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Abstract. In this note, we prove that the free energies Fy constructed from the Eynard-Or-
antin topological recursion applied to the curve mirror to C3 reproduce the Faber—Pand-
haripande formula for genus ¢ Gromov-Witten invariants of C3. This completes the proof
of the remodeling conjecture for c3.
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1. Introduction

According to the “remodeling conjecture” [2,19], the generating functions for
Gromov—Witten invariants of a toric Calabi-Yau threefold X can be computed by
applying the Eynard-Orantin topological recursion [12,13] to the family of com-
plex curves mirror to X. More precisely, the Eynard—Orantin topological recursion
produces an infinite tower of meromorphic differentials Wy, which are mapped
by the open/closed mirror map to generating functions of open Gromov—Witten
invariants of (X, L), where L is an appropriate Lagrangian submanifold of X. The
recursion also produces an infinite tower of free energies F, that are mapped by
the closed mirror map to generating functions of closed Gromov—Witten invariants
of X.

The simplest case to consider is when X =C3. In this case, open Gromov—Wit-
ten invariants can be computed using the topological vertex formalism [1,17]. The
generating functions W; for open Gromov-Witten invariants can be written in
terms of Hodge integrals. For this particular geometry, it was proved indepen-
dently by Chen and Zhou that the “open part” of the remodeling conjecture is true
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[6,23], namely, that the meromorphic differentials WS constructed from the
Eynard—Orantin topological recursion applied to the curve mirror the C* indeed
reproduce the open Gromov—Witten generating functions (see also [24]).

To complete the proof of the remodeling conjecture for C3, it remains to be
proved that the free energies F, reproduce the closed Gromov—Witten invariants
of C3. The only non-zero Gromov—Witten invariants of C3 correspond to constant
maps and have been computed many years ago by Faber and Pandharipande [14],
giving the well-known result (for g > 2):

|Bog||Bog—2|
229)(2g —2)(2g —2)V

where B, is the n’th Bernoulli number.! F, is the Gromov—Witten invariant for
constant maps from genus g Riemann surfaces to C>. We also recall that the above
free energies arise in the small g; expansion of M(g)'/* =exp (>3, gszg*ng),
where M (g) is the MacMahon function

ng(_l)g

(1.1)

=TI (1-¢) ", (12)

k=1

and g =e'Ss.

As part of a broader study of Gromov—Witten invariants for constant maps
from the point of view of the topological recursion, it was conjectured in [5]
that the free energies F, computed from the Eynard—Orantin topological recursion
applied to the curve mirror to C? indeed reproduce the Faber-Pandharipande for-
mula. The conjecture was checked computationally up to genus 7. Our main the-
orem in this note is a proof of this conjecture, thus completing the proof of the
remodeling conjecture for C3. Our proof relies on the previous work of Chen [6]
and Zhou [23] where the open part of the remodeling conjecture for C? is proved.
The starting point can also be seen as a particular case of the recent work of
Eynard [9], as explained in Appendix A.

Remark. Given a “formal matrix model” (that is, a matrix integral understood
as a formal power series in the coupling constant gy and the 't Hooft param-
eter t = ggN), the topological recursion applied to its spectral curve reproduces
the correlation functions of the matrix model. Eynard and Orantin then pro-
pose an auxiliary equation to construct an infinite series of free energies F, from
the correlation functions, which are supposed to reproduce the genus expansion
(expansion near gy =0, keeping ¢ fixed) of the partition function of the matrix

IWe define the Bernoulli numbers through the generating function:

t X qm
e’—lzzBmﬁ'

m=0
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model Z=exp (Zg"zo gszgszg (t)). So one might be tempted to use this approach
to prove the theorem in this paper, by constructing a matrix model for M(g)'/?
and computing its spectral curve. However, as discussed in [5], the constant contri-
butions to the free energies are subtle, and the recursion may produce results that
differ from the matrix model; hence matrix models cannot really be used to prove
our main theorem. We illustrate this issue in Appendix B for the case of C3 stud-

ied in this paper.

