shall use Einstein’s convention of up and down repeated indices. An ele-
ment of the fiber p € T7Q , ¢ € U , is written p = p;dq’ and (¢', ..., ¢%, p1,. .., pa)
are symplectic coordinates in U x R? ~ T*U C T*Q .

The metric on @, i.e. on the tangent fiber bundle 77¢ : TQ — @, is de-
noted by g(q) = 97(¢) = (9ij(9)1<; ;<4 OF 9 = gij(@)dg’dg’, and its dual
metric on the cotangent bundle 7r+q : T7*Q — Q is 97 (¢) = (¢ (q))1<ij<a-
The cotangent bundle X = T*Q or X = T*Q = X U 0X , viewed as a man-



ifold, is endowed with the metric ¢ @ ¢~*. Actually for every z € X, the

tangent space T,X = T, T*(@) is decomposed into an horizontal and vertical
component T,7*Q = (T,T*Q)" & (T, T*Q)" (see Section [@ for details) which
specifies the orthogonal decomposition of the metric ¢ @ g~'. The corre-
sponding volume on X = T coincides with the symplectic volume form
(_d—ll)d(dpi A dg))™ on T*Q, and the integration measure is, locally in T*U
with symplectic coordinates, the R??-Lebesgue’s measure simply denoted by
dqdp . The L?-space on X will be denoted L?(X, dqdp) and the scalar prod-
uct (extended as a duality product between distributions and test functions)

and the norm are
(u, v) = / W@ v(a,p) dadp . |l = (u, v).
X

We shall consider also f—valued functions on X , where f is a complex Hilbert-
spac. The above scalar (duality) product has to be replaced by

(u, v) = /X (u(a,p) , v(a,p)); dadp,

and the corresponding L?-space will be denoted L*(X, dqdp; f) = L*(X, dqdp)®
f while the space of compactly supported regular sections on X (resp. X)
is denoted by C°(X;§) (resp. C°(X;f)). Hilbert-completed tensor products
of two Hilbert spaces f; , f2, will be denoted by f; ® fo. When necessary the
algebraic tensor product (or other completions) will be specified by a nota-
tion like f; @9 §, .

In a vertical fiber Tq*@ endowed with the scalar product g7'(q), the length

Ip|y, the vertical Laplacian A, and the harmonic oscillator hamiltonian are
defined by

P2 = g7 (0)pip; = "9 (a)p,

—A, + [pl;
Ap = anglj(q>8pj y Og = # )
With the energy £(q,p) = %|p\f1 defined on T*(Q . we associate the Hamilto-
nian vector field

. 1 .
Ve = 9" (q)piOy — §8qu’](Q)pipj8pk ,

LAll our Hilbert spaces are assumed separable
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The geometric Kramers-Fokker-Planck operator that we consider is the scalar
(even when § # C) differential operator

Pigg=EYe +0,,

well-defined on C°(X;f). Natural functional spaces are associated with the
vertical operator O,. Along a vertical fiber they are the Sobolev spaces

_ 2
associated with the harmonic oscillator hamiltonian O,(q) = A’%‘p‘q:

W) = {ue S®LpT. (G+O,0) ue R D} ()

The distributional space H*(q) coincides with the same space given by the
euclidean distance on Rg, owing to the global ellipticity of (%l + Oy(q)) (see
[Hell] [HormIII]-Chap 18). Only the corresponding norm depends on g(q),
via a simple linear change of the variable p, and this provides a Hermitian
bundle structure on mys : H* — Q, myi(q) = H*(q). Global norms on
L*(Q;H') and L*(Q;H?) are given by

1 )
lullZ2(gspery = §/X!|91/2(Q)8pU(q,p)!|f2+IIQ(Q) Y2pu(q, p)|I} dadp + dl|ul)?
d
[l Z2igue) = I3 + Og)ull?.

The standard Sobolev spaces on @ are denoted by H*(Q), s € R and the
corresponding spaces of H* -sections are denoted by H (Q; ’HSI), s, € R.
According to [ChPi], the spaces H*(Q) are locally identified with H*(R%) =
H?*((—00,0] x R41) | which is the set of u € D'(RY) = D'((—o0,0) x RI1)
such that u = Q}Rd with @ € H*(R?). The definitions of C3°(Q) and C°(X; f)

follow the same rule. Similarly we shall use the notations S(R%), S(R??).
In order to study closed (and maximal accretive realizations) of Py o, we
need to specify boundary conditions. In a neighborhood U C Q of ¢ € 0Q),
coordinates can be chosen so that the metric g equals

1 0 i 7 / 13 13
Q(Q) = (O mij(ql q/)) ) gij(Q)dq qu = (dql)2+mij(q1,q )dq dq]. (2)

The corresponding coordinates on 7*U are (¢!, ¢, p1,p') and (¢, p1) is a co-
ordinate system for the conormal bundle Nj,@. The symplectic volume
element is

dqdp = dqidp,dq'dp" .
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On 0X =T *Q‘ a0 Ve shall use the measure |p;|dp;dq¢’dp’ and the corre-

sponding L*-space will be denoted L?(0X, |p;|dq'dp; ) with the norm locally
defined by

ey iy = [ (@) Ipldddp,
Tg,U

This definition does not depend on the choice of coordinates (¢!, ..., ¢%) for
the decomposition () summarized as ¢ = 1 @t m. Polar coordinates in
the momentum variable can be defined globally as well. By writing the
momentum p € T7Q, p = rw with r = |p[; and w € S;@Q, the space
L*(8X, |p:|dq'dp; ) equals

LA (T3oQ, Ip1ldg'dp;f) = L*((0,+00), r*dr; L*(S50Q, |wi|d¢'dw; 1))
= L*(0Q x (0, +00), r* drdq; LQ(S;Q, |wr |dw; §)) -

Once the decomposition g = 1 @+ m is assumed, the last line defines a space
of L*-sections of a Hilbert bundle on 9Q x (0, +00).
On those coordinates, the mappings

(qlapl) — (q/a _pl)
(resp.) (¢ p1,p") — (¢, —p1,P)

defines an involution on the conormal bundle Nj,Q (resp. on TgQQ). On
0X = T;,Q this involution preserves the energy shells {|p\f1 =C } The
function sign (p;) is well-defined on N3,Q and T5,Q, p1 > 0 corresponding
to the exterior conormal orientation. When the space § is endowed with a
unitary involution j, the mapping

v(q',p1,p") = ju(d’, —p1,p')

defines a unitary involution on L*(0X, |pi|dq'dp;f). The even and odd part
of v € L?(0X, |p1|dq'dp; f) are given by

Y(d',p1,p") + 3y —p1, P
Yeold p1,8) = [l p) = D202 5 Lompul) )
q,p1,0") — v, —p1, P
Yoaald'sp1.#) = Moaa)(p) = LLP02) 2( vf) -y



The operator Il., and Il,4q = 1 — I, are pointwise operations in (¢, [p|,)

which can be written as operator valued multiplications by Hudq.e0(¢' |P]g)
and they are orthogonal projections in

L*(0X, |pi|dq'dp;f) = L*(0Q x (0,+00), r*  drdq’; L*(S;Q, |wi |dw; f)) .

We shall also use a bounded accretive operator A on L*(0X, |p:|dq dp; )
which is also diagonal in the variable (¢, [p|,). We shall assume that there
exists ||A]| > 0 and ¢4 > 0 such that

[A(g: M)l 2r2(s: @ enjdwiy < Al for ace. (¢,7) € 0Q xRy, (5)

[A(q,7), Hep(q,7)] =0 for ae. (q,r) € 0Q x R, (6)

with either ~ mino(Re A(q,7)) > ca >0 for ae. (¢,r) € 0Q x R, ,(7)
or  A(g,r)=0 forae. (¢g,r)€0Q xR, . (8)

Our aim is to study the operator Ky 4, defined in L?(X, dgdp;f) with the
domain D(Ky 4,) characterized by

u€ L*(Q,dg;H") , Piggu€ L*(X,dqdp;§), (9)
VR > 0,1 r)(|ple)yu € L*(0X, |p:1|dqd'dp; ) , (10)
Yoda® = £ sign (p1) Ayerut . (11)

For the case A = 0, it is interesting to introduce the set D(X, j) of regular
functions which satsify

ueCE(X5f) , Nodaw =0, ie. yu(q, —p) = jyulq,p) (12)
and  dpu= O(|¢"'|*), (13)

where the last line is the local writing in a coordinate systems such that
g=1atm.

Convention: We keep the letter P, often with additional informational
indices, for differential operators acting on C*-functions or distributions.
When P denotes a Kramers-Fokker-Planck operator, the letter K will be used
for closed (and actually maximal accretive) realizations, also parametrized
by A (and j), of P in L*(X,dqdp;¥).

1.3 Main results

Although the analysis mixes the two cases A = 0 and A # 0, we separate
them here for the sake of clarity.

10



Theorem 1.1. Let ) be a riemannian compact manifold with boundary or a
compact perturbation of the euclidean half-space RL = (—o0, 0] x R¥ . The
operator Ky gy — % = Py, — % with the domain defined by (@)(I0)(D) with
A = 0 is maximal accretive.

It satisfies the integration by part identity

d d

Re (u, (Ksog+ g)u) = (u, (5 +Op)ud = lulldaige
for allu € D(K4 ).
There exists C' > 0, such that

1
OV lull + A lull 2@y + 1l 3 oy
1 _ .

+ NI+ Iple) ™ vull 20 o dgdp) < CIH(Kx0,9 = iA)ul]

for allu € D(Kyo,) and all X € R.
When ® € C;°([0,4+00)) , is such that ®(0) = 0, there exist a constant C' > 0
independent of ® and constant Cy > 0 such that

19(dg(q,0Q)) Ogull < C[[|Loe |(K0 = iN)ull + Collull,

for allue D(Kyo,) and all X € R.

The adjoint K7, ; equals Kz .

Finally the set D(X, ) defined by [I2)([A3)) is dense in D(Ki,) endowed
with its graph norm.

In the case when A # 0 and by assuming (Bl) (@) (7)) (), we have better
estimates of the trace, but no density theorem in general.

Theorem 1.2. Let () be a riemannian compact manifold with boundary or
a compact perturbation of the euclidean half-space RE = (—o0,0] x RI~1,
Assume that the operator A € L(L*(0X, |p1|dq'dp;T)) satisfies (B (©) (@) ().
The operator K1 a4 — % = Py g — % with the domain defined by (@) (0) (1T
1s mazximal accretive.

It satisfies the integration by part identity

d
Re(u, (Kiay+5)u) = ]| 72y + Re (Yeutt; AYenlt) 120, 1 dg'dpf) -

11



for allu € D(Ky a,) -
There exists C' > 0 and for any t € |0, %) there exists Cy > 0 such that

1 _ 1
Y Hull + (N5 lull 2@y + Cr A E lull e giaey
; .
+ N vl zox pdgan < Cll(Keag = iA)u]

for allu € D(Ky a4) and all X € R
When ® € C;°([0,4+00)) , is such that ®(0) = 0, there exist a constant C' > 0
independent of ® and constant Cy > 0 such that

19(dy(q, 0Q)Ogull < C[[ | oe |(K, a9 — iM)ull + Colful

forallue D(Ky a,4) and all X € R.
The adjoint K7 4 , equals K+ 4«4 .

Specific cases, in particular the one dimensional case and the flat multidi-
mensional case, will be studied with weaker assumptions or stronger results.
Other results are gathered in Section [§l Various applications are listed in
Section

1.4 Guidelines for reading this text

Although this text is rather long the strategy is really a classical one for
boundary value problems (see e.g. [ChPi][BAM][HormlIII|-Chap 20):

1. The first step (see especially [BAM]) consists in a full understanding of
the simplest one-dimensional problem.

2. In the second step, separation of variable arguments are introduced in
order to treat straight half-space problems.

3. The last step, is devoted to the local reduction of the general problem to
the straight half-space problem, by checking that the correction terms
due to the change of coordinates can be considered in some sense as
perturbative terms.

Once this is said, one has to face two difficulties:

12



a) The one-dimensional boundary value problem is a two-dimensional prob-
lem with (¢, p;) € (—o0,0] x R, with p;-dependent coefficients. More-
over it rather looks like a corner problem because at ¢' = 0 the cases
p1 > 0 and p; < 0 are discontinuously partitionned. Singularities actu-
ally occur at p; = 0 and have to be handled with weighted L?-norms.

y4

 }

0.0,

Fig.1: The boundary 90X = {¢' = 0} and the vector field p;0, are
represented. For the absorbing case, the boundary condition says
~yu(p1) = 0 for p; < 0 and corresponds to the case (j =1 and A =1).

b) In Step 3, the extrinsic curvature of the boundary brings a singular per-
turbation : after a change of coordinates the corresponding perturba-
tive terms are not negligible as compared to the regularity and decay
estimates obtained in Step 2. In the end, the subelliptic estimates
are deteriorated by this curvature effect. Here is the geometric rea-
son: When one considers the geodesic flow on Q = @ LU 9@, that
is the flow of the hamiltonian vector field ) on T*@Q or S*¢) com-
pleted by specular reflection at the boundary, one has to face the well
known problem of glancing rays. There are the two categories of gliding
and grazing rays (see fig.2 below) which prevent from smooth symplec-
tic reductions to half-space problems (no C* solutions to the eikonal
equations for example). Those problems have been widely studied
with the propagation of singuralities for the wave equation (see e.g.

13



[AnMe][Tay1][Tay2][MeSj1][MeSj2]). Here the question is: To what ex-
—Ap+lpl;

tent the dissipative term Oy, = —=—* and the hypoelliptic bracketing
(with the hamiltonian vector field )) allow to absorb those regularity
problems 7
Q
oQ 20
Q

Fig.2: The left picture show a (approximately) gliding ray and
the right one a grazing ray.

A deductive reading is possible starting from Section 2] to Section @ by
referring occasionally to the rather elementary arguments gathered in Ap-
pendix [Al and Appendix Bl According to what the reader is looking for,
below are some details about the various Sections.

e The reader who wants to know the consequences and applications of
Theorem [I.1] and Theorem can go directly to Section [§ and Sec-
tion Section [§ contains corollaries about the spectral properties of
K4 4, and the exponential decay properties of e 49 . There are

also extensions to the case when a potential V' (¢) is added to the ki-
Ipl3

netic energy £(q,p) = =%, or to the case when @) x f is replaced by
some fiber bundle. Section [ lists various natural boundary condition
operators A for the scalar case, with interpretations in terms of the
Langevin stochastic process, and then considers specific cases for Bis-
mut’s hypoelliptic Laplacian.

e Appendix [A] recalls the maximal (i.e. with optimal exponent) subel-
liptic estimates in the translation invariant case. This is carried out
with elementary arguments: Fourier transform, harmonic oscillator
Hamiltonian —A,, + |p|* and the one-dimensional complex Airy op-

14



erator —0% +ix . For the freshman in subelliptic estimates, this can be
a good starting point.

Section ] provides a thorough study of the one-dimensional problem
Q = (—00,0] endowed with the euclidean metric ¢ = (dg*)?. The
singularity at p; = 0 is solved by introducing a quantization S of
the function sign (p;) related to some kind of Fourier series in the p;-
variable. The “Fourier” basis is a set of eigenvectors for the compact
self-adjoint operator (3 + O,) 'p; acting in H'. The interior problem
(p10 + 5+ Oy)u = [, the condition yu € L*(R, |pi|dp:) as well as the
boundary condtions 7,gqu = sign (p1)Aveaqu are trivialized in terms of
those Fourier series. A Calderon projector is introduced and general
boundary value problems can be studied.

Section [3] gathers several functional analysis properties for semigroup
generators which satisy some subelliptic estimates. Like in [HerNi] (see
also [EcHa]) those generators have good resolvent estimates in some
cuspidal domain of the complex plane, and they interpolate between
the notion of sectorial operators and the one of general maximal ac-
cretive operators. We shall speak of “cuspidal semigroup” or “cuspidal
operator” for the maximal accretive generator. Although this does not
provide very good subelliptic estimates, this property is stable by ten-
sorization, which allow separation of variable arguments for the straight
half-space problem. Perturbative results are also provided.

With Appendix [A], Section 2l and Section Bl only, the reader will be
convinced that subelliptic estimates are reasonable for boundary value
problem for which the differential operator and the boundary conditions
allow the separation of the variables (¢',p;) and (¢, p) . This is recon-
sidered in Section [4] with the specific case A=0and A=1. For A=1
non homogeneous boundary value problems are studied with the help
of the one-dimensional case and the variational argument proposed in
kinetic theory (see [Car|[Luc]) and relying on the weak formulations of
[Lio]. For the case A =0, the problem is extended to the whole space
with the reflection (¢',p;) — (—¢*,—p1). Both cases are useful and
their nice properties compensate the fact that we do not have accurate
enough information about the Calderon projector for Kramers-Fokker-
Planck operators in R?! when d > 1.

15



e Half-space problems with a general boundary operator A are treated
in Section [ after a reduction to the boundary with the help of the
case A = 1. General subelliptic estimates are obtained by using the
reflection principle (¢!, p1) — (—¢', —p1) and the nice properties of the
case A=0.

e The geometric analysis really starts in Section [6] where the maximal
subelliptic estimates of Lebeau in [Leb2] are written in the way which
is used afterwards. It concerns the case of manifolds without bound-
ary, but the difficulty of a non vanishing curvature is recalled after
[Lebl1][Leb2] and explained in view of boundary value problems. Spa-
tial partitions of unities and dyadic partitions of unities in the momen-
tum variables are also introduced in this section. Repeatedly used easy
formulas for partitions of unities are recalled in Appendix

e The most technical part is in Section [} We study the case of cylinders
Q = x(—00,0] x Q" where @' is compact and the metric g has the
canonical form (2)). Accurate subelliptic estimates for the case when
J0,p9 = 0 (straight cylinder) are deduced from the general functional
framework of Section Bl With a dyadic partition of unity in the mo-
mentum p, the large momentum analysis is replaced by some kind of
semiclassical asymptotics on a compact set in (¢,p). The more gen-
eral case J,1g # 0 is sent to the case d,1g = 0 with the help of a non
symplectic transformation on X = 7@ which is the identity along the
boundary 0X = {(¢',¢,p1,p'),¢" =0}. A delicate use of the second
resolvent formula for the semiclassical problem then allows to aborb
the perturbation which encodes the curvature effect. After gluing all
the dyadic pieces in p and then using a spatial partition of unity (the
local form A = A(q, |p|,) is used for both steps) Theorem [I.T] and The-
orem [[.2] are proved.

2 One dimensional model problem

As we learn from the general theory of boundary value problems for linear
PDEs, relying on the construction of Calderon’s projector, as presented in
[ChPi][BAM][HormIII]-Chap 20, the key point is a good understanding of
half-line one dimensional model problems with constant coefficients. Here the
one dimensional case is actually a bidimensional problem with p-dependent
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coefficients. The main ingredient of this section is the introduction of adapted
“Fourier series” in the p-variable which allow a thourough study of Calderon’s
projector and general boundary value problems.

2.1 Presentation

We consider the simple case when Q = R_ = (—o0, 0] is endowed with the
euclidean metric. The cotangent bundleis X = 7T*Q = R? , X = T*Q = R? .
The Kramers-Fokker-Planck operator is simply given by

1
yc‘,’ - paq 5 0= 5(_0112; +p2) )
and P:p&]—i—pip

5 on R? ={(q,p) eR* ¢ <0} .

The space H*(q) = (3 + O)"*/2L?(R%§) and its norm do not depend on
q € R_ and we simply write H*(q) = H*. The Sobolev space H*(R_) is the
usual one and the notations, L*(R_; H*) is better written here L*(R_, dq; H*)
and H*(R_;H*®) keeps the same meaning as in the introduction.

We want to understand the boundary conditions along {¢ = 0}, which
ensure the maximal accretivity of the associated closed operators. When

u € S(RZ: ) one computes

1 1
Re(u, Pu) =5 [ 100l + puf dadp+ 5 [ plul0.p)f dp.

For u € S(R2;f) (or possibly less regular u), a trace yu(p) = u(0,p) is
decomposed according to the general definitions (B]) @) into

Yeos(p) = 3 brue) + ru(-p)]  and uap) = 3 brule) — ru(-p)]

Yru(p) = yu(P)lo400) ()  and  y_u(p) = yu(p)l(—c0,0)(P)

where 7 is the unitary involution on §. Notice the relations

[Yevtt + sign (p)Yoaau](p) = v4u(p) + j(v+u)(=p),
and  [yeyu — sign (p)Yoaatt)(p) = j(y-u)(—p) +v-u(p) .
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With those notations the boundary term can be written

1 1
5 [P do =3 [ T~ h-u)f] Iplds
R R
1 . .
=1 Pt sign (9)asanlf = s s (9 oae? ol
R

= Re / (Yevt(p) , sign (p)Yoaar(p)); |p|dp
R
= Re <%vu , sign (p)%ddu>L2(R,\p\dp;f) .

A natural space for the traces is L*(R, |p|dp; f) and when the boundary con-
ditions are given by a linear relation of the form

YoddW = Sigl’l (p) X (Afyevu) )

the accretivity of the operator A is a necessary condition for having an accre-
tive realization of P. We shall further assume that A is maximal accretive
and commutes with the orthogonal projection Il., : L*(R, |p|dp;f) > v —
[Ie,y = Yew - Then we consider the operator K4 given by

D(KA) = {u € Lz(R—; %1) ) Pu e Lz(R%a f) y YoddW = Sign (p)A’yevu} (>14)

Vu € D(K,), Kyu=Pu=(pd, + 2%y (15)

Note that the conditions occuring in D(K 4) are the minimal ones to give a
meaning to the previous calculations.

Guided by the hyperbolic nature of pd, , the kinetic theory (see [Bar][Car][Luc])
more often formulates the boundary conditions in term of v, u (outflow) and
v-u (inflow). There are two fundamental examples with j = Id;

e Specular reflection: It is usually written v_u = vy, u and it reads now

Yoaau =0 , A=0.

e Absorbing boundary: It is usually written y_u = 0 and it reads now

Yoddh = Sign (p)Ye,u , A =1d.

Both example fulfill the maximal accretivity and commutation conditions.

18



2.2 Results

The general results hold here for possibly unbounded maximal accretive oper-
ators (A, D(A)) in L?(R, |p|dp; §) . The commutation with II,, is then defined
by e 4 = e 411, for all t > 0.

Theorem 2.1. Assume that (A, D(A)) is mazimal accretive on L*(R, |p|dp; f)
and commutes with T, . Then the operator Ky — 5 defined by ([4)([H) is
densely defined and mazimal accretive in L*(R%, dqdp; ) .

For every uw € D(K ), the traces Yeyu = Heyyu and ~ogqu = pgqyu are well
defined with

1Vodate]| 2@ pplaps) < Cllullpacay = C lllull + [ Kaull]
1vevtull 2@ plaps) + | AVewttl| 2R pplapss) = 7evtell Deay < CllJull + | aul]] -

Any u € D(K4) satisfies the integration by part identity

1

Re (Yeott; Aveott) 2@ pplapss) + [0l T2 dgany = Re (u, (5 + Ka)u) . (16)

The above result is completed by the two following propositions.

Proposition 2.2. Under the hypothesis of Theorem[2.1], the boundary value
problem

(P=2u=f , Yodau = sign(p)Ave,u,
admits a unique solution in L*(R_,dq; H') when f € L*(R_,dq;H™') and
Re z < 1. This solution belongs to CJ((—oo,0]; L*(R, |p|dp;§)) and yesu €

D(A). This provides a unique continuous extension of the resolvent (K —
2)7 i LA(R-,dg; HY) — L2(R_, dg; H') when Re z < 3.

Proposition 2.3. Under the hypothesis of Theorem[2.1l, the adjoint of K%
of (Ka, D(Ky)) is given by

2 2 .
D) = {ue @ a0 T D

YoddWh = — Sign (p)A*'Vevu
T,

Vue D(K}), Kiju=P.u=(—pd,+ 5
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2.3 Fourier series in H! and L*(R, |p|dp)

Some results of this section will be stated with f = C and j = Id. In general
we shall use the orthogonal decomposition

1
f - fev > fodd 5
with  fe, =ker(j —Id) |, foaa = ker(j +1d). (17)

The harmonic oscillator hamiltonian, O = %(—05 + p?) ® 1d; satisfies

1 1
O-5=dapld , O+j=ai@ld=(1+da)BId,
1 1
with  a=—(0,+ , a"=—(=0,+0p).

The Hermite functions are normalized as

1/4

p? - *\ 7
po=7"eTT | o= (0 a") "o,

and form an orthonormal family of L?(RR, dp; C) of eigenvectors of a*a. Note

(5 +0) = 3 7l (pu i) (gnnr]| © 1)

neN*
and  [lule = Y nflunlf , u(p) =D tapn1(p).
neN* neN*

While studying the maximal accretivity of K4 one has to study the equation

1
(5 +Pu=f |, Yogau=-sign px Ay,u , u€ L*(R_,dg;H").

For f € L*(R_,dg; H™') and by setting f = (3 + O)f, it becomes

1 ~ .
(5+0) WO, =Ff , Yodau = sign p X Aye,u

with now f € L*(R_,dq;H'). The clue is the spectral analysis of the oper-
ator (3 +O)~'pin H'.
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2.3.1 Spectral resolution of (3 + O)™'p on H!
The first result diagonalizes (3 + O)™'p when f = C.

Proposition 2.4. Assume f = C. The operator (3 + O)'p = (1 +a*a)"'p
is self-adjoint and compact in H' . Its spectrum equals £(2N*)"Y2 and all
eigenvalues are simple. For v € £(2N*)"Y2 | a normalized eigenvector can

be chosen as

@) = "5 v, - )

v\P) = (p[ﬁ—l} p y .
With this choice e,(—p) = e_,(p) so that e, + e_, is even and e, — e_,, is
odd.

Proof. The operator (3 + O)"?: H' — L*(R, dp) is unitary and (3 + O)"'p
is unitarily equivalent to (3 + O)™"/2p(3 + ©)~!/2. As an operator lying in
OpS({p,n)~", % + %) (see [HormlII]-Chap 18), it is bounded and compact
on L*(R,dp) and clearly self-adjoint. The spectral equation writes

(% +0) 'pe=ve inS(R),

which is equivalent to (v = 0 cannot happen)

1 1
2 2 _

1
202

After setting e(p) = p(p — 1), this gives (aa* — 555 )¢ = 0 which is possible

only when

ﬁ:nelth:N* and ¢ € Cp,_q.

For v = £(2n)~"2 with n € N*, we take

10y

. e
||<Pn—1(- - %)Hw

) o= ),

with o, € R. The norm ||¢,_1(. — 2)|[3n is computed by

1 1. 1 1
lon-1(. — ;)H?Hl = (pn-1(. — ;)> (5 + O)pn-1(. — ;))
(= +(p+,)+1)
= <§0n—1a 9 9071—1>
1 1 1
= <807l—1 ) (5 + O)Spn—l> + ﬁ = ; s
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where we have used (p,_1, p,_1) = 0. Therefore

1
||<Pn—1(- - %)Hw

= [vl,

and we can take

- 1
6V(p) = 6ZBVV§0n—1(p - ;) s 51/ eR.

If one wants the two functions e, +e_, and e, — e_,, to be even or odd, the
equality e,(—p) = e_,(p) enforces

B, —p_,=nm  mod (27),
and 3, = sign (v);z mod (27) works. O

With this spectral resolution one can define the following objects for
general (f,7).

Definition 2.5. The self-adjoint operator (3 +O)™'p = [(1 + a*a)'p] @ Id;
in H' is denoted by A, .
For s € R, the Hilbert space Dy = AJH" , equivalently defined by

Di=Ru= Y e®u, Y [ Zw}<toop,

ve+(2N*)~1/2 ve+(2N*)—1/2

18 endowed with the scalar product

(w, o, = Y T, u)y

vE+(2N*)—1/2

The space Do, = Nser Ds is a Fréchet space with the family of norms (|| ||, )nen
dense in H' and its dual is D_oo = Uger D .
In those spaces, the operator S is defined by

S Z e, Qu, | = Z sign (v)e, ® u,, .

vEEL(2N*)—1/2 vE+(2N*)—1/2
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For v € (2N*)"12 | the following notations will be used

L L
VV = ((Cel, ©® Ce_l,> ® f = Vu,ev ) Vu,odd )

€ Z ( - ) 2 ( - )
ey v J— ey _'_ e v , €V7 J— ey — e v),
) \/7 odd \/—

Vieo = (Cepep) @ few éé(cey,odd) ® Fodd ;
Viodd = (Ceyodd) @ fev é(ceu,ev) ® Fodd »
where fey oaa are defined by ([I7).
Here is a list of obvious properties
o Dy = By s Vo and Julld, = Sy ol + u ).

e S is a unitary self-adjoint operator in any D, such that S? = S. The

orthogonal projections 45 = 1, (S) and 155 = 1x_(S) are given by

#( Z 6V®U‘I/): Z 6V®U‘I/7

VE£(2N*) "2 ve+(2N*)"3
1-5
5 Y eduw)= Y e®u.
vE+(2N*) "3 vE—(2N*)"3

Note also the relations
S(eu,ev ® ul/) = €y,0dd KU, , S(eu,odd & ul/) = €yev X Uy . (18)

e With Dy = H', D, = D(]A¢|~*) when s > 0 while, for s < 0, D is the
completion of Dy = H! (or S(R)) for the norm ||ul|p, = ||| Ao|*u|3: .
In particular D_; is the completion of S(R) for the norm

1
IlAofullz = llAoullzer = [I(5 + Opullsnr = llpullse- -

Note that D_; is not embedded in D'(R), only in D'(R\ {0}), for it
contains functions behaving like % around p = 0.
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e When u belongs to Dy, C D'(R \ {0}) for some s € R, the even
(resp. odd) part, Heuw = S(u(p) + ju(—p) (resp. Toga — u(p) -

ju(—p))), is the orthogonal projection of u onto EBIJ/_e@N*)*l/Z Ve (resp.
@je(m*)*l /2 Viodd). More precisely, for
B B 1+ 1—j
U= Z ey @ U, = Z e, @ ( 5 U, + 5 uy),
ve+(2N*)—1/2 ve+(2N*)~1/2
. 1_
with +ju,, €Ffer 5 juy € fodd ,
the orthogonal decomposition is
145 u,+u_, 1—35.u, —u_,
u = Epev @ + €v,0dd @
VZ>0 5 ( 2 ) \/5 s dd ( 2 ) \/i
H;u
14+5.u, —u_y, 1—7.u,+u_,
+ 6I/O ® + e[/ ev ® 19
D cuoa ® () e ® (I (19

g

Mogqu

This formula and (I8) imply STl., = 4S5 -
e For u,u’ € S(R;f), the following identites hold:

. / / 1 1 — /
<ua sign (p)u >L2(R,\p\dp;f) = <u> bu > = <ua (5 + O)(§ + O) 1pu>

= {u, Agu')ya = (u, Suhp, .

2.3.2 An interpolation result

The main result of this section is the

Proposition 2.6. The interpolated Hilbert space D_1 = [H', Ag'H']1 is

nothing but

1 1
2 2

D_y = L*(R, [p|dp; ).
Moreover there is a bounded invertible positive operator M on D_% (which
has the same properties on L*(R, |p|dp)) such that
vu’ul € L2(R7 |p‘dp7 f) ) <u7 u,>L2(R,|p|dp;f) = <u7 MUI>D71 5

3
Vu,u' €eD_ ) <u7 ul>97% = <u7 M_lu/>L2(R7\P\dp;f)7

1
2

S =M osignp=signpo M.
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The projections g, [,qq given by (Il u)(p) = %[u(p)jtju(—p)] and (Iygq)u(p) =

% [u(p) — ju(—p)] are orthogonal for both scalar products and commute with

M.

Proof. By functional calculus the Hilbert space D_ 1 is the interpolation

(complex or real interpolation are equivalent in thls case see [BeLo]) of
(Do, D_1 ]% . Moreover Dy = H' while D_; = A;'H' is the completion of

S(R;f) for the norm ||p.||3-1 -
a) Consider the multiplication operator u \/ru It belongs to OpS(1, 2 o+

&) and (4 + O)%(\/ﬁ?x)(% + 0)~% belongs to OpS(1, &> + ). We
deduce

||L

1+ p?

for all u € H'. ) , ,
Similarly (3 + O)~ 2 (5 +0)z € OpS(1, é% + %2) implies

1—1—;172

ular < Cllullae < Cllullp, ,

—

l\)l»—l

I s[5 < ||( +0)”

P 1 1 1 1 1
e —x | (5 +0)2(5+O) Zpu
1 _1
< ClI(; + O)=pull < Clipullye— < Cliullo., ,

for all v € S(R;f) and by density for all u € D_;. By interpolation the
mapping Py : u +— \/ﬁ_zu is continuous from D_1 = [Dy, D_ ]% into
P

[H, ”H_l]% = L*(R, dp; f) with norm less than C'.

b) Consider the multiplication operator u +— —2 —u . With the same ar-
V p?

N

1+

uments as above, which say now that 0)3 +O)3 a
g 1 y (3 +0) (\/— )(5 +O)
(5 + O)_E(\/LTX)(% + 0)2 belong to OpS(1, % + n—>2) , we deduce

1 1

l——=—=ulp, = |——==ullz < "l|ullzr , Yu€H',
1 +p2 o 1 —I—p H H

1 1 1

and || ———=ullp_, = ||(z + O) V2 ——u|| < O"|Jully-1 , Yue H L.

By interpolation the multiplication operator ®; : u — ———u is continuous

from [H!, 7—[‘1]% = L*(R, dp;f) into D_,.
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c) The mapping ®; : L*(R,dp;f) — D_ 1 is one to one. Indeed assume
®y(u) = 0 in D_1. Then &0 ®1(u) = fru = 0'in L*(R,dp;f), which
implies u = 0 in L*(R, dp; f) .

d) The mapping P, : D_% — L*(R, dp; ) is one to one. The proof is a little
more delicate than c). For ¢ € S(R; ) the equalities

Nl

p
¢, Su =/ 1+ p*p(p), ——=up)); dp = (V1 +p*¢, Pou
< >D7 ]R< ( ) w ( )>f < 2 >
(20)
holds for any u € S(R;f) and by density for any u € D_y . If ®3(u) = 0 in
L3(R, dp; f) for some u € D_% , the previous identity gives

VSOGS(R7f)7 <¢7SU>D7% :07
which implies Su = 0 and therefore u = 0.

e) The identity (20) holds for ¢ = ®ju; = \/%ul with u; € S(R;f) and
p
u=1uy € D_1. We obtain

%
(Pruq , SU2>D7% = (V1+p? Pruy, oug) = (ur, Pouy)

which extends by continuity to any u; € L?(R, dp;f) and any uy € D_1 . We

1
3
deduce

f) Call ®; (resp. ®,) the bijection from L?(R, dp;f) onto L*(R, (14 p?)dp; f)
2R _P°_ . 2 . : B oo — 1
(resp. from L*(R, £=dp;§) onto L*(R, dp;f)) given by ®u = mu (resp.

) T4p
(I)QU =

u). One has

Ip|
1+4p2

(I)l = jl 9] (i)l and (I)Q = (i)g o (sign (p)X) Ojg s
with  jiuy =g for uy € LA(R, (1 + p*)dp;§) and  jyuy = uy for uy € D_1 .

1
2

Moreover the equality

(1®1uy 5“2)@,% = (u1, Bysign (p)jauz)

26



Ul

valid for any uy, uy € S(R;§) can be written, with u} = ®;(uy) = T

(Siuty, wa)p | = {ur, Basign (p)jaus)
= [ WTE ), s () )0
R

= [ (o). sien ()G ) ok

where [.(u(p), v(p)); |p|dp can be interpreted as a duality product between
LA(R, (1 + p*)dp; f) and LA(R, Ldp; ). After identifying jyux = u (and
dropping the '), it is better written

(Sur s us)p | = / (ur, (sign (p)us)y [pldp

-2

= <U1 ) Sign (p)u2>L2(]R,(1+\p\2)dp;f),LZ(R, (22)

2
P )
1+p2 dp?f)

for all u; € L*(R, (1 + p*)dp;f) C D_.1 and all uy € D_1 . This implies that

1 1
2 2
sign (p)j2=(S71) 12 (R p dp: f)

L2(R. (1 + p2)dp: f) 225 D
(R.(1+ )i ) 2 D T

1
2
is a Hilbert triple. With the closed quadratic form ¢(u) = ||u||2L2(]R7(1 +p)dp) T
|ull} |, we can associate a non negative self-adjoint operator By > 1 such

2
that L2(R, (1+ p?)dp;f) = By /*D_y and LA(R, {£5dp;f) = By*D_; . By

9 1+p2
the functional calculus for By and complex interpolation, we deduce

[NIES

2

Dy = [ (0 i) LR )| = (Rl

with equivalent Hilbert norms.
g) Let us specify the equivalence of the Hilbert scalar products. The Hilbert
space D_1 = L*(R, |p|dp; f) is now endowed with two scalar products

(ur, ug)y = (u1, U2>D,% and  (up, ug)e = /R<U1(P)> uz(p)); |pldp .

The identity ([22) implies now

Vug,us € D_1, (Suy,u2)1 = (ug, sign (p)ug)s,

1
2
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where S is unitary for ( , ); and sign (p) is unitary for ( , ). We deduce
that M = sign (p)*1S and M’ = S*?sign (p) are positive bounded operators
(for the respective scalar products) such that

<U17MU2>1 = <U17 U2>2 and <U17 U2>1 = <U17 M/U2>2-

Hence M’ = M~! and M is a bounded invertible positive operator for both
scalar products.
The writing

(ur, Sug)r = (Sui1, ug) = (u1, sign (p)ug)e = (ui, M sign (p)usg): ,

implies S = M sign (p) which can be combined with the relations S = S~ =
S*1 and sign (p) = sign (p)~! = sign (p)*?.

h) It remains to prove the orthogonality of II.,(u) and II,44(u) for both scalar
products and the commutation with M . For the second one it results from
Je f(p)|pldp = 0 for every odd element of L'(R, [p|dp). For the first scalar
product, we have already checked in (I9)) that Il., and II,4 are orthogonal
projections in D*. The relation sign (p) o Il,, = Il,4q © sign (p) comes from
the definition (B)) (@) while (I9) led to S o I1., = ,qq 0 S. We obtain

M oll,, = Sosign (p)oll,, = Soll,gosign (p) = I, 0Sosign (p) = e, 0 M .
O

We end this section with an additional lemma, related with the previous
result: It ensures that some maximal accretivity is preserved when the scalar
product is changed.

Lemma 2.7. Consider a complex Hilbert space D endowed with two equiva-
lent scalar products ( , Y1 and ( , )o, like in Proposition[2.6, and let M be a
positive bounded invertible operator (in (D,(, )1) or (D,{, )2)) such that

Vu,u' € D, (u, Mu'); = (u, u),.

Then a densely defined operator (A, D(A)) is mazimal accretive in (D, ( , )2)
iff (MA, D(A)) is mazximal accretive in (D, {, )1).

Proof. Assume (A, D(A)) maximal accretive in (D, (, )2).
a) Then (M A, D(A)) is clearly accretive owing to

Vu e D(A), Re(u, MAu); = Re(u, Au); > 0.
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b) Let us check that Id + M A is invertible. Our assumptions ensure that
eld + A is invertible for ¢ > 0 in D and therefore it is the case also for
eM + MA. Hence eM + MA which is accretive in (D, (, );) is maximal
accretive. Therefore B. = Id + eM + M A with D(B.) = D(A) is invertible
for € > 0 with the estimate

Vue D(A), |ulli||Id+eM+MA)|;, > Re (u, (Id+eM+MAu); > |ull?,

which means
IB- e gy <1

The second resolvent formula
(Id+ MA) ™' = B [ld —eMB'] ™,

and choosing ¢ < ||M||Z(1D7|| 1y imply that Id+M A is invertible with Ran (I+
MA)™ = D(B.) = D(4).

