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1 Introduction: generalization of the two-matrix model

Random matrix models have played a very important role in physics and mathematics [9,
26, 36-38, 50, 62, 66]. The eigenvalue statistics of large random matrices tend to universal
statistical laws, which can be observed in many systems in nature, ranging from nuclear
physics to finance and biology. Moreover, random matrices, treated as formal series, provide
generating functions for counting discretized surfaces [14, 22, 25, 26, 44, 55|, and are a very
useful tool for string theory [30-33, 57-60, 63].

So far, the random matrices studied were mostly hermitian matrices, because it was the
easiest case. From the beginning, Wigner [62, 66, 68] introduced 3 ensembles of matrices,
classified by an exponent 23, Hermitian: 23 = 2, real-symmetric: 23 = 1, and quaternionic:
20 = 4. However, it is rather easy to analytically extend the joint eigenvalue distribution
to arbitrary values of 3 [15, 24, 35].

The case of one random matrix belonging to an arbitrary § ensemble, although less

studied than the hermitian case, has received lot of attention, and many works were done.



In particular loop equations have been known for a long time, and their recursive solution
was recently proposed in [17-19, 46].

For the hermitian case, it turned out that a 1-matrix model was not general enough,
for instance the spectral curve for 1-matrix model is always quadratic, it can’t have higher
degree, the critical behaviors are related to only a small subset of all possible conformal
field theories. A 2-matrix hermitian model turns out to be much more general, it allows
to reach spectral curves of any degrees, and any conformal minimal model [21, 26, 27, 56].
Moreover, as applications to counting discretized surfaces, a 2-matrix model allows to count
discrete surfaces carrying colors [25, 54].

Unfortunately, trying to generalize the 2-matrix model to arbitrary [ seemed very
difficult, and was almost never studied. One reason, is that the joint eigenvalue distribution
was not known, because the integration over the angular parts of the matrix was not known
(properties of angular integrals for hermitian matrix models can be found for example
in [67]).

Recently, some progress was made [6] in those angular integrals, and although we don’t
know yet how to compute angular integrals for arbitrary (5, we know already that those
angular integrals have to satisfy some differential equations, and this is sufficient to derive
loop equations. This is what we do in this article, we derive the loop equations, and solve
them perturbatively by expanding in some small parameter.

1.1 The hermitian two-matrix model

The hermitian two-matrix model is given by the partition function:
Zerm = e’ = /dM1 dMy e~ T tr Vi(M1)+Va(M2)— M My] (1.1)

where M7 and My are N X N hermitian matrices and the measure dM; is the corresponding
Lebesgue measure associated with all independent entries of the matrices. Vi and Vs are
called the potentials, we shall assume in this article that V4 and V5 are polynomials. The
parameter T', often called the temperature, is redundant, it can be absorbed by a change of
variable My — T M5 and a redefinition of V5, however, we prefer to keep it for convenience,
and because of its future geometric interpretation. The hermitian 2-matrix model was
introduced in particular as a formal series to study the Ising model on a random surface,
i.e. the Ising model coupled to 2D gravity [26, 44, 54].

It is very well known [61] now that this integral can be rewritten in term of its eigen-
values problem as:

) ) - %Vl(xi)-i-g“é(yj)
Z Herm = /dXdYA(X) A(Y)%e L=! =t I(X,Y) (1.2)
where X = diag(z1,...,xy) and Y = diag(yi,...,yn) are diagonal matrices representing
the eigenvalues of My and My, A(X) = [[(x; — x;) is the Vandermonde determinant, and

1<j
I(X,Y) is the Itzykson-Zuber integral [51, 52] which corresponds to the integration about
the angular variables:

I(X,Y) :/ dUeT Tr (XUYU™H) (1.3)
Un



where Uy is the unitary group equipped with the Haar measure. Relatively to the Itzykson-
Zuber integral, one can also define the quantities:

M, :/ AU Uy ]|Pe T (XUYUT) (1.4)

Un

which can be used to determine the Itzykson-Zuber integral by the formula:
N N
I(X,Y)=> M=) M, (1.5)
i=1 j=1

Note in particular that the r.h.s. does not depend on the second index i or j. Technically, the

N N
last formulas are obvious since 2||Ui,j I?=1= ZlHUZ-’ ;|/? in the unitary group. Eventually,
i= j=
in the hermitian case, it is also known that the M; ;’s satisfy the Dunkl equation [15, 16, 24],
namely:
- 9 M j — My,
Vi<i,j<N: a—xiMm' + Z W =y;jM;; (1.6)
k#i
We will see in the next sections that these properties can be extended uniquely in the
case of the f-deformation of the hermitian two-matrix model case.

1.2 Generalization to arbitrary 3 two-matrix models

Similarly to what happens in the one-matrix model, we would like to generalize the hermi-
tian two-matrix model to other S-ensembles of matrices. As in the case of one-matrix mod-

els, the usual generalization is made from the diagonalized version of the problem (1.2) by:

N9 | 35 Vi ()t 3 Valwy)
-7 1(Tq 2\Yj
75 / AXdY A(X)2PA(Y)Pe T LE =

Ip(X,Y) (1.7)
where I3(X,Y") is a generalized version of the Itzykson-Zuber integral that we will describe
later. Note that with our convention, the hermitian case corresponds to # = 1 (notation
used by people working on AGT conjecture [2], and Laughlin wave function), whereas
sometimes in the literature it is normalized to § = 2 (Wigner’s notation [62, 66]). We
prefer to use the first notation in order to avoid unnecessary powers of 2 in all formulas.

The diagonalized version (1.7) corresponds to the idea of the generalized matrix inte-
gral:

Zge=" / dMy dMy e i V(M) V2 (Ma) =My My (1.8)
En g

where Ey g would be an ensemble of matrices such that the diagonalization of M; and
My gives (1.7). Note that this definition is only formal since apart from 5= 1, 0, % or 2
where FEy corresponds to hermitian, diagonal, real-symmetric or quaternionic matrices, no
other ensemble is known presently (it would be interesting to see if the S-matrix ensemble
introduced by [35] also reproduces the I3 term).



1.3 The angular integral

We shall now define the Ig(X,Y’) angular integral so that it coincides with the actual

angular integral for the matrix cases 3 = 1,0, 3 and in fact we shall use the angular

) 27 ’
matrix integral defined in [6].

Following [6], we first define a good generalization of the M; ; and from (1.5) we will
define the generalized version of the Itzykson-Zuber integral. In [6], the authors claim that

the natural generalization of the M; ;, noted here Mi([[;) is the following:

1. The Mi(g)’s satisfy the generalized Dunkl-Calogero-Moser equations:

M — ml?)
- M, NB
- ® _ )
V1<i,j<N : M +3 k%éj — = My (1.9)

(The factor NTﬁ comes from the same factor in the exponential term of the partition
function which can be absorbed by the change Y « NTﬁY)

2. Mi(ﬁ) must be stochastic matrices, i.e. Ig = ZM( ) must be independent from j and

=1

Ig = ZM 7]) must be independent from ¢
=

3. They must have the symmetry Mi(g) (X,Y) = M;f)(Y, X). In particular, this implies

that Ig(X,Y) = ZM ®) (X,Y) must be symmetric in the exchange X < Y.

4. They must also have the symmetry Mé@.)) j(X(77 Y) = M@(f) (X,Y) where 0 € ¥y is a
permutation. This implies that Ig(X,,Y) = Ig(X,Y).

5. They are normalized so that Ig(Idyxn,Y) =e Py,

These conditions define the M; (8 )’s uniquely making the previous set of conditions a proper

(6 ) is provided as an integral, or is given

definition (in [6], an explicit solutlon for those M;'
by a recursion on N). Moreover all these propertles are standard results in the hermitian
case 3 =1 and hold for § =1, 2,2 In particular note that Mi([[;) (X,Y) = Mj(f)(Y, X) gives

another formulation of (1.9) as:

M —
V1<i,j<N: Dppd L —h = NTﬂmngj) (1.10)
i — Yk
k#j

Similarly to what happens in the hermitian case, it is logical to define the generalized
Itzykson-Zuber integral by:

N
Ip(x,Y) =Y M2 (x,Y) ZM(ﬁ X,Y). (1.11)
=1



1
)9
this definition we can prove (see [6]) that the generalized Itzykson-Zuber integral I5(X,Y)

Note again that this definition recovers the known cases when 5 = 1, 5, 2. Eventually, from

satisfies the following Calogero-Moser equation [16]:

N ) 2 N
B, def 5~ O 1 (9lz 9l _ (NG 2
Hx'ls = ZZ; ax? +B; v —xj \Or; Ox; A\ T ;yﬂ Is (1.12)

where Hg?) is the Calogero-Moser Hamiltonian. Note again that Ig(X,Y") is well known
to satisfy (1.12) in the § =1, %,2 cases.

Now that we have introduced a proper generalized two-matrix model, we can try to
solve it in the large N limit and in various regimes of the parameters. In particular, since
no (bi)-orthogonal polynomials techniques are known in the case of an arbitrary exponent
B in the Vandermonde determinant (although some work has been done in [34]), we will
use in this article the method of the loop equations to determine the correlation functions

of the models.

2  Summary of the main results

Our goal is to compute the asymptotic (possibly formal) expansion of the 2-matrix model
integral and its correlation functions.

Zﬁn — 77/ dM1 dM2 e—NTBtr [Vl(Ml)—l—Vg(Mg)—MlMg]
EN’B

and the cumulants (subscript ) of expectation values of products of traces of resolvents

1 1
W, =(T .
n(xl? 7‘,En) < r r] — ]\41 Ty — ]\41 >c

We want to expand them in powers of a small parameter ¢ as

InZ = 262972 Fy (2.1)
g

W, => 92wl (2.2)
g

The small parameter € is a combination of % and (. There can be several asymptotic
regimes of interest, which we discuss in detail in section 4.

Main results
e In section 3 we derive the loop equations for the 2-matrix model with arbitrary S.

e In section 5 we solve the loop equation to leading order for the resolvent W7, i.e. we
compute Wl(o). We show that




where () is solution of a linear differential equation with polynomial coefficients

£ <x % %) W) = 0

where £(x,y) is a polynomial in 2 variables.

This equation for ¢ can be thought of as a ”quantum spectral curve”. We remind
that for 5 = 1 one gets an algebraic equation & (x,Wl(O) (x)) = 0. Here, we replace
this algebraic equation by a linear operator £(x, ) where

. T 0 (9, 2] T
= — — Tl = —
y N 8.%' ) y? N?
i.e. the non-commutative version of the algebraic equation £(x,y) = 0.

This equation can also be seen as a Baxter T-Q equation where () is the @ function.
Its zeros s;’s (¢(s;) = 0) are thus the Bethe roots, and the equation &(z,7).1) = 0
can be translated into a Bethe Ansatz equation for the s;’s. We do it in 6.17. The
Bethe equation for S = diag(si,...,sy) can be written in the following way: find a
matrix B such that:

(V3(B) = Se=0 , €(V{(S)—=B)=0 , [S,B]=—(Id—-eée)

=1

where e = (1,1,...,1).

In section 6.6 we show that this Bethe ansatz equation can also be written as the
extremization of a Yang-Yang action:

%S(S,S,A,ﬁ) = tr Vi(S) + tr Va(S) — tr (SASA™Y) — %ln(A(S))

T T T ,
- In(A(S)) + N Indet(A) — N (Ae—¢€)
At the extremum of S we have S = diag(si,...,sn).

The leading order Fj of In Z is the value of the Yang-Yang action at its extremum,
and the first subleading term F is half the log of the determinant of the Hessian
of S:

o0
1
InZy = Z ¢ 2F, , Fy = —S(extremum) , F=- 3 Indet S”
9=0

In section 6.7.1 we compute the leading order of the 2-point function WQ(O) in terms
of the Hessian H = 8" of the Yang-Yang action:

N (H). .

(0) / i
Wy (z,x) = .
: PN e

In a similar way, we compute the leading order of the 3-point function Wéo) in terms

of H=S8" and §"” in (6.7.2).



e In section 7 we provide a “topological recursion” algorithm to compute every sub-

(9)

leading correction to any n-point function, i.e. W5”’, in the form:

N
Wéﬁ?l(:ﬂo, Tlyeon,Tp)= Z 3}1(35, K(xo, ) <Combination of WM's with 2h+m < 2g—|—n)
=1

However, in contrast with [48], the recursion kernel K (xp,x) is here a matrix of
dimensions do = deg V. We derive the topological recursion in section 7.4, and then
we describe the kernel K (z,x) in more details in section 7.5 and in appendix.

3 Loop equations for the 3-deformed two-matrix model

The loop equations, also called “Schwinger-Dyson” equations, are a very powerful tool
to study random matrices, perturbatively in the expansion in some small parameter (for
the hermitian case, the small parameter is usually 1/N in the large N limit), see [3, 23,
26, 40, 53, 65]. In short, Schwinger-Dyson equations exploit the fact that an integral is
invariant by change of variable, or an alternative way to obtain the same equations is doing
integration by parts.

3.1 Notations for correlation functions

For the hermitian two-matrix models, the loop equations are well known [20, 4143, 47, 48,
56, 64] and they are very useful to compute the large N expansion of correlations functions,
W and symplectic invariants F, presented in a more general context in [48]. In the one-
matrix model, it is also known [46] that the loop equations method can be generalized
for arbitrary 3 quite directly from the hermitian case. Indeed, we remind the reader that
we can see loop equations as integration by part or Schwinger-Dyson equations of the
diagonalized problem (1.7). In the present (-deformed two-matrix model case, we will see
that we can get also some loop equations by following the same approach. Before writing
down these equations, we need to introduce some notations (the same as in [20, 41, 42]):

e The potentials are assumed to be polynomials:

d1 d2
Vi)=Y tea® Vi) =) fat (3.1)
k=0 k=0

e The correlation functions are defined by:

N
1 1
Wn(zl,...,zn):< E ot — > (3.2)
21 n in

. : 1
U1, in=1

Cc

where the brackets () indicates that we take the expectation value relatively to the
measure defined by (1.7) for the random variables X = diag(xi,...,z,) and Y =
diag(y, . .., yn, namely:
1
(ALY < / dXdY A(X,Y)e™ T (VTR A(X) P A (V)P 15(X,Y)
B
(3.3)



The index . stands for the connected component (also called cumulant) of the corre-
lation function that is to say:

<A > =< A >,
<A1Ay > = < A1As >+ < A >e< Ay >,
< A1AsA3 > = < A1 A A3 >+ < A1Ag >< Az > + < A1Az >.< Ay >
+<A2A3>C<A3>+<;41 >< Ay >< Ag >
<AL Ay =<Ar>=> Y [ <AL > (3.4)
k=1 1LWIlz---W=Ji=1

In order to have more compact notations, we will sometimes simply denote W (z) =
Wi(z) for the first correlation function.

e We can define similarly the second type of correlation functions:

N
Wn(zl,...,zn):< ) — > (3.5)

21— Y, Zn— Ui
i1yerrin=1 1 Yiq n Yin

C

and denote W (y) = W1 (y) for the first correlation function.
e To close the loop equations we will need to introduce the following functions:
Un(xaya By e 7Zn) =

N (8)
r—x; Ig Y=Y 21— Ty Zp — T, '

imjvil?"'?in:l

Note that they are polynomials in the variable y, and remember that Mi(?) (X,Y)
depends on X and Y and is also a random variable. In a similar way, we also
introduce:

P (z,y;21,...,2n) =

N (8)
3 Vi(x) = V(i) My Vi(y) = Vi(y;) 1 1 (37)
T —T; I Y=Yy 21— Tiy Zn — T, . .

i7j7i17~~~7in:1
Note that this time P,(z,y; 21, ..., 2,) are polynomials in both z and y.

The loop equations method is a powerful method of deriving an infinite set of equations
connecting the correlation functions and the functions P, and U, introduced before. There
are several ways to derive the loop equations and we choose here to use the integration
by part way which is the most convenient in our setting. In the case of hermitian, real-
symmetric or quaternionic matrix models, these loop equations are already known and can
be derived directly from the matrix integral settings (before any diagonalization). They
can be found in many different places in the literature [13, 20, 21, 26, 41-43, 48, 54, 56,
64]. In our arbitrary 3 setting, we do not have the initial matrix integral model properly
defined, thus we must adapt the derivation of the loop equations with our definitions (1.9)
and (1.11). This is done in different successive steps that are fully detailed in the next

sections.



3.2 First step: deriving an auxiliary result

We start by evaluating the following integral:

0= Z / dXdY o ( —Fu <V1<X>+V2<Y>>A(X)”A(Y)25#M§§’> (3.8)

T — T
1,7=1 !