Remark. After completion of this work, we were informed of an independent
proof of our main theorem by Shengmao Zhu, using very similar ideas [25].

Outline

We review the fundamentals of the Eynard-Orantin topological recursion in Sec-
tion 2.1 and the remodeling conjecture in Section 2.2. We then specialize to the C3
geometry in Section 2.3, describing the mirror geometry and the statement of Chen
and Zhou’s theorem in terms of Hodge integrals. Section 3 is devoted to the proof
of our main theorem. In Section 4 we conclude with a few comments. We discuss
in Appendix A the relation between Chen and Zhou’s theorem and the recent work
of Eynard [9]. In Appendix B we discuss the relation with matrix models alluded
to above.

2. Background
2.1. EYNARD-ORANTIN TOPOLOGICAL RECURSION

In this paper we prove that the remodeling conjecture is true for the free energies
F, constructed from the mirror curve to C3. The remodeling conjecture is based
on the Eynard-Orantin topological recursion [12,13]. In this section we define the
Eynard-Orantin topological recursion.

2.1.1. Ingredients

We start with a smooth complex curve
C={H(x,y)=0} (2.1)

in C2 or (C*)? often called “spectral curve”. It defines a non-compact Riemann
surface, which we also denote by C.x, y:C — C are holomorphic functions on C.

We assume that the map x:C — C has only simple ramification points. In this
paper we focus on the case with a single ramification point. Let a € C be the rami-
fication point of x. Locally near a the map is a double-sheeted covering and hence
we have a deck transformation map
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s:U—->U (2.2)

which is defined locally in a neighborhood U of a. The deck transformation map
means that

x(t)=x(s(1)) 2.3)

for some local coordinate ¢ near a.

The type of objects that we will be interested in are meromorphic symmetric
differentials on C”. In local coordinates z; :=z(p;), p; €C,i=1,...,n a degree n
differential can be written as?

Wu(p1, ..., pr) =wy(21, ..., 20)dz1 - - - dzy, (2.4)

where w(zy,...,z,) is meromorphic in each variable.
To initialize the recursion we need to introduce a particular degree 2 differential.

DEFINITION 1. We define Wg (p1, p2) to be the fundamental normalized bi-differ-
ential [15, p. 20] which is uniquely defined by the conditions:

o It is symmetric, W) (p1, p2) = W (pa. p1);
e It has its only pole, which is double, along the diagonal p; = p,, with no res-
idue; its expansion in this neighborhood has the following form:

Wgo(Pl, p2)= ( + regular) dzi1dzo; (2.5)

(z1 —22)?
e It is normalized by requiring that its periods about a basis of A-cycles on C
vanish.?

Having now defined the main ingredients, we can introduce the Eynard—Orantin
recursion, following [12,13].

2.1.2. The Eynard-Orantin Topological Recursion

Let {W;} be an infinite sequence of meromorphic differentials Wy (p1,..., pn) for
all integers g >0 and n > 0 satisfying the condition 2g —2 4+ n > (0. We say that
the differentials with 2g —2 +n > 0 are stable; W20(p1, p2) is the only unstable
differential.

Let us introduce the shorthand notation S={py,..., p,}. Then:

2For simplicity we will omit the tensor product symbol ® between the differentials.
3W3 (p1, p2) has also been called Bergman kernel in the literature. It is the second-order deriv-
ative of the log of the prime form on C [15].
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DEFINITION 2. We say that the meromorphic differentials WS satisfy the
Eynard-Orantin topological recursion (for x with a single ramification point a) if:

/!
-1
W1 (po I=Res K (po. @) | W5 @ 5@), )+ 2, Wiiiy@ DWG 6@ ) |
g}+g2:g
uJ=

(2.6)

where K (pg, q) is the Eynard kernel defined below. The prime above the summa-
tion symbol means that the terms (g1, /) =(0,¥) and (g2, J) = (0, ) are excluded
from the summation. The recursion here is on the integer 2g — 2 +n, which is why
it is called a topological recursion. The initial condition of the recursion is given
by the unstable Wg (p1, p2) defined above.

