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Abstract

We consider the problem of option hedging in a market with proportional
transaction costs. Since super-replication is very costly in such markets, we replace
perfect hedging with an expected loss constraint. Asymptotic analysis for small
transaction costs is used to obtain a tractable model. A general expansion theory
is developed using the dynamic programming approach. Explicit formulae are
obtained in the special cases of exponential and power utility functions. As a
corollary, we retrieve the asymptotics for the exponential utility indifference price.
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1 Introduction

As well known, in a complete market with no frictions, every contingent claim can be
replicated by continuous trading of the underlying asset. These replicating strategies
however typically yield portfolio processes that are of unbounded variations. Hence,
any size of transaction cost renders this portfolio to have infinite trading cost. Indeed,
it has been shown that, generically, the cheapest super-replicating portolio is the simple
buy and hold strategy leading to a prohibitive cost [50, 42, 15, 19, 23, 37, 40, 41].

Theoretically almost sure replication is an appealing concept which has been ex-
tensively studied in the literature. Firstly, it provides the initial building block for the
utility maximization problems by providing the exact description of the wealth processes
that enter into the maximization. Also it provides complete risk aversion agreeing with
all other approaches and in incomplete markets it yields the pricing intervals. When
this interval is tight, it can also have practical uses. However, since this is not the case
in markets with transaction costs, one has to consider instead expected loss criteria
related to the risk attitude of the investors.

In the frictionless Black-Scholes market Follmer and Leukert [27, 28] studied the
quantile and expected shortfall by exploiting the deep connection to the Neyman-
Pearson lemma, which applies to general complete markets. A more general approach
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for Markovian settings was then developed in [12, 9, 44, 13] for diverse markets includ-
ing jumps and several loss criteria. A particular application of this approach is the
utility indifference as introduced by Hodges and Neuberger [34] in which the hedging
constraint is given through the maximum utility that one may achieve without the lia-
bility. However, in the general formulation of hedging with expected loss, one can place
more than one constraint [16] and consider markets with general dynamics as well as
frictions.

In this paper, we follow the problem formulation of [12] and develop a coherent
asymptotic theory for hedging problems under an expected loss criterion, when the
transaction cost is small. Asymptotic analysis allows for more tractable formulae. Our
methodology is robust enough to treat models with general dynamics and many loss
criteria. For modeling the financial market, we follow the seminal papers [43, 17] and
the rigorous mathematical approaches of [22, 24, 49]. For further information on utility
maximization under transaction costs, we refer the reader to the book [38] and the
references therein.

On the technical side, we build upon the siminar theory that was developed in the
case of the classical utility maximization. For this problem, an extensive theory is
now available starting with the appendix of [49]. There are now many rigorous results
[1, 3, 6, 7, 32, 35, 45, 48, 53] as well as interesting formal derivations [2, 33, 54]. The
partial differential equation (PDE) technic that we use has its origins in a recent paper
[53]. It is based on the theory of the viscosity approach to homogenization of Evans
[26]. This methodology allows for a flexible asymptotic theory that applies to markets
with multiple assets [48], fixed transaction costs [1] and market impact in factor models
[45]. A related asymptotic analysis is carried out for stochastic volatility models with
different time scales, see [30, 31], and for utility maximization asymptotics, see [29)].
They also use viscosity solution tools, but their methodology is different.

The asymptotic expansion is derived directly using the PDE characterization of the
expected loss based price. This equation follows from the stochastic target formulation
with controlled expected loss as in [12]. In the frictionless case, the problem described
in subsection 2.2 is

7(t, s,p) := inf {z eR:E [\II (Z;s’z’ﬂ - g(S;s))] > p for some ¢ € U(t, s, z)} ,

where W is the given expected loss function, p is the given desired threshold, g is option
pay-off, U(t, s, z) is the set of admissible controls and the process Z%*#7 is the value
of the portfolio with initial stock value s, initial wealth value z and control process .
Certain diffusion type dynamics for Z%*%" and the exact description of the admissible
class U(t,s,z) are given in section 2 below. Then, with the help of the martingale
representation, [12] converts this problem into a standard stochastic target problem
introduced in [51, 52]. The model with transaction costs is introduced in Section 2.1,
the corresponding dynamic programming equation is a quasi-variational inequality (2.7).

The main result of the paper is outlined in Section 3. The asymptotic expansion
(3.1) is proved under the hypothesis of Theorem 3.7. This result states that the loss
due to frictions is proportional to the 2/3 power of the proportional transaction cost
and the coefficient of the first term in the expansion is characterized. Although our
result is proved for a single risk criteria, it can be generalized to the multi-criteria case
by following the steps of [16]. It only increases the dimensionality of the corresponding
PDE but does not add any technical difficulty.

In the case of exponential and power utility functions, ¥, explicit formulae are
available. We collect them in the Section 4. In Section 7, we also explain how to
construct almost optimal strategies.

In particular, if one chooses the threshold p to be the value function of the same
utility maximization problem with transaction costs but without any liability, one re-



covers the utility indifference price and its asymptotics. In this context this price was
first studied by [21]. In the case of an exponential utility, they obtained the price as the
difference of two functions. These functions are related to the maximum utility of two
similar problems whose solutions are described through a nonlinear parabolic equation
with gradient constraints. Related asymptotic formulae are formally derived in [54] and
recently rigorously in [5, 46]. As discussed above, this methodology is equivalent to
hedging the option not perfectly but with a prescribed expected loss. As a consequence,
this asymptotic formula follows directly from our results as described in Section 4.

The paper is organized as follows. The next section describes the model and its fric-
tionless counterpart. In Section 3, we state the main theorem and our assumptions. We
illustrate this result in the cases of exponential and power utilities in Section 4. Section
5 is devoted to the proof of the main theorem and Section 7 verifies the assumptions in
the examples. In Section 6, we prove several technical estimates.

Notations: Given O C R* and a smooth function ¢ : (¢,2!,...,2%) € [0,T]x O — R,
we write ¢, and ¢, for the partial derivatives with respect to ¢ and z*. Second order
derivatives are denoted by ¢,i,;, and so on... We use the notations Dy and D?p
to denote the gradient and the Hessian matrix with respect to the space component
(x1,...,2%). If we want to define them with respect to a subfamily, say (z!,---,2%), we
write D1 iy and D(leﬁ___ 2y When ¢ depends on only one variable, we simply
write ¢’ and ¢ for the first and second order derivatives. Any element of R¥ is viewed
as a column vector, and | denotes the transposition. For an element ¢ € R* and r > 0,
the open ball of radius 7 > 0 centered at ¢ is denoted by B,.(¢). We let B and Int(B)
denote the closure and the interior of B. Assertions involving random variables have to
be understood in the a.s. sense, if nothing else is specified.

2 Partial hedging under expected loss constraints and
pricing equations
All over this paper, we let (Q, F,P) be a complete probability space supporting a one di-

mensional Brownian motion W. We let F := (F;);<7 be the right-continuous augmented
filtration generated by W, where T" > 0 is a fixed time horizon.

2.1 Controlled loss pricing with proportional transaction costs

We consider a financial market which consists of a single risky asset S, called stock
hereafter. For ease of notations, we assume that the risk free interest rate is 0. Given
initial data (¢,s) € [0,T] x (0,00), we let S** describe the evolution of this asset, and
we assume that it follows the dynamics

Shs = S+/ Sbeu(r, S’ﬁ’s)dT—i—/ Stbsa(r, SL*)dW,, (2.1)
t t
in which
(t,s) €[0,T] x (0,00) = (su(t, s),so(t,s)) € R x (0,00) (2.2)
is Lipschitz continuous in s and continuous in ¢.

The latter condition implies existence and uniqueness of a strong solution.

Transactions on this market are subject to a proportional cost' described by a pa-
rameter € > 0. We use the notation € because we will be interested by the asymptotic
€ — 0. The scaling €? is just for notational convenience, as it will be clear later on.

ISee [38] for a general presentation of models with proportional transaction costs.



As usual in the presence of transaction costs, a portfolio process has to be described
by a two dimensional process (Y, X) in which Y denotes the cash account and X the
amount of money invested in the stock. We therefore call (y,z) € R? an initial endow-
ment at time t if y is the position in cash and x is the amount invested in the stock
at time ¢t. Then, a financial strategy is an adapted process L with bounded variations.
The quantity L, — L;— must be interpreted as the cumulated amount of money trans-
ferred on the time interval [¢, 7] from the cash account into the account invested in the
stock. It admits the canonical decomposition into two non-decreasing adapted processes
L= L% — L. We denote by £ the collection of trading strategies.

Given an initial endowment (y,z) at time ¢, the portfolio process (Yt¥:¢L xt@s.L)
associated to the strategy L € £ evolves according to

viret —y— [+ s + [0- e
t t

' dshe ' '
Xt’I’S*L::ch/ Xbosl =T +/ dLjf/ dL;.
t S7 t t

In order to rule out any possible arbitrage, we restrict the set of admissible strategies
to the elements of £ such that the liquidation value of the portfolio is bounded from
below, i.e. L € L is admissible if there exists ¢;, > 0 such that

yty.el _‘_gﬁ(Xt@’S’L) > —cg, on [t,T], (2.3)

where
KE:TGR»—H“—GP’M.

We denote by £¢(t, s,y, ) the set of admissible strategies associated to the initial data
(s,y,x) at time ¢.

We now consider a trader whose aim is to hedge a plain vanilla European option of
payoff function g : r € (0,00) — g(r) € R. Hereafter, g is assumed to be continuous
with linear growth. In general, super-hedging in the presence of proportional transaction
costs is much too expensive to make sense in practice, see [20, 42, 50], and [15] for the
multivariate setting. We therefore introduce a risk criteria under which the pricing and
the hedging of the option will be performed. It is specified through a map ¥ : r €
R +— U(r) € (—o0,0], which we call loss function. We assume that ¥ is concave, non-
decreasing, continuous on its domain, that Im(¥) := {¥U(r), r € R s.t. ¥(r) > —oco} is
open and that

E [¥(—g(S3%))] > —oo  for all (t,5) € [0,T] x (0, 00).