The result is clearly null if we choose an integration path which goes to oo in directions in

-Tvi(x) —X(Y)

which e and e vanish exponentially, because we integrate a total deriva-

tive. The right hand side yields 3 different contributions:

e Acting on the exponential we find:

e Acting on the Vandermonde determinant, we find:

LMY
2ﬁ<zzyj—ykx—xl 7 > (3.10)

i,j=1k#j

e Eventually, acting on Mi(g)

Ml-(g)’s (1.10) we find:

<Zx_xi N5 M — ﬁz £> (3.11)

=1 WA T e

and using the Dunkl differential equation satisfied by the

Then we see that (3.10) cancels with the last part of (3.11) so that we have our first

equation:
N (ﬁ) N (ﬁ)
1 M M;
> <V2(y]) , > ) <x_x > (3.12)

ij=1 Is

5]

Remembering now that Z Mi(g) = I gives:
=

N B
Z <V2’(yj) ! M—J> =—N+zW(x) (3.13)

x—z; I
ij=1 v

3.3 Second step: finding the loop equations

Then consider:

O—Z/

1,j=1

( (V1(X)+V2(Y))A(X)26A(Y)26 1 (f) VZ( ) — Vé(w))
x—x; ° Y=Y
(3.14)

whose r.h.s. yields 4 contributions:



e Acting on the exponential we find:
(5)
o\ T Ig y—yj
e Acting on the Vandermonde determinant we find:
Wl
1 My Vi) —Valys) \ ..
2 Jo Y2 2\J) 1
BZ<le—ﬂckx—m 7 = (i4) (3.16)
i,j=1
e Acting on x%% we find:
N (ﬁ)
5o\ (@ —@)? 1 Y=Y

Acting on Mi(g) and using (1.9) we find:

N ) (ﬁ) , ,
Z< L1 (N8, gy M %@—%@»@wwﬂ)

S\T T I o i — Tk Y —Yj

Now we observe the following identities: first in (3.15) we can perform V{(x;) = V{(x;) —

)
V{(x)4V{(x) so that we have (using the notations Uy and P, introduced in (3.6) and (3.7)):
: Np
(i) & 22 (W (@)Uo(e.y) - Pola.v) (3.19)

Secondly we can split (i7) in the following form:

(B)
=5 Z <Z 1 My Vi) - Vg’(yj)>
=1 k;ﬁz””’_m”_x IB() Y=Y
3
1 My Vi(y) — Va(y;)
7.7 1 k‘;ﬁ’l (6)
7_] 1 k‘#l
U@ /
1 My Vi(y) = Vi) \ ..
:5 J V2 (”)
;1<Zx_%x—wk Is Y=Y
(6) )
Mij =My Va(y) = Vi(y;)
J 2 2\Yj .o
v jzl<§ —xk)(:v—:c@-) y— (i) (3.20)

Note that (#i)” is the same as the last terms of (iv) so that it cancels out. We can also
split (ii)" into a sum over ¢, k minus the case ¢ = k which is identical to (iii) except as a
factor 3. Therefore we can regroup (i7), (i7i) and (iv) to get:

N M v = Vi
(id) + (idi) + (iv) = (1= B) > <(x —1352‘)2 I;] V() Vg(yj)> (1)

=1 v

,10,



(ﬁ) /
+ﬂZ< LM Vi) - v2<yj>>(2)

,]kl T —x; T — T Iﬁ Y=Y

Nﬁ Z < Yj z(f) Vi(y) — VQ/(yj)> (3) (3.21)

ig—1 T — Ty Yy—Yj

Observe now, that we have:

N MB N v
(1)2(1—6)Z< L) V2(y]>>=(ﬂ—1)%Uo(w,y) (522

S\ (@ —@)? I Y=y

Then we have also:

(8)
T/ 9 Une)) = i 1 L M vi(y) — Vs (yy)
NE\oVi(z) O )T x—zix—xp, Ig Yy —yj

i,k,j=1
N (8) (8)
_ Z 1 Mw Va(y) — V3(y)) 1 Mz,ﬂ
T \T T I Y —Yj r—x Ig
N (ﬁ)
-3 1 1 My Valy) — Va(y))
el T —T; T — Tk Iﬁ Y — Y
—W(z)Uo(z,y) (3.23)
We recognize here one the second term of (3.21):
(2) & % (52 To(w.0) ) +5W(@)(a)
— ( =——Uy(x x)Up(x
N 8V1(.%') o\, Yy . o\L, Yy
& BUL(x, y; ) + W (2)Uo (2, y) (3.24)

Eventually, we are left with (3). We perform the change y; < y; —y + y and split it into
two parts:

N (B)
NB3 NS, 1 My
(3) & —ylo(z,y) — = Va(y) wzl <x —x; Ig

LN [ Vi) M
Z<x_% IB > (3.25)

7.]_

N
But remember that ZM@'(?) = Ig. and that from our first step we have (3.13) so that
j=1

eventually:

3) ¢ S2ytio(e. )~ SLVIW (@) + SN+ aW () (3.26)

Now we can put everything back together to get the loop equation:

0 = 22 (Vi@ ) — Pola) = (1 = B) o)

— 11 —



FOUw, 35 2) + OW (@)U (a9) + S0y ()

_NTﬁVQ’(y)W(x) + NTﬁ(—N +2W(x)) (3.27)

which can be rewritten (performing a multiplication by —Nlﬁ) as the master loop equation:

(= Vi) + (o) + 10, ) Ualin) =(V3(0) = )W )~ o)

. (3.28)
+ N — NUl(x’y; x)
where we have defined h = L (1 — %) which we prefer to write
T 1
h:—< 6——). 3.29
w7 520

3.4 Higher order loop equations

With the same approach as before, one can deduce higher order loop equations for
Un(z,y,&1,...,,&). Indeed, if one look at the auxiliary integral:

N
0 [ _nsy, 1
0=y / dXdYa—y](e o (i(X0)+12(7) [A(X)QBA(Y)Zﬁx_—%Mi(,f’(X,Y)

1,j=1

(H e i X) — Cpl&as- .. ,§p)A(X)2ﬁA(Y)25ﬁMi(§)}> (3.30)
p=1 c !

with

Cp(r,- -+, 8p) = / dXdZe T VOTV @) A(XVBA(2)P14(X, Z) IT t !

p=1 - X .
(3.31)
One finds:
S <V’<y) LM > Woi(@,6, &) (332)
2\Yj ] —r - = n+1 5GQly---58n .
52 r—x; Ig sl & —X .
Then the second step can be carried out using the integral:
al 0 NG 1
0= dxdy T rMETREIA(X)ZPA(Y)
2 foxorg (< XA
Vi(y) — V3(y;) 1 1
Mz‘(f) 2(y) 2(y;) H tr (3.33)
’ Y=Y o & —X
First, we find the same terms as before (the new term [] tr 5,7+X being treated as a
p=1
constant). This gives:
NG
_T (Vll('r)Un(xayagla cee a&-n) - Pn(xayagla ce. a&-n)>

- 12 —



0

~(1=B) g -Un(@,,81,- - &) + BUns1(2, 43 2,&1, ., 2in)
W @)U,y 61, - 6) YU, 9,61, 60)
+3 > Wiyn(x, 1)U g (2, y; J)
A AN
—NTﬁVQI(y)WnH(:U, €, n) Wit (@,61, . 6)) (3.34)

n
However, the main difference is that now the derivative will also act on [] tr 5,,+X This
p=1
gives an additional contribution:

)
3 < 1 My Viy) = Valy;)
r —x; Ilg Yy — yj

1 1 1 1 1 >
... . 3.35
§1—xiy Cho1— Ti_, (Sp — 2)? Ehg1 — Tipy, En — T, (8:35)

i7j7k7iK

Then observe the two identities:

1 g 1
(& —m)? 0&&—m (3.36)
and:
x—wiﬁk—xi:x—gk <fk—$i_:6—xi> (3.37)

Therefore the action of the derivative can be rewritten as:

Zn: i <Un1(xaya£15 s agk—l’gk—i—la s 7511) - Unfl(gkayagla s 7£k—1a£k+1, s 7£n)>
= O&}, x = &
(3.38)
Eventually, adding (3.34) and (3.38) to get (3.33) we get the higher order loop equa-
tions:
! T T
Yy — ‘/l(x) + NW(x) + ham Un(x>ya 51’ s agn) + N UnJrl(xay;xaEl’ s agn)

T T K0
+ = Z W1+|I|(w7[)U\J|($7y7J)+—Z—
N N B = &
TUJ={¢&1,....&n}, T#0 k=1
(Un—l(x7y7§17 LRI 7§k717§k+17 LRI 7§n) - Un—1(§k7y7§17 .. 7§k*17§k+17 s 7§n)>

r— &k
= (VQI(y) - .%')Wn+1(.%',§1,. e 7§n) - Pn(may;§17 v 7§n)

(3.39)

These loop equations (3.28), (3.39) are exact equations satisfied by the correlation
functions, they hold for every N and every (3. Now, in order to solve them, we want to
consider some limit and expansion around that limit, in which they can be solved order by
order.

,13,



3.5 Relationships between correlators

The loop equations which we have written, involve the resolvent W (x), as well as higher
correlation functions W,,, and also some auxiliary functions U,, and P,. However all of
them are related.

First, notice that P, is the large x polynomial part of V{U,,:

Po(z,y;21,...,2y) = (V] (@) Up(,y; 21, . .. ,xn))Jr (3.40)
Second, notice that the large y behavior of U, is related to Wy, y1:

Un(z,y;21,...,2n) - ta, Y27 Wy (z, 21, ..., 2) + O(y22) (3.41)

And then, the loop insertion operators allow to increase the index n by 1. Define:

0 — 1 0
aVl(x) T Z ghtl k@tk_l

) < 19
= — —k— 3.42
an(az) ; kt1 ({%k,l ( )

— Y

These operators, called loop-insertion-operators, are formal and they have the property

that:
W) 1 o) 1

= — = — 3.43
V(') Jil T — 7 ) Vi (z') Jil (z — 2/)? ( )
The main interest of these operators is that they can be used to connect the correlation
functions Wy, (z1,...,x,) to the next correlation functions W, 11(21,. .., Znt1):
NG oF
w - 7
7V = nm
Np OWn_1(z1...,Tp—1)
— W, . =
Nﬁ 8Un—1(x7y;x1---7xn—1)
— Up(z,y;521,. .., = 3.44
We also have
N/B aPn—l(x7y;x1---7xn—1)
—P ; . =
T n(x,y,xl, 7xn) 8V1(.%’n)
+ a Un,1($, Y, Ty ... >xn71) - Un,I(IEn, Yy;xy ... 7xn71)
o, T — Ty
(3.45)

4 Topological expansion(s)

One sees, that the loop equation (3.28) involves Uy and Uy, and similarly (3.39) involves
U, and U, 1. This is why loop equations can only be solved perturbatively, order by order
in some small parameter, in a regime where the U, ;1 term is subleading compared to the

U,, term.

— 14 —



We thus need to expand all our observables in powers of some parameter, and this
expansion is usually called topological expansion. Most often for hermitian matrices, the
small parameter is chosen to be 1/N where N is the size of the matrices, i.e. the topological
expansion is an asymptotic expansion for large random matrices.

Such a power series expansion does not always exist for convergent matrix models, but
by definition it does for formal matrix models which is our context here (we do not interest
ourselves in convergence here). For the subtle differences between convergent and formal
matrix models in the hermitian case, we invite the interested reader to refer to [11, 39].

We thus need a small parameter in which to compute an expansion. For the hermitian
case, the good choice is an expansion into powers of 1/N in the large N limit. However,
for § # 1, we can already see on loop equations, that the most interesting regime (in
which loop equation are most conveniently solved) is a regime where & = O(1), and so is
not simply N — oo. In fact, depending on which application of random matrices one is
interested in, several limit regimes can be interesting. Fortunately, all of them are related
together, and knowing one expansion allows to recover the others. Let us present 3 main
regimes:

Before presenting those regimes, let us introduce some usual notations:

T
= —— = string coupling constant

Js N \/B s g ping

€1 = Js \/E 15¢ equivariant parameter
gs nd . .

€ = — 2"% equivariant parameter
VB

h=¢€1+ €

93 = —€1€2
€1

p=-2 (4.)
€2

Those notations are those used in different applications of matrix models, in particular
string theory [10, 28, 29] and in relationship to the now famous AGT conjecture [2].

4.1 Topological regime

This is the regime where we expand in powers of g at fixed A. This regime is the one
interesting for applications to geometry and topological strings. In this regime, we wish to
expand:

oo [e.9] o0
F=Wz=3 g Fy(h) =2 > g3 I Fyp (42)

Each coefficient F,(h) = Y h*F, ), have a geometric interpretation. Notice that Fj de-
k=0
pends neither on N nor on 3 (but of course it depends on the potentials Vi, V5 and on T).

In topological strings, F, ;. is the generating function for counting equivariant Gromov-
Witten numbers [12].
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4.2 Large N regime

This is an expansion in powers of N, at fixed . This is the regime interesting for large
random matrices. Most often, one is interested in specific values of 3, like § = 1/2 or

G = 2. We shall write:

o0

F=z =Y (N1 B(g) (4.3)

=0

This expansion is related to the topological expansion by

B(3)

Ei(B) = 8B 1) 2 Fy g (4.4)
g=0
For example
Fy(B) = B Foy, Fi(8) = (8—1) Fo. (4.5)
. —1)? . _ _1)3
Fy(B) = Fio+ %Fo,z, F3(8) = 0 3 1F1,1 + (8 ﬁ;) Fos (4.6)

and more generally by (4.4)

4.3 WKB large 3 regime

This is an expansion in powers of 3 at fixed N. This is the regime we shall consider below.
It can be computed with standard WKB techniques, but we shall analyze it here with loop
equations.
. _ T .
We expand in powers of g; = NG at fixed N:

F=MmnZ= f}gzh” fu(N) (4.7)
h=0

This regime can be related to the topological regime as follows:

h o) k—
B (—1)¢ T 9 (k+g)!
fu(N) = QZZJO . ;;) (N) o Fheggh (48)
For example
k
W)=Y () fu=r@m o =n(5)-75(5)

4.4 Notations for the expansion

In this article, we want to study perturbatively the BKW regime where  — oo, N fixed,

and we write g, = —~. We thus expand all our correlation functions as:

NVB

N\" &
Wn(xla"'a'xn) — <?> 2939_2—’—2” W,(Lg)(xl,...,xn)
g=0
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N N &
Uo(z,y) = (USO) (z,y) — =+ Vz'(@/)) + ) g Up” (@, y)
n+1 00 o=
Un(@,y; 21, ..., Tn) = ( > > @U@y, )
g=0
n+1 00
Po(z,y; 21,00 xn) = ( > Zgzg”" P9 (z,y;x1,... x,) (4.9)
g=0

Note that the functions W,gg), ,sg), and P,gg) are only functions of N (and of course
of their corresponding x;, of T and of the potentials V1, V) but not of gs, 5 or h.

Eventually, we define the numbers f, by the expansion of the logarithm of the partition
function itself:

7 =el

- 2929 £y (4.10

Again, fy(N) is also implicitly a function of T, V; and Vs, and we recall that fy(N) is
related to Fj(h) which is the usual topological expansion.

As we will see in the next sections, most of the formulas get nicer if we shift the first
correlation function by the derivative of the potentials. Therefore, for convenience, we
introduce the shifted functions:

Y(z):= (V@) - W @) . X =) - W) (4.11)

It is also useful to redefine a shifted version of the polynomial P(©) (z,y) as

Bla,y) = (V@) ~ ) (V) ~ ) ~ PO (a9) + T+ 1. (1.12)

which is a polynomial in both x and y (and it depends on 7', N, V4, V5 but not on f3).
5 Spectral curve and Loop equations as an ODE

In this section, we shall see that the loop equation satisfied by the leading order Wl(o) of
the resolvent W1 (z) = <tr mel> can be written as an ODE

g (w % %) W(z) =0 (5.1)

where £(x,y) is up to some shifts, the polynomial E(z,y) introduced above in (4.12). This
ODE is called the “spectral curve” and plays a central role.