DEFINITION 3. The Eynard kernel K(pg,q) is defined, in local coordinate ¢
near a, by

s(q) y170 I
1) W (po.q)

where w(g) is the meromorphic one-form w(q)=y(g)dx(g) if the curve C is in C?,

and w(q):logy(z)ix(—%) if the curve C is in (C*)2. Here is the contraction
-1
o)

operator with respect to the vector field (g—;) %

1
> dx(q)

Definitions 1, 2 and 3 together define the Eynard-Orantin topological recur-
sion for the curve C. (We refer the reader to [12,13] for additional details and
properties).

2.1.3. The Fg's

We can also extend the construction to n=0 objects, F,:=W;, which are just
numbers. Those are the objects that we will concentrate on in this paper. To con-
struct the F,, g >2 (the stable ones), we need an auxiliary equation. Let us first
define

q
®(q) =/w(q'), (2.8)
0

which is the primitive of the one-form w(g) for an arbitrary base point 0. We then
define
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DEFINITION 4. The numbers F,, g > 2, are constructed from the one-forms
WE(p) by

F— D Res @ (q)W(q) (2.9)
872 _2gq¢=a DI '

Remark. Note that as in [5] we introduce a factor of (—1)8 in the definition of
the F, which is absent in the original formalism [12]. As explained in [5] (p. 12),
this factor is required to make precise comparison with results in Gromov—Witten
theory due to different normalizations of the string coupling constant.

Remark. As explained by Eynard and Orantin, Definition 4 is the n =0 extension
of the relation:

1
—_ngizegd%q)w,fﬂ(q,m,-.-,pn). (2.10)

To summarize, given an affine curve C, the Eynard-Orantin topological recur-
sion constructs an infinite tower of meromorphic differentials W;s (p1, ..., pn) (Def-
inition 2) and numbers F, := Wég (Definition 4), for g > 0,n > 0, satisfying the
stability condition 2g —2+n > 0. The recursion kernel is the Eynard kernel (Defi-
nition 3), and the initial condition of the recursion is the fundamental normalized
bi-differential on C (Definition 1).

2.2. THE REMODELING CONJECTURE

The remodeling conjecture [2,19] is an application of the Eynard-Orantin recur-
sion in the world of Gromov-Witten theory and mirror symmetry. Roughly
speaking, the statement of the conjecture is the following: We consider Gromov—
Witten theory of a toric Calabi-Yau threefold X. The mirror theory lives on a
family of complex curves, known as the mirror curve, living in (C*)?. We can apply
the Eynard—Orantin recursion to the mirror curve to compute a tower of mero-
morphic differentials W, and free energies F,. The statement of the remodeling
conjecture is then that the Wy are mapped by the open/closed mirror maps to
the genus g, n-hole generating functions of open Gromov—Witten invariants, while
the F, are mapped by the closed mirror map to the genus g generating functions
of closed Gromov—Witten invariants. For more details on this conjecture and on
the geometry of mirror symmetry, we refer the reader to [2,3,5,19] and subsequent
work.

One aspect of the remodeling conjecture was clarified in [5]: the issue of con-
stant maps. The simplest Gromov—Witten invariants of X are given by constant
maps from closed Riemann surfaces. On the mirror side, those should correspond
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to the constant term in the free energies Fy computed by the recursion.* In [5]
it was argued that the remodeling conjecture also holds for constant maps. Two
conjectures were formulated: the first conjecture stated that the F, obtained from
the mirror curve to the simplest toric Calabi—Yau threefold X =C?> give the correct
Gromov-Witten invariants for constant maps to C3; the second conjecture stated
that the F, obtained from the mirror curve to a general toric Calabi-Yau threefold
X is equal to x(X) times the F, of C3, as expected from Gromov—Witten theory.
In this paper we prove the first conjecture about constant maps to C3.

