LP Boundedness of Riesz transform related to
Schrodinger operators on a manifold

Nadine Badr* Besma Ben Ali T

Université Lyon 1 Université Paris-Sud

November 5, 2009

Abstract

We establish various LP estimates for the Schrédinger operator —A + V' on
Riemannian manifolds satisfying the doubling property and a Poincaré inequal-
ity, where A is the Laplace-Beltrami operator and V' belongs to a reverse Holder
class. At the end of this paper we apply our result on Lie groups with polynomial

growth.
Contents
1 Introduction 2
2 Preliminaries 6
2.1 The doubling property and Poincaré inequality . . . . . . . .. ... .. 6
2.2 Reverse Holder classes . . . . . . . .. . .. ... ... ... .. ... 8
2.3  Homogeneous Sobolev spaces associated to a weight V- . . . . . . . .. 9
3 Definition of Schréodinger operator 9
4 Principal tools 11
4.1 An improved Fefferman-Phong inequality . . . . . . . .. ... ... .. 11
4.2 Calderon-Zygmund decomposition . . . . . . . . .. ... L. 13
4.3 Estimates for subharmonic functions . . . . ... ... ... ... .. 18
5 Maximal inequalities 19
6 Complex interpolation 21

*Institut Camille Jordan, Université Claude Bernard, Lyon 1, UMR du CNRS 5208, 43 boulevard
du 11 novembre 1918, F-69622 Villeurbanne cedex. Email: badr@math.univ-lyonl.fr
TUniversité de Paris-Sud, UMR du CNRS 8628, F-91405 Orsay cedex. Email:besmath@yahoo.fr



7 Proof of Theorem 1.4 23

8 Proof of point 2. of Theorem 1.3 27
8.1 Estimates for weak solutions . . . . . . . . ... ... 28
8.2 Avreduction . . . . ... 32
8.3 Proof of point 2. of Theorem 1.3 . . . . . . . ... ... ... ... .. 32

9 Case of Lie groups 34

1 Introduction

The main goal of this paper is to establish the L?” boundedness for the Riesz trans-
forms V(—=A + V)2, V2(—A + V)2 and related inequalities on certain classes of
Riemannian manifolds. Here, V' is a non-negative, locally integrable function on M.

For the Euclidian case, this subject was studied by many authors under different
conditions on V. We mention the works of Helffer-Nourrigat [35], Guibourg [31], Shen
[51], Sikora [52], Ouhabaz [47] and others.

Recently, Auscher-Ben Ali [3] proved L” maximal inequalities for these operators
under less restrictive assumptions. They assumed that V' belongs to some reverse
Hélder class RH, (for a definition, see section 2). A natural step further is to extend
the above results to the case of Riemannian manifolds.

For Riemannian manifolds, the LP boundedness of the Riesz transform of —A + V'
was discussed by many authors. We mention Meyer [45]|, Bakry [9] and Yosida [59].
The most general answer was given by Sikora [52]|. Let M satisfying the doubling

property (D) and assume that the heat kernel verifies ||p(z,.)[]2 < m for all

x € M and ¢ > 0. Under these hypotheses, Sikora proved that if V' € L}, (M), V >0,
then the Riesz transforms of —A 4V are LP bounded for 1 < p < 2 and of weak type
(1,1).

Li [41] obtained boundedness results on Nilpotent Lie groups under the restriction
V € RH, and ¢ > £, D being the dimension at infinity of G (see [23]).

Following the method of [3|, we obtain new results for p > 2 on complete Rie-
mannian manifolds satisfying the doubling property (D), a Poincaré inequality (P»)
and taking V' in some RH,. For manifolds of polynomial type we obtain additional
results. This includes Nilpotent Lie groups.

Let us summarize the content of this paper. Let M be a complete Riemannian
manifold satisfying the doubling property (D) and admitting a Poincaré inequality
(P). First we obtain the range of p for the following maximal inequality valid for
u € Cge(M):

[Aull, + 1Vully S l(=A + V)l 1)

Here and after, we use u < v to say that there exists a constant C' such that u < Cwv.
The starting step is the following L' inequality for u € C§°(M),

[Aully + [[Vuly < 3[[(=A + V)ull, (2)
which holds for any non-negative potential V' € L} (M). This allows us to define

loc

—A +V as an operator on L'(M) with domain D;(A) ND;y (V).
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For larger range of p, we assume that V € L} (M) and —A+V is a priori defined

on Cg°. The validity of (1) can be obtained if one imposes for the potential V' to be
more regular:

Theorem 1.1. Let M be a complete Riemannian manifold satisfying (D) and (P).
Consider V-€ RH, for some 1 < q < oo. Then there is € > 0 depending only on V/
such that (1) holds for 1 <p < q+e.

This new result for Riemannian manifolds is an extension of the one of Li [41] on
Nilpotent Lie groups settings obtained under the restriction ¢ > %.

The second purpose of our work is to establish some L? estimates for the square
root of —A + V. Notice that we always have the identity

1 1 00
HVul 15+ 1V2ull3 = (A +V)2ul3,  ue C(M). (3)
The weak type (1, 1) inequality proved by Sikora [52] is satisfied under our hypotheses:
VUl 100 +V2ull100 S (=2 +V)2uls. (4)
Interpolating (3) and (4), we obtain
HVulllp + IVeullp S TH=A+V)2ul, (5)

when 1 < p < 2 and u € Cg°(M). Here, || |50 is the norm in the Lorentz space LP*.
It remains to find good assumptions on V' and M to obtain (5) for some/all 2 <
p < 0o. Recall before the following result

Proposition 1.2. (/4]) Let M be a complete Riemannian manifold satisfying (D) and
(Py). Then there exists py > 2 such that the Riesz transform T = V(—=A)"z is LP
bounded for 1 < p < pg.

We now let py = sup {p €]2, 00[; V(—=A)~z is L? bounded } We obtain the fol-

lowing theorem.

Theorem 1.3. Let M be a complete Riemannian manifold. Let V € RH, for some
g>1ande>0 such that V € RH,..

1. Assume that M satisfies (D) and (P2). Then for all uw € C§°(M),
HVulll, SI(=A+V)2ull, for 1 <p<inf(po,2(q+e)); (6)
IVEull, SI(=A+V)2ul,  forl<p<2g+e). (7)

2. Assume that M is of polynomial type and admits (P). Suppose that D < po,
where D is the dimension at infinity and that % <qg<®.

a. If g < D, then (6) holds for 1 < p < inf(q}, + €,po), (¢ = DD—_qq).
b. If ¢ > D, then (6) holds for 1 < p < py.



Some remarks concerning this theorem:

1. Note that point 1 is true without any additional assumption on the volume
growth of balls other than (D). Our assumption that M is of polynomial type
in point 2 —which is stronger than the doubling property (see section 2)— is used
only to improve the L? boundedness of V(—A + V)’% when % <qg<B. We
do not need it to prove L? estimates for Vz(—A + V)2,

2. If ¢ > B then we can replace ¢ in point 2 by any ¢ < & since V € RHy (see
Proposition 2.11 in section 2).

3. If po < D and q > %, then (6) holds for 1 < p < pp and that is why we assumed
D < pg in point 2..

4. Finally the parameter € depends on the self-improvement of the reverse Holder
condition (see Theorem 2.11 in section 2).

We establish also a converse theorem which is a crucial step in proving Theorem
1.3.

Theorem 1.4. Let M be a complete Riemannian manifold satisfying (D) and (P,)
for some 1 <1 < 2. Consider V€ RH, for some ¢ > 1. Then

1(=A + V) 2ullie S | [Vl i+ [VEull for every u € C°(M) 8)

and
(=2 +V)2ull, SVl ll, + |VEul,  for every ue C5°(M) (9)

and [ < p < 2.

Using the interpolation result of [8], we remark that (9) follows directly from (8)
and the the L? estimate (3).

Remark 1.5. The estimate (9) always holds in the range p > 2. This follows from
the fact that (5) holds for 1 < p < 2 and that (5) for p implies (9) for p', where p' is
the conjugate exponent of p.

In the following corollaries we give examples of manifolds satisfying our hypotheses
and to which we can apply the theorems above.

Corollary 1.6. Let M be a complete n-Riemannian manifold with non-negative Ricci
curvature. Then Theorem 1.1, point 1 of Theorem 1.3 and Theorem 1.4 hold with
po = 00. Moreover, if M satisfies the mazimal volume growth p(B) > cr™ for all balls
B of radius r > 0 then point 2 of Theorem 1.3 also holds.

Proof. 1t suffices to note that in this case M satisfies (D) with logaCy = n, (P;) —see
Proposition 2.9 below—, that the Riesz transform is LP bounded for 1 < p < oo [9]
and that M has at most an Euclidean volume growth, that is u(B) < Cr™ for any
ball B of radius r > 0 —Theorem 3.9 in [15]. O



Corollary 1.7. Let C(N) =Rt x N be a conical manifold with compact basis N of
dimension n — 1 > 1. Then Theorem 1.1, Theorem 1.4 and Theorem 1.3 hold with

d=D =mn, pp = po(A1) > n where A is the first positive eigenvalue of the Laplacian
on N.

Proof. Note that such a manifold is of polynomial type n
Ch" < u(B) < Cr"

for all ball B of C'(N) of radius r > 0 (Proposition 1.3, [43]). C(V) admits (P) [21],
and even (P;) using the methods in [30]. For the L” boundedness of the Riesz trans-
form it was proved by Li [42] that pg = co when Ay > n—1 and py = %_\/#w >n

when A\ <n — 1.

Remark 1.8. Related results for asymptotically conical manifolds are obtained in
[32] (see the introduction and Theorem 1.5). Under our geometric assumptions (i.e.
conical manifolds), loc. cit. and our work are partially complementary. Indeed, the
potentials in [32] are required to have some kind of fast decay at infinity, while the
Reverse Hélder condition we imposed rules out this possibility.

Our main tools to prove these theorems are:
e the fact that V' belongs to a Reverse Holder class;
e an improved Fefferman-Phong inequality;

e a Calderén-Zygmund decomposition;

reverse Holder inequalities involving the weak solution of —Au + Vu = 0;
e complex interpolation;

the boundedness of the Riesz potential when M satisfies u(B(z,r)) > Cr? for
all r > 0.

Many arguments follow those of [3] —with additional technical problems due to the
geometry of the Riemannian manifold— but those for the Fefferman-Phong inequality
require some sophistication. This Fefferman-Phong inequality with respect to balls
is new even in the Euclidean case. In [3|, this inequality was proved with respect to
cubes instead of balls which greatly simplifies the proof.