5.1 Loop equations in g5 expansion

The leading order at large § and fixed N of loop equation (3.28) (notice that we have
Wl(o) (x) =V/(z) = Y(z) and Uéo) (x,y) includes a shift by  — V5 (y)) is

(5= v@) + 50 ) 00 ) = @) =) 00) ) - A e) + T 5 (52
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which is equivalent to (see (4.12)):

(v=v@) + 50 0 ) = Eo) (5.9

This is the master loop equation, also called the “spectral curve”. It generalizes the her-
mitian 2-matrix models’s spectral curve [13, 41, 54, 56, 64].
If we expand in powers of y:

da+1
Uy () Zy Upa(@) . Eley)= Yo" Bilx) (5.4)
equation (5.2) reads:
U8 @)+ (<Y (@) + o) Uhe) = Bute) (5.5
Remark 5.1 Equation (5.5) with k = ds 4+ 1 gives us that:
U, (@) = ~H, (5.6)
In the same way, since PO(O) (x,y) is only a polynomial in y of degree do — 1 we have also:
UL, -1 (@) = T, (Vi (x) = Y (2)) — a1 (5.7)
5.2 The linear differential system
In order find the lower coefficients Uo(?k) (x) with £ =0,...,ds — 2 we introduce for conve-
nience the functions ¢ (x) (0 < k < dy) defined by:
def Vi () aef T'(x) T O

(@) E = = — I (a) (5.8)

Vo) = Ny(x) Nox

¥(x)
which is equivalent to say that:
N [z (0) 0
o) =T TS gy (0) = (@)U () (5.9)
By definition, the function ¢ (x) is only determined up to a global multiplicative constant
which can be fixed by specifying the lower bound of the integral in the last formula.

The first loop equation (5.5) can now be rewritten into a linear differential equation
(ODE):

T
Biala) + (00 = V@) ) 0 (0) = Bulo)ola) (5.10)
and using ¥4, (r) = —t4,%(x), this leads to a set of linear equations that can be written

into a matrix form: (equivalent to (5.10))

Mpmt 1 0 0

ta,
T;Z)dQ( ) _Ed%l(x) Vl’(x) ¢d2(x)

R CORE o biy (@)

N@ . = : 0 L. 0 .

R ()

tq
_B@ g Vi(z)

td2
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wdQ (:C)
Yy —1(2)

= C(x) (5.11)

Yo()

Therefore, we have obtained a system of first order linear ordinary differential equations
given by a companion-like matriz. The determinant of the matrix C(x) is given by the
standard formula for the determinant of a companion matrix:

— 1y, det((y — V{(2))Id + C(z)) = E(z,y) (5.12)

That is to say that the characteristic polynomial of the matrix C(x) is exactly our function
E(x,y).

There is no known notion of integrable system associated to the arbitrary G two matrix
model, but the fact that the spectral curve turns out to be a characteristic polynomial (also
called spectral determinant), is very suggestive from the point of view of integrability [4,
7, 8], this could be a promising route, and needs to be further investigated. ..

5.3 ODE satisfied by ¢(z)
The matrix equation (5.11) can be used to find a linear ODE satisfied by the function ¢ (x).

Indeed we can rewrite it in following way:

<W(x) - %@C) bay(@) = E?TE””)% (2) + i1 ()
(Vi) = 570 ) aaa(o) = 2221 (0) 4 a0
(v - 2oc) o) = 2201 4 )
() - 0. ) @) = i) (5,13

Multiplying line k on the left by (V{(x) — h@x)drk and summing the whole set of

equations give that:

T do+1 da .
(Vi) - o) wlo) = X () - 0n) (Baw) =0 G14)

k=0

which can be rewritten as:

do+1
A X def N
j=50% ¢ (B@W@-9)d@ = (Z (Vi(z) = 9)* By() ) ba) =0 (5.15)
k=0
Note in particular that since x and § do not commute ([g,z] = %), we must specify the

position of the § compared to z. In the last formula, it is implicitly assumed that powers
of V] — g are always to the left of all powers of x, and:

(Vi(z) - 9)" = (V(2) —9) (V{(@) =) ... (W (z) —y) (5.16)

k times
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Eventually we find that ¢ (x) must satisfy a linear ODE of order do+1, with polynomial
coefficients, given by the quantized spectral curve E(z, ). This generalizes the Schrodinger
equation in the case of the arbitrary-3 one-matrix model [46].

5.4 Quantum spectral curve

The spectral curve E(z,Y (z)) = 0 in the hermitian case, gets replaced by

g2l =~ . E@V(z)-7).¥()=0. (5.17)
This can be interpreted as having now a quantum spectral curve.

5.5 Non-unicity of the solutions of the loop equations

In order to identify a solution of loop equations, it remains to compute the polynomial
coefficients Ejy(x) of this ODE, and choose a solution .

Then, as soon as (z) is chosen, we can find g, (z) by using ¥4, (z) = —t4,%(z). The
other functions ¢ (z) follow by a descending recursion with the help of (5.10). Eventually,
the connection between ¢ (z) and U}go) (z) is given by (5.8) so that the polynomial U (z, )
is known.

One may think that the knowledge of the loop equations would be enough to determine
all the correlation functions by solving them properly. But we remind the reader here that
in general the loop equations (even in the hermitian case) have infinitely many solutions.

Even if (5.11) gives us some linear differential equations with polynomial coefficients,
the main problem, also present in the hermitian case, is that the function E(x,y) is not
known at the moment. Indeed, in the definition of E(x,y), we face the polynomial Péo) (z,y)
whose coefficients are unknown. The coefficients of the polynomial PO(O) (z,y) are not given
by the loop equations, they have to be determined by some other informations which we
have not used so far.

Therefore, in order to pick the proper solution of the loop equations one need to
understand the missing information in the loop equations. When dealing with convergent
matrix models, the answer is quite simple: the missing information is about the choice of
the contour of integration of the model. Indeed, we have assumed here that the eigenvalues
of the matrices were real, but one could take a different one-dimensional contour and get
the same loop equations as the ones we have derived here (as soon as there is no hard
edges, i.e. no boundary terms in integration by parts). Nevertheless, different integration
paths would lead to different correlation functions and thus to different solutions of the loop
equations. In the case of formal matrix models, the path of integration and the associated
convergence is pointless and some other considerations have to fix the choice of the solution
of the loop equations (in the hermitian case it is the notion of “filling fractions”). In this
article we will restrict ourselves (specifically at equation (6.5)) to a specific kind of solutions
of the loop equations because it corresponds to the less technical possible case.

Let us just mention that, in the hermitian case, the homology space of possible inte-
gration paths, has exactly the same dimension as the number of unknown coefficients of
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the polynomial PO(O) (z,y), and basically, every choice of Péo) (x,y) is acceptable, and cor-
responds to a given integration path for the eigenvalues. However, finding the integration
path from the knowledge of Péo) (z,y) is not so easy in general.

In the non-hermitian case 8 # 1, it is not even clear what the homology space of
possible integration paths is, and a good understanding of the missing information, its
connections to the initial model and of the generalization of the notion of “filling fractions”
for our case is still missing and is postponed for a future article.

6 The Bethe ansatz

6.1 WKB approximation

Here, we work at large (8 and fixed N (working at large § or small g, when N is fixed is

completely equivalent since they are related by g5 = NL\/B)’ so that our integral:
—L AXY
Z:/dml...dedyl...dyNe 7 ALY (6.1)

where X = diag(z1,...,2n), Y = diag(y1,...,yn), with the action

T T? T2
AX,Y] = N (Tr Vi(X) + Tr Va(Y)) — QW InA(X) — QW InA(Y)
= lim g2 In(1(X,Y)) +O(s,) (62)

can be computed by standard saddle point approximation, and in particular, we find that

wumzzjl (6.3)

m -
[B—o0, N fixed - Tr —T;
i=1
i.e. it is a rational fraction with N poles Z; which are the saddle points for X, i.e. the points
such that
0 0
Aﬁioo[Xv Y]=0 ) o,

85% =7 ayl

Ag—se[ X, Y] =0. (6.4)
Yi=Yi

/

Therefore, Wl(o) (z) = L % must be a rational function with N poles, i.e. ¥(z) is a
polynomial of degree N. This is the case we will develop below and that corresponds to
the generalization of the solution presented in [46] in the case of a Schrodinger equation.

However, we would like to stress again that this is not the only possible regime. Indeed,
we could also try to study directly the “topological regime” where N — oo, T fixed, and
B — 0 in such a way that A = % (1 — %) remains finite. This regime is more interesting
for applications to string theory and AGT conjecture [1, 2, 10, 28, 29]. In this case, 1(x)
would not be a polynomial, instead, the coefficients of E(z,y), i.e. the choice of Wl(o) ()
would be dictated by asymptotic behaviors in accordance with the regime studied. This is
more challenging, we have done it for the 1-matrix model case [18, 19], and we plan to do
it for multi-matrix models in the near future.
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Therefore in the rest of the article, we restrict ourselves to the “Dirac” case (the
terminology “Dirac” is used here to remind that the density of eigenvalues is a discrete
measure, i.e. a sum of d-functions, i.e. a “Dirac comb”), where N is fizred and  — oo. In
particular it correspond to assume that 1(x) is a polynomial (whose degree is the number
N of eigenvalues).

6.2 Introduction of the ansatz in the equations

So, let us look for a solution where ¢(x) is polynomial in x. Then it is clear from the
recursion relation (5.10) that all the ¢ (x)’s are also polynomials. We will use the following

notation:
N
o) = [ =50 (63

So that:
T 1

N &~ x —s;
i=1

Y(z) =Vi(z) - (6.6)
Here we have simply assumed that ¢(x) is a monic (remember that ¢(z) is only determined
up to a multiplicative constant) polynomial of degree N and labeled (s;);i=1,... n its complex
zeros. Note that this ansatz is very restrictive, since usually a linear ODE of the kind (5.15)
does not admit polynomial solution if the coefficients Fj(x) are generic. Then, from the
definition of Uy(x,y), it is also trivial that Ué?k? (z) can only have simple poles at the s;’s.
Taking into account the term in V(y) — 2 in the definition we have:

N
VO<k<dy: UQ(2) =Y~ —f 4 G0 (6.7)

T — S
i=1 v
where the uy, ; are at the moment unknown coefficients.

6.3 Computation of the s;’s and of the uy;’s

Putting this ansatz back into the recursion relations (5.10) for the Uéolg () and identifying
1

r—s8;’

the coeflicient in we get for all k£ and i: (Note that the double poles cancel)

T 1 T Uk 5 ~
uk_u — ‘/{(Si) — N Z ‘ ) Uk,i + N Z A tk + 5k,05i =0 (68)

S — 5.
g
In order to solve this recursion we introduce the following matrices of size N x N:

Bii=V{(si) = & X525
i

S = diag(s1,...,SN) , B = . (6.9)
Bi,j = " N(si—sj)
and define the vectors:
Uk, 1
uk,
&= L a=| (6.10)
1 uk,N
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Then the previous set of equations turns into:
L, . T - .
Up_1 — By, = N(tk — 0,05)€ (6.11)

Remember again that we have some extra knowledge for k = ds and k = da — 1 (cf. (5.6)

and (5.7)):

. . T. _
=0 s Udy—1 = NtdQG. (6.12)
Starting from 4,1 = %fdQé' and using the recursion relation, we have:
B B T. T,
Udy—2 = Budrl + Ntd2 16 = N (td2B€ + tdg,le)
" _ r. T .- L o
Ugy,—3 = BUg,_2 + Ntd2—26 = N (td2B26 + tg,—1Be€+ td2_26)
d t
own to ) ) T T o s .
Uy = By +Ntle = N <td2B €+ tg,—1B e—l—---—l—tle>

T -
~Bily = (o — 5)¢

In fact all the previous relations can be summarized into the matrix form:
T - o
U = N tk+p+1Bp€ (613)

or else in components:
A
=N Z Z trtp+1(BP)i (6.14)
Eventually using the fact that —Bﬁo = N(to — S)€ we eventually get:
(Vo(B) - S)e=0 (6.15)
On the other hand, from the definition of B we have:
T
—E(V(S)-B) . [B.S]= (e 1) (6.16)

Therefore we obtain a system of equations determining the roots (s;)1<i<n:

VB —S)E=0 ., &VIS)-B) =0 , [S.B]= %(Id _ety (6.17)

The last system of equations (6.17) gives us a complete set of equations to compute
all the s;’s. In fact, this corresponds to a Bethe ansatz [5] found in [46] for the arbitrary-5

one-matrix model (where the authors got in the same context: V'(s;) = %Z pr— ).

(2

Remark 6.1 (6.17) is a set of algebraic equations which determine the s;’s, and the solution is
in general not unique. The choice of a solution, is also a choice of a saddle point for computing our
eigenvalue integral at large 3, and thus it is related to a choice of integration path for the eigenvalue
integral. The number of solutions of (6.17), coincides with the dimension of the homology space of
all possible integration paths.
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6.4 Rewriting Uéo) (z,y) in terms of S and B

With the previous results, we have that:

do N
0 Ui
Ué )(Cﬂay) =a—V3(y) + ZZ Eyk
k=0 i=1 v

T -
=z —V3(y) + Z Z Z Ukp+1 (B)iy" (6.18)
k=04,j=1 p=0
Moreover we have:
do do—k—1 do k—1
; _ % V(B
S S st =Y S st = B ZHE (g
k=0 p=0 k=0 p=0 Y
so that:
0 V y V 1
U (x,y) = = — Vi(y) E:( 2 ())Hx_s_ (6.20)
i,j=1 b !

Hence in the context of the Bethe ansatz, we can express easily the function Uéo) (x,y) by:

T 1 Valy) —Va(B)
N Z_§ y—B

U (2,y) = e+ x—Vi(y) (6.21)

6.5 Rewriting PO(O) (z,y) in terms of S and B

We start with equation (5.2) giving that:

(= W)+ W)+ 0. ) 0 (0) = (V) =) (V) = )~ PV o) + T+

N
(6.22)
We can compute the Lh.s. with the help of the definition (6.7):
T T
(= Vi) + W)+ 0. ) 0 ) = (V@) ~0) (Vi) — ) +
ds w TEN L
+y = Vi(2)) Yt - oy
T dz k N 1
v k /
— ’ -V
D ID N s o U G 2<y>>2x_s]
k=0 i=1 _]_1
Uk—1,i Uf zV
HTCEE N PRI o) oL STV g g i 2
k o@ 1 k=0 i=1 !
g Uk i &
_NZZ(x—siQ NZZ (x — si) x—sj)y
k=0 1=1 k=0 =1
N
T < (5i —V3(y)
T+ — —_— 6.23
T N zzl T — S ( )
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Note that we have used the fact that ug, ; = 0. With the help of the recursion relation for
the uy ;’s (6.8) we find:

<y_V1'($)+W()+ 3) Uy (@, y) = (‘G'(x)—y)(Vz/(y)—x)+%+T

+ZZ (Vi( Szm_V; Uk i S ZZ ukﬂrs?:lc_]s])yk

k= OZ 1 k= 0]7&2
Uk g k
g g <Y (6.24)
Nlcoj;éz x —8;)(z — sj)
Observe now that we have the identity:
al Uk + U N U
ki k,j ki
VO<k<dy: — + =0 6.25
L s o G (02

Moreover we have also (using (6.19)):

Z Z (Vi(s ))u;“ y* = _zé»tvll(x) — Vi(9) V3(y) — V5(B)

e 2
N x— 98 y— B ¢ (6.26)

k=0 i=1

so that we are left with:

T Vi)~ VI(S) Vi(y) ~ Vi(B)

0
Fy(a,y) = ¢ e

(6.27)

Eventually, we can summarize the results in the following way. With (6.17) we can
compute all the s;’s and then using the relations (6.13) we can get every uy; (0 <k < da
and 1 <i < N). Hence we have found an algorithm to compute explicitly all U ]io) (x)’s or
equivalently every 1 (x)’s (and 1 (x)), that is to say that we have the solution of the loop
equation at the dominant order in the studied limit. In particular, assuming that ¥ (x) is
polynomial in x is sufficient to determine it completely which indicates that the structure
of the loop equations are very rigid and hides integrable structure.