2.3. GROMOV-WITTEN THEORY OF C3

We now focus on a particular smooth curve, the mirror curve to Gromov—Wit-
ten theory of C3. We refer the reader to [2,5,16] for more details on how to con-
struct the mirror curve to a particular toric Calabi-Yau threefold. Note that for
this geometry, the mirror curve is really a curve and not a family of curves; hence,
the F, are really just numbers. This is because the only Gromov—Witten invariants
of €3 correspond to constant maps since there are no compact cycles in C3.

The (framed) mirror curve to C3 is given by the smooth complex curve

C={x—y/ +y/ T =0yc(C*? @.11)

where the framing f €7 is taken to be generic (i.e. not 0 or —1 — see [5] for clar-
ifications on the issue of framing). C is a genus 0 curve with three punctures.

Remark. Note that this curve is related to the curve in [5] by the transformation
(x, ) ((=1)*1x, —y), which does not change the F,. Here we use the conven-
tions of [6,23] so that we can use their theorem directly for the correlation func-
tions. Henceforth we follow the notation of [6].

We introduce the parametrization

1 1
— —v(n/
H=—|- , H=y@®)' (1—-y@®)). 2.12
y(t) f+l(t+f) x()=y@®) (1—-y®) (2.12)
The x-projection has a single ramification point, which is at t =00 (i.e. y= %).

Following [6,23] (based on the remodeling conjecture in [2,4]), we introduce the
following functions on C, for 0<beZ:

d \[/r-1
Pp(1) = (x(t)m) (m) (2.13)
C(tae=D(fr+D) d\ (-1
_( f+1 5) (f+1)' 21

4Note that in this setup we are considering a family of curves; hence the Fy are functions of
the parameters of this family.
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Note that ¢,(¢) is a polynomial in ¢ of degree 2b+ 1. We also introduce

1

¢-1(t)=—log (Hﬁ)’ (2.15)

so that
. t(t—l)(ft—l—l)i

¢0(I)—(—f+l dt)qb_l(t). 2.16)

Remark that
_ 1 fo_

log y(¢) =log (ﬁ + 1) +log i ¢_1(t)+log il (2.17)
We also introduce the corresponding one-form:

Cp (1) =depp(1). (2.18)

The “open” statement of the remodeling conjecture relates the correlation func-
tions W) constructed from the Eynard—Orantin recursion applied to the framed
mirror curve (2.11) to generating functions of open Gromov—Witten invariants to
C3. Tt is well known that those can be rewritten in terms of Hodge integrals, fol-
lowing the topological vertex formalism [1,17]. So to state the open part of the
conjecture we need to introduce standard notation for Hodge integrals.

Let Mg,h be the Deligne-Mumford compactification of the moduli space of
complex algebraic curves of genus g with & marked points. Let E be the Hodge
bundle on Mg,h. We define the A; classes as the Chern classes of E:

ri=ci(B)e H¥ (Mg p; Q). (2.19)
As usual, we define the generating series:
g
AE(r):Z(—l)",\iﬁ—". (2.20)
i=0

We also define the ; class as the first Chern class of the cotangent line bundle L;
at the i marked point:

Yi=c1(Li) € H* (Mg p: Q). (2.21)
Hodge integrals are intersection numbers of A; and v; classes:

kg

i in , k k j in 4 k
(w-lll...ﬁfkll...,\g”’);z/w{l.-.w,jhxl'.-.,\g (2.22)
My

Of course, since the dimension of Mg,h is 3g —3+h, the Hodge integrals are non-
vanishing only if

g
j1+~~—|—jh+Zik,-=3g—3+h. (2.23)

i=1
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In the following we also use Witten’s notation for Hodge integrals:

(Tb1"'Tbn"')=(1/ff1"'l/f,}f”"'>~ (2.24)

We are now ready to state the “open” part of the remodeling conjecture, rewrit-
ten in terms of Hodge integrals. The “open” statement was proved in [6,23]:

THEOREM 1 (Chen [6], Zhou [23]). The correlation functions Wy produced by the
Eynard—Orantin recursion applied to the framed mirror curve to C3 (2.11) are given
by the meromorphic differentials:®