We end this introduction with a plan of the paper. In section 2, we recall the
definitions of the doubling property, Poincaré inequality, reverse Holder classes and
homogeneous Sobolev spaces associated to a potential V. Section 3 is devoted to
define the Schrédinger operator. In section 4 we give the principal tools to prove the
theorems mentioned above. We establish an improved Fefferman-Phong inequality,
make a Calderon-Zygmund decomposition, give estimates for positive subharmonic
functions. We prove Theorem 1.1 in section 5. We handle the proof of Theorem 1.3,
point 1 in section 6. Section 7 is concerned with the proof of Theorem 1.4. In section
8, we give different estimates for the weak solution of —Au + Vu = 0 and complete
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the proof of item 2. of Theorem 1.3. Finally, in section 9, we apply our result on Lie
groups with polynomial growth.

Acknowledgements. The two authors would like to thank their Ph.D advisor P.
Auscher for proposing this joint work and for the useful discussions and advice on the
topic of the paper.

2 Preliminaries

Let M denote a complete non-compact Riemannian manifold. We write p for the
geodesic distance, p for the Riemannian measure on M, V for the Riemannian gradi-
ent, A for the Laplace-Beltrami operator, |- | for the length on the tangent space (for-
getting the subscript « for simplicity) and ||-||,, for the norm on LP(M, 1), 1 < p < 4o0.

2.1 The doubling property and Poincaré inequality

Definition 2.1 (Doubling property). Let M be a Riemannian manifold. Denote by
B(x,r) the open ball of center x € M and radius r > 0. One says that M satisfies the
doubling property (D) if there ezists a constant Cy > 0, such that for allz € M, r > 0
we have

p(B(x,2r)) < Cap(B(x,7)). (D)

Lemma 2.2. Let M be a Riemannian manifold satisfying (D) and let s = logsCy.
Then for all x, y € M and 6 > 1

u(B(x,0R)) < COu(B(z, R)) (10)

and

n(B(y, R)) < C(1+ )’ u(B(z, R)). (11)
We have also the following lemma:
Lemma 2.3. Let M be a Riemannian manifold satisfying (D). Then for xo € M,
ro > 0, we have
u(Ban)
1(B(xo, o)) To

whenever x € B(xg,19) and r < rj.

)S

Theorem 2.4 (Maximal theorem). ([18]) Let M be a Riemannian manifold satisfying

(D). Denote by M the uncentered Hardy-Littlewood mazimal function over open balls
of X defined by
Mf(z) = sup [f]p

B:xeB

1
where fg :—]éfdu = M/Efdu. Then

1 p({z s Mf(z)>A}) < S [, | fldu for every X > 0;
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2. [[Mfllp < Gl fllp, for 1 <p < o0.

Definition 2.5. A Riemannian manifold M is of polynomial type if there is ¢, C' > 0
such that
clrt < u(B(x,r)) < crt (LU,)

forallz € M and r <1 and
CrP < pu(B(z,r)) < OrP (LU)
forallz € M andr > 1.

We call d the local dimension and D the dimension at infinity. Note that if M
is of polynomial type then it satisfies (D) with s = max(d, D). Moreover, for every
A € [min(d, D), max(d, D)],

wB(w, 1)) > er’ (Lx)

forallz € M and r > 0.

Definition 2.6 (Poincaré inequality). Let M be a complete Riemannian manifold,
1 <1 < oo. We say that M admits a Poincaré inequality (P,) if there exists a
constant C' > 0 such that, for every function f € C§°(M), and every ball B of M of
radius r > 0, we have

(fr- fBrldu)} <or(f vaczuy | (P

Remark 2.7. Note that if (P,) holds for all f € C§°, then it holds for all f € WleOC
forp> 1 (see [34], [35])
The following result from Keith-Zhong [38] improves the exponent in the Poincaré

inequality.

Lemma 2.8. Let (X,d,p) be a complete metric-measure space satisfying (D) and
admitting a Poincaré inequality (P,), for some 1 <l < oco. Then there exists ¢ > 0
such that (X,d, i) admits (P,) for everyp > 1 —e.

Proposition 2.9. Let M be a complete Riemannian manifold M with non-negative
Ricci curvature. Then M satisfies (D) (with Cq = 2") and admits a Poincaré inequal-
ity (Pr).

Proof. Indeed if the Ricci curvature is non-negative that is there exists a > 0 such
that R;. > —a®g, a result by Gromov [16]| shows that

u(B(x,2r)) < 2"u(B(z,r)) for allz € M, r > 0.

Here n means the topologic dimension.
On the other hand, Buser’s inequality [13| gives us

/ lu —ug|du < c(n)r/ |Vu|dp.
B B
Thus we get (D) and (P;) (see also [48]). O



2.2 Reverse Holder classes

Definition 2.10. Let M be a Riemannian manifold. A weight w is a non-negative lo-
cally integrable function on M. The reverse Holder classes are defined in the following
way: w € RH,, 1 < q< oo, if

1. wdp s a doubling measure.

2. There exists a constant C such that for every ball B C M

(f wqdﬂ)i < f v 12)

The endpoint ¢ = oo is given by the condition: w € RH., whenever, wdu is
doubling and for any ball B,

w(z) < C’f w  for u—a.e x € B. (13)

On R"™, the condition wdyu doubling is superfluous. It could be the same on a
Riemannian manifold.

Proposition 2.11. (/57], [28])
1. RH C RH, C RH), for1 <p <gq < oo0.
2. Ifwe RH,, 1 < q < oo, then there exists ¢ < p < oo such that w € RH,.

3. We say that w € A, for 1 < p < oo if there is a constant C such that for every

ball B C M ,
1 p=
(][ wd,u> <][ wl—pdu) <C.
B B

Forp=1, w e Ay if there is a constant C' such that for every ball B C M

][ wdp < Cw(y) for p—aey € B.
B

We let Aoo = Uj<peoo Ap- Then Ao = U jcoo RHy-

Proposition 2.12. (see section 11 in [3], [36]) Let V' be a non-negative measurable
function. Then the following properties are equivalent:

1. VeA,.
2. For allr €]0,1], V" € RH.:.
3. There ezists r €]0,1[, V" € RH..

We end this subsection with the following lemma:



Lemma 2.13. (Lemma 1.4 of [12]) Let G be an open subset of an homogeneous space
(X,d, p) and let F(G) be the set of metric balls contained in G. Suppose that for some
0 < ¢ < p and non-negative f € LY . there is a constant A > 1 and 1 < 0y < 0, such
that

(][ fpdu)p <A (][ chm>q VB : oyB € F(G).
B ooB

Then for any 0 <r < q and1 < o < o' < gy, there exists a constant A" > 1 such that

(]{3 fpd/i); <A <][UB J”clu)i VB: o'B e F(Q).

2.3 Homogeneous Sobolev spaces associated to a weight V'

Definition 2.14. (/§/) Let M be a Riemannian manifold, V € A.. Consider for
1 < p < o0, the vector space Wply of distributions f such that |Vf| and V f € LP.

It is well known that the elements of Wpl,v are in L7 . We equip Wply with the semi
norm

v, = VL 1V £l

In fact, this expression is a norm since V. € A yields V>0 u — a.e.
For p = 0o, we denote Woloy the space of all Lipschitz functions f on M with ||V fl|e <
00.

Proposition 2.15. (/8/) Assume that M satisfies (D) and admits a Poincaré inequal-
ity (Ps) for some 1 < s < oo and that V € Aw. Then, for s < p < oo, Wpl,V is a
Banach space.

Proposition 2.16. Under the same hypotheses as in Proposition 2.15, the Sobolev
space Wply 1s reflexive for s < p < 00.

Proof. The Banach space Wply is isometric to a closed subspace of LP(M,R x T*M)
which is reflexive. The isometry is given by the linear operator 7" : Wpl,v — LP(M,R x

T*M) such that T'f = (V f, Vf) by definition of the norm of Wply and Proposition
2.15. O

Theorem 2.17. ([8]) Let M be a complete Riemannian manifold satisfying (D). Let
V € RH, for some 1 < q < oo and assume that M admits a Poincaré inequality (P)
for some 1 < 1 < q. Then, for 1 < p; < p < ps < q, with p > 1, W[}’V 1 a real
interpolation space between Wplhv and Wpl%v.

3 Definition of Schrodinger operator

Let V be a non-negative, locally integrable function on M. Consider the sesquilinear
form

Q(u,v):/ (Vu - Vu+ Vuv)du
M
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with domain
V=D(Q) =W , ={f €L’ M); |Vf|&V:fe (M)}
equipped with the norm
Ll = (IF13 + IV A1 + V2 £13)2.

Clearly Q(.,.) is a positive, symmetric closed form. It follows that there exists a
unique positive self-adjoint operator, which we call H = —A 4+ V', such that

(Hu,v) = Q(u,v) YueD(H), Vve.

When V' =0, H = —A is the Laplace-Beltrami operator. Note that C§°(M) is dense
in V (see the Appendix in [§]).

The Beurling-Deny theory holds on M, which means that ¢(H +¢) ! is a positivity-
preserving contraction on LP(M) for all 1 < p < oo and € > 0. Moreover, if V' €
L} (M) such that 0 < V' <V and H' is the corresponding operator then one has for

loc

any € > 0 and forany f € L”, 1 <p<oo, f>0
O0<(H+e) ' f<(H +e)7'f

It is equivalent to a pointwise comparison of the kernels of resolvents. In particular,
if V is bounded from below by some positive constant € > 0, then H~! is bounded on
L? for 1 < p < oo and is dominated by (—A + €)~! (see Ouhabaz [47]).

Let V be the closure of C5°(M) under the semi-norm

17l = (1IV A2+ 1VEFI2) 2.

Assume that M satisfies (D) and (F). By Fefferman-Phong inequality ~Lemma 4.1
in section 4 below—, there is a continuous inclusion V C L7, if V' is not identically 0,
which is assumed from now on, hence, this is a norm. Let f € V'. Then, there exists

a unique u € V such that
/ Vu-Vo+Vut = (f,v) YveC;M). (14)
M

In particular, —Au + Vu = f holds in the distributional sense. We can obtain u for
a nice f by the next lemma.

Lemma 3.1. Assume that M satisfies (D) and (Py). Consider f € Cg°(M)NL*(M).
For e >0, let uc = (H + €)' f € D(H). Then (u.) is a bounded sequence in ¥V which
converges strongly to H1 f.