6.6 Yang-Yang variational approach of the Bethe ansatz

The Bethe ansatz equation (6.17) can also be obtained from a variational approach with a
Yang-Yang action. Consider the following functional:

%9(5, S, A, @) = tr Vi(S) 4 tr Va(S) — tr (SASA™1) — %m(A(S))
T A + %m det(A) — %ﬁt (Ae— &) (6.28)

where S and S are diagonal matrices of size N x N, A is a N x N invertible matrix, @ is an
N-dimensional vector, and remember that €* = (1,...,1). We now look for the extremal
values of §. First taking the derivative relatively to u gives:

— =0 Ad=¢cAte=¢ (6.29)
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Performing the derivative relatively to S = diag(sy,...,sy) yields:

oS ~ T 1
o =06 Vi(s) - (4847~ =0 6.30
882‘ < 1(81) 1,1 N Z S; — 85 ( )
J#i
Performing the derivative relatively to S = diag(5y, ..., 5,) is the same:
oS T 1
— =0 V4(5) — (A71SA4),,; — — =0 6.31
agl 2(81) ( )l7l N o gl o g] ( )

Performing the derivative relatively to A = (A; ;); ; is more difficult, consider an infinites-
imal variation A — A 4 J A, that yields:

08 = —tr (SSASA™Y) + tr (SASAT15AAY) — %tr (ASA) + %ﬁtmg

~ T
= —tr ((5A)A‘1 ([ASA—l, S+ (Id — Aé‘ﬁt)>> (6.32)
thus since A is invertible and A€ = é:

But since S and S are diagonal we have [ASA™!, S];; = 0, and the diagonal term of (6.33)

gives Vi : 1 = (€d");; i.e. we have Vi : u; = 1 that is to say
U =E€.
Then a non diagonal element of the relation (6.33) gives:

., = T

Combining (6.30) and (6.34) gives that at the extremum we must have ASA~' = B. Then,
we can rewrite (6.32) as:

i . T T
58 = —tr (SOASA™!) + tr (SASAT'SAAT!) — = tr (A54) + -ii'6 AT

~ T
= —tr (A—l(aA) ([S, ATYSA] + N(Id - gﬁtA)>> (6.35)
Therefore the extremum equation % = 0 gives also that
& o4—1 T St
[S, A SA]—}—N(Id— u'A) =0 (6.36)
Again, since S and S are diagonal, we have [g,A*ISA]m = 0, which implies that Vi :
(eu'A);; = 1. Since at the extremum @ = €, the last equation gives us that at the
extremum:
N
Y Aj=1edta=e! (6.37)
k=1
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Let’s now introduce the matrix B = A~'SA. Then taking a non-diagonal element of (6.36),
we find:

Vj#i: Bij=(AT'SA),; = N(%_s]) (6.38)
We can now rewrite (6.30) as:
Bé= A"154¢=Vy(S)e
= ABé= AVy(S)e
= ABA™'é= AV)(S)A~le
= Sé=Vy(B)e (6.39)

Therefore if we combine all previous results we find that an extremum of S must sat-
isfies the following identities:

=€

]

=cand e¢tA=c¢t

S
oy

[ ]

o [ASATY,S] = L(~Id +ée?) and [S, A"'1SA] + L (Id — éet) =0

e ASA™! = B and S¢ = VJ(B)é
We recover all the equations of (6.17) giving us a variational way of deriving all quantities.
Note also that by using (6.30) and (6.34) we have: B = A~15A leading to S& = V/(B)&
where remember that B = A~1SA. The last relations show that the system is completely
symmetric in tilde quantities and non-tilde quantities. Eventually the relation S€ = V{(B)é
allows to determine directly the §; similarly to the fact that Se'= VJ(B)e determines the
s; at the extremum. The determination of A at the extremum is unfortunately more
complicated. Indeed, S& = Vj(B)é and S& = V{(B)€ determines the s; and the 3; at the
extremum and then the matrices B and B at the extremum. The matrix A can then be
computed by the relations B = A71SA and A€ = € or equivalently by B = A"1SA and
AE = €. This leads to the system of equations:

Vi,j : 0= ZM + Aij (Vi(s)) — 5)

g kT
N

1= A (6.40)
k=1

Remark 6.2 It looks like the Yang-Yang action should be the 3 — oo limit of the actual action
A[X,Y] defined in (6.2). Unfortunately, since the angular integral I3(X,Y") is not very well known,
this cannot be proved at the moment. But vice versa, that would give us some knowledge of the
angular integral Ig.

6.7 Computation of WQ(O) (z,2') and W3(0) (z,2',2") via the variational approach

(0)
Since W,ﬂ)l = d‘g{/’; , and since we know Wl(o) (x) = % > w_lsi where the s;’s are obtained
by the Bethe ansatz i.e. from the extremization of the Yang-Yang action &, we can easily
find WQ(O) and W?EO). We will see later 7 another way of getting formulas for these functions
which can be extended by recursion but having the main disadvantage that the symmetry

of the functions is not obvious at all.
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6.7.1 Computation of WQ(O) (z,2') via the variational approach

Starting from

N
W@ =3 e = )
we get:
W (z,2') = > = _1802 a‘fj;/).
It remains to compute the quantities #8(33’) For that we use that the s;’s are the extrema

of the functional S(s, s, A, u).

We introduce the variable R = (s, §, A, u) as a “global” variable to avoid detailing each
of the cases. It is a vector of dimension N + N + N? + N = 3N + N2. Therefore, the
functional S(R) is a functional of R whose extremum Rex, gives us the solution of our
model. Thus we have for every variation § and every component i:

0= < oS )
8RZ ‘R:Rextr

3N+N2
%) <W8>
=4 + E _— 0 ((Rextr) ) (641)
< 8RZ |R:Rextr J=1 BRZ 8Rj ‘R:Re"tf ’

The first equality comes from the fact that aa—l‘%(R = Rextr) = 0 since we place ourselves at
the extremum. Let’s introduce the Hessian of the functional at the extremum point:

def 0’S
H, s = <7> (6.42)
aRraRs ‘R:Rextr

It is a 3N 4+ N? x 3N + N? matrix whose shape is given in appendix A. The last identity
gives us that:

%) 3“”(@3)
) = — 5 A 5((Rextr)')
< aRZ ‘R:Rextr Zl aRZ aR‘] IR:Rextr ’

s 77
3N+N? oS
5((Rextr)i) - - Z (H_l)i7j <5ﬁ> (643)
j:l J |R:Rextr

Let’s now specialize the last formula for the case when the variation ¢ is %(m). Since

the potential V4 only appears in the term Tr V;(S) in the functional S it gives:
oS 1

—T
oVi(x) 'r-S

(6.44)

Since it only depends on S (and not S,T or u), we see that in the last sum of (6.43), j

only varies from 1 to N, corresponding to the variables s;’s (i.e. %%@)S = —ﬁ and

J
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Vji>N: o, avla(x)S 0). Therefore we find (taking 1 <i < N):

1
k(x— sp)?

Mz

(6.45)
8‘/1 k:l

Note that this last result is only a small fraction of the results contained in the formula:

3N+N2
0 (Rextr)i) = = > (7Y, (55(9;)3 i (6.46)

j=1

depending on the choice of variation § and the component i you take. With the help of
formula (6.45), it is straightforward to compute WQ(O) (x,2'):

H‘l)

N 52 (x — s3)2(a! —s])

Wi (z,2)

7

5 (6.47)

In particular, in this formalism, it is clear that (z,z") — WQ(O) (xz,2') is a symmetric
function since 'H and its inverse are symmetric matrices.
6.7.2 Computation of W?)(O) (z1,x2,x3) via the variational approach

We use the same method:

0
Vi(z)

Wi (z,y,2) = Wi (z,y)

For any variation § and every component k, we have:

3N+N? -1
5((7%;;1«)@.) = ; mgT@:”aqRextr)kH(a(Hl)ﬁj)
- 3N§V a(gT:)i’jcS((Rextr)k) - ((H‘1 (0H) H‘l)hj) (6.48)

k=1
We choose § = #(x,,) and thus
o 0 0 o 0 1
OH; ;i = = — T
T 7 8RZ aRj 6V1 (3:”) S 8RZ 8Rj ' z -8
l.e.

— i ifi<N, j<N
(57"7] = { (z/—s;)3 = )= (649)

otherwise, i.e. ¢ > N or j > N.

Moreover, we have

8(H—1). ) 3N+N? 893S
BRIV —— -1 Y -1
ORy, p;l (1 )i,p OR, OR, ORy, (H )q,j
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and

TN
ovi(x") kl Ry OV () (" — s1)2
=1 =1

Then we easily find:

N _1 ] N _1 .
W0 = 5 Z ) (H ) = Z ) (H )i
2T i —1) (H—1) _2 i -
N i,5,k=1 :C Sl :C _S])Q(x”_sk N 3. k= CU S@ :C —Sj)2(x”_8k)2
(6.50)
where the C; ; 1’s are linked with the third derivative of the functional S:
3N+4N2 ,
def 1 1 o 93S
Cijr = > (Y, (Y (M), 55 am s (6.51)
o,By=1 " 70 7 ORGORGORy | p_py

It is again clear that (z,2/,2") — Wéo) (x, 2, 2") is a symmetric function of its variables.

7 The topological recursion

In the last sections we have seen how to compute Uéo)( Y), P( )(3: y) and Wl( )( ) in the
context of the Bethe ansatz. Then by a recursive application of the loop insertion operators
%(z) we can compute easily all the WT(LO)7S Un g and PT(LO)’S. Thus, for now we have all
desired quantities at the dominant order (i.e. gs = 0) but we still miss the subleading
corrections g > 1. It is the purpose of this section to present a recursive algorithm to get
all the subleading corrections.

The algorithm is very similar to the “topological recursion” considered in [40, 45, 48],
and is in fact more comparable to another version of the topological recursion for the
hermitian 2-matrix model, described in [49].

7.1 Higher loop equations

Evaluating the coefficients of g§9 in (3.28) gives the higher loop equations for g > 1:

T
(y - Y(x) + N(%) U (@, y) + WO (2)U (2, y) =

g
_ _ N _
= > W @)U @,y) = U i) + 20U () = B () — S

? 9
(7.1)

,30,



We can also project the higher order loop equations (3.39) onto g9 (with n > 1) to
find (we note £= {&1,...,&,} for short):

(y ~Y()+ %‘o‘) UL (@, €) + U (2, s W, ()

g—1
— h N -~ - 1 -
= —ZU,sh)(l',y7 )Wl(g )( ) + ?8$Ur(zg 1)(1.7:1/7 ) - Ur(gl—l )(x,y,x, )
h=1
; (=) (. 1y P R
g .
Z Z WH\I\ nu, |I|(m e\ D) = P (,y; )_Za—gk
h=01c¢, 140 k=1
U,ngl($,y;51, v 7£k—1a£k+1, cee 7511) - Ué@l(fk,y;&, cee 7£k—1a£k+1, cee 7511)
r— &k
(7.2)
We shall also write those equations for each power of 3*, using
do—1
U9 (@,y;:€) = 3 y* UY)(a;€) (7.3)
k=0
do—1
PO (z,y:€) = > y* PU)(2:€) (7.4)
k=0
7.2 Matrix form of the loop equations for g > 1
The goal of this subsection is to rewrite the loop equations (7.1) (0 < k < dy + 1)
h
Uate)+ (¥ () + 500 ) U Zw @)U ) - B
—UY D (2 0) + —8$U0(9k D)= N5 16imo (7.5)
’ T ’ T
into a matrix form suitable for our algorithm.
First by taking the case k = ds + 1 and k = dz we obtain that:
Vg>0: U9 (@) =0 , U _(2) =i, W () (7.6)
Now let’s introduce the following dy X dy matrix:
U@
V(@) 0 0 o,0()
(o
1 —Y(@)... 0 Yo,1 (@)
D(z) = bz (7.7)
B ;J(O) -
0 1 -Y(z)+ 70’?—1( )
da
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Then we can rewrite the loop equations (7.5) into the following matrix form:

UN (x P (x U. g-1 x; T
< o + D( )) 071.( ) _ 0,1( ) B 1,1 ( )
U, () P9 (@) \vY (@) -
Uss (@) Uy V() 1

» i
U0(7gd2 —)1 (,I) U0(7gd2 1—)1 ('I) 0

In the same way, we can also rewrite the projection of the higher loop equations (7.2)

onto yk as:
T !
U1 (@8 + (50 = V(@) ) U (@:€) = = > U (@ Wi ()
n, N n, Pt n,
° (

h —
=S > WP DU s ) = P (:)
h=0 1,7=¢, 10

N ~1y, = RN,
—{—?8er(§,€ 1)(5@5) - U7(L+1 p@w, &) — Za_gj
j:l

(Uy(Lg)Lk(xaEla--'vgjlangrl""vgn) n— 1]4;(5],51’ "a&jl,ngrla--'aEn))

x—&;
(7.9)
Evaluating the coefficients in k = dy + 1 and k = ds leads to:
¥n>1,Yg>0: UY) (2,6) = . U9 (@,6) = T, W (2,€) (7.10)
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and thus leads to the linear system:

_1 -
U,E%;(x, ) U%ili§<m;m, )
U (x; 3 U9~ (x; 3
(%61%—1)(3:)) nl( ) _ n+1,1(E )
Ungtig 1('T’5> U;ﬂf—illc)lg 1( @
U (6 P (@:€)
1 — —
N, e || g
T T . .
-1 = —
(@) 1 ()
h
UEJFJ;O(QE; J) (7.11)
J U‘J|71(x; J)

—h
-2 > Wi (D) :
h=0117=¢, / (1,n)#{(0,9)U(£,0)} "
UIJ\ e (@5 J)

U(Q)1 0@€15 &G 1,€j 4150 46n) — U(Q)1 0(&s€1ss€—1,€j415:6n)
z—&;
U( )1 1(1'7517 75] 17§j+17 7§n) U( )1 1(5]7517 75] 17§j+17 7§n)

z—E;
Zagj .

U£@17d271(1“7517"'751'—17§j+17"'75”)_U7(Lg7)1’d271(§j7£17"'7£j—17£j+17"'7£n)
z—E;

Observe now that the r.h.s. of the last two systems (7.8) (7.11) is composed of lower

orders in g and an unknown polynomial vector Pig,z. The L.h.s. is always the same at every
order in g and for every n. Therefore, if we can find a way to get rid of the unknown

(9)5

polynomials P % s in the inversion of the system, we see that we can perform a recursion
b

and get all the corrections recursively. We will do so in the following sections by introducing
a suitable kernel K(z¢,z) and using some residue methods (which will automatically get
rid of the polynomials).
7.3 Inversion of the linear system: kernels K (zg,z) and G(zg,z)
Suppose that we can find matrices K (xg,x) and G(xg,x) of size dy x dg such that:

e They satisfy the relation:

T
<Dt(x) - N(%) K(xg,z) = G(z0, x) (7.12)
e The function G(zg,z) has the form:
N
IdN Aj(m'o)
= — — Nl
Glao,@) = ——— + ;:1 p— (7.13)

where the A;(xg)’s are dp x dy matrices.

e The function z — K(xg,x) is analytic at every x = s;
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If we can find such matrices, then we claim that we can invert any system of the
form (7.8): (%am + D(z)) t(x) = 0(x), where ¥(z) is assumed to be known up to a poly-
nomial and (x) is assumed to have only poles at the s;’s and behaves like O (%) when
x — 00. Indeed under these assumptions we have:

@' (zg) = — Res @' (x)G(z0, )

r—x0

N

= Z Res @' (2)G(zo, x)
=1 "
N

=3 Res ') (D) - L) K e,
=1
N
=S Res @l(x) ( DH() + =0, ) K(xo,2)
T—8; N
=1
=Y Res 7" (2)K (v, 7) (7.14)
=1

Note that in the last equality, the polynomial part of v(x) does not contribute only the
terms in ¥(x) which have poles at the s;’s contribute. Hence we have successfully inverted

our system:

N
ii(xo) = Z Res Kz, 2)7(x) (7.15)

7.4 The topological recursion

Therefore with the help of the results in the last section we can compute all correlation
functions by the recursion:

Uo (o) al — 0,da—1(7) Ush (@)
’ = Res K'(zq, ) =2 ’
: ZZ:; T84 ; tdy :
—1
Usttp1(20) Utat (@) -
-1 ~1 :
Uli?o ;(x, x) UOE?O ;(x)
ylo-t T N U\
n 1,1 ( ) Ny, 0,1 ‘ (z)
Ul(:qd;l—)1 (z;2) Uo(,gdgl—)1 (z)
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or more generally for higher order correlation functions:

Ur(gl—l,o)(x’x7§) Ur(L?O )(x,ﬁ)
,1 — 71 —
Uéil,%(xﬂx7£) _ﬁa Ué?l )(xa )
— = 1 —
AV Uyl (@:€)
o (7.17)
‘de(
J _ Uiy (25 J)
2 Wi @ [
h=01L7=¢, / (1,n)#{(0,9)U(£,0)}
(h J)
|J\ dy—1 (7

Ung—)l 0(x7§17 <o 7§j 1,§]+1,. .. 7§n

+Z 1 U1§3171(xa£15"'a£] 1,£]+1? ~7£n
j:l<x_§j)2 :
UT(Lg_)LdQ_l(xagl,'”vgj 1,£j+15--'a£n

7.5 Determination of the kernel K(xzg,z)

The determination of the kernels K (zg,x) and G(zg,z) is presented in appendix B. We
present in details some recursive formulas to obtain the various K (xg, s;) and the derivatives
K'(x0,5;), ..., K™ (xg,s;) in the appendix. The results are the following. If we define the
following vectors (of size da):