The two points a) and b) prove the maximal accretivity of M Ain (D, (, )1)
when (A, D(A)) is maximal accretive in (D, ( , )2). The converse statement
comes from A= M"'MA. O

2.4 System of ODE and boundary value problem

The spectral resolution of (% + O)~!p and the interpolation result of Propo-

sition reduce boundary value problems for P on R2 to an infinite system
of ODE’s in R_ .

2.4.1 Rewriting Pu = f

Consider the two cases [ = R_ and I = R. When u € L*(I,dq; H') and
f € L*(1,dq; H™') the relation Pu = f can be written

(% +O0) 'pout+u=f, (23)

with  f= (% +O) 1 f e L*(1,dg; HY) = L*(1,dg; D) .

Meanwhile the boundary condition, in the case I = R_ | is written for traces

. 2 . . .
in L*(R, |p|dp; f) = D_, . Hence we can use the basis (e”)uei(m*)*% and use
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ol .
D, = @Vei(er% (Ce,) ® f for all s € R. By writing

U(Q>p) = Z ul/(q)el/7 UV((]) € f a.e
VG:E(2N*)7%

the squared L?(R_, dq; D,)-norm is nothing but

0
lilog aoy = S I / () da

VG:E(2N*)7%

while the trace, when defined in D_

with the squared-norm

@B, = > WO

VG:E(2N*)7%

equa‘ls U(O’p) = Zyei(zN*)*% ul/(o)elj

1
2

Using the same decomposition for f € L*(R_,dq;Dy), the equation (23)
becomes ) )
Vve £(2N") "2, viu, +u,=f, inl.

When I =R, the only possible solution is given by

v20, wl) =3 [ TR ds= (1) o)
v<0 =1 [ i) ds = (Tt ) iko)

Actually this formula provides a solution. Owing to the next Lemma.
Lemma 2.8. For any s € R the operator E defined by
. e v .
E( Z fV(Q)eu) = Z |:<71sign(u)R+) * .fl/:| (Q)eu ’
vE+(N)"2 vEL(N)"2
is a contraction on L*(R,dq; D) .

Proof. 1t suffices to notice that

e_i
—]-si n (v
(S b, )
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When I = R_, we distinguish the two cases ¥ > 0 and v < 0 :
v > 0: The solution u, € L*(R_,dg;f) to (vd, + 1)u, = f, is still

wl) = [ P i) ds = (i) (Rle @), @9

—00

0 =
u, (0) = / © (s) ds. (25)
v
v < 0: The possible solutions u, € L*(R_, dg; ) to (vd,+1)u, = f, are given
by

_(a=s)

u,(q) = wu,(0)e v +—/0q6 v fu(s) ds
= u,(0)e"v + (%e_le) * (fulr_)(q). (26)

2.4.2 Trace theorem and integration by parts

We next prove a trace theorem and an integration by part formula adapted
to the Fourier series in D; .

Definition 2.9. For an open interval I of R, I = (a,b) with —oo < a <b <
400, one sets

E(F) ={ue LI, dg; ”HY), pdgu € L*(1,dg; H™Y)}
and its morm is given by
lullz,5) = NullZegragae) + 1POgullTe(r ager)
Remember that H?® is a space of j-valued distributions.
Proposition 2.10. The following properties hold:
o &(f) is continuously embedded in CY(I; L*(R, |p|dp; §)) = CY(I; D_.1);

o S(I x R;{) is dense in &E(f) and if a = —oo (resp. b= +0o0) the norm
(g, ) L2, jpldp) goes to 0 as ¢ = —oo (resp. ¢ — +00).
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o Anyu € E/(f) fulfills the integration by parts formula
2Re (u, p0pu) = 1a(0) [ 1u(o,9)pdp —12(@) [ Jula,p)Ppap. (27
R R

o When a > —oo (resp. b < 400) the trace map e : E1(f) = Yeu =
u(e,p) € L*(R, |p|dp;§) = D_, (with @ = a or b respectively) is surjec-
tive, with a continuous left-inverse.

Proof. After noting that pd,u € L*(I, dg; ") is equivalent to (5+0) 'pd,u €
L3(I,dg;H'), introduce the orthonormal basis (e,) 3 - The space

ve+(2N*)™
Er(f) is the set of series u = Zuei(zN*)*% u,(q)ey, , u,(q) € § ae., with the
norm ,
lullgg = > / [ (q)[F + V710 (q)[f dg.
uE:I:(2N*)7% ¢
Every u, belongs to CP(I;f) and goes to 0 at oo when a = —oo or b = +00
with

|V||Sl£>uu(Q)\? < Cllull2agp [luwllz2@agy + 190t 21,4
q

< C [l araag) + P10 ap | < kg
The dominated convergence theorem applied to the series
Z v fu,(q) — UV(QO)|f2 as 4 — qo,
vE+(2NF)" 3

with the upper bound

Wl (a) = 1 (@0)? < 2" [l Zaqr gy + 2000 ]

provides the D_ 1 -continuity w.r.t q.

For the density of S(I xR; §) , it suffices to approximate u = Z u,(q)e,
ve+(2N*)" 3
by a finite sum vV = D >Nt ul (q)e,, with u?Y € S(I;7),

i ez aggy + 110080 Wiz r gy < 2wtz ang + 201000 a2 gy

and ]\}1_1“}(1)0 ||UIZ/V - Uv||%2(1,dq;f) + |V|2||aq(uzjjV - ul/)”%?(l,dq;f) =0
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for all v € +(2N*)"2 |

The integration by parts formula (27) is true when u € S(I x R;§) and all
its terms are continuous on &(f).

For the surjectivity, the translation invariance allows to assume b = 0. Take

7= Toewry-va e with 113, = Xemey v lif? < o0 Clioose a
non negative cut-off function y € Cg°((a, 0]) such that x = 1 in the neighbor-
hood of 0. We use the presentation of Subsection 2.4.1] and write Pu = f in
the form ((3 + O)7'pd, + u= f = (1 + O)7'f.

For v < 0, take

u, = 3x(D) and f = @Ou, +u) = () +x(2)).

For v > 0, take f,(¢q) = 27,x(%) and

—S

ulg) = r [T e as
v z/fi]oo esx(s) ds J - A

B I2 651(5) ds (e;& 1R+) * (X(;)lR,)%.

With [[(521s,)]| | = 1 and I0G) Ba_ gy = MR S 10() ds
with ¢ = x or ¢ = ' + x, we deduce u, f € L*(R_,dg; H') and therefore
ue LAR_,dg;H) and Pu= f = (3+ O)f € L*(R_,dg; H'). Meanwhile
the integral fi)oo evx(s) ds = Vf_ooo e*x(s) ds for v > 0, leads to u(q = 0) =
7. Our construction also ensures suppu C {q € supp x} C {¢ € (a,b=0]}.
The surjectivity for the trace at @ when a > —oo is deduced by the symmetry
(¢,p) — (a+b—q,—p) when —oc0 < a < b < 400 or (¢,p) — (2a — q, —p)
when —oco < a, b = 400. O

2.4.3 Calderon projector and boundary value problem

The operator P = s + P is a local (differential operator) on R? and we
construct the associated Calderon projector at ¢ = 0 for boundary value
problems on R? . For Cauchy problems for ODE’s with constant coefficients,
the Calderon projector selects the relevant exponentially decaying modes.
We recall and apply the general definition for differential operators. Let us
first check the invertibility of P = % + P on the whole space R?.
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Proposition 2.11. The operator P = 14+ P =pd, + (3 + O) defines an
isomorphism from Eg(f) to L*(R,dq; H™").

Proof. When u € & (), (% + O)u € L*(R,dg; H™') and

- 1
1Pulle@agrry = POqu+ (5 + O)ull L2 dgze—1)

1
< pOull 2@ agm—) + (5 + O)ullra@agn—) < 2llullen -
When f € L2(R, dq; H~'®f), the rewriting of Pu = f as (%+O)_1p0qu+u =
f=0G+0)f € L*(R,dg; H™ ' ®7) like in Subsection ZZZ1] combined with
Lemma 2.8 (case s = 0) , provides a solution u € L*(R, dg; H'®f) to Pu = f.
If there are two solutions uq,us € Er(f) to Pu = f, the difference us — uy

belongs to & (f) and solves pd, (us—u1) = — (3 +O)(ua—uy) . The integration
by parts ([27) with a = —oo and b = 400 gives

~Re{(u — ), (5 + O) (s — ur)) = Re {(uz — 1), piy (2 — 1)) = 0.

This means ||ug — u1]| 2R dg21) = 0 and uy = uy . O

Definition 2.12. When g is a separable Hilbert space, we call r_ the restric-
tion operator

ro: LA(R,dg;g) — L*(R_,dg;9) ru=uly, ,

*

and e_ the extension by 0, e_ =r* |
e_: L*(R_,dq;g) — L*(R,dg;g) , e_u=uxlg .
Proposition 2.13. For P= % + P, the expression
Ky=u—r_P'e_Pu foryou=",

with v € Er_(f) defines a continuous operator from L*(R, |p|dp;§) to Er_(f)
such that P(IKCy) = 0 for all v € L*(R, |p|dp: ) .

The operator Cy = 7o o K is the orthogonal projection % = 1g_(S) on
L*(R, |pldp;f) = D

1
2
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Proof. We know that vo : u € Er_(f) — vou € L*(R, |p|dp; ) is surjective.
For every u € Eg_(f), the continuity of P : &_(f) — L*(R_,dq; H™') and
Proposition [2.11] ensure that

vy =u—r_Ple_Pu,

belongs to Ex_(§) and solves Pv, = 0 for ¢ < 0.

For v € L*(R,|p|dp;f) assume that u; € Er_(f) and uy € Ex_(f) satisfy
Yous = Youi = . The difference uy — u; has a null trace at ¢ = 0 and since
P is a first order differential operator in ¢, one gets the equality e_ Pu =
P(e_u). The invertibility of P : &g(f) — L*(R_,dq; H™") (already used to
define v,) provides the nullity

Vyy — Vyy = U — U — r_ls_lpe_(m —u)=0 forg<0.

The possibility to choose u € &g_(f) such that you = v and |ullg, ¢ <
Cl|| 2, |plaps) according to Proposition 210, combined with ||vy|le, 5 <

C'l|ulle. ), implies the continuity of /.
With the rewriting of Pu = f as (3 + O)'Pu=f= (3+0)7'f, Ky equals

- 5 ~ 1 1 -
Ky=u—r P e Pu=u—r_P7\(5 +0)e_(;+0) " Pu.

After introducing the orthogonal decomposition ((Ce,) ® f)ye LNy} of H!
and D_, = L*(R, [p|dp) , it becomes
(K7)ul(9) = @) = [r-(wd, + 1) e (v0, + 1)u,] (), Vv € £(2N°) 2.
All the u,’s belong to H} (R_) and the equality
e_(v0; + u, = (v0, + 1)e_u, + vu,(0)dy,

holds in the distributional sense in R. The general solution on R to (v, +
1)v = vu,(0)d in R is

1g_(q)e v C + (u,(0) + C)1g, (9)e v, C€F.
Thus, the only possible value for (vd, +1)~'e_(vd, + 1)u, is given by

u, () 1g_(q) +u,(0)e ¥ 1g, (q), forv >0,

(@) 1r_(q) — uy,(0)1g_(q)e v, forv <O0.
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We finally obtain after taking the restriction to R_,

(o) = {
Taking the trace at ¢ = 0 yields
(Cov)y =wle_(v) = (1e_(S)y),, Vve=£(2N*)"2.

0 forv >0,
u, (0)1g_(q)e v = v,1g_(q)e v forv <0.

N[

O

Remark 2.14. In general the local nature of P suffices to prove that the
Calderon projector Cy fulfills Cy o Cy = Cy . Here (actually all the construc-
tion was made for this) we identify directly Co = 1g_(5) = % . The range
of Cy is nothing but the kernel of 1g, (S) = % .

The operator K is usually called a Poisson operator.

The Calderon projector is used to study the well-posedness of bound-
ary value problems (see [ChPi][BAM|[HormlIII]-Chap 20 or [Tay]). This is
summarized in the following straightforward proposition.

Proposition 2.15. Set P = % + P. Let T be a Hilbert spaces and let
T: D_% — T be a continuous operator. Consider the boundary value problem

{ Pu=feLXR_dgH") & (f). (28)

Tfy(]u = fa € T7

Call T the restriction T‘RanCo = T‘kor(1+5) . When T_ is injective the bound-

ary value problem ([28) admits at most one solution in Ex(f). When T is
surjective the boundary value problem ([28)) has solutions for any fo € T and
feL*R,dg;H™Y). When T_ is an isomorphism, then [28)) admits a unique
solution

u=r_Ple_f+ KT [fy — Tyolr_Ple_f)].
with — Jull < C [[Ifllz2@ 2 + I foll7] -

Since Ran Cj is the kernel of the simple operator @ = 1g, (S5), one
can study the well posedness of the boundary value problem by considering
T:D_; = L*R,|p|dp;f) — T and by studying whether the system

Ty=faeT
{(ﬁ+$i:o (29)
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admits a unique solution v € L*(R, |p|dp; f) = D_% for any f; € T . A typical
example is T = RanCy and T = Cj = 1% = 1g_(5). The boundary value

problem .
{ Pu=f,
]-]R, (S)VOU = f@ 5

is well-posed in Eg_(f) for all f € L*(R_,dq;H™') and all f5 € RanCy =
Ranlg_(S).

A solution u € &r_(f) to = f € L*(R_,dg;H™') coincides with the
restriction to R_ of P~le_ P Y(f1r_(q)) if and only if Cou = 0, that is
1R, (S)u =0.

2.5 Maximal accretivity

In order to prove Theorem 2.1, we study the boundary value problem
Pu=f | ~oaqu = sign(p) X Aye,u,

in a larger framework by considering f € L*(R_,dq; H™) andu € L*(R_, dq; H')
better suited for functional analysis arguments.
Remember yu = you = u‘qzo and Yep,oddt = ey paa Yt -

2.5.1 Boundary value problem related with A

Although they are equal, the Hilbert spaces L?(R, |p|dp,f) and D_ 1 are en-
dowed with two different scalar products. When (A, D(A)) is maximal accre-
tive in L*(R, |p|dp; f) commuting with II,, , the same holds for (M A, D(MA))
in D_y, with M = S osign(p) and D(MA) = D(A), by Lemma 27 and
the commutation MIl., = II.,M . We shall first work in D_ 1. For the
corresponding scalar product, the adjoint ((MA)*, D((MA)*)) is also maxi-
mal accretive owing to Hille-Yosida theorem and |[(A 4+ (MA)*) ™ |zp )=

||()\+MA)_1||E(D%) < & for A > 0. The operator (1+MA) (resp. 1+MA*)

defines isomorphisms in the diagram

D(A) 1“‘“191 A DAY
D

MA) 1+(MA)*
— —

resp.  D((MA)*)' D(MA),

MI»—-
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where D((MA)*)" (resp. D(MA)') is the dual of D((MA)*) (resp. D(MA)).
This will be more systematically used in Section 4l Those isomorphisms
and the commutation II,,MA = MAIl,, ensure F = I, F &+  44F for
E = D(MA),D(MA)*), D(MA),D((MA)*), endowed with the suitable
scalar product.

Proposition 2.16. Keep the notation P = % + P. Then for any f €
L*(R_,dg; H™") and any fy € U, D((MA)*), the boundary value problem

pu = f ) SfYoddu - MA/Vevu = fa ) (30>

admits a unique solution in u € L*(R_,dq; H'), which belongs to Er_(f) C
CY((—o0,0]; LA(R, |p|dp; f) and satisfies

Julle_ ) < C [||f||L2(Rf,dq;H*1) + (1 + MA)_lfaHD,%

Proof. The conditions u € L*(R_,dq; H') and Pu € L*(R_,dq;H~") imply
u € Er_(f) and yu € D_ 1. Since STl gqyu = II,,Syu and MAIl,,yu €
[T, D((MA)*), the boundary condition makes sense for fy € I, D((MA)*) .
According to Proposition 2.T5and the reformulation (29)), the boundary value
problem (B0) is well posed if the system

SfYodd - MAerv = fgl) 5 with Yev,odd = Hev,oddfyu
(1+95)y=0

admits a unique solution y € D_1 for all fh e, D(MA)*) . After (I8)(19)
we checked STI., = I1,44S and the above system is equivalent to

Heo(1+8)y=0,
( )7 Yodd = _Sf)/evu

S o - MA ev — 5 )
Toid ~ A% = To { (1d + MAYyo, =~}
Hodd(l + S)’}/ =0

which admits a unique solution 7 € D_, such that 17llo . < Cill fall paaray-y -
)
The final estimate is also provided by Proposition 2.15] O

We now translate the previous result in the more usual structure on
L*(R, |p|dp;f) . By making use of the integration by part formula (27), the
estimate of [|ul|z2(_ 41y Will also be made more accurate.
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Proposition 2.17. Set P = (2 + P) and assume (A, D(A)) mazimal accre-
tive in L*(R, |p|dp; f) and commuting with 1., . For any f € L*(R_,dq; H™')
and fa € MogqL?(R, |p|dp;§) the boundary value problem

pu = f y  YoddU — Slgn (p)A%vu = fa (31>

admits a unique solution u € L*(R_,dq;H') which belongs to Er_(f) C
CP((—o00,0]; LA(R, |p|dp; f) with veyu € D(A). This solution satisfies

Re <’}/evua A’yevu>L2(R,|p|dp;f) + ||u||%2(]R,,dq;H1) = Re <f, u>
—Re / (fa(p), Yeu(p))s pdp .
R
When fg = 0 this implies

ull 2  dgrty < 1 fllz2e gy -

Proof. The boundary value problem (B0) with fs € I1.,D_
solution such that v.,u € D_ 1 and

1 admits a unique
2

MA’Yevu = fé) - S’yoddu €D_:.

1
2

Therefore o, u € D(MA) = D(A) and, with M = Sosign (p), the boundary
value problem (B0) is equivalent to

Pu = f 'y Yoddw — sign (p)A%Uu =Sfs,

which is ([BI]) after changing S fs into fs.
We can now use the integration by parts formula (27) which gives

0 <Re <fyevu , Afyevu>L2(R7|p|dp;f) = +Re <Vevu , sign (p)fyoddu>L2(R7|P|dP;f)
—Re <’}/evu 5 Sign (p) f6>L2 (R,|p|dp;T)

= %/RIU(O,p)If2 pdp — Re /R<fa(p), Yeou(p))j PP
—Re (u,pdu) ~Re [ (o) vut(p)) o
R
= Re(u, Pu) — ||u||%2(R,dp;7-L1) —Re /m%vu(p) pdp .
R
O
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Remark 2.18. Note that only the even part A., = Il., All., appears in the
assumption and all the analysis. So only this restriction can be considered
with an arbitrary maximal accretive extension on Ranll,qg . In applications,
it is easier to consider a realization of (A, D(A)) in L*(R,|p|dp;f) without
the parity in the domain definition and just check All,, = 1., A .

2.5.2 Maximal accretivity of K4
We end here the proof of Theorem [2.1]

Proof. The domain D(K 4) contains C5°((—00,0) x (R\ {0});f). It is dense
in L*(R2, dqdp; ) .

From Proposition 217 applied with fy = 0, we know that ||u||g, = ||(% +
P)u||L2(R,7dq;Hfl) is a norm on

Eq = {u S L2(R—> dg; Hl) ,Pue L2(R—> dg; H_l) s YoddU = SIgN (p)A’yevu} )

which is made a Banach space isomorphic via (% + P) to L*(R,dg; H™') and
continuously embedded in

Er_(f) € L*(R-,dg; ') N C((—00,0); L*(R, [p|dp; )
with (v € Ea) = (e € D(A)).
Since L?(R? , dqdp; f) is complete and continuously embedded in L2(R_, dq; H™1),
the domain D(K ) endowed with the graph norm ||u| px,) = |lull + [|(3 +
P)ul| is complete, which means that K4 is closed.
By Proposition 217 we also know that £ + P : B4 — L*(R,dg; H™') is sur-
jective, which implies Ran K4 = L?(R?%, dqdp; f) .

For the accretivity and the integration by part formula (I6]), simply use
Proposition 217 with fs =0:

1
Re (u, (KA—g)W = Re (Yeots, AVevU>L2(R,|p|dp;f)+||u||2L2(R,,dq;H1) - HUH2 > 0.

O

2.6 Extension of the resolvent and adjoint

We end the proofs of Proposition and Proposition 23]
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Proof of Proposition[2.2. For f € L*(R_,dq;H') and z € C a solution u €
LA(R_, dq; H')

(P=z)u=f . %oaaf = sign(p)Aye,u
satisfies pO,u = f + zu — Ou € L*(R_,dg; H™'). It necessarily belongs to
Er_(f) and satisfies ve,u € D(A).
Uniqueness: If there are two solutions uq, uo, the difference u = uy — uq,
solves (P — 2)u = 0 € L*(R?,dgdp;f). When Re z < 1, it means u =
(KA —z)‘l() =0.
Existence: From the integration by part of Theorem 2.1] an element u €
D(K ) satisfies

1
Re(u, (Ka—2)u) 2 |ullzag_dgre) = (5 +Re 2)[ul’

1
(5~ Re )llull,

vV

and for Re z < %

1
(1 s ) Mol e = 2l 2 Nl
5 ez

Hence (K4 — z)~! has a unique continuous extension from L?(R_,dq; H™)
to L*(R_,dq; H') .
For f € L*(R_,dg; H™") and Re z < 1, the function u = (K ,—2)~" f satisfies
(P—z)u = fin D'(R%;§). It belongs to Eg_(f) and the traces Ve, ogqu are well
defined. When f = lim,, o f, in L}*(R_,dq; H™') with f,, € L?(R?, dqdp; ),
the sequence u,, = (K4 — 2z)7!f, satisfies

Vevln € D(A> y  YoddUn = Sigﬂ (p)Afyevunv

Tim | yepts = Yeuttnl| 2, plapsp) = 0+
lim || sign (p)Yoaatt — AYevtin| 2w pidpss) = 0-
Hence 7eou € D(A) and 7oqqu = sign (p) Aeptt - m

Proof of Proposition[2.3. By changing p into —p and A into A*, the operator

K_ 4+ defined by
2 2 .
D(K_ 4) = {u € 2R, dg:Hy), -t € LR dadpi), } |

YoddW = — Sign (p)A*Vevu

* * —02+p?
Vue D(K}), Kiu=P.u=(-pi,+—"%—)u,
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is maximal accretive. Hence it suffices to prove K_ 4- C K7 , which means
VUED(K_A*),VUGD(KA), <K_,A*U,U> = (u, KAU>. (32)

Both v € D(K_ 4+) and v € D(K4) belong to & (f) and the polarized
integration by parts formula of Proposition .10l is

(POqu , v) + (u, pOgv) = (u, sign (P)v) L2 [pldps)
= (sign (P)Yodath , VeuV) L2(R,[pldpif) + (Vevl » SIZN (P)VoddV) L2 (R, p|dpsf)
= (=AMl s VeoU) L2 fpldps) T (Vewll s AVewV) L2k plapss) = 0

which yields (32)). O

3 Cuspidal semigroups

From the functional analysis point of view, the Kramers-Fokker-Planck oper-
ators have some specific properties, which were already used in [HerNi| [EcHal
and [HelNi] in the case without boundary. Those properties behave well after
tensorisation and are stable under relevant perturbations.

3.1 Definition and first properties

We work here in a complex Hilbert space H with the scalar product ()
and norm || ||. A maximal accretive operator (K, D(K)) is a densely defined
operator such

Yu e D(K), Re(u, Ku) >0,

and 1 + K : D(K) — H is a bijection. (see [Bre83][ReSi75][EnNa]). This
is equivalent the fact that (e7");5q is a strongly continuous semigroup of
contractions. This property passes to the adjoint (K*, D(K*)) (use |[(A +
K7 = [(A+ K)~!|| < & and Hille-Yosida theorem). The operator (1+K)
(resp. 1+ K*) defines isomorphisms in the diagram
D(K) 51 ' DKy
D) "™ 1 " Dy,
where D(K*)" (resp. D(K)') is the dual of D(K) (resp. D(K*)) and the
density of D(K) (resp. D(K™*)) provides the embedding H C D(K)’ (resp.
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H C D(K*)"). The operator (1 + K*)(1 + K) is the self-adjoint positive
operator defined as a Friedrichs extension with

D((1+ K*)(1+K)) = {ue DK),(1+ K)"(1+K)ueH}.

The modulus |1+ K| is the square root, |1 + K| = /(1 + K*)(1 + K).
An accretive operator of which the closure is maximal accretive will be said
essentially maximal accretive (see [HelNil).

Definition 3.1. Let (A, D(A)) be a positive self-adjoint operator such that
A >1 and let r belong to (0,1]. A mazimal accretive operator (K, D(K)) is
said (A, r)-cuspidal if D(A) is dense in D(K) endowed with the graph norm
and if there exists a constant C > 0 such that

Vue D), [|Kul| < CllAu], (33)
Vu€ D(A),VAER, |[[Au| < C[(K —iXul +|luf] . (34)

Definition 3.2. We say that a mazimal accretive operator (K, D(K)) is
r-pseudospectral for some r € (0,1], if there exists C > 0 such that

VAER, |[(—1+iA—K) <Cr(N)",
An easy reformulation of this definition is given by the

Proposition 3.3. A maximal accretive operator (K, D(K)) is r-pseudospectral
with r € (0,1], iff there exists C > 0 such that

o the spectrum of K is contained in Sk N{Re z > 0} with

Sk ={2€C,|z+ 1| < Ck|Re 2+ 1|, Re 2 > —1} ;

o for z & Sk with Re z > —1, the resolvent norm is estimated by

I(z = K)™'|| < Ci ()"

Proof. The “if” part is obvious. For the “only if” part it suffices to use the
first resolvent identity. More precisely write

(K—p—id)=(K+1—i\) [1-(1+p)(K+1—iN)""].

When (A" > 2Ck|1 + p| the right-hand side is invertible and ||(K — p —
iN)TH < 2K 41—\ O
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Note that the case r = 1 corresponds to the case of sectorial operators.
Among other consequences of these properties, we shall prove that they are
essentially equivalent (with some loss in the exponent) .

Theorem 3.4. For a mazimal accretive operator (K, D(K)) the following
statements satisfy

(1) (K,D(K)) is (A,r)-cuspidal, r € (0,1].

(ii) (K, D(K)) is r-pseudospectral.

(iii) (K, D(K)) is (|14 K|,r")-cuspidal for r' < 5= .
The first result taken from [HerNi| is about (i) = (i) .

Proposition 3.5. When (K, D(K)) is (A,r)-cuspidal with exponent r €
(0,1], it is r-pseudospectral with the same exponent.

Proof. For u € D(K), we start from
2[/(K — 2)ull* + 2| Re 2[*[|ul|* > [|(K — Im z)u]]*,

which gives
1
20(K = 2)ull” + (1 + 2 Re 2[*)[Jul* = (K = Im2)ull® + [Ju]* > 55 [1A"[*.

The condition (B3) provides the operator inequality 1 < (1 + K)*(1+ K)
A?. The operator monotonicity of x — " for r € [0,1] implies 1
[(14+ K*)(1+ K)]" < A?" and

<
<

I(K=2)ull*+(1+Re 2)*[|ul* > % [ = 2)ull® + (u, [(1+ K1+ K)]"w)]
Lemma B.1 of [HerNi] then says
41K = 2l + (u, [(1+ E*) (1 + K)u)] > |2+ 17 [[ul®, Yu € D(K),

as soon as Re z > —1. We have proved

1

2
_ >
Vu e D(K),||[(K — z)ul|” > 320

|z 4+ 11 — (1 + Re 2)?| |Jul?,
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for all z € C such that Re z > —1. Any z = (=1 + i) with A € R belongs
to the resolvent set of K and we get the inequality

(K 41—\ <8V/CN) .

Remember the formula
K 1 e —tz -1
et = — / e (z—K) " dz,
_l’_

21 J o

which can be understood for general maximal accretive operators as the limit

1 —e—io0 _—tz
V¢ED(K>7 e_tK¢: lim lim —/ e (Z_K>—1¢ dZ,

e=0t k=00 20 J ;00 147

extended to any 1 € ‘H by density.
Proposition allows a contour deformation which provides a norm conver-
gent integral for t > 0.

Proposition 3.6. Assume that (K, D(K)) is r-pseudospectral with exponent
r € (0,1]. Let C}; be the constant of Proposition[3.3 and let 'k be the contour

{|[mz\ = 20k|1 +Re z|r ,Re z > —1} oriented from +ioco to —ioco. Then

foranyt >0
1

—tK —tz -1
S _K)'d
e 2 ). e (2 ) dz (35)
where the right-hand side is a norm convergent integral in L(H) .
Proof. For ¢ € D(K), t > 0 and k > 2 the function (T;—tj)(z - K)Wisa
k
holomorphic function of z in {z € C\ Sk ,Re z > —2} with

—tz . e—tRe z
_K) <O

=Kl < G

when Re z > —1, z € C\ Sk . The contour integral
—e—100 e—tz

/ (2 — K)o dz,

z
e4i00 1+ L

(1+7)

I 11+ K)ll,
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for any € € (0,1), can thus be deformed into

With the inequalities

I(z = K)7H| < Ci(2) ™" < Cie(Imz) ™", (36)
[ Im 2|

le™*| = e R ® < ele "aoy, , |dz| = [1 + O(Im 2*"~)] |d Tm 2[(37)

valid for all z € 'k, we can take the limit as k — oo for any fixed ¢t > 0,
in the integral fFK . The convergence holds for any 1 € H and the integral
(B5) is a norm convergent integral. O

A classical results (see for instance [EnNa]) provides the equivalence be-
tween:

° (e_ZA>z€CU{(]} is a bounded analytic semigroup for some open convex
cone C'.

o A is sectorial (see [EnNa] for a general definition).

e For all positive 7 the estimate (=7 +is — A)7!| < % holds for all

s#0.
e The quantity sup,., ||tAe~*| is finite.

Cuspidal semigroup, and this is a key idea of [HerNi|, is a fractional version
of the above notions. Actually Proposition B.3l says that (14 K) is sectorial
when r = 1. In this direction, the next result completes Proposition

Proposition 3.7. If (K, D(K)) is r-pseudospectral with exponentr € (0,1),
then ,
sup [[t7 11 + K)e ")) < 400 (38)
>0

If (K,D(K)) is (A,r)-cuspidal with r € (0,1), then

sup [|t7 TATe ) || < 400 (39)
t>0
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Proof. For u € D(K) and t > 0, the formula (35]) gives

1 1
e KKy =— ez - K) 'Kudz = — e 2z — K) 'u dz,
27 Jr,. I Jrg

because (z — K) 'Ku = —u + z(z — K)"!u. From the inequalities (36]) and
@B7) and |z| < C"(1 + |Im z|) along I' , we deduce
Foo T 1 2
e~ Kul| < C®)et / (14 Ne ™A dr < O@Det [tl‘? + tl‘F]
0
The density of D(K) yields

Vi> 0, e Ke O < 00 [t g H et < 00t

while we know e f[|e” 9| < ¢ < Ct'~7. We have proved that
SuPyso [t (2 + K)e " ®HK)|| is finite. Replacing K with 2K , which is also
r-pseudospectral owing to Proposition 3.3 and 2t by ¢, finishes the proof of

33).
When (K, D(K)) is (A, r)-cuspidal with r < 1, then it is r-pseudospectral
according to Proposition 3.5l The second estimate then comes from

ATl < ClIKull + flull] < CI(A + K)ul| -

O

Below is the converse implication of the second statement of Proposi-

tion 3.7

Proposition 3.8. Let (K, D(K)) be a mazximal accretive operator. Assume
that [B9) is finite for r € (0, 1] and assume the ezistence of an operator A > 1
such that D(A) is dense in D(K) and

Vue D(A),  [[Kull < [[Au].

Then the operator (K, D(K)) is (A, 0r)-cuspidal 0 € (0,5~) C (0,7): there
exists Cy > 0 such that

Vu € D(K),VAER, |[A"u| < Cy[|[(K —iNull + ||ul] .
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Proof. Fort >0, A € R and v € H , the estimate
_ —i _2
[A7eT EHE Ry < Gt~ F|Jo]|,
is interpolated into

r—

2
"l

||A6re—t(1+K—i)\),U|| < Cgté

for any 6 € [0,1]. Then the right-hand side of

r—

2
vl

||A0r6—t(K+2—i)\)v|| < Cge—tté
is integrable on (0, 4+00) as soon as =2 > —1. From

+o0o
2+ K —i\) o= / eTtEHE=Ny |
0

we deduce (2 + K —i)\)~tv € D(A") and
IA™(2 + K — i) 7ol < Collv]] .
Setting u = (2+ K —i)\) v gives
A"l < Coll2u + (K — iNull < CI(K — iNull + [Jull] ,
for all u € D(K), as soon as 6 € (0, 5—). O
Proof of (it) = (iit) in Theorem[34 Firstly, D(|1+ K|) is the form domain
of (14+ K*)(1+ K) and equals D(K), with

Vu € D(K) [ Kul® < [|(1+ K)ul|* = [[[1 + Klul|*.

The end is a variant of the previous argument. The relation (B8) can be

written .
11+ Kle U0 < o'

and leads to
VAER, Vo € H, |||l 4 K[fe " @HE=N| < Cpe 7 ]| .
By taking 6 < 3=, we deduce (24 K —i\)"'v € D(|1+ K|?) and
11+ K1°(2+ K — i\~ oll < Cgllv]] .-
With u = (2 + K —i\)~ v this means
VAER,Vue D(K), |1+ K| ull < Cy (K —iXNull + |ul] -
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3.2 Perturbation

The Theorem X.50 of [ReSi75] says that a pair of accretive operators A and
C defined on a same dense domain D C H , such that

Vue D, [[(A=Cull <all|Aull + [|Cull] + bljull,
for some fixed a < 1 and b > 0, satisfy :
e the closures A and C have the same domain;
e A is maximal accretive if and only if C is.

Of course this applies to C'= A + B when B is a relatively bounded pertur-

bation
Vu € D(A), |[Bull < allAul| + bl|ul| .

Below is the cuspidal version, which requires a uniform control with respect
to i\ € iR.

Proposition 3.9. Let (K, D(K)) be a (A, r)-cuspidal operator with exponent
r € (0,1]. Assume that B is a relatively bounded perturbation of K such that

Vu e D(K),YAeR, | Bu| <al(K —i)\ul|| + b||ul|

with some fivzed a < 1 and b > 0. If (K + B) is accretive on D(K), then
(K + B,D(K)) is (A, r)-cuspidal.

The same statement holds for r-pseudospectral operators with exponent r €
(0,1] .

Proof. The Theorem X.50 of [ReSi7h] says that (K + B, D(K)) is maximal
accretive.
For the inequalities, write simply for v € D(A) C D(K) and A € R,

I(K + B)ull

< [[Kull + [ Bul| < (1 + a)[[Kull + bljul} < [C(1 + a) + ]| Au],
I(K + B —idul =
>

|
1K = iXull = [[Bull = (1 = a) (K = iA)ul| = bljull
(1= a) O [A ] = (b+ D)lu] -

This yields

VAER, Vue D(A), [Kul| < C'f[Auf -, [[Au] < C[[(K = id)ull + [lull] |
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with C" = max {C’(l +a) + b, Cgb_tll)} :

When (K, D(K)) is r-pseudospectral, the same lower bound |[(K + B —
iNu|| > (1 —a)||[(K —i\u|| — b||u|| allows to conclude that (K + B, D(K))
is r-pseudospectral. O

Corollary 3.10. A maximal accretive operator (K, D(K)) is (A, r)-cuspidal
if and only if there exists a constant C' € R such that (C'+ K, D(K)) is
(A, 7)-cuspidal.
If (K, D(K)) is (A, r)-cuspidal with exponent r € (0,1] and B is defined on
D(K) with

Vu € D(K), ||Bul]* < CpRe{u, (1+ K)u)

and K + B accretive. Then (K + B, D(K)) is (A, r)-cuspidal.
The same statements hold for r-pseudospectral operators.

Proof. The first result comes readily from
| = Cull <0 x [[(K —iNul + |C] x [Jull.
The second one comes from

|Bul* < CpRe(u, (K —iXu) < COpllul|||(K —iX)ul
1 _ 2
< §||(K —i\ul| + Cpl|ul|

3.3 Tensorisation

Take two Hilbert spaces H; and Hsy and consider the Hilbert tensor product
H =H; ® Hs. We first recall a result about maximal accretivity.

Proposition 3.11. Assume that (Ky, D(K;)) and (K2, D(K5)) are mazimal
accretive in Hy and Ha , respectively. Then the closure of (K1 ® Idy, + Idy, ®

al
Ks) initially defined on the algebraic tensor product D(K;) ® D(K,), is
maximal accretive .

Then we will prove the cuspidal version.
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Proposition 3.12. Assume that (Ky, D(K7)) and (K3, D(K,)) are respec-
tively (A1, 1) and (A, mo9)-cuspidal operators in Hy and Hs . Then the closure
of (K1 ® Idy, + Idy, ® Ks) initially defined on the algebraic tensor product

al
D(K,) ® D(K3), is (A, r)-cuspidal with

A=A @Id+1d® A,
2 2

r r
d < mi L 21,
and v <min{g—o 50
Proof of Proposition[311] (for the sake of completeness). Consider the strongly
semigroup of contractions (e "t @ e72),50 on H = H; ® Hy and call

(K, D(K)) its maximal accretive generator. The operator (K, D(K)) is the

closure of (K; ® Idy, + Idy, ® K5) defined on D = D(K;) %ﬂ D(K3) : In-
deed, for every pair (o1, p2) € D(K;) x D(K3), Ry >t e (0 ® y) =
(e7F1p)) @ (e K 2¢py) is a C'-function. This implies D C D(K). For s >0,
the expression

ASSO — l/s e—t(l-‘rK)(p dt’
sJo

defines a continuous operator from H to D(K). For ¢ € D(K), the relation
1
(1+ K)p = (1+ K)Ayp = (L+ K)p + — (7o — o)

implies
s—07t
l = Asllpe) = 11+ K)(¢ — Asp)lla *= 0.
Since D(Kj) is dense in H; for j = 1,2, ¢ can be approximated in H by an
element Z;.Izl ©1,; ® o of D with

J J
[ As (SO - Z $1,; @ <P2,h> oy < Cslle — Z@l,j ® 2,nll2 -

J=1 Jj=1

Now the integral

J J
1 /4 _
. (Z 01, ® <P2vh) N Z E/O (711 ;) @ (€720 ;) dt
=1 j=1

can be approximated in D(K) by a Riemann sum which belongs to D . Hence
D is dense in D(K') endowed with the graph norm ||u||pixy = [|(1 4 K)u|y .
It is a core for (K, D(K)). O
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Proof of Proposition[3.13. We know from Proposition B.11] that K = K; ®
Id + Id ® K, is essentially maximal accretive on D(K;) @9 D(K,).

Let us prove the cuspidal property. The operator A; > 1, j = 1,2, is a
self-adjoint operator in #H; with D(A;) dense in D(K;) and such that

1K ull, < CillAjullag, o 1A ullay, < Cj |1 = iX)ully,, + IIUIIHJ-] ;

hold for any u € D(A;) and A € R. Call A = A; ®Id+1d® A, the essentially
self-adjoint operator on D(A;) ®%9 D(A,). Its domain D(A) is dense in
D(K), and

Vu € D(A), |Ku| <C|Au],
is obtained after taking first u € D(A;) ®%9 D(As) .
The inequality (B39) applied for j = 1,2 gives the uniform bound

21 r (14K;) /
[t Aj'e Negy) < 65
This yields the uniform bound
IAT + AR)e 0| 1y < max{Cjt' ™, Cht' 7 Je

We take o = min{ry,7} and the functional calculus of commuting self-
adjoint operators gives

A% < Gy (AT + A2,
and A% < 2t

1,72

By interpolation we deduce

sup ||t%_1A§e_t(2+K)|| < +00.
>0

Proposition B.8implies that (K, D(K)) is (A, r)-cuspidal for any r in (0, szg) :
U

4 Separation of variables

The results of Subsection provide a strategy for studying the maximal
accretivity and cuspidal property for operators which make possible a com-
plete separation of variables. Half-space problems associated with differential
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operators with separated variables can be reduced to the one dimensional
half-line problem when the boundary conditions agree with this separation
of variables. We focus on the cases when the boundary condition is given by
Vodatt = v sign (p)ye,u with v € {0,1}.