The hedging price associated to the loss function ¥ and a threshold p € Im(¥) is
then defined by

v(t, s,p,x) ;= inf {y eR:3LeLs,y,x)st. E [\P (A;fyx)} > p} , (2.4)

where
Ay = Y7o+ (X — g(S5°).

t,5,9,x

The value v<(t, s,p, ) is the minimal initial price at which the option of payoff g(S%*)
should be sold in order to ensure that the expected loss, as evaluated through ¥, is not
below the threshold p. Note that the assumption that ¥ is bounded from above is rather
natural since we consider here a risk criteria, i.e. one should not have the possibility
of compensating losses by unbounded gains. From the mathematical point, it could be
relaxed up to additional integrability conditions ensuring that the corresponding opti-
mization problem Max E[¥ (AL Y] over L € £5(t, s, y, z) is well-posed, see e.g. [8] and

t,5,9,%



the references therein. Also note that this problem is of interest even in the degenerate
case g = 0. Then, v¢ represent the threshold under which the cash account should not
go in order for the terminal wealth to satisfy the requirement in (2.4). This threshold is
a building block for the analysis of optimal investment problems under risk constraints,
see [10, 14].

The problem (2.4) is a stochastic target problem with controlled loss in the termi-
nology of [12]. In order to obtain a pde characterization, the first step of their analysis
consists in increasing the dimension of the state space and of the set of controls in order
to turn the target problem under controlled loss in (2.4) into a target problem with
P-a.s. terminal constraint in the form of [51, 52]. Namely, v¢ admits the equivalent
formulation

ve(t, s, p, ) = inf {y eR:3(L,a) € £t,s,y,2) x As.t. ¥ (A;fym) > P%’p’a} (2.5)
where 2 denotes the set of a.s. square integrable predictable processes such that

PUPo =y —|—/ a,dW, is a martingale on [¢,T]. (2.6)
¢

One direction follows by taking expectation, the other one is just a consequence of the
martingale representation theorem applied to W(Aifyz) Since Im(W) is convex, by
continuity of ¥ on its domain, it is not difficult to see that we can even restrict the
martingale PP to take values in Im(V), see [12, 44].

Note that this reformulation is natural. Indeed, the expectation in (2.4) has to be
understood as a conditional expectation given the (trivial) information at the starting
point t. The conditional expectation evolves as time passes, and has no reason to stay
above the initial threshold p. The martingale process P“P® is here to take this evolution
into account and turns the problem into a time-consistent one: it describes the evolution
of the conditional expectation of \Il(AgsLym)

A geometric dynamic programming principle for problems of the form (2.5) was
first obtained by [51, 52]. In the present framework, in which controls are of bounded
variation, it was further studied by [9]. Up to slight modifications, see the Appendix, it
follows from the analysis in [9] that v¢ is a (discontinuous) viscosity solution on ® x R

of

max{—[,sxcp - ﬁp‘sxcp , =€+ 1+, —e—(1+ @I)} =0 onDr xR @7)
VU(p+z—e|z|—g)=p on Dy x R,

in which we use the notations

Der:=1[0,T) x (0,00) x Im(¥) , Dp:={T} x (0,00) x Im(¥) , D:=DrUDr,
and

‘Cg\sx‘p = %a(ﬁa + 5’0)TD(pp
Losxp = inf{L3sxp:a€Rst. G, Dy = 0}
Loxp =1+ i’ Do+ 3Tr (5057 D?¢] ,

where D¢, is vector of the derivatives of the partial derivative ¢, and for a given point
(t,s,2,a) € [0,T] x (0,00) X R x R,

su(t, s) so(t,s)
a(t,s,x) == | xzu(t,s) and G,(t,s,2) = | wzo(t,s) . (2.8)
0 a



Theorem 2.1. Assume that v¢ is locally bounded. Then, it is a discontinuous viscosity
solution of (2.7).

The above characterization can be exploited to compute the pricing function v¢
numerically. However, it should be observed that the operator EAP‘SX involves an op-
timization over the non-bounded set R, which makes it discontinuous, and possibly
difficult to handle numerically. Moreover, except if v¢ is smooth, the above pde does
not allow to recover the associated hedging strategy.

In this paper, we follow the approach of [53], and try to provide an expansion
of v¢ around € = 0, i.e. for small values of the transaction costs. For ¢ = 0, the
financial market is complete and the problem can be solved explicitly by tools from
convex analysis as described in the next subsection. We can therefore hope to obtain an
explicit expansion, or at least a characterization of the different terms in the expansion
which will be more tractable from the numerical point of view.

2.2 The friction-less benchmark case

We now consider the friction-less case which will be used to provide an expansion of v°.
We refer to [27, 28] for a general exposition of quantile and loss hedging problems in
this context, see also [11].

Let U denote the set of R-valued progressively-measurable and a.s. square integrable
processes. Elements of U will be interpreted as amounts of money invested in the risky
asset S. Given an initial allocation in amount of cash z at time ¢ and ¥ € U, the
corresponding (friction-less) wealth process Z%**% evolves according to

Zbe*0 =z + / dSte /St
¢
and the analog of v°(t, s,p,0) in (2.4) is
7(t, s,p) := inf {z eER:E [\Il (Z;s’z’ﬂ — g(S;s))] > p for some ¥ € U(t, s, z)} ,
in which U(t, s, z) is the restriction to controls ¥ € U such that

Zt9%% > _ o on [t, T] for some ¢y > 0.

Because this friction-less financial market is complete, one can describe 7 explicitly
under mild regularity and integrability conditions. We provide the proof of the following
in the Appendix for completeness.

Proposition 2.2. Fiz (t,s,p) € ©. Assume that the function ¥ : R — Im(¥) is
invertible, and that its inverse ® is C'(Im(¥)). Assume further that ® : Im(¥) —
(0,00) admits an inverse I. Finally assume that \»* := (u/o)(S%*) is square integrable
and that the process Qb* defined by

Q" :=1+/ |A§5|2dr+/ AL W,
t t

satisfies
E [I((thTS)] =p for someq>0,
and
g(SE) + ® o I(GQY°) € LY(QY®) where dQb*/dP =1/Q%°.
Then,

w(t,s,p) = B2 [g(SE*) + @ 0 I(GQLY)] . (2.9)



As for the case with frictions, one can also obtain a characterization of 7 in terms of
a suitable Hamilton-Jacobi-Bellmann equation, see [12] and the Appendix. As in [53],
it will be used to obtain an expansion of v¢ around ¢ = 0. We state it in terms of the
function

v:(t,s,p,x) €D xR w(t,s,p)—x, (2.10)

which is the analog of v when the initial amount = invested in the stock is non-zero.
We note that formally v°, obtained by setting € to zero, is equal to v. In the following,
we restrict to the case where v is smooth, and increasing and strictly convex in the p
parameter (monotony and convexity just follow from the monotony and concavity of
U). A similar result in the sense of viscosity solutions can be found in [12].

Theorem 2.3. Assume that m € CY2(D.7) and that min{m,, 7y} > 0 on D 7. Then,
v(t,x,p,x) = 7(t,s,p) — x is a strong solution of

—Lv — Lpv=0 on Dep xR and U(v+z—g)=p on Dp X R, (2.11)
where

Eg\sa‘? = 271@(50711 + 50,0)TD<PP
Losop = inf{L% ¢ a €R s.t. 55 ,Dip =0}
1
Lsop := 1 + ﬂgDQD + §Tr [59705;019250} )

with, for (t,s,p) €D,

sp(t, s) so(t,s)
go(t,s) == | O(t,s,p)u(t,s) and Goq(t,s,p) == | 0(t,s,p)o(t,s) (2.12)
0 a
Do
o(t, s, p) = <S7r5+ @M> (t, 5, ). (2.13)
o Tpp

Remark 2.4. For later use, note that

By
Evp — osvps

Losov = Eg‘sev with @ := —5;0Dv/vp = (2.14)

Upp
and
0 = smy + mpa/o. (2.15)

3 Small transaction costs expansion

It follows from Proposition 2.2 that the value function v associated to the frictionless
case is known, or at least can be computed easily. Since it should identify to v¢ for
e = 0, we seek for an expansion of v as € — 0 in which v is the 0-order term. From
[53], one can expect to obtain a o(€?)-expansion if we introduce a second and a fourth
order term, the last one depending on a fast variable, £ below. Namely, we seek for
two functions uw and w such that

ve(¢,2) = v(¢, @) + u(C) + 'm0 &(¢,x) + o(€?) for (¢,z) €D xR, (3.1)
in which, for a map w : ((,§) € © x R+— w((,§), we set
v 60

€

(w 056)(4’ ‘T) = w(€)§€(§’$))’ With fﬁ(g’x) = (32)



Note that when w has sub quadratic growth in ¢, the term et o (¢, x) in (3.1) is in
lower order than €? and plays no role in the expansion. We will show that this is indeed
the case. However, at least at the formal level, the second derivative of €*w o £.(¢, )
is exactly of order €2 and this observation is crucial in deriving the corrector equations.
Also, one may recognize (3.1) as in the inner expansion.

Remark 3.1. In the case where the domain of ¥ is bounded from below, the conver-
gence v¢ — v can not hold except if g is linear. Indeed, assume that the domain of ¥
is bounded by —k € R, i.e. ¥ = —oc0 on (—o0,—k). Then, it follows from [15] that
ve(t, s,p,x) > g(s) —x —k for all (¢, s,p,z) € Do X R, where § is the concave envelope
of g. On the other hand lim;_7v(t,s,p,x) = g(s) —x — k + ¥~ 1(p) + &, by (2.11),
where W1 is the left-continuous inverse of W. If g is not concave, i.e. if {§ > g} is
non-empty, we therefore obtain that v does not converges to v on a non-empty subset
of {(t,s,p) € Der : G(s) > g(s) + Y71(p) + k}. Hence, we need to assume that g is
concave, i.e. § = g. It can actually neither be strictly concave on any interval of (0, co).
Otherwise, there will be (£,s) such that E2" [g(S%S)] =: 7(t,s) < g(s) and therefore
v(t,s,p,z) < g(s) —x+P1(p) = g(s) —x — k+ V¥ 1(p) + Kk, since adding —x + ¥~ 1(p)
to 7(t, s) allows to hedge Zz := g(S%°) + ¥~1(p) which satisfies ¥(Zr — g(S%°)) = p.
By choosing p such that W=1(p) + & is close to 0, we again obtain that v¢(¢, s, p,z) does
not converge to v(t, s, p,x) even if g = g.

Our main result provides a precise characterization of the functions v and w under
the assumption that v¢ converges at a rate O(e2). We shall see that this is true in typical
examples of application in Section 4 below.