0
1 UQ,i
7= W= — | (7.18)
ta,
1 Udy—1,i
Then the matrices A;(zg) defining G(xg, x) are connected to the K (xq, s;) by:
T
Ai(zo) = N + 7y ) K (2o, s;) (7.19)
The matrices K (g, s;) are determined as a solution of the following system:
K,=f, (7.20)
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where

0
K(z0,51)0,4
K(zo,5n)o,q 0 0
K(I’O, Sl)Lq :Boisl
. - | B
Kq = K(anSN)l,q y Jg = To—5N ) fd2—1 = NtdQ (721)
o 1
0 (zo—s1)2
K(0,51)dy—1,q B _0__ (J:o—lsN)Q
Ug,1
K(x0,5N)dy—1,4 (w0—s1)?
uq:N
(wo—sn)?
where the xol_sl_ in f_(; are in position Ng+i. (Note that ﬁlrl does not have these terms).
—-BY Id 0 ... 0
0 —-B'Id 0
M=| : (7.22)
0 -BtY  Id

By By ... Byy_s Buy1

where all the matrices By, Id and 0 are symmetric matrices of size N x N given by:

(B ) up,1+u0,2 u0,1+uo, N
0)1,1 (31—52)2 e (SI_SN)2
u0,11+u0,2 :
T ; P
By=— | (s17s2) 7.23
N : uo, N—1+u0, N ( )
’ (sn—1—sn)2
uo, N +u0,1 U, N +Uo, N—1 (B )
(sn—s1)2 ) (sn—sn-1)? 0/N,N
: Ny n uQ,ituo,;
with (BO)Z',@' = —Tvl (si)uo,i — Z (si—Sj)Qj + 1.
i#1
And Vk > 0:
(B ) T U1 +Ug,2 T U1 +Up,N
k 1,1 N (81782)2 o N ('517'31\7)2
T Up,1+ug,2 .. .
o2 . :
By=| Y 1= (7.24)
: .. T Up,N—11Ug, N
° N (SN_lfsN)2
T Up,N+Uk 1 T Up,NF+ug,N-1 (B )
N (sy—s1)? N (sy—sn-1)? k/N.N
. " T Uk, iUk 5
with (B]C)272 = _Vl (Si)uk,i — Wz (si—sj-)QJ .
J#
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If we define

do—1 -
Cp= > B;BY
j=k
we have
0o 0 ... 0
Id
Id Bt
Bt I1d . : 2
. - B® | ((11 Cy ... Cays Id) (7.25)
B B Id "-. : :
: Ce e Btd2_1
Bt2=2 Bt pt 14

That gives if ¢ < do — 1:

Kpq(wo,8i) = ZH(p > q) ((Bt)p_q_l)ivj 0 i 5j

J
. 1 _ j
- Z (BtpCO qu) ' _ Z (BtpCO l)i,j (u@% (7.26)

b po — S5 - To — Sj
j P )

where 6(p > q) is the heavyside function, equal to 1 if p > ¢ and 0 otherwise. And when
q = dg —1:

T - D ~—1 1
K}, 4,—1(0,5;) = N td, Z (BYC, )” (20 — 5,)2
j

(7.27)

Eventually the higher derivatives in x of K(zg,x) evaluated at x = s; are obtained
recursively with formulas (B.30), (B.32), (B.33), (B.39) and (B.40) derived in details in
appendix. Note also that to complete these formulas, we need to prove that the system
of equations is consistent. This involves a special identity which is proved in appendix C.

As a conclusion, we have obtained here a recursion to compute all correlations functions
(9)

n (x,y;Z). This corresponds to a generalization of the topological recursion [40, 48] for
the arbitrary-8 two-matrix model studied here. Moreover, when do = 2, one can recover
the case of the arbitrary-3 one-matrix model developped in [46].

7.6 Leading free energy

We clearly have from the saddle-point approximation method, that
T
=—-=3_. 7.28
fo N (7.28)
where the Yang-Yang action S

S = tr Vi(S) + tr Va(S) — tr (SASA™Y) — %ln(A(S))
T ) + %m det(A) — %ﬁt (A7 — &) (7.29)

is evaluated at its extremum.
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The link (4.8) between the WKB expansion and the standard topological expansion
gives

FO(T> fo(N) = =S (7.30)

7.7 Subleading g =1

To the first subleading order, our topological recursion gives
Uél) Z Res Kt(xo ) <U1( )(m z) — 895 (70(0)(x)> (7.31)

1" component of the vector (70(1) (x0) is the function Wl(l)(xo).

and we remind that the dy —
In order to perform the computation, we first need to compute Ul(o) (x; ), which is also

computed by the topological recursion and is worth

=(0) (0
0" (o, & 211 g K O @) (7:32)
ie. N
y—
(0) N 1
U; 7 (xg,8) = = —— K (70, 8:) 1,k W 7.33
l,k( 0 ) T £ Zzl (Si_§)2 [ ( 0 )] ( )
and we need it at g =€ i.e.
© N do—1 N
0
Uy j(z,2) = T 2 Zzl ) (K (x,si)]1,k wi (7.34)

Notice that K (x,s;) may have double poles at = s;, and thus Ul(?k) (z, z) may have poles of
order up to 4. This implies that ﬁél)(azo) can be expressed in terms of K (xo, s;), K'(zo, si),
K”/(xo, Sl').

From the WKB approximation, we know that we must have

1
fi= -3 Indet A", (7.35)

where A is the action (see (6.2)), which is approximated by the Yang-Yang action S in
the limit 8 — oo, and H is the Hessian of the Yang-Yang action S, so this leads us to

conjecture that

1
fi= —3 Indet H. (7.36)

We find that:
1

Us, B
w0 () = ;l; L _ —Z [ i (7.37)
2

(xo — s] (wo —55)

where we could explicitly verify the lack of a simple pole term. The coefficients B; are
given by:

d?[Vy(B
__Z dSudS Huv"i_z‘/l Sz sz ZBkz i,n

zn

By =Y 7
k
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+Z Z _1 7qundv/(Jo )1

p= 1qnm
ta da—1
2 E —= [B* ; 7.38
" i,574,T Z]r ]Tﬂ ( )

The technical details (and the definitions of quantities involved in the last formula) of
this computation can be found in appendix E with other possible expressions for B; given

n (E.68) or (E.68).

7.8 Example

As an example, we present explicit computations of the method in the case when N =1
in appendix (D). In particular in this case we are able to determine Wl(l)(:c) explicitly and
to compute the corresponding Fj. In particular we show in this case that it satisfies the
equation:

fi= _% Indet (7.39)

7.9 WKB computation

The WKB approximation, consists in expanding the integrand in the vicinity of a saddle
point. To leading order, one gets a Gaussian integral, and corrections, are moments of the
Gaussian integral, and they are computed by Wick’s theorem. In principle, one can write:

_ 1
= /dX dy e 2 A (7.40)
and expand:
X=X+g, X , Y=Y+g,) (7.41)
and expand
I 1
AIX, Y] = ALK,V + 562 A1, D) + g8 5 AL, V) (7.42)

where the Hessian A” is the quadratic form of second derivatives of limO.A, and 0.4 can be
gs—
computed by its Taylor expansion in g,.

We thus get

—/dXdYe;?A[X’Y] X [dxdy ¢ 3A XY o=gs SAXY]

7.43
Vet A7 [dXdy ¢ 1A 7

l.e. we recover

fo=— lim A[X,Y] (7.44)

B—oo

and

1
fi= —BILH;O 3 det A", (7.45)

and in principle, a standard WKB approximation using Wick’s theorem, should allow one
to find fo, f3,... explicitly. Then, W,gg) can be recovered by applying d;;l/l repeatedly.
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However, this is long and tedious, and difficult to do in a systematic way. One of the
difficulties, is that one has to compute the large 3 expansion of I3(X,Y"), which is not very
well known at the present time.

So, our loop equation method is an alternative to WKB, it can be performed in a
systematic way, and gives all orders in the g; expansion. Also, notice that Wick’s theorem
gives an expansion of Z in powers of g5, whereas our method gives directly the expansion
of In Z.

8 Conclusion

We have presented here the loop equations of the two-matrix arbitrary-3 matrix models
and a recursive way to solve them for a specific polynomial Bethe ansatz. This work
is a generalization of the arbitrary- one matrix model with the same kind of ansatz as
developed in [46]. This work is also part of the “quantum algebraic geometry” project
started for the one-matrix model in [18, 19, 46]. In particular, we have proved that in
the two-matrix arbitrary-5 matrix model, we find a “quantum curve” (5.15) of arbitrary
degree. For now we have only solved this model under the assumption of a polynomial
ansatz for the solution corresponding to a specific limit of the model (N and T fixed
while g — 0 (i.e. § — o0)). However, we expect the notions developed in [18, 19] to
generalize well for the two-matrix arbitrary-3 matrix model as it has been the case here.
This future work considering generic solutions of the “quantum curve” (5.15) is under
progress at the moment. Then one may wonder if properties of integrability and of spectral
invariants [8, 20, 48] known for the hermitian case can be generalized in the arbitrary-g3
case.
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A Hessian matrix of the Yang-Yang function

Using the notation of the paragraph regarding the variational approach and using (6.30),

we have:
%S T 1
] » = - Al
VJ 7& ! <88288_]> ‘extr N (Si — Sj)2 ( )
0%S T 1
1<i<N: = Vs, — _— A2
v == <8Szasz> |extr Vi (SZ) * N ; (si - 8j)2 ( )
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0°S 1
<i,j<N: = A (A7) ‘
vl =bhl= N <8526§J> |extr 4 ! (A )J7 (A 3)
0’S
1<7,3<N: = A4
v =0 = <asiauj>extr ! ( )
028 =
oy <N s o=A-1y s a1 —1y
Vi<ir,s <N <7882‘8A7»5> e 57",183(14 )s,z pEl ALPSP(A )Pﬂ"(A )S,z
N
= 0y zss(A_l)s,z - § BZ,T(A_l)S,Z (A 5)
p=1

Where we have used here:

A g

0A,, = _(Ail)p,r(frl)s,q (A.6)
We can do the same kind of computation starting from (6.31):
S T 1
EXE = A.
Vj#i (8:5,05]‘)'6)(“ NG =5 (A7)
Vi<i< N = V”(g-)+zz¥ (A.8)
- 85 882 |extr 2 ! N — (gl — §j)2 '
J#i
1< <N: = A.
v " <8S au] ) |extr ! ( 9)
oS nooN Dt
< < — .3 L T .z - =1y,
V1 Z r,Ss N : (8828147»5) ot 55’187"(14 )z,r ; Ap,zsp(A )s,p(A )z,r
N ~
= 00i5r (A ir = Baa(A )iy (A.10)
p=1

The computation relatively to u is easy:

Du0A, N

928 %S 0%S
1<i,j<N: = - =0 (12
Visigs (0%08]) |extr <8ula§j> |extr <au’8u] ) |extr " ( )

Eventually the most technical one is the double derivative relatively to A:

9*°S &
1< <N:|—F7— = (AN, — (AT Al
TR <6A baAm>|e LT e (4 (54715)

2
T
V1<irs<N: <£> S (A.11)
|extr

b,r

~(A)y, (A71SB) (A.13)
Eventually the shape of the matrix looks like:
GNxN XNxN Ynxnz Onxn
M — X' GNxn Znxnz OnxN (A14)

Yt Zt TNQXNQ INQXN

ON><N 0N><N It ON><N
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Where the matrix G is given by:
T 1
Gii=Visi)+ =Y ———
Gij = X —ov (A.15)

and the matrix G is its dual:

Cij =~y (A.16)

The matrix Iy2.n is is a N? x N matrix with N times —% in each col-
umn and zeros elsewhere. If we sort the A, s in the following way:
(A171, - ;Al,N7 - ;A2,17 - A27N, - 7AN,N) then the matrix looks like:

=]
™y
=

IN2><N:_ (Al?)

=1

Oy ve
[T o]

The other matrices X, Y and Z are expressed by the previous computations, but since

they do not have a compact or interesting form we do not mention them here.

B Finding kernels K (xg, ) and G(xg, x)

B.1 Decomposition of the matrix D!(z)

Before presenting the way to find the kernels K (zg,z) and G(zg,z), we need to introduce
some notations. First, since D!(x) is going to play an important role, we decompose it in
the following way:

Di(z) = Y (2)[d+ A + %ﬂ_jt(x) (B.1)

where we have defined the vectors and matrices of dimension do by:

(0)
0 U%O)(m 01 ...0
0 U0,1 x
F= ., U= : . A= (B.2)
o1
0 U(O) T
07d2—2() 0. .. 0

—_
OQA
2.2
[ V)
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Note here that all the matrices defined here are already known since they only involve
leading order quantities determined earlier. In particular we have:

Y (z) = Z pr— (B.3)

and:

N
~ ~ Uk 5 ~
U (@) = ~14y, US), (@) = Fay (V{(2) = Y (@) ~Tgyor, U (@) = 3 2y 4 5y 00

— 1 — 54
i=1
(B.4)
where the coefficients uy, ; are known and satisfy (6.13). In the following equations, we will
also need to write down a series expansion of U around z = s;. Therefore, it is natural to
introduce the following vectors:

Z suﬁ; 750 + s

J#i N
. 1, g
1 'U/O,Z . 1 ZA—SZ'—;J' — tl
’Uji - = . 5 ‘/’l - = j;éz (B5)
ta, : ta, .
udg*l,l w
; :12 SIJ] B 271
uQ, j uo,
_;(Si—;j)Q 1 ; o=
JF1
_ Ul 5 Z ul ]
L1 2 Toimay P I DYy
V! = — e , V2= — ji o) (B.6)
do da
_ Udy—1,j do— 1J
j;éi(sifsj)Q 27; (8i—s5)3
which correspond to the first terms of the expansion:
TR L. .
t,U=—""—4Vi+Vliz—s)+ Vi r—5)*+0@x—s)* (B.7)

Tr — S;

Remember that ug,_1,; = %fdQ so that we have the following important relations:
L T 2. T
7l = Nld , witF = Nld (B.8)

B.2 Solving the system: finding G(zo,z) and K (zg,x)

In order to apply our scheme of recursion we do not need to compute explicitly K (zg,x)
but only to be able to determine K (zg,s;), K'(zo,s;) and so on (where a prime means a
derivative relatively to the second variable: K'(xg,2) = 0,K (z9,x)). Indeed, if we know
this quantities then we can compute all the residues we need in our scheme and invert the
differential system. This is reassuring since it was clear that K (xg,x) was not uniquely
defined since it is a solution of a differential equation. We will first determine the kernel
G(z, o) by computing the matrices A;(xo) presented in (7.13). Note that in order to have
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simpler expressions, we will label the components of the matrices K(xg,x) and G(xg,x)
from 0 to do — 1 instead of the standard 1 to ds.

The strategy is the following: we will identify the coefficients of order (z — s;)* in
equation (7.12).

Terms in (x — s;) "1

A straightforward computation gives:
r
Al(.%'o) = N + rw; K(.%'o, Si) (B.9)

Multiplying on the left by ;" and using (B.8) we find that:

T o
2NwitK(xO, Si) = witAi(xo) (BlO)
so that: T N
NK(xo, Si) = (1 — ﬁf’(ﬁf) Az(xo) (Bll)

Therefore, we see that the knowledge of K (xg, s;) is completely equivalent to the knowledge
of A;(xg). In terms of components we see that only the last line is special:

T
Vq < d2 , Vp < d2 —1: (Ai(xo))pg = N (K(xo, Si))p,q (B12)
oT do—2
Vg < dz: (Ai(20))gy—14 = 3y (K(20,8i))gp-1,4 + Z ki (K (70, 8:)) 1.4
d2 k=0

(B.13)

We need to go to the next order in order to determine K (g, s;) or equivalently A;(xo):
Terms in (x — 5;)%
Looking at the constant coefficient of the expansion gives:

T 1 - Id A,
A - VII(SZ) + N Z ‘|’ 'F‘/it K(x(], Si) + FQEZ'tKI(QTO’ Si) = _|_ ﬂ

i S; — SJ o — S5 S; — Sj
(B.14)
Terms in (x — s;)%:
oy
~Vi(s:) +Z — +A+77Vi K'(x0, 5:)
J# 5= 55)
N (RTTR o ) P
Ji N(si — ;)" Z ’
T K"(xo, s) Id Aj(zo)
- K" it 298 — J B.15
IN (o, 5i) + T; 2 (z0 — 5;)2 Z (si — s5)? ( )

J#
We see that the first equation gives can determine the first lines of K(xg,s;) as soon
as we know the last line of K (zg,s;). In the last equation, we see that we can get rid of
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the second derivatives by multiplying on the left by 7! and using wir = % It gives:

- T _ -t
it | =V (s —i—ZN p— +A K'(xo,si)—i—NFViK'(xo,si)

J#i 2
—{—Flﬁ Z K(CEQ Si) + Zﬂ?l tK(CEQ Si)
! N(s; — s;5)? ’ N ’
J#i
TW; ;A (o)
— — B.16
ey § (5i = 5)° (10

The last equation is only interesting on the last line, because all other lines trivially
give zero (because we multiply on the left by 7). Now we note the following identity for
the component (d2 — 1, ¢):

o T ~t
7ot [ —Vi(s;) + Z — _|_ A | K'(z0,8:) + NFVZ K'(o, 5;)
ji ) da—1,q
T da—1 u d2—1 U
k,i k—1,i
— | —Vi(ss +Zm Z = “K' (20, 8 kg + Z —~ “K'(x0, 8i)k,q
oy i) | = tde k=1 4
7 R U, j
4+ — Z Zij — i+ 50k 0 K (o, Si)k.q
Ntg, k=0 \ jzi S — 85
1 @l Upi + U T
Uk, T Uk,j g
= 2 (meon = Vs D0 T Gt i) K 0,0
tdQ k=0 J#i — %
=0 (B.17)

Where we have used the relation for the uy ;’s (6.8). Therefore, we can simplify (B.16)
into a much simpler way:

L T =
7} ‘ ZN e K($0,Sz)+NV1tK($0,Si)
J#i ]
~t -
70 Tw; Aj(xo)
= — B.18
e Dy

This time, we see that all the derivatives K'(x¢, s;) have vanished. Observe that we
can replace A;(zg) by some K (xo, s;)’s using (B.9).