Although Proposition provides the guideline, we do not apply it
naively. Instead, we develop an analysis of abstract one-dimensional problems
which will lead in the next section to more accurate results. In particular, we
specify the domains of the operators which are implicit Proposition B.11] and
Proposition Then we solve inhomogeneous boundary value problems
by using variational arguments inspired by [Lio|[Bar|[Luc|[Car] in the case
v=1.

4.1 Some notations

In this section, we assume the operators (L., D(L4)) to be maximal accretive
in the separable Hilbert space £ with L} = L. For I =R_or I =R, we
shall consider the operator

2 2
-0, +p*+1

PL=4po, + 5

1
—|—L:|: :ip8q+§+O+Li
defined with the proper domain, containing C3°(I x R; D(L..)) and specified
below, in L*(I x R,dqdp; £) = L*(I x R,dqdp) ® £. The formal adjoint of
Plis PqEL . Both operators 1 4+ L. are isomorphisms in the diagram

D(Ly) 5" ¢ "5 D(LL) = D(Ly)' .

where D(L%)" is the dual of D(L%) and the density of D(Ly) provides the
embedding £ C D(L%)". In particular Pf defines a continuous operator from
L*(I x R,dqdp; £) to D'(I x R; D(L+)") for any open interval I C R.
The densely defined quadratic form Re (u, Liu) defines a self-adjoint opera-
tor (take the Friedrichs extension see [ReSi75]-Theorem X.23). This operator
is (abusively) denoted by Re L. For any uw € D(Ly)ND(L-), Re Lu equals
%u. The notation Re L is especially justified under the following as-
sumption.

Hypothesis 1. The intersection D(Ly)ND(L_) is dense in D(L) endowed
with its graph norm and Re L is essentially self-adjoint on D(Ly)ND(L_).
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Under this assumption, D(L, ), D(L_) and D(L;) N D(L_) are densely
included in D((Re L)'/?), which is the quadratic form domain of Re L, and
we have the embeddings

D(Ly) € D((Re L)) ¢ £ € D((Re L)"?) c D(Lz)' .

Contrary to the case when (L,,D(Ly)) is a non negative self-adjoint op-
erator, there is no reason to assume in general that L, is continuous from
D((Re L)"/?) to D((Re L)!/?)". This would mean that Tm L = Z+-I= is es-
timated in terms of Re L.

According to this multiplicity of spaces, the notations of Section 2 will be
adapted with various choices for the Hilbert space §f. This will be spec-
ified in every case. For example H®, s € R, will follow the definition
H* = (3 +0)*2L*(R, dp; C) of Section 2T with f = C.

We shall use the following space

HYY = {u€ PR, dp: £), [lullis + (u, (Re Ljupe < +oo} . (40)

endowed with its natural norm and scalar product. Its dual is denoted by
H~bL. When L is bounded in £, it is nothing but H* = H! ® £ and
H 10 =H"1'® £. For an interval I of R

L3(I,dg; H' @ D(Ly)) C L*(I,dg: HYE) ¢ L3(I x R, dgdp; £)
C L*(I,dg; H™"F) ¢ L2(I,dg; H™' @ D(L=)").
The odd and even part of elements of L?(RR, |p|dp; £) involves an involution

J acting on £. In the end, this construction will be applied with £ = £, ® f;
with L=L;®Id and j =1d® 7; .

Definition 4.1. The Hilbert space £ is endowed with a unitary involution j
which commutes with e+ for allt > 0. In L*(R, |p|dp; £) or D'(R*; ) with
fe{D(Ly),L,D(Ly)'}, the even and odd part are given by

v(p) + jv(—p)

Yeo(P) = [Hew](p) = 5 : (41)
Yodd(P) = [Hoaa¥](p) = ) _57(_p) : (42)

The operators 11, and I1_ are given by
Iy = Iy + sign(p)oaa , 11 = Iley — sign (p)1loaa (43)
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The projections II,, and I,z are orthogonal in L?(R, |p|dp; £) with
IIg, = ey = (1 — Hoaa)
sign (p) o I, = Iy4q o sign (v), (44)
[ 00) 7D 9o = (. sign (97 e iane
= (Yeu , S181 (D) Voda) L2, pldps2) T (Yodd > 18N (P)Vew) L2 Jpldpis) - (45)

Moreover the two operators I1, and I1_ are projections owing to sign (p)Il., =

[T,qqsign (p) , with the same range RanIl, = RanlIl_ = Ranll,,. With

1., = H*;H* and sign (p)Il,qq = % , the quantity (43]) also equals

1
2 [Ty, LYY e pplapse) — (o, Ty 2R plapse)] - (46)

The projection II; (resp. II_) has the same kernel as 1g, (p) (resp. 1g_(p))
according to the explicit formulas:

Iy = (g, (p) +jle_(P)y(Ipl) » oy = (e, (p) + 1x_(p))y(=pl) -
The mapping IT, x II_ : L*(R, |p|dp; £) — (RanTl,,)? is an isomorphism
(IL, I : L*(R, [pldp; £) = (RanIL,)* (47)
with  L*(R, |p|dp; £) = ker(I1,) GLEker(H_) :

and (H.,., H—)Vev = ('Veva Vev) )
(H+7 H—)%dd = (sign (p)%dch —sign (p)%dd) .

4.2 'Traces and integration by parts
For a given interval, we shall consider the space

e ={ue L’(I,dgH "), Piue L*(I,dg; H ")},
endowed with the norm

||U||gIL¢ = ||u||L2(I,dq;HLL) + HPjeuHLZ(I,dq;H*LL) .

Proposition 4.2. Under Hypothesis[dl the space SIL’i 15 continuously embed-
ded in the space E(D(L=)") of Definition[2.9 with § = D(L<)", and therefore
in C(I; L*(R, [pldp; D(L=)") -
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Proof. From the embeddings H"Y' C H"' = H' ® £ € H' @ D(L+) and
H CcH' @ D(Ls), we deduce

uwe L*(I,dg; H' @ &) € L*(I,dq; H' @ D(L=)'),
1
and  pdyu =+ |Pfu— (5 +O)u — Lyu| € L*(I,dg;H™" @ D(L=)"),
because v € L*(I,dq; H' ® £) implies Lyu € L*(I,dg; H' ® D(L+)") and

(34+O0)u e L*(I,dg; H ' ® £) . We conclude by referring to Proposition 210
with f replaced by D(Lz)". O

Proposition 4.3. Assume Hypothesis [l and for I = R_ set yu = u(q = 0)
foru e 5[@} . The integration by part formula

<Uv P—f“) = 51_i>%1+ <7U€ , Stgn (p)7u€>L2(R,|p|dp;£) + <P£U ) u) )
vo=01+el ) |, wu.=(1+ely) u,

holds for pairs (u,v) € EXT x CP((—00,0] x R; D(L_)) and for pairs (u,v)
which satisfy

e u and v belong to L*(R_,dq, HY") ;
o Plu and Ptv belong to L*(R_,dg; H™' ® £) .

Proof. In both cases, Proposition ensures u € Eg_(D(L_)") and v €
Er_(D(Ly)").
When (u,v) € EXF x C°((—00,0] x R; D(L_))), the integration by part

1
(v, pOyu + (5 + O)u) = /<U(Oap) , u(0,p)) by, D(z_y Pdp
R

1
+ ((—po,v + 5t O)v, u)
makes sense, while the other term of PZu gives the integrable quantities

(v(g,p), Lyu(q,p))pL_y,p_y = (L-v(q,p), u(q,p)) -

In the second case u. = (1 +¢eL;) 'u and v. = (1 +cL_)" v both belong to
Er_(£) and we can apply the polarized integration by part of Proposition 2.10I

(PO, 02) + (e, pOyu.) = / (4(0, ) , (0, p))e pdp.
R
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The term with (3 + O) involves only the duality between H' and H ™' while
the terms with L, and L_ is concerned with L*(R?, dqdp; £) functions. We
obtain
(1+eLl_) v, 1+eLly)"Plu) — (1 +eL_)"Plo, (1+eLy) ')
= ((1+eL)" 'y, sign (p)(1 + eLy) ™ yu) L2 pldpse)

Our assumptions were made so that the left-hand side, and therefore the
right-hand side, converge. In particular PLu, Ptv € L*(R_,dg; H™' ® £) is
used with s —lim._,o(1+¢eLy) ' =1in Land [|[(1+eLy) ge <1. O

Remark 4.4. The last argument cannot be used for general (u,v) € Sﬂé’f X

EL because we do not control the effect of the regularization (14+eL.)™" on
D((Re L)'/?) and H*"" .

Proposition 4.5. Assume Hypothesis[l. Take I = (a,b) with —oo < a <
b < 4o00. Assume u € EPF with Pru € L*(I,dg;: H™' ® £) and you =
u(a,.) € L*(R,|p|ldp; £) if —oo < a and ywu = u(b,.) € L*(R,|p|dp; L) if
b < +oo. Then the following inequality holds

ul2ag agey < 2Re (i, Phuy % 1 (a) / u(a, p)|2 pdp

T 12 () / u(b, p)I2 pdp.

Proof. With an obvious change of signs, it suffices to consider the + case.
From Proposition d.2'we know u € £/(D(L_)") and the traces are well defined.
Set f = Plu, fo = v,u and f} = yu. For e > 0 take u. = (1 +¢cL;) 'u
and set f. = (1+¢eL,)7'f, fg,’f = (14 eLy)"'fy". Then u. belongs to
L2(I,dq; H' @ D(L,)) C L*(1,dq; H' ® £) and satisfies

1
paque == fe - (5 + O)us - L+u€ € L2([7 dq; H_l ® 2) ’

Yaptie = f57 € L*(R, |pldp; £) .

Hence the integration by parts formula of Proposition 2.10l can be used with
f=5L

1) [ 155008 iy~ 15(0) [ 1500 pdp = 2Re(us. p0yu.)
R R
=2Re <ua ) f6> - 2||u5||%2(1,dq;H1’L) :

o7



With [[(1 +eLy) g <1 and H'YY = H!' @ £, we deduce from this the
inequalities

HUEH%Z(I,dq;HLO) + ||“e||2L2(I,dq;HLL) < 2““@“%2(1,@;%1@
< el 21,700 | f | 22 (1,dgsze—10) + 1RO FAN 72 . piapec)
+1r(@) 51172 ppldpse)
and a uniform bound for |[uc|z2(r,agp1.2) -

As e — 0 the operators (1 +¢eLy)™", (resp. Id; ® (1 +eLy)™!) converges in
the strong operator topology to Ide (resp. Idgge). Therefore we know

: b b .
ll_{% 1o = f5 l2 @ pplapey = 0,
ll_ff(l) [ue = wllL2(1,ag9410) = 0,

}:I_I}(l) ||.f£ - f”LZ(I,dq;H*LO) = Oa

while u, converges weakly to some v in L2(I, dg; H*L) . Since H=40 = (H10)
is continuously embedded in H~1F = (H5E) | the second limit implies v = u
and

||U||2L2(I,dq;H1»L) < hlgi)iglf HUEH%Z(I,dq;HLL) :
This ends the proof. O

Remark 4.6. Again the strong limit argument lim._,o(1+eL, )" f = f works
in £ but not in D((Re L)Y/2), HYE or H~HE .

4.3 Identifying the domains

We shall first consider the whole space problem on R? and then the half-space
problem in R_ x R.

In the whole space problem, (K% D(KE)) will denote the maximal accretive
realization defined in L?*(R? dqdp; £) = L*(R?, dqdp) ® £ like in Subsec-
tion B3, with #; = L*(R? dgdp), Ho = £, K1 = Ky + 1 = £p9, + (3 + O)
and Ky = Ly (the domains D(K4) and D(Ly) are known).

For the half-space problem only the boundary conditions

Yodat = Esign (p)vye,u  with v € {0,1}

are considered. The corresponding maximal accretive realization of £p.0, +
% + O in L*(R?,dqdp) defined in Subsection is denoted by (Ki, +
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5. D(K.,)). The maximal accretive operator (K%, D(K% )) is the maxi-
mal accretive realization defined in L?(R? , dqdp; £) = L*(R?, dqdp) ® £ like
in Subsection B3] with #; = L*(R2,dqdp), H, = £, K1 = K¢, + 3 and
K2 == L:t .

Proposition 4.7. With Hypothesis[D, the domain D(KZL) equals
{ue L*(R,dg; H'"), Piu e L*(R? dqdp; £)} .
The relation KXu = PLu and the integration by part equality
HUH%%R,dq;HLL) = Re (u, Ki“)

hold for any u € D(KZL) .

The adjoint of K% is KL .

Proof. From Theorem [A1], we know that K} = K.
The maximal accretive operator KZ being defined as the generator of

(e7t(Ks+a)etle) et us first check that KZu = PFu when u € D(KZE).
Forsuch au € D(KE), e %y = e~ tK++3) Lty defines an L2(R2, dgdp; £)-
valued C! function on [0, +0c). From the equality

— — — * — * — —
(e~tKxetha ) — omtKL—tLy tKs ,—tLs

=e
we deduce that (K{)* = KL and we know that C5°(R?) @ D(L_), and
therefore Cg°(R?; D(L_)), is contained in D(KZL) = D((K%)*). Looking at
the derivative at t = 0 of

(st ry u) = (v, e ),

we obtain )
(Kx+ 5) @Id+1d® Ly )v, u) = (v, Kfu),

for all v € C°(R?*; D(L+)) . But this means exactly
1
Kiu= (5 + K )u+ Leu= PEu in D'(R% D(L=)) D L*(R?, dgdp; £) .
Proposition applied with a = —o0, b = +00 and provides the inequality
||u||%2(R,dq;7-L1vL) < Re <U, K:i“) ) Vu € D(K:i) :
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With ||u]| p2(r agz0.2) = ||ul| , this implies || Kful| > ||l 2 aq20.2) and D(KE)
is continuously embedded in L*(R, dg; H'F).

Conversely, if v belongs to L?(R, dg; HYY) with PEv = f € L*(R?, dqdp; £),
there exists u € D(KE) such that Kfu = f because (KX — 1, D(KZL)) is
maximal accretive. The difference w = u — v belongs to L*(R, dg; H'F) with
Plw = 0. Proposition then implies

||w||%2(R7dq;’H1,L) S 0.

Therefore v = u belongs to D(KY).
The equality

1
Re (u, Kiu) = Re(u, (5 + Ki)u) +Re (u, Leu) = [ullf aganr) -

holds when u € D(K.)®9D(L.). The algebraic tensor product D (K )®49
D(Ly) is dense in D(KZ%) according to Proposition B.11] while both sides are
continuous on D(KE). This proves the equality for all u € D(KE). O

Proposition 4.8. Under Hypotheses [1l and with v € {0,1}, the domain
D(KZ,) is nothing but

L 22 .
{u c L2(R_,dq;H1’L>, P:I:u €L (R—?dqdp7 ’2) } .

YoddU = % 5ign (p)VYestt
Moreover the relation
Ki,yu = PiLu,

and the integration by parts identity

||U||%2(R,,dq;w»b) + ||70ddu||%2(R,\p\dp;£) = Re (u, Ki,uw

holds for allu € D(KY ).
Finally the adjoint of K%, is K .

Remark 4.9. The boundary condition Yoqqu = £ sign (p)vye,u makes sense
because the trace yu is well-defined in L*(R, |p|dp; D(Lz)") when u € £
and a fortiori when u € L*(R_,dg; H ") and Pfu € L*(R?,dqdp; £). For
v =0, the integration by parts inequality says nothing about Ye,u . This will
be studied later in Section [3.
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Proof. We proved in Proposition that the adjoint of K, is K+, for
v=1{0,1}.

The proof of (K{,)* = KX, and Kf u = Pfu when v € D(K%,) is the
same as in Proposition B, with Cg°(R?; D(L+)) € D((K%,)*).

For u € D(K.,) ®% D(L.) the integration by part formula

HUH%Z(Rf,dq;Hl@S) +Re <761}u ’ VWGUU>L2(R7|;D|CI;D;£) = Re <u ) Ki,u”) —Re <u ) L:l:”)

comes from Theorem [2.1] or Proposition 210, applied with § replaced by £

and
1
(5 + Kapu=Kiu—Liu in L*(R, dgdp; £).

We know also, for such a u, yu € L*(R, |p|dp; £) and yogqu = = sign (p)vyeots -
With ||| L2 dgnies) > ||ul|, we deduce

Vu € D(Ky,)@™D(Le),  ull 2 agaery | Vodatull 2 ppiapey < 8|1 EZ ull -

Since D(K+,) ®" D(L+) is dense in D(KZ ), we conclude that for all u €
D(KZ,), Yoaatt = Esign (p)vyesu belongs to L*(R, |p|dp; £) and u belongs
to L2(R_,dq; HVE).

With the same density argument, the equality

||u||iz(R,,dq;H1’L) + ||70ddu’|%2(R,\p\dp;£) = <u7 Ki,uu>

can be extended to any u € D(KL ).
Let us complete the identification of D(KY ). Since Kf, — 1 is maximal

accretive the equation K} u = f admits a unique solution u € D(K% ) for
any f € L2(R2%,dqdp; £). If v belongs to L*(R_, dg; H'L) and satisfies

Piv=f € L*(R?,dgdp; £),
YoddV = Fsign (p)vye,v  (in L*(R, |p|dp; D(L=)'),
solve Kiyu = f. The difference w = u — v belongs to L?(R_, dg; H"*) and

satisfies
Pijw =0 , YoddW = + Sign (p)l/fyevw .

This implies w € E&* € &_(D(Ly)') according to Proposition EE2. The
regularisation w’ = (1 4+ L) 'w belongs to &_(£) and has a trace yw' €
L*(R, |p|dp; £). Tt satisfies Pfw’ = 0, w' € L*(R_;H"Y) and yuw' €
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L3(R, |p|dp; £) with v,qqw’ = *sign (p)vye,w’. The integration by part in-
equality of Proposition applies to w':
Hw,H%Q(R,;HLL) + (Yo, Yerw') <0,
which yields w' =0, w =0 and v =u € D(KL ). O
Proposition 4.10. Assume Hypotheses[1 and take A € R .
e The resolvent (KX —iX\)™" admits a continuous extension which sends
L3(R,dg; H™5Y) into LA(R, dq; HYE) and the equation
(PY— iXyu = f
has a unique solution u € L*(R, dq; H") when f € L*(R,dq; H™"F).
o Forv e {0,1}, the resolvent (K%, —i\)~" admits a continuous ex-
tension which sends L*(R_,dq; H™"L) into L*(R_,dg; HYL) and the
equation
(P:il - Z)\)U = f ) YoddU = + Slgn (p)l/’}/evu’
has a unique solutionu € L*(R_, dq; HYY) when f € L*(R_, dg; H™ 1),
with
||u||%2(]R,,dq;Hle) + ||70ddu||%2(]R,|p|dp;£) = Re <fa U> :
Proof. The proof is the same in the two cases and even simpler when there
is no boundary term in the first case. We focus on the second case.
For f € L*(R?,dq; £) and u = (KL, —i\)~'f € D(KL ), the inequalities
HUH%Z(Rf,dq;HLL) + nyodduH%Z(R,‘p‘dp;ﬁ) = Re <u7 (Ki,u - Z)\)U>
= Re(u, f)
< ||U||L2(R,,dq;H17L)||f||L2(R,,dq;HfLL) )
allows to extend (K%, —i\)~'f to f € L*(R_,dg; H™""). Approximating
a general f € L*(R_,dq; H L) by f, € L*(R%; £) implies that the above
equalities are still valid for f € L*(R_,dq; H™bE).
Assume now that v € L*(R_, dg; H"") solves (PL—iX)v = f € L*(R_,dg; H™"F)
and Yogqv = Esign (p)vye,v in L*(R, |p|dp; D(Ls)"). Then the difference
w=v— (K%, —1i\)"'f belongs to L*(R_; H""*) and satisfies P'w = i\w €
L*(R?, dqdp; £) , Yoaaw = % sign (p)vye,w . It belongs to D(KZ ) and solves
(K%, —iX\)w = 0. This implies w = 0 and the solution is unique. O
Definition 4.11. We keep the notations (K¥—i\)=' f when f € L*(R,dq; H~1F)
and (K%, —iX\)~'f when f € L*(R_,dg; H™"").
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4.4 Inhomogeneous boundary value problems

In this paragraph, we study an inhomogeneous boundary value problems,
naturally associated with K, and K} ;. The control of y.,u for K% | allows
the variational arguments of [Luc] [Car] [Lio]. A general a priori estimate is
deduced.

Proposition 4.12. Assume Hypothesis(, fo = H+L*(R, |p|dp; £) = RanIl,, ,
feL*R_,dg;H ") and X € R. Then the boundary value problem

(PL—iNu=f , Teyu =Yoo F sign (p)yosats = fo, (48)

admits a unique solution in L*(R_,dq; HY L), which is characterized by

. 1
VQO € D(Kf,l) ; <U, (Kf,l + 7/>\)§0> = <u7 f) + §<f87 H:I:fygo>L2(R,|pdp|;£) .
(49)
It satisfies the integration by part identity

1 1
Z’|Hi7u’|%2(R,\p\dp;£) + ||u||%2(R,,dq;7-L1vL) = inaH%?(R,\p\dp;S) +Re(f, u). (50)

Proof. In this proof it is important to distinguish PZ and PX. While focus-
ing on PE (the other case is deduced by a transposition of {+, —}), we will
work with P and P~.

Uniqueness: If there are two solutions wu;,us € L2(R_, dg; HY%) then the
difference w belongs to £F and solves (PE —iNw = 0 with ypgqw =
sign (p)Yesw € L*(R, |pldp; D(L_)"). This means exactly w = (K}, —
i)\)_lo =0 and Ug = U7 -

Existence when f3; = 0: Simply apply Proposition 10 and u = (K_f,1 —
i\)~! f according to Definition @Il Because (K% ) = K*, the solution is
characterized by

Vo € DKL), (u, (KX, +idg) = (f, ¢).

Existence when f = 0: We adapt the approach of [Luc|[Car]. Let V' be the
space L*(R_, dg; H"") and let Y be the domain D(K* ) in L*(R? , dqdp; £):
We are in the case v = +1 and Y is the set of ¢ € LQ(R_,dq7’H1 Ly which
satisfy

(PL+iX)p e LA(R?, dgdp; £)
vo € L*(R, [pldp; £) , ILiye =0 (or e + sign (p)Yoda =0).
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The space Y is endowed with the norm

o

2
lelly = (lolZe. ammrry + et a plansy)

The space (Y, || ||y) is continuously embedded in V = L*(R_, dq; H"L) and
contains {ap € C°(R%; D(L)), 1r, (p)p(0,p) = 0}, which is dense in V.
Let a: V xY — R be the real bilinear form given by

a(u, ) = Re (u, (PX +i)\)p),

For any fixed ¢ € Y the real linear map V' 3> u — a(u, ¢) € R is continuous.
For p € Y = D(K" ), Proposition B8 implies that a(y, ) equals

a(p,p) = Re(p, (Kf,l + i) = ||%v§0||%2(R,|p|dp;£) + ||80||%2(R,,dq;7{1»b)

and a is coercive on (Y, || ||y). Finally the linear form ¢ : F' — R given by

. 1
g(@) = —Re <f<9 , 51811 (p)7@>L2(R7|p|dp;£) = 5 Re <H—f3 ) H—790>L2(R,|p|dp;£) )

where we use ([40]) and 1,y = 0, is continuous.
By Lions'Theorem (see [Lio]) there exists v € V such that

1
VSD ey ) a(”u (P) = 5 Re <H—f3 ; H—790>L2(R,\p\dp;£) .

By taking test functions ¢ € C°(R%*; D(L_)) C Y supported away from
{q = 0}, the integration by part of Proposition (first case) implies

(PL—iNu=0 inD'(R%;D(L_)) D> L*(R%,dgdp; £).
Now u and any ¢ € Y fulfill the assumptions of the second case of Proposi-
tion [4.3l We obtain

1
5 Re <H—f6 ) H—w>L2(R,\p\dp;£) = a(ua 90)
=0— lim Re <(1 + EL-F)_I’YU ) Sign (p)(]' + gL—)_1790>L2(R,\p\dp;£) )

e—0t

1 _ _
= lim §]Re (Q+eLy)  Moyu, (T4 L) TvQ) 2 fplap.e) -

e—0t
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By taking an arbitrary vy € C5°((—00,0); D(L_)), the right-hand side con-
verges to

§<H—vu, I Y0) L2R |pldp:D(L_Y),L2 (R |pldp:D(L_)) -

Since the equality holds for all
o € TLC3*((—00,0); D(L_)) = ILC3°(R*; D(L_)) = I, G (R D(L_)).

this proves
HMoyu=1I_fs=fa.

The solution u is characterized by

) 1
Vo e D(KE),  (u, (KX, +id)g) = §<f<97 I_v0) L2(r [pdp|;2) »

and (49) is obtained by adding the two cases f =0 and f3 =0.
Estimate: We prove now that the solution to (48] satisfies

[ull 2 dgrerzy + vuell 2w fplapsey < C [||fHL2(Rﬂdq;H*LL) + ||f8HL2(R,pdp;?)] ;
o1
where C' > 0 is independent of A € R. The solution u to (@8] is the sum

U =1uy + U = (K_lL_J — Z)\)_lf + up,
where ug solves the boundary value problem ([48) with f =0.
Since f € L*(R_,dq; H~ %), Proposition 10 gives
||UI H%Z(R*WZQ;HLL)—FHfYOddul H%Z(vapldpvﬂ) = ]Re <u1 ? f >L2(R*7dq§H1’L) 7L2(R7,dII;H*1’L)
< Nwallzew agra oy | fll 2@ g2y
where the boundary condition v,qqu; = sign (p)7e,u1 implies

1
||%ddU1||%2(R,|p|dp;z) = §||7U1||%2(R,|p|dp;£)-

We deduce

lwill 2@ agersy + [Ivull 2 plame) < 21 Fll2@.agrr) -

The function vy € L2(R_,dq; H“*) solves @8) with f = 0. Therefore,
it belongs to £ and has a trace yu € L2(R, |p|dp; D(L_)") according to
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Proposition We follow the regularization scheme of Proposition For
e > 0 the function u. = (1 + eL,) tuy belongs to L*(R_,dq; H*L) and
satisfies

(PE—iNu. =0 , ~u. € L*(R,|p|dp; £) .

Hence the integration by part inequality of Proposition applies and gives

Mol o gy < — / e (p)|2 pdp

< =2 Re <’Vevu€ ) Sign (p>70ddu€>L2(R,|p|dp;£)

1 1
< —§||H+7Ue||2L2(R,\p\dp;2) + §||f8||2L2(R,Ip|dp§£) ’

where (46) and ||(1+eLy) " foll Lz plape) < |l L2, pldp;e) Were used for the
last inequality.
With

L yue|| L2 plapse) + 1Tyt || 2 fplapis)
[ytee | L2 @ plaps 2) 5

IN

< |foll2@,plapse) »
we infer the uniform bound
el 2 dgrry + [Vl L2 ppldme) < 511 foll L2 fpldpi) -
while we know the strong convergences lim._,o u. = ug in L*(R? , dqdp; £) and
lim._,0yu. = yug in L3(R, |p|dp; D(L_)"). Therefore ug € L*(R_, dq; H*L)
has a trace yuy € L*(R, |p|dp; £) and
ool ey + vl 2w ey < inminf (el zoe o

el L2 @, plaps )

<

N W

| foll 2R, pldp;e) -

Integration by part identity: By (BI) all the terms of (B0) are con-
tinuous with respect to f € L?*(R_,dq; H™%%). We can therefore assume
f € L*(R%,dqdp; £). Weset f. = (1 +eL)'fand fo. = (1 +eL) ' fs.
Then u. = (1 +eL)u € L*(R_, dg; HYF) is the unique solution to

(Pf./ - Z)\)ua = fa ) H—’Vua = fé),a-
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This implies
POgue = fo + 1Au, — (% + O, — Lu, € L*R_,dg;H '® L),
while
u. € P(R_,dg;H' @ £) and  ~yu. = (14 eL) 'yu € L*(R, [p|dp; £) .
Proposition .10 applied with f = £, a = —ooc and b = 0, says

2Re <u€ 7p8qu€> = / ‘U(O,p)‘% pdp =2Re <7@vue ) Sign (p>70ddu€>L2(R,|p|dp;£)
R

1
— 3 |:||H+7u€||%2(R,\p\dp;£) - ||H—7u€||%Q(R,\p\dp;£)] :

We obtain

1 1
Re (ue, fo) + Z||f876||%2(R,|p|dp;£) = Z||H+7Ue||%2(m,|p|dp;£) + ||Ua||%2(R,,dq,H1»L) .

With f € L*(R?,dqdp; £), taking the limit as e — 0 gives
M || f = fell L2 dgp—r0y < Hm | f = fe] = 0,
€ e—0
i [[fo = foell L2 pplame) = 0+
Owing to the continuity estimate (51) (this is the important point), we deduce
llgﬂ ||u — uaHLQ(R,,dq;’HI’L) = O s
}:i_% lyu = yue|l L2 plape) = 0,

and (B0) is proved. O
An easy consequence of Proposition [4.12] is the following result.

Proposition 4.13. Ifu € L?>(R_, dq; H ) solves (Ps —i\)u = 0 with yu €
L*(R, |p|dp; £) , then

+2Re (Yoot , 81N (P)Vodatt) = —||u||%z(R77dq;H)1 <0.

Proof. The function u solves (48) with fs = zvyu. Apply simply (B0) by
referring again to (40). O
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Definition 4.14. With the inhomogeneous boundary value problem ([@S8) with
f=0,XeR, fy €I, LAR, |p|dp; £) and u € L*(R_, dg; H*L) solution, we
define the two operators

REON) L, L2(R, |pldp; &) — L*(R_,dg; H*) | RE(N)fy =u,
CEN) : e LA(R, |p|dp; £) — T, L*(R, |p|dp; £) , Ctfs=Tliyu,

with CE(\) =L ovyo RE(N) .

Proposition 4.15. Assume Hypothesis[ll and take A € R.
The operator RE(X) is continuous and injective.
Its adjoint is

(RE(N)* =Tgoyo (KE+iN)": LX (R, dg; H™ ") — T, L*(R, |p|dp; £)

and its range is dense in ., L*(R, |p|dp; £).
The operator CE()\) is a contraction of 1., L*(R, dp; £):

Vfy € e L (R, pldp; £),  |CE(N) foll L2 plame) < 1 foll 2 plape) -

Proof. The operators Ry(A) and CL(\) are continuous owing to (B0). This
also proves that CL()) is a contraction.

Injectivity: If u = R%(\)fs =0 then yu =0 and fy = Hzyu=0.
Adjoint: In the proof of Proposition A12, u = R% f, is characterized by

. 1
Voe DKL), (u, (KE, +idg) = §<fa> ) L2 (R pldp;e) -

But both sides extend by continuity to any ¢ such that (KL + iX)g €
L*(R_,dg; H™ ) according to Proposition 10 Hence we get

_ 1 -
vf € L2(R—7 dqa H 17L) ) <Rif87 f) = §<f37 H¥7(K:€+Z>\) 1f>L2(]R,|p|dp;£) .

This proves R%(A)* = 311y oyo (K*4iX)~! and since RY is injective, RE (A)*

has a dense range. O

One may wonder about CL(\) being a strict contraction:
ICE N e, r2w pplapsey < 1-

The following statements are equivalent:

68



i) RE()) has a closed range;
ii) RL(\)* is surjective;
iii) CL()) is a strict contraction;

Proving one of them, for the specific case when Ly is a geometric Kramers-
Fokker-Planck operator, would allow to consider more general boundary con-
ditions and to relax the gap assumption c4 > 0 in ([{) for Theorem

5 General boundary conditions for half-space
problems

The analysis of abstract half-space problems is enhanced by introducing more
general boundary conditions which possibly couple the variables. We keep
the notations introduced in Section Ml

By referring to Appendix [Al the analysis developed here proves Theorem L]
and Theorem LA when Q@ = (—o0, 0] x T% xR% is endowed with the euclidean
metric.

5.1 Assumptions for L. and A

We keep the notations introduced in Subsection 4.1l We shall need some addi-
tional assumptions for the vertical maximal accretive operators (L4, D(Ly)),
L_ = L% , defined in £. Those are formulated in terms of the maximal ac-
cretive operators K¥ = P{ = +pd, + 1 + O + L, defined on the whole line
q € R, with D(KL) c L?(R?, dqdp; £). We have checked in Proposition [.7]
the equality (K{)* = KL

Remember that Hypothesis Msays that D(L,)ND(L_) is a core for Re (L)*/2.
This is strengthened by

Hypothesis 2. The domain D(Ly) = D(L_) is a core for Re(L). The
domains D(K%) and D(KE) for the whole line problem are equal, and the
two operators KX and K fulfill the estimate

(RS =K% =2iMul|+ (KL + KL)ull+ (A [l + ullg, < Coll (K —iNul,

for all X € R and all uw € D(KZL) and where Qy is a Hilbert space embedded
in L*(R?, dqdp; £) .
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In applications, the Hilbert space Qg will encode the regularity properties
with respect to ¢. A stronger version is also needed for general boundary
conditions.

Hypothesis 3. There erists a Hilbert space Q embedded in L*(R?, dgdp; £)
such that any solution v € L*(R, dg; H'L) to

(Pf —iMv="d(q) inS'(R*D(Ls)), (52)

with v € L*(R, %; £), satisfies

Iollo < Cou [INlm 2.0y + Wl 2z - (53)

We also assume
Vu e D(KL), (Nillullg < Corl|(KL —iXull. (54)

Example: An easy example which fulfills all these assumptions is the Kramers-
Fokker-Planck operator Ly = +p'.0, + A'iﬂpl defined in L?(X’, dq'dp’)
with X’ = T*Q' and Q' = R% x T endowed in the euclidean metric. The
operator K¥ — % =p.0, + —A%m? is then the Kramers-Fokker-Planck op-
erator in L*(T*Q,dqdpdg'dp’) and Q = R4+ x T% is endowed with the
euclidean metric. Hypothesis 2] is thus verified with Qy, = H g(Q;”HO) =
H3(Q; L2(RY+  dp)) according to Theorem A1 applied with s =s' = 0.
Hypothesis [ is verified with Q = H(Q; H°) = H(Q; L*(R**%*% dp)) for
any t € |0, %): the first statement and the estimate (52)) is provided by Propo-
sition [A.5} the estimate (B4)) is inferred by interpolating the inequalities of
Theorem [AJ] with s = s’ =0,

< Cllull ;2 lull < €'\ 73 |(KE—iX)ul|?.

Il e @aeoy < llull? 4

HS (Q/HO) — H3 (Q;HO)

The case when L. is a geometric Kramers-Fokker-Planck operator on a gen-
eral riemannian compact manifold will be studied in Section

The general boundary conditions at ¢ = 0, are formulated in terms of an
operator (A, D(A)) defined in L?(R, |p|dp; £) . They are written according to
the introduction as

Yodat = sign (p) Averu ,  yu(p) = u(0,p).
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Remember the Definition 4.1l for the unitary involution j on £, for 7., = Il.,y
and Yoqq = Hoqay for v € L*(R, |p|dp; £) . All these operators j, Il,, and IT,4
commute with Ly . We need some compatibility between (A, D(A)) and the
involution j via I, 444, and we focus on the case D(A) = L*(R, |p|dp; £) .

Hypothesis 4. The operator A, L*(R, |p|dp; £) , is a bounded accretive oper-
ator which commutes with the orthogonal projections I, and 11,30 = 1—11, .
The norm of A in L(L*(R, |p|dp; £)) is simply written || A]| .

We assume additionally

either ¢4 = mino(Re A) > 0;
or A=0.

Mixed boundary conditions with A = A; & 0 when all the operators are
block diagonal in £ = £ @& £y will follow at once from the analysis of the
distinct two cases. This will cover all the applications that we have in mind.
More generally vanishing A’s are not considered in this article.

5.2 Maximal accretivity

In this section we check the maximal accretivity of the realizations of
L 1
P:I: :ip8q+§+O+Li

onR?2 = R_xR, with boundary conditions given by v,gqu = & sign (p) Ayeytt .
The case A = 0 was treated in Proposition L8 without specifying vyu €
L3(R, |p|dp; £) . This last point will be done in Subsection .31 We now fo-
cus on the case A # 0 of Hypothesis @l

The strategy is a reduction to the boundary {g = 0}, of the equation

Piu =f in L2(]R2_, dqdp; £),  Yoaau = L sign (p)Avye,u  in LQ(]R, Ipldp; £)

where the absence of a Calderon projector, will be compensated by the nice
properties of K%, (Hypothesis [ for L. suffices here) combined with Hy-
pothesis @l
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Proposition 5.1. Assume Hypothesisl and Hypothesis[f] with A # 0. Then
the operator KjLE,A — 1 defined by

ue L*(R_,dg; HM), Plu e L2(R%, dgdp; £)
D(KE ) = Yeott € L*(R, |pldp; £) ,
Yoddtt = = sign (p) Aveu
Vue D(KE ), K ju=Plu= (£p.0,+1+ 0+ L)u,
is densely defined and maximal accretive in L*(R? , dqdp; £) .
Any u € D(KiA) satisfies the integration by part identity

1l agerny + Re (Yoot , AYeut) L2 plapse) = Re (u, K3 qu). (55)
Moreover for any X € R the operators (K{ ,—i\)™" andyo(KL 4—iX)™" have
continuous extensions from L?(R_, dg; H™ L) respectively to L*(R_, dg; H'F)
and L*(R, |p|dp; £) , with \-dependent norms.

Finally the adjoint of K% 4 is KX ,. .
Below is a more convenient (and more usual) rewriting of the boundary

conditions.

Lemma 5.2. Let (A, D(A)) be a mazimal accretive operator in L*(R, |p|dp; £) .
For v € LA(R, |p|dp; £), the two relations

Hogay = =+ sign (p)All,y  (I.,y € D(A)),
(1-A4)

II
a+rA =/

and  Ilgy =

are equivalent.

When A fulfills Hypothesis [4),

Hl—AH < 1+ QCA - <1
1+ A L(L2(R,|p|dp;L)) = 1+ ||AJP .

(SIS

Proof. With
I, =11, +sign (p)pqg , - =Tl —sign (p)pgq ,
one gets
1—-A 2A 1
II = ——1I <~ —Hev == i Ho
< =174 ﬂ) <1+A ¥ 1+ASlgn(p) m)
& (Allyy = £sign (p)ogey in D(A")')

Hodd7€L2(R7|p|d§2§:) Hevf}/ 6 D(A)
1_-[odd’}/ == Sign (p)AHev’y .
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When A is bounded and Re A > ¢4 > 0, the inequalities

11+ AullFe papey — 10— Aull e papey = 2Re(u, Au) 2@ pape)

> 264 ul| 7o plape)
A+ APl 2@ pamey = 10— ADulla@ plape) -
yields
QCA
(1 + 1+ ||A||2)||(1 - A)u||%Q(R,|p|dp;£) S ||(1 + A)u||%Q(R,|p|dp;£) :

O
Proof of Proposition[5.1. The domain contains C5°(R?; D(L)) which is dense
in L?(R%, dqdp; £) .
When u belongs to D(Ki ), it satisfies all the assumptions of Proposi-
tion .5l We obtain

Re (u, KiAu> Hu’|%2(R7’dq;Hl,L) + Re (Yoot ; 8igN (D) Vodah) 2 (R, |p|dp;)

HUH%Z(R,,dq;HLL) + Re (Yeott A’Vevu>L2(R,\P\dP?£)

AVARAVARLY

el 2o dgererey = el

and K} , — 1 is accretive.