Assumption 3.2. For any ((,,x,) € D X R, there exists r,,€, > 0 such that

sup {ue(c,x) = US(C,x); U(C’x), (¢, 2) € By, (Co, o) N (D X R), e € (0,60]} < 0.
(3.3)
It allows us to give a sense to the relaxed semi-limits
wlm) = e¢0,<1é$§>13<,z>ue(§/’z/) and u.(¢,2) = eio,(lci'?;'i)gf(c,mue(cl’xl)’ (3:4)

which will be the main objects of our analysis. More precisely, we shall show that
u* = uy, =: u does not depend on the z-variable and is a viscosity solution of

—He—h=0 on®.p
(3.5)
p=0 on O,
where
155 1.2 R [T
He = ¢+ 5078 Pss + 5 (@) ppp + osGPsp — > %, (3.6)

in which a is defined in (2.14), and (w, h) are the solution of the so-called first corrector
equation, i.e. for each (¢,€) € Der x R:

(51 75028 4 Q) — 51l € ~1+ (G 1~ =e(¢. ) =,
' (3.7)

where

0
§:=s0s— 0+ L (0 — smy). (3.8)
Tp
In order to construct the pair (co, h), we need some smoothness and non-degeneracy
conditions on the value function 7 of the frictionless problem.



Assumption 3.3. The functions 7,0 and § are C*(D) and (mp, A, A|]) > 0 on D.

Lemma 3.4. Let the Assumption 3.3 hold. Then, there exists a locally bounded function
h on ® and a non-negative function w on ® X R such that, for all { € D, the map
EeR— w((,€) is C?(R) and solves (3.7) on R. Moreover, it satisfies

(i) @w(-,0) =0 on D.
(ii) we CH?(D x R) and |we| <1 on D x R.
(ili) There exists a continuous function ¢ : ® — R such that

@ (&)l

T Tl DE D@8 < e on D, VEER (3.9)

(iv) There exists a continuous positive functionsé on® such that, for all (¢,£) € DXR,
we(C6) =1 & £<—E(Q) and we(¢.€) =1 & £>E().

The proof of this result is postponed to Section 6, in which are collected explicit
expressions for w, h and & in terms of 7 and its derivatives, see (6.5), (6.3) and (6.4)
below.

Remark 3.5. It follows from Lemma 3.4 that we indeed have |w(-,&)| < [¢] for all
¢ € R. This is a straightforward consequence of (3.7) and (i).

In order to fully characterize u as u* = u,, we also need a comparison principle on

(3.5).

Assumption 3.6. There exists a set of functions C which contains u* and u., and
such that uy > ug on ® whenever uy (resp. us) is a lower semi-continuous (resp. upper
semi-continuous) viscosity super-solution (resp. sub-solution) of (3.5) in C.

Under the above conditions, we will prove in Section 5 that the expansion announced
n (3.1) holds.

Theorem 3.7. Let the Assumptions 3.2, 3.3 and 3.6 hold. Then, (3.1) holds with w
as in Lemma 3.4 and u given by the unique viscosity solution of (3.5) in C. Moreover,
U=u" = Us.

Proof. This is an immediate consequence of Propositions 5.5, 5.7 and 5.8 below, com-
bined with Assumption 3.6. |

As explained above, the function 7 is explicit or can be computed easily, and so is v,
while w is given in (6.5) below in terms of 7 and its derivatives. As for w, it solves the
linear equation (3.5) which can be solved numerically whenever the function G defined in
(2.14) and ap/o are Lipschitz on ©. Note that, in this case, it admits the Feynman-Kac
representation

u(t,s,p) =E

T
/ h(r,54°, Pbo) dT] ,
t
in which S%* solves (2.1) with z = 0, and

Pleb / (ap)o)(r, S, PP dr + / a(r, §b PP,
t t



If the probability measure Q* of Proposition 2.2 is well defined, this is equivalent to

T
u(t,s,p) = EQ" [/ h (7‘, Shs, Pﬁ’s’p) dT] ,
t

in which _
Prev .t / a(r, 555, PLSPYAW, .
t

In the examples of Section 4, all these quantities are known, as far as one can compute
the price and the greeks of a plain vanilla European option in the Black and Scholes
model.

Note also that the functions 7 and é can be used to construct almost optimal strate-
gies in the original problem (2.7). This will be explained later on in Section 7 for the
exponential and the power risk criterias.

Remark 3.8. We restrict here to the case of a single stock mainly for ease of notations.
The arguments contained in Section 5 can essentially be reproduced in the multidimen-
sional case. The main difficulties will come from the construction of w in Lemma 3.4,
see [47], and from the existence of a solution to the Skorohod problem in the proofs of
Section 7.

4 Examples

In this section, we discuss two typical examples of application in which Assumptions
3.2, 3.3 and 3.6 are satisfied, and therefore the expansion result of Theorem 3.7 can be
applied.

4.1 Exponential risk criteria in the Black and Scholes model

We first specialize the discussion to the case where the loss function ¥ is of exponential
form:

U(r):=—e", reR, (4.1)
for some 1 > 0, and the stock price S** follows the Black and Scholes dynamics

§tt = st / AoShodr + / oS AW, (4.2)
t t

for some (A, 0) € R x (0, 00).
In this case, the pricing function 7 can be derived explicitly. This is an easy conse-
quence of Proposition 2.2. We recall that h and £ are given in (6.3) and (6.4) below.

Proposition 4.1. For all (t,s,p) € D :=[0,T] x (0,00) X (—00,0),

w(t,s,p) =7(t,s)+ 7(t,p) (4.3)
where 2T )
#(tp) = —% ~ (=)
and

7(t,s) = EQ [g(S%%)] with dQ/dP:= e~ T~ Wr,
Moreover, if # € C%2([0,T] x (0,00)), then

O(t,s) = sms(t,s) + Uin , 0(t,8) = 8% Res(t, 8) — a%; , a(p) =—=Xp

Bt,s) = (&) oPnt ot )t éits) = (£) " 10(t9)]E.

W=
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They are well-defined under the conditions of Assumption 4.2 below. Note in par-
ticular that

0,6, h and € only depend on (¢, s). (4.5)

Moreover, the second corrector equation (3.5) can be written as

2
—p1 — 5025705 — 5 D*pp + OXPLp + Ny —h =0 on Dop (46)
=0 on .

If h is bounded, which will be the case under Assumption 4.2 below, it follows from
standard arguments that

@ (t,s) €[0,T] x (0,00) — E@

T
/ h(r, Sﬁ’s)dT] , (4.7

is the unique viscosity solution of (4.6) in the class of functions having polynomial
growth, see [18].

We now impose conditions under which the Assumptions 3.2, 3.3 and 3.6 of Theorem
3.7 holds true, compare with [5, Assumptions 3.1 and 3.2].

Assumption 4.2. The following holds:
a. 7€ CH(D).
b. There exists K > 0 such that
|g| 4 57| + | o5 | + 167+ |6s] + |s°05s]| < K on D.
Note that these conditions imply in particular that @, € C%?(D), see (4.4) and
(6.5) below for the exact expression of w.

Proposition 4.3. Let U be as in (4.1) and S as in (4.2). Then, Assumption 4.2 implies
Assumptions 3.2, 3.3 and 3.6 of Theorem 3.7.

The proof is postponed to Section 7 in which we also explain how to construct an
explicit almost optimal strategy.

Note that, as a by-product, our expansion allows one to recover the result of [5] on
the Hodges and Neuberger indifference price. More precisely, let V¢ be defined as

Vits,yoa) = s B[ (VPR 4 e(XER) - g(sh))|
LeL(t.2)

and let V¢ be defined similarly but for g = 0. Then, the indifference price associated to
the market with transaction costs is given by

q“(t, s,y,2) = inf{geR:V(ts,y+q,z)> f/ﬁ(t, $,y,2)}.

It is easy to see that, for our exponential risk criteria, ¢¢ does not depend on the y-
variable and that

1. (Ve
q°(t,s,x) = o In (%) =v(t,s,—1,2) — 0(t, s,—1, x)

in which v¢ is defined as v¢ but for g = 0. Under the assumptions of Proposition 4.3, it
then follows that
¢ (t,s,x) = 7(t,s) + EL

T
/ Ah(T, SE%)dT | + o(€?)

t

11



in which

3

A

an

Ah(t, s) = (1%) ) .

4.2 Power risk criteria in the Black and Scholes model

o’ <|5(t, $)|3 -

We now consider the case
U(r) = —(r+K) Plyany —00lycey, T ER, (4.8)
with 8,k > 0. For this risk function, Proposition 2.2 implies that 7 = 7 + 7 with
7(t.s) = E%g(S3")] and #(t,p) = — + (~=p) (1) (4.9)

for (¢,s,p) € D, in which m is a C}([0,77) positive function satisfying m(T') = 1.

In view of Remark 3.1, we can however not expect to have v — v if g is not linear.
Since any linear payoff is hedged perfectly by the same buy-and-hold strategy in the two
models, this boils down to considering the case g = 0 up to an initial shift of x and z, at
the costs of an additional € term. We therefore restrict to the degenerate case g = 0.
Recall from Section 2.1 that the problem remains of interest, as v¢ is a building block
for the analysis of optimal investment problems under risk constraints, see [10, 14].

Proposition 4.4. Let U be as in (4.8), S as in (4.2) and g = 0. Then Assumptions
3.2, 3.3 and 3.6 of Theorem 3.7 hold.

The proof is postponed to Section 7.

5 Derivation of the small transaction costs expansion

5.1 Preliminaries

We start with the derivation of easy estimates that will be of important use in the
sequel.

Remark 5.1. Observe that, for (¢,z) € © x R, the initial dotation in cash and amount
of stock (v¢(¢, z) +z +€®|z|,0) can be turned into (v¢(¢, x),x) by an immediate transfer
ALy = z, while the initial dotation (v¢(¢,0) —2z+€®|z|, z) can be turned into (v¢(¢, 0),0)
by an immediate transfer ALy = —z. By definition of v¢, this implies that

v¥(¢,0) = ¥ < v (¢,x) + @ < v(C,0) + €fal. (5.1)
Remark 5.2. Tt follows from the same arguments as in [15, Proposition 6.1] that v > v.
Lemma 5.3. (i) The functions u* and u. are independent of the x-variable;

(ii) Moreover, for all ( € D, we have

w*(¢) = limsup u™({’, 0(¢")) and ux(¢) = liminf uS(¢,0(¢")  (5.2)
l0,¢'—¢ €l0,¢'—=¢

in which u®* and v denote the upper- and lower-semicontinuous envelopes of uc.