Proof. The proof is analogous to the proof of Lemma 3.1 in [3]. O

Remark 3.2. Assume that M satisfies (D) and (P,). The continuity of the inclusion
YV C L2 (M) has two further consequences. First, we have that L2, (M), the space

loc comp /
of compactly supported L? functions on M, is continuously contained in V' N L*(M).
Second, (u.) has a subsequence converging to u almost everywhere.
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Finally as H is self-adjoint, it has a unique square root which we denote H:.
H? is deﬁned as the unique maximal-accretive operator such that H:H: = H. We
have that H2 is self-adjoint with domain V and for all u € C°(M), |[Hzu|2 =
| [Vu| |2 + ||[V2u|2. This allows us to extend Hz from V into L2(M). If S denotes
this extension, then we have $*S = H where S*: L?(M) — V' is the adjoint of S.

4 Principal tools

We gather in these section the main tools that we need to prove our results. Some of
them are of independent interest.

4.1 An improved Fefferman-Phong inequality

Lemma 4.1. Let M be a complete Riemannian manifold satisfying (D). Let w € Ay
and 1 < p < co. Assume that M admits also a Poincaré inequality (P,). Then there
are constants C > 0 and § < 1 depending only on the Ay, constant of w, p and the
constants in (D), (P,), such that for every ball B of radius R > 0 and u € W}

p,loc
Cmg(RP
/Bﬂvmuww)dw L Tt / ul?dy (15)

where mg(z) = x for v <1 and mg(z) = 2P for x > 1.

Proof. Since M admits a (P,) Poincaré inequality, we have

[ 1vupdnz i [ [ o) = uPdntdns).
[ ot = — [ [ w@ute)rauan)

/ (VP + wlu)du > [min(CR ™, w))s / ulPdp
B B

This and

lead easily to

Now we use that w € A,. There exists ¢ > 0, independent of B, such that
E ={z € B:w(x) > cwg} satisfies u(E) > $u(B). Hence

min(CR™?, w)]p > zmin(CR™?, cwp) > Cmin(R™?, wp).

DO | —

This proves the desired inequality when RPwg < 1.

Assume now RPwpg > 1. We say that a ball B of radius R is of type 1 if RPwp < 1
and of type 2 if not. Take 9, ¢ > 0 such that 20 < ¢ < 1. We consider a maximal
covering of (1—¢)B by balls (B}); := (B(z},dR)); such that the balls B} are pairwise
disjoint. By (D) there exists N independent of § and R such that 3, 1g1 < N. Since
20 < ¢, we have B} C B for all i € I. Denote G the union of all balls B} of type

11



land Gy = {x € M : d(z,G,) < edR}. Set Fy = (1 — ed)B\ G;. This time we
consider a maximal covering of E; by balls (B?); := (B(x?,§*R)); such that the balls
le are pairwise disjoint. Therefore with the same N one has ), rlpz < N. Let Gy

be the union of all balls B? of type 1 and Gy ={z e M: dz,GUG,) < R},
By = (1—¢6%)B\ G;. We iterate this process. Note that the G,’s are pairwise disjoint
(from 2§ < ¢€). We claim then that x(\; G;) = 0. Indeed, for almost © € B, wp
converges to w(z) whenever r(B’) — 0 and z € B’. Take such an z and assume
that ¢ (J;Gj. Then, for every j there exists ] such that x € B(z],d’R) and
(6jR)pr(xi76jR) > 1. This is a contradiction since (‘VR)pr(azi,&R) — Qwhen j — oo.
Note also that there exists 0 < A < 1 such that for all j, k and ball By of type 1,

(éjR)pri > A. (16)

Indeed, let B} be of type 1. There exists B/ ' such that x) € B/™" and B/™" must
be of type 2 because vl ¢ G;_,. Hence Bl C B(z]™",67(1 + 6~ Y)R). Since wdp is
doubling, we get
w(B{™) <w (B ¥ 1+ HR))
<C'(1+6 Y w(B(x] ", ¥R))
, d(z]™ xl)
<Cl21 57151 l‘7k
< (1o (s WLt

< CP(1+67") w(B])

“w(BY)

where s = logsC" and C" is the doubling constant of wdu. On the other hand, since
dp is doubling

p(B{™) = CTH 1+ 6) " w(Ba] ™, 87 (1 + 0)R))
> O N1+ 5)*s,u(Bi).
Since Bljf1 is of type 2, we obtain
(1+68)70"(8 R)Pw(B] ™)

(5jR)pri > 207N 1+ 67
5172 (1 4 5) 6P,

>C 201+ 67h

Thus we get (16) with A = C"2C~1(1 4+ §~1)=2¥'(1 + 6)~*6”. From all these facts we
deduce that

[ v+ wlal )

—2s'
—2s’

> [ (9uP s+ wlul)an

; B
J, k:Bjof type 1 k

ZIH

1 i

2oy Y min(R) ) [ jurds
j,k:Biof type 1 k

Sy > (5jR)—p/ |u|Pdp

> ,

7 k:Biof type 1

12



C R
— 1 - P p
NA (53 ) R~ /|u| dj.

We used Fefferman-Phong inequality in the second estimate, (16) in the penultimate
one, and that the Bj of type 1 cover B up to a pi— null set in the last one. It remains

P .
to estimate min; % from below with R; = ¢/R. Let 1 < o < oo be such that
J

w € A, —the Muckenhoupt class—. Then for any ball B and measurable subset £ of

B we have
()=(m)"

Applying this to £ = Bi and B we obtain

(E)p _ Rrwp Ug

. P )
R; ijBi wg

ij
> RPwp

WpR

b (0B
= B(u(B)>

 s(a—1)
Z CRPUJB (&>

R

where we used Lemma 2.3. This yields min;(£)? > C(RPwp)? with § = W'

The lemma is proved. O
4.2 Calderén-Zygmund decomposition

We now proceed to establish the following Calderén-Zygmund decomposition:

Proposition 4.2. Let M be a complete Riemannian manifold satisfying (D) and (F))
for some 1 <1< 2. Letl < p <2, Vero,fewl V3 and o > 0. Then, one can

find a collection of balls (B;), functions g and b; satzsfymg the following properties:

f:g—l—Zbi (17)

11991l + Vgl < Cal5(1 911l + V41110 (15
supp b; C B; and / (Vo' + [V2bi|' + Rl < Ca'w(B),  (19)
B;
S n(B) < Ca? [ (VAP 4 VSR 20
M

i

1, < N, (21)
2
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where N depends only on the doubling constant, and C on the doubling constant, p, [
and the A constant of V. Here, R; denotes the radius of B; and gradients are taken
in the distributional sense on M.

Remark 4.3. It follows from the proof of Proposition 4.2 that the function g is Lip-
schitz with the Lipschitz constant controlled by Ca (see page 16 below).

Proof of Proposition 4.2. Let  be the open set {z € M; M(|Vf|'+|Vzf|)(z) > a'}.
If 2 is empty, then set g = f and b; = 0. Otherwise, the maximal theorem —Theorem
2.4- yields

u(@) < Ca™ [ (VP + VAP < oo, (22)

In particular 2 # M as u(M) = oco. Let F' be the complement of Q. Since 2 is an
open set distinct of M, let (B;) be a Whitney decomposition of Q ([19]). That is, the
balls B; are pairwise disjoint and there is two constants C, > C > 1, depending only
on the metric, such that

1. Q = U, B; with B; = C,B, are contained in € and the balls (5;); have the
bounded overlap property;

2. =r(B) = %d(xi, F) and z; is the center of B;;

3. each ball B; = CyB; intersects F (Cy = 4C; works).

For x € 0, denote I, = {i : = € B;}. By the bounded overlap property of the balls B;,
we have that 4/, < N. Fixing j € I, and using the properties of the B;’s, we easily
see that %ri <r; < 3r; for all i € I,. In particular, B; C 7B; for all i € .
Condition (21) is nothing but the bounded overlap property of the B;’s and (20)
follows from (21) and (22). We remark that since V' € A, Proposition 2.12 and

Proposition 2.11, point 3 yield Vie A. Applying Lemma 4.1, we obtain

[T+ VA = Cmin(v ), 77 [\t (23)

i

We declare B; of type 1if (V2)p, > Ry and of type 2 if (V2)p, < R

Let us now define the functions b;. Let (x;) be a partition of unity on € associated
to the covering (B;) so that for each i, y; is a C' function supported in B; with
IXilloo + Rill [VXil [l < €. Set

) Ixas if B; is of type 1,
TV (f = fu)xe if Biis of type 2.

If B; is of type 2, then it is a direct consequence of the Poincaré inequality (F,;) that

/ (|Vbi\l+Ril\bi]’)du§C/ IV fldp.
B; B;

14



As [ |V fl'dp < o' u(B;) we get the desired inequality in (19). For V2b; we have
[ owintan= [ Wi o
B;

<c /|V fldu+/ v fBldu)

(|v 115 B) + CV ) (1) 5 By))
( + (A1 VL), i)
< Cao

u(B

We used that B; N F # (), Jensen’s inequality and (23), noting that B; is of type 2.
If B; is of type 1,

[ rwtan< [ BT < [ @9t v
B; B; B;

As the same integral but on B; is controlled by o'u(B;) we get fB R7billdp <
Colu(B;). Since Vb; = x;V f + fVx; we obtain the same bound for fB |Vb;|'dy. Not-

ing that B;NF # () and B; is of type 1, we easily deduce that fBi Vbt < Colp(B;).
Set g = f — >_ b; where the sum is over both types of balls and is locally finite by
(21). Tt is clear that g = f on F = M\ Q and g = >_? fg,x; on , where > 7 means
that we are summing over cubes of type j. Let us prove (17).
First, by the differentiation theorem, V3 2| f| < a almost everywhere on F. Next,
as we explained before, V € Ay, implies V2 € RH» 2 and therefore Vg, < C((V 2)p,)1.
Therefore

| Viatan< 322 [ Vigs <3 (Vhlial) w)
Now, by construction of the type 2 balls and the L' version of Fefferman-Phong in-
equality,

(V2)p, C(VF + V2 f])s < Cal.

It comes that
/ Vigldu < €Y% 0> u(B,) < C'a? ! / (VA1 + VE fl)du

Combining the estimates on F and €2, we obtain the desired bound for [,, V|g|*dp.
We finish the proof by estimating || [Vg| ||« and || [Vg| ||;. Observe that g is a locally
integrable function on M. Indeed, let ¢ € L, with compact support. Since d(x, F') >
R; for x € supp b;, we obtain

/Z|b¢| ol dp < (/Z%du) sup (d(z, F)lp(x)]).

xeM
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If B; is of type 2

We used the Holder inequality, (P,) and that B; N F # (), ¢’ being the conjugate of ¢.