Let f belong to L*(R?,dgdp; £), we want to find u € D(KY ,) such that
(K%, —iX\u = f. By Proposition B8, u; = (K{, —i\)"'f belongs to
L*(R_,dg; HYY) with yuy € L*(R, [pldp; £), Yeous = Fsign (p)yoaatn or
[Iyvyu; = 0.

Set u = u; + v and the equation becomes

(PE—iNv=0 , velL*R_dgH "),
1—A 1—A 1—A
IT =1I =(—)I =——1I —1I .
FVUE T (1+A) = g
According to Definition .14} the problem is solved when Il vv is a solution
to

Lo1—A 1—-A

v = Ci(N)(-——leyus + H—Av) :

T, L2(R, |p|dp: £) .
A v € (R, |p|dp; £)
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Owing to ||CZ(N\)|| < 1 and the estimate || 1JFAH < (1+1+2”Cﬁ”2)_% of Lemma[5.2],

the above equation admits a unique solution 4 , with

|Vl L2, plapse) < CallTlevun || L2 plapse) < Call fll 2w dgm—1.L) -

Take
LA +1—A
T+ A =TT 7=

It belongs to L*(R_, dq; H "), solves (PE —i\)u = f. Its trace, as the sum
of two terms, belongs to L*(R, |p|dp; £) and solves

u= (K, =i\ f+RI()

1—AH —I—l_A 1—AH
u = — u .
T+ A STy A= a

HJFV( )=

This ends the proof of the maximal accretivity of K ,.
The function u = (K 4 — i\)~'f solves the boundary value problem (48]
with fs = Ilzyu. Therefore Proposition .12l now provides the integration

by part equality (55)

Re (u, (K% 4, —iXu) = —||H+7U||L2 R, [pldp;2) — ||H VUl 22 g, plapse)
+HUHL2(R,,dq;HLL) ;

after using (40).
This identity (55) combined with Hypothesis @ (A # 0) implies

CA Ca
7“%1#“2 + WH%MMF + HUH%Z(R,,dq;HLL)
< ||U||L2(R,,dq;H1L)||(KjL:,A — iUl 2@  dgn-1ry 5
which ensures the continuous extensions

(KL, —iN) LR dg; H YY) — AR, dg; HYY)
V(KiA — i\ AR dg; HVE) — L2(R, |p|dp; £) .

Two functions v € D(KY ,) and v € (K* ,.) fulfill the conditions of Propo-
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sition (second case) and we get

(v, K_f’Au> = (v, Pfu)
= (v, sign (p)7u) L2k plape) + (PFv, 1)
= (YewV, SigN (P)Voddh) L2(R |pldp;2)
+(sign (P)YoddV s Veol) L2 pldpre) + (KZ 40, w)
= (=AY, %UU>L2(R,\p\dp;2)
F{( VeV, AVeol) L2(R,|pldp;e) + <K£,A*U7 u)
= (K% v, u).

This proves K 57 4 C (K JLF 4)* and therefore the equality, because K f, 4 18
maximal accretive. 0

5.3 Half-space and whole space problem

Definition 5.3. Let f be one of the Hilbert spaces £, D(Ly) or D(Ly)",
which are endowed with the involution j (see Definition[4.1). Let H®*, s € R,
be the space H* = {u € S'(R), (3 + O)**u € L*(R,dp)} .

The operator ¥ : L*(R_, dg; H® @ f) — L*(R,dq; H® ®f) is defined by

_ u(g,p)  ifq<0,
Bula.p) = { ju(—=q,—p) ifq>0.

The operator 3 : L*(R, dg; H* @ f) — LA(R, dq; H* @ f) is defined by
Su(q, p) = ju(—q,—p) .
Proposition 5.4. With Hypothesis 3, assume that v € L*(R_,dq; HY) C

L*(R?, dqdp; £) solves (PL—i\)u = f € L*(R_,dq; H™ ") € LA (R_,dq; H™'®
D(Lz)) with A € R. Then Yu solves

(PiL —iA)Yu = B f F 2p(Yodatr)do(q) ,

in S'(R%* D(Lz)").
Moreover if v € L3(R, dg; HY*) solves

(PL = iMv =3 F 2p(Yoaa)5o(q)

in §'(R?* D(L+)"), then v = Zu.
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Proof. When u € L*(R_,dq; HYE) € L?(R%, dqdp; £) solves (PE — i\)u =
f with f € L*(R_,dg; H~"1) c L*(R?,dqdp; £), it belongs to EXF C
Er_(D(L%)") and solves

1
(£pd, + 5 + 0 —iNu=f— Liu in L3 (R?,dgdp; D(Lz)"),

with yu € L*(R, |pldp; D(L)") .
With [(14 Ly)™t, j] = 0 and

90, + 5+ Ollju(—a, ~p)] = [P0, + 5 + O)ul(~¢, ~p) in B\ {g =0},
we obtain
(£p0, + % +0)(Zu) = Bf — LiSu+p [Su(0%,p) — Zu(07, p)] dolq)
= Xf — LiXuF 2pvoaqudo(q) ,

in §'(R?; D(L*)"), which is what we seek.

When v € L?(R, dg; H") is another solution to (PL—i\)v = X fF2pv,aaudo(q) ,
then the difference w = v — Yu belongs to L*(R, dg; H"*) and solves (PL —
i\N)w = 0. Therefore it belongs to D(KZ%) and solves Kiw = 0, which
implies w = 0. O

From the previous result, one infers the equivalence
(u=(Kgo—iN)7'f) & (Bu=(Kf —i\)7'Ef) (56)

which combined with Hypothesis 2 provides good estimates for (K%, —i\) ™"
with respect to A € R. Actually this proves yu € L?*(R, |p|dp; £) when
u € D(K%,) and it solves completely the case A =0.

Proposition 5.5. With Hypothesis [2, there exists a constant C' > 0 such
that

1 1 L, —-L ,
Wz llull + (5 + O +Re Lul| +[|(£p0, + == — iNu| + [ Zullo,

2
1 1 .
+ (M) ||u||L2(]R,,dq;H1’L) +(A)2 ||7U||L2(R,\p\dp;£) < C||(Ki,0 —iA\)ul|
holds for all X € R and allu € D(KL ).
If D is dense in D(KE) C L*(R, dqdp; £) endowed with the graph norm, with
YD =D, then the set {u € L*(R2,dgdp; £),%u € D} is dense in D(KE )
endowed with its graph norm.

76



Proof. With 2|[(K%, —i\ul|* = [|(Kx — iA)Xul|*, the upper bound of

Ly

V2| (A >I|U||+||( + O+ Re L)u| + [|(£pd, +LT—M)UI|

Ly —L
= (A\)[|Zull + ||( + O+ Re L)Sul| + || (£pd, + Ti — i\ Su|
and ||Xul|g, are assumed in Hypothesis 2
The upper bound for (\)1 ||| 2 g2y comes from

1
ol Z2e_ dgaenny < lllll(5 + O + Re L)v]].

The upper bound for (\)7 ||l 2w, p|dp;e) 18 Proved in Proposition 5.6 below.
For the density of {u € L*(R?,dqdp; £),%u € D}, we start from the rela-
tions )

YY =% , KiX=3Ki,.
When v € D(KZ%,), the symmetrized function Yu belongs to D(KZ%) and

can be approximated by a sequence (un)nen in D .
With XD =D, we deduce

1+3 1+3 1+3
0= lim [y, — — =5y = T — Sl
n—oo 2
1+% 1+% 1+%
0= lim ||+TKiun Z K gul = lim ||LKiun SKL ull.
n—oo 5
The function v,, = 1R7(q)%un satisfies
1+%
Yu, = _; U, €D

and the commutation PLY. = X PL implies

1+3 143
+ :—Z Kiun.

KiYw, = K% 5

Unp,

We deduce v, € D(KE ), SKE v, = B2 KLy, and

. 1.
Tim o — ul + 1K o (0 — )l = 5 Tim [|Sen = Sul + [SKL o v, —u)| =0,

while we have checked Yv,, € D for alln € N. O
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With (B6) the estimate of <)\>%H7u”L2(R7|p|dp;£) is a variant of Proposi-
tion [A.4] and the proof follows the same lines.

Proposition 5.6. Assume Hypothesis[d. Any u € D(KE) has a trace yu =
u(0,p) € LA(R, |p|dp; £) with the estimate

1 :
VAER, (N2[u(g = 0.0) T2 plape) < C'IIEE — iN)ul)*.

When u € L*(R?, dqdp; £) solves (PL —iX)u = v(p)do(q) in S'(R* D(L*))

with v € L*(R, %;s) and X € R, then

)2 [Jul? < Oy

L2(R,{5:0)
Proof. We first take u € D(K1) ®9 D(L.) and A € R. We compute
0
[l dp = 22Re [ (90, + itm L~ N sign (p)u)s dp
R —00
= +2Re((ilm KX —i\u, 1z_(q)sign (p)u)
< 2| (ilm KL —idul|[[ul] < CO)72(KE =il

The results extends to any v € D(KY) by density.
A similar result is valid for (K£)* = K%, while S(R* D(Ls)) is a core for
KL . Thus assuming

Vo € S(R? D(Ls)) , (u, (KL +iA)) = / (/(p) . (0, p))e dp.,

R
leads to
. 1 1
[(u, (K2 +iMv)| < el 2l 2@aps P12 70] 2R dps)
< Ao, a2 ) 70l 2 planis)
<

_1 .
OO et (% + ol

for all v € S(R* D(L+)) . Since S(R?; D(Ls)) is dense in D(KZ%) and (KZ+
iA) is an isomorphism from D(KZ) to L*(R?, dqdp; £), we deduce

Vf € (R dgdp £), |, ) < OO Il gage ooy 1]

: . 1
which proves the estimate (\)z2||ul]? < C//||7||2L?(R,%";£) :
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Remark 5.7. For any A € R, the only possible solution to
(P —iNu=0 , ~u€ LR, |pldp; £)

is the trivial solution u = 0. Actually, if u € L*(R_, dq; H L) is a solution, it
has a trace v € L*(R, |p|dp; D(Lz)") and the function a(q,p) = u(q, p)1r_(q)
solves

(Pe —iNa = —pydo(q) in S'(R* D(Lz)").
By Proposition we deduce Yu = 24 and ﬂ}{q>0} = 0 implies Yu = 0 and

u=20.

5.4 Resolvent estimates
5.4.1 Trace estimates

Proposition 5.8. Assume Hypotheses |2 and[4 with A # 0. There ezists a
constant Cy 1, 4 > 0 such that the estimate

Vf € LR, dgdp; £),  [v(KE 4 = i) fll e plame) < CroalN)HIF
holds uniformly w.r.t A € R.

Proof. For f € L*(R?, dgdp; £), the function u = (K% 4, —i\)~'f € D(KL ,)
solves

(PE—iNu=Ff |, Yoaatu = fa
with fo = Yoaau = Esign (p)Ave,u , ~yu € LQ(]R, Ipldp; £) .

The difference v = u — (K4 — i\) 7! f satisfies v € L*(R_,dg; H ), v €
L*(R, |p|dp; £) and solves

(P —iNv=0 1, %Yodav = f5.

Proposition [1.13] then says

ERe (Veu, SigN (D) VodaV) 2(r, pldp;e) = Re (Yevv, £sign (p) fa) L2(r,plapse) < 0

The even part of the trace at ¢ =0 of u = (KjLE,0 — i\ f + v equals
Ver U = ’}/ev(K:iO - Z)\)_lf + YevU
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Taking the L*(R, |p|dp; £)-scalar product with 4 sign (p) fo = Ave,u says that
the quantity

Re (A’Yevua %UU>L2(R,\p\dp;£) = Re (Il: sign (p)fau %UU>L2(R,\p\dp;£)

cannot be larger than

Re (£sign (p) fa, Yeo(K Lo = iX) 7" f) L2 pldpse)

< N Vodatll 2 pldme) |V (K0 = iN) 7 fll 2, poldmse) -

With Hypothesis @l and A # 0, we deduce

—_ ) —|A )
AE 1Vodatl T2 @ plape) E [ AYeoul 22 plapos)

Re (AYeot , Yeolt) L2(R pldp;o2)

||’Yoddu||L2(]R,|p|dp;®£)||7(K:€,0 - i)‘)_lfHLz(vapldp;ﬂ) :

We infer from this

I Al -
1 Vodatt]| L2 plpie) < o (K20 = i) fll2 @ pplame) »
| AL
and  [[Yeot]l L2 plapie) < o V(KL o = i)™ flleaplapse)
and we conclude by referring to Proposition 5.5l O

5.4.2 L*-estimates

Proposition 5.9. Assume Hypotheses[d and [§) with A # 0. There exists a
constant Co 1, 4 > 0 such that

Vi€ LR, dgdp: 8) (KL 4 — i\ < Coralh) 2L
holds uniformly w.r.t A € R.
Proof. Consider u = (K{ 4 —i)\)~" with f € L*(R?, dqdp; £) and decompose
it into
u=(K{y—i\)'f+uv.

The first term satisfies

S(KLo =i\ f = (KL —iM)(Zf)
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according to (B6). We deduce

1 C 1
I(KE g —in) ] < —QII(Ki —N)TEN < ﬁ(ﬂ_illfll :

The second term v belongs to L*(R_,dg; H') with yv € L*(R, |p|dp; £) and
solves

(Pr—iNv=0 ", YoadV = Yodals -
Proposition 5.4 says that Yv solves

(Pg — i\ 20 = F2p(Yoaatt)do(q)

and Proposition (.6l implies

"

1 1
e T P

2
ok . lolded B
S H s ey < 5 NS

IA

5.4.3 Regularity estimates

Proposition 5.10. Assume Hypotheses[d and[f] with A # 0. There exists a
constant Cs 41, > 0 such that

1 1 )
<)\>||U||2‘|'<>\>2 ||u||%2(R,,dq;H1’L)+<)‘>2 ||7u||%2(R,\p\dp;£) < C37A,L||(K:€,A_Z)‘)u||2a

holds for all v € D(KY ) and all A e R.
If & € Cp°((—00,0]) satisfies ®(0) =0, there exists Cp.o > 0 such that

1 .
12(q)[5 + O + Re Llu]| < Cl|®| 1~ [[(KL 4 = iMull + Crolull,

holds true when N € R, u € D(KiA) and C' is the constant of Hypothesis[2.

Proof. a) The bound for (A)[|u[|* and (A)'2|[vedattl|72 g, pjape) 2V€ given in
Proposition and Proposition B.8l
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b) For v € D(K%), the integration by part indentity of Proposition [5.1],
combined with Hypothesis [ (A # 0), gives

lullll (2 4 = iX)ull Re (u, K 4u)

||u||%2(R,,dq;H1’L) + Re (Yestt A%U“)%?(R,\p\dp;s)

(A\VARAY

v

CA
2 e aqzr ) + 5 1wt 2@ plasse)

_cA 2
+2||A||2 ||70ddu||L2(R,|p|dp;£) :

With a) or Proposition 5.9, we deduce
IEE 4 —iNull® = Oy LN [ull | (KE 4 — iX)uu]
> CabN2 [l gy + 0l e -
c) For ® € C;°(R_) such that ®(0) = 0, A € R and v € D(K% ) with
(KL 4 —iXu = f, write:
(P —iA)(2(q)u) = ©(q)(Px — iNu £ p®'(q)u = ®(q)f = ¥'(q)(pu) .
The assumption ®(0) = 0 implies
(®(q)u)lr_(q) € D(KX)
and (KL —i\)(@(qule_(g)) = 1z_(q) [P(a)f + ¥'(q)(pu)] -
Hypothesis 2 implies

GG+ 0+ Re Lp(gul = |55 @(guta (0)]

Cll1r_(q) [2(q)f + () (pu)]
CMgl|(KE 4 — iMull + Mg [pul]
CMal| (K 4 — iNull + 2Mglull 2 g1

VAR VAN VAN

where we have used M§ = [|0F®||~ . Again from
ullll(KE 4 = iNul = Re (u, K qu) > [lullf2@_ agmery -
we deduce
1 .
(5 + O+ Re L)®(q)ul| < 20My||(KL 4 — iMull + Crolull,

2(M})?
iy O

by choosing simply Cr ¢ =
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Proposition 5.11. Assume Hypotheses[2, [J] with A # 0 and Hypothesis [3.
Then for any u € D(KjLLA) , Yu belongs to Q with the estimate

VAER,Vue D(KL,), (WillSullo < Coarll(KL,—idul
Proof. Again we write that Yu = X(K% 4, — i\)~' f satisfies
(Pf — i\ = Sf F 2p(Yoaa)do(q) ,

with 2p(yeqqu) € L?*(R, %; £). According to Proposition B.6], we call v €
L3(R, dg; HYY) the solution to (52) with v = F2p(veqqu) so that

Su= (KX —i)N)HZf)+o.
The first assumed inequality (53]) in Hypothesis Bl gives
[vlle < CllVodaull 2w Jplap;e)
while Proposition 5.8 implies
ot z2(e plaey < Crr,aN) IS
The second assumed inequality (54)) in Hypothesis [3],
I(EE =N EHlle <NV

yields the result. H

6 Geometric Kramers-Fokker-Planck opera-
tor

In [Lebl]citeLeb2, G. Lebeau developed the resolvent analysis for geometric
(Kramers)-Fokker-Planck operators, which is the scalar model for the hy-
poelliptic Laplacian introduced by J.M. Bismut (see [BiLe|[Bis05][Bis1]) and
which will be considered in Section Lebeau in [Lebl][Leb2] studied the
case of compact manifolds but a partition of unity allows to extend it to the
case of cylinders Q = R x ) when )’ is a compact manifold. We will check
that Hypothesis Pl and Hypothesis Bl are satisfied by the geometric Kramers-
Fokker-Planck operator on T*() when () = R x )’ is endowed with a specific
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splitted metric. This will prepare the analysis of half-cylinders models for
the boundary case. We also review some partition of unity arguments which
will be used more extensively in Section [f] and extract the usefull information
from the results of [Leb2].

For this presentation we stick to the case of the scalar geometric Kramers-
Fokker-Planck equations. Tensorizing with a Hilbert space f makes no diffi-
culty in the end.

6.1 Notations and the geometric KFP-operator

We consider a d-dimensional Riemannian manifold (@, g) (possibly with a
boundary d@)) endowed with the metric ¢(q) = (9:;(¢))1<i j<d

d
9@ T) =" g(@)T'T" = g (q)T'T" =T"g(q)T, T € T,Q,

1,7=1

with Einstein summation convention and the matricial writing for the last
right-hand side. The ¢ coordinates are written (¢! ...,q%) € R% and when
we use the matricial notation the vectors are column-vectors. The inverse
tensor g~'(q) is denoted by g~'(q) = (¢ (q))1<i j<a With

gikgkj = 5;- .
With the metric g are associated the Christoffel symbols
Ffj = %gék {aqigkj + Oyi it — aquij} = Fﬁi )
the Levi-Civita connection
Vo, (9p) =T5;0, = ()i (57)
with its adjoint version
Vo, (d¢’) = —T}dq", (58)
and the Riemann curvature tensor, which is an End(7'Q)-valued two form,
R = Rjidg’ A dg*
or; ory

jk:a—qk—a—qur[Fj’Pk]-
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The geodesic flow in the tangent space T'Q) is obtained after minimizing

1 1
5/ Q(Q; 0") dt
0

with respect to o € C%([0,1]; Q) and is locally equivalent to
§'+T0'67 =0.

This is the Lagrangian version of the geodesic flow which has the Hamilto-
nian counterpart (see |[AbMal for example). The cotangent bundle over @
is denoted by X = T*Q. The length of a covector p;dq’ € T7Q is given
by |pl2 = ¢ (q)pip; = p"9~(¢)p. The Hamiltonian version of the geodesic
flow is given by the Hamiltonian vector field V¢ associated with the energy
E(q,p) = 3lp|2. With the symplectic form dp; A dg', it is given by

Ve=p"9""(0)0; — %&1 P g (0] 0y = 97 (q)pidy — %[&ﬁg“ (@)]pip;Op, -
Owing to the relation
Lo i
—iﬁqu "pip; = 9" Thpip;
it also equals

Ve = g”(q)pie; = p g (q)e,
€1
with  e; =0, + Fﬁjpg@pi , e=
€d

When ¢ — ¢ = ®(q) is a change of coordinate in a neighborhood of ¢y € @,
the corresponding symplectic change of coordinates in X = T*() is given by

(G,p) = (®(q), [[d®(q)] 'p),

while the change of metric is given by

3(a) = [d2()] " 9(@) [@2(@)] ", (3(@) " = [d2(9)]9(a) " [dP(q)]"

The function £(¢,p) = |p|2/2 and the Hamiltonian vector field, Ve, on T*Q
do not depend on the choice of coordinates on @ .
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The manifold X is endowed with the riemannian metric ¢* = g @+ ¢~ where
the orthogonal decomposition follows the decomposition into the horizontal
and vertical spaces of T, X = (T, X)? @ (T, X)V with x = (q,p) (T,X)" ~
T,Q and (T, X)" ~ TrQ. More precisely at a point = = (¢,p), g™ (z) is
determined by

gX(xu € ej) = glj(q) ) gX(x;apiuapj> = gw(q) a‘nd gX(xu €i7apj) = 0 .

Remark 6.1. One may be puzzled by the sign in the expression e; = Oy +
Ffjpgﬁpj which does not coincide with the general definition of horizontal vec-
tor fields on a vector bundle m : F' — @) endowed with an affine connection
VE . Actually we follow the convention of G. Lebeau and the horizontal tan-
gent vectors on the cotangent bundle, X = T*Q) , are expressed with the Levi-
Chwita connection on the tangent bundle T'Q) formulated with the Christoffel
symbols T't; . Compare in particular the adjoint formula (68) with (BT).

The vertical Laplacian is given by A, = 8p,9:;(q)p, = 9% g(q)0,, which
has also an invariant meaning.

Definition 6.2. The geometric Kramers-Fokker-Planck operator on X =
T*Q is the differential operator

1
Pigg=EVe+ 5 [—Ap + |p|ﬂ .

The notation Oq,, will be used for the operator acting along the fiber T7Q):

1 1
5 [F2 + 10l = 5 =0, 9(0)9, + 2" 97 (@)p] -

Note that the vertical operator Qg , is self-adjoint with the domain
D(Og,) = {ue L*X), Ogyu € L*(X)} and it satisfies the uniform lower
bound Og , > %
We recall the notations introduced after () in the introduction.

Definition 6.3. Let (Q,g), Q = QU IQ, be a riemannian manifold with a
possibly non empty boundary 0Q).
For any s’ € R, the space

! d !
H* (q) = {u c S'(R?, dp), (5 + Oy) Pu € L2(Rd,dp)} . qEQ,
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defines a hermitian bundle . : H¥ — Q. The space of itiLz-sections
(resp. H*-sections, s € R) is denoted by L*(Q;H*) (resp. H3(Q;H*)).
On L*(Q;H*) the scalar product is given by

d /
(0} a(gaeny = {15 (5 + 0 "%)

When @ is compact without boundary, the intersection Ns yer H*(Q; H*') is
denoted by S(X) and endowed with its Fréchet space topology. Its dual is
S'(X).

When @ is compact without boundary, the space S(X) is the space of
rapidly decaying C*°-functions (like in R??) and one easily checks (use for
example the dyadic partition of unity in the p-variable recalled in Subsec-

tion [6.3.2):
S'(X)= U HYQH),

s,s’€R

Co¥(X) € S(X) C H™(Q;H™) € H*(Q;H™) € S'(X) c D'(X),

when s; > s, 8] > s, with dense and continuous embeddings.

We close this section by giving the explicit form of Py g 4 in a specific local co-
ordinate system along an hypersurface Q' of ) (which can be the boundary) .
In a neighborhood V,, of ¢y € @' small enough, one can find a coordinate
system (¢!, ¢') such that

¢'(0)=0 ., ¢(q)=0,
VQEVQ(M QGQ ( :)

1 0
VQEqua Q(Q):( 1 /)-

0 m4(q',q)

In such a coordinate system the equalities

= |pl; = Ip[* + m (¢, )iy,
Ap = 051 + aﬁ;mij(qla q/)ap’» )

1 y
Ve = pi0p +m”(q",q)pi0ys — 510,em™ (¢, )iy,

1 ..
-5 [02m™ (", 4 )|Pip;0p, ,
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hold with the convention p* = (ps,...,p4), ¢T = (¢% ...,q%), and the

corresponding summation rule. One obtains

1 ..
§0q1m”(ql, q)Pip;0p, - (59)

This has some simple interpretation: when Q' is a curved hypersurface of
(), which can itself have some intrinsic curvature, the block component
(mi;(q", q'))a<ij<a cannot be made independent of ¢;. In particular the
curvature of @ has two consequences on the dynamics, a centrifugal (or
centripetal) force and a Coriolis type force. The Coriolis force is a tangen-
tial phenomenon which can be included in Py g/ ¢,y . Only the centrifugal
force 9,19" (¢, ¢')pip;0,, and the parametrization of the metric m(q',.) by
q', prevent from a separation of variables. This is why, even when @ is a
domain of the flat euclidean space, the curvature term has to be analyzed
accurately for boundary value problems. Even in this basic case, it is useful
to formulate the problem in a geometric setting. We shall refer to the recent
results by G. Lebeau in |[Lebl][Leb2] and Bismut-Lebeau in [BiLe| where the
problems raised by the curvature term have been accurately analyzed.

Piog=%Ep10p — 551 + p|* + Py ormgr,) —

6.2 The result by G. Lebeau

In [Lebl1][Leb2], G. Lebeau noticed that in local coordinates, the differential
operators involved in Py g, — 2 = £YVe + Og 4 — Re 2z + ilm 2z have a non
trivial homogeneity: The main reason is that a symplectic change of variable

(¢,7) = (¢(q),dd(q)"Tp), A~T = (A™1)T, leads to d¢ = d¢(q)d,, dp' =
(do)~Tdp + (d(d¢~T)p)dg and

Oy = d¢(Q)0p
Oy = (dp(q)) ™" [0y + (d(dp™))(de)"p)"Dp) .

Hence assuming the order 1 for 9, in a invariant way imposes the order 1/2

for p and 0, .
Below is the list of orders for useful operators in a coordinate system:
1
Op + 1 5 pi,0Op, : 5 0 &= Oyi + Ffjpﬁpi o1,
’ 3 —A, + |pl?
Ve =g (q)piej , Imz : 5 OQ,g:pfm,Rez 1,
Imz|

<p>api ) €55 <p>2 + ‘ Re Z‘ + o1 (<p>2 =1+ |p‘2>

()

88



Definition 6.4. Assume that (Q,g) is compact or Q = R% with g — Idga €
C(RY) . Consider a finite atlas Q = UEQ, with Q, compact when ¢ > 1 and
let ZeL:1 0i(q) = 1, be a partition of unity subordinate to this atlas.

With the corresponding coordinate system (q',pi)i=1...a on each T*Q,, { €

{1,..., L}, set

To = {<p>8pi v e, (D) + [ Re 2|+ |]<7Z>Z|} '

Forn € N and z € C, the spaces Wy, are defined by induction according to

Wy = L*(X, dgdp) = L*(T"Q, dgdp) ,
(weWglh) & (Vee{l,....L} VT € Ty, Tl0i(q)u] € W) ,

[ Z > 1T 10a)u] 1y,

(=1 TeT,
The space W, , for s € R are then defined by duality and interpolation.

For a fixed s € R, the space W; , does not depend on z € C but
: L d
its norm || [[yys  does. The quantities » i, ||(p>0piv||12/\,;z + ||6i21||12/\)£2 and
Zle I (p>0piv||12/\,;z + ||0qiv||12/\,;z are equivalent but the covariant derivative e;
is a more natural object. Note in particular the relations

ler, [pI21 =0, ex, ew] = 'R (q) € End(T7Q),
lex, Ay = (8 #9i5)0p, Op; + '3 1935 [poﬁpﬁ , Op, 0y }
= (04955 — Tfi9aj — ]kgloc) Op, Op,;
owing to I'9a; + F;‘kgm = Oy Gij -

By introducing a dyadic partition of unity in the p-variable (see[Lebl][Leb2]
or Subsection [6.3.2)), the squared norm HuHWS is expressed as a quadratic
series of parameter dependent usual Sobolev norms. We leave the reader
to check with this approach that the space W', does not depend on the
the atlas and the subordinate partition of unity. Actually in [Lebl][Leb2]
those spaces are defined with some parameter dependent pseudo-differential
calculus on compact manifolds after introducing a dyadic partition of unity
in the momentum variable p. Such a definition was extended in [Bisorb]
for some locally symmetric non compact space (). We focus here on the
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compact case and will later simply extend some estimates to the case of
cylinders R x ). Again because () is compact without boundary, one has

WS

g7z ’

SX)=nw,. , SX)=U
seR ’ seR
Cr(X)CcS(X)cWeL cWz2 C S'(X) CD(X), s12> s,

with dense and continuous embeddings.

Theorem 1.2 of [Leb2]. The riemannian manifold (Q,g) is assumed to
be compact (without boundary). There exists & > 0 such that the following
properties hold.

As an operator in S(X) or S'(X), Py g, satisfies

di
o(Piqq) C {Z € C,Re z > %@ +51‘Imz\1/2} .

For allu € 8'(X) and all z € Us, = {z € C,Re z < & |Im=z|"?} , the con-

st 2
dition (Prqq — 2)u € Wi,, s € R, implies u € Wg;?’, Ogu € W;
Yeu € W;z with the estimate

Csll (P = 2)ullws . 2 [10qgulw; . + |(£Ve — ilm2)ullw; .
+ (IRe 2| + [Imz|"?) |[ullw; . + all, o

9,2

(60)

2
3
for some constant Cl .

We shall only use those estimates with s € [—1, 1] and make the connec-
tion with more usual Sobolev estimates. Note in particular for s € [0, 1] the
embeddings and norm estimates

W;,z - W;,O - HS(Q7 HO)>

1
a“ul o) < lulbws, < llullws.
H™(@Q:H") CW,6 CW, 2,

[ullyy s < llully s < Collull s @me) »
9, g,0

obtained by duality and interpolation from the obvious cases s = 0 and
s=1.
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Corollary 6.5. Assume that (Q, g) is a compact riemannian manifold (with-
out boundary). Consider the operator Ky g, — d“;Q defined in [*(X) =
LX(T*Q, dgdp) by

D(Kiqg) ={ue LX(Q;H'), Prgguc L*(X)}
Yu € D(K:bQ,g) , Ki,Q,gu = Pin,gu = (:f:yg + OQy)u

is mazimal accretive and its adjoint is given by K3 o, = Kz g4 -

The domains D(K+ q 4) and D(Kx q4) = D(KZ g ,) are equal with equivalent
graph norms. The spaces S(X) and C§°(X) are dense in D(Ky g ,4) endowed
with its graph norm.

The estimates

. 1 .
1Og gull + [(£Ve = iM)ull + N2 [|ull + [[ull gors @iy < Cll(Kx0.9 — Ml
(61)

dim Q) .
lull® < llullZ2 gy < Re(u, (Kigqg —iMu) (62)

2

holds allu € D(K4 o4) and all A € R.
Moreover for any A € R, the resolvent (K1 g, —i\)~! extends by continuity

e as an element of L(L*(Q; H™'); L2(Q;HY)) with
I(Ex.ge = iN) ullzaey < llullzz@m
e and as an element of L(H*(Q;H°); H+3(Q; HO)) for any s € [—2,0]

with
1(Ktgg—iN) "l

< Cillul

HSJF%(Q;HO) Hs(Q;HO) -

Proof. The operator P g, — %29 initially defined with the domain S(X),
is accretive owing to the simple integration by parts

dlm Q

Vu € S(X), Re(u, Progu) = llullfzqa) = .

According to [ReSi75], its closure denoted by Ky o, = Py o4 Is accretive.
It is actually maximal accretive because the equation Py g, = P o u =10
in §'(X) and the regularity result of Theorem 1.2 in [Leb2] implies u €
S(X) and u = 0. Therefore the range Ran Py o, is dense in L?(X) (use
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Ran Py g, = ker(Pf o ,) = {0}). This suffices to prove the maximal accre-
tivity of K1 g,4.

From this definition of K1 o , S(X) (and therefore C5°(X) because Py ¢4
has polynomially controlled coefficients) is a core for K o ,. The subellip-
tic estimates, the identification of the domain D(K, ¢ ,) as it is stated, the
equality D(Kx q4) = D(K3,,4) = D(K} o ,) are direct consequences of (60
applied with s = 0. We use the upper bound

<
1ull 43 (gioy < Cllull

H3(Q;HO 3

g,iA

The extension of (K4 g, —i\) ™t € L(L*(Q;H™1); LA(Q; H ™)) is contained
in (62).
The extension of (K. g4 —iA)™" € L(H*(Q;HO); H**3(Q; H°)) comes from

1ull o3 gy = Csllull ovg < Collullws < CYlull s @smo »
g,iA
dueto([BD])withsSOands+§ZO. O

6.3 Partitions of unity

Like in [Lebl][Leb2], we introduce two partitions of unity: a spatial partition
of unity which allows to use coordinate systems, a dyadic partition of unity
in the momentum variable which replaces the analysis as p — oo by some
parameter dependent problem. In [Lebl][Leb2], all formulas are first proved
for elements of S(X) and extended by density arguments. Here, in order to
extend those decompositions to boundary value problems where a possibly
non regularity-preserving operator A prevents from identifying a core of reg-
ular functions, various quantities are directly calculated for u € L?(Q;H!)
such that Py g ,u € L*(Q;H™") by using the L?(X) scalar product and the
L2(Q;HY) — L*(Q; H™') duality product (both denoted by ( , )).

6.3.1 Spatial partition of unity
The riemannian manifold (Q = Q LI 9Q, g) can be
e a compact manifold without or with a boundary ,

e a compact perturbation of the euclidean space R? or the half-space
]Rd_ = (—OO, O] X Rd_l with 9ij — 5@' S Cgo(Rd),
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e a cylinder R x Q" or a half cylinder (—o0,0] x Q" with Q" compact,
aQ/ - ®> g = 1& m(q1> q/) y My — mij(—OO, q/) € CSO(Q) :

Such a manifold @ admits finite and countable locally finite coverings Q =
Urer ¢ where  is diffeomorphic to a regular domain of R? and g;;(q) €
Co°(§2) in the corresponding coordinate system , with a bounded intersection
number

Sup]j{£E£, QN Qp 7&@} < Nq € N.
veL
Furthermore the covering can be chosen such that there exists a partition
of unity x = (xe)eer, x¢ € C°(§2) with uniform seminorms w.rt £ € L |
supp x¢ C ¢ and Y, x; = 1. The simplest way consists in taking £ finite.
Due to the vertical nature of Og 4, the condition u € L*(Q; H*') is equivalent
to
Ve L, xuéeL*QH),
ZZEK ||X€u||iQ(Qg;H3’) < 400,
with the equality of squared norms ||u||2Lz(Q;HS,) = e ||Xéu||2L2(Qe;HS’) . We
recall also (see for instance [ChPi]), that when 0Q = () the usual Sobolev
norms in ¢ defined by [ul| yo(gaoy = II(1 = Ag)*ul| with Ay = 941" ()
are equivalent via a change of the metric and satisfy

(ZZGE HXZU’

2 +1
Hs(Q;HO)
< Csyn.
Hu’ ) — 8,0,X

2
Hs(QH)

In the case when 9Q # ), Sobolev spaces are defined by using locally the
reflection principle (see e.g. [ChP1i]).

Proposition 6.6. Tuke the above partition of unity and assume z € C,
s’ € [~1,0]. Foru & L*(Q;H'), the condition (Py g, — 2)u € L2(Q;H*') is
equivalent to

Vil e ﬁ, P:t’Q’g(XgU) c L2(Q; HS/) . (63)

There ezists a constant Cy > 0 such that

+1
ZZGL‘, ’|(Pﬂ:7Q79 - Z)XZUH%Q(Q;Hs’) + HXZUH%Q(Q’HI) < C (64>
[(Prgs = s g, + 1B < Cx,
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holds uniformly with respect to (u, z,s') .
Two functions uy, uy € L*(Q; H') such that Py g gu1, Prg gus € L*(Q; H™Y),
satisfy the identity

(U1, Py gu2) = Z(Xeul , Prggxeus) - (65)
teL

Proof. When u € L*(Q;H') satisfies (Pyg, — 2)u € L2(Q;H*'), ([63) comes

from B
(P — 2)Xeu = Xe(Prgq — 2)u £ 97(q) (9, xe(q))pju -
With s’ <0, it implies

Z (P, — Z)Xﬁu’|i2(Q;Hs’) < 2 Z IXe(Pr0.9 — Z)“Hi%Q;Hs’)
el lel

+119" (q) (8, xe(q))pjull?

< CHI(Peqy = 2l + lulBagam)|
because >y [05xe(q)|* < Nasupge, ||0yxel|7= < 00
The relation (I3I) applied with P = Py g, and ad? Py g, = 0, gives here

Pj;QvQ = Z XZPZE,Q,QXZ .
lel

Hence (G3)) implies x¢(Psx.gy—2)u € L*(Q;H*) for £ € L, with the estimate

||X€’(P:|:,Q,g - Z)UHL2(Q;HS’) S || Z XE’XZP:I:,QgXZu||iz(Q;Hs’)
leL

< No D (Pegg — iMxetla g

XeXgr 70

Taking the sum over ¢ € L yields

[(Peg — iNulaaery < N33 I(Pegy — iNXel 22 -
lel

The above identity also proves(G3)). O
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6.3.2 Dyadic momentum partition of unity

The previous partition of unity in the g-variable allows to focus on the case
when () is endowed with a global coordinate system, namely:

° @_is a compact perturbation of the euclidean space R? or half-space
Re_ = (—00,0] x R4~1,

e (Qis the torus T? | the cylinder R x T¢~* or half-cylinder (—oo, 0] x T4~*
with the metric 1 & m(q', ¢'), mi; — mi;(—o0,q') € C°(Q) .

Take two functions yo € C°(R) and x; € C5°((0,+00)) such that x2(¢) +
Dien- X1(27) = 1 on [0,+00). Set xe(q,p) = X1(27‘|ply) for £ € N*,

Xo(q,p) = Xo(|ply) and x = (Xe)eec, L=N.
The two following lemmas recall the equivalence of norms for the functional

spaces L*(Q; H*) and H*(Q;H°). A proposition similar to Proposition
is proved afterwards.

Lemma 6.7. With the above partition of unity X = (X¢)er » Xe = X1,0 ("2’#) ,

1/2
Yver Xi =1 and L =N, the norms (Zeec HXWH%Z(Q;HS’)) and ||ull p2gu)
are equivalent for any s’ € R.

Proof. For the equivalence of the norms in L?(Q;H*), we can assume Q =
R?, g:;(q) = 6;; and consider first s’ = n € N. The result for a general s’ € R
follows by duality and interpolation (see the application of Lemma [B.T]).
Moreover density arguments are allowed here and all the calculations can be
made with u € S(X) = S(R*).