Proof. We only show the result for u*, the same reasoning can be used for the relaxed
semi-limit u,. Fix ¢ € ©® and x € R. By definition of u*, there exists a sequence
(Cey Te)e>o such that

(Com) o (Co) and w(Gom) oy (G, (5.3

12



Fix also a sequence (x])es0 going to 2’ € R as € — 0. By Remark 5.1 and the definitions
of u and v in (3.3) and (2.10), we have
(G, 0) = €|ae| < Eu(Ce,me) +7(¢e) < v(Ce, 0) + €|z
v(Ge, 0) — €¥lae] < u(Ge, 2e) + m(Ce) < v°(Ce, 0) + €]
so that
—€ (|me] + [27]) < u(Ces we) — u(Ce, 20) < € (Jze| + |2c]) -

Sending € — 0 and using (5.3) then leads to

lim u®((e, 2L) = u*(¢, x).

e—0

This shows in particular that u*(¢,2") > u*(¢,z). By arbitrariness of x,2’ € R, the
reverse inequality holds as well, showing that u* does not depend on its z-variable.
Moreover, applied to z = 2’ := 0(¢) and z. := 0((.), the above implies that

limsup u(¢",0(¢")) = w*(C,0(¢)) = limsup  w({’,2').
€l0,¢'—¢ €0,(¢"2)>(¢.6(¢)

To conclude the proof of the left hand-side of (5.2), it remains to show that

lim sup u (¢ 2') = lim sup u (¢ 2", (5.4)
€l0,(¢",2")=(¢,0(0)) €l0,(¢",2")=(¢,0(0))

and to use the inequality

lim sup u (¢, 2") > limsup u* (¢, 0(¢")).
€10,(¢",2")—=(¢,0(¢)) €l0,¢'—=¢

To see that the above holds, note that the continuity of v, see Assumption 3.3 and recall
(2.10), implies that for ((,£) € ® x R and € > 0 we can find ({., &) € © x R such that
(v° —v)(,€) < (v —v)(,€) < (v° —v)(C, &) + €. Recalling the definition of u¢ in
(3.3), this proves (5.4).

O

In view of the above result, we shall from now on omit the z-variable in the functions
u* and Us.

5.2 The key expansion lemma

We now provide the following key lemma, which is the counterpart of [53, Remark 3.4,
Section 4.2].

Lemma 5.4. Assume that 7,0 € C12(D_.r). Fiz e >0, ¢ and w two C2(D .1 x R)
functions and define

P =v 4+ e2p+ ew® with w = wo&,. (5.5)

Set D! := (Do x R) N {y5 > 0} N {e*p), + e'ws > vmy} for some v > —1. Then,

A 1 . 1
672(‘65)( + LP\SX>’¢)€ = 5 (Wp};2 0—2552 + (H + ﬁ?(\SP)(b + 50—252(1055 © €€) + RE on Déa (56)
Tp

where

N 1 .
E?{\Spqﬁ = §U2e2¢zz + 0'239¢sm + 90a¢pz

with & defined in (2.14), and where R, is a continuous map defined on D" such that:

13



(i) For each bounded set B C D!, there exists eg > 0 such that {¢ 'R.(¢,z) : (¢, ,
& (¢, ) € B, e € (0,ep]} is bounded.

(ii) Let B C D¢ be a bounded set. Assume that ¢ € Cg°(B) and that w satisfies (3.9).
Then, there exists eg > 0 and Cp > 0 such that

[Re(¢,2)] < Cp(1+ elée] + €*I&*)(C, )
for all € € (0,ep] and (¢,x) € B.

Proof. All over this proof, we work on D! and omit the argument to alleviate notations.
Step 1: We first provide an expansion for Lgx1p€. The first term follows from the relation
x =0+ €

Lsx (v + €2¢) = Lso(v+ €2¢) — euée + €2R§
with
2

Then, we use the fact that {& = & /¢ and the definitions of 7, and g, in (2.8) and
(2.12) to obtain

[N~}

Esx(e4w€) = %(’wfg o fe)Df;—&Qé‘JDfl + 62R§
2
€
= §(w§£ o fe)Dfirﬁ‘gpa';ODfl + 62R§
where
RS = (Lsw)of +e ((we 0 &) Loxér + 25202051 (wse 0 &)
and
, . o? 0 se€e
By = Mo ?(w& ° EE)(D(S,Z)&)T < se€c Oek. + (e€0)? > Diatn

6 0'2 T 0 S
= Rytebeg(wge ole)(Dsmén) ([ 4 et D(s,)&1.

Combining the above expansions leads to

62

Lsxp® = Lgo (U + 62¢) — e + 9 (wﬁf o ge)Dfir&@,O&‘;r,ODgl + 62(Ri + Rg) (5'7)
Step 2: We now focus on the operator EAP‘SX applied to ¢°. Since ¢ > 0 on D¢, we have

—&4 Dy© 1
X .
T 14 €20,(¢ + €2we) [/

Lrosxth® = Lo " with af := (5.8)

a. We first provide an expansion for a around a defined in (2.14). We start by

performing a first order expansion on the right-hand side of (5.8) to obtain

=T €
gt — G0 DU (1 - e20,(6 + w)/m,) + RS (5.9)

Tp
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where Rj is a continuous map satisfying

oo Dy<| 2 c 2 .
Oﬂ_ TEME |628p(¢)+62w )/7rp| on D!
p
_ . 2
5o Dy| 2 62@ _ 639;0(1”5 o&) 4 e (wp 0 &) _
Tp 143 | m

Tp
Then, we obverse that

| R4

IN

Tp

G4 Dyt =

= —39 Dv— 34 D(?¢ + e*w®)

_@F,ODU + oebe — Gotee. 0D(2 ¢ + €' we).
By definition of & in (2.14), dividing the above by 7, = v, implies

=g DY _ ., ok _ ot 0D(e* + )
7Tp 7rp 7rp
Recalling (5.9), this leads to
€ o dD
¢ = ateZbe_ 290209 b (5.10)
Tp Tp
o€ [ 3 2
@) = @ 2a% e (%) vanaDo/n,| R (511
Tp Tp
where
Oet. 0D ws R 5o+t 0D
Rg : Ry — e {556 (U¢p2 + et ¢ +et2 (a — 6561 + 62700+ £e,0 ¢)
WP) Trp i 7Tp 7Tp 7Tp
Og+et.,0DwWe . -
~ PO DU (1 20,6+ ) my) + Ly, 0D
Tp U
592D 2 ; 500D
7Tp ﬂ-p ﬂ‘p

b. We now plug the expansions (5.10) and (5.11) in the left-hand side equality in
(5.8) to obtain

ﬁp\sxwe = ﬁg\sev +e [prda_ge + 023W8p§:| (5.12)
Tp Tp
5 B _
e e e
et (Swee o 0D (0045~ raarfa)DEs + 1)
with
R =

1 1
§Ri€577pp + Ryosmap + 5((‘16)2 -

+[(a6 - d) (656 + 9) + dege]a(bpm
63
Jr;(d)2 (€wpp — 20pwpe — Oppwe) o &

(d)2)(62¢pp + 64w;p) + os(a® — d)(62¢sp + 64w§p)

+e3ao (eswsp — sOpwse — SOswpe — sOspwe + Gwpe) o Ee.
Step 3: It remains to combine the results of Steps 1 and 2. We first observe that (2.11)
and the definition & implies that

Lsgv + L2 ,0 = Lsgv + Lpjsev = 0.
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Second, we use (2.14) and the identity v = 7 — x to obtain

Lr, —osmys
d —_ p p ,
Tpp
which leads to
.0 9 1
€e | —p+ Tppa— + 07 8smgp— | =0,
Tp Tp

and

N [ TpaD gg.aD
£59¢ =+ Eg\se(ﬁ — Tppad ( % ¢> — O8Tsp z ¢

Tp

a M
™ = ESB¢+‘CP\59¢7 ;O—O,dDd)
= (H + E?{\sp)d)-
Finally, we use the identities & = 6 —x and & = (0 — s7y)o /7y, recall (2.15), to obtain

0%0* = D& 69064 0DE1 + DE] (69,404 5 — 50,059 0)DE1,

where ¢ is defined in (3.8). The above identities combined with (5.7) and (5.12) leads
to (5.6) for R, defined as

R, := RS + RS + R.. (5.13)

Step 4: The estimates on R, follow from direct computations. o

5.3 Viscosity subsolution property

Proposition 5.5. Let the conditions of Theorem 3.7 hold. Then, u* is a viscosity
subsolution of (3.5).

Proof. Let ¢, € D7 and ¢ € C+*(D.7) be such that

max(strict)(u” —¢) = (u* — ¢) ().

Der

By Lemma 5.3, there exists (%)~ satisfying

CE — o, z€ = 0(46) — 0((0) = To,
(e € - * EE*;LO € ,.€ € (514)
(¢ ) o (Go) and A= u (¢ 2%) = 9(¢) 2 0.

Assumptions 3.2 and 3.3 entail the existence of 7, > 0, 0 < r, < 7, and ¢, > 0 such
that
m = sup {u((, z), (¢, x) € Bo, € € (0,6} < o0,

and
0 € Bro(xo) on By (), (5.15)
where B, := B, ((,) X Bz, (z,). After possibly changing ¢,, we can also assume that
€€ — G| V|2 — x| < %O and |A] <1 forallee(0,¢). (5.16)
We have
u™ <m on B, for €€ (0,¢,), (5.17)

and, by Assumption 3.3,

Tpp ATp > ton By, ((,), for some ¢ € (0,1). (5.18)
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Step 1: We first construct a suitable test function for ve, for e € (0, ¢€,).
The function ¢ being continuous, we have

sup{2+mf o) Ce BTO(CO)} =: M < +oo0.
On the other hand, (5.16) implies that there is v > 0 such that
C=¢" =7 for ¢ € By, (Co)\Bze(Co)- (5.19)

We choose a strictly non-negative constant ¢, satisfying co(y A (%)*) > M and define
for e € (0,1)

¢ (Gr) €D xR e (16— ¢ + 1o — ()

N——

Consider now the following subset of B,:

B, = {(g,@ € B, st. ¢ €Bro(C) and z € B;;(:co)} :

o
It follows from (5.19), (5.15) and the choice of ¢, that
¢ >2+m—p onB\B,. (5.20)
We now define, for n € (0, 1],
P i=v4 € (Act o+ ¢°) + €' (1 +n)w o &,

where the function &, is defined in (3.2) and w is given in Lemma 3.4.
Step 2:  Given € € (0,¢,] and n € (0,1], we now show that v** — " admits a local
mazimizer ((¢, &) in B,.