If B; is of type 1,

1
l

Hence /Z ;|| eldp < Cap($2)
that g € L},. Thus Vg = Vf — > Vb;. It follows from the L! estimates on Vb; and

loc*

the bounded overlap property that

HZ Vb

As g = f — > b;, the same estimate holds for |||Vg|||;. Next, a computation of the
sum »_ Vb; leads us to

sup (d(m,F)]gp(x)\) Since f € L}, we conclude
xeM

LS UV l+ 1VE ).

Vo=1p(VF) =Y "fVxi—> *(f - f5) Vxi.
Set h; =39 (f — fp,) Vxi and h = hy + hy. Then

Vg = (Ve =Y ' fVxi— (h—h) = (Ve + Y 5,V — h.

By definition of F' and the differentiation theorem, |Vg| is bounded by a almost ev-
erywhere on F. By already seen arguments for type 1 balls, | fp,| < CaR;. Therefore,
IS 1. Vil < C> tlga < CNa. It remains to control ||h| . For this, note first
that h vanishes on F' and the sum defining h is locally finite on 2. Then fix z € €.
Observe that ) . Vy;(z) = 0 and by definition of I,, the sum reduces i € I,. For all
i € I, we have |f(x) — fg,| < Cr;a. Hence, we have for all j € I,

Y (f@) = f8)Vxilx) = Y (f(@) = fo)Vxil@) = Y _(fs, = f5.)Vxi(2)-

i 1€l 1€l

We claim that |f, — f5,| < Crja with C independent of 4, j € I, and x € €. Indeed,
we use that B; and B; are contained in 7B;, Poincaré inequality (F,), the comparability
of r; and r;, and that B; N F # (). Since I, has cardinal bounded by N, we are done.

We conclude that [|h||o < Ca and interpolating || |Vg|||; and || [V¢] ||co, We there-
fore finish the proof. n
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Proposition 4.4. Let M be a complete Riemannian manifold satisfying (D). Let V €
A. Moreover assume that M admits a Poincaré inequality (P,) for some 1 < p < 2.
Then Lip(M) N VV1 3 N I/V1 %1 is dense in W' .

p,V?2

Proof Theorem 2.8 proves that M admits a Poincaré inequality (FP;) for some 1 <[ <
. Let f e VV1 oy . For every n € N*| consider the Calderén-Zygmund decomposition

of Proposmon 4 2 with o = n. Take a compact K of M. We have

f=9n lduz/ bi|'du
/K| | Kn(U, BJ) | Z |
= b; ldﬂ
/U.KOB' |Z |

7

( F)dp+Cy ! /B |]];‘l E,)du
< Coup(dle, F) Z / va VE g

zeK

< Csup(d(z, F1)) Zn (B

zeK

< Cn' (VA I+ V2 FI1).

Letting n — oo, we get that [ |f — gn|'dp — 0. Hence (f — g,) converges to 0 when
n — oo in the distributional sense.
Let us check that (V2 (f — g,))n is bounded in LP. Indeed,

/ VA(f = ga)lPdp < / VEfpdp+ Y2 / V8| . Pdp
M
%

< [ whsvanr 302 (halat) ue)

< [ AP+ Crrp(s)

n

< CUIIVFIIZ+ V3 FIE).

Similarly,
[ Vs Valdn= [ 9f-VaPdu<C [ ViPdns o) < .
M Qn Qp

Thus, (Vf — Vgn), is bounded in L”. So (f — gu)n is bounded in W' ,. Since

p,V2

Wt | is reflexive ~Proposition 2.16-, there exists a subsequence, which we denote
p,V2

also by (f — gn)n, converging weakly in le% to a function hA. The uniqueness of

p7
the limit in the distributional sense yields h = 0. By Mazur’s Lemma, we find a

LLip(M) is the set of all Lipschitz functions on M.
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sequence (h,,) of convex combinations of (f — g,) such that h, = >, anr(f — ),
angk > 0, >0 any = 1, that converges to 0 in le%. Since Vh,, = Vf — VI, and
p7
Vah, = Va(f —1,) with I, = 320", a,xgk, we obtain [, — f in W', and the
n—oo p7

proposition follows on noting that g,, hence [, also belongs to Lip(M) N W;v%' O]

4.3 Estimates for subharmonic functions

Fix an open set 2 C M. A subharmonic function on  is a function v € L}, () such
that Av > 0 in D'(Q).

Lemma 4.5. Let M be a Riemannian manifold satisfying (D) and (P2). Let R > 0
and xo be a point such that a neighborhood of B(xo,4R) is contained in M. Suppose
that f is a non-negative subharmonic function defined on this neighborhood. Then,
there is a constant C' > 0 independent of f, xo, R such that

sup f(:c)SC(][ f2<y>du<y>)2 (24)
z€B(z0,R) B(z0,4R)

It readily follows from Lemma 2.13 that for allr > 0, 1 <n < 4, there is C' > 0 such
that

sup f<:c>sc(][ f’"<y>du<y>)’”. (25)
z€B(z0,R) B(zo,mR)

Proof. In [44], Theorem 7.1, this lemma is stated for Riemannian manifolds with
non-negative Ricci curvature. The proof relies on the following properties of the man-
ifold. First, the Harnack inequality for non-negative harmonic functions which holds
for complete Riemannian manifolds satisfying (D) and (P,) (see [29]). Secondly, the
Poincaré inequality (P). Finally, the Caccioppoli inequality for non-negative sub-
harmonic functions ~Lemma 7.1 in [44]- which is valid on any complete Riemannian
manifold. We then get this lemma under the hypotheses (D) and (Pz). O

Other forms of the mean value inequality for subharmonic functions still hold if the
volume form is replaced by a weighted measure of Muckenhoupt type. More precisely,

Lemma 4.6. Consider a complete Riemannian manifold M satisfying (D) and (Py).
Let V € Ay and f a non-negative subharmonic function defined on a neighborhood

of B(x9,4R), 0 < s < 00 and 1 < n < 4. Then for some C depending on the Ay
constant of V, s (and independent of f and xy, R), we have

i o7
su ) < | ——— Vfid
IEB(HCI:(:,R) f( ) n <V(B(l’0, UR)) B(zo,nR) f a

Here V(E) = [ pVdu. As A, weights have the doubling property we have
VB@omR) ~ VB(xo,r) and the inequality above is the same as

VB(ao.r)( sup f*) < C(V f°)B(agnr)- (26)
B(xo,R)
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Proof. Since V' € A, there is t < oo such that V' € A;. Hence for any non-negative
measurable function g we have

1 3

S

IB(@o.nF) (V(B(.’ﬂo,?’]R)) B(zo,mR) g
=C((Vd")Bwonm) " (VB@omm) "

Applying (25) with r = 7 yields

o+

=

(VB@onm) *

@

@) < C((F) onm)* < C (VI bwonn)
]

Corollary 4.7. Let M be a complete Riemannian manifold satisfying (D) and (Py).
Let V € RH, for somel <r <o0,0<s<ooandl <n<4. Then there is C > 0
depending only on the RH, constant of V', s such that for any ball B(zo, R) and any
non-negative subharmonic function defined on a neighborhood of B(xg,4R) we have

(V) ) bom)” < CV L) beonn).

Proof. We have

1
T

(V) )Beor)” <C((V)B@wr)" sup [* < CVpayr sup f° < C(Vf°)paonr)-

B(zo,R) B(zo,R)

The second inequality uses the RH, condition on V' and the last inequality is (26). O

5 Maximal inequalities

This section is devoted to the proof of Theorem 1.1. Let 1 < ¢ < 0o and V € RH,.
The following lemma is classical in an Euclidean setting [27], [37] (see also [3]).

Lemma 5.1. Let M be a complete Riemannian manifold. We assume that V €
L} (M) is not identically 0.

loc

Let uw € C§°(M). Then

/ Vialdu < / (—A+ V)ulda,
M M

/ \Au|du§2/ (—A + V)uldp.
M M
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Proof. Let us prove the estimate for V|u|. Take p, : R — R a sequence of C* functions
such that |p,| < C, pl,(t) > 0 and p,(t) — sign(t) for every t € R. Using the Lebesgue
convergence theorem we see that

—/ sign(u)Audp = —lim/ Pn(w) Audp = lim/ |Vul*p, (u)dp > 0.
M noJM noJM

If —Au+Vu=f, we get

/MV|u|d,u§/Msign(u)(—A+V)udu:/Mfsign(u)d,ug/M|f|du.

This gives the desired estimation for V'|u|.
The estimate for Au follows from that of Vu since —Au+ Vu = f. O

Let Dy(H)={u€ L}, ; Vue L}, (—A+V)u e L'}. One can easily check that
Cg° is dense in D;(H) ([14] for a proof in the Euclidean parabolic case) thanks to
the Kato inequality on manifolds (|11], Theorem 5.6). Thus the above estimates for
JV0u| and [|Au] still holds for any u € D;(H). Lemma 5.1 shows that D;(H) =
{ue L,.; Aue L' Vu € L'} equipped with the topology defined by the semi-norms

loc»
for L},., |[Aull; and ||Vu||;. We have therefore obtained

Theorem 5.2. The operator H™' a priori defined on L (M) ~the set of compactly
supported bounded functions defined on M- extends to a bounded operator from L*(M)
into Dy(H). Denoting again H™' this extension, V H™' is a positivity-preserving
contraction on L*(M) and 3AH ™" is a contraction on L'(M).

Proposition 5.3. Assume that M satisfies (D) and (P,). Let f € L*(M). Then there
is unique of solution of the equation —Au+ Vu = f in the class L*(M)NDy(H). In
particular, if u € C(M) and f = —Au+ Vu, thenu= H'f.

Proof. Assume —Au + Vu = 0, then for € > 0 we have —Au + Vu + eu = eu. As
u € LY(M), we can write |u| < (=A+¢€)"*(eJu|]) = (—e !A+1)7|u|. Using the upper
bound of the kernel of (—e™*A + 1)~ which follows from (D) and (), and taking
limits when € — 0 we get u = 0. O]

Corollary 5.4. Assume (D) and (P,). Then equation (2) holds.

