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A B S T R A C T This paper proposes a numerical approach based on a steady-state algorithm to predict
the rolling contact fatigue crack initiation in railway wheels in practical conditions. This
work suggests taking into account the cyclic hardening of the wheel’s material and one
of its originality is to conduct a complete numerical approach whatever the loading level.
The main stages are the characterization and modelling of the material behaviour, the
determination of the stress–strain fields using a numerical steady-state method and the
application of a high cycle fatigue criterion. Computations were made with the Abaqus
FE commercial software. Three cases are studied: rolling with or without sliding and
skating. The numerical results give several types of mechanical responses: elastic or
plastic shakedown. Otherwise, the results show that the location where the shear stress is
maximal is not the same as where the risk of crack is the highest.

Keywords hardening; rolling contact fatigue; shakedown; steady-state algorithm.

N O M E N C L A T U R E a, b = lengths of contact patch semi-axes
dmin = minimal distance

E = Young modulus
f = yield function
�f = volume loads
F = normal load
H = hardening material parameter
I− = second rank identity tensor
J2 = second invariant of deviatoric stress tensor
k = yield stress
n̄ = normal of critical plane

P (t) = hydrostatic pressure
P0 = maximum Hertzian contact pressure
ṗ = cumulative plastic strain rate

R1 = radius of the wheel
s = sliding coefficient

S= = deviatoric stress tensor
V ′ = average velocity
V = translational velocity
�v = material velocity
ω = angular velocity
�w = grid velocity
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�X = material point displacement
X= = backstress tensor

α, β = fatigue material parameters
γ = hardening material parameters

�ε = strain amplitude
ε= = total strain tensor

ε= e = elastic strain tensor
ε= p = plastic strain tensor
μ = friction coefficient
ν = Poisson ratio
ρ = density

σw = fatigue limit in tension-compression
σ= = stress tensor

τ (t) = mesoscopic shear stress
τw = fatigue limit in alternate torsion

I N T R O D U C T I O N

Rolling contact fatigue (RCF) is a damage phenomenon
that appears in rails and wheels due to overloading mate-
rials. Fatigue of railway wheels is an extremely important
problem and becomes an important significant issue with
respect to failure. Two processes govern RCF: crack initi-
ation and crack propagation influenced by a large number
of factors such as environmental conditions, rail and wheel
profiles, track geometry and vehicle characteristics.1

The loads acting on the wheel lead to a multiaxial stress
field in the wheel tread. The determination and the eval-
uation of this stress field is not an easy task because of the
contact geometry between the wheel and the rail which is
initially unknown. Johnson2 refers to a broad perspective
of contact mechanics. The analysis is generally divided
into two parts:

• Determination of the contact stress between the wheel

and the rail: many researchers have taken an interest in

wheel/rail contact to determine the shape and size of the

contact patch, depending on the nature of the materials

and loads, and have attempted to estimate the limits of ad-

hesion and its values versus slip often based on Hertz elastic

estimation.3 For cases where the contact geometry is not

simple, the contact stress can be determined with iterative

approaches.4 More consistent results can be obtained by

performing an elastic-plastic analysis of the contact prob-

lem. Numerical models have to be employed, such as the

FE method, with the introduction of numerical procedures

to account for the contact determination (e.g. Lagrangian

multiplier and/or penalty method).

• Evaluation of the stress field in the wheel resulting from

the previously determined contact stress: the subsurface

stress can be evaluated analytically if elastic conditions are

assumed; the contact patch is generally replaced by a num-

ber of concentrated forces.5 FE simulations can also be

conducted. In these cases, elastic-plastic simulations can

be performed and the full problem including the deter-

mination of both contact and sub-surface stress can be

determined.6,7

To analyze the damage induced by the stress field, John-
son’s approach is still widely used in railway engineering
with the shakedown map (see Fig. 1), introduced in Refs
[8, 9]. The shakedown map shows the effect of the tan-
gential traction and the load factor on the elastic limit
and the shakedown limit, according to the von Mises yield

Fig. 1 Shakedown map from Johnson.8,9
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criterion. Several zones are identified in the shakedown
map corresponding to the asymptotic responses under
cyclic loadings: elastic behaviour, elastic shakedown, plas-
tic shakedown and ratcheting. Note that the shakedown
limit only considers perfectly plastic materials or kine-
matic hardening laws.