Wik (11, t)=(=DEF D) DT (a1, Do () [ [ 20 ). (2.25)

b1 .nby>0 i=1

where we introduced the notation
Ce(f)=A (WAL (A (=f =1). (2.26)

This theorem, first conjectured in [2,4,19], was proved in [6,23] using the sym-
metrized cut-and-join equation as in the mathematical theory of the topological
vertex in Gromov—Witten theory [17]. The line of reasoning is similar to what
was used by Eynard et al. [11] to prove the remodeling conjecture for Hurwitz
numbers [4]. Note that Theorem 1 is also a consequence of a more general for-
malism recently developed by Eynard in [9]. We will say more about that in the
Appendix A.

In this paper we complete the proof of the remodeling conjecture for C* by
proving that the free energies F, also produce the correct Gromov—Witten invari-
ants, namely closed Gromov—Witten invariants for constant maps to C>.

3. The Free Energies for C3

The main result of this paper is the following theorem:

THEOREM 2. The free energies F,,g>2 (defined in (2.9)) produced by the
Eynard-Orantin recursion applied to the framed mirror curve to C3 (2.11) are given

by

| Bogl|Bog—2|
2(28)(28 —2)(2g -2
where B, is the nth Bernoulli number. This is the Gromov—Witten invariant for con-
stant maps from genus g Riemann surfaces to C3, as proved in [14].

Fe=(~1)* (G.1)

5Note that we have an extra factor of (—1)28=2+" =(—1)" with respect to the formula in [6,23];
this is due to the fact that our Eynard kernel, Definition 3, has a minus sign difference with the
kernel used in [6,23].
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This completes the proof of the remodeling conjecture for C3. This theorem was
conjectured in [5], where it was shown to hold computationally up to genus 7.
Here we provide a proof based on the results of Chen [6] and Zhou [23].

Remark. Note that it follows from Theorem 2 that the free energies are “fram-
ing-independent”, i.e. do not depend on the framing f, while the correlation func-
tions in Theorem 1 do depend on f. This result confirms “symplectic invariance”
(as clarified in [5]) of the free energies (but not of the correlation functions), as
expected from the work of Eynard and Orantin [12,13].

Let us start by proving the intermediate lemma:
LEMMA 3. The free energies F,, g=>2 (defined in (2.9)) produced by the Eynard—

Orantin recursion applied to the framed mirror curve to C> (2.11) are given in terms
of Hodge integrals by

1

Fg=m<flrg(f)>- (3.2)

Proof. What we need to do is evaluate the residue in (2.9) for our particular
curve (2.11):

(=D#

Fe= 35 Res@@Wi(@). (3.3)
with
/ dx(¢)
X
(q) = / log (g S = / o (3.4)
0

an arbitrary primitive of the one-form w=1log y‘i—x.
First, note that we can integrate by part and rewrite instead

F, =D Res((/a)( )) Wi ( )) (3.5)
872 -2gq=a 1 144 .

__ (_l)gRes(a)( )(/ WE( ))) (3.6)
2—2gq=a 1 ) ’

where we used the fact that the curve is rational and that the one-form Wig (g) has
no residues; hence its primitive is a well-defined meromorphic function.

Now according to Theorem 1 of Chen and Zhou, we know that the one-point
correlation functions are given by

Wi (@)= (=1f D (e (£))dep(1). 3.7)

b>0
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Hence the arbitrary primitives can be taken to be
/ W) =(=1f D (Tl (f))n(t). (3.8)
b>0

Using the notation introduced previously, we can also write

(1) f dx (1)
)

Therefore, noting that the ramification point is at t =oo, what we want to evaluate

is the residue
f dx(r)
(5T (/) Res (( ¢- 1(t)+log<f+1)) 0 ¢b<t)). (3.10)

Fo=—
2g—2b20

By definition, for 5>0 we have that

@p(1) =x(1)

3.11
()¢b 1(0); (.11

hence
D) > (Tng(f)>ReS(( b 1(t)+log( f )) depp— 1(t)) (3.12)
Py t=00 f+1

Since ¢p_1(t) is meromorphic at t =oo (recall that for »>1 it is a polynomial in
t, while for »=0 it vanishes at r =00), the residue of its differential is necessarily
zero. Hence we can forget about the terms involving log( whose residues all