Note that, a-priori, this local maximizer should depend on 7. We shall not emphasize
this to alleviate notations but will come back to this point at the end of the proof. We

set
I =y — Ac— p— ¢ — (1 +n)w o &e.

Combining the fact that w(-,0) = 0, see Lemma 3.4, (5.16) and the definitions of z¢,
A. and ¢°, we obtain

sup 19" > sup I¢" > [°"((, x¢) = 0.
B, B

0,

W=

On the other hand, by (5.16), (5.17), (5.20), the fact that @ > 0, see Lemma 3.4, and
the defnition of m, we have

I <y —m—1-(1+nwoé <0 on B,\B

after possibly changing ¢p. Hence, " being upper-semicontinuous, we may find a

maximizer (C¢,7¢) € Bo,% C B, which satisfies

o (4“55) >0 and ‘egg(éﬁ,f) vi|ce—¢|<m (5.21)
for some constant r; > 0. We recall that
€. (C5.7) = 7 — 0(C°). (5.22)

Step 3: We now prove that there exists €, < €, such that for all € € (0,€,] we have

—€(C°) < &(C5,7°) < &(¢°), (5.23)
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where é 18 giwen in Lemma 3.4.
We only prove the right hand-side. The other inequality is proved similarly. We first
observe that Theorem 2.1 and step 2 imply that

S Y (( :c) <0. (5.24)

Recalling the definitions of ", v and ¢€, direct computations lead to

1 4 e (56, x) — 4c%, (ege(gf,@f))g + (1 + n)we 0 £(CF, 79),

so that we may re-write (5.24) as

—e+ e(1+n)we 0 £(CS, 7)< —dcy (efe(ée, :zﬁ))g . (5.25)

Assume now that the right hand-side of (5.23) does not hold for all € > 0, small enough.
Then, there exists a sequence (ex)x>1 satisfying ¢, — 0 as k — oo such that

€ (Cor,5) 2 € ().
Recall from Lemma 3.4 that this implies that
@e 066, (¢, %) =1 and &, ((*, %) > 0.

Combined with (5.25) the later leads to a contradiction since c¢,, 7, €, > 0.
Step 4: We now prove that there is & € R such that

0> (g(%aﬁg R e n)wga-,&)) (). (5.26)
Recall that ¢ is a continuous functions. In view of (5.23) and (5.21), it follows that

(56,.%6,56(56,.%6))0<6§g0 is bounded. (5.27)
We can then find a sequence (€, ),>1 C (0, &) such that ¢, — 0 as n — oo and

(Con @ €. (Cn 3)) — (C,T,€) € D X RX R asn — oo. (5.28)

Moreover, classical arguments show that

(Cai’) - (meo)- (529)

Observe for later use that
—£(C) < E<E(G) (5.30)
by (5.23) and the continuity of 5 By Step 2 and Theorem 2.1 again, we have
{—Esxa/f"’” - EP‘SXWM} (gnz) <0 foraln>1. (5.31)

Moreover, (5.27), (5.18) and Lemma 3.4 imply that we can apply Lemma 5.4 to 1",
For n large enough:

T —€ a € 0262 1+ Weg © Gen Fen €
02<_ w0262 g — £ 0t — T e 5’)+an> ().

€n

2 (mp 2
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where
o= A, + o+,

and R., (Ct", @) — 0 as n — oo. Sending n — oo and using (5.22), (5.28) and (5.29)
provides (5.26).
Step 5: We can now conclude the proof. By construction of w as a solution of the first

corrector equation (3.7) and by (5.30), we have
1, =

5 (507 (C)E" +

2 (WP)Q

which plugged into (5.26) gives

(0262)(§o)w55 (gma = h(CO)

N =

M) < h(G) +15075(C) e (G0 E) (53

Finally we note that, although £ as constructed in Step 4 above depends on 7, (, does
not depend on this parameter, and therefore |wee((o,)| is bounded by Lemma 3.4.
Sending 7 — 0 in the above inequality leads to

*H(P(go) S h(Co)

5.4 Viscosity supersolution property

For sake of completeness, we report here [47, Lemma 5.4] that will be used in the proof
below.

Lemma 5.6. For alln € (0,1), there exists ¢,, > 1 and a smooth function b, : R — [0,1]
satisfying b, =1 on [—1,1], h,, =0 on [—cy, ¢y]® and
|zl (@)l <n,  and  Jx||by(x)| <207, (5.33)

for some constant C* > 0 independent of .

Proposition 5.7. Let the conditions of Theorem 3.7 hold. Then, u, is a viscosity
supersolution of (3.5).

Proof. Let (, € D7 and p € C2(D 1) be such that

min (strict) (u. — @) = (ux — ©)(¢) = 0.

Der

By Lemma 5.3 and continuity of ¢, there exists (¢¢)e>o such that

¢ T Cos x€ = 0(C%) T 0(Co) =: xo

us (C€, %) 5) ux(Co) and A := uf (¢4, 2%) — o(C°) 5) 0. (5.34)
Let 7, > 0 and €, € (0, 1] be such that
ICE— ¢| < % and |A] <1 foralle< e (5.35)
Step 1: We fix € € (0,¢€,] and construct a first test function for ut.
Since ¢ is smooth, there exists a constant M < oo such that
sup {¢(¢); C € By, (G)} <M —4. (5.36)
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By (5.35), there exists a finite d > 0 such that | —(¢|* > d for all ¢ € dB,,((,). We fix
¢, > 0 such that ¢,d > M and define
¢°(¢) = p(¢) + A —co (IC = C°I) -

It follows from (5.35), (5.36) and the choice of ¢, that

—¢c>3 on 9By (). (5.37)
Observe for later use that

(uf = ¢)(C52) =0 (5.38)
by definition of A..
For n € (0,1), we now set

YO = v+ €65 + € (1) (wh,y) o &

in which
H,:£€R—b, (fé)

for some &, > 1 to be chosen later on, see (5.49) in Step 6, and where b, is as in Lemma
5.6.

Step 2: Let Q, := B, ((,) x R and fiz € € (0,¢,]. We now show that, for each n > 1,
there exists (C&", ™) € Int(Q,) satisfying

N 1
Jen ( e,n7 Ae,n) < inf 16" —, 5.39
AT ) S Rt 4 o0 e

i which
[ = 2 (of o) = uf — ¢ — (1 —n)(wHy) o ée. (5.40)

Note that &(¢¢,z¢) = 0 since z¢ = 0(¢¢). Recalling that w(-,0) = 0 by Lemma 3.4,
(5.38) implies that
I97(C¢,a¢) = 0. (5.41)

On the other hand, (5.40) combined with Remark 5.2, Remark 3.5 and Lemma 5.6
implies that

I > =6 = (1= m{lEel e e ey} = =0 — (1= n)eyte.
In particular,
19" > —¢¢ — 1 if e<epi=eA((1— n)cnf*)_%. (5.42)

The set B, ((,) being compact, the inf over B, ({,) of the right-hand side is finite,
which proves our claim.

Step 3: Forn € (0,1),e € (0,€,] and n > 1, we now construct a C* function ¥"" and
(¢om, z&™) €lnt(Q,) such that

min(o° — §°") = (0 — ) (CN, ),

o

Let f € Cg°(R) be an even function satisfying 0 < f < 1, f(0) = 1 and f(z) = 0
whenever |z| > 1. We set

2
¢e,n,n(., 1.) = 1/}6777(.750) + %f (.CC — ;ivfyn)
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and ) 1
TR ) = (0 = ) (2) = T(,2) — - f (2 2°7).
By (5.39) and the identity f(0) =1,

. . 1 1
pem (e gem) = 1 (g ) - = < inf 19— (5.43)

n Qo on’

Moreover, by definition of f,
17" =197 on Q,\QY, where QF :={((,x) € Q, s.t. |x — 2" < 1}.
Since (C&", 2%™) € QF, the later combined with (5.43) implies that

inf 7" < inf 1" < inf 7 = inf %77
or Qo o\ Q7 o\ Q7

so that

inf 7" = inf I™",
QTL
o 1

By lower semi-continuity of 7™ and compactness of QF, we can then find ((™, x5™) €
Q, which minimizes "™ on Q,. It remains to show that it belongs to Int(Q,). Indeed,
the left hand-side of (5.35), the property f > 0, and (5.41) imply that

T (QEm ) < T () < 19 (¢, 2) = 0,

whereas by (5.37), (5.42) and the fact that —f > —1, we have

1 1
[T > - —>92 - = >0  ondQ, =B, () xR (5.44)
n n

Step 4: Given n € (0,1) and € € (0,¢,], we now show that there exists N, > 1 such
that
— (ESXU6 + Kp‘sx) PO, 2%") >0 for n > N . (5.45)

In view of step 3 and Theorem 2.1, it suffices to show that
max {—e + 1+ g™ —€ — (L + 95"} (", a") <0,

or equivalently that
|1 +w;m,n| (Ce,n7xe,n) < 63.

Recalling that f € C;°(R) is even, we first compute
€,nmn (€N €M 3 en ,€m 62 / en SET
Lgg™ (C5",2%") = (1 —m)(@Hy)e 0 & (7", 2°7) + — f (Ja=" — 2°7).

Since f € Cp°(R) is constant outside [—1, 1], there exists 0 < ¢; < 400, which does not
depend on € nor n, such that

€M, (€N €M en o €n 626
1495 (M) = (1 —n) (|weHy| + [wH;|) 0 & (¢, 2") + —L,

In view of (3.7), (ii) of Lemma 3.4, Remark 3.5 and the fact that |H,| < 1 by Lemma
5.6, this implies that

€,n,n en .emn\| _ 3 o @ / é en ,.€mn 62&
1w ) = - (1 ) (£)) oo + 2
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Recalling from Lemma 5.6 that |z|[h; (z)| <7 for z € R, we finally obtain

2
|14 S (¢e™, 25™)| < (1 —n?) + %<63 for all n> 1+ :—fQ =: Ne .
! (5.46)
Step 5: We now show that {£(C™, ") ; € € (0,€,],n > Nep} is uniformly bounded.
We first appeal to Lemma 5.4, recall Assumption 3.3, Lemma 3.4 and that (¢",
n>1, e € (0,€)]) is bounded, see step 3. Since ¢ does not depend on the a-variable,
this implies

1
-3 2
(Wp)

. 1—
(Lo + Ly )V = 0?2 — Ho" — —10%0% (@H)ec 0 & + R

at the point (¢%",z°™), in which, by (ii) of Lemma 5.4,
[RO™| < Cy(1+ el€e] + €2I€/1) (¢, am), (5.47)

for some C),, > 0 independent on n and e. By (5.45), we then have

(%%02 e2> (Ce,n,ze,n) o |R6’n| S o <fH¢E + 20252(721{)55 ° £e> (Ce,n,ze,n).
(7p) 2

(5.48)
We first consider the last term of the previous inequality. By Lemma 3.4 and the
boundedness of ((“",e € (0,€,],n > 1), we can find C;, > 0, independent on n, € and
n, such that such that |wee 0 &|((“",2™) < C. The same Lemma and Remark 3.5
also imply that |we 0 £&[(¢™, 2%™) < 1 and |w o &|(CO™, x9™) < & (¢5™, 29™)|. Using
Lemma 5.6, and the fact that & > 1 and n < 1, it follows that, at the point (¢&™,z%™),

% (&)

o0&,

I 56 56
hn (5_*) ‘ 1[5*7Cn§*](|§€|) + (|§*)|2
2/¢|

CCEN el | (&
@)z | («s)‘ R <s)‘

2
<Ch+—Mm+C)

*

|(wwHy)ee| 0 e = ’w&Hn + 2w H) + wH,

2
<Cy+—
n g*

<Cy+

<Cp+ 21+ C*) = C'n.