An extension of shakedown maps using a surface fatigue
index has been proposed by Ekberg and Sotkovszki and is
outlined in Ref. [10]. This index is a function of the fric-
tion, the geometry of the Hertz contact, the shear yield
stress and the vertical load magnitude. The higher the
index is, the higher the risk for surface fatigue is. In Refs
[11, 12] these authors also evaluate the subsurface fatigue
damage by taking into account the stress multiaxiality and
then applying the Dang Van fatigue criterion.13 The cal-
culated damage in the radial section of the wheel rim is
summed at every point using the Palmgren-Miner rule
applied to the equivalent Dang Van stresses.5

Some authors such as Bernasconi et al.14,15,16 have pro-
posed multiaxial fatigue criteria suitable for different load-
ings, different materials or residual stresses generated by
the railway wheel manufacturing process. They worked
only on specimens and not directly on wheels. The resid-
ual stress used for the prediction of fatigue damage is
determined experimentally by X-ray diffraction. Another
example is the study reported by Dang Van et al.17 pro-
viding numerical methods to predict fatigue phenomena
applied to the rail.

Note that the Dang Van criterion is limited to elastic
shakedown. For plastic shakedown, the Manson-Coffin
criterion18,19 is often used to evaluate fatigue damage.

It should be underlined that these studies are highly
based on simplified models, which do not take into ac-
count realistic mechanical cyclic constitutive laws for the
materials considered and on simplified contact models.
The aim of the present work is to develop a complete
3D numerical approach to predict RCF crack initiation in
railway wheels taking into account the cyclic hardening
of the materials and the sliding between the rail and the
wheel. This approach is consistent whatever the loading
level. In this paper, quite simple hardening law and high
cycle fatigue (HCF) criterion are used which can easily be
improved in the same framework.

Table 1 Chemical composition by volume (%)

C Si Mn P S Cr Mo Ni V Cr+Mo+Ni

0.52 0.40 0.80 0.20 0.30 0.30 0.80 0.30 0.80 0.50

M A T E R I A L C Y C L I C M E C H A N I C A L

B E H A V I O U R

R7T pearlite-ferrite steel (corresponding to European
ER7) defined by the EN13262 standard20 is currently em-
ployed in wheel manufacturing. Its chemical composition
is given in Table 1.

Characterization of specimens

For the mechanical characterization of the material (cyclic
behaviour and fatigue), specimens were taken from the
rim of a railway wheel, 15 mm deep in the tangential
direction, as shown in Fig. 2. The specimens’ shape and
dimensions are shown in Fig. 3.

Cyclic strain controlled tensile-compressive tests were
first performed on specimens at different strain ampli-
tudes �ε/2 from 0.2% to 1.2% at a constant strain rate
of 6.6∗10−4 s−1. The strain ratio is Rε = −1. The loading
description is shown in Fig. 4. The test was performed
on a servo-hydraulic test system, equipped with a contact
extensometer.

Fig. 3 Specimen shape and dimensions.

Fig. 2 Specimen extraction.
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Fig. 4 Description of loading applied to specimens extracted from

the wheel.

Fig. 5 Hardening/softening behaviour of the ER7 steel during

strain-controlled tests, depending on the strain range level.

The hardening/softening behaviour, corresponding to
the evolution of the cyclic stress versus the number of
cycles, is plotted in Fig. 5 for the different strain ranges.
A quasi-stabilized response of the material is obtained in
the early cycles. The 50th cycle is then chosen as the
stabilized cycle and the corresponding responses (stress
versus strain) for each strain range are presented in Fig. 6.
The constitutive law and the calibration of parameters
will be based on these responses. HCF tests were also
performed for the ER7 material under reversed tensile
and reversed torsion loadings. The corresponding fatigue
data are given in Table 2, where σw : the fatigue limit in
tension-compression and τw : the fatigue limit in alternate
torsion.

Note here that the fatigue parameters obtained by
Bernasconi et al.16 for the ER7 material are slightly dif-
ferent (τw = 289 MPa, σw = 340 MPa, τw/σw = 0.85). It

Fig. 6 Stabilized stress–strain curve for different strain ranges

between 0.4 and 2.4%

Table 2 Fatigue material parameters of ER7 steel

τw(MPa ) σw(MPa ) τw/σw)

353 435 0.81

was shown that there is a slight anisotropy related to the
position and direction of the specimen extraction.21,22

Constitutive law

As an elastic-plastic behaviour is clearly observed in Fig. 6,
the test results were interpreted using Armstrong-
Frederick’s23 nonlinear kinematic hardening plastic
model presented under the following assumptions:

• Total strain decomposition: ε= = ε= e + ε= p

• Elastic strain: ε= e = 1+ν

E
σ= − ν

E
Tr( σ= ) I=

• Yield function: f ( σ= ) = J2( σ= − X= ) − k

with J2( σ= − X= ) =
√

3
2
( S= − X= ) : ( S= − X= ) accord-

ing to the von Mises criterion.