)
vanish. We get

(@l ()Res (¢-1(1) 1 (1) (3.13)

1
Fp=——
§ 2—2gb20

So we need to evaluate the residue
Res (-1 (1)dgy—1 (1) (3.14)

for all 5>0.
For b=0, we have

Res (¢-1(1)dg- 1(t))——Res( (¢_1(t)2))=0, (3.15)

Since ¢_1(t) is zero at t =00
For b=1, we have

1 1
tligg (p—1()depo(1)) =— tligg (log (1 + ﬁ) m) dr (3.16)
1

NED) G47
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For b>2, we want to evaluate

Ry IZIE%E (¢p—1()depp—1(1)) =— ReS (d¢71 (O pp—1(1)) (3.18)
(t(1+ft)¢b 1(l)) (3.19)
where we used integration by parts. Now we know that
C(ta=D(fr+D A\ (-1
Pp—1() = (T 5) (m) (3.20)
= D(fr+Dd [ (te-D(fr+D d\ T -1\ ]| 391
S () ()] e
hence our residue becomes
B t—1d [ te—D(Fr+D) d\72 -1
=12 ( Frid [(Td_) (m)D‘” (322
=—Res (¢ (t) ¢b 200 )) (3.23)

But both ¢ (¢) and ¢,_»(¢) are polynomial in ¢, and so the one-form ¢q(#)d¢,_» ()
is holomorphic everywhere on Co, except at r =o0; hence by the residue theorem
its residue at t =oo must vanish. Therefore, we get that R, =0 for all b>2.

Putting all this together, we get that the sum in (3.13) collapses onto the b=1
term:

Fy ZE(H Fg(f))}i%g (¢—1(1)dgo (1)) (3.24)

1
EE—— N , 3.25
G2 ) (3.25)
which is the statement of the lemma. O

To prove Theorem 2, all that remains is to evaluate the Hodge integral.

Proof of Theorem 2. By Lemma 3 we know that

1

ngm(flrg(f))- (3.26)

The well-known dilaton equation for Hodge integrals [22] tells us that

<11Hra,.> =(2g—2+n)<Hra,.> . (3.27)
i=1

g i=1 g
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The same result holds when A classes also appear in the Hodge integrals (see for
instance [18]). In our case, the dilaton equation implies that

1
Fo=——————(2g—-2)(T r 3.28
s (2—2g)f(f+1)( g =D (f)) = f(f+1)< ¢ () (3.28)

So we need to evaluate the Hodge integral
(Te(/)) = (AY (DAY (AL (—f = D). (3.29)
By definition, we have
A= "D, AY(N=D (=D'ai 7, A =D=(=DF D n(f+D5.
i=0 i=0 i=0
(3.30)

Since we are integrating over the (3g — 3)-dimensional moduli space Mg, we only
care about the degree (3g —3) class in the product AZ (DA (A (—f—1). Itis
easy to see that this class is given by

DX (R (= +1)
thghgthg2 (J+D2= LU+D+F+D2=(F+ D+ 24 7)), (33D
where we used the fact that A§ =0, which follows from Mumford’s relation
AY (DAY (—1)=(=1)8r%¢ (3.32)

evaluated at r =0. Simplifying (3.31), we get that the degree (3g —3) class is given
by

DXL+ (<23 +Fhghe 1k 2). (3.33)
So we have
Fo=(=1)%(=2]_| +3hghg 1hg 2). (3.34)

But it also follows from Mumford’s relation (from the term in 72 in (3.32)) that
(g 1) =20hghg 1hg 2); (3.35)

hence
(=18
2

By the result of Faber and Pandharipande [14], we know the value of this Hodge
integral:

Fo=-—>—(;_)). (3.36)

|B2g||B2g72|
28(2g—2)(2g—2)!"