Plugging this result into (5.48) leads to

1 _1—

- PP2 0_2 E2 (Ce,n, ze,n) o |Re,n| < — </H¢EC 770_252> (Ce,n, ze,n).
2 (mp) 2

The later combined with Assumption 3.3, (2.2), (5.47) and the fact that both (©™ and

¢¢ lie in By, ((,), and the identity €& ((®™, z™) = z©™ — 0(¢5™), allows us to find a

constants K, > 0, independent on n and ¢, such that

(€07 = K, (1 letel +1e?)] (= a) < 0

This proves our claim.
Step 6: We are now in position to conclude the proof.

By the previous step, for all € € (0,¢,], we may assume, after possibly passing to
a subsequence, that (¢&™, €™ £.(CS™, 29™)) — (C5,0(C%),€°) € D x R? as n — oo.

Classical arguments then show that (C¢, &) — (., &) for some bounded ¢ e R, and
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therefore () — 0(¢,) = x,, as € — 0, after possibly passing to a subsequence.
Moreover, (i) of Lemma 5.4 now implies that R®" — 0 as n — oo and then € — 0.
Hence, sending n — oo and then € — 0 in (5.48) provides

L Tpp o 20 1=1, 5 R
92 <(7Tp)20 ) (Co)E° < =Hep(C,) — 5 {o?6% (wH,)ee }(Cos €).

The same arguments as in step 5 then shows that

P <H¢+02520(1n)/2> ).

1 _ Tpp 2

2 (Wp)z
We now choose &, > 1 defined by

(€)% =2V2 <_Hf to0C/ ) (Co). (5.49)

2 (7";7)2

Note that all the quantities on the right-hand side are given a-priori. Then, |é | <& In
particular, H, =1 in a neighborhood of £, see Lemma 5.6, and the above then implies
that

L Tpp o £2 1—1n, 90 g
3 <(7Tp)20 ) (Co)&™ < —Hop(Co) — —5 (0°0%wee) (Co,é) -

Since w is solution of (3.7), it follows that

/H(p(Co) < _h(Co) + gO‘Q(SQZﬂgg(CO,é).

It remains to let 7 — 0 and recall from Lemma 3.4 that |wee (Co, -)| is bounded.

5.5 The Terminal condition

Proposition 5.8. Let the conditions of Theorem 3.7 hold. Then, u* = u, =0 on Dr.

Proof. The fact that u.(T,-) > 0 follows from Remark 5.2. In the following, we prove
that w*(T,-) < 0. We assume to the contrary that we can find (7', s,,p,) := (, € D
such that

u*(¢,) > 4k for some k>0 (5.50)

and work towards a contradiction.
Step 1: We construct a test function ¥ for v* and show that v* — ¢ admits a local
mazimizer (te, 3¢, Pe, Te) = (56,566) €D.r xR.

By Lemma 5.3, there are ((.)e>0 C © and z, € R such that

e $ Cor me:=0(Ce) $ 0(Co) =t and  u (e, xe) $> u*(¢,) (5.51)

in which (¢, s¢,pe) := (.. Note that, after possibly passing to a subsequence, one can
assume that

(c €Der forall e > 0. (5.52)
Indeed, Theorem 2.1 and Theorem 2.3 imply that

u™(¢,z) < elx| forall ({,z) € Dr xR,
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which would lead to a contradiction of (5.50) if (5.52) was not satisfied, at least along
a subsequence, since, by (5.51), (e, Zc)e>o is bounded.

Combining arguments similar to those of the proof of Proposition 5.5 (Step 1) with
(5.50), (5.51), Assumptions 3.2 and 3.3 allows us to find finite 0 < 7, < 7o, 6, €
(0,1],¢, > 0 and ¢ > 0 such that, for all € € (0, ¢,],

(Cesxe) € By n and u™(Ce, me) = 25, (5.53)
Tp > 20 on By, (5.54)
u — Qg(a Seapﬁ) <0 on BO\B (555)

01
where B, := [T — 1,,T] x B, (50,D0) X Br, (o),
B, 1= {(Q,ac) €B,st. Ce[T— T—;,T] X B%o(so,po) and = € B%o(xo)} ,
(5 86,pe) : (t,5,p,1) €D X R— ¢, (|sE —s|* + |pe — p|* + |z — (¢, s,p)|2) .
Recalling (5.52) and Assumption 3.3, we may then define, for each € € (0, ¢,], the smooth

function ¥¢ := v + €2¢° with

T—t -
¢ (t,s,p,2) €D XR’—M%T—t + o(t,5,p,7; 5¢, Pe)-

By upper semi-continuity of v**, we deduce from (5.53) and (5.55) that v* — ¢ admits
on B, a local maximizer ((,Z.) € B, 1 for every € € (0, €5, and that moreover

uﬁ*(éﬁa i'e) Z K.

By the argument used above, this implies that ¢, € D7 for all € € (0, €,] after possibly
choosing a subsequence.
Step 2: We now show that (€.(C., Te))ec(0,e,] 18 uniformly bounded.

We fix € € (0,¢,]. The previous step and Theorem 2.1 imply that

max {—(zsx TSR WSPE SIS DY P S w;} (., 7)< 0. (5.56)

Straightforward computations based on the gradient constraints give

1

< E(Cer o) < S

_ 5.57
200 ( )
Step 8: We can now conclude the proof.
We fix € € (0,¢,] and focus on the second order operator in (5.56). It follows from
(5.54) that ¥5(Ce, %) > ¢ > 0, after possibly changing €,. Hence, Step 2 and (i) of
Lemma 5.4 imply that

1— € a € € P
(_5 (:I;I))20'2§€2 - H¢ - EX\SP¢ + R ) (gﬁ’:pe) <0

where sup¢ (g, [ 1] (CeyZe) < co. Recalling (5.57), the fact that (C, e € (0,¢,]) is
bounded, that Z¢ = €& ({.) + 0({.), and Assumption 3.3, we finally deduce that

K 1« 1 - - ~
< — 2_ - a .. € ~ < _
T 1 S (2 (”p)QU 12 + (H + EX‘SP) d(+;8¢,0e) + R ) (Ce,xe) < C for all € € (0, &,

for some constant C' > 0 (independent of €). Since t. — T, we obtain a contradiction.
O
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6 Explicit resolution of the first corrector equation

In this section, we prove Lemma 3.4. We follow the steps of [53]. Namely, we look for a
solution of the first order equation (3.7) with an additional condition at the boundary
& =0. We fix ¢ € © and simply write w(&) for w((, ). We recall that we work under
Assumption 3.3.

It is natural to search for a solution of the form

k€ + kol + k1€ & <E< &
w(§) =4 —E+ks §<&
&+ ko § > o,

for some real numbers ky, k3, k2, k1, ko and & < &. Since the fourth order polynomial
solves the second order equation, we find

1 7y h
_— d ko = .1
12 §2 (7r]g)2 o ° (6.1)

ka = pErel

If we now assume that wg¢ is continuous at the point &y and &1, we have
12k4(£0)% + 2ky = 12kg(&1)% + 2ky = 0,

that is

(&) = (&) = 2% X (ZL)

which, by the fact that 7, > 0, implies that A > 0 and

2
é:@z—&zG%x@ﬁ>

Tpp

=

Assuming now that we is continuous at the point & and & leads to
Aky (€)% 4+ 2kp€ + k1 =1
—4k4(€)® — 2ka€ + k1 = 1,
which gives k; = 0. By substituting (6.1) into (6.2),
A 6h -

Yy 3 o
2 (::;)2 &+ St =3

(6.2)

Since, by the above,

()2, (6.3)

we obtain

¢ - (ﬁM) (6.4)

2 mpp

The remaining constants kg and k3 are obtained by assuming continuity of w at the
points &y and &;. Gathering the above terms together, we finally obtain
ket e e —kcesd
@@ =9 <% €< ¢ (6.5)
E-% £x¢.
The remaining properties stated in Lemma 3.4 are straightforward under Assumption
3.3.
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7 Verification of the assumptions in the examples

In this section, we provide the proofs of Propositions 4.3 and 4.4. We also explain how
to construct an explicit almost optimal strategy.

7.1 Exponential case

We provide here the proof of Proposition 4.3.

Proof. First note that (4.3) together with Assumption 4.2 imply Assumption 3.3. Under
the boundedness condition b. of Assumption 4.2, the function h is bounded, see (4.4). It
follows that the map defined in (4.7) is bounded. Moreover, standard arguments show
that comparison holds in the viscosity solution sense for the above equation in the class
of functions with polynomial growth, see [18]. Then, Assumption 3.6 will hold if one
shows that there exists C' > 0 such that

0<u((,z) <C(l+elz|) forall ((,z) e® xR and €€ (0,1], (7.1)

in which the left-hand side inequality is already a consequence of Remark 5.2. This will
also imply Assumption 3.2. The following arguments aim at proving the right-hand side
inequality of (7.1).