Proof. Ifu € Cg°(M) and f = —Au+ Vu, then Vu=VH ' f and Au= AH'f by
the proposition above. Applying Theorem 5.2 we get |Vull; < || — Au + Vu|; and
|Aully < 2| — Au+ Vul;. O

We now give the following criterion for LP boundedness:

Theorem 5.5. (/7]) Let M be a complete Riemannian manifold satisfying (D). Let
1 <rg < qo < oo. Suppose that T is a bounded sublinear operator on L™ (M). Assume
that there exist constants cg > iy > 1, C' > 0 such that

(f s <c{(f s s}, (21)
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for any ball B, x € B and all f € L°(M) with support in M \ ay B, where S is a
positive operator. Letrg < p < qo. If S is bounded on LP(M), then, there is a constant
C such that

1Tl < Cl Il
forall f € LP(M).

Note that the space Ly (M) can be replaced by C§°(M).
Now we use the L' estimate (2) and Theorem 5.5 to get

Theorem 5.6. Let M be a complete Riemannian manifold satisfying (D) and (Ps).
Consider V. € RH,, with ¢ > 1. Then, there exists r > q, such that VH™' and
AH™! defined on L'(M) by Theorem 5.2 extend to LP(M) bounded operators for all
l<p<r.

Proof. By difference, it suffices to prove the theorem for V H 1. We know that this is
a bounded operator on L'(M). Let r be given by the self-improvement of the reverse
Holder condition of V. Fix a ball B and let f € L*°(M) with compact support
contained in M \ 4B. Then u = H~'f is well-defined in V and is a weak solution
of —Au + Vu = 0 in 4B. Since |u|* is subharmonic (cf section 8.1), we can apply
Corollary 4.7 with V, f = |u[* and s = 3. Thus (27) holds with T = VH !, ry = 1,
g =71,5=0,a =2and ay, = 4. Hence, Theorem 5.5 asserts that "= VH ! is
bounded on LP(M) for 1 < p < r. O

Proof of Theorem 1.1 Let u € C3°(M) and f = —Au + Vu. Proposition 5.3
shows that w = H'f. Since V € RH,, Theorem 5.6 shows that VH ' and AH™*
have bounded extensions on LP(M) for 1 < p < g+ € for some € > 0 depending on V.
This means that [|[Vull, + [|Aull, < ||f|l, which is the desired result.

6 Complex interpolation

We shall use complex interpolation to obtain point 1 of Theorem 1.3. This method
is based on the boundedness of imaginary powers of H and of the Laplace-Beltrami
operator. Then we use Stein’s interpolation theorem to prove the boundedness of
VH™2 on 1< p < inf(py, 2(q+¢€)) and V2H 2 on LP(M) for 1 < p < 2(q + ¢) and
therefore obtain point 1 of Theorem 1.3.

Let y € R, the operator H% is defined via spectral theory. One has

[HYlg—2 = 1.
Theorem 6.1. Let M be a complete Riemannian manifold satisfying (D) and assume
that the heat kernel verifies the following upper bound: for all x € M andt > 0
C
u(Bx, V)

Let V be a non-negative locally integrable function on M. Then for all v € R, H? has
a bounded extension on LP(M), 1 < p < oo, and for fized p its operator norm does
not exceed C(8,p)e’! for some 6 > 0.

pi(w,m) < (28)
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Remark 6.2. The operator norm is far from optimal but sufficient for us. Neverthe-
less, as pointed out by the referee, the operator norm can be improved to C(1 4 |7y])*/?
where s = 10gaCyq. This can be checked by a careful proof reading of [53], Theorem 1.
Also a stronger result can be found in [2]].

Proof of Theorem 6.1. For V = 0, this follows from the universal multiplier theorem
for Markovien semi groups (Corollary 4, p.121 in [56]). However, the following proof
works for all V. Indeed, the remark after Theorem 3.1 in [26] applies to H: H
has a bounded holomorphic functional calculus on L?*(M) in any sector |argz| < 6,
0 < 6 < 7 and the kernel h(z,y) of e~ has a Gaussian upper bound. This follows
from the domination of et by e~*4, (D) and (28). We have
C d?(a.y)
hi(x <——e 1
= B i)
for every t > 0, z, y € M.
Thus a variant of Theorem 3.1 in [26] (see page 104 there) shows that H has a
bounded holomorphic functional calculus on LP(M) in any sector |argz| < p, § <
u <7 for 1 < p < oo. This implies

HHMHP—KD < C(p,p) sup |ZM| < Cp,#ehm‘

largz|<p
Ol
Lemma 6.3. The space D = R(H)NLY(M)NL>®(M) is dense in LP(M) for 1 <p <
00.
Proof. Same proof as that of Lemma 6.2 in [3]. O

Proposition 6.4. Assume that M satisfies (D) and (P»). Let V. € RH, for some
1 <qg<oo. Then, for 0 < a < 1, there exists € > 0 such that the operators A*H ™,
VeH™ are bounded on LP(M) for 1 <p < 1q+e.

Proof. From Theorem 6.1, we have that A" and H" are LP(M) bounded for 1 <
p < oo and v € R. Moreover, Theorem 1.1 asserts that AH ! and VH ! are LP(M)
bounded for 1 < p < g+¢€ for some € > 0. It follows from Stein’s interpolation theorem
54] that A*H~, V*H~* are bounded on LP(M) for 1 < p < 1(q+¢€) (see [3] for
details). O

We can now prove point 1 of Theorem 1.3. Fix 1 < p < 2(¢+¢€). Let u € C5°(M).
Since u € V, f = Hzu is well-defined. We assume that f € LP(M), otherwise there is
nothing to prove. Applying Proposition 6.4 to V2, it comes that ||V 2ull, < C,[/f|l,.
The LP(M) boundedness of the Riesz transform which holds for all 1 < p < pg
with pp > 2 on a complete Riemannian manifold satisfying (D) and (P,) and again
Proposition 6.4 yield

[Vulll, < CIA2H 2 fll, < C' ()| £,
for 1 < p < inf(po, 2(q + €)) and finishes the proof.

Remark 6.5. This interpolation argument also gives us a proof of the LP(M) bound-
edness of VH™! and ViH > for 1 < p <2 for all non zero V€ L, .(M).
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7 Proof of Theorem 1.4

The proof is similar to that of point 2 of Theorem 1.2 in [3] with some modifications.
We write it for the sake of completeness. Assume that 1 <1 < 2. Let f € Lip(M) N

VVllv N I/V1 . By the spectral theory we have
2

Hof = c/ He PHf qt
0

where ¢ = /m /2. It suffices to obtain the result for the truncated integrals [’ " with
bounds independent of €, R, and then to let € \, 0 and R  oo. For the truncated
integrals, all the calculations are justified. We thus consider that H 2 is one of the
truncated integrals but we still write the limits as 0 and 400 to simplify the exposition.
As f does not belong to C3°(M), we have to give a meaning to He PHf for t > 0.
Take 7, a smooth function on M, 0 < 7, < 1,7, =1 on a ball B of radius r > 0,
1 = 0 outside 2B and || [V, ||« < €. For ¢ € C5°(M),

/fHet2H<pd/L—— lim/ nefHe PP odp
M T M
:/ me.Ve_tQHgod,u+/ anT.Ve_tQHgod,u
M M

+ / nef Ve Hody
M
— I+ II, + I1I,.

We used Fubini and Stokes theorems. Note that [, |Vih(z, y)|2e” my)du( ) <
m. This is due to the Gaussian upper estimate of the kernel h; of e " and

that of 9;h; under (D) and (P) (see [20], Lemma 2.3, for the heat kernel p; of e=%4).
Since |V f| € L*(M) then I, — fM V. Ve *Hepdu. Since f is Lipschitz, 11, — 0.

1 (Ju y) 1
We also have [, LV2($)ht(x,y)|2 dp(z) < (B(i,\/i)) and V2 f € L*(M). Thus
I1I, — [,, fVe " pdu. This proves that He~ H ¢ is defined as a distribution by

(He "B f o / VI Ve Hody + / VafVae " Hodp.
Therefore, integrating in ¢ yields
1 _1 1 1o 1
(Hz2f,p) =(Vf,VH 2p) + (V2 f V2H zp).
We return to the proof of Theorem 1.4. Apply the Calderén-Zygmund decompo-

sition of Lemma 4.2 to f at height o and write f =g+ >, b;.
For g, we have

u ({ e Mgt > 2 /|H29| du<—/ (Vg + V]g[*)du
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< & [vst+ Vi

We used a similar argument as above to compute Hzg (see [4]) and the L? estimate
follows. For the last inequality we used (18) of the Calderén-Zygmund decomposition
and that [ < 2.

The argument to estimate H %bi will use the Gaussian upper bound of h;. As
we mentioned above, under our assumptions we have the Gaussian upper bound for
the kernel of e *# and by analyticity for He ©"H. As b; is supported in a ball and
integrable He "7, is defined by the convergent integral [ 5E0hez (2, y)b; ( Ydp(y).
Let r; = 2% if 28 < R; < 2M*! (R, is the radius of B;) and set T; = [;* He "' dt and
U; = f:o He "M dt. Tt is enough to estimate

A=p ({x € M;!ZTibi(fcﬂ > %})

B—,u<{x€M; ZUibi(x) > %})

Aéu(UE)w({xeM\UE; S 7o)

%

and

First,

«
>§ s
and by (20), u(U; B;)) < S [(] Vf|l+|v 2 fI')dp.
e hav

For the other term we
(LecwnUm el 2)) <2
i ’ i 3 T o’

with h; = 15,).|Tibi|. To estimate the L? norm, we dualize against u € L*(M) with

el = 1: N
Jlu>n=3"3"a,
i i j=2

where

Ag= [ Elaldn, C(B) =27 B2 B
C;5(Bs)
By Minkowski integral inequality, for some appropriate positive constants C, c,
T .
1 T3bil| 22 (c;(B:y) < /0 | He " b 2(c; 51y dt.

By the well-known Gaussian upper bounds for the kernels of tHe ™, ¢ > 0, valid
since we have (D) and (P,)
C cd? (2,y)

|H6_t2Hbi<17>| S/Mme_ﬂ"wi(y)’d“(y)‘
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Now y € supp b;, that is B;, and = € C;(B;), hence one may replace d(z,y) by 2/r; in
the Gaussian term since r; ~ R;. Also if x; denotes the center of B;, we have

p(B(xi, b)) p(B(wi,t) p(B(xi, i) p(Bly, i)
p(B(y,t)  p(Blxir:) w(Bly,r:)) w(Bly,t))

By (D) and Lemma 2.3 as t < r;, we have

uBa) _
BG) <0

Using the estimate (19), ||b;]|1 < caR;u(B;), and p(B;) ~ u(B(z;,1;)), it comes that
C r:\ S c4j7‘,L2
H _t2Hb,~ < - (_Z> —tz/ b;|d
)| < s (5) e [

Cr; (r; _calr?
= <?> ¢ 7o

Thus

_ Cry (1i\?° 0432 1
|He ey < =5 () e w@ Bt

Plugging this estimate inside the integral, we get
I T3bil| 120y 3y < Cave™ (291 Bz,

Now remark that for any y € B; and any j > 2,

(1

J

" |u|2) < ([, 1) < @O umt M)’

Applying Holder inequality, one obtains
Aij < Ca2%e™ u(B;) (M(Jul’) (y)) .