)= (3.37)



72 VINCENT BOUCHARD ET AL.

Therefore, we obtain

|BogllBog—2|
F,=(=1)% , (3.38)
¢ 2292 —2)(2g - 2)!
as expected from Gromov—Witten theory. O

4. Conclusion

In this paper we proved that the free energies computed by the Eynard-Orantin
recursion applied to the mirror curve of C? reproduce the corresponding Gromov—
Witten invariants, as conjectured in [5]. Our proof relies on previous work of Chen
[6] and Zhou [23], where the correlation functions are computed in terms of Hodge
integrals.

It would, however, be nice to obtain a direct proof of the Faber-Pandharipande
formula for the F, without relying on Hodge integrals, using directly the geome-
try of the mirror curve. The mirror curve to C? is a “pair of pants” (genus 0 with
three punctures) and hence constitutes the fundamental building block for general
mirror curves to toric Calabi—Yau threefolds, as discussed in [5]. It would be nice
to understand how the particular combination of Bernoulli numbers appearing in
the F, naturally comes out of the geometry of a pair of pants. This may be dif-
ficult to do for a generic choice of framing, but since we know that the F, are
framing-independent, it may be possible to do explicit calculations for a particu-
larly clever choice of framing (f =1 seems to be the natural choice).
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Appendix A. Connection with the Formalism of [9]

In a recent paper [9], Eynard gave a combinatorial interpretation of the coeffi-
cients found in the computation of the correlation functions (and of the free ener-
gies) for an arbitrary spectral curve with one ramification point (Theorem 3.3 of
[9]). He then applied his general result to the C? case and with the help of several
specific identities obtained a formula for the W; which looks very similar to the
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one proved by Chen and Zhou. In this Appendix we show that the two formulae
indeed coincide.
Eynard’s formula for the W is (Eq. (7.47), p. 33):

WE @10 2) =2 0ken " ||(—1)dfdg0<"")(z,-)<¢§’l...wj»eryn(f)>g,
diyeesdy i
(A.1)

with
FEyn(f) ZAEyn(l)AEyn(f)AEyn(_f - 1)~ (AZ)

In this Appendix for brevity we will only work out the details for the one-point
correlation functions, n =1, but it is straightforward to generalize the argument.
For n=1 Eynard’s formula reduces to

W, 1 (@) =20 3 (1P e? 0 <¢{7rEyn( f))g (A.3)

b>0

In the above formula we have

dgn=3¢g—34+n, Xen=2—2g—n, fozln,/%—i_l), (A4)
Y 1

§o(z) = — (A.5)
(1+/)3 —m

d
E()

d
and (‘i) &. The parametrization of the mirror curve used by Eynard is

X@Q=e"O=z/(1-2) Y@=eP=¢ (A.6)

Note that the convention used by Eynard for the Agy,(f) are different from ours.
More specifically, Agyn(f)=f"% A;( f). Therefore, we see that in our notation

<W{7AEyn(1)AEyn(f)AEyn(_l - f))g = (_1)g (f(l + f))_g <Tbrg(f)> (A7)

The prefactor e~10Xs.1 can also be easily evaluated:

_1
e_;OXg,l :6‘_%1n f(l;f> :(—f(lg_f))g ’ (A8)

Putting this back into (A.3) leads to

WE 1 (@) =(=DF Z( D (v Ty (f))dEy” () (A9)

The formula obtained by Chen and Zhou is
WE (0= (=1 Dt (£))dep (1) (A.10)

b>0
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So, to identify Eynard’s result with the result of Chen and Zhou, we need to relate
the S(gb) (z) to our ¢p(¢). Let us start by relating the two parameterizations of the
curve. Eynard’s z is related to our ¢ by

1 1
)

Therefore, we have

Oy | 2f 1 A.12
R oy (A12)