Step 1. We restrict to 0 < e < 1. Let f : R — R be a smooth function with first
derivative bounded by 1, and bounded second derivative, and set

we(t,s,p,x) = U(tasvpax) + 64@ Ofe(t,s,l') for (ta 5P, .Z') ED X Ra

in which ¢ is the solution of (3.7) as constructed in Section 6 but for § = ¢ = 1 and
7r§ /mpp = 1. For later use, observe that it takes non-negative values. We denote by ¢

the corresponding é and h the corresponding h. Then, & and h are constant, and @
depends only on £. Let us also define
—&4 Dip<
Tp
(6~ o)1 £) + g0 bl 2 — 5PT) = 2
= npo —x *Ewoe Gwoe_fsﬂssf_
§ § on on

and

5) <&t s,2) <E&(t,5)}

J. = {(t,s,2)€[0,T] x (0,00) x R: —£(t,
—e&(t,s) <z —0(t,s) < e&(t,s)}, (7.2)

= {(t,s,2) € [0,T] x (0,00) x

recall (4.5). Lemma 3.4 applied with § = 0 = 1 and 77 /m,, = 1 allows one to charac-
terize the boundaries of this domain in terms of the function <o:

== {6 = FE} C {we ok = F1) (7.3)
For later use, note that Assumption 4.2 implies that
(t,s,2) € Jo = {|z| < Ck and [p~'a‘(t,s,z,p)| < Ck forall p <0}, (7.4)

in which Cgk denotes from now on a generic positive constant which depends only on
the constant K > 0 of Assumption 4.2, and that may change from line to line.

We now fix (t,, S0, Z,) in the closure of J.. The general case will be discussed in the
last step of the proof. We define (X€, L€) as the solution of the following Skorokhod
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problem

s, : :
XE::cO+/Xj S +/dL:+—/dL$
to ST to t

o

(.59, X) € J. dt®dP-a.e. on [t,,T] (7.5)

et et
L :/t X{(r.8, x)cog=y 007

o

in which S = S’ and L¢ = L¢T — L~ where L¢T, L~ are continuous and non-
decreasing. To see that the above admits a solution, first observe that Assumption 4.2
ensures that we can find x € R such that —£ + 6 > x on [0, 7] x (0,00). Hence, the
process X © satisfies the above if and only if X¢ — x > 0, in which case

X — k= (2, — K)exp </ (M*%O’Q)dTJr/ dWTJr/ di?—/ dLi) on [te, T

to to to to

with dL* = dL*/(X¢ — k). Thus, solving (7.5) is equivalent to finding the solution
(X¢, L) of the Skorohod problem

Xezln(zo—n)Jr/(uf%JQ)dTJr/ dWT+/ di?—/ dLt™

to to to to

U- <X <U"T dt®dP-ae. on [t,,T]
Le:ﬁ: = / X{Xf_:Ui}dLiia
to

in which
Ut :=In (—k+ (£e&E+0)(-,9)).
Existence now follows from [39, Lemma 6.14], see the constructive proof for the fact

that the solution is adapted.
We next define (Y€, P€) as the solution of

ve =yo—/ (1+e3)dL;++/ (1—€)dLs |, P* :po+/ a (1,8, PS, X5) dW, (7.6)
t

t tO

o

in which p, < 0 and y, := ¥ (to, So, Do, Lo) + ¢ for some ¢ > 0 to be chosen later on.
The existence of a unique strong solution to (7.6) follows from (7.4), the process P€ is
a martingale.

Step 2. We now apply It6’s Lemma to °. The definition of ¢° and the above
dynamics lead to

T
YE — (T, Sp, PS, X5)  =c— / (LSX + zp‘sx) ve (1, Sy, P, XE) dr
to
T
- [l ) s (s P X)L
to
T
[ 0= &) vt S P XD Ly
to
T A
> C_/ (ﬁsx +£P\SX) e (Ta ST)P;)X:) dr
to
T
- 63/ [1+ e 0 & (7,57, X&) dLET
t

o

T
+e3/ [—1+ e o0& (1,5, X5)]dLs.
to
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We next appeal to (7.3) and the characterization of LT, L¢~ in (7.5) to provide a lower
bound to the last expression:

T
Yi — (T, Sr, Py, X%) > ¢ — / (ESX + LA',P‘SX) (1, Sy, Pe, X2)dr =1 ¢ — €2E€_(7_7)
t

o

We first consider the left-hand side term. The definition of 1€ and the identity v(T) s, p, x) =
g(s) —x — %ln(—p), see Proposition 4.1, leads to

1
Y+ 0(XF) ~ g(S1) + L In(~PF) > Y§— (1,57, P X§) + 0(T 7. Pp. X7)

LX) — g(St) + %m(fP%)

> Y§ — (T, S, Ps, X5) + €'e o (T, S, X5)
—63|X%|.

Recall that @ > 0. We also know from (7.4) and (7.5) that |X%| < Ck. Hence, we
deduce from the above that

1
Vi £(XE) g(S7) + SW(-Pf) = Vi v(T.Sr. Pf.XF) - Cke'. (78)

We now consider the right-hand side term in (7.7). Since m, > 0 and <o do not depend
on p, one can apply the expansion of Lemma 5.4. It implies

T 2 2
Ee = / (%7756(7-) STane-)2 + %62(ﬁ55 Ofe)(T, STane-) +R€(T’ ST’P‘If’Xf')) dr
to

in which the map R, is given by (5.13) for ¢ := 0 and w := . Direct computations
based on condition b. of Assumption 4.2, the specific forms of @ and 7, and (7.4) lead
to |R.| < Ck on the closure of T, and therefore: |R.(-, S, P¢, X¢)| < Ck. It also follows
from Assumption 4.2, (4.4) and (7.2) that [&(-, S, X¢)| < Ck. Finally (6.5) below
for the coefficients entering in the definition of o provides a uniform bound for the
remaining term:

|Ee| < Ck. (7.9)

Combining (7.7), (7.8) and (7.9) leads to
1
Y+ 5(X5) — g(S7) > c— 5m(—P;) — Ofé?. (7.10)

Recall that C'x depends only on K, and not on ¢. Hence, we can choose ¢ = (Cr +1)€?,
and obtain from the previous inequality that
W (YF + €(XF) — g(S7)) = Pre™™
so that
E [0 (Yf + 6(X§) — g(ST))] = poe ™, (7.11)

since P€ is a martingale.
Step 3. Note that the strategy L does not satisfy the admissibility condition (2.3).
However, we shall prove below that the latter inequality implies that

sup E [\I](Ae,L)] > Do, (7.12)
LEL(to,50,Yo0,To)
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in which we abbreviate notations by setting

AL = Yyt 4 (X — g (5.

Hence,
Yo = (to,50,D0) +€'@ 0 Ec(to, S0, D0, 7o) + (Ck + 1)€®
> v(to, 50, Pos o),
and therefore
U (tos 80, Por To) = € 2 (U =) (to, S0s Pos To)

< éwo fe(toa Soapoaxo) +Cg +1.

Recall that Assumption 4.2 implies that eco o £ has linear growth in z, uniformly in its
other variables and in 0 < € < 1, see Remark 3.5. The latter leads to the right-hand
side inequality of (7.1).

Step 4. We now prove our claim (7.12). Recalling (7.4) and the fact that g is
bounded, (7.10) implies that

T
Vit (X7) 2 <Ok — [z,
to

for some predictable process ¢ which satisfies |y¢| < Ck for all 0 < e < 1. Then, it
follows from [36] that

T
Y+ L(XY) > chf]E@[/ VAW, | F]
to

> —Cg+ M¢,

in which M := — [} ~¢dW. satisfies E [e2’7 SUPeg.7) ‘ME'} < Ck.

Given k > 1, we now denote by 7 the first time after ¢, such that M = —k.
Set L% := L, . Then, L¢ being continuous, L% € £%(to, S0, Yo, ¥,o) for all k > 1.
Moreover, since ¥ < 0,

€ ek
U(ASE) — W(AET) < —U(—k)1irery S —U(—k)Lsup,,, ) (Me] 2R}
We next use (7.11) and Markov’s inequality to obtain
—ne2 €,L° AL _ 2nk __ €, Lok —nk
Do€ <E|[P(A“")| <E|¥(A ) —U(=k)Ck/e*™ =E |T(A )| +Cre .

Taking k large enough leads to (7.12) since p, < 0.

Step 5. It remains to explain how to consider the general case (t,, s, Zo) € [0,T] x
(0,00) x R. First note that an immediate transfer allows one to pass from the initial
position (yo, z,) to (yl,z)) with

Yo = Yo+ Lz, — 1)
z; = m+ [~ é(to, 50) + 0(to, 50) — SCO]JF — [z, —¢ é(tm 50) — 0(to, 50)]+

By Remark 5.1, one has

Uﬁ(toa Soapoaxo) Uﬁ(to; Soapoa ZC;) + ZC; — o + 63|$o - $;|
/
o

'Ue(toa Soapoax/o) +x, —To + 63(CVK + |‘T0|)

VARVA
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in which the last inequality follows from Assumption 4.2. Hence,

(v — v)(to,so,po,x;) +To — :cg + :cg — Ty + fs(CK + [@o|)

V¢ —0)(to, S0, Do, To) <
( )( ) ) ) )
< (Ue U)(toasoapoaxg) Gs(CK |'T0|)'

Since (t,, S0, 2},) belongs to the closure of 7, we can apply the analysis of the preceding
steps to conclude. O

Remark 7.1. The above analysis shows that we can find k. > 1 such that L% as
e, ke
defined in Step 4 satisfies E [\I/(AC"L )| = po for yo = ¥ (to, S0,D0: To) + (Cx +

to,50,Yo0,T
1)e? = v(to, S0, Pos To) + O(€2). In this sense, the strategy L*e constructed above is
€2-optimal.

7.2 Power case

We now provide the proof of Proposition 4.4. Since it is very close to the one of
Proposition 4.3, we focus on the differences.

Proof. We only show that, for any compact subset B, C (—00,0), there exists ¢,, €, > 0
such that

u(C,z) < co(l+elz|) forall (¢,x) €[0,T] x (0,00) x B, xR , €€ (0,¢,). (7.13)

From now on, we fix a compact subset B, C (—o0,0). We also fix another compact set
B C (—00,0) such that B, C Int(B), and denote by Cp > 0 a generic constant that
depends at most on B, and that may change from line to line. It will be clear later on
that B can be chosen in terms of B,.