Averaging over B; yields

Ay < Cagvieh / (M([uf*)(5))* duy).

B;

Summing over j > 2 and 1, it follows that

13 hae < Coc [ 300 (MAuP) ) i)

Using finite overlap (21) of the balls B; and Kolmogorov’s inequality, one obtains
) 1
[ 1Y < N )P

25



Hence

M({SL‘EM\UE;

by (21) and (20).
It remains to handle the term B. Using functional calculus for H one can compute
U; as r; "(r?H) with ¢ the holomorphic function on the sector |arg z| < Z given by

Z Tibi(z)

C 1
> %}) <auJBy < Javat+1vEsin

It is easy to show that |¢(2)| < C|z|2e !, uniformly on subsectors |arg z | < pu < z.
The (P,) Poincaré inequality gives us if B; is of type 2

bl < CR! [ 1V f1du < CRia'u(B).
B;

If B; is of type 1
bi = (bi — (bs), 1, + (bi) B, 15, (29)

Therefore using the type 1 property of B; and also (29) yield

/ |bz‘|ld,u < 2!t (/ |b; — (bi)BiV + u(By) |][ bidu|l>

< CRu(B)™ /B Vbil'dp + Cu(B) ! ][ (VA1 + VEFDdu

< CR(B)™ [ [V fl'du-+ CutBIR, [ (951" + VA7 )d
Bi Bi
< Ca'Rlu(By).
Hence [|b;]|! < Ca!RLu(B;). We invoke the estimate

< (Z W) : (30)

kEZ !

> (A H)B,

keZ

Indeed, by duality, this is equivalent to the Littlewood-Paley inequality

(Z |¢(4’“H)5!2> < 18]

ke p

This is a consequence of the Gaussian estimates for the kernels of e=*# ¢ > 0 (this
was first proved in [5] using the vector-valued version of the work in [25]. See [2] or
[6] for a more general argument in this spirit or [39] for an abstract proof relying on
functional calculus). To apply (30), observe that the definitions of r; and U; yield

D Uibi =) (4 H) G

kEZ
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with

Using the bounded overlap property (21), one has that

Il
Z W <C / 5> LS

kEZ

Using R; ~ 7,

/(Z ‘bl| )dp < Co/Zu

i Z

Hence, by (20)

{l

Thus, we have obtained

}) <OSuh <o [ avat+ Vi

n(te e Mttt @) > ay) < 5 [ (941 +VE

for all f € Lip(M) ﬂWl 1 mVVzlvé'

Moreover, using the densfcy argument of Proposition 4.4 we extend H 2 to a
bounded operator acting from VVllv , to Lb>®°. We already have
y 2

IH= fllz < V]2 + V2 F]2-
Since V € A, implies Vi€ RH, —Proposition 2.12—, we see from Corollary 2.17 that
1 1
182 £llp < Cy (11941 + V3 11 ) (31)
foralll <p<2and feW},.

Ifl =1, we take 1 < p < 2. There exists ¢ > 0 such that 1 < 1+ ¢ < p. The same
argument works replacing [ =1 by 1 + €.

8 Proof of point 2. of Theorem 1.3

We first give some estimates for the weak solutions of —Au + Vu = 0. Then we
proceed to a reduction and then give the proof of point 2. of Theorem 1.3.
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8.1 Estimates for weak solutions

Let M be a complete Riemannian manifold satisfying (D) and (P,). Let B = B(zo, R)
denotes a ball of radius R > 0 and u a weak solution of —Awu+ Vu = 0 in a neighbor-
hood of B(zg,4R). By a weak solution of —Au + Vu = 0 in an open set {2, we mean
we LL,(Q) with Vzu, Vu € L2 () and the equation holds in the distribution sense
on . Remark that under the Poincaré inequality (/) if u is a weak solution, then
u € L} . (). It should be observed that if u is a weak solution in Q of —Au+ Vu =0

then

Alu|* = 2V |u|?* + 2|Vul? (32)
since Alul? = 2(Au,u) 4+ 2|Vul? (see [10]). In particular, |u|? is a non-negative sub-
harmonic function in Q. Hence the lemmas in subsection 3 of section 4 apply to |u|?.
In particular

S =

sup [ul < C(r) (([u]") Baour)) (33)

B(wo,R)
holds for any 0 < r < oo and 1 < A < 4. We have also shown a mean value inequality
against arbitrary A, weights.
We state some further estimates that are interesting in their own right assuming
V € A,. By splitting real and imaginary parts, we may suppose u real-valued. All
constants are independent of B and u but they may depend on the constants in the

A condition or the RH, condition of V' when assumed, on the doubling constant Cy

and the Poincaré inequality (P,). Let s be any real number such that LBBO) > CO(5)°

#(Bo)
whenever B = B(x,r), x € By, r < rg (s = logaCyq works).

The proofs of the next 3 lemmas are as in [3|, we skip them.

Lemma 8.1. For all1 < X< X <4 and k > 0, there is a constant C' such that

C
(|ul*)vp -

2
< - -

and

C
(IVul* + Viul*)xp < F(IVul® + Viu)ve.

(1+ R2Vp)F
Lemma 8.2. For all1 < X <4, k>0, there is a constant C' such that
¢
(1+ R2Vp)*

Lemma 8.3. Forall1 < A <4, k>0 and max(s,2) < r < oo, there is a constant C'

such that o
RVE)*(Jul*)p € ——5—7
( B) (|u| ) — (1—|—R2VB)k
The main tools to prove these lemmas are the improved Fefferman-Phong inequal-
ity of Lemma 4.1, the Caccioppoli type inequality which holds on complete Rieman-
nian manifolds, Poincaré inequality, subharmonicity of |u|?, Lemma 4.6 and the Mor-
rey embedding theorem with exponent o = 1 — 2 —s = Log»C, with C' the doubling
constant — (|34], Theorem 5.1, p. 23) to prove Lemma 8.3.

(RVp)*(Jul*)s < Viu[?)p.

(IVul")35-
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For the remaining lemmas, we moreover assume that M is of polynomial type:
every ball B of radius r > 0 satisfies
u(B) = cr?, (Lo)

and
u(B) < Cr° (Us)

with o =dif r <1land 0 = D for r > 1 and d < D. Note that if (L,) holds then
o > n where n is the topological dimension of M (see [50]). Recall that under (L,)
and (U,), s = D works and that u(B(x,r)) > cr? for all r > 0 with any A\ € [d, D).
We also recall that the exponent pq is that appearing in Proposition 1.2.

Lemma 8.4. Assume V € RH,. Let B be a ball of radius R > 0. Set ¢ = ¢ if

q: < po (i = é — L) and § arbitrary in |2, po| if not. Then for all k > 0 there is a

constant C' = C(o) independent of B such that

1
2

REN AL ((IVul]* + Vul*)4p)

Lemma 8.5. Assume V € RH, with % <qg< %. Let B be a ball of radius R > 0.
Set ¢ = q& if ¢& < po and q arbitrary in |2q, po| if not. Then, there is a constant
C = C(o) such that

((VulT) )7 < C ((|Vul2)as)?

We give the proofs of Lemma 8.4 and 8.5 since they are not exactly the same as
the one in the Euclidean case. Before the proof of Lemma 8.4, we need the following
theorem for the boundedness of the Riesz potential.

Theorem 8.6. ([17]) Let M be a complete Riemannian manifold satisfying (D) and
(P). Moreover, assume that M satisfies
w(B) > er (Lx)

for every x € M and r > 0.
Then (—A)_% is LP — LP* bounded with 1 < p, p* < oo and p* = /\)‘—_’;), that is,

I(=a)72 f

Proof. In [17], Chen proves this theorem for Riemannian manifolds with non-negative
Ricci curvature. His proof still works under our hypotheses. The properties that he
used for these manifolds are first the lower and upper gaussian estimates for the heat
kernel which holds on Riemmanian manifolds satisfying (D) and (F,). Secondly, he
applied an argument from the proof of the L? — LP" boundedness of the Riesz potential
in the Euclidean case ([55], Chapter V, Theorem 1) which remains true since we have
(D), (P2) and (L,) with A > n = dim M. O

pr S C(p, /\)Hpr
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Proof of Lemma 8.4. First note that if ¢ < UQ—J‘:2 then ¢ < 2 and the conclusion (useless

for us) follows by a mere Holder inequality. Henceforth, we assume g > JQ—fQ Also,

by Lemma 8.1, it suffices to obtain the estimate with k£ = 0. Let us assume pu = 4
for simplicity of the argument. Let v be the harmonic function on 4B with v = u on
0(4B) and set w = u — v on 4B. Since w = 0 on J(4B), the fact that an harmonic
function minimises Dirichlet integral among functions with the same boundary implies

o var)t <af e’

By the elliptic estimate for the harmonic function v ([4], Theorem 2.1), we have for

P <Do
(]{9 IVolP)? < C(]éB Vol?)? < 20(]£B Vul?)?. (34)

Let 1 < v < A < 4 and n be a smooth non-negative function, bounded by 1, equal
to 1 on vB with support contained in AB and whose gradient is bounded by %. As
Aw = Au = Vwu on 4B, we have

A(wn) = Vun+ Vw - Vi + div(wVn) on M.
It comes that

V(wn)(z) = V(=A) 1 (=A) (wn)(z)
= V(=A)"2(=A) "2 (=Vun)(z) + V(=A) " (=A) "2 (= Vw.Vi)(z)
+ V(—A)_l(—div(an))(:r)
=L+ L+ 1.
Let us begin with

1

Iy = V(=A) "2 (=) 2div(~wVn)(x) = (V(=2)"2)(V(=2)"2) (~w¥n)(x).
Let 1’ be a smooth function, bounded by 1, equal to 1 on AB with support contained in
N B with N < 4 and whose gradient is bounded by <. The Riesz transform V(-A)z
is LP(M) bounded for 1 < p < py. By duality, (V(—A)"2)* is LP(M) bounded for
Py < p < oo. Hence for 2 < p < py

(/ IIglpdu) SC(/ Iwn’lplvnlpdu)
M M

C B
<~ Npedp )
<G ([ wtwnpan)

We used the Sobolev inequality which holds under (D), (P,) and pu(B(z,7)) > cr? for
all » > 0 with p,, < p defined by p,, = a"—fp that is (p.)* = p (see [50]).