• Hardening law: Ẋ= = 2
3

H ε̇= p − γ X= p and ṗ =
√

2
3

ε̇= p : ε̇= p ,

where
ε= e : the elastic strain tensor; ε= p : the plastic strain ten-

sor; E: the Young modulus; ν: the Poisson ratio; I= : the
second rank identity tensor; k: the yield stress; J2: the
second invariant of deviatoric stress tensor; S= : the de-
viatoric stress tensor; X= : the backstress tensor; ṗ : the
cumulative plastic strain rate; and H, γ : the hardening
parameters of the Armstrong-Frederick constitutive law.
It is well known that this model is not the best candidate
when ratcheting occurs.24,25 However, as the objective is
to have a first estimation of elastic or plastic shakedown
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Fig. 7 Stabilized stress–strain curve: comparison between

experimental and simulation values.

Table 3 Material parameters obtained by genetic algorithms

E (MPa) k (MPa) H (MPa) γ

208 550 296 128 900 276

and as the Armstrong-Frederick model is already available
in Abaqus FE code, this model is chosen. Other models
can be numerically implemented if necessary in order to
have a better estimation of asymptotic regimes.

Test parameters have been identified using genetic al-
gorithms, following Ref. [26]. In the present case, eight
strain levels �ε/2 distributed between 0.2 and 0.9% are
used to calculate the parameters.

The comparison between the experimental and the
simulated stabilized stress–strain curves is presented in
Fig. 7. One can observe a relatively good compromise for
each strain range level. The materials parameters obtained
are presented in Table 3.

In Fig. 8, the monotonic hardening curve and the cyclic
curve, obtained experimentally and numerically are com-
pared. It can be observed that the cyclic yield stress is
lower than the monotonic stress. Similar results were ob-
tained by Bernasconi et al.21 This implies that considering
cyclic data will increase the plastic strain obtained numer-
ically, compared to monotonic data.

N U M E R I C A L S I M U L A T I O N O F W H E E L / R A I L

C O N T A C T

Model description

The translation motion of the wheel with respect to the
rail can be defined as the sliding between the two de-
formable bodies (the wheel and the rail) that are moving
with different velocities. The equation of motion is then

Fig. 8 Monotonic and cyclic material behaviour: comparison

between simulation and experimental values.

Fig. 9 Schematic representation of the equation of motion.

given by the equation of the particular derivative:

ρ

[

∂�v
∂t

+
(

( �w − �v) .−−→grad

)

�v
]

= �f + div �σ,

where �w is the grid velocity, �v: the material velocity, ρ:
the density, �f : the volume loads, �σ : the stress.

In this equation, when w = v, the Lagrangian formula-
tion is obtained and when w = 0, it corresponds to the
Eulerian approach; this is illustrated in Fig. 9.

In the Lagrangian case, a very fine mesh has to be ob-
tained over the entire wheel, which implies high CPU
costs. This is the main reason that incremental FE com-
putations of wheel/rail contact are difficult, which justi-
fies a simplified approach as proposed by Ekberg et al., for
example.1,5,12 In Eulerian case, a Eulerian-based steady-
state method can be used to calculate the stabilized me-
chanical response of the wheel. The main advantage of
this method is that the mesh has to be refined only in the
contact zone, strongly reducing the computational cost.
The steady-state transport analysis requires the definition
of streamlines, which are the trajectories that the material
follows during the transport through the mesh.
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Fig. 10 3D FE model of wheel/rail contact.

In this study, the Abaqus/standard FE code has been
used. The 3D model of the wheel/rail contact is cre-
ated in two steps6,7: firstly, an axisymmetric computation
in 2D and then, after revolving the axisymmetric model
of the wheel about its revolution axis, a complete 3D
analysis using the steady-state algorithms implemented
in Abaqus/standard. The axisymmetric model is meshed
with 993 axisymmetric elements of the four-node bilinear
CGAX4 type. The radius of the wheel is 457 mm. The
complete 3D wheel/rail model is meshed with 60884 el-
ements (12-node cylindrical brick CCL12 for the wheel,
four-node linear tetrahedron C3D4 for the rail; see Fig.
10). The element size in the contact area is 1 mm.