L\ V) = 2 i e ) s+ T K00
gAc
ot T 7wt + Tt ) K (xg, s
:LQ_N (i, + 753 (20 i) (B.19)
(0—8) i (32_3)
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Taking the component (ds — 1,q) of the last equation we have:

do—1

T Uk + Uk j T
14 N »J
§ : V1 (Si)uk‘,i - N z : (Si _ Sj)2 + N(Sk',o K(CEO,Si)k,q
k=0 VE=
u d2 ! Uk —i—uk (.%'0 S )k
qz K »J »°))RNg
= E E B.20
(xO - 5 Sz - 5]) ( )
k 0 j#i

Remember that from (B.14) we have some recursion for the other lines. Vp < dy — 1:

K (xo,s;)
—Vi(s N E K (o, 8i)p,q + K (20, 8i)p+1,4 — N § : b
8; — 8j 8; — 8j
JFi J#i
1)
=24 (B.21)
o — S;

Therefore, we can group (B.20) and (B.21) into a matrix form. Let’s introduce the following

vectors:
0
K(fﬂo,Sl)O,q
K(x0,5N)0,q 0 ’
—_— — —— - _1__
K (20, 51)1,4 z0—s1
P . ,SN)l . : P T 0 (B.22)
o= | Klwoswna | = | Sl [t gl | 0@
. 1
0 (zo—s1)2
G !
K(CUO, 5.1)d2—17q - (zo—sn)?
Ug,1
K(x0,8N)dy—1, (@0=s1)*
uq:N
(ro—sn)?

are in position N¢ + i. (Note that ﬁlrl does not have these terms).

1
where the pr—

-B' Id 0 ... 0
0 —B'Id 0

M=1 0 : (B.23)
0 ... —-B' Id

By By ...Bg_s Bay1
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where all the matrices By, Id and 0 are symmetric matrices of size N x N given by:

(B ) u0,1+u0,2 uo,1+ug, N
0 1 1 (81732)2 e 7(8178]\])2
uo,1+uo,2
T | 75 =°
By==— [ (1752 (B.24)
N ug,N—11+Uo, N
) (sn—1—sn)?
up, N +10,1 ug, N +uUo, N—1 (B )
(sn—s1)? T (sn—sn-1)? 0/N,N
. N ug, rHLO
with (BO)Z',Z' = _TVI ( )UO i Z (51—5,)2 J + 1.
And Vk > 0:
(B ) T U1 +Ug,2 T Ug,1+ug, N
k 1,1 N (81782)2 o N ('317'31\7)2
T Up,1+Ug,2 .. :
)2 . :
B, = | N (1-52) (B.25)
: .. .. T Up,N—11Ug, N
N (SN 1—sn)?
T Up,N+Uk1 T Up,N+ug,N-1 (B )
N (sy—s1)? N (sy—sn-1)? k/N.N
: " Uk, +uk
with (B)ii = —V{"(s:)uk,; — NZ =

slfsj

Then, we can rewrite the equatlons (B.20) and (B.21) into the nice matrix form:
VO<q<dy—1: MK, = f, (B.26)

Hence, by a simple matrix inversion, we can find all the K (x¢, s;) and then using (B.9)
find the kernel G(xg,x). Note in particular that the last column of K(zo,s;) and hence
G(zg,x) only have terms in m. In particular, if we define the “Bergmann kernel”
B(zg,z) = —30,G(x,x), we observe that it is a symmetric function. Eventually, note
that in the case do = 2 (i.e. the one-matrix model) we recover the results of the one-matrix
model as described in [46] since we have a scalar problem corresponding to the component
(de — 1,ds — 1) of our problem.

B.3 Computation/choice of K'(zg,s;) and K" (xg, s;)

Now that the K(zo,s;)’s and the kernel G(xg,z) have been determined, the next step
is to find the higher derivatives K'(xq,s;), K"(xo,$;), ... in order to be able to apply
the residue formula (7.15). Unfortunately, since K(zg,z) is defined as as solution of a
differential equation, it is not determined uniquely. For instance we can write the loop
equation projected at orders (z — s;)°, (z — s;)! and (x — s;)?. Using notations (B.5)

we find:
order 0O:
T 1d A
A—Vils N Z 't K (20, 8;) + 7' K' (w0, 8;) = + Aj(zo)
N?’é P75 o — S — S, — 8
JF#i
(B.27)
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order 1:

—Vi(si +Z +A+W K'(z, 5i)
PP
+ =Y N =, + 7V | K (20, 5:)
J#i J
T K" (z0, si) Id Aj(zo)
KM 7t LA — J B.28
IN (.%'0,32) +7"U)Z 9 (ﬂUo — S‘)2 Z ( T Sj)2 ( )
JFi
order 2:
- Kl/ i
_V1 Z _|_A_|_7I’Vit M
J#i S SJ) 2

T -
+ 1 (31) Z N(Sz _ S‘)Q + Fvilt K/(m'o,si)
j#i J

/I/

+ Z N(s +7V2 | K (0, 1)
JF#i
T - - K" (330, S')
_3_NKIII(-7;O, 31) + V“wlt G Yo 1.0 — Sl + Z S5 — Sj (B29)
J#z

Remember that if we multiply on the left by 7w! we kill the terms

( Vi(si) + ZN =7 + A+ 7V ) We clearly see that now that the K(xo,s;)’s are

known, we have some arbitrariness in solving this set of equations. Moreover, it is not
obvious that this set of equations is compatible with our determination of K'(zg, s;)’s in
the last section. Fortunately, we prove in appendix C that this is the case. For our residue
scheme, we can choose whatever kernel K(zg,z) we want providing that it satisfies the
assumption described earlier. Here we will choose it so that:

Vp<dy—1,Yq,i:K'(20,8)pq=0 , Va,i: K"(z0,8)dy—14="0 (B.30)

We claim that this assumption is compatible with our previous set of equations. Indeed,
since the matrices K'(xg, s;) have vanishing dy — 2 first lines, we can extract from (B.27),
the missing components:

T Aj(20)dy 1,
K (o, 51) = » e g |V (sy) ZN — | B(@o,si)a-14

Si—Sj

i i /)
da—1
do—1
x((l) _2 s * Z Z sj ot s | Ko, o)
k=0 J#Z
6qd2 1 (20, 8i)dy—1,4 = K (20, 8i)dp 1
_ V s 2—1,q 9 2 »d
2o — + 1( ) (x0732)d2 l,g — NZ S;— 85

JFi
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do—1

+>° Z 5 (K (20, 8)k,q — K (20, 8))k,q) + (—Tk + 01,08 K (20, 511 g
k=0 ];ﬁz

(B.31)

This expression is also equivalent to the following (multiply (B.27) on the left by 7t
and use (B.17) to get rid of K (xo, s;)):

T\ 2 w d2—1 wp i A (x0)k
<N> K/ (20, 8i)dy-14 = 7+ ) | Y

T (B.32)
d 1 '
o Ugg T 22: T (ki + ) K (20, 55)kq
tay(wo —si) N = o ta,(si — s5)
Then we can compute the first lines of K" (g, s;) using (B.28): Vp < ds — 1:
r K" =4 K’ K
o B (@0:8i)p.q = Opdy—2K (0, 8i)ds-1,4 = )+ Z P (20, 8i)p.q
J#z
i (o) pq
_|_
(0 — 8i)2 ; (8i — s5)?
1)
= oK' Va1 —VINs)K A Y’ B
p,d2—2 (x0732)d2 1,9 1 (sl) (w0732)p7q (mo _ Si)Q
__Z 330, K('IO’ Sj)pvq (B33)
GAi Sl - 8.7)2

where the r.h.s. is known. We see also that in (B.28), the last line of K" (x¢,s;) vanishes
identically so it cannot be determined and we can choose it to be zero to simplify the
computations. These degree of freedom were also present in the one-matrix model [46]
where K" (¢, s;) (which was scalar) remained unknown. Moreover, if we count the degrees
of freedom, we see that we have exactly ds? unknowns in the determination of K (g, )
which corresponds to a unknown matrix of size dy X ds as expected for a linear differential
equation of the form (7.12).

B.4 Recursion to determine K (zg, s;)

Now that we have the matrices K(xo,s;), K'(zo,s;) and K"(xg,s;), we can perform a
recursion to get the higher derivatives. To obtain them, one needs to look at the terms
of the expansion of order (z — s;)". The main problem here is not conceptual, but rather
notational. We introduce the following expansions:

T o V(erl) S T(—1)P
Y(z) = %+z§) IT()—;W (x —si)P

=) Yiosyr(z— i) (B.34)
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From the definition of Uéok) (z) = > M — 1), + Opox we have also:
k) i:l K3

vy
gAi J

=\ (s st = 0.1 (2—syp (T = 8i)P (B.35)
We can regroup them into the following vectors:
Unty e—sup
Up—siyp = Ul’ov(i’fsﬂ" (B.36)
Uit 10000
Note for example that we have in the former notations w; = ﬁ(m s)-1 Vi — ﬁ(x o)
Vil =Upesy,

We will also need an expansion in (x — s;)P of the x — G(x¢, z) function

8

G(zo,x) Aizo

_5,)P
T —S; (xo—s p+1+z (si— s P+1 (@ =)
J#i
[e.e]

: (B.37)
p=—1

Now it is easy to write the equality of the power n > 1 of the differential equation
(D!(z) — £0,) K(z9,7) = G(0, 7):

Terms in (x — s;)™:

T KD (20, 55) KO (x0, s7) K™ (z0, ;)
Glasr(w0) = —ny =~ Zy(x o T PATT
LK) (2, 54) KO (zq, s7)
7’ B.
G ) tdf; @=sn T (B-38)
We can project this equation on the first do — 1 lines. Any term with a 7 does not
contribute. We find for p < ds — 1:
T Kt (2. s
9033088 Gy (a0
N (n+ 1!
n
KO (zq, s; KM (20, s
_Zyv(mfsi)"—l (%0, $i)pg + (%0, Si)p+1,4

i (B.39)

n!
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Note that the r.h.s. is completely known by recursion since it involves derivatives only
up to order n. Then since we know the first lines, we can compute the missing last one by
projecting the equation on the last line:

K(nJrl) ) B
(TL _ 1)2 (x07 S’l)dQ l,q
N (n+1)!

- K® ey
_Zy(x—si)n*l (20, 8i)do—1,4 +

= _G(m—si)" (xO)dz—Lq

do—2
— Uk KD (20, 80)5

— B.40
I = ta, (n+1)! ( )
d2 1n (l)(.%' )
0732)k,q
WAL L
2 k=0 1=0

Again, we note that the r.h.s. is known by recursion since it involves only deriva-
tives up to order n. Moreover the coefficient (n — 1)% is never zero when n > 1 so
that we can compute K™+ (zq,s;)4,_1,4 Therefore we can determine with both (B.39)
and (B.40) all the components of K1 (zq, s;) as soon as we know the lower orders. Since
we know K (xg,s;), K'(zo,s;) and K"(xg,s;) we can compute by recursion every deriva-
tive K™ (zq,s;) and thus implement the scheme given by (5.10) to determine all functions
Uéf’lz (x) and then by taking the last component of this vector (7.6) the correlation functions

W (x).

C Compatibility of the system at order 0

In this appendix, we will show that equations given by the identification of the coefficient
(x — ;)" given before do not add any new constraints. Indeed, from the equation (B.14)
we get:

—{—A—{—T_‘,‘Z K(CEQ,SZ')

—Vi(si) + NZ

— 8
J#i % J

T

+ rw
+irwt K (w0, 5;) = + Z (v
oS G T

(wOv Sj)

(C.1)

A possible worry is that one can eliminate the term K'(zg, s;) in the previous equation by
multiplying on the left by 7w!. Then one can obtain a closed system of equations for the
K(x0,s;)’s which is different from the one we presented before. We will prove here that
this does not happen.

—

Let’s first project the equation by multiplying on the left by 7w;". The first term
disappear because of the relation (B.17). Therefore we find:

ot

K .
LK (20, 51) = T; Z (Fu;t + 7t K (20, 55) (C.2)
To — S; N i Si — S5

=
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From there we can extract 70;' K’ (z0, s;) and put it back into the first equation. We get a

closed relation for the K(xq,s;):

T T 1 -
N W(&')*’N‘ -SZ_S]&-/H—FV% K (o, s;)
J#i
Fﬁit T (Fiﬁlt + F?Ejt)K(m'o, Sj)
To — Si N#i Si — 8§
T T L 1+ 7oK (2o, s;
:N +_Z<N ]) (2o j) (C.3)
(xo — si) = Si — Sj
Some simplifications occur and we find:
T T 1 .
~ ~Vi(si) + NZ — + A+ 7V | K(xo,5;)
J#i
AN S A LCIT R
Ty — S; N £~ Si — Sj '
J#i

We can project this relation into components. Note that the first do — 2 lines do not

give any new information since they are the same as (B.14):

T 1 T — K(xo,5;) Y
i N AN A0 S5)pg , = P4
—Vi(si) + N Z — K (20, 8i)pg N Z Si— 55 + K (w0, 8i)pi1q = xo — S
J# 7
(C.5)
The projection on the last line is interesting:
T T 1
N —Vi(si) + N Z 5i— 5, K (20, 8i)dy—1,4
JFi
T do—1 w
k,j g
+— Z Z —L b+ Ok 0si | K(20,80) kg
Ntd2 k=0 \jZi Si — S5
T Ug,i
o — Si sz# Si— 85
do—1
T Ui
P 27’ K(mo,sj)k;’q (CG)
Ntg, k=0 \ jzi Si— 5

N J#i 575
T e U j
J g A A
+Nf Z Z Slj — tg + 0k08i K (o, SZ)k‘,q
b j=0 \j# J

,52,



T _ Ugi _
N(sdz*l,q 7 T da—2

U
- Trog — S; Q—NngZ Z Z

S;— S
k=0 \ j#i ' J

We can put this system into a matrix do/N X doN form. We introduce:

0
K(x0,51)1,4 -
K(UC078N)1,q T
- 0
K(x0781)2q - —1——
: Tro—S1
Kq = K(.%'O,SN)ZQ ) g_(; = 1 5 gd;;l - 6
T To—SN
o 0
K(20,81)dy-1,4 s
: ta, (T0—51)
K (20,5N)ds—1,q u3
—ugN

and
—-B Id 0 ... 0
0 —B Id 0
P=1: " Id
0 ... —-B Id

Co C1 ... Cg—2 Cgy—q
where all the matrices C, Id and 0 are of size N x N given by:

(Cr)ii = N%;Q <Z;’“;J — e + 5k,03i>
3

Ck i7

and a special case for Cy,_:

T . 2T 1 tago—1
Chy1 = — diag(—V{(s;) + — E - =
da—1 N Za’g( 1(Sl)+ N — S@'_Sj tdQ )
YE=)

Then the two sets of equations are equivalent to the matrix equation:

Vq: PK, =7,

K (20, 8))k,q

(C.7)

(C.8)

(C.10)

(C.11)

(C.12)

The main problem now is that this system is different from the one we got before
and thus the system seems overdetermined. Fortunately, the matrices, M and P and the
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vectors f; and g, have the same dy — 2 first lines. But the main difference is that f(; has

double poles in zy = s; on the last line whereas g, has simple poles. Writing:
PM7 =3, (C.13)
And looking at the last component gives that the two matrix systems are compatible if and

only if the last column of PM~! is null. From the form (companion-like) of the matrices

we have: It is easy computation to see that the last column can be split in blocks of size m:

X...X M
M= S (C.14)
X ... X Mg,y

where:

-1
M, = B* (Bo +BlB+---+Bd2_1Bd2_1> (C.15)
so that multiplying on the left by P gives that the two systems are compatible if and only if:
Co+CiB+---+ CdQ,leQ_l =0 (C.lﬁ)

Note that we have also the determinantal identity:

-X Id 0 ... 0
0 —X Id 0 J

detM) =det | = - 14 | =(=1)Ndet (ZAZ-XZ) (C.17)
0 ... -X Id =0

Ay Ay ... Ay, Ay

valid for every matrices A; and every matrix X of size N x N.