We use the LY — L% boundedness of the Riesz potential (—A)_% and the L?
boundedness of the Riesz transform V(—A)~2 for 1 < p < py to get the estimates for
I, and I;. First for I, we have for all 2 < p < py

(/M|12|pdﬂ>; SC(/M|(_A)_§(V(wn')-vn)lpdu);
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IA

(/ |V (wn)
(/ |v wn p*adu> Pro
(/ |V (wn’ p*"du) "

Now, it remains to look at [;. Take p = ¢} if ¢} < pp and if not any 2 < p < pg. It

follows that
( / Iqudu) " sup
AB uB

Pxo
p*o' dlu/

IN
=Q =AQ

';UIQ

p*od“) pre S CILL(B) Pio’

([ |11|pdu)’l’ <o [ wun

since p,, < ¢ in the two cases. Using the RH, condition on V, we obtain

([ 10pdn)? < cuBye f Vsl (35)
AB

uB

Now, if X < v < 4, the subharmonicity of |u|> and Lemma 4.6 yield

][ Vdu sup |u| < C’][ Vdu (][ |u|2dp,)%
AB AB vB vB

< Cp( %( 7f4BV’U‘2dM)

hSA
l\.’)\»—‘

It follows from Lemma 8.2 and (U,) that (), I7dpu)
Therefore, we showed that

(/ !V(wn)l”du); <<(/ |v<wn'>|mdu)”l* v oue) (f Viekdn)

We repeat the same process
and after a finite iteration (K = (o3 — %] + 1) times), using (U,) we get

1 2 1
(][ |Vw|qdu) < (J( |Vw|2d,u) +C <][ V|u|2du)
B 4B 4B

We derive therefore the desired inequality for Vu from the estimates obtained for Vv
and Vw. [

Proof of Lemma 8.5. Since V. € RH, and ¢ > %, we may assume ¢ > % by self-

improvement. Let c =dif R <1and o =D if R > 1. We apply the same arguments
as in the proof of the previous lemma. The only difference is that since 2q¢ > s = D,
we use Lemma 8.3 with £ = 0, r = 2¢, and s = D instead of Lemma 8.2 in the
estimate for the term I. We then obtain

( ]{3 Vulf) i < O ]éB V) (36)
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where p = ¢¢ if ¢& < po and if not we take any 2 < p < py. Since 2¢q < py, if we take
p = {4 €]2q,po| in (36) we can apply Lemma 2.13 and improve the exponent 2¢ to 2.

Thus, we get
(f vy < e vur)?
B 4B

Remark that when ¢ > D, ¢& = oo and therefore we have our lemma for any 2q <
P < Po- O

8.2 A reduction

It is sufficient to prove the L” boundedness of VH =2 and of V2 H 2 for the appropriate
range of p. As we have seen in the introduction, the case 1 < p < 2 does not need
any assumption on V. We henceforth assume p > 2 and V € A.

By duality, we know that H ~3div and H=2V2 are bounded on LP for 2 < p < 00.
Thus, if VH 2 is also bounded on LP, it follows that VH 'div and VH"1V3 are
bounded on LP.

Reciprocally, if VH 'div and VH ~1V2 are bounded on L? , then their adjoints are
bounded on L¥. Thus, if F € C3°(M,TM),

|H 2divF|, = |HzH ‘divF|,
< C(||IVH " divF| |y + |V2 H divFll,y) < C||F|,
where the first inequality follows from Theorem 1.4. By duality, we have that VH —3

is bounded on LP.
1 1 .
The same treatment can be done on VzH 2. We have obtained

Lemma 8.7. Let M be a complete Riemannian manifold. If V € Ay and p > 2, the
LP boundedness of VH ™2 is equivalent to that of VH 'div and VH V2, and the LP
boundedness of VEH"2 is equivalent to that of V2H V2 and VzH 'div.

Hence, to prove Theorem 1.3, it suffices the LP boundedness of the operators:

VH Ydiv, VH- V2, ViH V2, V2 H Ydiv.

8.3 Proof of point 2. of Theorem 1.3

Proposition 8.8. Let M be a complete Riemannian manifold satisfying (D) and (Py).
Assume that V. € RH, for some ¢ > 1. Then for 2 < p < 2(q + €), for some € > 0
depending only on V', f € C(M,C) and F € C§°(M,TM),

1o g1 1o

|V=H 1V2f||p <Gyl fllps IV2H ldWFHp < Gy Fllp-
Proposition 8.9. Let M be a complete Riemannian manifold of polynomial type
satisfying (P). Let V € RH, for some g > 1. If ¢}, < po, let p = ¢}, If ¢}, > po, we
take any 2 < p < py. Then for all f € C(M,C) and F € C*(M,TM),

IVHZVEfll, < Gl fllps I IVH divE] |, < Gl Fl,.
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The interest of such a reduction is that this allows us to use properties of weak
solutions of H. Note that Proposition 8.9 is void if ¢ < DQ—fz as q;, < 2. Note also that
qp < 2q exactly when ¢ < %. In this case, this statement yields a smaller range than

the interpolation method in Section 6.

Proof of Proposition 8.8. Fixaball B = B(xg, R) and let f € C§°(M) supported away
from 4B. Then u = H~'V2f is well defined on M with [|[Vzulls + || [Vul |2 < ||f]l2
by construction of H and

/(Vugo—l—Vu-Vgo)d,u:/ V2 fodu
M M

for all p € LA(M) with ||[V2¢|s+] [Ve| ||2 < oo. In particular, the support condition
on f implies that u is a weak solution of —Awu + Vu = 0 in a neighborhood of 4B,
hence |u|? is subharmonic there. Let r such that V € RH,. Note that by Proposition
2.12, V2 € RH,,. From Corollary 4.7 with V2, |u[? and s = 3, we get

(][(Vé\ubz’“du);” < c][ V4 luldp.
B 4B

Thus, (27) holds with 7= V2H V2, ¢y = 2r, ro = 2 and S = 0. By Theorem 5.5,
V2H-V2 is bounded on L? for 2 < p < 2r.
The argument is the same for V2 H'div. This finishes the proof. O

2D
D+27

nothing to prove. We consider first the operator VH -1y,

Assume ¢ < %. Fix a ball B of radius R and let f € C§°(M) supported away

from 4B. Let u = H-'V2 f. As before, the support condition on f implies that u is

a weak solution of —Au + Vu = 0 in a neighborhood of 4B. Thanks to Lemma 8.4,

(27) holds with T = VH-Wi, ¢y = qp < ¢ if ¢ < po and if not gg = py — € for
1

any € >0, and S = (M(|V%H_1V%\2)) *. The maximal theorem —Theorem 2.4 and
Proposition 8.8 show that S is bounded on LP(M) for 1 < p < 2q. Then Theorem 5.5
implies that VH-'V? is bounded on LP(M) for 2 < p < po if ¢5, > po. If ¢}, < po, by
the self-improvement of reverse Holder estimates we can replace ¢ by a slightly larger
value and, therefore we get the LP boundedness of VH -1V for P <qp.

Assume next that % < q < D and 2q < py. Again, we may as well assume q > %
In this case ¢}, > 2¢. Then, Lemma 8.5 yields, this time, (27) with 7" = VHAV%,
o = q} if ¢ < po and if not gg = pg — € for any 0 < € < py — 2¢, and S = 0.
Theorem 5.5 asserts that VH 'V is bounded on L? for 2 < p < po if ¢, > po and,
by the self-improvement of the RH, condition, it holds for p < ¢, if ¢}, < po.

Finally, if ¢ > D, then Lemma 8.5 yields (27) for any 2 < ¢y < po with 7' =
VH-'V3 and S = 0. Theorem 5.5 shows then that VH~'V is bounded on L? for
2 <p<po.

The argument is the same for VH ~'div and the proof is therefore complete. [

Proof of Proposition 8.9. We assume q > that is ¢j, > 2, otherwise there is
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9 Case of Lie groups

Consider G a simply connected Lie group. Assume that G is unimodular and let du
be a fixed Haar measure on G. Let Xi,..., X} be a family of left invariant vector
fields such that the X;’s satisfy a Hormander condition. In this case the Carnot-
Carathéodory metric p is a distance, and the metric space (G, p) is complete and has
the same topology as G as a manifold (see [22] page 1148). Denote V(1) = u(B(z, 1))
for all x € G. An important result of Guivarc’h [33| says that, either there exists an
integer D such that cr? < V(r) < CrP for all 7 > 1, or e < V(r) < Ce“" for all
r > 1 with V(r) = u(B(x,r)) = u(B(y,r)), for all z, y € G and r > 0. In the first
case we say that GG has polynomial growth, while in the second case G has exponential
growth. For small 7, a result of [46] implies that there exists an integer d such that
erd <V(r) < Créfor 0 < r < 1. Suppose that G has polynomial growth. Then there
exists Cy > 0 such that

Cilrl<V(r)<Cir?, 0<r<1, (37)

CrlrP <V(r)<CirP, 1<r <. (38)

We say that d is the local dimension of G and D is the dimension at infinity. We
assume that d > 3 and d < D —If G is nilpotent and since G is simply connected, we
have d < D (see [23])—. In particular (D) holds with s = D. Moreover G satisfies a
Poincaré inequality (P;): there exists C' > 0 such that for all ball B of radius r > 0
we have for every smooth function u,

/ lu —ugldp < Cr/ | Xu|dp (P1)
B 2B

1
(see [49)], [58]) where | Xu| = (ZL |Xiu\2> ’,
For the rest of this section, we consider G a Lie group as above with polynomial
growth and set A = 3% | X2,
Let us check the validity of our approach to obtain Theorem 1.1, Theorem 1.3 and
Theorem 1.4 for G. The main tools used to prove those theorems still hold:

e The Riesz transform V(—A)~z is LP bounded for all 1 < p < co. This result
was proved by Alexopoulos [1].

e An improved Fefferman-Phong inequality of type (15) holds on G with g =

__p
p+D(a—1)"

e We get a Calderéon-Zygmund decomposition analogous to that of Proposition
4.2. Thanks to this decomposition, we get the analog of Theorem 1.4 as in
section 7.

e Theorem 6.1 proved in section 6 remains true for Lie groups with polynomial
growth (we use the same proof).

e The argument of complex interpolation (valid on G) allows us to obtain Theorem
1.3 part 1.