Boundary conditions are as follows (see Fig. 10): the
wheel hub is blocked along x and y and is free along z; the
rail is blocked along x, y and z axis and normal load F is
applied to the wheel axis. The rotation is started with a
constant running speed corresponding to a translational
velocity of 160 km/h. An augmented Lagrangian formu-
lation is used to solve the wheel/rail contact problem.
This formulation is based on the Lagrangian multiplier
and the penalty method. The friction coefficient has been
introduced through the classical Coulomb friction law.

The steady-state method implemented in the
Abaqus/standard FE code allows the introduction
of a translational and angular velocity value for the wheel.
The relative sliding is given by the following relation
(Fig. 11):

s = |V − Rω|
V ′ with V ′ = V + Rω

2

Fig. 11 Velocity definition.

V : the translational velocity of the wheel, ω: the angular
velocity of the wheel, R: the radius of the wheel.

Several cases can be studied:

• If s = 0 : pure rolling (no sliding)

• If 0 < s < 2 : sliding

• Ifs = 2 : skating of the wheel; this is the extreme case where

the angular velocity of the wheel is zero.

In the following, these three different cases will be
studied.

Results

The rolling velocity is applied to the wheel. Two normal
loads, 20 kN and 50 kN, are applied on the axle of the
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Fig. 12 Results of simulation in the wheel for two load levels and in pure rolling.

Table 4 Dimension of numerical contact patch and comparison

with the Hertz theory

a (mm) b (mm) z (mm) Po (MPa)

Normal load 20 kN

Hertz theory 3.9 2.9 1.5 841

Numerical results 3.83 3.0 2 778

Normal load 50 kN

Hertz theory 5.3 4.0 2.1 1142

Numerical results 4.83 5.0 3.99 881

wheel. The friction coefficient is equal to 0.2. The results
are presented in Fig. 12 in terms of von Mises stress, shear
stress (direction xz) and contact pressure in pure rolling
(s = 0).

It can be observed that the maximum von Mises and
shear stresses values are located below the wheel tread and
the corresponding contact patch is almost elliptic. The
Table 4 compares the numerical results and Hertz elastic

contact theory. It concerns the size of the contact patch
(a and b are the characteristic dimensions of the elliptic
contact shape), the depth where the shear stress is maximal
(z is the depth at which the von Mises stress is maximum)
and the maximal contact pressure P0. A relatively good
correlation with the Hertz theory can be observed for 20
kN for the contact patch. The results are slightly different
for the depth at which the stress is maximum and the
depth where the maximum pressure because the material
is not purely elastic but at elastic shakedown. At 50 kN,
the contact patch is crushed; this can be explained by the
plastic deformation of the material for higher loadings.

In order to analyze the asymptotic response of the ma-
terial, as an illustration, the local stress–strain response is
obtained on a streamline located in the maximum shear
stress area (Figs 13 & 14). It can be seen that the load
strongly influences the asymptotic response of the ma-
terial. An elastic shakedown is obtained for 20 kN and
a plastic shakedown for 50 kN. The objective of this
computation is to study the influence of the loads on the
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Fig. 13 Example of a streamline extracted from the wheel’s 3D

mesh.

Fig. 14 Local stress–strain response at the maximum shear stress

node: no sliding.

asymptotic response of the material. When elastic shake-
down is obtained, HCF criteria can be applied. This is
the case for a 20 kN loading. When plastic shakedown
occurs (50 kN loading), a low cycle fatigue (LCF) crite-
rion can be applied. In this paper, only HCF criterion is
used to perform a fatigue analysis as LCF tests are under
progress.

Fig. 15 Evolution of deep shear stress for different sliding

coefficients.

Influence of sliding on the material response and
fatigue path

Asymptotic responses

The aim of this part is to study the influence of sliding
on the asymptotic response of the material. Figure 15 de-
scribes the evolution of the maximal and minimal shear
stress versus depth for different sliding conditions. The
normal load is equal to 20 kN. For s = 0 (pure rolling con-
ditions) the maximal and minimal shear stress are located
at the sub-surface in the contact; in sliding conditions the
minimal value is located at the surface, but the maximum
value is located at the sub-surface.

The maximum value of the shear stress is obtained deep
for all the configurations. The local stabilized stress–strain
loops obtained along the streamline of the maximal shear
stress node for several values of sliding conditions are
plotted in Fig. 16. It can be seen that the stress path is
translated to positive values of shear strain due to the
effect of the sliding.