We have to compare -\, [1{p)" 05 ul|? and 3= ey o4 men 1{P) " T xeul|? -
Introduce for m € N and m’ € R, the class DiffP™™ of differential operators
a(p, Dy) = Z\a|gm aa(p) Dy

. ' Bay(p
V8 e N"@ - N (a) = sup 19y aa(p)] m,E|B)| < 400
pERA <p>

For every (m,m’) € N x R, DiffP™™ endowed with the seminorms N(Zb’ﬁml,
|| < m, B € N Qg a Fréchet space. The union DiffP = Uy, mienxr DiffP™™
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is a bigraded algebra such that
DiffP™ ™ o DiffP™2™2 ¢ Diffpm™tm2mtms
[leﬂ:)ml’mll , D1ﬁPm27mé] C Diﬁ'Pm1+m2—1,m’1+m’2—1 ’

the corresponding mappings (A, B) — Ao B and (A, B) — [A, B] being
bilinearly continuous. Note also that the p-support

p —supp a(p, Dp) = | U supp da,

al<m
satifies
p —supp [a(p, Dp) 0 b(p, Dy)] C p — supp a(p, D) N p — supp b(p, D) .
The x,’s, with x.(p) = X01< ), make a uniformly bounded family of

DiffP*° with p — supp V¢ C {% Ip| < 025}
The proof of the equivalence of norms is now done by induction:
e For n =0 it is obvious: L*(Q;H°) = L*(X).

e If it is true for all n’ < N € N, apply the formula (I30) with P =
(p)™Dg and |oo| +m =n+1. It gives for any u € S(X) = S(R*),

)" Dgull® =Y [1p) " Dyxeul” = = > || Aeu|* + Re (u, Beu)
el el

where A, = ad ,, ({p)™ Dy) is uniformly bounded in Diffp e+ (m=1)+
By = D%(p)™ad?, ({p)™ D) is uniformly bounded in DiffP*1*=2)+(m= 2): ,
with p—supports contained in {5 <|p| < CQZ} and covered by a fixed

number of x, . The equivalence of norms for n” < n implies that

()" Dyull* = > I1(p)™ Dy xeul?

el

2The aware reader will recognize a subalgebra of the Weyl-Hérmander pseudodifferen-
2 2
tial class associated with the metric é% + % and the gain function (p)(n) (see [HormIII]-

Chap 18 or [Hell]). The restriction to differential operators, which contains differential
operators with polynomial coefficients, allows an easier handling of supports without re-
quiring the more sophisticated notion of confinement (see [BoLe]).
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is estimated by

Clulltzgan or €D lIxeullZzgam -
teL

Since [an41 — boya| < C by and > a, < CH° _ by imply
> pni1@p < C"D° 11 by, this proves the equivalence for n' =n +1.
The density of S(X) = S(R*?) in L*(Q; H"!) ends the proof.

O

Lemma 6.8. With the above partition of unity X = (X¢)er » Xe = X1,0 (@) ,

YweeXe =1 and L=N. For any s € [0, 1] there exists C\ s such that

2 +1
(ZM e Hs(cz;HO)) < Cys-

H*(Q;H0)

lull}

Proof. Again the spatial partition of unity of Subsection [6.3.1] the reflection
principle and the equivalence of norms for two different metrics restrict the
analysis to the case Q@ =R, g;; = §;; .

The result is obvious when s = 0, H°(R%; H°) = L*(R?¢, dqdp) .

Consider now the case s = 1, with

d
lalF gy = lall® + Y N8y

Jj=1

We use again the formula (I30)

[0l = D 10 xeull = =Y lI(ad 0y Jul

teL teL
with
O (Ipla) o ||
ad,, 0, = (Opxe) = %XBJ(T;)
and adf“@qj =

The derivative 0, |p|, satisfies

1 g1 9™ (Q)pipk : o[ Iplg
2P = (g — O PP X ()
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and this proves

||u||§{1(Rd;7-L0) - Z ||X€u||§{1(Rd;H0) < C>1<||U||2>
lel

which implies the equivalence of norms for s = 1.
The general case follows by interpolation with |[u|| grga.g0) = [|(1—Ag)" ul|
(see Lemma [B.Jl and its application). O

r/2

While working with Py ¢ ,, we avoid again density arguments in order to
allow the same line for general boundary value problems.

Proposition 6.9. Take the above dyadic partition of unity x = (X¢)eer ,
Xe = ¥io (‘P‘ ) NP =1and £ =N, and let u € L}(Q:HY), z € C
and s' € [-1,0].

The condition (Pigy — z)u € L*(Q; 1) is equivalent to >, |(Pr.gg —
)Xgu”L2 @y < OO, and the equivalence of norms (64) still holds (with

the new choice x¢ = xo(p) ).
For any pair uy,us € L*(Q;H') such that Py g gu1, Py ggus € L*(Q;H™),
the identity (63)) is now replaced by

(U1, Prggua) = Y (xeu1, PrggXetn)
tec

< Cyllwlfluell - (66)

Proof. The proof is essentially the same as for Proposition [6.6l We shall use
the notation DiffP"™"™ and p — supp introduced in the proof of Lemma [6.7]
With [Ve, x¢) = (Vexe) = 0, the commutator ad ,,(Py g, — 2) equals

1
~(A,x¢) € DiffPh !,

A
ad y, Pr gy = {Xéa __p] = (Vpxe)-Vp + 9

2

where the gradients in the p-variable, the Laplace operator A, and the scalar
product denoted by z.y are given by the scalar product g(g). In particular

x¢(P) = Xo,1 (‘p‘q) gives:

p - (Ipl L _, (Il
Voxe(p) = 2g||x’ (Q—Z) and  Apxe(p) = 22gx6’1(2—f :
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This also implies p — supp(ad,,Pr.g,4) C {% < Iply < CQZ} :
a) Assume u € L2(Q;H') and (Pyg, — 2)u € L*(Q; H*) with s’ € [—1,0].
The equality

Xe(Prqqg— 2)u= (Prqg— 2)xeu+ (ad y, Pr g g)u

leads to
S 1(Pegs = Dtlagney < 23 INe(Prgy — Dl
teL el

+2)  |l(ad y Prog)ull®.
ter

Lemma [6.7 says that the first term is less than C}[|(Pyqq — 2
The listed properties of ad,, Py ¢ 4 imply

S lad Prgul? < 2301 Y woulBaga < O3S Ineullagan

lel el xexp#0 el

)u||i2(Q;’HS,) .

because §{¢' € L, xexer # 0} is uniformly bounded w.r.t £ € £. The right-
hand side » .. [[xeull72(gap) 18 equivalent to [|ul[Zsg4y by Lemma G711
We have proved

Z 1(Peqy — XWHLZ(Q ) T Ixeull7200)
teL

< CX [(P:I:,Q,g ) HL2 QHS + ||u||%2(Q;H1) < +00.

b) The formula (I3I) applied with P = Py g4 and ad? Py g, = |Vpxe|2 =

2
g ()] s
p . -
Pigg— Y XeProgXe=+5 Z {25 Xo.1 (‘ |q)} € DiffP> 2 . (67)

lel ZGE

This yields the inequality ([66]).
c) Let us finish the proof of the first statement. Conversely to a) assume
now u € L*(Q; H') and >°, . ||(Pi,Q,g—z)xguH;(Q;Hs,) < +00. The relation
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(67) implies for any ¢ € L,

L[1,, (Ipl\]
Xe(Prgg—2)u = Xe Z Xe(Prg.g — 2)Xeu + B |:?X671 (2—;>}
Lel

L1, (Ipl\]*
= ) xexe(Prog— 2)xeu+ 3 {?xé,l <2—f)} Xeu,

XeX o 70

and the right-hand side is a finite sum with a number of terms uniformly
bounded with respect to ¢ € £. Thus

Ixe(Prgg — 2DullZagaey < C2 S (P — Xl + Ixerull
XeX ot 70

holds for all ¢ € £ and summing over ¢’ € L gives

1(Prgg— Dul2sgmr, < C23 Ine(Pegy — 2l g,
veLr

vel
We have proved
||(P:|:,Q,g ) HLZ (Q:H") + ||u||%2(Q,H1)

< +00.

S CX [Z H(P:ng - Z)XZU‘H%Q(Q;HS/) _'_ ||X£U||%2(Q7'H1)
lel

6.4 Geometric KFP-operator on cylinders

We consider here the case when Q = R x @)/, with Q' compact without
boundary, is endowed with the metric ¢ = 1 ® m(¢’), 9pm = 0. The con-
tangent bundles are respectively denoted by X = T*Q and X' = T*Q’. The
space S(X) is defined as the space of rapidly decaying (in terms of (¢1, p1,p’))
C>*-functions on X . Its dual is denoted by &'(X).

On @ we shall use a partition of unity > ,., x*(¢' — ¢) = 1 with x €
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C((~5.3).
On @, the geometric Kramers-Fokker-Planck operator has the form

2 +pit+1

Pygg=xp0p + 5 + L= P
1
with L =Kigm=Prom— B)

and £=L*X") , DL)={uel*(Q,H"),PromueLl*(X)}.

described in Section M and in Section 3l It satisfies the Hypothesis [Il because
D(L) = D(L*) = D(Py ¢ m) contains S(X') and C5°(X’) which are cores
for the self-adjoint operator Re (L) = Ogr,,, . The space L*(R,dg"; HVE) =
L3(R, dg*; HYE") is nothing but L2(Q;H1').

The Proposition .7 provides the maximal accretivity and the corresponding
domain of Ky g, = Prg, = K% while Corollary combined with the
partition of unity »°,., x2(¢* — ) allows to check the subelliptic estimates
of Hypothesis

Proposition 6.10. On the cylinder (Q = RxQ', g = 1&m(q’)), the operator
K:I:,Q,g — %l deﬁned by

D(K+iqq) = {ue L*(Q;H'), Progue L*(X)}

: : : : .
is mazimal accretive with K3 o , = K3 g4 -

It is the unique maximal accretive extension of Py g, defined on C°(X) (or
S(X)) and it satisfies

d
Vue D(Kiqg), dlull® < lullizqgon) = Re(u, (Kegq+ 35)u).

The estimate

|(£Ye = iNull + [Og,gull + (A2 [l + [|u] ) S Oll(Keqq —iN)u]

H%(Q;HO
holds for alluw € D(Ky g,4) and all X € R. In particular,
D(K% o,) = D(Kyqg) = {ue LX(Q;H'), Veu, Ogqu e L*(X)} .

Remark 6.11. This result means that Hypothesi%@ s verified with Ly =
K:I:,Q’,m 5 L2(R, dq, HI’L) = [/2(627 Hl) and QO = Hs (Q’ HO) .
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Proof. The first part, including the identity for Re (u, K g 4u), is a direct
application of Proposition BE7l Since D(Kig1) @ D(Ky g m) is dense
in D(K+g,) = D(KY), with Ly = Ky g/, and C°(R?) (resp. C5°(X'))
is dense in D(Kygr1) (resp. D(Ly) = D(Kigm)), C°(X) is a core for

K:t7Q7g .
For the subelliptic estimate, we use the partition of unity ), , X2 =1, with

xe(q) = x(¢* = ¢). For u € D(K1g,) and A\ € R, Proposition applied
with s = 0 gives

Call(Kegq — iNul?® > [[(Pegy — iNull? + lullia g

> O (Pegy — Mol + xeulZaoan -
LeL

With supp x, C {6 — % <qgt<l+ %} and the ¢'-translation invariance, (Q, g)
can be replaced in the right-hand side by the compact manifold (S! x Q', g =
1@ m). Thus Corollary provides xou € D(K4 s1x¢r,) and the uniform
lower bound

Cl(Prsingg = iNxeull* 2 [Osxqrgxeull” + | (e — id)xeul

Ol + el g gy

Summing over ¢ € Z ends the proof. O
We end this section by checking Hypothesis [B] with

1

5

The estimate (54)) is a consequence of Proposition [6.10] with

Q= Ht(Q§HO))> te [O>

Vu € D(Ksgq),  (Nilulle < (N u| < (NF =l ;.

H3 (QyHO) 3(QyHOY)
< Oll(Kxqq — iA)ull.

We still have to check the estimate (B3). After identifying Q" with the sub-
manifold {¢' = 0} of @, the fiber bundle 0X = T%/@Q is decomposed into

8X — Té/Q — Té/@l @Ql Né/Q — Té/@l @Ql (Ql X RPI) 5

The measures |pi|"dq'dp = |p1|"dprdq'dp’, v € R, are naturally defined on
T¢,Q and the space L*(RR, %; £) is nothing but L?(9X, %) . Hypothesis
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for Ky = Kyg,y with Ly = Ky ¢, is validated by Proposition [6.10
Therefore Proposition [5.6lapplies and we know that a solution to the equation

(52), namely
(Pigq— iNv=7(¢,p1,0)0(¢") inS(R*D(L*)CS(X)

/
with  ~ e L*(0X, %),
h

belongs to L*(R?, dqdp; £) = L*(X,dqdp). By adapting Theorem 1.2 of
[Leb2] to the cylinder case, the above equation admits a unique solution in
S'(X) but we do not really need this.

Proposition 6.12. The Hypothesis[3 is satisfied by the operator PL = Py g,
and the space Q = H!(Q; L*(R'dpf)) when t € [0, 4)

Proof. The estimate (54)) has already been checked.
We must prove that a solution v € L3(R, dg; HY*) = L*(Q; H) to the equa-
tion (Pygg — iA)v = vdo(g") satisfies (53):

lvlle < Ca |1l zqx, e, + IVl2@i0
p1

First note
[{po)vll < lvllz2@ae -
Set & = (p;)~2v. It still belongs L2(Q; H') and solves

(Prgy—iNT = (p1)"3900(¢") + f

1 —3p?/2
with  f= P g v  1230/2 ¢ poyy.
4(p1)? 4p1)>

With the cut-off function 6 € C5°((—3,3)), one gets

(Pigq—iN(0(¢")9) = (p1)"2700(¢") + 6(¢") f + p8 (a7,  (68)
(Prqq—iN((1—0(¢")0) = (1= 0(¢"))f —p:6'(¢")0. (69)

The right-hand side of (69) belongs to L*(X, dqdp) while (1—6(q'))0 belongs
to L*(Q;H') . Hence Proposition gives

I = 0@ D3 000 < Cllol@an +IA] < Cllolzzaa -
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In (68), (Q;g) can be replaced by the compact manifold (S! x @', g) and
Corollary gives

16(q")2]

_1
3y = O [H<p1> 2|2 0x dgap) + HUHLQ(Q;HU}

Ip1]

< €. [l sy + ollzoann |

assoonass<—% andsZ—%.

We have proved for s € [-2, —1)

_1 ~
[{p1) 2] , = 9]

2 2
H* 5 (QHO H*T5 (QyHO)

< € [0l s, s + Dollizoann|

Ip1l

while the first estimate is |[(p1)v||mo@mo) < ||v|| 2@y - The interpolation
inequality

_1 2 1
el g2 00y < Coll (1)~ 30ll o gy 1 P10 o0y

applied with o = s + 2 € [0, 1) yields the result. O

6.5 Comments

There are essentially two strategies to prove maximal, i.e. with optimal
exponents, subelliptic estimates:

e a geometric approach following Hérmander in [HormIII]-Chap 27 (or
Lerner in [Ler]) based on a microlocal reduction;

e a more algebraic approach after Rotschild-Stein in [RoSt] or Helffer-
Nourrigat in [HeNo| based on local reduction via Taylor approximations
and solving algebraic models.

In [Leb2| (and even in [Lebl] for non maximal estimates) Lebeau follows the
first approach. Actually, another proof of Theorem 1.2 of [Leb2| is possible
via a local point of view on 7*() which involves a canonical transformation as-
sociated with a solution to the Hamilton-Jacobi equation |9,¢(q)|2 = Cte. In
the case with a boundary, as it is well known in the analysis of propagation of
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singularities for the wave equation (see [AnMe|[Tay1]|Tay2][MeSj1][MeS;j2]),
a solution ¢ shows singularities in the presence of glancing (i.e. gliding or
grazing) rays. A microlocal point of view seems out of reach for general
boundary value problems and we will follow the second local approach. Our
strategy, is to reach some subelliptic estimates for the boundary value prob-
lem with the most flexible local approach.

Nevertheless, verifying Hypothesis [3] requires strong enough subelliptic es-
timates for whole space problems, in order to absorb the —% — e-Sobolev
singularity of dy(¢*). Referring to the result by Lebeau was the most effi-
cient way. Since it was written only for compact riemannian manifolds, the
most direct application including a translation invariance in the ¢'-variable is
the one proposed in Subsection The local model of boundary manifolds
will be (—o0, 0] x T?"! rather the standard half-space (—oo,0] x R4,

7 Geometric KFP-operators on manifolds with
boundary

The proof of Theorem [T and Theorem will be done in several steps
relying on a careful analysis of local models for boundary manifolds.

7.1 Review of notations and outline

A neighborhood of gy € dQ in the manifold with boundary Q = QUOQ (resp.
X = T*Q) can be identified with a domain of (—oo, 0] x T¢! (resp. (—o0, 0] x
T?4-1)  diffeomorphic to a domain of (—oo, 0] x R4 (resp. (—o0,0] x R?¥-1),
with the corresponding global coordinates (¢',¢’) (resp. (¢, p1,¢’,p')). The
coordinate ¢’ € T%! means ¢ € R%! plus periodicity conditions and we
assume ¢'(go) = 0 and ¢'(go) = 0.

The coordinate system (¢!, ¢’) can be chosen so that the metric equals

9(q) = <(1] m(ng/)) 7 (70)

and since it is a local description, we can assume

m(q',q) —m(0,q) € C°((—o0,0] x Tt My_1(R)). (71)
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The kinetic energy, the vertical (in p) harmonic oscillator operator and the
Hamilton vector field on R?¢ are given by

28 = Ipl2y = ;1> + m¥ (¢, ¢ )i},

—Ay + plg
Ap - 051 + apémij(qla q/)apg 5 OQ,g = # ’

. 1 .
Ve = p10g +mY(q", ¢ )P0 — 5&;%”(@117 ¢ )p;pj Oy,

1 3
—50pm" (¢". ¢ )P0y, -

Since we will work with various metrics which fulfill (70) (7I]) with the same
m(0,q’) , the previous notation |p|, is replaced by |p|gq) . When g = (0,¢') €
0Q = @', the equalities ¢(0,¢") = m(0,¢") = go(q) , |Plg(q) = |Plgo(q) allow to
use [plg -

Following the Definition 6.2] the corresponding Kramers-Fokker-Planck op-
erator equals

Piggy=1Ve+Oqy,

2 2
= £p10, + 8“%“91' + Piqim(gt) — %%lm”(ql, ¢ )pip;Op, , (72)
with here @ = T%!, @ = (—00,0] x Q. The operator Py g is the
geometric Kramers-Fokker-Planck operator on X' = T*@Q)’ associated with
the metric m(q*) on Q’.
The phase-space X = T*(Q is endowed with the metric ¢ ® ¢g~' and the sym-
plectic volume dqdp. We shall use the notation H*(Q;H*'), S(X), S'(X) in-
troduced in Section [6] extended to f-valued functions or distributions, where
f is a complex Hilbert space.
When @' = T, Q = (—00,0] x Q' (resp. @ =R x Q') and dpm =0, we
shall use the results of Section ] and Section Bl with the identification

—05, + ;P +1
P:I:,Q,g = P:ﬁ = ip18q1 —+ = $p1|
1
L:I: = K:I:,Q’,m - 5 ) £= L2(X,> dq,dp,v f) )
L*(R_,dg"; HYY) = L(Q; HY)
resp.  L*(R,d¢"; HY") = L*(Q; H'),

+ Ly
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where K4 g/ = KX o/ 18 the maximal accretive realization of Py ¢, pro-
vided by Proposition [6.I0. We checked in Proposition and Proposi-
tion that Hypothesis Bl and Hypothesis 3] are true respectively with
Q= H5(Rx Q;H°) and Q = HY(R x Q;H), t € [0,1).

The boundary Q) is identified with ' and the measure |p;|dq’dp is well de-
fined on X =T}, Q). We recall that the trace of u at q' = 0 is denoted by

~vu, that j is a unitary involution on f. The boundary conditions are written

YoddUW = + Sign (pl)A’yevu 5 Yev,oddh = Hev,oddu s

/ / - r_ /
with Hew(q,jphp,):v(q,pl,p)ﬂv(q, Pup)

2
/ AN o f
and Moaay (¢, pr, 7)) = (¢, p1,P) 57(61, p1,p) :
1—A
or Hzyu = H—Aﬂivu,

with I, = I, +sign (p)loag , 1= = I, — sign (p)oga -

The operator (A, D(A)) commutes with Il., ,4¢ and it is bounded and accre-
tive in L*(0X, |p1|dq'dp;§) . The norm of A in L(L*(0X, |p1|dq'dp;f)) will be
denoted ||A]| and the framework of Hypothesis [ contains the alternative

either ¢4 =mino(Re A) >0;
or A=0.

The treatment of general metrics on half-cylinders, Q = R_ x Q' with Q' =
0@ compact, we will assume the commutation

[A, e“‘P@] —0 ,VteR. (73)

By writing the momentum p € T;Q , p = rw with 7 = [p[, and w € S7Q, the
space L?(0X, |p1|dq'dp;f) equals
LA (T34Q, [m|dg'dp; ) = L*((0, +00), 1" dr; L*(S5oQ, |wi |dg'duw; ) -

The commutation (73) combined with Hypothesis @l means that A = A(|p|,)
acts as a multiplication in the radial coordinate r = |p|, with

||A(T)||[,(L2(S§QQ,|LU1\dq’dw;f)) S ||AH fOI' a.e.r > O, (74)
with either  mino(Re A(r)) > c4 >0 forae. r>0, (75)
or  A(r)=0 forae. r>0. (76)
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Finally the analysis of a general manifold with boundary, will be studied
with a spatial partition of unity. For this final analysis, we will assume
A = A(q, |p|,) with

||A(q, T>’|£(L2(S;Q,|w1\dw;f)) S HAH fOl” a.e. (q,r) - 8@ X R_;,_ y (77)
with either mino(Re A(q,7)) > ca >0 fora.e. (¢,7) € 0Q x Ry, (78)
or  A(g,r)=0 fora.e. (¢,r)€0Q xR, . (79)

Here is the outline of the proof: We will carefully study the case of half-
cylinders Q@ = R_ x Q" with @' = T%"!. The case when 9,1m = 0 will be an
application of Section [5l and the result will hold under Hypothesis [d] which is
more general than the one of Theorem By assuming A = A(|p|,) with
(T2 (A (70) and with a dyadic partition of unity in p, the corresponding
subelliptic estimates will be written in a parameter dependent form. This
allows an accurate parameter dependent analysis of some relatively bounded
perturbations. In a second step, the dyadic partition of unity for a general
metric m on a half-cylinder, R_ x T¢!  and a non symplectic change of
variable in X = T*(@) near 0.X will relate the general problem to the previous
pertubative analysis. Finally the case of a general manifold will be treated
by gluing the local models Q = R_ x T with a spatial partition of unity,

by assuming A = A(g, |pl,) with (77) (78) (79).

7.2 Half-cylinders with d,m =0

Let us consider the case when Q = (—00,0] x Q" with @/ = T?! and a
specific metric g = 1 &+ m(q) satisfying pm = 0.

Proposition 7.1. Let Q = (—00,0] x Q" with Q' = T4 be endowed with
the metric go = 1 ® m with 9pm = 0.

Assume Hypothesis[]] for the operator A .

The operator Ky a4, — % defined by

u€ L*Q;HY), Prggu€ L*(X,dqdp;§),
D(Ky a,4,) = yu € L*(0X, |pildd'dp;f), ¢,
Yodat = £ sign (p1) AYevus
Vu € D(Kﬂ;A,go) » Ky agu = Prggu= (iyf + OQng)u>
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18 maximal accretive, with

d
Vu € D(Ky a,4) ’|UH%2(Q;H1)+R6 Vet , Aveyu) = Re (u, (Ki7A,g0+§)u> .
The adjoint K7 4, equals Kz ax g, -
Respectively to the cases A # 0 and A =0, fixt € [0,5) and v = § (resp.

t = % andv =0). There exist Cy > 1 and C > 1 independent of t , such that

1 1 1 _ y
A yallzzox ptagaps) + O 2l + 00 Hlul g + G Ol g sy
< O(Ksngo — Nl (80)

for all X € R and allu € D(K4 4,4,) -
For any ® € C°((—00,0]) such that ®(0) = 0 there ezists Cy > 0 and C" > 0
independent of ® , such that

12(¢")Oqgoull < C[[®lz= [[(K a9, — iNull + Collull,

for all X € R and allu € D(K4 4,4,) - o
Finally in the case A = 0, the set {u € C (X5 1) s Yodaw = 0} is dense in
D(K4p,,) endowed with the graph norm.

Proof. Tensorizing with f does not change the scalar results of Subsection [6.4]
In Proposition and Proposition 612, Hypothesis 2] and Hypothesis B
have been checked with Ly = Ky ¢/, Qo = H3(R x Q;H), Q=H'R x
Q'; H°), while Hypothesis @l is assumed. We can refer to the results of Sec-
tion Ml and Section [fl The maximal accretivity, the integration by part iden-
tity and the identification of Ky 44, are provided by Proposition L.1] when
A # 0 and by Proposition .8 when A = 0. The definition of the Sobolev
spaces H*(Q;H°) says

lul

Hs(Q;HO) < CsHE“HHS(RXQ’;HO) .

Hence the subelliptic estimate (80) and the upper bound for ||®(q")Og 4l
are proved in Proposition when A # 0 and in Proposition when
A =0 (actually it works with ®(q') =1 in this case).
Because C°(R x ()';f) is a core for K 4 , Proposition also implies that
the set

Dy = {u € L*(X,dgdp; ), Xu € C*(R x Q'; )}

is dense in D(K 4 ¢ 4,) endowed with its graph norm. This set is contained in
Dy = {u € C&°(X;§) , Yodau = 0} ,
and Dy C Dy C D(K4 ) implies that Dy is dense in D(K 1 g g,) - O
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7.3 Dyadic partition of unity and rescaled estimates

We still work on Q = (—o0,0] x Q' with @’ = T9"!, with global coordinates
(g,p) € R_ x T ! x R?, with a metric ¢ = 1 @ m which satisfies ([Z0) (7).
The notation gy is specific to the case d,m = 0. The operator A is assumed
to satisfy Hypothesis @ and the commutation (73) with |p|?, which can be

q>
written as ([74]) (73)) (76]) .

7.3.1 Rescaling

When 9,m = 0, the maximal accretive realization K 4 4, is given by Propo-
sition [[.Il The strengthened assumptions on A in (73)) yields

(u € D(Ex,ag)) = (X(IPlgq))u € D(Ex,a4))

for all x € C§°(R). Therefore we can use a dyadic partition of unity in the
momentum variable, x = (X¢)een, like in Subsection [6.3.21 This will be used
for the two metrics ¢ = g and g = go:

xe(q,p) = 127 plg) for L€ N xolg,p) = Xo([Pls) »
5(0 € CSO(R> ) 5(1 € Cgo((ov _'_OO)) 5
> xilgp)=1 , L=N.

el

The equivalence of norms

(Zéeﬁ ||Xéu||2Lz(Q;Hs/

2
||u||L2(Q;HS')

+1
)) S CQ»X,S’ aS, S R>

<Zeec ||X£U|

2 +1
He*(Q;H°)
||u||2 ) <Cyxss SE [—1,1],

*(QH)

are given by Lemma and Lemma
With 0X = T9 ! x R?, the two metrics g and gy coincide and the traces
satisfy

’|7’|%2(3X,\p1\dq’dp;f) - Z HXfu’|%2(3X,\p1\dq’dp;f) :
eN

By working with § = gq, Proposition [Z.1] ensures

NS R,‘v’w € D(Ki,A7go)> ||w||L2(Q;H1) S CH(K:I;A,QO — Z)\)'LUH .
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Therefore the result of Proposition reads

. +1
ZZeR H(Kﬂ;A,go - M)XNHQ)
(K4 4,90 — iN)u]?

Yu € D(K:I:,A,go)a < < CX .

After the unitary change of variables

2—Zd/2 ( B)

_ p
v(g: 57+ flap) =27"p(e, %),

u(q,p) = o1

the equation (K4 44, —i\)u = f, i.e. the boundary value problem
{ (Peggy —iNu=f
Vel = Slgn( APl vevtt

becomes

VeV = + sign (p1)Ah(|P|q)7evU )

where P! Q.o OQ g and A" are defined according to the following general
definition.

{ W (P} gg — iAR)U =

Definition 7.2. For a metric § on (—o0,0] x @ or R x Q' with Q' = T¢
which satisfies ([0)([[1), a bounded operator A on L*(0X, |p1|dq'dp;f) and
h >0, we set

Plos=+VhYe+ 0}, h =272, (81)
Ol =5[22+ pliy] = 5 [-H353(0)0, + 575 (a)p] (82)
and — AM(|plgi) = A2 ply) (83)

The operator K"
ized by

Ago = P} Q.g0» With the domain D(Kh Ag,) Character-

ue LX(Q;M'), Plggue L*(X,dgdp;f),
yu € L*(0X, |p1|dq'dp; ),
YoddU = + Sigﬂ (pl)Ahfyevu

1s maximal accretive with

g5 (a) (h,)oll? + llgy *(@)pol?]
2

+ VARe (Yo, A"Yew¥) L2901 i)
— Re <’LL y KZ}LA,‘QOU/) .
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Actually, h 'K i Ao 18 Dy construction unitarily equivalent to K4 44, , stud-
ied in Proposition [7.1]
The other estimates of Proposition [Z.1l now say

TRyl 120 o dpdars) + A ZR]0]| + A TVR[[[RE0]| + [lpv]]]
+ CTH N Rlull e gigroy < CIKD 4 g0 — iNR)Ul| - (84)

for all A € R and all w € D(K} 4 ), with (v,t) € {1} x [0,5) when A # 0
and (v,t) = (0,2) when A=0.
Similarly for @ € Cp°((—o00,0]) such that ®(0) = 0, the estimates

12(¢") 0 goull < Cll®||L (KL 4 g, — iMR)u]| + Cahl|ul] (85)

holds for all A € R and all u € D(K% , ).

7.3.2 A perturbative result for K ,

Remember @ = (—o0,0] x T? and go = 1 & m(¢').
We shall consider now a perturbation of the operator Pf_QQ’ 0

Pl o(T) = VR [Ve +pib (@)0(|plgoa) + S22 (0)0(IPlgo() )PP O

L =(h9,) (g0(a) + Tl(Q))(hap) " (90 ' (a) + Ta(@)p |

. ij 1
with Ve = goj(q)piaqj - 2aquo (Q)pip;iOp,

1.
= pl&ql +m ](q )piaq/j - §8q/km ](q/)pép;.&p;c ,

indexed by
T - (b, S,Q,Tl,Tg) .

The collection 7 fullfills the following assumptions

be L*(QRY) , SeL*(QR"),

QGC(?O([O,2R9)) , 0<6<1 , A=1in [O,Rg],R@Zl
TLQ = T11:2 S LOO(Q, Md(R)) s

[Tl <er  [Tia(g)] < Crlg'|.

(86)
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Proposition 7.3. Let T = (b, 5,0,T1,T,) satisfy (8G)).

There exists ema > 0 fized by the metric go = 1 & m(q') and the oper-
ator A, such that the operator K , (T) = P, (T), with the domain
D(KiAgo(T)) = D(K} ,,,). satisfies the following properties uniformly
w.r.t h € (0,1] for some constant C(T), as soon aser < ema -

The operator C(T)vV'h + K% 4 1(T) is maximal accretive with

Re (v, K& 4 . (T)v) = VERe (7e,v, A"es0) 120 o gt

+ VARe (v, pib'(@)0(|plgo(e)v )?ﬁw S (9) [, (pips8 (1P go(a))]0)

2
L g0+ T1)"2(q) (hdyp)vl* + [l(g0 ' + T2)"*(@)pvl®
5 :
By takmg (v1,19,13,t) € {(é, é, %)} [0, 1 L 15) when A # 0 and (v, v2,v3,t) =
(0,%,2,3) when A =0, there exists a constant C'y > 0 such that

N (v, A, t,h) = (N kol -+ s VR [1A30]| + [[po]l] + €75 ) Al 1oy
+ (N2R2 vl 2o p dgrdps)
1s estimated as follows.
When h =1 and D(KivA,gO(T)) =D(Kiay),
Vo € D(Ky a4,), YA ER,
N, A t,1) < C(T) [II(BZL a6 (T) = iN)0ll + V] -
When h < C(T the operator K1t 4 . (T) + 0(4R3|plgo(q)) — ﬁ is mazximal
accretive with
Vo € D(Kapn), YAER,
N(v A\t h) < C(TIKE 46 (T) + 04RGP g00) — i)Yl
Proof. When ||T1 2|/~ < er is small enough (go + Tl)( ) and (g5" + 73)(q)
are uniformly positive. The lower bound for Re (v, K , (T )v) comes from

the integration by part identity for K% , ~(the rescaled version of Ky ag)
after

Kb 0o (T) = K2 40 = VRV (0)0(Ip]go(a) £ VRS (0)pip;0(1P]g0(0)) O

—(hd,)"Ti(q)(hdy) + p T2(CI)P
2
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where the right-hand side is a vertical operator sending L?(Q;H') into its
dual L?(Q; H™"') with

1S3 (@)pipi0(IPlgo(@))0p]* = =S (@)pipi0(|Plgota))Fp — S5 (@) 0 [P0 0Pl go(e))] -

This proves the accretivity of C1(T)vVh + K% , , (T) owing to the cut-off
function 0, when C;(7) is chosen large enough.
More precisely, this inequality also implies

1
Re (v, [0(4R3plao) + Kha (T]0) > 500, B4R pluo) + 9" (05" + To)po])
TVl
> e

for Co(T)-large enough, when h < h(T).

With the cut-off 6, with the estimate (83) and our assumption on 7} and
T, Ki A4(T) is a relatively bounded perturbation of K i Ag, With rela-
tive bound a < 1 as soon as ep < €4 and €, 4 is chosen small enough
(the constant C' in (8H) is fixed by the metric g9 = 1 & m and A). Hence
C1(T)Vh + K% 44, (T) is a maximal accretive operator.

We still have to check the upper bound for N(v, A, ¢, h).

Case 1 (h =1): We already know that

Vu € D(Ky a4)), N(u, A\t 1) < Cpall(Kxag, — Nyl
while
(KL 4 4o (T) = K ago)ull < Cs(T)l|ullp2@uey + [ @1(q")Og g1l

for some function &7 € C§°((—o0,0]) such that &7(0) = 0 and || Pr||pe <
Crer . Again the estimate (85]) provides

1 :
127(q")Oq goull < Il (Exag0 = iA)ull + O allull

when ep < g, 4 if €, 4 is chosen small enough. Meanwhile the lower bound
for Re (u, K} 44 (T)u) provides

ullZ2agy < Cs(T) [llull + (K% 4 6o (T) — iA)ull]
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when C3(7T) is chosen large enough. This yields
N(u, A t,1) < Co(T) [[lull + (K% 4 g, (T) = iN)ull] -

) —
Case 2 (h < h(T)): We shall distinguish the case (b,S) = (0,0) from the
general case, with the notations 7y = (0,0,0,71,T%), T = (b,5,0,T1,T5) .
For C5(T) large enough we know that (Ki’AyO (T)—2)""and (K% 4, , (To) —

2)~" are well defined for Re z < —C5(7)v/h. The proof relies on the second
resolvent formula

(K 4 0o(To) = 2) 7 = (KL 4 0 (T) = 2)7
= (K% 440(To) = 2) ' B(KL 4, (T) = 2)" (87)
with

(S (@)0(Iplao(@)Pips (h3y, )]

B = £ |[Vhpit (9)0([plaota)) + NG

after considering the case (b, S) = (0,0).
For b =0, S = 0: Take the quantity (84]),
Na(v, A, t,h) = (A2 R[]+ IVR[[|d,0]] + lpoll]+Ca (N> hful| g2 .0
1
+ (N TRYy0l| L20 g ) -

where (2v4,2t) € {1} x ) when A # 0 and (2u1,2t) = (0,2) when A =0.
We know

Vo € D(KY 44, Na(v, A\t h) < CI(KL 4 g —iAR)V]| < CII(KE 4 g, —2)0]l

for z = —=2C5(T) +iA, A € R. Like in Case 1, our assumptions on 77,75
imply that the difference

(I () — Ky g0 = — VT <><Za>+pTT2<> )

satisfy
I(EE 46 (To) = K2 4 g )0l < Cyll@7(q") O 0

for some function &7 € C§°((—o0,0]) such that ®7(0) = 0 and || Pr|/re <
Crer . The estimate (85]) implies

1 :
IO 0 (T0) = K ago)v | < S 4 gy = NVl + Corm o]
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if €,,,4 > 0 is chosen small enough (e7 < &, 4). We infer

No(v, A\ t,h) < 2C|(K% 4, (To)
Co(TINEKL 4 4o(To) — 2)

<

when Re z < —2C5(T).
L*-estimates for general (b, S,v): The condition Re z < —2C5(7T) ,implies

z g o :I:Agg(%) U U(KQ,A,QO(T) )

and

1
(AR ||

Cs(T)
C2(T)

VANVANRVAN

(C5(T) + ()2 o]
|
|

(K% 4,60 (To) =

||| + Nao(v, A t, h)

2ol

while the lower bound for Re (v, K% 4 , (T)v) also gives

1hapull + llpvll < Co(TIEE 44,(T) =

for some C7(T') large enough and all v € D(K} 4 ).
Put in the second resolvent formula (87), where the worst term in B is

h=2(hd,), this implies
(B2 4 0o (T) = 2)7"

IN

<

2ol

Cr(TII(KE a0(To) — 2) 7| %

[
C(7)
2
Cu(TIHH ()11,

for all z such that Re z < —2C5(T).
H'(Q; H°)-estimate for general (b, S,v): The estimate

Cs(T) vl +Na(v, A, t, h) < Co(T)II(EL 4 g0 (To)—2)0]

Y

=12 (hy) 0 (KL 4 g (T) =
[ ) 7 200 7]

— Z)\h)UH + 2CT,m,A||UH

27| +1]

Re z < —205(T) s

implies, with the interpolation inequality [|u| g:g.50) < #ellull

N2 0l e

VAN VAN VAN

1/2

[l

1/2
H?2t Q HO) )

keCor [Cs(T) 0]l + Cog (N hlull 2 @ia40))
keCor [Cs(T)|v]| + Co (N bl ul g2 @)

ke Cor Cr(TI(EL 4 g, (To) =
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Applying again the second resolvent formula (87) leads to
Cill(EL 4 4o(T) = 2) " fllae@aney < Co(THN) T RTHIS,

for some new function ¢ € [0,5) — C], when Re z < —2C5(T) and f €
L*(X, dqdp; ) .
Rough trace estimates for general (b,S,v): The following argument
holds for both cases A =0 and A # 0. The inequality
1,3
<)\>4h4 ||’}/evv||L2(8X,|p1|dq’dp;f) < N2('Ua )\ata h) < C?(T)H(K:}E,A,go(% - Z)'UH

for v e D(K% , ) and Re z < —2C5(T) can be written

_ _1,_3
V(K 4 0o(To) = 2) 7 Fllzoxpldgrapn < Co(T)A)5h73[|f]],
with f € L*(X,dqdp;f). Inserted in the second resolvent formula (8T), this
implies
IV(EL 400 (T) = 2)7 fll2x rdarapy < Cro(T)N) 1A= 1[I f]],

when Re z < —2C5(7). Especially in the case A = 0, this proves the
upper bound of (A)"2h"3 ||| r20x 1 dgrdpsi) With (v2,v3) = (3,2) when v €
D(K? 3,(T) = D(EL 4,)

Using the integration by part inequality for general (b, S,v): For
Re z < —2C5(T), the lower bound for Re (v, K% , . (T)v) leads to

[Olll[(KE a4 (T) = 2)0ll > Re(v, (KL 4, (T)+2C5(T))v)
> \/E]Re <'7@UU, Ah’}/evU>L2(8X,|p1|dq’dp);f

*fm (B8] + lpo]?]
From
loll < Cs(TYN R Y (K2 4 0 (T) — 2ol
we deduce

1,1
1hdpvll + llpoll < V2Cu (T)Cs(T)N)Sh72 (KL 4, (T) = 2)0

for all v € D(K% , , (T)) = D(K% , ).