34



e Let u a weak solution of —Au + Vu = 0 on G, then u satisfies some mean
values inequalities as in Lemma 4.5, 4.6 and Corollary 4.7. We mention that the
analogous of Lemma 4.5 was proved by Li [40], [41] for nilpotents groups using
estimations for the heat kernel and its first and second derivatives.

e The lemmas in section 8.1 still hold in our case: G is of polynomial type. The
Sobolev inequality and the Morrey embedding —with o = 1 — % and 1 — % ¢ N-

hold for any n € [d, D] (see Theorem VIII.2.10 of [23]). We also have that A~z
is bounded from LP to L»-» for any n € [d, D] and p < n (Theorem VIIL.2.3 of
[23]). Thus we get similar lemmas to that of section 8.1 this time on a Lie group
G of polynomial growth.

With all these ingredients, we establish the following theorem analog to Theorem 1.3.

Theorem 9.1. Let G be a simply connected Lie group with polynomial growth and
assume 3 < d < D. LetV € RH, for some ¢ > 1.

1. Then for any smooth function u,

11Vl |, + IV Eull, S H(=A+V)2ull, forl<p<2(g+e). (39

Consider

D
2. Assume q > 5.

HVulll, S T(=A+V)zul, (40)

for all smooth function u.

a. if%<q<D, (40) holds for 1 < p < q}, + ¢,
b. if g > D, (40) holds for 1 <p < oo .

Remark 9.2. Li [40], [41] proved point 2 of Theorem 9.1 if G is in addition Nilpotent.

References

1. G. Alexopoulos. An application of homogenization theory to harmonic analysis:
Harnack inequalities and Riesz transforms on Lie groups of polynomial growth.
Can. J. Math., 44(4):691-727, 1992.

2. P. Auscher. On LP estimates for square roots of second order elliptic operators on
R™. Publ. Mat., 48(1):159-186, 2004.

3. P. Auscher and B. Ben Ali. Maximal inequalities and Riesz transform estimates
on LP spaces for Schrodinger operators with nonnegative potentials. Ann. Inst.
Fourier, 57(6):1975-2013, 2007.

4. P. Auscher and T. Coulhon. Riesz transform on manifolds and Poincaré inequal-
ities. Ann. Scuola Norm. Sup. Pisa CIl.Sci(5), 4(3):531-555, 2005.

35



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

P. Auscher, X.T. Duong, and A. McIntosh. Boundedness of Banach space val-
ued singular integral operators and applications to Hardy spaces. Unpublished
manuscript.

. P. Auscher and J.M. Martell. Weighted norm inequalities, off diagonal estimates

and elliptic operators. Part III: Harmonic analysis of elliptic operators. J. Funct.
Anal., 241(2):703-746, 2006.

. P. Auscher and J.M. Martell. Weighted norm inequalities, off diagonal estimates

and elliptic operators. Part I: General operator theory and weights. Adv. Math.,
212(1):225-276, 2007.

. N. Badr. Real interpolation of Sobolev spaces associated to a weight. to appear

in Pot. Anal.

. D. Bakry. Etude des transformations de Riesz dans les variétés Riemanniennes a

courbure de Ricci minorée. Séminaire de Prob.XXI, Springer, L. N., 1247:137—
172, 1987.

S. Bockner. Vector fields and Ricci curvature. AMS Bull., 52:776-797, 1946.

M. Braverman, O. Milatovic, and M. Shubin. Essential self-adjointness of
Schrodinger-type operators on manifolds. Russ. Math Surveys, 57(4):641-692,
2002.

S. Buckley, P. Koskela, and G. Lu. Subelliptic Poincaré inequalities: The case
p < 1. Publ. Mat., 39(2):313-334, 1995.

P. Buser. A note on the isoperimetric constant. Ann. Sci. Ecole Norm. Sup.,
(4éme série):213-230, 1982.

A. Carbonaro, G. Metafune, and C. Spina. Parabolic Schrédinger operators.
J.M.A.A., 343(2):965-974, 2008.

I. Chavel. Riemannian geometry- A modern introduction. Cambridge University
Press, 1993.

J. Cheeger, M. Gromov, and M. Taylor. Finite propagation speed, kernel estimates
for functions of the Laplace operator, and the geometry of complete Riemmanian
manifold. J. Diff. Geom., 17:15-33, 1982.

J.C. Chen. A note on Riesz potentials and the first eigenvalue. Proc. Amer. Math.
Soc., 117(3):683-685, 1993.

R. Coifman and G. Weiss. Analyse harmonique sur certains espaces homogénes.
Lecture notes in Math., Springer, 1971.

R. Coifman and G. Weiss. Extensions of Hardy spaces and their use in analysis.
Bull. Amer. Math. Soc., 83:569-645, 1977.

36



20

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.
36.

T. Coulhon and X. T. Duong. Riesz transforms for 1 < p < 2. Trans. Amer.
Math. Soc., 351(3):1151-1169, 1999.

T. Coulhon and H. Q. Li. Estimations inférieures du noyau de la chaleur sur les
variétés coniques et transformée de Riesz. Arch. Math., 83:229-242, 2004.

T. Coulhon and L. Saloff-Coste. Isopérimétrie pour les groupes et les variétés.
Rev. Mat. Iberoamericana, 9:293-314, 1993.

T. Coulhon, L. Saloff-Coste, and N. Varopoulos. Analysis and geometry on groups.
Cambridge Tracts in Mathematics, 1993.

M. G. Cowling. Harmonic analysis on semigroups. Ann. of Math. (2), 117(2):267—
283, 1983.

X. T. Duong and A. McIntosh. Singular integral operators with non-smooth
kernels on irregular domains. Rev. Mat. Iberoamericana, 15(2):233-265, 1999.

X. T. Duong and D. Robinson. Semi group kernels, Poisson bounds and holomor-
phic functional calculus. J. Funct. Anal., 142:89-128, 1996.

T. Gallouét and J.-M. Morel. Resolution of a semilinear equation in L!. Proc.
Roy. Soc. Edinburgh Sect. A, 96(3-4):275-288, 1984.

J. Garcia-Cuerva and Rubio de Francia J. L. Weighted Norm inequalities and
related topics. North Holland Math. Studies 116, Northh Holland, Amsterdam,
1985.

A. Grigory’an. The heat equation on non compact Riemannian manifold. Math
USSR. Sb, 72:47-76, 1992.

A. Grigory’an and L. Saloff Coste. Stability results for Harnack inequalities. Ann.
Inst. Fourier(Grenoble), 3:825-890, 2005.

D. Guibourg. Inégalités maximales pour 'opérateur de Schrodinger. C. R. Acad.
Sci. Paris Sr. 1 Math., 316(3):249-252, 1993.

C. Guillarmou and A. Hassell. Resolvent at low energy and Riesz transform
for Schrodinger operators on asymptotically conic manifolds. I. Math. Ann.,
341(4):859-896, 2008.

Y. Guivarc’h. Croissance polynomiale et période des fonctions harmoniques.

P. Hajlasz and P. Koskela. Sobolev met Poincaré. Mem. Amer. Math. Soc.,
145(688):1-101, 2000.

B. Helffer and J. Nourrigat. Une inégalité L?. Unpublished manuscript.

R. Johnson and C. J. Neugebauer. Change of variable results for A, and reverse
Holder RH, classes. Trans. Amer. Math. Soc., 328(2):639-666, 1991.

37



37

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

20.

ol.

92.

53.

T. Kato. LP-theory of Schrédinger operators with a singular potential. Aspects of
positivity in function analysis, North-Holland Math.Stud., (122):63-78, 1985.

S. Keith and K. Rajala. A remark on Poincaré inequality on metric spaces. Math.
Scand., 95(2):299-304, 2004.

C. Le Merdy. On square functions associated to sectorial operators. Bull. Soc.
Math. France, 132(1):137-156, 2004.

H. Q. Li. Ph.D thesis. 1998.

H. Q. Li. Estimations L” des opérateurs de Schrédinger sur les groupes nilpotents.
J. Funct. Anal., 161:151-218, 1999.

H. Q. Li. La transformée de Riesz sur les variétés coniques. J. Funct. Anal,
168:145-238, 1999.

H. Q. Li. Estimations du noyau de la chaleur sur les variétés coniques et ses
applications. Bull. Sci.math, 124(5):365-384, 2000.

P. Li. Lecture notes on Geometric Analysis. pages 1-95, 1996.

P. A. Meyer. Démonstration probabiliste de certaines inégalités de Littlewood-
Paley. Séminaire de Prob.X, Lecture Notes in Math., Springer-Verlag, 511:125—
183, 1976.

A. Nagel, E. M. Stein, and S. Wainger. Balls and metrics defined by vector fields.
Acta Math., 155:103-147, 1985.

E. M. Ouhabaz. The spectral bound and principal eigenvalues of Schrédinger
operators on Riemannian manifolds. Duke Math. J., 110:1-35, 2001.

L. Saloff Coste. A note on Poincaré, Sobolev and Harnack inequalities. Internat.
Math. Res. Notices 2, 65:27-38, 1992.

L. Saloff-Coste. Parabolic Harnack inequality for divergence form second order
differential operator. Potential Anal., 4(4):429-467, 1995.

L. Saloft-Coste. Aspects of Sobolev-type inequalities. Cambridge University Press,
2002.

Z. Shen. LP estimates for Schrodinger operators with certain potentials. Ann.
Inst. Fourier(Grenoble), 45:513-546, 1995.

A. Sikora. Riesz transform, gaussian bounds and the method of wave equation.
Math. Z., 247:643-662, 2004.

A. Sikora and J. Wright. Imaginary powers of Laplace operators. Proc. Amer.
Math. Soc., 129(6):1745-1754, 2001.

38



o4

25.

26.

7.

28.

99.

. E. M. Stein and G. Weiss. Introduction to Fourier Analysis in Euclidean spaces.
Princeton University Press, 1971.

E.M. Stein. Singular integrals and differentiability properties of functions. Prince-
ton University Press, 1970.

E.M. Stein. Topics in harmonic analysis related to the Littlewood-Paley theory.
Princeton U.P, 1970.

J.O. Stromberg and A. Torchinsky. Weighted Hardy spaces. Lecture notes in
Mathematics, 1381, Springer-Verlag, 1989.

N. Varopoulos. Fonctions harmoniques sur les groupes de Lie. C. R. Acad. Sc.
Paris, Ser. I, 304(17):519-521, 1987.

N. Yosida. Sobolev spaces on a Riemannian manifold and their equivalence. J.
Math. Kyoto Univ., 32:621-654, 1992.

39