2f
=ViiF (A.13)
2
=¢2f(f+1)¢o(t)+,/%. (A14)
That is,
& =2 f(f + Ddo. (A.15)
Now using (A.6) we have
d
£V (r))—( ) E0(z(1)) (A.16)
dz d
( @ ) £0(z(1) (A17)
o -z dY’
—(md—) &0(z(1)) (A.18)
o tef+he-1d
~(EDED 4N e, (A19)
But from (2.13) we have
_(taf+D@—1 d’
¢b(t)_(Ta) do(1), (A.20)
and since
[ 2
E0(z()=V2f(f+ Do)+ % (A.21)

we conclude that (the extra constant term in &y(z(¢)) does not matter since we are
taking derivatives of &y(z(¢))):

£V 2(0) = (D2 (F + Do (0). (A.22)
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Putting this back into (A.9), we obtain

WE 1 @(0) = (=18 D (1T (/))dep (1) = Wi (). (A.23)

b>0

Therefore, Eynard’s formula for the correlation functions, in the case of C3, is pre-
cisely equal to the formula proved by Chen and Zhou.

Appendix B. Relation to Matrix Models

In this appendix we wish to illustrate a discrepancy between the normalization of
matrix models, encoded in the constant terms of the form considered in this paper,
and the outcome of the topological recursion.

The topological recursion formulated in [12] is a solution of the loop equations
of matrix models. In general, when applied to the spectral curve of a given matrix
model, it reproduces its correlation functions and free energies. However, from the
viewpoint of the topological recursion, there is an integration constant ambigu-
ity in the definition of F,, and their particular definition (2.9) is chosen so that
they fulfill certain homogeneity conditions [12]. This does not guarantee that the
constant contributions to F, agree with those of the original matrix model, from
which the spectral curve is derived. And in fact, in several cases related to the
remodeling conjecture, these contributions differ.

Such discrepancies for matrix models for the resolved conifold were discussed in
[5]. For example, the normalization factor of the conifold matrix model derived
in [20] is given by M(gq) (with MacMahon function given in (1.2)); and as its
spectral curve coincides with the mirror curve for the conifold, the topological
recursion also gives rise to the same normalization, in agreement with Gromov—
Witten theory. On the other hand, the normalization of a different conifold matrix
model derived in [7] does not involve any factor of MacMahon function; how-
ever, its spectral curve also agrees (up to symplectic transformation) with the
mirror curve for the conifold and hence the overall normalization arising from
the topological recursion is also given by M(g). So we see that even though,
by construction, the two conifold matrix models mentioned above are normal-
ized differently, they give rise to symplectically equivalent spectral curves and
hence the topological recursion produces the same constant contributions in both
cases.

It turns out that the above discrepancy can be observed even in a simpler exam-
ple, related directly to the mirror C3 geometry which we consider in this paper, and
a single MacMahon function. It is known that the MacMahon function is a gener-
ating function of plane partitions, and a matrix model encoding such a generating
function was constructed in [8,20], and its refined version in [21,10]. By construc-
tion the partition function of this model is equal to the MacMahon function, and
the matrix model takes the form
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Zmamsz(q)z/DU det(]_[(l+qke—iU))det(]'[(1+qke”f)), (B.1)

k=1 k=0

where matrices U of infinite size are integrated over, and DU is the unitary Van-
dermonde measure. The spectral curve of the above model was computed explicitly
in [10] (more generally, in that paper the spectral curve for a refined model with
arbitrary S was computed; setting 8 =1 we get the non-refined spectral curve).
This curve reads

2
2o 4=
y

(B.2)

Taking the square root and comparing with (2.11) we see that this is® a mirror
curve for C3 in framing f = —%. Therefore, by Theorem 2, the topological recur-
sion applied to this curve computes the free energies as in (1.1), consistent with
Gromov-Witten theory, which arise from the expansion of M(g)'/>. Hence we
directly see a discrepancy with the original generating function of plane partitions
in (B.1), from which the matrix model was constructed.

Interestingly, in a sense, we see that the mirror curve for C3 given in (2.11)
is naturally associated both with M(g) and M(q)'/?, depending on the perspec-
tive one is considering. In this context it would be interesting to find a matrix
model whose spectral curve would agree with the C3 mirror curve, and whose par-
tition function by construction would be equal to M(g)'/? and directly agree with
Gromov—Witten theory.
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