This condition seems rather completely non trivial from the definition of B and of Cj.
But we will show in the following that from the definition of the uy ;’s, the last equation is
automatically satisfied. Note then that because of (C.17) we obtain at the same time that
P is not invertible and thus only (B.26) gives us the K (xo,s;)’s. Let’s now prove that we

have always:

00+ClB+"'+Cd2_1Bd2_1 =0 (C.18)
From the definition of the wy ;’s we have:

do—1 da—2

N N T 1
= > uk-ni(BYig = 2 Y | Vilsi) - 5 ) (B")i
T T N T Si — Sp
k=0 k=0 r#i
do—2 "y
+> 0> ﬁ(Bk)r,j (C.19)
k=0 r#i ° T

We obtain then that:

do—2 da—2 k k

I U (B +up;(BY)p s -

< E CkBk> = — E k,r( )Z’] k’l( )r’j — tk(Bk)i,j + Siéi,j

— o Ntd2 — ‘ Si — Sy
k=0 ij k=0 r#i

(C.20)
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Note then that:

Ug, - N NV/(s;
Z —— =1 = Ok08i — U1, T 1 0 Z

vy S — S T vy S; — S
so that:
do—2 d2—2 /
T - NV/(s; 1
_ i do E—0 i ) r
N k
- ?ukflﬂ( )i + . (Bk)r,j — t(B")ij + 5i0i
S — Sp
1 _
= —ug, 24(B%7"); (C.21)
td,
Then we need to add the last term
T 272 1 T tg,—
do—1 = ! __d2 1 do—1y .
(Cd2 1B >” N NV1 (s:) + N2 si—s; N tg, (B® )i
From the definition of ug,_1 2 we have also:
N T
Udy—2 = Z(Bt)i,kudg—l,k + yld-
k=1
so that: ,
1 T o 1 Tty 4
U, —Vi(s;) + 2T =0
Ld, w2 TN (1) N2 ;sz—sj N tg,
and thus:
do—1 2 nf
1 T T 2 T tg,—1 _
CvBY | = | =—ugy—2i — =Vi(s0) + —5 — B2, =0
(Z ¥ )ij La, o2 TN i (51) NQ;SZ‘—SJ N tg, ( )i

(C.22)
proving that only (B.26) gives the correct formula to determine all the K (xq, s;)’s.

D Example: only one root s

In order to illustrate our algorithm, we present here the case when there is only one root
s (we omit the subscript s1). In this case, almost all the computation can be carried out
analytically and in particular we show how to obtain Wl(l)(x) and F} in this context. The
results presented here are direct applications of the formula presented in the article. First
we have from (6.14):

—k—

Z A (D.1)

p=0

B = V/(s) , U1 =
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Then we have:

dy p—1
T - 1
Uy (2.9) = 57— 2= 2 1" (V(9)" +2 = V() (D-2)
N(z —s)
p=0 q=0
The action § is given by:
. _ . T T

S(s,5,A,u) :V1(5)+V2(8)—58—|—NlnA—Nu(A—1) (D.3)

The extremum is obtained for u = 1, A = 1, V{(s) = § and V5 (8) = s = V5 (V]/(s)). The
Hessian matrix is given by:

Vi'(s) -1 0 0
-1 V() 0 0
H(s, 5, A,u) = V2 (%) PR (D.4)
0 0 -Fp %
o o -L o
At the extremum it gives:
V{'(s) -1 0 O
-1 VJ(V/(s)) 0 0O
Hioer = 2 (Vi(s) 0 0 (D.5)
0 0O -~¥-%
0 0o -LZ o
which gives:
V3'(3) 1 0 0
V3 (V" (s)=1 V5'(3)V/"(s)—1
—1 = _ T2 1// — 77 ~V1 g/S) — 0 0
H (S, S,A,U) = | Vo'V (s)-1 VI (5)V'(s)-1 (D6)
0 0 0o -4
0 0 —F7p
so that at the extremum we get:
Vo' (Vi(s)) 1 0 0
V' (Vi (s))V{" (s)—1 Vé'(V{SI),)Vg’(S)*l
1 1 (8
H! lextr = | V2 VIV (5)=1 Vo' (VI ())V("(s)~1 0 (D.7)
0 0 0o &
o I
Hence we have with (6.45):
05 _ V(Vi(5)) D)
Vi(z) (V' (V(s)V{'(s) = 1) (z — s)? '
giving the formula for WQ(O) (1, x2):
T V' (V/ (s

N (V3 (V{(s)V/ (s) = 1) (21 — 8)2(22 — )2
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We can now compute the kernels G(zg,x) and K (zg,s;). The matrix M (size da X da) is

given by:
~V!(s) 1 0 0
0 -Vi(s) 1 :
M= 5 (D.10)
0 —Vi(s) 1
V' (shuon + 5§ —Vi'(s)urr oo =V (8)ugy—01 —V{'(8)udy—11

and the linear equation giving the K (xg,s) reads for ¢ = dy — 1:

K('TO,S)QdQ—l 0
K('TO,S)LdQ—l

M : | (D.11)
K(anS)dg—Q,dg—l 0

K('I(]a S)dg—l,dg—l

(z0—s)?

The expression of M~ is quite complicated. But fortunately, the last column (which

(1))

is the only one we need for the computation of W;"’) is the most simple:

(M) = dﬂV{(s)p (D.12)
—V{'(s) <k§0 Uk,1(V1/(S))k> +5
do—k

But since ug1 = % > fa,1p+1(V{ ()P, we find easily that:
p=0

_ NV (s)P
pd2=1 T (VI (s)VY (V](s)) — 1)

(M) (D.13)

We can compute Ul(o) (x,y;x) by derivation of Uéo) (z,y) relatively to Vi (z) with the

(0)
formula a%vigz)) = UI(O) (x,y;2). We find:

o) = 5 <w'<v1'<s>§/é'('<v§/>(8¥))1> (@~ s)1 ég“’ (Vi()"
N9 ioZ;t P () g
:%wg’(w( EAoEnT _dZZty V()"
S S (-
¥ <w'<Vsz>§v)1"V<s§Vf(f>)zx —5) (.14
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If we project along the k™ power of y, it gives:

do—k—1
(1) T Vy'(Vi(s)) - L
VL) =N i)~ (o e & et (V)
. P o (D.15)
i ()
ORI I e
Therefore we have with (7.16):
1 1 0
Us ) () GRICOI N O
: = Res Kt(x,z) : - ?62 : (D.16)
1 1 0
Up gy () U gy (:2) U1 (2)

We want to compute Wl(l)(x) = iUélcgrl(x) that is to say that we only need the last
2 )
column of the previous vector. If we write it in components we get:

do—1

~ 1 1 N
tdQWI( )(g;) = B_e; kz_o K(,2)k,dy—1 (Ul(,k)(Z;Z) 7

aZUg?,j(z)> (D.17)

The contribution from Uéok? (z) is easy to compute since it only involves a double pole
at * = s. Regarding the fact that K'(zo,s),, are null for p < da — 1, there is only one
term involved. An easy computation leads to:

do—1

N (0) N - 1
— o Res kz_o K (2, 2)1dy10:Up  (2) = 7ty —— (D.18)
The contribution from Ul(lk)(z; z) is technically more involved. Indeed, since Ul(lk? (25 2)

has poles up to order 4, we need to compute the derivatives up to K" (z, s). In particular,
we only need the last column of the matrices. Since m = 1, the formulas of the derivatives
simplify a lot:

U, o v
. .
1 ) . 1 —tl — O 32 A
W= — : ,V:~— . ) t= ,V2:0 (Dlg)
tdz tdQ .
Udy—1,i ~tgo—1 0
—
which gives:
~ Vi(s)P L
K 1=t ;
(20, 8)p.dy—1 = ~ta, (V' (s)Vs' (V{(s)) = 1) (o — s)?
N2uq,1

K'(29,8)dy-1.qg = ———2—
(%0, 8)dy—1,9 T2 (0 —5)

. (D.20)
K" (20, 8)pdy1 = =5 (Opds—2K" (20, 8)dy—1,d—1 — VI () K (20, 8) p.dy—1)
2N?8p,d, -2 2N1g, VY (s)V{ (5)?

T -s) T (GE) 1 s PR
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Then (B.29) reduces for p < dy — 1 to:

T 1 1
—K”/(.%b, S)p,dgfl = _‘G/(S)KI/('%.O7 S)p,dgfl + §K”(x07 S)p+1,d271

3N
V///( )
2

(D.21)
K(x(]’ S)p,dg—l

The last component is a bit more sophisticated. We can obtain it by multiplying (B.29)
by 75t in order to get rid of K" (zq, s):

T - s
0K ) = (VR V) K (o)

V/// ( ) ,,:‘U—)‘t

7' K (w0, 8 $)p,da—1 — 7(::30 EAE (D.22)

which gives in components:

T2 m T d2_2uk‘ 1 -1 1 /
vz K (20,8)dy—1,dp—1 = 6N " =K (20, 8)kdy—1 = Vi () K (20, 8)dy 1,001
d2 1
Vl/l( ) Uk 1 T
—K (20, $)kdy—1 — ———= (D.23)
2 =0 td2 ° N(xo - 8)3

(1)(

Now we can compute W

of (D.15) in (D.17):

xg). First we can compute the term coming from ﬁ

do—1do—

T r—1 K" (0, 8)k dy—1
(1) = N(VvQ//(V/( V// Z Z rt?“-l—k-f—l ‘/1 )) 9
dg 1 dg
- r—1 ( NOkdy—2
= VI (V{(s)) V// Z Z P vl )) (T(mo —5)

0 r=0

k=
tdQ ( ) (S)k >
(V/'(s )VQ"(V1( ) = 1) (xo — 5)°
NtdQ tdzv ( )VW(Vll(S))

T TV VISWVIs) 1) (w0 —5) | 2(VI(s) VI (VI(s)) = 1) (20— 5)°

Then we observe that we have to compute:

_|_

(D.24)

@) =5n (Vl”z(ﬂ;/f:/(z’f?;ﬁj()i)) - 1) d:_ol dQ:O_ 17?7"+k+1 (Vi(9))" K" (20, 5)k.dr1
— N(Vl’igf;éf?;ﬁlf()z)) Y ( ::02 d2rj015r+k+1 (Vi(5))" K" (0, 8)k.dy—1
g, K" (20, 8)dy—1 d2—1)
- (V”(‘;:/(QII?;/(’/ (C:j deé lt”rk“ (Vi(s))" K" (20, 8)k.d> 1
_dQZ:Q NUMKW(@"O’ $)k,da—1 — 6]\1[?(12 V()K" (20, 5)dy—1,dp—1
k=0
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da—1

3N2 /// 6N£d2
— Vi kzo w1 K (20, 8)k,dy—1 — m)
TVy' (Vi(s)) 6NV tdQ /
= V'(s)K 1d—
GN(V{/(S)VQNEVY(S)) — 1)( ( ) (anS)dg 1,do—1
3Nz o R 6Ny,
= Vi (s) kZ:O w1 K (20, 8)k,dy—1 — m)
V3 (Vi(s)) =N gt
pu— — K J— p—
(V{'(S)V'Q"(Vf(s)) — 1) ( ta, Vi (3) (x07 S)dg 1,da—1
N do—1 t~d
—=V" K R - D.2
57 1 (s) ;;) ug, 1 K (20, 8)k,dy—1 (0 — S)3> (D.25)

where we have used the definition of ug 1 to cancel the terms in K" (x¢, s). Eventually we
observe that:

da—1
Z uk;,lK(CC(], S)k,dg—l
k=0
n da—1
Tig, o
= v
NIV VGs)) — 1o o2 2 et (V)
n do—1da—1
Ttd2 7"+k
T tr k 1 V
NV (s)VJ/(V{(s)) — 1)(zo — s)? kZO ZO +r1 (Vi (
de da—1da—1
2
- tpr1 (VI( (D.26)
NPV )~ D =3 2 2 o1 (A

- Tty el
= TN GIVITG)) D —oF 2 21
Th, VY (Vi(5))

= TNVTEVE(V()) — 1)(m0 — (D-27)
Therefore we find:
@) = - Niag, Vi (s)V5'(V{(s)) N fa, V1" (s) (V4 (V{(5)))?
TV (s)Vy' (V{(s)) = D(xo —5) 2V (s)V' (V{(s)) — 1)* (z0 — )2
ta, Vo' (V{(s)) (D.28)

(W (V3 (V{(s)) = Do — 9)

And eventually putting (1) and (2) together and the contribution from 0, Uo(?k) (2), we get to:
W) (30} = N
M) = T ) D (o)
VI (s)VE" (Vi)
2(V"(s)Vy' (Vi (s )) 1)* (z0 — 5)*
V" (s) (Vy'(V{(5)))* B NV"(s)Vo' (Vi (s))
2(V(s)V3 (V{(9) = 1)* (w0 —5)2  T(W'(s)V3'(V{(s)) = 1)(wo —s)
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- V(V{(s) LN
(VTGVEW(s) ~ Do — s+ T “0 s
_ V(1(s)
(V7 (5)V (V[ () = D(xo — )

V' ()V3" (Vi () + Vi"(s) (V3 (Vi (5)))

5 (D.29)
2(V{'(s)V5'(V{(s)) = 1) (zo — 5)?
Wy V()5 (Vi(s) + V"(s) (V3 (V{(s)))
Wi (o) " "y 2 5
2V ()Y V{(5) ~ 1 (w0 — 9 D0,

Vy'(Vi(s))
V"(s)V5'(Vi(s)) = (o — )?

Then a straightforward computation gives F defined by =2—F, = Wl(l)(x) with:

oVi(x)
1 1
Fi=—5In ((5)V3'(V/(5) = 1) = =5 In (V' (9)V5'(5) — 1) (D.31)
where Fy is given by —S which reduces when N =1 to:
T / / T N 4 ox
Fo = (~Vils) ~ Va(V{(s)) +sV{(s)) = - (“Vi(s) = Va(d) +53)  (D32)

Fy =W (@) = 5

and which satisfies 3 o = Na=s)

Vi(zx)

E Computation of Wl(l)(x) in the general case

We have: .
2
V3(B)li =Y t(BW); = s, (E.1)
k=0
where
k) il
BM =384 (E.2)
j=1

The relation

S ([V5(B)]i — i)

e = (E.3)
implies
Z Zi Mk = Vi (E.4)
J
where dV4(B); d(V3(B)): — 5)
Vij = WVi(s,) Zij = is; (E.5)

The equation to solve is:

| T 1 .
UM (x,5) NZE ~Vi(z)+9
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— 5 T — 8
+U (@2, 9) = —PO(2,9)  (E6)
where:
SU (z,y) 5 |T Vi) — Vi(5;) 1
Vs = =e e S e (N Ty T, e T W
(E.7)
Since we must perform an expansion in y, we write:
~ do—1
Vl _ V/ 5. 5 _
Yy—si k=0
and o
T Va(y) — .
N Z Ai,jT Z ®; ky (E.9)
J
with
Zk_NZAJ kS], ) (ElO)
Since:
Ej,dg—l(gjafn) — gdg
Ejp-1(85,tn) = 8;E;p(55,tn) = tp V1 <p=dy—1
—35;Ej0(35,t) = to — V3(5;) (E.11)
we obtain:
D dy—1 = tq,
Oip1— > Bis®rp =1, V1 <p=dy—1
k
— ZBi,k(I)k,O = tN() — [‘/Q/(B)]Z = 7?0 — S; (E12)
k
We have the following properties:
do—p—1
: k
Dip= > BeprB (E.13)
We calculate:
do—1 do—1 do—p—1
dBq,i Bq, (k)
Z Z[Bp]hq ds; Prp = Z Z lr.q ds; Z tk+p+1B
p=0 ¢y p=0 ¢,
da—1 d2
dB 1
= Z Z Bp 9,0 Z B(U p—1)
p=0 gq,i u=p+1
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do u—1

_Zzt ZBquddB B(u p—1)

quO q,?