When A # 0, this improves the estimate for ||yv||L2(ax,p: [dg/dpsp) With

CA 9 .
91 + Il Al12) / : <_ ev 9 A ev
2(]_ -+ || 4”2) H )U||L2(6X,|p1|dq dp;f) <7 (% Y. U>

1

< Cy(TYN) 1R 2 ||(KE (T = 2)vl?,
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and we can take the pair of exponents (1, 3) = (5,32).
Summary: We have proved

N(v, A\t h) < Crao(T) (KL 44 (T) = 2)0]

when v € D(KZ 4, ) and Re z < —2C5(T) and Cy2(T) is large enough. Take

for C15(7T), the maximum value of all the intermediate Cj(7) and %{LAHZ)

when A # 0.
Taking z = i)\ for K2 , . (T) + 0(4R5|plgy(q)): The operator 0(4R3|plg(q)
is a bounded perturbation of K , (T such that

1
Re (v, [KL 400 (T) + 0R Plao)]0) 2 o I0I7
when h < h(T). This implies
1
K AR} —i >
(K o () + 6RGIPlan)) = Mol 2 s o]

Therefore there exists C3(7) such that

Cra(TINEL 4.4y (T) + O(4RG|plgoa)) — Mo
> Cra(TN(KY 4 gy (T) +2C5(T) = iX)v]| = N(v, At 1)

We finally take

1
C(T) = Imax {m s Clg(T) 5 Clg(T)} 5
where C12(7T) depends on A in the case A # 0. O

7.4 General local metric on half-cylinders

We prove the maximal accretivity and subelliptic estimates for Kramers-
Fokker-Planck operators on Q = (—o0,0] x Q', @' = T ! endowed with
metric g = 1®m(q', ¢') which fulfill (70)(7I) without the condition dm = 0.
Actually we shall work locally near Q" = {¢' = 0} and introduce a parameter
e > 0 to be fixed within the proof. The partial metric m(q', ¢’) can be written

m(q",q) = mo(q) + ¢"'m(q", '),
with M € C°(Q; My4_1(R)).
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Since we are interested in the problem near the boundary, we can replace

m(q*,q') by 1

m(q".¢) = mo(d) + xn(D)a (e ).

with xn, € C°((—1,0]), xm = 1 in a neighborhood of suppm, so that
g1 = g while gy = 1 & my(¢') satisfies d,mp = 0. The metrics m and m, (
resp. g and g.) coincide in {|¢'| < C,e}. In all our estimates, the constants
determined by the metric g and independent of ¢ € [0,1] will be denoted
with a subscript , while the dependence with respect to ¢ for the metric g,
will be traced carefully.

The usefull properties of the metric g. for € € [0, 1] are summarized by

ge = (1 ’ ) , me(0,q") = mo(q),

0 me(q',q)
me(q',q') —m.(0,¢) € C5°(Q; Ma-1(R)),
supp [m.(q",¢') — m-(0,¢)] C {l¢'| < Cye}
|8qm€(q)| <C, , \me(ql,q/) - mE(qu/)‘ < Cg|q1| < Cge.

The spaces H*(Q;H*) do not depend on g. but their norms ||u| H @M ) g
do. The above estimates ensures the uniform equivalence of norms

+1
u s(O-1s
H“H(M < Csy when (s,8) € [-1,1] xR,
[ull g @50

and since only the case s € [—1,1] occurs, we keep the notation [|ul| ;g4
without specifying the metric. The choice of the norm ||u|| 21y in the
integration by parts inequality (or identity) will be clear from the context.
With g.(0,¢") = mo(q’), the scalar product (7, V') r20x,|p1|dg'dps) dO€s not
depend on €.

The operator A involved in the boundary condition satisfies Hypothesis @l
and (Z3) and is denoted A(|p|,). The notations A", Of , and P!, are
the ones of Definition L2 with A = A', Of , = Og,, and P 5, = Prqg. -
The result of this section is

Proposition 7.4. Assume that A fulfills Hypothesis[f] and (3)). There exists
gg > 0 such that for e < ¢, the conclusions of Theorem[L1 and Theorem [L.2
are true when Q = (—oo, 0] x T4 is endowed with the metric g. .
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This will be done in several steps: We first prove that for ¢ < g, small
enough, K 4, is maximal accretive with most of the subelliptic estimates of
Theorem [[.J]and Theorem Then we prove the estimate of | ®(q)Og 4. v,
the equality K% , , = K+ a- 4. and the density of D(X, j) in D(Kx+,,).

7.4.1 Maximal accretivity and first subelliptic estimates

Assuming Hypothesis [ and (73)) for A, the domain of K 4, is now defined
without prescribing a global estimate for yu:

u€ LHQ;HY),  Prggu€ L2(X,dgdp;§),
D(Ki ay.) = yu € L} (0X, |p1|dd'dp;T) (88)

loc

Yoda® = T sign (p1) Ayevtt .

Proposition 7.5. Assume that A fulfills Hypothesis [J] and ([3)) and that
Q = (—00,0] x T4 is endowed with the metric g. .

There exists €, > 0 such that the following properties hold when e < e, .

The operator Ku a4 —%, with Ky ag.u = Py g 4.u and the domain D(Ky 4,.)
given according to [88) is mazimal accretive.

When suppu C {97 (q)pip; < R%} for some R, € (0,40), u € D(K4 a,.)
is equivalent to u € D(K1 a4,). The set of such u’s is dense in D(Ky 4,.)
endowed with its graph norm.

The identity

d
||u||%2(Q;H1) +Re <7@vu 5 AVevu>L2(8X,|p1|dq’dp;f) = Re <u ) (5 +K:|:,A,gg)u> s (89)

where the left-hand side is larger thant d||ul|?, holds for allu € D(K4 ay.) .
The adjoint of K7 4, equals Kz a« . .
By taking (v1,v2, 3,t) € {(éu %7 0)} x [0, %8) when A # 0, and (v1, v, 73,1) =

(0, i, -1, %) when A = 0, there exist a constant Cy > 0 and a constant C' > 0

independent of t, such that the quantity

1 1 - V1
Nig. (u, A) = (A t|ull + ()3 ull 2oy + CF N ull e
+ NN+ [plo) vull L2@x 1 agrap - (90)
is less than C||(Ki a4 — iAul|, for allu € D(Ky a4.) and all X € R.

When T = (b, S,T1,T,0) fulfills the conditions [B6), Pi . (T) (resp.
K% 4 4,(T)) denotes the perturbation of Pf, —(resp. K% , ) studied in
Subsection [7.3.2]
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Lemma 7.6. Consider the ball

Br={¢(q)pip; < R*} . Re€(0,+00),
and the unitary change of variable
(Ugv)(q,p) = det(¥(q)) " ?v(q, U(q)'p), (91)
U(q) = g-(q)90(q) " (92)

There exists T = (b, S,Ty1,Ts,0) fulfilling the conditions ([80), with Ry =
CyR and er < Cye, such that
K:t’Avgsu = UgsKi,A,go (T)U;5u7

for allu € D(K4 4, ) with suppu C Bg.
There exists a constant Cg4. independent of (A, t,u) such that the quantity
@0) s estimated by

Nig.(u;A) < Crg, [[|(Kx a9, = iA)u]l + [Jul]] -
for all X € R and all u € D(Ky a,4.) such that suppu C Br. Moreover the
integration by parts identity (89) holds for such u’s.

Proof. The unitary change of variable
u(g,p) = (Upv)(g,p) = det(¥(q))~*0(g, ¥(q)"'p)
= det(u(q))"v(g, p1, 1(0) D) s

() = 9:(0)90(0)™ = 9:(a",q)9(0.¢) " = ((1) M?Q))

wlq) = me(q)molq)™t = mea(q', ¢ )mo(q) ™",

does not change the functional spaces L*(Q; H*'), s’ € R, L*(0X, |p:|dq'dp) ,
nor the traces of 7.,u and 7.gqu because pu(q) = Idga—1 when ¢! = 0.
The norms of U,, and U, as a bounded operator in L*(Q; 1) are uni-
formly bounded by Cy, > 1 when ¢ € (0,¢5]. The support condition
suppu C {97(q)pip; < R*} tranformed into suppv C {géj(q)pipj < R}} for
Ry < C,R. A direct calculation gives

Uy ' PragUs = Prog =0’ () £ S (@)pipi0,

—(9,)"T1(9)(9,) + P Ta(q)p
2 )

+

with T1(q) = 90(0)[9:(0) ™" = g0(@) "1g0(a) ,

T3(q) = 90(q)~"'9:(0) — g0(a@)]g0(a) ",
[0l e + (1Sl < Cy
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The support condition on u (and v) allows to replace p;b*(¢) by 0(|plgoq) ) Pib" (¢)
and S%(q)pip;Op, by SY(Q)0(|plgo(a))PiPjOpy -
We also deduce

T (g)] + | Ta(a)] < Cyla'| < Cye.
Since ¥(q) = Idga« along {¢' = 0}, the traces are not changed and the bound-
ary condition for u € D(Kx ag4.) becomes v € D(Kx a4,) = D(KL 4, (T)).
We are exactly in the case of Proposition with i =1, as soon as € < g,
for £, small enough. With

Ug_lK:l:,A,gUgsU = K:ll:,A,gg(T)U7

the estimate of Ny, (u, A) < Cr, N(v, A, t, h = 1) is given by Proposition[7.3]
For the identity (89), assume supp u C By and compute

d
Re (u, [§ + Ky aglu) — ||U||i2(Q;H1) — Re (Yeott; AYeolt) 120 |p1 |dg’dps)
d
=Re (v, [5+ K400 (T)10) = llullfagpe 01

—Re (e, A%UU)LZ(f’)X,\m\dq’dp;f)

= £(v, pib'(q)v) F %@7 (Sy7(Q)p; + SiF(@)piv) -

The same computation done for v € C°(X;f) leads to a vanishing right-
hand side. Since this right-hand side is continuous on L?(Q;H!'), it always
vanishes when u € D(Ky 4,.) C L*(Q;H') and suppu C Bg. O

Lemma 7.7. Consider the shell
Spe={R7?2* < g9 (q)pip; < R*2*} , R € (0,+00), (€N,

and the unitary change of variable Uy, = U, Vi where U, is defined by
@) @2) and Vow = 272w(q, 2 p) .

There exists T = (b, S, T, T, 0) fulfilling the conditions (8G), with Ry = CyR
and er < Cye, such that

1 * _
ﬁUg&Z [9(4R§|p|90(@) + K:}IL:,A,g() (T)] UgE,Zu ) h’ = 2 2 .

for all uw € D(Ky a,4.) with suppu C Sgy .
There exists two constants Cr,. and lg,. , independent of (X, t,u,l), such
that the quantity ([@U) is estimated by

Nig.(u, A) < Cryg (K a5 = iMull,

K:thvgsu =
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for all X € R for all w € D(Ky 4, ) such that suppu C Sge as soon as
0> VlR,. .

Moreover the operator O(ARg|plgy(q)) + KL 4 4o (T) , with h =272 is mazimal
accretive when £ > lp 4. .

Proof. We start with the same unitary change of variable U,_ as in Lemmal[7.6l
With v = U, v one gets

-1 _ 1
Ugs KivAygsUgs,U - K:I;A,go (72)2]

where T, equals (b, S, Ty, Ty, 0(27%)) while T = (b, S,T1,T5, 0) satisfies the
same conditions as in Lemma Additionally one can choose ¢, > 0 small
enough and Ry < CyR such that suppu C Sg, implies

suppv C {R9_22% < géj(q)pipj < REQM} )

The function v is supported in {1 < Ry27|p|go(q) < R3} while 0(4R527(plgo(q))
is supported in { Ry2‘|p|gyq) < 3} . We obtain

UQ_EIK:E7A79€U96U = [‘9(4R32_Z‘p|90(@) + K:II:,A,go(ﬁﬂ v

The unitary change of variable v = Vyw = 27%/2w(q, 2 %) gives

g 1
v, lUgleﬂ:,A,gsUgsVZw = I3 [9(4R3‘p|go(4)> + K:fli,A,go (T)} w
with h = 272, After noticing that N, ,_(u, \) < M with h = 27%
it suffices to take U, , = U, V; and to apply the subelliptic estimates of
Proposition for K , . (T) — iAh which are valid for h < small
enough.

The maximal accretivity of [#(4R3|plgq) + K% 4 4,(T)] was also checked in
Proposition for h < ﬁ , which means simply ¢ > {pg,_. O
Proof of Proposition [7.5:

We fix e < ¢, with ¢, small enough so that Lemmal[Z.6land Lemma[Z. 7l apply .
The cylinder Q = (—o0,] xT¢ is then endowed with the metric g. . The quan-
tities [plg.(q) and [p|g,(q) satisfy uniformly with respect to (¢,e) € Q' x [0,¢4],

+1
(Be2)™ < (1+Gpe).

‘p‘go (a)

Dyadic partition of unity: The dyadic partition of unity x = (x¢)seny With
N is given like in Paragraph [6.3.21 by x0(¢,2) = Xo(|Ple.(¢)) and xe(q,p) =

1
()
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X1(27plg.(q)) With > ,cy X7 = 1. The cut-off functions xo and yx; are as-
sumed to be supported respectively in {|p|gs(q) < RO} and {Rl_l < [plg(q) < Rl}
for some Ry > 1.

By applying Lemma [Z.7 with R = 2R, , there exists {, , = lopr, ,. > 1 and
Ty = (b, S,T1,T5,0) such that for ¢ > ¢, , the operator

1 . -
K:l:,A7g57é = _Ugsve [9(4R3|p|90(4)) _l— K;;A,go (ﬂ)} g7£ ) h' = 2 2é7

h

is maximal accretive while the condition (73) ensures

VE<lyg, (u€D(Kiag)) = (Xeu€ D(Kiay)C D(Kxagy)),
Vu € D(Ki,fhgs) v Ky agxeu = Kiag oxou.

Moreover, there exists a constant C'}(h% independent of ¢ > /¢, , such that
Nig. (xeu, ) < O g 1Kk a0 — 00 xeul|

holds for all (u,\) € D(K4 a4 ) xRandall >0, .

We now replace Nby £ = {—1}U{¢ > ¢, ,.} and set x?, = ﬁi%l'gs_l X7 . All
the results of Paragraph [6.3.2] namely Lemma [6.7] Lemma and Proposi-
tion [6.9] still hold with £ = N replaced by £L = {—-1}U{{ >/, ,. }.

Again when u € D(K4 4,4 ) the condition (73] ensures x_ju € D(Ki a,.)
while supp x_1u C {|plg.() < Ri2%e~1}. By Lemma applied with
R = R 2% | there exists 7, = (b,S,T1,T5,0_1) and a constant C;gs >0
such that

C2 A Kiag,1=Uy(C2, + Ky ag(T1)U;

X7gE 95
is maximal accretive, and the relations
Ki7A7ng—1u = Ki,Avg€7_1X_1u7
2 2 ;
Nt,gg (X_lu’ )\) S Ct)agE || (K:I;A,gg,—l + CX,QE - Z)\)X_:[UH )

hold for all (u, A, t) € D(K1 a4.) x R X [0,15) when A # 0 (take ¢ = § for
the case A =0).
Domain and subelliptic estimate: Take C' > C’igg and A € R. By
definition u € D(K 4 4,4 ) means
||“||%2(Q;H1) + [[(Prgg. + C —iNul® + ||%ddu||i2(ax;|p1|dq'dp;f) < +00,
Vet € Lo (0X, |p1]dq'dp; ) Yoaaw = sign (p1)A(|plq)Yoaau for a.e. |p|, .
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With Proposition 53 applied with 3,0 xf = 1, £ = {=1} U{€ > b,.},
and Py g oxou = Ky ¢ 40w, it means simply

Vee L, xmuéeDKiagy),

D el Zegann + 1 (Kx gy + C — iX)xeul?
teL

+ 1VodaXeull 720 pr agraps) < +0° -

Summing the lower bound Y, » Ny 4. (xeu, A\)? of [|[(Kt 4.0+ C — iX)xeul?
after setting, R, = 2R;2¢ for ¢ > lyq. and Ry = Ry 259 for ¢ = —1,
5 N (et ) < €2, (1K +C = Nl + [l g -

el

It contains (1 + |p|)”yu € L*(0X;|pi|dq'dp;f) with 73 = —1 (resp. 3 =
0) when A = 0 (resp. A # 0). The summation of ||Xgu||2LQ(Q;H1) and
Ixeull?, @) A€ estimated from below by Lemma and Lemma S0
that

1 .
N ulZaigan) < Nego (M < €2, (s g, +C = iNull® + ullEa(gaa | -
Taking A large enough implies
vu e D(Ki7A7g€) ? Nt7g5 (u7 >\) S C>4<,g5 H (K:t7A7gE _'_ C - 7'>\),U/|| ?

for all w € D(K4 a,4.) and all A € R such that [A| > Ag.
Approximation in D(K4 4, ): The squared graph norm ||ul|?+|| K+ 4. u|/?
is equivalent to the series

> (K ggee+C = id)xeull”
lel

which is the limit of finite sums. Thus the set of uw € D(K4 4, ) such that
suppu C {97 (a)pip; < Ry}

for some R, € (0,400), is dense in D(Ky 4, ) endowed with the graph
norm.
Accretivity of Ky 4, — %: When u € D(Ky a,.) satisfies suppu C
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{99(q)pip; < R2}, Lemma with R = R, implies that u fulfills the in-
equality (89). Since all the terms of (89) are continuous on D(Ki 4. )
endowed with the graph norm, it is extended to all u € D(Ky 44.). In
particular the subelliptic estimate can be written now with C' = 0 and any
AeR.

Maximal accretivity: For C' > C’i and A € R, all the operators Ky 44 ¢+
C — i) are invertible. For f € L*(X;f) set vy = xo(Kxa4.0+C —iN) " x0of .
The subelliptic estimates of Lemma and Lemma [Z.7 imply

[(K g+ C = iN) " Xefllz2@a) < CrogeN)F e
With supyc 4{€ € L, xexe # 0} < Ny, we deduce that v =), . v, satisfies

WlZeay < Cx D IIxe(Kragee+C —iX) " Xef 720

el
< Cla > IxefIP = Oyl
el
Y :ZVW € L}.(0X,|pildqdp;§),

teL
YoddV = Z XeVodd( K+, ag.0 + C — i) 'xef
7

= £ xesign (p1)A(Plo)Voaa(Ex g0 + C — iN) " xef
tec

= +sign (p1)A(plg) VeV

by using the commutation [xs, A] = 0 for the last line.
For any ¢ € L, the function v, € L*(Q; H') satisfies

(P:I:,A,gs +C — ’i)\)ng = (Kﬂ:,A,gs,f +C — i)\)vz

1 s
= Xif — = [Ap, xe) (Keage+C —iX)'xef

2
= Xif + Bi(Kiago+C—iN) xf,
after setting By = —3 [A,, xd) = — [(Vpxg).vp + %} . With the notations

of Paragraph [6.3.2, the operators B, are bounded in DiffP"~* uniformly
w.rt (€ £, with p—supp By C { R 2" < [plo.(g) < Ry.2}
We get like in Proposition

1" Bi(Kiagee+C—iXxefI* < CL, (N1 fI?
el
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For any f € L?(X;f) we have found v = 3, vy € D(K4 4,,.) such that
(Kyag +C—iNv=(Id+ B)f

with || Bl| g2 (xyp) < C;7gs<)‘>_% . For X large enough (Id 4 B) is invertible
and (K4 4, +C —i)) is invertible. O

7.4.2 Estimate of ||®(q')Oq ,.ul|

In the definition (90) estimated in Proposition[7.5, the quantity ||®(¢")Og.4. u||
is missing. Actually our approach which handles non maximal subelliptic es-
timates with exponent divided by 2 in the end does not provide directly an
upper bound for it. It can be obtained in a second step by adapting the prof
of Proposition .10l

Proposition 7.8. Let Ky 4,4 be the mazimal accretive realization of Py ¢ 4.
defined in Proposition [7.J with Q = (—o00,0] x T | & < g, small enough
and A satisfying Hypothesis[§] and ([[3)). For any ® € C°((—o0,0]) such that
®(0) = 0. There exists a constant C,_ independent of & and a constant Cy_o
such that

12(¢")Oqg.ull < Col| @l L= [|(K s a0 — iNu]l + Cyllull
holds for alluw € D(Ky a,4.) and all X € R.
Proof. We embed the manifold Q = (—0,0l x Q', Q" = T into Q =
R x @". The metric g. on @ is assumed to be C* with gs\a = ¢. and
g — go € C§° (@) Due to the curvature of 9Q) the metric g. is not given
by a simple symmetry argument but a C> extension is always possible, first
locally (see [ChPi]) and then globally with a partition of unity.

Whenu € D(K+ a,4.) and ®(0) = 0, the function ®(¢")u belongs to D(K 4 ;)
and Proposition [6.10] about whole cylinders provides

106,5.2(a")ull < Coll(Ky gz — iN®(q)ul,
equivalently written

12(4")Og . ull < Co.ll(Ksqq —iN)P(q")ul -
We compute

(Ktqg. —iA(®(q")u) = (¢")(Kqay — iNu+pi®(q')u,
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in order to get
12(4")Oqg.ull < Cy19(q") (K. — iNull + Cg g llull 2@y -
But the integration by part identity (89) and the accretivity of Ky 4, — g

d .
lelze@aay < ullll(Ke a0, + 5 = iM)ul

. . — 2
20 ulll(Kx.ag. — iNull < [0]l(Kxag. — iNul +6 ull]”

Cg ®llzoo

1
C‘P»gs

for all 6 > 0. Choosing 6 = leads to

12(¢")Oq g.ull < 2C |||zl (Kt.ag. — iNull + Cg g [[ull

with (2, = ACpa)S
q)vgs - Cglgllq)”Loo :

7.4.3 Adjoint

Proposition 7.9. Let Ky 44 be the mazimal accretive realization of Py g 4.
defined in Proposition [7.5 with Q = (—o00,0] x T | & < g, small enough
and A satisfying Hypothesis[f) and ([[3). The adjoint of Ky a4 15 Kz a . -
Proof. The adjoint A* of A fulfills Hypothesis 4 and (73]). Thus Ky 4«4 is
maximal accretive and shares the same properties as K4 4 4 while replacing
A with A*, £ with F. Take first u € D(Ky 4+, ) and v € D(K4 4,4.) such
that suppu C Bp, and suppv C Bpg, , where we recall

Br = {g”(a)pip; < B’} .
By applying Lemmal[7.6lwith R = max {R,, R,} there exists T = (b, S, 11,15, 0)
such that

KHF,A*,gs = UgsKﬂlF,A*,go(T>U;s
Kz g 0o(T) = Kga- g F 20" (0)0(Plgoe) F S (@)0(1Pgo(a))Pi0i O
. —0, T1(q)9, + p" To(q)p
2 )

K:I:,A,gs = Ugs Ki,A,go (T> U*

ge
Kﬂlc,fhgo (T) = Ky A, pibi(q)e(wgo(@) + Sl? (q)e(‘p|90(‘1)>pipjapk
—9, T1(q)0, + p"Ta(q)p

5 )
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By setting @& = Upu € D(KZL ., (T)) = D(Kgag,) and 0 = Ugv €
D(Kﬂlth,go (T) = D(K4,a4)) , the equality K7 +. 4% go glven in Propo-

sition [Z.1] leads to

7A790 =

<K$,A*,gsu ) U> - <U, Kﬂ:,A,gsw = <K:1F,A*,go(7-)a7 17> - <i’27 K:ll:,A,gg(T){]>
= F2(a, pib'(q)0) = (@, [pS} (q) +p;S7 (9)]0)

where we used 6(|p|g,(q)) = 1 in a neighborhood of supp @ U supp ¢ .

The right-hand side is continuous on L?(Q;H!). It vanishes when u,v €
CS°(X;f) by direct calculations, and therefore when @,0 € C3°(X;f) with
0 = 1 in a neighborhood of supp u U supp v. By density it always vanishes.
For u € D(K4 a=4.) such that suppu C Bpg, , R, < 4+00, we have proved

<K3F7A*7gsu> v) = (u, Ki,Avgsw

for all v € D(K 4 4,4 ) which fulfill suppv C Bp, for some R, < +oo. Those
v’s are dense in D(K4 4,4 ) endowed with the graph norm. Therefore u €
D(K% 4,.)- All those u’s are dense in D(Kx 4 4.) and we obtain K= 4+ 4. C

K% 4, - Both operators are maximal accretive and this yields the equality.
O

7.4.4 Density of D(X,j) in D(Ki,,.)
When Q = (—o0, 0] x T4~ we recall that u € D(X, j) is characterized by

u€eCP(Xsf) v Yoaau=0,ie yu(d,—p1,p) = jyul(d, pr1,p)
g = O(|¢"[>) .

Proposition 7.10. Within the framework of Proposition[7.5 and in the case
A=0,D(X,j) is dense in D(K4 ¢, ) endowed with its graph norm.

Proof. Remember the notation
By Proposition [Z.5 the set

{ue D(Kip,.), 3R, >0, suppu C Bg,}
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is dense in D(K 1 g,.) -
By Lemma [7.6] the unitary change of variables (O1])(92]),

(Ugv) (g, p) = det(¥(q)) " *v(q, ¥(q)"p),
U(q) = g-(q)g0(q) ",

allows to write
Kiggu= Uy KL, (T)Usu

for some T = (b, S, T}, T»,0) fixed by R > 0 as soon as suppu C Bgr. But
D(X,j)is dense in D(K4 g 4) = D(K40,4(T)). Since the unitary transform
preserves the set of u € C5°(X;§) such that y,qqu = 0, we deduce that this
set is dense in D(K4 o, ) endowed with its graph norm.

Let u € C°(X;f) satisfy Yogqau = 0. We now prove that u can be approx-
imated in D(K1g,.) by elements of D(X,j). By Hadarmard’s lemma (or

Taylor expansion with integral remainder), there exists a cut-off function
X € C§°((—00,0]), x =1 in a neighborhood of 0, and v € C§° (X, f) such that

u(q,p) = x(¢")u(0,¢',p) + ¢'v(g,p).
We take for n € N* |
up = u+ (1= x(ng"))q'v(q,p) = v — x(nq')q'v(g, p).
Clearly u,, € D(X, ) for all n € N* lim,, o |Ju, — ul| = 0 and
Py gt = Pig.u—x(ng')q P g0 — p1 [x(ng") + X' (ng')ng'| v

converges to Py, u in L*(X, dgdp;f) . O

7.5 Global result

We now end the proof of Theorem [I.1] and Theorem by using a parti-
tion of unity in ¢. For this we assume A = A(q, |p|,) like in (&) (@) () ()
or (TT)([@R) (7). When Q = Q U IQ is a compact manifold or a compact
perturbation of the euclidean half-space R? . Every interior chart domain
diffeomorphic to a bounded domain of (—1,1)% can be embedded in T¢,

while every boundary chart domain, diffeomorphic to a bounded domain of
(—00,0] x (—1,1)%"! can be embedded in the half-cylinder (—oo,0] x T4~1.
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For every ¢ € 0Q) one can find a neighborhood U of ¢, embedded in (—o0, 0] x

T4, a metric gu e of the form
_ (1 0 )
e =\0 mu.(g',q)
1

'
mue(q',q") = muo(qd) + xm(;)qlmu(ql, q),

coincide with g on U . Furthermore U4 can be chosen small enough so that
the condition ¢ < g4, of Proposition is satisfied. By compactness, there
exists an (at most countable) locally finite covering Q = Uy, U, so that the
condition € < g, is satisfies for all ¢ such that & N IQ # (). The partition
of unity (xe(q))eec such that Y, . x7(¢) = 1 is subordinate to this covering.
This partition of unity can be chosen so that

Suppg/eﬁ Jj {g c ;C, XeXe # 0} S NX < +00.

Proof of Theorem L1 and Theorem[L.2: Let (x.(q))ees be the above parti-
tion of unity.
We recall that v € D(K 4 4,) is characterized by

ue L*(Q;HY) , Prggu€ L*(X,dqdp;f),
VR > 0, 1p,r)(|ple)vu € L*(8X, |p1|dd dp; ),
Vodat = T sign (p1) Aye .

The additional condition A = A(q,|p|,) and this definition of D(K 4,)
implies that for any ¢ € L,

(u€ D(Kag)) = (xeu € D(Kay)) -
Moreover with x, = x¢(q), one gets
ad Xngt,A,g = g”(q)pzanXE ’ ad ieK:I:,A,g =0.

Like in Subsection [6.3.1, we infer the equivalences

u 0O
il
e el gy

. +1
and ( I(Fng = Nl + Il ) <C
L. : <y,
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while the squared norms ||u||2LQ(Q;HS) and ||7u||%2(ax,\p1\dq'dp;f) are equal to

lullfagaey = > IIxeulFzgae)
el
vl Zeox pputaranny = D Xt E2ox o agra -
el

Hence u belongs to D(K 4,) if and only if all the y,u’s belong to D(K 1 4 )
and

D K agxeull® + Ixel 2oy < +o0-

tecL
This proves that the set v € D(K4 4,) with a compact ¢-support are dense
in D(Ky a,) endowed with its graph norm. In particular when A = 0, the
results of Proposition [[.10] and Corollary imply that D(X,j) is dense in
D(Kyp,) when A=0.
According to (I31), the identity ad? Ky 4, = 0 implies

Re <u , K:t,AgU) = Z Re <XZU ) K:I:,A,gxfu> )
el

for all u € D(Kx+ a4). This proves the accretivity of Ky 4, — % and the
integration by part identity

Re <U Kj;A’gU) = HUH%Q(Q}H) + Re <'yevu s AVEUU>L2(8X,|p1|dq’dp;f) R

for all w € D(Ky ay).

Since the subelliptic estimates of Proposition when supp x, N 0Q # 0
and Corollary are uniformly satisfied for the local models of K4 4 X, the
above equivalence of norms imply the subelliptic estimates of Theorem [Tl
and Theorem by simple summation over L.

The maximal accretivity is checked like in the final proof of Proposition [7.5l
For f € L*(X,dqdp;f) take u = Y, . vy with

ve = Xe(Kiay—iN) " xef -

The function u belongs to D(K 4 ,) and satisfies

(Kiag—iNu=f+ Z[gij(Q)piaquZ(Q)](K:I:,A,g — i) of =(1d+B)f.
tel
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Owing to suppyc,8{¢ € L, xexr # 0} < N, , we infer from the subelliptic
estimates for (K1 44— i))

_1
1Bl c(z2(x.dgdpy) < C{A) 75

Hence Id + B is invertible when A is chosen large enough and (K4 44 — i)
is invertible. This proves the maximal accretivity.
For u € D(Ky a4) and v € D(K4 4+ 4) We compute

(v, Kiagu) — (Kga-40,u) — Z(XW K agxeu) — (XeBF 45,60, Xeu)

Lel
= (v, (Prgg— Y _XePrgoxou) — (Proq— > XeProgXxov, u)
lel oL
= (. xeg? (@i X)) + (xeg” (@)pi(Drxe)v, u) = 0.

el

But every term (xov, Ky agxeu) — (Kx a+4xev, Xeu) vanishes. We have
proved

Vu € D(Kyagy), Vo € D(Kg axy), (v, Ky agu) = (Kg a5 40, w)

and the adjoint of K1 44 equals K 4+ g4. O

8 Variations on a Theorem

In this section, some straightforward consequences and variants of Theo-
rem [[.T] and Theorem are listed.

8.1 Corollaries
We refer to the definitions and results of Section B

Corollary 8.1. Within the framework of Theorem [I1 and Theorem
the operator Ky a4 is i—pseudospectml. Its spectrum is contained in S N
{Re z > g} with

S={z€C,|z4+1 <CRez+1)" Re z > -1} ,
and the resolvent estimate

VoS, (2= Keag) | <C&)71.
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The constant C' > 0 can be chosen so that the semigroup (e='B+49),5¢ is
giwven by the convergent contour integral

1
=— [ e¥(z—Kyay) dz , t>0,

e_tK:t,A,g :
21 a8

with S oriented from +ioco to —ioco .
It satisfies the estimate

sup |[t" Ko 4 ge F4 49| < 400
>0

The above contour integral easily implies exponential decay estimate un-
der a spectral gap condition.

Corollary 8.2. Within the framework of Theorem [I1 and Theorem [1.2,
assume that the spectrum o(Ky a4) is partitioned into to parts

U(K:I:,A,g> CogUos
with  0g C{z€C, Rez<ypg} , 0eocC{2z€C,Rez>u} , pn>pp.

Let 11y be the spectral projection associated with oy. For any ™ < u there
exists a constant C. > 0 such that

VE>1, |eTtBEas — emHrad|| < CreT.

Corollary 8.3. Within the framework of Theorem [L1 and Theorem [L.2
and when @ is compact, the resolvent of Ky a4 ts compact and its spectrum
(K1 ay) is discrete.

8.2 PT-symmetry

While studying accurately the spectrum of scalar Kramers-Fokker-Planck
operators on @ = R? | Hérau-Hitrik-Sjostrand in [HHS2] used the following
version of PT-symmetry: When @ = R?, the operator K satisfies

UKU" = K* with Uu(q,p) =u(q,—p) (Ux=1U). (93)

We keep the same notation U for the unitary action on L?(0X, |p1|dq'dp;§) .
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Proposition 8.4. Within the framework of Theorem [L.1 and Theorem [1.2
assume additionally that A satisfies UAU* = A*. Then Ky a4 is P1T-
symmetric according to ([O3) and its spectrum is symmetric with respect to
the real axis,

0(Kiag) =0(Kya-g) = 0(Kia,).
Proof. The relation UPy g ,U* = P g4 is straightforward and U preserves
the conditions
u € L2(Qa Hl) ) P:I:,Q,gu € L2(X> dep, f) )
VR >0, Lo r(lplo)yu € L*(0X. |prldg'dp; ) ,

which occurs the definition of D(Ky 4,) and of D(Kx 4+ 4). With
VU )¢, pr, p) — (U u)(d, —p1, )
2

yu(q', —p1, —p') — jyu(d', p1, =) .
= = (U Yoda)(q', p)

Yoad(U™u)(q', p) =

2
* Uru /7 ) / ‘I’ U*u /7_ ) '
’VeU(U U)(q',p) _ 7( )(q P1 p) é?’}/( )(q D1 p)
u(q', —p1, —p') + jyuld’, pr, 1/ .
= g ( 1 )2 Y ( 1 ) _ (U ”yevu)(q/,p)
and Usign(p,)U* = —sign(p;)

the condition UAU* = A* leads to

[Yoaa(Uu)] = F sign (p1) A™eu(Uu)

when v € D(Ky a,).
Obviously, u € D(Ky a4) is equivalent to U*u € D(Kx a-,) = D(KL 4,)
and this ends the proof. O

8.3 Adding a potential

When we add a potential the energy is (¢, p) = % + V(q) and the Hamil-
tonian vector field is

Ve, = Ve — 8qiv(q)api .

The corresponding Kramers-Fokker-Planck operator is

Pi,Q,g(V) =PrqogF aqu(Q)api .
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Proposition 8.5. When V is a globally Lipschitz function on Q , the opera-
tor Ko ag(V)—% = Ky ag— 250,V (q)0,, with the domain D(Ky 4,4(V)) =
D(K4 a,4) is mazimal accretive and shares the same properties as K1 44 by
simply changing the constants in the subelliptic estimates.

Its adjoint is K 4« 4(V).

When Q is compact, the resolvent of Ky a, is compact and its spectrum is
discrete.

If UAU* = A* with Uu(q,p) = u(q,—p), then Ky a4,(V) satisfies the PT-
symmetry property [@3) and

(K a4(V)) = 0(K5a4(V)) = 0(Kxa4(V)).

Proof. The subelliptic estimates of Theorem [[.T] and Theorem [[2] include

Vu € D(Keag) s (NSl 2@y < Oll(Keag — iNull

Combined with Proposition applied with K = C + Ky 44 and C > 0
large enough and Corollary B.I0, the inequality

Hﬁqiv(q)apiu

| <10V ool uell L2 iery
yields the result. O

Remark 8.6. Of course all the consequences listed in Subsection [8.1 are
valid.

Remark 8.7. The hamiltonian flow is not well defined under the sole as-
sumption that V' is Lipschitz continuous. It is not a surprise that the dynam-
ics (the semigroup) is well defined as soon as the diffusion term Og 4 is added.
It was already observed in [HelNi] that the Kramers-Fokker-Planck operator
on R with any C* potential V € C®(R?) is essentially maximal accretive
on C°(R?*) | although the hamiltonian flow is not always well defined.

8.4 Fiber bundle version

The final proof of Theorem [L.I] and Theorem reduces the problem to
local ones via spatial partition of unities. There is therefore no difficulties
to replace @ x § by some Hermitian bundle. More precisely we assume that
7r : ' — @ is a smooth finite dimensional Hermitian bundle, with typical
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fiber F, ~ §, endowed with a connection V¥ which is an End(F')-valued
1-form on T'Q . Locally a section of F', s € C*(Q; F)) may be written

dr

5= Zsk(Q)fk with § = &2, Cfi

k=1
and the covariant derivative V5 ;5 equals
q

dr

Vi [sa)] = Y @ps) @i+ 5(a)(Th fi).

k=1

This connection is compatible with the hermitian structure of F' when
aqj<fk7 fk’)gF = <v§:ﬂfk7 fk’>gF + <fk7 vgljfk’>gF )

for all (j,k, k') € {1,...,d} x {1,...,dp}*.

When 7 : X = T*Q — @ is the natural projection, we shall work with the
fiber bundle 7p, : F'x = 7*F — X which also equals T"Q ®¢ F' = X ®q I'.
The tangent bundle T'X is decomposed into TX = (TX)? @ (TX)" with

d
(T.X)" =) "Re; ~T,Q  with ¢; = 0y + T;pedy,

j=1

d
and (T,X)V = ZRapj ~ 170,
=1

where = = (¢, p) and the I’ fj’s are the Christoffel symbol for the metric g on
@ (see Remark for the sign convention). Then the connection on Fly is
given by
F F F
VX = Vaqj , Va:; =0. (94)
For 1 < j < dim @), the covariant derivative ijx(sf) = V‘;X [s(q,p)f] then
equals

Vf;x (sf) = (ess)f + Sngjf = (0ps)f + (Ffjpfapis) + Sngjf
while
VES (s1) = (0,9 -

When V¥ is compatible with the metric ¢*', VX is compatible with g
* F
g .

Fx _
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Definition 8.8. Assume that (F,V¥,g") is a hermitian fiber bundle on Q
with the connection VE and the metric g¥' . Let (Fx, g, V¥X) be the pull-
back, Fx = ©F, by the projection 7 : X = T*Q — Q with g = 7*g"
and VX defined by [@4). A geometric Kramers-Fokker-Planck operator is a
differential operator on C*°(X; FX) of the form

Pfog+Mg,p,d) =P, + Mf(q,p)vgg + MY (q,p),
where

P£Q7g = j:gij(q)pivg?‘ + 00y
_Ap + |p\(21

2 b
€j = Og + Ffjpﬁapi )

with OQ,g =

and where M) , M* € C>(X; End(m*F)) satisfy

10598 MY (g, p)|| < Caplp), ', (95)

q

and (|35 M (g,p)|| < Capp)g™, (96)
for all multi-indices (o, B) € N*¢ .

The spaces L*(Q;H*), s € R, and H*(Q;H*) are defined locally as
spaces of sections of Fx .
Let us specify the framework for boundary conditions. The fiber bundle
Tryx  Fax = mFyg — 0X is the pull-back of Fjq by the projection W‘aX ;
0X — 0Q and equals X ®pg Fag - Traces will lie in L*(9X, |p1|dq'dp; Fpx) .
We assume that Fyg is endowed with an involution j € C*(0Q; End(Fyg))
such that for the metric ¢, j* = j = j~'. The regularity of j ensures
that for all ¢ € 0@, the fiber F, can be decomposed into the orthog-
onal direct sum F, = ker(j(q) — Id) &t ker(j(q) + Id) where both parts
have constant dimensions. Equivalently there exists a unitary mapping
U € C®(End(Fyg;0Q x §)) such that U(q)jU(q)* = j for a.e. ¢ € 0Q),
where j = j* = j~! € End(f) is constant.
The mapping which associates to v(q,p) € L?(0X, |p1|dqdp; Fpx) the func-
tion U(q)v(q,p) € L*(0X, |p1|dq'dp; ) is a unitary isomorphism.
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Definition 8.9. Let (F,g") be endowed with a unitary involution j which
belongs to C*(0Q; End(Faq)) . For v € L (90X, |p1|dd'dp; Fox) we define

loc

(g, p1,p") +3(d)v(q, —p1, P')

Yeu(q, 1, 7") = Mewy(q, p1, D) =

(g, p1,P") — i@ )v(q, —p1, D)

and  Yoaa(q, p1,0") = Hoaay(q, 01, p) = 5 :

A bounded operator A on L*(0X, |p:|dq' dp; Fsx) is admissible if U(q) AU*(q)
on L*(0X, |p1|dq'dp; §) has the form A(q, |p,|) and fulfills the conditions (El)(6])
and either ([0) or (8).