High cycle fatigue analysis

In this study, only HCF is addressed and the Dang Van
criterion 13,27 is applied to determine the critical area. The
Dang Van criterion is defined as a linear combination of
the shear amplitude τ (t) and the hydrostatic pressure P (t)
as follows:

max
n̄

{

max
t

[τ (n̄, t) + αP (t)] ≤ β,

where n̄ is the normal of shear plane, α is a material param-
eter representing the influence of the hydrostatic stress
and β is a material parameter representing the fatigue
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Fig. 16 Local stabilized shear stress–strain at the maximum shear

stress node: 20 kN loading.

limit in pure shear given by (see Table 2)

α = 3

(

τw

σw

− 1

2

)

and β = τw.

At the stabilization state, the maximization on �n provides
the maximum mesoscopic shear stress given by

τ (t) = max
n̄

[τ (n̄, t)] .

The previous criterion is then written

max
t

[τ (t) + αP (t)] ≤ β,

where τ (t) is calculated by defining the smallest hyper-
sphere circumscribed to the loading path.

The fatigue path can be studied for different points lo-
cated at the surface and sub-surface (see Fig. 17). Points 1
and 6 are located at the subsurface where the shear stress
has its maximum value; Points 3 and 4 are located at the
contact surface. Figure 18 shows the fatigue path suitable
for these different points when there is no sliding. Point 1
is the node at which the shear stress is maximal; the risk
of fatigue crack is maximal in Point 2. It can be explained
by the effect of hydrostatic pressure plotted at the two
points as it is shown in Fig. 19. The more the node is at
the contact surface, the greater the hydrostatic pressure
is. Concerning the fatigue path, similar results have been
obtained by Dang Van et al.28 for the rail.

In Fig. 20 the influence of the sliding on the fatigue
path plotted at the fatigue crack node can be observed.
The fatigue damage risk is given by the minimal distance
between the fatigue path to the Dang Van limit by the
following relation:

dmin =
∣

∣τp + αPmax p − β
∣

∣

√
1 + α2

,

Fig. 17 Different points in the contact.

Fig. 18 High cycle fatigue prediction for the ER7 steel for s = 0 at

different points: 20 kN loading.

where (τp , Pmax p ) are the coordinates of the fatigue path.
The lower the distance dmin, the higher the risk of fa-
tigue is. Then, it can be observed in Fig. 20 that the risk
of cracking is the highest when sliding is present in the
contact and the case of sliding s = 0.1 is the most criti-
cal. It can be also observed that the shear stress level has
increased.

The isovalues of the Dang Van fatigue criterion (mini-
mal critical distance) have also been plotted in Fig. 21 on
the section of the wheel for different cases of sliding. It can
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Fig. 19 Circumferential evolution of the hydrostatic pressure for

s = 0 along streamlines of the node where shear stress is maximum

and fatigue security is minimum: 20 kN loading.

be observed that the risk of damage is more pronounced
in the contact patch. Globally, the crack is located deep in
pure rolling (s = 0), corresponding to Point 2, and at the
surface in sliding (s = 0.1, s = 1, s = 2), corresponding to
Point 4. One has to note that recently, it has been shown
that Dang Van prediction could be non-conservative due
to high compressive stresses and propositions have been
done in order to correct this effect.14,29 This could im-
prove the present results.

C O N C L U S I O N

A methodology for analyzing of the risk for RCF of rail-
way wheels taking into account the cyclic behaviour of

Fig. 20 Fatigue prediction for ER7 steel at the critical node for

different sliding coefficients: 20 kN loading.

material has been proposed. The different steps of this
approach are the following: (1) choice of a cyclic me-
chanical constitutive law and identification of its associ-
ated parameters, (2) determination of the mechanical re-
sponses in the wheel based on the use of the steady-state
method, and (3) choice and application of a fatigue cri-
terion. In the first step, Armstrong Frederick’s nonlinear
kinematic hardening model was used to describe the me-
chanical behaviour of the material subjected to cyclic me-
chanical loadings. Genetic algorithms were used in order
to determine the associated materials’ parameters. The
steady-state method based on the Eulerian approach is
then used to determine local stress and strain responses.

Fig. 21 Isovalues of Dang Van criterion for

different sliding coefficients: 20 kN loading.
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The changes in stress and strain fields can then be de-
termined after each loading and analyzed using the Dang
Van HCF criterion.

The results show that the node at which the shear stress
is maximal is not the same as the node in which the risk
of cracking is the greatest.

The effect of sliding on fatigue life has been studied
and the results show that the case of rolling with sliding
is more severe than without sliding. The case of sliding
s = 0.1 is the most critical. For the sliding conditions, the
node at which the crack initiation is highest is located at
the contact surface but for rolling conditions, it is below
the wheel tread. LCF analysis will be the next step of this
work, based on the works of Manson-Coffin,18,19 Ellyin
and Golos,30 Koh,31 and Amiable et al.32
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