Step 1. We first deduce from (4.9) that, for (t,p) € [0,T] x (—o0,0) one has

0(t,p) = 200 (—p) "7, 8(t,p) = 0(t,p) (5255 — 1) alp) = 71 (-p)
At,p) = 5 25 (L)), &t p) = (30002 2L (1))

prp

(7.14)

Let (w, h) be defined as in Lemma 3.4 and note that (w(-,£), k) depends only on p, for
¢ € R. Let 4 be the solution of (3.7). It is not difficult to deduce from (7.14) that one
has

f(t,p) = f(t,~1)(~p)"# with f(-,—1) € C°([0,T)), fe{0,6,€ha}. (7.15)

We set

Y& = vteutetwotl, , af = 7—63—D1/16
v
and
Jo = {(t,p.2) €[0,T] x (=00,0) x R: —&(t,p) < &(t, p,x) < E(t,p)}. (7.16)

We now fix (t,, S0, x,) in the closure of 7, the general case being handled as in Step 5
of the proof of Proposition 4.3. We let p, € B and

Yo := C+w6(t07507p07x0) (717)
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for some ¢ > 0 to be chosen later on. We next define (Y€, X€, S, L, P¢) as in the proof
of Proposition 4.3 but with (zz, ) in place of (7, &), namely

Pe =p, +/ ac (1, 8y, PS, XY dW,
t

o

X =g, + X;dST +/ dL;+—/ dLS™
0 Sr t (7.18)

(P, X e J. dt®dP-ae. on [t,,T]

et V e+
k :/t X{(r, Pz, x5)c075y L5

and

Y=y, —/ (1 +e3)dLj+ —|—/ (1- 63)dL$__ y Yo i=CH+ U (to, SoyDos To)-
t t

o

We claim that a solution exists and that, for all ¢ > 0, there exists C}, > 0, which
depends only on B and ¢, such that

sup (|Pt6|q + |Pt€|7q)
tG[tU,T]

sup E < C%. (7.19)

e€(0,1]

This will be proved in Step 3 below. Since 4,w > 0, and @ does not depend on z, the
same arguments as in Step 2 of the proof of Proposition 4.3 leads to

Y+ LX) > e+ (-, S, P0) — E() > c+ (-, S, P,0) — 2E,, (7.20)

where

€ (o® Tpp 42 o? N ¢ e
E. = 6|‘XV | + 5 £E + 50 (WEEO€€)+HU+R5 (T’ XT’PT)dT
to \ 2 (mp)? 2

= e|X€|+/ R (1,S;, PS, X5)dr,
to

in which the second equality follows from the fact that @ and w solve (3.5) and (3.7)
respectively, and R, is defined in (5.13) for ¢ := @ and w := w. Observe that all the
functions in the definition of R. are powers of the p-variable multiplied, at least, by e.
Moreover, the definition of X combined with (7.16) and (7.14) implies that X€ is also
controlled by a polynomial in |P¢|. Namely, we can find gg, Cz > 0, which only depend
on 3, such that

t
et [ |R(7, Sy, PS, XE)|dr + | Xf| < T¢:= Cgsup (1 + |P|79% + |P¢|%) , t € [t,, T]7.21)
to [to,t]

We now take ¢ = 3e2. Since v > —«, (7.20) implies
YEH (X)) > —k+2% 4 (1 —€l).

Let 7. be the first time such that Y€ + £¢(X€) is equal to ¢ — k. We let (Y€, X€) be
defined by the strategy in which we follow L€ on [t,, 7| and liquidate the position at 7,
ie.

(Y5 X) = (VS X rentp + Yo ars (X ar)) L rent, 1)
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Note that this strategy is admissible by construction. Set A, := {eI'; < 1}. The
inclusion A, C {7 > T} follows from the last inequality and the fact that I' is non-
decreasing. We then obtain

E[W(VF+6(X5)| = E[0QRE+0(Pp)1a] - 9(e = n)P[A]

N

v

E(Pf] - (B[P +[0(e - )] ) P[A]

=

= o= (E[PFP +10(e - )] ) P[4 (7.22)

in which we used the fact that P€ is a martingale by (7.19). We now appeal to (7.19)
and (7.21) to obtain

E[|P5’] <Cp , |¥(€ —& and P[AS] < STIE [|TG[5T4F] < P Opel.

1
==
Combining the above shows that, for some cg > 0, which only depends on B,

E W (Y + ¢(X5))] = po — ene®,
and therefore, by (7.17), our choice ¢ = 3¢2, the fact that @, @ satisfy (7.15) and that
v is non-decreasing in p,
vé(tm So0yPo — &Begv xo) < v(tm 505 Po 1'0) =+ 53627 (723>

for some constant ¢g > 0 that only depends on B.
Step 2. Since ¢p does not depend on p, € B, the above is true for any p € B in
place of p,. Set «(p) := p+ €2 for p € B,, recall that B, C Int(B). Then,

0>L(p)—EBe3:p+62—63632p for all pe B, and 0 < € < e,

for some ep € (0,1) such that p+ €% € B for all p € B,. For the rest of the proof, we
assume that p, € B,. Then, (7.23) applied to ¢(p,) in place of p, and the fact that v*
is non-decreasing in p imply that

Ue(to; Sovpo) < vé(to; So, L(po) - &Bfgv xo) < U(toa So, L(po), 1'0) + 5352-
We now use (4.9) to obtain

'Ue(toa Sovpo) < 'U(tm So; Pos 1'0) + 62571|T"L(150)| ‘po + 62}3’_?_1 + 6352-
This proves (7.13).
Step 3. It remains to prove our claim. Using (7.15) and (6.5) below, we obtain that
ac is locally Lispchitz on J. and that there exists a function f € Cp°([0,7T]) such that

Bl

la“(t,p, z)| < m |—ox + torwe o&(t,p,x)| for (t,p,x) € 0,T] x (—o0) x R.
It follows from (7.15) and (ii) of Lemma 3.4 that

|a“(t, p, )| < Crlp|  for (t,p,x) € T, (7.24)

and for € small enough with respect to f and m. In particular, existence to the system
(7.18) will automatically imply (7.19). For p > 0, set B, := [—e”, —e™ "] and let a”
be a Lipschitz function such that a“” = a“ on [0,7 4 1] x B, x R and a“” = 0 on
[0, 7+ 1] x B, x R. Here all functions are extended to [0, 7"+ 1] by taking their values
at T on [T,T + 1]. The set J? = ([0,T + 1] x (B2,)° x R) N Je is bounded and it
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follows from [25] that there exists a strong solution (P“?, X°) to (7.18) with ¢** in
place of a°. Let 7/ be the first time after ¢, when P“” reaches the boundary of B,,.
For p > |In(—p,)|, (X©?, P*) solves (7.18) on [t,, 7/ A T]. It follows from (7.24) that
TP N (T + 1) converges to T + 1 in probability as p — oco. Hence, after possibly passing
to a subsequence (7£"),>1, it converges almost surely to 7'+ 1 as n — oo. Let us set

(X, PY) := (:Co,po)l{to} + Z ]']]'rep”'*l/\T,‘rf"/\T]] (X&Pn Prn)
n>1

with the convention 770 := ;. Since (X ©Pn, PPn) = (X &Ptk PSPnti) on [t,, 7P ATT,
for all k& > 1, it solves (7.18) on each [to, 7" AT], n > 1. Since (7" A (T + 1))p>1
converges almost surely to T+ 1 as n — oo, (X¢, P¢) solves (7.18) on [t,, T'. O

Appendix

We provide here the proofs of Theorem 2.1, Theorem 2.3 and Proposition 2.2 for com-
pleteness. These results are essentially known but our framework requires some slight
adjustments.

Proof of Theorems 2.1 and 2.3: We focus on the proof of Theorem 2.1. Theorem
2.3 is proved by combining the following arguments with the results of [12] instead of
[9]. The arguments of [9] can not be applied per-se to obtain Theorem 2.1 because their
Standing Assumption 4 may not hold in our context. We explain briefly how to adapt
it. First, this does not alter the proof of (GDP1) in [9, Corollary 2.9], which in turn
leads to the viscosity supersolution property by the same arguments as in [9, Section 5].
Similarly, the proof of the subsolution property [9, Section 5] can be reproduced once
(GDP2) stated in [9, Corollary 2.9] is valid. It is the case, by [9], if one imposes the ad-
ditional constraints Y*¥:&L 4 ¢¢(X 45 L) > —con [t, T], with ¢ > 0 fixed independent of
the control L. Their standing Assumption 4 is then satisfied, see [36, Lemma 3.3] which
imposes a uniform L? bound on the admissible controls L. Then, the corresponding
value function v©¢ satisfies that its upper-semicontinuous envelope v=¢* is a viscosity
subsolution of (2.7) on {v®® *(t, s, p, x)+£°(x) > —c}, by [9, Section 5]. The sequence of
corresponding operators converges to the one of (2.7) as ¢ — oo. By standard stability
results for viscosity solutions, see e.g. [4], this implies that the relaxed semi-limit v *
defined by v *(t, s, p, ) 1= UM SUP (¢ 1 o p 1) (00,t,5,p,0) V¢ (', 8", ', ') is & viscos-
ity subsolution of (2.7). Note that v©°°* > v** by monotony. It remains to check that
the converse inequality holds. But the admissibility constraint entering in the definition
of £° means that, for all © > 0, we can find ¢, > 0 such that v*% < v+ <v** 4+, O

Proof of Proposition 2.2: Let us first fix z > (¢, s,p). Then, we can find (J,«a) €
U x A such that W(Z55*7 — g(Sh*)) > PLP Recall from the discussion after (2.6) that
we can restrict P;’p " to take values in the image of ¥, and therefore in the domain of
definition of ®. Since ® is non decreasing, it follows that Z?S’Z’ﬁ >y (S’;S) +o (P;’p’a) .
Then, the convexity of ® and the fact that ®’ o I is the identity imply

15,20 'S sO)bs sObs Dy sObs
2y 2 g (SP7) + @0 1(GQ7) + @ o 1(qQ) (P — 1(dQ7"))
= 9(5¢") + @ 1(GQF") + Q¥ (™" — 1(4Q7")).
We conclude by taking expectation under Q%*. Since Z*%*7 is a Q*-supermartingale,
as a local-martingale bounded from below, and PP® a P-martingale, the definition of

G and Q%* lead to y > v + ¢(p — p) = 7, where v denotes the right-hand side term in
(2.9). This shows that (¢, s,p) > 7.
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To see that the reverse inequality holds, just observe that our integrability condition
imply that we can find 9,, € U(t, s, z,,) such that Z5*"» = H,, .= (g(SE°) + ® 0 I(GQ%))V
(—n), in which z, := EQ""[H,,] | yasn — co. Then, E [V (H, — g(S%s))} LE [I((thT’s)} =
p, by monotone convergence and definition of ¢. O
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