Proposition 8.10. Assume that Q) is compact or a compact perturbation of

the euclidean half-space Ei and set X = T*Q . In the second case, the fiber
bundle (F, g%, V) is assumed to coincide with (Q x§, g&',0) , 9,95 =0, while
the pair (Fag,j) is trivial outside a compact domain of RL

Let the geometric Kramers-Fokker-Planck operator P£Q79+M(q, P, 0p) satisfy
the conditions of Definition[8.8 and assume that the bounded operator A on
L2(0X, |p1|dq'dp; Fsx) is admissible according to Definition [89.

There exists a constant C > 0 such that the operator C + K{ p ,\y = C +
vaQ’g + M(q,p,0,) defined with the domain

F _ 1. a1 [Pf,Q,g + M(q,p, 0,)]u € L*(X, dgdp; Fx)
DL agan) = {u SLQH), ™ + sign(pn) A

1s mazximal accretive and satisfies the same subelliptic estimates as in Theo-
rem[I1 when A =0 and as Theorem [1.3 when A # 0.

When @ is compact, Kf,A7g has a compact resolvent and its spectrum is dis-
crete.

The domain D(K{ 5 ) = D(KZ A ) does not depend on M = M(q, p, d,) .
In particular when A =0 and for any such M ,

D(K{ o gr) N {u € C¥(X; Fx) , 0pu = O(|¢"|°) near 0X '}

is dense in D(KZL  ,.) endowed with its graph norm.
If additionally the connection V¥ is compatible with the metric g* , then the
following properties are true: The integration by part identity

||u||2L2(Q;H1) + Re (Yoo, AVev(u)>L2(8X,\p1\dq’dp;Fax) = Re (u, (KE,A,g;O — i)
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holds for all X € R and allu € D(KE 4 ) -
The adjoint of Ki a g = KE A g0 + Mf(q,p)vgg + M'(q,p) equals

F * *
K% aegre = K5 e go = Vo 0 M (q.p)" + M'(¢.p)"

When UAU* = A*, with Uu(q, p) = u(q, —p) , and M(q, —p, —0,) equals the
formal adjoint M(q,p,0,)*, Ki’ﬂ,A%M satisfies the PT-symmetry (Q3) and

O(K:}E,A,g;M) = U(KJI:,A*,g;M*) = U(K:E,A,Q;M) :
Remark 8.11. All the consequences listed in Subsection[8.1 are valid.

Proof. a) After introducing the suitable finite partition of unity, we can
assume F' = ) x § and the problem is reduced to the comparison

I(U(q)[Pf 4+ M(q,p,9,)1U(q)* — Pigq @ Idj)ul|
< ||M(q,p, 0p)ull + 19" (0)pi(U(q)(05: U™ (q)) + vgqj-UII
< Ollul| L2y

where the local unitary transform U(g): a) is nothing but Id when u in
supported in an interior chart; b) trivializes j (and UAU* = A(q, |p,|)) when
the support of u meets 0Q) .

Consider the two realization Kng and Kg:f,A,g of Py, ®Id when @ X §
is endowed with the variable metric g and when it is endowed with the
constant metric g'. A simple conjugation shows that K ii Ag 18 unitarily

equivalent to KiﬁA,g + M*(q, p) where M'(q, p) satisfies (@6). We have found

a local unitary transform U(q) from L2(X,dqdp; (f,¢)) to L*(X,dqdp; Fx)
such that

1P g gonrve = U(@) KL 4 U (@)ull < Cllullzgaey

for any u € D(K{  ,) with suppu contained in a chart of the partition

of unity. The subelliptic estimates hold for K :g; Ay because it corresponds
exactly to the situation of Theorem [[.1] and Theorem Therefore K¥ , is

locally a relatively bounded perturbation of U*K if, A, 9(7 and can be treated
like the perturbation by a potential in Proposition B3l i.e. by applying
the general perturbation result of Proposition Putting together all the
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pieces of the spatial partition of unity follows the line of Subsection [7.5
This proves the maximal accretivity of C'+ Kf 5 g0 » the extension of the
subelliptic estimates of Theorem [[.I] and Theorem and as well as the
density statement when A =0.

The global comparison

Vu € D(Kingo), [[(PLg,+M(gp0p))u— KL oull < Cllullrz@m

implies that K7 , .., can be treated as a perturbation of K , ., like in
Proposition and D(KE,A%M) does not depend on M = M(q,p,0,) .

b) Assume now that the connection V¥ is compatible with the metric g% .
Then the connection VX is compatible with the metric g?X . After using a
partition of unity in ¢ and the integration by parts formula for the models

K ii Ag for which all traces are well defined, one gets for all u € D(K f A, g;O)

Re <u7 KiA,g;O“) = HUH%Z(Q;Hl) + [XEQij(Q)Piej (<u7 u>gF) dqdp

= ||u||%z(Q;H1) i/ (yu, sign (p1)yu),r |pi1|dq'dp
aX
= HUH%Z(Q;Hl) + Re (e, A%v“)L?(ax,\pl\dqfdp;F) .

The equality (K¥ ,,) = K£ 4., and the PT-symmetry when UAU* = A* are
deduced with the same argument from the compatibility of the connection
with the hermitian structure. O

9 Applications

In this section we introduce several kinds of boundary conditions and we
check that they enter in our formalism. They are motivated by the stochastic
process formulation or by the relationship between the geometric Kramers-
Fokker-Planck equation (hypoelliptic Laplacian introduced by Bismut) and
the Witten Laplacian. These boundary conditions will be introduced by
doing formal calculations or by considering simple models. Complete justi-
fications from the analysis or probabilistic point of view require additional
work, for which our regularity results on the semigroup may be useful.
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9.1 Scalar Kramers-Fokker-Planck equations in a do-
main of R?

Although the adjoint is obtained by changing the signed index &+, we focus
on the case of

_Ap + |p‘2
— 5

We recall without proofs standard results about the relationship between
stochastic processes and parabolic PDE’s on the euclidean space, R¢. In
particular we fix the interpretations in terms of (Kramers)-Fokker-Planck
equations and FEinstein-Smoluchowski equations. With this respect, it is
simpler to discuss here the case when the force field is the gradient of a
potential. This could be extended to the case of more general force fields
while paying attention to the computation of adjoint operators. We refer the
reader to [Ris][Nel| for a more detailed introduction and to [BisLNM]| and
[IkWa] for the extension to riemannian manifolds which is more involved.
Then we introduce a way to think of boundary conditions as jump processes.
Specific examples are discussed afterwards.

P (V) =p.0y = 9,V(q).-9p + (97)

9.1.1 Einstein-Smoluchowski case

The pure spatial description of Brownian motion in a gradient field is pro-
vided by the stochastic differential equation

{ dQ = —VV(Q)dt + \/%th (08)
QO =4q,

where dW denotes the d-dimensional white noise with covariance matrix
E(@dW(t)dW (t')) = Idgad(t —t') while 8 > 0 is the inverse temperature. The
function V is assumed to describe a confining C* potential, the confinement
being replaced by boundary conditions on a bounded domain. For u, €
C°(R?) the conditional expectation

u(g,t) = E(to(Q1)|Qo = q)
solves the backward Kolmogorov equation

{ O = —VV(q).Vqu + 5_1Aqa = _5_1(_&1 + B0,V (q)).0qt = _ﬁ_lLﬁviZ
(g, 0) = to(q) -
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When @)y is randomly distributed with the law fig = 9o(q)dq, the expectation
E(uo(Qr)) equals

Bw(Q)) = [ ila.t) i) = [ (Vi) di

_ / i) diila) = / io()o(a.1) da,

g1 —18~1
t8 — o tB7L

where 1i; = ¢ L5v fig , or the density 5(t) & 9o , solves the Fokker-

Planck equation

{ 9,0 =Vq.(VV(q)0) + 871800 = B710,.(0y + SO,V (q))0 = =B gy 0
0(¢,0) = 0o(q) -

With rather general confining assumptions (e.g. |9,V (q)] > C~q° — C
for § > 0, lim,,o, V(¢q) = +oo and |HessV(q)| = o(|V,V(q)|) as ¢ = o0)

fhoo = fjf‘;i‘(m = 00(q) dgq is the unique invariant measure and the back-

ward Kolmogorov equation can be studied in LP(R%; dus,) for p € [1,400].

Especially when p = 2, setting u = e~ 24 € L*(R% dq) the backward

Kolmogorov equation is transformed into

{ O = —A(ﬁo&/zu
U(Q> 0) = Uo((]) =e 2 Uo((]) )

where A(BO‘)/ /o 18 the Witten Laplacian acting on functions

2
AN, = (<0, 50V @) 0+ S0V (@) = 8, + LIV V- D avia).

With the suitable confining assumptions, AW BV/2 is self-adjoint on L?(R?, dq),
its resolvent is compact and ker(A(BO‘)//Q) = Ce %

By setting o(q,t) = e B 0(q,t), the Fokker-Planck equation is also trans-

formed into o
{ at@ = _Aﬁv/gg
BV(a) .

0(¢,0) = 00(q) = e 2 00(q) -

This property and the self-adjointness of A(BO‘)/ /o is summarized by saying that
the process (98] is reversible. Note the relation

Blaa(Q)) = [ ita.0m(a) do = [ ula.0enla) da= [ uwla)ola.) da.
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BV (a)

when @) is randomly distributed according to go(q) dg =€~ 2 00(q) dq.

9.1.2 Langevin stochastic process

The Langevin theory of Brownian motion takes place in the phase-space
r = (q,p) € R?* and the stochastic differential equation is written

{ dg = pdt

dp = -0,V (q)dt — vpdt + %’dW (99)

where dW denotes again the d-dimensional white noise with covariance ma-
trix E(dW (t)dW (")) = Idgad(t —t'), f > 0 is the inverse temperature and
v > 0 is the friction coefficient (the mass is set to 1 here). It is a non
reversible process which has nevertheless very strong relations with the re-
versible Einstein-Smoluchowski case. Actually the process (@8] can be proven
to be some weak limit, in the large friction regime v — +o00 , of the Langevin
process ([@9). We refer the reader to [Nel| for a simple approach. Within the
L?-framework, a more general approach proving the relationship between the
hypoelliptic Laplacian introduced by Bismut and the Witten Laplacian has
been considered in [BiLe], using a Schur complement technique in the spirit
of [SjZw].

We shall use the notation X; = (¢, p¢) . For @y € C5°(R??), the expectation

u(z,t) = E(u(Xy)| Xo = ),
solves
Oyti = p.0gt — 05V (q).0ptt — vp.Oytt + 5Apu = — Byt
(x,0) = to(x) .

When X is randomly distributed with the law fig = gpdqdp , the expectation
E(to(X)) equals

B(an(X) = [

R2d

(@, 1) dfio(x) = / (=5 ii0) djig

_ /R i) djiu(z) = /R idﬂo(x)é(:):,t) d,

t

where fi; = 7PV iy or the density o(t) = 7BV gy, solves the equation

{ 008 = —p-0y0+ 0,V (q).0,0 + v,.(p0) + 50,0 = — B}y
0(z,0) = 0o(x) .
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With a confining potential the unique invariant measure is the Maxwellian

a8 v g
e 2 dqdp

probability fi.(q,p) = As we did for the Einstein-

_p(lz?
weae POz VD dgap

Smoluchowski case, the PDE approach for the L2-theory is better understood
after taking

(2

] +V(q))a(q,p, t) and o(q,p,t)=¢

2

1pl“ -
(V@ 5(q, p, t) .

N[
[M)ey

u(g, p.t) =e
The conjugation relations

ot (@+V(q))ape¥§(#+v(q” =0, F ép
2

@

and eig(%ﬂ/(q))(p.@q — 8qV(q).8p)e¢§(%+v(q)) = (p.0, — 9,V (q).0,),

imply that o(x,t) and u(z,t) solve respectively

0o = —p.an + 8qv(q)-8p9 + %(81) - gp)(ap + gp)g
o(x,0) = go(x) = eg(%JrV(q))@O(:c) )

and

o -
(V@) o ()

Like in the Einstein-Smoluchowski case, we have the relation

Oyu = p.Ogu — 9,V (q).0pu + 5(0, — gp)(ﬁp + gp)u
_B
u(z,0) = up(x) = e 2

Bao(X0) = [ | ala.p.nla.p) dadp

Z/ZdU(q,p,t)Qo(q,p) dqdp:/ uo(q, p)o(q, p,t) dgdp
R

R2d

2
p|

when X is randomly distributed according to gy dgdp = ez V(D) 04(q, p) dqdp .
Taking f = 2 and v = 1 gives
d d
8tg = _(P—I—,Rd - 5)@ and 8{& = —(P_’Rd - i)u
The operator (@) corresponds to the Kramers-Fokker-Planck equation in
the sense that it provides the evolution of probability measures (divided
by the square root of the Maxwellian density). In [HelNi| it was proved
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that for any V € C®(R?), P g initially defined on C5°(R??) has a unique
maximal accretive extension Ky ga. We can write o(t) = e_t(K%Rd_%)gO and

u(t) = e MKz~ The process is no more reversible but up to the
conjugation by the exponential factors, the adjoint evolution is obtained by
changing p into —p (see Subsection [R.2)). This works only for gradient force
fields.

Finally keep in mind that the choice S = 2 corresponds to our normalization
of the Kramers-Fokker-Planck operator.

9.1.3 Jump process at the boundary

This paragraph is a heuristic introduction of boundary conditions for the
Kramers-Fokker-Planck equation in terms of stochastic processes. We start

2
with the Kramers-Fokker-Planck equation written for o(x,t) = e%ﬂ/(q)g(az, t)
(remember S = 2) which is naturally interpreted as a probability density
when there is no loss of mass. The domain () is a regular bounded open
domain of the euclidean space R? and we set Q = Q U IQ, X = T*Q and
X=XU0X =T*QUT, 50 - The Kramers-Fokker-Planck equation in the
interior X reads

{ 010 = _paqé + aqV(Q)'apé + T/ap‘(pé) + %Apé
o(z,0) = go(x),

and it has to be completed with boundary conditions along 0X . We keep
the conventions of the Introduction and take in a neighborhood U C @ of
point gy € AQ a coordinate system such that U N 9Q = {¢' =0} and the
euclidean metric on R? follows (2)):

\dg|* = (dq")* + my;(q", q')dq"dq" .

The corresponding symplectic coordinates on T*U C X are written (q,p) =
(¢',¢',p1,p'), p1 > 0 corresponding to the outgoing conormal component.
The measure |p;|dq'dp on 0X = T3,Q does not depend on such a choice of
coordinates and by introducing polar coordinates p = |plw with w € S7Q ~
S?1 . the same holds for |w;|dq'dw = |p|=¢|pi|d¢'dp. The boundary 9X is
partitionned into

(100)

0X =0XTUoX LUoX°,
where 0X ™ is the set of strictly outgoing rays
(an/aplap/) € 0X <~ P1> Oa
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0X ™ is the set of strictly incoming rays

(0,d.p1,p") € 0X < p1 <0,
and 90XV is the set of glancing rays

(0,¢,p1,p") €0X & p1=0.

By assuming that it makes sense, the trace of ¢ along 0.X is denoted o and
V40 = 7§‘ax+ and y_p = 7@‘6)(, . When §(z,t) is smooth enough, a simple
integration by parts gives

d
Bl t) dgdp =
pr X@(q,p,) qdp /

v-0(q,p) |p1|dq'dp — /
0X—

v4-0(q,p) |p1ldq'dp.
oX+

Here and in the sequel, the glancing region 0X° is assumed to have a null
measure contribution and the possible singularities around this region are ab-
sorbed by the weight |p;|. The system is dissipative when the incoming flow
Jox— 7=0(q,p) |p1]dq'dp is less than the outgoing flow [, v,0(q,p) [p1|dq'dp.
The difference of fluxes may not vanish and it is convenient to send the miss-
ing mass to an artificial exterior point ¢. The relation between v, g|p;|dq’'dp
and v_9|p1|dq'dp can then be modelled by a Markov kernel M (z~,2™") from
OX*t to 0X~ U{e}: M(x—,27) is a X~ U {e}-probability measure valued
function of % € 90X such that

{ / Y4+0(x™)|p1|dg'dp — / y-o0(z™)|p1 qu’dp} O + (7-0)(x7)|p1ldq'dp
0X+ 0X—

— [ M@, 2" )y a(z)|pildd dp.
0X+

While considering the stochastic process (@9) with initial data Xq € XU0X |
the quantity
7, =inf {t € [0,+00), Xy(z) €0XT} |, zeXUIX,

is a stopping time. The Langevin stochastic process [@9) can thus be com-
pleted as a set of cadlag trajectories in X U{e} by introducing a jump process
Jyr at times 7 when X, € 09X

_ pdt B B 0
e <—<9qV(q)dt — pdt + dW) +dJy when X, = (g, p) € X\ 0X

dX; =0 forallt>tyif X;; =0XUe.
(101)
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We chose the coefficients ¥ = 1 and § = 2 according to the discussion of the
previous paragraph. The transition matrix of the jump process Jy; is given
by the Markov kernel M (z~,z™).

In order to be consistent with our framework, the jump process sending z™ to
x~ is assumed to be local with respect to ¢ € 9Q) , which means x~ = (¢,p™)
or x~ = ¢ when " = (¢,p"), and elastic, which means |p_|?> = |p,|* when
x~ # ¢. More precisely the Markov kernel is assumed to satisfy

Mz, 2%,y oxs = 0@ —a)d(lp™| = [pT)R(g, rw™,w?)
where we used ¢* = ¢~ = ¢ and p* = rw* with r = [p*| = |p7| and w* €

S* = {w € St 4w > 0} . Allowing w™ € S~ Ue, R can be considered as
a Markov kernel from S* to S~ U {e} such that

[ / dlre o et - / 7—@(Tw_)\w{|dw_} 5o 47— 81w )i |
: )
_ / R, om0 )74 8(0, reo) o |t
S+

for all (¢,7) € 0Q x (0,400) . For the regularity we assume first that for all
(g,7) € 0Q x (0,+00), the Markov kernel sends L'(S™,dw™) into L'(S~ U
e, dw™ @ J) .

Set

R(g,rw™,w) = |wi| ' R(g,r,w™,wh)|wf] for (w™,w?) € 57 x 5T,

and for v € L*(ST, |wi|dw), v/ = R(g,r)y when
Y(w™) = / R(q,r,w™,w)y (w?) dw™ forae w™ €5 .
S+

The two conditions

R(g,r,{e},wt) >a forae wte ST (102)
and  R(q,p)ls+ < 1lg-, (103)

imply for any s € [1, +oo] (interpolate between s =1 and s = 00)

\V/’}/ € LS(S+, |W1|dw) ) ||R(Q>p)7|

1
Lo(5—Jwrldw) < (1 =) |1Vl Lo(s+ jwndw) -
(104)
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When 1, is the law of X, € X U {¢} solving (I0I)) with a suitable initial data
tto , we claim that i, = 0(q, p, t)dgdp® (1— [ &(q, p, t) dgdp)d, where g solves
the Kramers-Fokker-Planck equation (I00) with the boundary condition

v-0(q,7.) = R(q,r)v40(q,7.) for a.e. (¢,7) € 0Q x (0,+00),

shortly written v_ 9 = R+, 0. Since the operator R preserves the energy (the

jump process is local and elastic), replacing ¢ by o(x,t) = e‘(gﬁ/(q))@(:c, t)
is straightforward:
atQ = _P+7QQ>
v-0= Ryyo0, (105)
o(z,t=0) = o0o(x).

Moreover the conditions (I03]) and (I02) with a uniform lower bound a > 0
imply that R is a contraction from L?(0X ™, |pi|dq'dp) to L*(0X ~, |p1|dq'dp)
with norm (1 — @)z . By following the arguments of Lemma 5.2 (with f = C
and j = 1) the boundary condition can be rewritten I1,4470 = sign (p1) All.,y
where A is a maximal accretive operator so that o(t) = e 5+49,. The
identification of A with the corresponding assumptions will be specified in
the examples listed below.

9.1.4 Comments

The first work to justify the stochastic trajectorial interpretation of boundary
conditions for the Einstein-Smoluchowski equation and the Kramers-Fokker-
Planck equation date back to Skorohod who introduced the so called Sko-
rohod reflection map in [Skol|[Sko2|]. The Einstein-Smoluchowski case, even
when the force field is not a gradient field, has been widely studied because it
relies on the standard regularity theory for elliptic boundary value problems.
We refer the reader for example to [IkWa][StVa] and to [LiSz] where discon-
tinuous boundary value problems and corner problems were also taken into
account. For the Langevin process and the Kramers-Fokker-Planck equation
little seems to be known. The weak formulation developed for kinetic theory
in [Luc]|Car| does not provide any information on the operator domain, nor
any sufficient regularity. The one dimensional case has been studied with
specular reflection in |Lap] and with some exotic non elastic case in |Ber].
More recently the half-space problem with specular reflection has been con-
sidered in [BoJa].
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9.1.5 Specular reflection

The specular reflection is a deterministic jump process which transforms
(p1,p') into (—py,p’) when the particle hits the boundary X.- € 9X*.
Within the presentation of Paragraph[@.1.3], the Markov kernel R(q, r,w™, w™)
is simply given by
R(q,mw™,wh) = 6wy +wi)dw™ —w'™).
The stochastic process ([01]) takes place in X and all the mass of the prob-
2 N

ability measure o(q, p,t)dqdp = e_(%“/(q))g(q,p, t)dgdp lies in X . We can
forget the exterior e. The corresponding boundary condition for o(x,t) will
be

0(0,¢',p1,p) = 0(0, ¢, —p1,p’) for p1 <0.
Within our formalism for boundary value problem for the Kramers-Fokker-
Planck operator P, g, it can be written

fyoddu(:c, t) =0
with f=C and j=1.
We can apply Theorem [L.1] (case A = 0) and its Corollaries of Subsection [8.1]

(see Subsection for adding a potential). The PT-symmetry (@3)) is also
satisfied and Proposition B4 also applies.

2
The kernel Ker (K ) equals Cos with oo(q,p) = e~ +V@) and floo =
—2(12” . R .
e’ _Q;‘ZV(q))dqdp is the equilibrium probability measure. Corollary en-

[ e 2BV @O) gyqp

sures the exponential return to the equilibrium in the L?-sense for the Langevin
process with specular reflection in a bounded domain.

We expect that in the large friction limit (introduce the parameter v and con-

sider the limit as v — +oo while 3 = 2), the solution o(q, p,t) = e +0p,

2
converges to f(q, t)e_% with f(q,t) = e‘tAg))’NfO, where A@’N is the Neu-

mann realization of the Witten Laplacian Ag) =-A+|VV(g)|* - AV(q).
This realization is characterized by

)N we LXQ,dg) .,  AVue L2(Q,dqg),

where 0, is the outgoing normal derivative. Intuitively it corresponds to
putting a +oo repulsive potential outside () and to the specular reflection
within the phase-space dynamical picture.
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9.1.6 Full absorption

Within the Einstein-Smoluchowski approach another natural boundary con-
dition is the homogeneous Dirichlet boundary condition for g(q,t) or o(q,t) .
This means that the particles are absorbed by the exterior as soon as they
hit the boundary 0@ and it can be intuitively presented by putting a —oo
attractive potential outside Q. The evolution of o(q,t) is given by o(t) =

ety 0o where A@’D is the Dirichlet realization of the Witten Laplacian

Aﬁ/o) = —A+|VV(q)]* — AV(q). Within the Langevin description this can
be modelled by sending the particle to the exterior ¢ as soon as it hits 90X .
Within the presentation of Paragraph [0.1.3] this deterministic jump process
is simply given by the Markov kernel

R(g,m,w ™, wh) =6,.
The corresponding boundary condition in (I05) is simply

Q(qu/vplvp/) =0 for P < 0.

With our notations they can be simply written as

Yoadt(q, p) = sign (p1)veou(q,p) , ¢ €0Q,
with §f=C and j=1.

We are in the case when A = 1 and Theorem and its Corollaries of Sub-
section B apply (see Subsection B3| for the case with the potential V'). Since
jlj =1, the PT-symmetry (@3) is fulfilled and Proposition 8.4l is valid.

We also expect some kind of convergence to the Einstein-Smoluchowski equa-
tion, with the generator A%E)’D after the conjugation with the exponential
weight, in the large friction limit ¥ — oo. Note nevertheless that the
density fT*Q 0(q,p,t) dp does not vanish in general when ¢ € 0Q. Some
numerical simulations provided by T. Lelievre in the one-dimensional case
show that in the large friction limit exponentially decaying boundary lay-
ers persist in the neighborhood of 9@, while comparing the local quantity

2
Jpa e_(%“/(q))g(q, p,t) dp and the solution to the Einstein-Smoluchowski
equation with Dirichlet boundary conditions.
A reason for studying such boundary conditions is that they are related with
quasi-stationnary distributions. We refer to [LBLLP] for the presentation for
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the Einstein-Smoluchowski equation. A detailed analysis in the low temper-
ature limit has been performed recently with the help of semiclassical tools
for Witten Laplacians, with T. Lelievre in [LeNi]. The Langevin phase-space
approach is a more natural framework for molecular dynamics.

9.1.7 More general boundary conditions

In [Car] the weak formulation of the Kramers-Fokker-Planck equation is stud-
ied for more general conditions v_o(q,r.) = R(q,r)v+0(q,r.) similar to (I00).
Within the assumptions introduced in Paragraph[0.1.3, let us check that they
enter in our formalism. We assume in particular that the lower bound (I02)
holds with a > 0 uniform w.r.t to (¢,7) € 0Q x (0,+00). We shall work
here with f = C and j = 1 so that the projections I, and II_ defined on
L?(0X, |p1|dq'dp; C) (see Definition F.1]) are characterized by

(g, p,0") = (g, Im|,p) . TA(g,p1,p") = (g, —|p|. D) -

The relation v_p(q,7.) = R(q,7)v+0(q,r.) can be written II_~o(q,7.) =
R/(qa T)H+7Q(Q>T') with

R,(qa r, W*a OJ) = 1R7 (WT)R((]’ r, W*a w)1R+ (Wl) + ]-]R+ (WT)R(% r, C/d\*, @)]-]R, (wl) )

with 0 = (—wi,w’) when w = (wy,w’). The estimate (I04) imply that R’ is
a contraction of I, L2(8X, |p|d¢'dp) with the norm (1 —a)z . The operator
R’ commutes with Il., and it is local in the variables (¢, = |p|). Since R’
is a strict contraction with norm (1 — a)/? < 1 we can define the bounded
operator

_1-FR

1+ R
which is local in (¢, = |p|) and bounded in L*(9X, |p;|dq'dp) with the norm

Al < % . Moreover the inequality

(1= A)UH%?(aX,\pl\dq’dp) = [|1R'(1 + A)u||%2(3X,\p1\dQ’dp)
< (1= )X+ Al Fa o, prdgap)

implies

Yu € L2(8X, |p1|dq,dp) 5 a||u||%2(8X,|p1|dq’dp) S 4 Re (u, Au>L2(8X,|p1|dq’dp) .
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Hence the operator A = A(q,r) fulfills all the conditions (&) (@) (@) (8). We
can apply Theorem and the corollaries of Subsection Bl and Subsec-
tion B3l Note in particular that A = jAj = A* (j = 1), when R'(q,r,w*,w)
is symmetric in (w*,w).

A specific case is when a particle hitting 0X* at = = (¢, p1,p"), p1 > 0, jumps
to (¢, —p1,p) with probability £(q,p) and to ¢ with probability 1 — e(q, p) .
The Markov kernel is then

R(q,r,w™,w") = (g, p)d(wy +wi)d(w™ —w™)+ (1 —2(g,p)d.

We assume 1 —&(q,p) > a > 0 for some a > 0 independent of (¢,p) € 0X ™.
Then the boundary condition reads simply

v-o(q, —p1,p") = (g, p1, P )y+0(q, p1,p) with 0 <e(q,p) <1—a, (106)

or ,
1—e(q, |p;l,P)

1+e(q, |pa] p)

Remark 9.1. For boundary conditions of the form (I00), Theorem [I1 ap-
plies to the case ¢ = 1 which corresponds to specular reflection (see Para-
graph [9.1.3) while Theorem [1.2 applies to the case ([I06) with the uniform
upper bound €(q,p) < 1 — « with a > 0. We are unfortunately not able
to treat the general case when £(q,p) < 1. A norm smaller than 1 for the
contraction C%(N) in Proposition [{.15 would suffice to handle the more gen-
eral case €(q,p) < 1. A result that we are not able to achieve in the general
abstract setting of Section[fl Whether taking for Ly a tangential Kramers-
Fokker-Planck operator would help, is an open question.

Another type of boundary conditions which occur sometimes in kinetic theory
and that we are not able to treat with Theorem [1.1 and Theorem [1.2 is the
case of bounce-back boundary conditions. It corresponds to the case when a
particle hitting the boundary OX™* is sent back with an opposite velocity:

Yoda0(q, p) = sign (p1) Yevo(q,p) V(g,p) € 0X .

v-0(q,—p) = v+0(q,p) when (g,p) € OXT.

The Markov kernel is then
R(q,r,w™,w") =6(w™ +w")

and it does not lead to a strict contraction in Il.,L*(0X, |p1|dq'dp) .
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9.1.8 Change of sign

Forget for a while the potential V. Take V' = 0 so that the Witten Laplacian
Agfo Jis the opposite standard Laplacian —A and consider a half-space problem
Q=R ={(¢",¢), ¢* <0}. In Paragraph @17 (resp. Paragraph [@.L6)) the
Neumann (resp. Dirichlet) boundary conditions for —A where interpreted
as a reflecting (resp. absorbing) boundary 0@ for the stochastic process and
this led us to natural boundary conditions for the Kramers-Fokker-Planck
equation. Here is another phase-space version of the Dirichlet case. By
embedding the half-space problem into a whole-space problem with the sym-
metry ¢! — —q', the Neumann (resp. Dirichlet) boundary conditions can
be introduced by considering even (resp. odd) elements of L*(R?, dq). More
precisely the boundary value problem

(1—A)u=f with 8q1u‘aQ =0 (resp. u‘aQ =0),
for f € L?(Q,dq) is equivalent to
(1-A)i=f

where @, f € L*(R%, dq) are the even (resp. odd) extensions of u and f .
In the phase-space R* with X = T*Q = R?*? = {(¢', ¢, p1,7'), ¢* < 0}, the
symmetry which preserves the Kramers-Fokker-Planck operator is

(q17 q/7p17p/) — (_qlaplu _p17p/)
and the even (resp. odd) extension of u € L*(R*!, dqdp) is given by the
operator Y of Definition

u(qh, ¢, p1,p if ¢! <0,
ZU(ql,q',pl,p')Z{ (q q,P1 p) q

ju(_qla q/a _plap/) if ql > Oa

with j = 1 (resp. j = —1). A solution to P, gu = f with the specular
reflection boundary condition is equivalent to P, ga(¥u) = Xf with j = 1.
When we take j = —1 the boundary condition

Yodd0 = 0

is equivalent to

v_o(q, —p1,P) = —v+(¢, p1.p") . V(g,p) € OXT. (107)
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Now when @ C R? is a bounded regular domain of R?, Theorem [[.1] with
f = C and j = —1 applies, as well at its corollaries of Subsection [R.I] and
Subsection 8.2l Adding a potential V' is treated in Subsection 8.3

We expect again that in the large friction limit (add the parameter v >

0 and let ¥ — o0), the solution of the Kramers-Fokker-Planck equation

2
converges to f(q,t)e_% with f(t) = e_tAgg)'Dfo. The good point of the

boundary condition (I07) is that the density fT*Q o(q,p) dp vanishes for
all ¢ € 9Q. The drawback is that the Kramers-Fokker-Planck equation
with such boundary conditions does not preserve the positivity. There is no
straightforward interpretation in terms of stochastic processes.

9.2 Hypoelliptic Laplacian

In a series of works J.M. Bismut (see for example [Bis05][Bis1][BiLe]) in-
troduced and analyzed what he called the hypoelliptic Laplacian. It is the
phase-space version of Witten’s deformation of Hodge theory and it leads
to an hypoelliptic non self-adjoint second order operator. The main part
of it is actually the scalar Kramers-Fokker-Planck operator. As there are
natural boundary conditions for Witten or Hodge Laplacians, which extends
the scalar Dirichlet an Neumann boundary conditions to p-forms and cor-
respond respectively to the relative homology and absolute homology (see
|ChLi] [HeNil] [Lau] [Lep3] [LNV]), we propose a phase-space version for the
hypoelliptic Laplacian. After recalling the writing of the Witten Laplacian
and of the hypoelliptic Laplacian, a simple half-space problem will first be
considered with symmetry arguments like in Paragraph We finally
propose a general version of these boundary conditions and check that they
enter in our formalism. Especially in this section, we will see the interest
of a fiber bundle presentation of Subsection B.4] with fiber § and a general
involution j (or j).

9.2.1 Witten Laplacian and Bismut’s hypoelliptic Laplacian

We consider here the case when Q = @ is a riemannian manifold without
boundary. The exterior fiber bundle is denoted by AT*Q = &f_j A" T*Q
and we shall consider its flat complexified version (A T*Q) ®¢ (Q x C) =
Uge@(AT;Q) ®C. We shall use the shorter notation A 7*Q ® C when there
is no ambiguity. The set of Cg° differential forms is C5°(Q; AT*Q ® C) =

@zzo CR(Q; N T*Q ®¢g (Q x C)) (with C5° = C* when @ = @ is compact).
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The metric is denoted by g = ¢;;(q)dq'dg’ and it provides a natural Hermitian
bundle structure on A 7%Q) ® C. When dVol,(q) is the riemannian volume,
the L2-scalar product of two differential forms equals

(w,) = /Q (w(g), (@)} dVOl,(g)

The differential acting on C3°(Q; AT*Q ® C)) is denoted by d: For w =
D ir—pwr(@)dq’ € C(Q; A" T°Q ® C)

p+1

d (Z wz(q)dql> =3 pwilg) dg Adg" €CF(Q; NT"Q®C).

tI=p i=1 fI=p

The codifferential d* is its formal adjoint for the above L2-scalar product. For
V € C®(Q;R), Witten’s deformations of the differential and codifferential
(see [CFKS|[Wit][Zhal) are respectively given by

dy =eVde" =d+dVnan |, di =e'deV =d* +iv, .
Owing to d od = 0, they also satisfy
dyody =0 , dyody=0.
The Witten Laplacian equals
d
Ay = (dy +dy)? = dydy + dydy, = P AY

p=0

with
AY = A, +[VV(9)] - Av(g)

and more generally
Ay = (d+d*)? +|VV(Q)] + Lov + Loy

where Lx is the Lie derivative along the vector field X. When V = 0,
the Witten Laplacian is nothing but the Hodge Laplacian. An important
property, which requires a specific attention when 9@ # () and boundary
conditions are added, is

AvodV:dVoAV 5 AVOd*V:d*VOAV'
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Bismut’s hypoelliptic Laplacian is constructed like Witten’s Laplacian, now
on the phase-space X = T*Q. The differential d¥ is defined as usual on
CR(XGAT*X ® C), with AT*X @ C = (ANT*X) ®x (X x C). But the
codifferential E;i is now defined with respect to a non degenerate but non
hermitian sesquilinear form and the weight e¥(@ has to be replaced by e*(®) =
eM@p) - where H(q,p) is some energy functional on the phase-space. The
sesquilinear form is given by

(s, )g = /X (s(2) , ()} dqdp.

where dqdp is the symplectic volume on X and 7; is the dual form, extended
to AT*X and a trivial hermitian version on A 7*X ® C, of

(U, V)= (mU, V), +bw(U, V), UVelTX=T(TQ).

In the above definition 7 : X = T*Q) — (@ is the natural projection and
w = dpj A d¢’ is the symplectic form (an element p € T;Q is written p =
p;dg’). The mapping ¢, : TX — T*X is given by n,(U, V) = (U, ¢,V) . For
a section s € C*(X; ANT*X @ C), Ejbs is then defined by

Vs € C(X;T* X ® C), (s, d¥s)y, = <E;s, sy -

The function #(q,p) = 3|p[; + V(q) = €(¢,p) + V(g) and the corresponding
Hamiltonian vector field on X = T endowed with the symplectic form w
is

yH - y5 + yV = g”(q)plej - aqjv(q)apj )

after introducing the vector field e; = 0y + ' ;pedy, (see Subsection 6.1l and
Remark [6.1).
The deformed differential and codifferential are then given by

di =e Md¥eM  and E;i”% = eﬂajie_% ,
and the hypoelliptic Laplacian by the square
1 —x 1 —x —-X
U, = (0 + d3y)* = (g 0 0 iy + djy 0y 30) (108)

The Weitzenbock type formula of [Bis05] expresses U7 ,, in a coordinate
system or as a sum of elementary geometric operators. It relies on the
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identification T, T*X ~ T,Q) ® T;Q related with the adjoint Levi-Civita
connection on X = T7*(Q associated with the riemannian metric g. For
x = (¢g,p) € X = T*Q, the adjoint Levi-Civita connection on T*@) pro-
vides the vertical-horizontal decomposition T, X = (T, X)? @ (T, X)" where
by (e; = Oy + I';pedp,). The horizontal tangent vector 9y + T';pedp, is
sent to J,; by the isomorphism T, : (T,X)? — T,Q. The dual

(ToX)H

=1,..

..........

exterior algebra A 77X is identified with (A7;Q) ® (A T,Q) . Some details
are given below.
According to Theorem 3.7 of [Bis05] with 3 = ; (see also Theorem 3.8 of
[Bis05] and Theorem 3.7 in [Bisl] for some simplifications), the hypoelliptic
Laplacian equals

1 N
UE,H =12 [ — A, + plP+2(6iN)is —d

1 . , 1
- §<RTX(€i7€j)€k, €z>(62/\)(€]/\)iékiée] - %ﬁy’f , (109)

where RTX is the Riemann curvature tensor on T'Q) .

Remark 9.2. More precisely the Weitzenbock formula (I09)) is really written
in this way in Theorem 3.7 and Theorem 3.8 of [Bis03] for V.= 0 (take
w(F, VF) =0 with the notations of [Bis05]). The way to include a non zero
potential V(q) is explained in Remark 2.37 of [Bis05]: It suffices to endow
the complezification bundle Fy = Q x C with the metric g** = =2V then to
apply the Weitzenbock formula of Theorem 3.7 and Theorem 3.8 in [Bis05)]
with w(VI, gf) (denoted by w(VF, g") in [Bis0d]) equal to —2V,V(q) and
finally to compute eV ULV D from the general formula for Uy .

The hypoelliptic Laplacian U, 3 is not yet in the form of a geometric
Kramers-Fokker-Planck operator (see Definition B.8]). For this we need some
precisions about the identification AT*X ~ (AT*Q) ®¢ (ATQ). These
details may also help the neophytes to grasp the more involved formalism of
[Bis05]. Remember that the &/ = 8, and e; = 0, + I'{;psdp, form a basis
of T, X while the e/ = dg¢’ and é; = dp; — I'{;psdq’ form a basis of AN T:X .
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When we work on @, (e; = 94)1<j< is a basis of T,Q, (¢/ = d¢’)1<j<a
a basis of T/Q and (¢; = dp;)i<j<a another copy of (9, )i<j<q. The fiber
bundle F' = (AT*Q) ®@¢ (ANTQ) ®¢q (Q x C) is endowed with the hermitian
metric g© = (Ag™') ® (A g) and the Levi-Civita connection characterized
by

Vhildg) = —=T,dq"  and ng (dp;) = T;dpy .