(u) /

B B

B Zt dB;"” _ d[Vy(B)lr _ 2o+ 6, (E.14)
ds;

Consequently,

do—1
EV3(B)lr _ 223 Z d[B%]rq dBy;i
ds;dsy, i dsy, ds;j i

do—1

[B”), Ly,
+> 2 qu ds ip

p=0 g,

do—1

R By d®:y

- Fhs (E.15)
p=0 gq,i k

We note that:

do—1

rq quz “ TCI
Z Z dsk gj Z Z dsk dS q,z z,p]

p=0 qi p=1 g

do—1

d[BP],q dP e Bp+ Jri d®;
— ZO Z s q qp 1 Z Z ZFup
p=0 gq,i

p=0 g, %

do—1
dB, ; d®;
Bp q,? .,p
+ Z Z[ Ira dsy ds;
p=0 g,
do—1

=y Y dBqi iy

Ir.q A (E.16)
= dsy ds;

so that

d do—1

d’B i %
ds]dsk Z Z [B7] . Piv

rqd
Sj
p=0 gq,i
do—1

+ Z Z[Bp]r,q [%% + (j s k)

(E.17)
= ds; dsy,

Similarly,

do—1
dB, d[V5(B)];
S S8, P g, 7], @, = =22y (E.18)
0 ZZ: J pZ% T dvi(sy) j

Now we have

1 1 1 1
U(O) _ D A cI)i (I)i i E.19
1z, 2,y) Yy ' [ kPip (z =) + @ipHik ( — 5,2 (z — s1)2 ( )
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where

o 1

d;, = ApD;,——— E.20
5‘/1(2,) ,p Zk: k*1,p (Z — Sk)2 ( )
Then, Ul(o) (x,z,9) is obtained by changing z — z and y — y = —%% with the convention
that ¢ is written at the left of all x dependent terms.
0" (z,2,9) :df S | A, — SR T— ! (E.21)
1 &2,y p:Oy - Lk —— (z — sp)? P Z’k(x—sl-)2 (z — sp)? :
Also we write o
y—
UM (2, 9) = §°Up(2) (E.22)
p=0
so that
da—2
dU,11(x) dU; (x)
(1) (o e d " ptl 1
U000 = 5 U () + 3 [Upw) L ] T (E23)

The system to be solved is:

ds—2 U, i1 (2) do—1 1
g2 W1 () + Z gP [Up(x) + pdm } + Z 7PU,(x) Z T (z)
p=0 p=0 i v
d2—1 d2
~ 1 DT 1 dU1 x
o S e A PR
p=0 ! ! p=0
do—1
1 1 1 1
- LA NNT ®; H; E.24
29 Z{ R P L A P <w—sk>2] (B2
p=0 L,k
Clearly
~ ( T d R R
Ugy—1(x) = tg, W, () N e +Du = -7 (E.25)
where
Ux
Us
i=1 (E.26)
Ud2—1
and
<I>i’ s
%;mjsl - V() 0 0 i [;r—i +x—t0]
1 D1
: % [ -a)
<I>i — 7
g 2t b
0 0 1 L 2 y/(z) — =L
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and

(z—sk)

[Akq)i,ox%sim +¢¢,0Hi,kﬁ : 2}
i,k
1
k [Akq)z,lx Py (m [C=TE + (I)Z 1Hlk(x 50)2 (@—s5)2 }

1

U= ' ) (E.28)
Zk [Akq) 2,P— 1:1: s; (x— sk)2 +CI)ZP 1H2k( 5i)? (xfsk)Q]
2
tdQZHZk (z— 51) m
We have
Ug,—
da
— N o 5o
== mf{fSS Z p.da—1(Z0, )%: [— Fanl‘UQp(x)
1 ’ 1 1
Apbi,- O, 1 H, ] .29
+Ay P 1.%. s (1’ — Sk)Q + i,p 1Hz,k (1_ — Si)2 (1_ — Sk)2 ( )
The term involving the derivatives is easy to compute. Indeed, it gives:
do—1
™, Z Z K' (€0, 5 )k.dy—1 Uk i (E.30)

i
Now only the term with k = da — 1 contributes from (B.30). Moreover, ug,_1; = T]t\;l? and
from (B.32) we have:

K(0,8;)dy—1,dy—1
(-750732)d2 l,do—1 — T(.TJO — s, ) + Z 8; — 8 ( )
JFi
so that the term involving the derivative is:
do—1 N
N NV !
-~ SN"R K ~10:U, =
Ttd mjéi ZO (o, x)pvd2 19%%0,p () T z;xo — S
i (E.32)
-’EO;S_] do—1,da—1
2
foy Ko
i,J 71

Note in particular that it contributes with a simple pole at xy = s; with residue %

where the kernel K (zg,x) satisfies

T d o 1d
t_ = = = v
[D m] K(xo,z) = G(z0, ) % pa— + po— (E.33)
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the matrices a; and Id are da x do matrices. We expand around s;:

1 1 i 0k j (x — s,
_ ) 5 ]
z—si(x—s,)? (z—s5)3 ’WZZ (8; —s;)att

q=0 i#j
(z =)
+5JZZQ+ Sk_s)q+2
q=0 k#j
(x — s5)""
_ q 4— (I§i34)
qrzo 2
and also
1 5 j(Sk] ) 2
— 7 9. ; q _|_ 1
(x — 83)?(x — si)? (x —s;)* ”qz(); )q+2
)7’72
+0k,j Z Z (r+1)7 — (5:—s;)712
r=0 i#j
_ q-+r
£35S ne eI may
Consequently, from the expansion of K (zg,z) around = = s;:
da
U1 = > Uj o) (E.36)
J p=1
with
1
Ui (p,da) = 6(1) Go—1Tj; ”/(P dz) T A Cjp- 1k,/(p d2)
i,p—1 + (I)JP 1)H o A q)z,p—l
T ; [ (si — ;)2 si—s; | 2Pd2)
ip— 1 T Pjp-)Hij | (Bi®Pip1+A4;Pip1)
k; E.37
+ Z [ (si — ;)3 + (si — ;)2 ii(pdz) )
i#]

The expansion of D' around x = s; is:

T
N
T
N
Dt = !
X — S; T
! N
D50 2i1 Pidy-2
td2 td2 td2
-B;; 1 0 0
0 Bj; 1 0
+ P 0
0 ... 0 —-By; 1
Fa,
Dy Dy ... D45 —Bj;— -2

la,

4,66 —



Y
Qj,j

J
_ijj
(x —s5) ,
—@Qj;
1 i,do — 2
idg [ Z(SJ —5i) ] z(SJ 81)2 i;j(sj —si)2
_ J
5,353 |
Y0
2
+=(x —s5) ;
Z D1 2 73,52—2
tdz iZj (31*51 )3 td2 oy (sj=si)* 77 ta, iz (sj—si)3
where we have noted:
1 P, -
Dy = — 27170 + 55 — 1o
td2 N ,Sj — S;
| i#J
1 D, -
D —_- = 771) —t
P td2 ZSJ' — S; p
| i#J
where
Qij=) Q7
Ll Z dsj
and
V! (s; ifi ==
. dep 1( ) TN Zk;éz Si k2 ] P
Qi,j = —dsi = (si—sp)Q ifi=j5#p
! _%(si—lsp)Q lfzzp#jorj:p#z
and where
_dQi; B
bk Z kT dsy, dsjdsy,
and
0 ) —0,
[ 4 — d*Biy — Vi (si)0i0i0 = 25 Zq;ﬁz (sl)(sak nd |
1,5,k dsy. dedSk _9T Zq;ﬁz (04,59, 5 Z(jq)s ) ifi;ép

We also expand the kernels:

G(.%'o,

ZZ

x-S
Joop= OZ#J

.%'—Sj

x—sj
p+1 ’+Z
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(xg — s5)Pt1

Q]J
—Rjjj
(E.38)
(E.39)
(E.40)
(B.41)
(E.42)

Id (E.44)



We define the matrices:

1
Qo0 Pj1 oo Pjas—2 Pja,—1

(E.45)

and expand M; [D! — %%] K(zo,2) = M;G (o, x) and identify the powers in (z — s;):

1

—_
=5

.YJ—S‘—> kj:MjOéj
J T

N
2(13]‘70 2(13]‘71 R 2q)j,d272 2@j7d2,1

and
0
0
(x —s;)° — e K
0
Pjo0 Pja - Pjdr—2 Pjay—1
—Bj; 1
—Bj; 1
+ k;
—Bj; 1
0 0 0 0
1 J
R
i;ﬁjsi_s] 370—8]
We note that
1
T
N
MjOéi = e k‘z
T
N

Qo+ Pio j1+Pi1 ... Pjay—2+ Pidy—2 Pjar-1+ Pidy—1

The dy — 1 first equations tell that:

do B
- i taq
kj’(l’dQ) B Z kr’(1’d2) Z Z[Bp 1]r,qu,j(I>i,p—1 - (722

p=1 i4q %o =)

We proved before that this is equivalent to

d[Vy(B)l: ta
By = S Ky =
]7(17d2) 2 7(17d2) dsj (1-0 _ 83)2
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(E.47)

(E.48)

(E.49)

(E.50)



so that:

ta
- Z b (1) Zrj = 25 (E.51)

and

td2 1
ki1,a) = —Z (@0 —5;

ta —1[pp—1
Ki ) = —Z = _2 B (E:52)
The other equations tell
1 1 / /
= 5P = Biikjpaz) ~ Kjp+1.a) +Z () @i g (E.53)
Finally,
T
25 .,
2 1 zﬁ /
(.TJ — S]) — —— ., k‘;/
2L
N
®j0 5 Pjdy—2 Pjdr—1
—Bj; 1
1 —Bj; 1
+- ki
9 j
—Bj; 1
0 0 0 0
J
_QJ'J )
~@j;
+ ‘ K
~Qj;
7 1 7 1
J
N )
_pi
55350
+z k;
2 pJ J
5.5 ,
—2 R0 ZRJJ] il R Py 0 — 3R ®Pida
(2 (] (]
1 M,
- _ MAaA + J E54
; (si—si) 7" (w0 —s0)? (59
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We need only to look at the last equation:

Z(I) Jp—1 ;”(pd2) ](1 dz) +ZZQJJ¢7P 1k, (o) T ZZ Jj,jq)iypflkjy(pvd)

do 7
1 ta
= Gios)E D (Pip1+ Py 1)) s %)

We now show that in Ug,_1, if we replace the terms in k;”(p dy) 8nd kY (prda) by their value,
then the terms in &/ (pyd2) disappear so that only the terms in k; , 4,y which are known
remain.

First Step

A]¢27p71 /
A o1k () — D s, i)
i£] v
== Bl Py 1k iy AP 1K (4
= ki) Ql AT S (E.56)

or

p .P.
A @ J:P— lk: (p d?) Z S; — Sj k:jv(pde)

= | =0 — T + > QDM | K g

i,k
FAGO 1K 1 gy — D K (i) @A P 1 (E.57)
where, for p =1,
(8@ p2lp1 — Aj[V5(B)]j = Ajsj = Hj (E.58)

Step 2

d2
5;®; 1
7.] /// J =up /
Z ®jp-1Kjpa) t 3 S0ip 1k () = D 55, i)

i#£]
Hi s d2
_ 3o
- Z Z Qe ®ip-1H ik; G(pd2) T o ZZR;JJ ip-1Kj (p.d)
p=Llik#j p=1 i
tq
+H;j Z , 32 ip—1+ Pjp— 1)ki,(p7d2)_723
(si (w0 — 5i)
i#]
i 1 d2
d
—2 D > (Pip1+ iy Dhipan
xo — §; oy si = 8j =
do ‘
YD kipanQi AP (E.59)
i p=1
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Step 3
From the indices properties of Q;  We obtain:

do
7 vaj 7 T ]J
ZUJ}(p7d2) = —ta, (ﬂUO _ Si)3 —ta, N(zo — 3] ZZ ijjq)ivp—lkx(p?dﬁ

p=1
+§Zl 7?3%5)71)1(%“]{ (pd2) T 2HijKj (p.dy))
i#j p
ZZ S i psljsA)zq) L 7,(p,d2) ZZ ki ,(p,d2) Qg,jqu)j,pfl
i#j p=1 i, p=1
+%;+j?mki,(p,d2) (E.60)
Consequently,
Wil (@) = % - - Z [ o SJ * lij)g] (E.61)

Note in particular that the simple pole in (E.60) is canceled by the one coming from (E.32)
We now calculate Bj, we have

Yy @ %,(M

Ji#j p=1
ds
=l > 23 B Lip=1 ¥ Pnp-)
2L (g — s)? T s s,
Zv]yk7n7él p=1
- 1 B
= —tdQZmzj,ﬁ Vi($)Vii = Bri > Vi (E.62)
i7j7k n
We have also:
Hi s d2
> (_ 5 ZZRﬁ-J,ﬂ%,p_lkj,(p,dQ)
7 4
: 1+‘1>, 1)
+ZZ ps mpy 5 (ki p.a2) +2Hi,jkjv(p,d2>))
i#j p=1 !
d2
_ 1 qq
_Z Ty — $5)2 Jk 1B < Z a.2.4%ip-1
Jk7q p=1
(I)p1+(1)p1 p1+<1>p1
= : —2y % -1y, ) E.63
1#£q q

The bracket is

H DPup_1+ Py
q 4 VW( ) ¢.p—1 Z ar—t ‘Zép - (Hq,q - 2Hi,q + Hz z = Z Rq u vHu,v(I)n,pfl
z;éq (Sq - SZ) w,u,n

(E.64)
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Consequently,

Z( “ZZ 7.3,5 Pi—1K5,(p,d2)

(E.65)

J p=1 1
,p 1 +‘1) ,p 1) ki T
+ZZ (si — s, (Hj ki, (p.dz) + 2Hi i, (p.a )))
i#£j p=1 v i)
do—1
— n— 1
- Z CUO — s QZ],k B k.q Z dsudsv uv n,p—1
Jk7q
We have:
1— AP Ly .
ZZZ “,S py 2 k) (pda) sz (p,d2) Qi ;A Pjip—1
J i#j p=1 i, p=1
= _sz (wds) | V1 (81)85jp1 +Z ) 5 (A5 = Ai)(®jp-1+ Pip-1)
J p=1 z;é] 51 J
1 d>
f 1
:td2 Z ( — 5. )ZZJ,k [Bp ]kqunA @, m,p—1
J:k.q,n,m 0 p=1
d2
=1 - 7= [BP~ 1 S¥mp-1 GBmp—14
2 Z (g — ;)2 0k Z Jka@gn dV1 Sn) Z ds,
Jiksq,m,m p=1

(E.66)
We note that
do 2
1, d*[B] _ dBg p d®y, 1
Z[BP 1 q,n (bn B BP 1 q,m n,p o
p=1 q,u,v,n )
d*[Vy(B)]
= -5 7 Tluwp E.
2 uzv: ds,ds, Ha, (E.67)
Consequently, we find:
B; = szjk - —Z dsuds Huv+§jv1 Wi — ZB;“ i
m AP p—1
* Z 2 (B ko g )}
p=1gq,n,m )
ta, 7
9 Ydy Bd2 17 E.
+ Z Z j,T‘ [ ]T‘,Z ( 68)
1, F0,T
We have not been able to sum over p the last term. This result is the same found from the
differential operator § = —% method. We have
4 dVB))  d dVB)  d%
[BP~Y] ®,, - 2 _ @ avs _ Wkn
dv1 Z 1B g QP dVi(sn)  dsn dsp dV{(sn)  dsn
p=1q,n,m
(E.69)
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so that

d®,, AVi.n .
ZZ B o @ity = )3 . ZZ dV, ) Qinmpt (ET0)

p=1gq,n,m p=1gq,n,m
or
dd,,
m,p— 1 _ m,p— 1
S 5 (5 et < 150 [ 0p, e
p=1g,n,m p 1gnm
d[Bp_l]kq dVi.
o™ &, — (E.71
dV{(Sn) g,n*m,p—1 Z ds,, ( )
We use the relation
dVin d?[V3(B)]x Hpn
— = —_— Zip E.72
ds, Z dspdsy Hp’ +Z ds, ( )

and write:

1= Hin B ,
Bﬂ:inﬁ Z [ZZ[ 1"IQq"dV(p)l

p=1gq,n,m
d[Br~1
_EH/TS}S,(] ;nn m,p— 1} Z‘/l Vkl ZBk,] zn}

ta da—1
+2 ) 2 BeT), (E.73)
ij#ir TIr
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