After identifying (T, X)" with T,Q and (T, X)" with T*Q for x = (¢, p) , the
complexified Grassman bundle A 7*X ®x (X x C) is nothing but Fx = 7*F
introduced in Subsection 8.4l with the natural projection 7 : X =T*Q — Q.
A basis of ATy X ®C (or F) is given by e'é; = e AL A€ Aéj AL A\E,
with [ = {i1,...,4,} and J = {j1,...,jp}, the i;’s and j;’s being written in
the increasing order. The hermitian metric g% = 7*g% is extended to the
exterior algebra from

9> (ze' e) =g (q) . g™ (xié.6) =gi(q) . g"™¥(me,é) =0,

where e/ = d¢’ and é; = dp; — T'{;p,dq’ at = = (q,p) .
According to (@4) the connection V¥ is characterized by

Fxs 1t 5 Fx_j _ _13 0
V. e =156, V. Xel =-=1ye,
Fx o _ N
and V., ¢;=0 , Veael =0,

and it is compatible with the metric g** because V¥ is compatible with gf".

We take b = F1 and we note that the hypoelliptic Laplacian

1 A~ . .
Wiy = 5[ = D+ ol +2(0i)ie — dim Q
1 . .
— §<RTX(€Z', €j)€k y €g>(€2/\)(ej/\)iékiée] + ,Cy?—[ y (110)

and we follow the presentation of [Lebl] in order to write it in the form of
Definition B8 The Lie derivative £y applied to the form w = wiel A é;
gives

Lynw = (VHw)e! Néy+wlLyw(e! Néy). (111)

We compute
Lyn(d’) = dV"e’) = d(0,,H) = (O, H)dq" + (5, H)dps.,

PrPj
Lyn(dp;) = d(Y*p;) = —d(0yH) = (0% H)dg" — (82 i H)dpy. .

PR’
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For H = £, let us compute
Lys(e)) = V%! and  Lye(é;) — Ve, .

From e = d¢’, & = dp; — T},pidg", T}; = T (the Levi-Civita is torsion
free) and B o -
0p09" = —g""Tly — g"Ty .
we deduce
Lyse! — v?g el = (09" \pidg" + g’ dpy, — gikpivgcx el
= (Ogeg")pic” + g’ dpy + g pile’
= g'%¢;. . (112)
The computation of Lycé; — V§§ ¢; with ¢; = dp; — F;kpiqu relying on the
same argument is a bit more involved:
Lyeé; — Vi¥e; =— (02,00 )pipedd™ — (05 9™ pidpr
— T2 pn(0p g™ pidg® — T pag™ dpe — g"piVEX €,
= ((0%+9") + T5n(0g:9™™)) pimedq"
+ 9" Tk pidpe — 9" pilE 6k
= ((0%49") + 1%, (0p9"™)) pipedq”
+¢“piE T padq”
= ((83409") + Tjn(0rg™) + ¢ Tl ) pipee® , - (113)

where the last factor of ¥ can be related with the Riemann curvature tensor.
The computation of Lyv — Viﬁi is even simpler because VY = —9,;V ()9,
and V¥ = 0 while

Lyv(dg) =0 and Lyv(dp;) = —(9%,:V)dg"
imply
(Lyv = V3¥)(€) =0 (114)
and  (Lyv — VI¥)(é)) = (=(05,4V) +T5(0,V)) €. (115)

a7q
The relations (I1T) (I12) (II3) (I14) @1L), with Y* = ¢Yp;0, — (0V)0y,

for H(q,p) = % + V(q), specify the action of the derivation Lyu — Vyxu
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on C¥(X;ANT*X @ C) = C®(X;n*F). If one keeps the metric g'* for
the definition of L2-sections, it is not a geometric Kramers-Fokker-Planck
operator because the right-hand side (I13]) is homogeneous of degre 2 w.r.t p
and cannot be included in the remainder term M(q, p,d,) of Definition B.§].
This is corrected by considering the |p|,-homogeneity of e/ = dg’ with degree
0 and of ¢; = dp,; — F;kpiqu with degree 1. Consider the weighted metric

(p)e5gFx given by

()9 (s ¢ ey, ") = ()27 (w; €'y, e er)
which is non zero iff |I| = |I'| and |J| = |J/|. The local operator (p>id/‘;\g
is defined by <p)id/°EeIéJ = (pﬁ'ﬂe[éj and <p);d/‘3Tg is a unitary operator
from L?(X, dqdp; (Fx, g™*)) onto L*(X, dqdp; (F, <p)25éggFX)) . Thus study-
ing the hypoelliptic Laplacian 2UZ2, ,, in L*(X, dqdp; (Fx, (p>2d/OEgFX)) is the
same as studying

Kiy= (p>+deg o 21/{%177_[ o (p>_deg (116)

in L2(X,dqdp; (Fx,g"*)). After the conjugation with (p)d® all the right-
hand sides of (I12)([13)([(14)([I15) take the form of the remainder term
M(q,p,0,) (remember that Lyn — V?{L is a derivation).

Hence K4 3 is a geometric Kramers-Fokker-Planck operator according to Def-
inition 8.8l General boundary problems for such operators have been studied

in Subsection [8.4].

9.2.2 Review of natural boundary Witten Laplacians

Consider now a compact manifold with boundary Q = Q L 0Q. The so-
called Dirichlet and Neumann boundary conditions for the Witten Lapla-
clan acting on p-forms correspond after de Rham duality to the determi-
nation of relative homology and absolute homology groups respectively (see
|[ChLi][HeNil] [Lep3] [Laul).

After introducing coordinates for which the metric g has the form g =
dq* + mij(q', ¢')dq"dq” according to ([2) along the boundary, a general p-
form can be written

w= Y wlgdd + Y wuurle)dg Adg"

|I|=p,1¢1 |I'|=p—1,1¢I
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The tangential component and the normal component along JQ) are respec-
tively defined by

tw = Z wr(0,q")dq’

[|=p,1¢1
nw = Z wiyur (0, q)dg* N dq" .
|I'|=p—1,1¢1"

The domain of Neumann Witten Laplacian is

D(AY) = {ueH2<Q;/\T*@®@>, {““’:“’ } ,

nde =0

and the domain of the Dirichlet Laplacian is
Dy __ 2 . « tw =w
D(AV)_{ueH(Q,/\TQ®C), {td*vwzo}'

Note that the potential appears only in the boundary condition which in-
volves the second trace, the trace of the (co-)differential, i.e.

ndw—l—dV/\w‘aQ =0 for AY,
and td*w+ivfw‘aQ:0 for AP .

Since the boundary conditions for the Kramers-Fokker-Planck equation in-
volve only the first trace, natural boundary conditions should not depend on
the potential (see a.e. the case of the specular reflection in Paragraph 0.1.5)).

9.2.3 Neumann and Dirichlet boundary conditions for the hypoel-
liptic Laplacian on flat cylinders

We now work in the phase-space X = X1U0X = XUT, 5o& where Q is the half-

space R_ or possibly a half-cylinder (—oco, 0] x Q. The metric is assumed to
be g = 1&m with 9,m = 0. Within this framework, boundary conditions for
the hypoelliptic Laplacian, which should hopefully be related with Neumann
and Dirichlet realization of the Witten Laplacian, are introduced with the
help of a simple reflection principle. Remember that the functional analysis
of the hypoelliptic Laplacian U2, ;, given in (I08) and (I09), is made in
standard L?-spaces by using the conjugated form K. 3 defined in (IIG).
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According to the previous discussion we consider boundary conditions which
do not depend on the potential V' (¢) . Since its contribution in the conjugated
hypoelliptic Laplacian, Ky 4 , is reduced to a relatively bounded perturbation
of the case V =0, we can forget it at first.

The most natural introduction of boundary conditions for the hypoelliptic
Laplacian, corresponding to Neumann and Dirichlet realization of the Hodge
Laplacian (V' = 0), relies on the extension by symmetry or anti-symmetry
like in Paragraph In the position variable the extension by symmetry
(resp. anti-symmetry), ox(w)(q*, ¢') defined for ¢! € R, of a form w(q!,¢) =
wr(qt, ¢')dq" , initially defined for ¢! < 0, equals

n_ f wld.q) ifq <0,
ox(wrdg’) = { (—D)F [(—=D)H ey (—g', ¢')dg'] if ¢* > 0,

with k = 0 (resp. k = 1). On the whole space the mapping 7, : L*(Q’ x
R; AT*(Q' x R) ® C) is defined by

& [widg'] (¢", ) = (=D)* [(=1)1™Mw, (", ¢')dq"] .

A regular w € C°(Q, NT*Q ® C) satisfies the Neumann (resp. Dirichlet)
boundary conditions, nw = 0 and ndw = 0 (resp. tw = 0 and td*w = 0) iff
the extended form 77 = oy(n) for n € {w,dw}, (resp. n € {w,d*w}) has a
trace along 0Q = {0} x Q' (no discontinuity):

Uk(n)(0+> q,) = n(o_a q/) :

This condition implies that the extended form @ = o,w satifies in addition
to oxw = @, the continuity of @ and dw (resp. d*@) along 0Q) .

While keeping @ = Q' x (—00,0] with dum = 0 and V = 0, the phase-
space reflection extensively used in Subsection [5.3, Subsection and Para-
graph is given by

(q17 qlvplvp,> — (_q17 qlv _plvp,) .

The differentials dg' and dp, are pushed forward to —dq' and —dp, by this
mapping. Hence the extension Y, , with the general Definition [5.3], becomes
here

Zk(w)(qlaq/>pl>p,) = W(ql,q,,pl,pl) if ql < 07

and
Se(w)(gh ¢y p1, o) = (—1)F [(—1)INHRUNIGT (gt g, —py, p)dg" A dpy]
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if g > 0, when

w=wjdg" Ndpy .
The Neumann case corresgonds to £ = 0 and the Dirichlet case to &k = 1.
Accordingly the mapping ¥ is given by

S [@fdg" Adpy] = (—1)F [(=1)NIHRBNIGT (gt g —pi, p))dg" A dpy] .

The corresponding boundary conditions for the conjugated hypoelliptic Lapla-
cian K4 4, can be written

@1 (0,q',p1 p’)} — ¢, —p1,p) i {1} |+ {1} N J|is even,
PP <0 = =0 (0, ¢, —pr,p') i {1} 0T[4+ [{1} N J] is odd,

for the Neumann boundary conditions (k = 0), and by

&7(0,¢ p1, 1) _ = @7 (0,¢',—pr,p) [ {1} NI+ [{1} N J|is odd,
T e ~&7(0, ¢, —p1,p') if {1} NI]+]{1} N J]|is even,

for the Dirichlet boundary conditions (k = 1). Those boundary conditions
extend to the case of p-forms the specular boundary condition for the scalar
case reviewed in Paragraph and the boundary condition with a change
of sign presented in Paragraph Q.18

Nevertheless they are not yet written in the proper form considered in Subsec-
tion [B.4] for (dqlAdpJ)|]|§d7‘J|§d is not the basis (eléj)‘[‘gcuj‘gd corresponding
to the identification AT*X = Fy with ' = (AT*Q) ®¢ (ATQ). Fortu-
nately, our assumption g = 1 @& m with 9pm = 0 imply

i il
Iy, =15 =1 =0,
which means e! = dq', é; = dp; and iaqleléj = iy, €'é; = 0 when 1 & I

and 1 € J. Therefore the forms X (w)lg, (1) = Zk(wie’és)1r, (1) and
Yi(w) = Si(wfe’é,) are respectively equal to

(—D)F [(—)lWnIFT T (—gt g, —py,p))e’és] 1r, (¢")
and  (—1)F [(=)WIHIIIT (gt g —py, p)eley]

Hence the Neumann (k = 0) boundary conditions now written as

W10, ¢ pr, ) w{(0,¢, —p1, ) if|[{1}NI|+|{1} N J]|is even,
I\ EH P p1<0 w{ ,q,—pl,p’) if {1}N1I]+|{1}NJ]|is odd,
(117)
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and the Dirichlet (k = 1) boundary conditions now written as

A0 ), g { 0L ) AT 0ol
4 P p <o —w{(0,q,—p1,p) if {1} NI|+|{1}NJ]is even,
(118)

correspond to the case

A=0,
and j(eIéJ) — (_1)k(_1)|{1}01\+|{1}0J‘616J

of Proposition with respectively k£ = 0 for and £ = 1. We shall denote
KY 4, (resp. K£,,) the Neumann (resp. Dirichlet) realization corresponding
to k =0 (resp. kK =1) of K44 . Proposition applies to KLY, and K2 4,
also when V'(q) # 0 is a globally Lipschitz potential.

We end this section by checking the commutation with the differential on
a dense set of the domain. The hypoelliptic Laplacian U+ 4 as a differen-
tial operator acting on C*®(X; Fx) commutes with d3; . Equivalently K 3
commutes with

()5 ()% = () (e ¥ M) (p) "% = (p) (Y + dHA) () .

Proposition 9.3. Let KY,, (resp. K2,,) be the Neumann (resp. Dirichlet)

realization of K4 when Q = (—00,0] x Q' and Opm = 0 (Q' is either

compact or a compact perturbation of the euclidean space R4t ) and H(q,p) =
2 R

% + V(q) and V globally Lipschitz on Q. Then the set D of sections w =

wielé; € C°(X; Fx) which satisfy (IIT) (resp. (II8)) and

10,2 [P (p) w] (g, p)| = O(|¢"|>)

is dense in D(KZY,,) (resp. D(KZL4,)) endowed with its graph norm.
For any w € D, (p)*dy; (p)~ 9w belongs to D(KZ 4,) (resp. D(KZ,,)) and

K2 5(p) ™ d3y (p) ™ ™w = (p)*day (p) "KLy, (119)

resp. K25, (p)*dyy (p)”"w = (p)*dy (p) K w.  (120)

IpIZ £V (a) —
Proof. First of all, multiplying w by e*H@r) = ¢+ 5 or (p)*dee does

not affect the boundary conditions (II7) and (II8) because |(—p1,2')|, =
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|(p 1 p/) |q :
The analysis of both cases, Dirichlet and Neumann, follow the same lines

and we focus on the Neumann case.
Let us consider the density of D in D(KY,,). We already know that the set

of w € C(X; Fyx) which satisfy the boundary conditions ([I7) is dense in
D(K iv 4) - Hence it suffices to approximate compactly supported elements of

D(KY,,) by elements of D. When y € C5°(X;R) is a cut-off function such
that X(07 qu _plvp/) = X(07 q/7p17p/) , one has

e p) Y e (p) 9y = [KY 5 + My(q,p,8,)] X,

where M, (q,p,0,) satisfies the conditions (O5) and (96]) of Definition .8
Like in the proof of Proposition [8.10, ICiH can be identified locally and up
to an additional correcting term M (g, p,0,), with U(q)Kif,07gU(q) where U
is a unitary transform U(q) from L*(X, dqdp; (f, ¢7)) to L*(X, dqdp; Fx) . We
can additionally assume 9,1 U (¢) = 0 in our case where d,m = 0. With those
local transformations (introduce also finite partition in the position variable
of unity in order to reduce the problem to local ones), the density actually

amounts to the density of D(X, ) in D(Kiio,g) stated in Theorem [L.1].

Assume now that w belongs to D. Then n = elar) <p)_aégw belongs to
Cs°(X; Fx) , satisfies the boundary conditions (II7) and

0,1(q,p)| = O(|¢'™) .

The extension by symmetry 77 = Y1 (n) satisfies 2,(77) = 7. We deduce
$1(d¥7) = d¥3(7) = d¥7 outside {¢' = 0} while the above vanishing con-
dition ensures that d*7 has no discontinuity at {¢' = 0}. We deduce that
dXn and therefore (p)d°eds (p)~d°ew = <p)d°gdﬁ7 fulfill the boundary condi-

tions (II7). We have proved that (p)°&ds (p) 48w belongs to D(KY ,,) . The
commutation (I19) is now nothing but the known commutation of differential
operators. O

9.2.4 Neumann and Dirichlet realizations of the hypoelliptic Lapla-
cian

We consider now the general case when @ is either a compact manifold with
boundary or a compact perturbation of the euclidean half-space R? . The
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hamiltonian function H is given by

H(q,p) = E(q,p) +V(q) = % +V(q)

where V' (q) is a globally Lipschitz function.

Remember that K 4 is a geometric Kramers-Fokker-Planck operator accord-
ing to Definition B.8 After introducing the basis e/é; of Fx = AT*X like
in Paragraph with ¢/ = dg' and é; = dp; — T'{;p,dq’, our proposal of
Neumann (resp. Dirichlet) boundary condtions for Ky 4 is the same as in
the flat case:

Wi (0,q',p1, 0], o = (= 1)HFBT(0, ¢ —py, p')(121)
J I

when w=wje'éy,

with k=0 (resp. £k =1).
It still corresponds to the case

A=0,
and j(eféJ) — (_1)k(_1)|{1}m\+|{1}n]‘€1éj

of Definition and all the results of Proposition 810 with A = 0 apply to
the corresponding realization K, (resp. K ;) of K 5. This can be trans-
lated directly in terms of the hypoelliptic Laplacian L{%ﬂ because applying

the weight (p) +deg oes not affect the boundary condition (I2T]).

Proposition 9.4. Let [U2, ;] (resp. Uz 5,]P) be the closure in the Hilbert

space L*(X, dqdp; (Fx, <p)257€\5’gFX)) of U2, 4, = (aim{ +d3)? initially defined

with the domain
Dy = {w =wje'é; € C(X; FX), [IZT) holds}

with k=0 (resp. k =1). Then there exists C € R such that C' + [UZ, 5]~
(resp. C+[U?|P ) is mazimal accretive. Moreover all the results and estimates

of Proposition 810 with A = 0 apply to KY}] = (p) ‘16\92[1/{%17%]N7D(p>_‘i€\9 and
are easily translated in L*(X,dqdp; (Fx, (p)?¥g¥x)) by conjugating with the
unitary weight (p)9° .
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Proof. The fact that (p>_dfeglCi’£ <p)deg is exactly the closure of 2UZ2, ;, with

the domain Dy comes from the density of C5°(X; Fy) in D(K j:,?-t> endowed
with its graph norm. O

We end this paragraph with two questions:

1. The accurate spectral analysis of boundary Witten Laplacians devel-
oped in [ChLi][HeINi| [Lep3] relies strongly on the commutations

(z — A‘[/)’N)_lde =dy(z — A‘[/)’N)_l ,
(z = AP M dyw = dy (= — AP

for all z & O’(Ae’N) and all w belonging to the form domain of Ag’N :

Is there a dense set in L2(X, dgdp; (Fy, (p)8g¥*) in which the com-
mutation

(2 — Z/{il,ﬂ)_ldg = d%t((z - Z/{il,ﬂ)_l )
holds 7

2. Are the names Neumann and Dirichlet relevant ? In particular by
introducing the parameter b in Uz, , does the operator U4, (resp. U)
converge in some sense to A (resp. AD) as b — 0 (large friction
limit) ?

A Translation invariant model problems

In this appendix we review a few properties of the operator

2 2

—A, + —0, +1;
P, =xp.0,+ ————— iy Z:tpj 2 —P "7 onTHQ,

where Q = R x T | d',d" € N, T¥ = R% /Z¥" | and its cotangent bundle
X =T"Q =R*xT% xR%, d = d'+d", are endowed with euclidean metrics.
The operator Py is a typical example of a type II hypoelliptic operator (see
[Hor67, [HelNil, Kol]) in the sense that Pyu € C*(X) implies u € C*(X).
More explicit subelliptic and pseudospectral estimates can be given. This
appendix collects a few of them and we refer to [HerNi] and [HelNi| for re-
sults with a potential, to [HiPr09][Pra] for more general results concerned
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with differential operators with quadratic symbols and to [Lebll, Leb2] for
geometric Kramers-Fokker-Planck operators (see also Section [f]).
Remember the notation H* = {u eSMRY,(4+0)2uce L2(]Rd)} with O =

—A 2
%‘m , and remember that

H (—A,, + |p|* +d

N o
5 ) ullrz and Z 1052

|a|+|B|=2N

are equivalent norms on H*¥ when s’ = 2N € 2N, owing to the global
ellipticity of O+ ¢ (see [Hell][HeINi| or [HormlIII]-Chap 18). The operator O
is diagonal in the Hermite basis (¢, ),ene given, with the multi-index notation,
by

_1p?
e 2

- @) -
go,,—ma Yo ) Yo = )

-
Oy +p a*:—8p+p

V2o V2
d *
(0_5)‘PV:CL apy = |V|90u-

One easily checks with this Hermite basis, Nyep H® = S(R?) and Ugerp H® =
S'(R?). We shall also use the vertical weighted L*-spaces

s

12 = {u e S'(RY), (p)*u € L?(Rd)} .

In all variables (q,p) = (q,¢',p), the Schwartz space S(X) is the set C*>-
functions u such that

V(a, B) € N4 N*, Jup (Q’,p)aﬁ(ﬁqvp)U(q,p)‘ < +o0,
q,p)€X

and its dual is denoted by S’(X). By using the Fourier transform in ¢’ € R?
and Fourier series in the variable ¢’ € T4,

aE, € p) = / e u(q,p) dg, €= (€,¢") e RY x (2rZ)",

Rd/ % Td”

the norms (py)nen defined by

pN(u) = Z ||§aaga||iQ(Rd/X(27rZ)dN;Hm/) ) (122)
|a|+[B]+m’ <N
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provide to S(X) its Fréchet-space structure.
For & = H* or & = L2, the Sobolev spaces of £-valued functions are defined
by

H(Q:€) ={ueS(X),(1-A)2ue L*Q,dg:E)} .

When d' = 0 (and only in this case), we know S(X) = N, yer H*(Q; H*)
S'(X) = U gwer H*(Q; H*') and the embedding H* (Q; H*) C H*2(Q; H*
is compact as soon as $; > sg and s > s .

)
Theorem A.1. The operator Ky — ¢ defined in L*(X, dqdp) by

D(Ky) = {u € L*(X,dqdp), Pyu € L*(X,dgdp)}
Yu € D(Ki), Kiu= Pyu,

is mazimal accretive. The spaces S(X) and C°(X) are dense in D(Ky)
endowed with its graph norm.

For any A € R the operator (Py — i)) is an automorphism of S(X) and of
S'(X). For any (\,s,s') € R, the quantities

—N, +[p)*+d
||( 14 |p‘ )u’

5 and  (A)?|ul

HS(Q§L§/) ) HU’ HS(Q§L§/) )
(123)
are bounded by Cy||(Py — iAN)ul|gs(gr2,) with Cy independent of (s, A) .

In particular with s,s' = 0, this implies

2
H°tS (Q;Lil)

D(Ky) = D(Ky) = {u € L*(X,dqdp), p.Ou,Oue L*(X,dgdp)} .
The adjoint of K1 is K} = K+ .

Proof. The accretivity of Py — g on S(X) comes from the direct integration
by parts:

d
Re (u, Pyu) = (u, Ou) > §||u||2,

for all u € S(X). The maximal accretivity of K1 comes from the fact that
(Py — i) is an automorphism of §'(X) . The space S(X) is dense in D(K4)
because (Py — iA) is an automorphism of S(X). The density of C5°(X) is
obtained after truncating elements of S(X') while Py is a differential operator
with polynomial coefficients.

Thus the problem amounts to solving (Py — iA)u = f in §'(X) and to
study the regularity properties of u according to f. Due to the translational
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invariance in ¢ and after a Fourier transform (series in £”), this is reduced to
solving and finding parameter dependent estimates for the equation

(P:I:E - Z)\)ﬁ(gap) = f(gap)> 6 = (gla 5”) € ]Rd/ X (QWZ)d” )

with A )
P =ipé — 7”;'17' .

Since the topology of S(X) is given by the countable family of norms (px)nen
given by (I22) the invertibility of Py — iX in S(X) is a consequence of
Lemma[A.2l The invertibility in &'(X) is deduced by duality with Py = P .
The estimates of the quantities (I23]) are {-integrated versions of Lemma [A.3]
For the adjoint the identity

(u, Kiv) = (Kzu, v)

holds for any uw,v € S(X). By the density of S(X) in D(K.) this means
that v € S(X) belongs to D(K7}) with Kju = Kzu. Since S(X) is dense
in D(K+), this implies K+ C K} . Both operators K+ and K} are maximal
accretive. The inclusion is therefore an equality. O

Let us first consider the resolvent (P — i\)~! in the H*'-space, s’ € R.

Lemma A.2. For £ € RY x (27Z)Y" and \ € R, the operator P; — i\ =
i(p.&—AN) +%+pz is an automorphism of S(RY) and S'(R?) . For any s’ € R
and o € N there exists Cy o > 0 such that

2 T N\ — o S\ \—
(L+1€15 + [A[2)108 (Pe — i)l 2y + 108 (Pe = iA) ™Ml piager g 241
< Cas<§>|8’l(1+\al)’

holds for all (€,)\) € RY x (27Z)"" x R.

Proof. a) Consider first the case & = 0 and s’ = 0: The operator P — 4 with
domain D(P:) = H? is maximal accretive and (P;—i\)~' € L(L*(RY, dp); H?)
for all £ € R x (27Z)?" . In order to prove the resolvent estimates, take
u € D(P) and compute

_Ap_'_ ‘p|2

1(Pe = iXull* = [I(p-& = Mull* + II( Jull* + (u, £.Dpu),  (124)
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with D, = 18, and || || = || llz2raap) - With a rotation in the variable p,
the problem is reduced to the case £ = (£1,0,...,0) € R?. The separation
of variables p = (py,p’) € R x R ! gives

—Ap 4P Dy e Ay £ P
2 2 2
D? +p2 d-1
= Z = + + V| lew) (pul -
2 2
veNd—1

where (¢,),ene-1 is the Hermite basis in L2(R%! dp). After writing u =
> vend-1 Uy (&1, 1)y, the problem is reduced to finding lower bounds of

D§1+pf+d—

1
; D+, D),

1(p1&1 = Nus[I” + I(

which is a one dimensional problem parametrized by (£1, A, ). The identity
(D2 +pi+a)’ =D, +pi+2a(D} +pi)+a®+2D,piD, —2 , a>0,

gives

Dy, +pi  d—1 D; 2
N2+ =+ w2 = 2 + 1 5 |

2 2
d—1

We are thus looking for a lower bound of

D? P2
[(P1&r = Mo + [l + &, D) + (15wl

d—1 , 1 ,
—_— - = . (12
#5429
For & # 0 (the case & = 0 is obvious), set

w (&1, p1) = |E[5 0(&, sign (£)[€1]5p1 — |&]75N)
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corresponding to the change of variable ¢ = sign (51)|§1|%p1 — |§1|_%)\, and
compute the first three terms

D2
(1€ = Vw2 + 22| + &1 . Dy
4 D?
=16l |1t + | 5-01” + sign (&1)(6 , Dug)

Rk
4

On L*(Ry,dt), the complex Airy operator D? + sign (£;)2it has a compact
resolvent because 4| f||* + ||(D7 +sign (&1)2it) f1|* > [|2¢f]|72 + || D7 f||* and it
is injective (D2 +sign (&)2it)f = 0 (or equivalently (72 +sign (£,)28,)f = 0)
has no solution in L*(R,dt). We deduce

I(D7 + sign (&)2it)gl|* = C7* [llgl|* + |12t ||* + | D7 ]*] -

I(sign (&1)2it + Df)o|* .

and
D 2
(1 = M|+ =21 32 + €, D)
1 4
> = 6l P+ 1€ = M| + D20, ] - (126)

with a uniform constant ¢’ > 1. By summing over v € N1 ([24), (I25)

and (I20)) lead to
C'l|(Pe = iNul* = [[(p-€ = Mullz2 + [|1Dp,ullz2 + [[piul®

Ay + PP +d—-1

2
+l€[3ullfz + I( 5

1
Jull* = S lull”

With p
ellll(Pe = iNull = Re (u, (Pe —iXu) = S lull”,
which gives [|(Pe — i\)ul|> > € ||u|2, , we obtain
C"I[(Pe = iNullz2 = (1 + 1612 |ullZz + ullfe + [[(p-€ = NullZ: -
For |A|||ul%:, simply use

(Mlullz = isign (\)(u, i(p-€ — \)u) + sign (A\){u, p.£u)
< lullli(p-& = Aull +/Rl€||z9IIU(p)|2 dp
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with |¢]|p| < C1(J€|*3 +|p|*) in the integral. This finishes the proof for o = 0
and ' =0.

b) Consider the case @ = 0 and s’ = 2N € 2N\ {0}: By the global ellipticity
of P; and the uniqueness in L?(R?, dp), the equation (P; — i\)u = f has
a unique solution in &’'(R?) which belongs necessarily to H*¥*2 when f €
H2N C L2(RY, dp) . In 8'(RY) and for e > 0, (Pe—i)) [1 4 (=2, + p|?)]" u
equals

120, 4 ) £ 4030 306 By ) I8+ 2

k=1 M=1

The expression of the commutator [py,,e*(—A, + |p|?)] occurring in the
second term as

> XM ers .0,6(ep) (D) (2| Dy + 217"
0<n<M—1,|al+|8|<1
is easily obtained by induction on M > 1. With 2(M —n) —1 > 1 and the
operator
(6% n -N
(ep)*(eDp) %D, [* + 2[pI*)]" [1 + (1D, + pf)]

uniformly bounded in £(L2(R, dp)) . The function v = [1 + e2(=A, + [p|2)]" u €
L?*(R4, dp) solves

(Pg — Z)\) + Z€§kRN7k(€)] V= ]E = [1 + 82(—Ap + \p|2)]N f,

k=1
with || Ryl g2y < Cn. Meanwhile we know [[(Pe — i\)7*||zz2) < 2. By

taking ¢ < min {Wl(ﬂ’ 3} , one gets
J -1
V= (Pg — i)\)_l Id + ZégkRk(Pg — i)\)_ll f,
k=1
and
Ml < ||[1+ (=2 + )]V u| = ol

C(1 4 [¢]5 + [A]2) !

IN

d -1
Id+Ze§kRk(Pg—z'>\)_1] 7l -

k=1

< 20(1+ 1€ + A2 M Flle < CL+ €3 + [A2) Y| F e -

174



Similarly we obtain
SV ulleviz < [+ (=2 + B3]
< IS Ol

’}_[2

We have proved
2 1 - -
(L+[€]3 + NP = iN) "l zezy + [[(Pe = i0) "l cen panzy < O (€)Y

c) The general result for s’ € R and o = 0 follows by duality and interpolation
after noticing that the formal adjoint of Pr — ¢\ is P_¢ 4 i\

d) The mapping ¢’ — (P — i\)~! is differentiable as an S-continuous (or
S’-continuous) operator valued function of ¢ € R? . Its a-th derivative has
the form

|a

Og (P —i\) " = > ooy (Pe =iV | TP (P — i)
(B1,-Bla) €MD)l j=1
1B;1=1

From b) and c), we deduce

1) (Pe = i0) " | pgery < Cs(€)F

The result then follows from the estimates for a = 0 applied to the first
factor (Pr —i\)™!. O

Lemma A.3. For any s’ € R, there exists Cy > 0 such that
2 1 A -
(L+ &3 + IAN(Pe = N ez + (=25 + ) (Pe = iX) gz < C

holds for all (€,)\) € RY x (27Z)"" x R.
Proof. The case s' = 0 is already proved in LemmalA.2l Assume (P —i\)u =
f with f € L% (R?) and write in S'(R%):

d 2

(Pe—iX)(ep) u=(ep)* f = _ 0y, [595’,k(5p) <€p>S'U] + %gsf(fp) (ep)*u,
k=1

for € > 0 to be fixed, with

_8pk<p>8l_s/ ) an (r) — — (42 _9)s' —2
9s1(p) = LA (p) "px and gy(p) = o) = (s"+(d=2)s")(p) .
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We obtain
[(Pe — i) +eR(s',€)] (ep)*u = (ep)* [ ,
with [|R(s",€) || ;L2 @aap)) < Corn- We know [[(Pe — i) | (2@ <

Cs and by taking ¢4 < 5, .05 WO get

(egp)iu = (P —i\)7! [Id +egR(s' e5)(Pe — i)\)_l} - (esp)° f .
This proves

2 1 s |p2| d s’ s
L+ e[ + ) [{ewp)® ull + [(=4p + == + ) e ul < Colliesn)” f1-
The equivalences of norms between |lullz2 and |[(eyp)*u|, and between

’ _ 2 ;7 2
[(=8 + [p[) (o) ull and [|(ZHEE a2, = ||(p)* (F22522)ul| finally
yields the result. O

Theorem [A1] can be used to solve (Py — i\)u = f in the distributional
sense. In particular when Q = Rx Q' with Q' = R4~ xT% | d = d,+d, , with
the coordinates ¢ = (¢', ¢, p1,p’) on X = T*Q, and v € L*(Q’ x R%, 249%®)

" Ipal
L*(Q' x R, d?}%) the distribution v(¢’, p)do(q1) belongs to H*(Q; L*,) for
2
any sop < —3 . The equation (Py —i\)u = (¢, p)do(q1) then admits a unique
solution in H*(Q; L*,) with
2

1D, [l

1
Hoo(@QL? ) T oIl o0 ;22 O+ Nz lullgsogire )
! ’) )
1l oot g2y S CoollVll o grpa e, - (127)
-2

This estimate can be given a more precise form with a simple integration by
parts.

Proposition A.4. Assume Q = R x Q' with Q' = Rt x T4 d; > 1,
d = dy + dy , with the coordinates q = (¢', ¢, p1,p) on X =T*Q .
For any uw € D(K4), the following trace estimate holds

1 .
(N llu(gr = 0,4, )| 2(0 xre, 1 dgrdp) < C' (K x — iX)ul) . (128)

The dual version says that for any v € L*(Q" x R?, %), the solution u to

(Pr —iN)u=v(q,p)do(q1) belongs to L*(X,dqdp) with the estimate

Nl < "], (129)

/Tod dd’dpy -
(Q'xR4, p1] )
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Proof. Set X_ = (—00,0) x Q' x R?. For u € C{°(X) and X € R, write
/ [Pl |u(0, ¢, p)[* dg'dp = 2Re/ |P1195,7(q, p)ulq, p) dgdp
Q' xRd X_

—£2Re [ (49, + Nala. p)sign (p)ula. ) dady
X

= +2Re ((£pd, — iN)u, 1r_(q)sign (p)u)

< 2||(£pdy — iNul|[lull < 72| (Kx — iA)ul)?,

by applying (I23) with s, = 0. The extension of the estimate to any
u € D(Ky) is a consequence of the density of C5°(X) in D(K.).

The existence and uniqueness of a solution u € L?(X, dqdp) to (Py —i\)u =
v(¢',p)d0(q1) comes from Theorem [A ]l as explained for (I27). For any ¢ €
L2(Q" x R4, |py|dq'dp) and any f € L?(X,dqdp) the previous result applied
to K} = K+ gives

/Q, RdM[(Ki+M)_lf](oaq’,p)\pl\dq’dp

_1
< O 10l L2(Qr xre pputagrap |1 1] -

But the above integral equals

/Raﬁ(q’,p)[(K* +iN) " 10, ¢, p)|pi|dd dp

= (o(¢', p)[p1|0o(qr) . (K% +iN)7'f)
= ((Py —iN) ' [o(d, p)|p1ldo(ar)] . f) -

After setting v = |p1]|é(¢’, p) , we obtain

[(f (Pe =i (@ p)do(@)])| < C"ON T3 A2 ™Y 2@t o)
= C" )T AN o e, s
which ends the proof. O
We end with another application of (I27).
Proposition A.5. Assume Q =R x Q' with Q' =T xR, d">1,d=
d + d", and take the coordinates (¢',q¢',p1,p)) € R x Q' x R x R in
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X =T%Q.
If u € L*(Q;H') solves

(Pe —iN)u = (¢, p)do(q")

with v € L*(Q' x RY, ‘ﬂ‘g—ff’) . Then for any s € [0,3) , u belongs to H*(Q; H°)
with the estimate

[wll zrs@imoy < Cs ||7||L2(Qfod,d‘cg_d‘p) + llull L2y -
1

When d”" =1, R € (0,+00) and s € (0,5), the embedding H*(Q;H") N

L*(Q;HY) € L*([-R, R] x Q" x R%; dqdp) is compact.
Proof. From ([I27)) we deduce

_1
1{p) "2 ullmv@mey < llulliv@izz ) < CollVll 2 s g darapy
-3 1l
for all v € [0, 3) . The assumption u € L*(Q; H') implies
[{p)ull L2(x dgap) < Callull 2@ -

With

we choose s = 21 C [0, ). We obtain

2 1
lullr@an < ol o g 602

> Ip1l

< 1[Il g ey + lellzzigann
With [-R, R] x Q' = [-R, R] x T%"! | the compactness statement is obvious.
[
B Partitions of unity

We briefly review a few formulas with partitions of unities. We shall work
on a riemannian manifold M possibly with boundary and L?(M) is endowed
with the scalar product (u, v) = [, % dVol; and the norm ||ul| = \/(u, u)
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associated with the metric g. The operator P = Z\al <m Qa(T)0y is a differ-
ential operator with C*°-coefficients and its formal adjoint is denoted by P*.
The family (x¢)eec is alocally finite family C5°(M; R) such that Y, . x7 = 1.
For every ¢ € L, P, will denote a local model of P, that is Px, = Pyx,. We
also assume that possible boundary conditions behave well with the parti-
tion of unity. The following formula are written for u € C5°(M) (or possibly
u € C3°(M) fulfilling some boundary conditions) or u € L*(M) provided that
all the terms make sense in D'(M) or in L?(M) . Finally the notation ad* B
is defined by ad 4B = [A, B] and ad% B = ad 4ad % 'B.

1Pul® =) [l Poxeu® = =) ll(ad  P)ull* + Re (Pu, (ad}, P)u) , (130)
lel lel

1
P =Y xePixe = -3 > ad?,P. (131)

el lel

For (I31]) write
P=> "xePxe=>_[Pxdxe=> xelxeP

el el el

and take half the sum of the two last expressions with [P, x¢] x¢+ x¢[x¢, P] =
—ad i P
For (I30) introduce the formal adjoints P* of P (resp P/ of P;) and write

1Pull® = > N[ Poxeull = Y (u, [P*XP — xeP"Pxdu) .
el el

For one given ¢ € £ compute

P*X{P —xeP*Px; = P*x¢[xe, P]+ [P, xe] Pxe
= P*X¢[xe. Pl + [P, xe) xe P+ [P*, x0] [P, x4] -

For the second and third term, use

[P*vxf] = [X@P]* = _[P7 XZ]* :

For the first term, use

QXZ[Xfap] = [X?,P} - [[vap] 7Xf] = [X?’P] +ad§<eP’
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This gives
IxePIP= I Pxeul® = Re (Pu, [x7, P]u)+Re (Pu, (ad}, P)u)—|/(ad y, P)ullz,

and summing over ¢ € L proves (I30). We conclude with a duality and
interpolation argument.

Lemma B.1. Let Fy C Ey C E_y and Iy C Fy C F_1 be two Hilbert triples
(the inclusion are continuous and dense embeddings, the _1 space being the
dual of the 41 space). The interpolated Hilbert spaces are denoted by E,, F,
for any r € [-1,1]. Let J : Ey — Fy be an isometry, J*°J = Idg, (non
necessarily surjective), such that

AC>0,Yue By, Crllullp < 1Jullr < Cillulls, -

Then for any r € [—1,1], J defines a bounded operator from E, to F,. and
the equivalence

Vu€ B, Culp. < I7ullr, < Cillul.

holds with C, = CI'".

Proof. The equivalence of || Jul|p, and ||ul|p, implies that J| 5, has a closed

range G, in Fy with the inverse J*°
note

G Let Ilg, a continuous projection and

[(Jv, w)l = v, J(gu)| < Cllvllp_, Jullr -

Therefore J extends as a bounded operator from £_; — F_;. By interpola-
tion J € L(E,, F,) and J*° € L(F,, E,) with J*°J = Idg, . O

Application: If (x,)ec. is alocally finite partition of unity such that >,_ . x7 =
1 and (A, D(A)) is positive self-adjoint operator in L?(M) such that

SeeelAxal\* _
[Aas ) =7

then the equivalence

ZZEEHATXZqu - <C
| A"ul[2 -
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holds for any r € [—1,1]. Simply apply the previous lemma with
Ey=L*M) , E,=D(A) , E_ =D(AY,

Fox1=EP Eor
tec

and  Ju = (xou)eer -
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