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DISCRETE APPROXIMATION OF THE FREE FOCK SPACE

STEPHANE ATTAL AND ION NECHITA

ABSTRACT. We prove that the free Fock space F(R™T;C), which is very commonly used in
Free Probability Theory, is the continuous free product of copies of the space C2. We describe
an explicit embeding and approximation of this continuous free product structure by means
of a discrete-time approximation: the free toy Fock space, a countable free product of copies
of C2. We show that the basic creation, annihilation and gauge operators of the free Fock
space are also limit of elementary operators on the free toy Fock space. When applying these
constructions and results to the probabilistic interpretations of these spaces, we recover some
discrete approximations of the semi-circular Brownian motion and of the free Poisson process.
All these results are also extended to the higher multiplicity case, that is, F(R; CN) is the
continuous free product of copies of the space CV+1.

1. INTRODUCTION

In [1] it is shown that the symmetric Fock space I'y(L?(RT;C)) is actually the continuous
tensor product ®;cg+C2. This result is obtained by means of an explicit embeding and ap-
proximation of the space I's(L?(R*; C)) by countable tensor products ®,c,nC?, when h tends
to 0. The result contains explicit approximation of the basic creation, annihilation and second
quantization operators by means of elementary tensor products of 2 by 2 matrices.

When applied to probabilistic interpretations of the corresponding spaces (e.g. Brownian
motion, Poisson processes, ...), one recovers well-known approximations of these processes by
random walks. This means that these different probabilistic situations and approximations are
all encoded by the approximation of the three basic quantum noises: creation, annihilation and
second quantization operators.

These results have found many interesting applications and developments in quantum statis-
tical mechanics, for they furnished a way to obtain quantum Langevin equations describing the
dissipation of open quantum systems as a continuous-time limit of basic Hamiltonian interactions
of the system with the environment: repeated quantum interactions (cf [4], [5], [6] for example).

When considering the fermionic Fock space, even if it has not been written anywhere, it is
easy to show that a similar structure holds, after a Jordan-Wigner transform on the spin-chain.

It is thus natural to wonder if, in the case of the free Fock space, a similar structure, a similar
approximation and similar probabilistic interpretations exist. Whereas the continuous tensor
product structure of the bosonic Fock space exhibit its natural "tensor-independence" structure,
it is natural to think that the free Fock space will exhibit a similar property with respect to the
so-called "free-independence", as defined in Free Probability Theory.

The key of our construction relies on the so-called "free products of Hilbert spaces". We
needed to make explicit the constructions of countable free products, as a first step. Then, by
an approximation method, to define the structure of continuous free products of Hilbert spaces.
This structure appears to be exactly the natural one which describes the free Fock space and its
basic operators.
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2 S. ATTAL AND I. NECHITA

2. FREE PROBABILITY AND THE FREE FOCK SPACE

Let us start by recalling the general framework of non commutative probability theory. A non
commutative probability space is a couple (A, ¢), where A is a complex x—algebra (in general
non commutative) and ¢ is a faithful positive linear form such that ¢(1) = 1. We shall call the
elements of A non commutative random variables. The distribution of a family (z;);es of self-
adjoint random variables of A is the application which maps any non-commutative polynomial
P e C(X;|i € I) to its moment ¢(P((x;)ier)). Thus, the map ¢ should be considered as the
analogue of the expectation from classical probability theory. From this abstract framework,
one can easily recover the setting of classical probability theory by considering a commutative
algebra A (see [10, 11, 14]).

In order to have an interesting theory, one needs a notion of independence for non commutative
probability spaces. However, classical (or tensor) independence is not adapted in this more
general setting. Free independence was introduced by Voiculescu in the 1980’s in order to tackle
some problems in operator theory, and has found many applications since, mainly in random
matrix theory. Freeness provides rules for computing mixed moments of random variables when
only the marginal distributions are known. More precisely, unital sub-algebras (A;);er of A are
called free (or freely independent) if ¢(a1---a,) = 0 for all n € N and a; € Aj;) whenever
©(a;) = 0 for all ¢ and neighboring a; do not come from the same sub-algebra: j(1) # j(2) #
-+« # j(n). This definition allows one to compute mixed moments of elements coming from
different algebras A;, when only the distributions inside each algebra A; are known. Note that
freeness is a highly non commutative property: two free random variables commute if and only
if they are constant.

A remarkable setting in which freeness appears naturally is provided by creation and annihi-
lation operators on the full Fock space. Let us now briefly describe this construction. Consider
a complex Hilbert space H and define

Fi) = Due
n=0

where H®0 is a one-dimensional Hilbert space we shall denote by CQ. Q € F(H) is a distin-
guished norm one vector which is called the vacuum vector and it will play an important role in
what follows. For each f € H, we define the left creation operator ¢(f) and the left annihilation
operator ¢*(f) by

(Ht=f, I(fle1® - Rep,=fRe1® - @ ep;
l*(f)Q:07 l*(f)€1®"'®€n:<f,61>62®~-~®en.

For every T € B(H), the gauge operator A(T) € B(F(H)) is defined by
AMT)A=0, AT)e1® - Re,=T(e1)Rea® -+ R ep.

All these operators are bounded, with ||I(f)]| = [|I*(/)|| = || f]| and ||A(T")]] = ||T||. On the space
B(F(H)) of bounded operators on the full Fock space we consider the vector state given by the
vacuum vector

T(X)=(Q,XQ), X e€B(F(H)).
The usefulness of the preceding construction when dealing with freeness comes from the following
result ([11]).

Proposition 1. Let H be a complex Hilbert space and consider the non commutative probability
space (B(F(H)), 7). Let Hi,...,Hn be a family of orthogonal subspaces of H, and, for each i,
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let A; be the unital x-algebra generated by the set of operators
{1(F)|f € Hi} U{A(T)|T € B(H), T(H;) C H; and T vanishes on Hi-}.
Then the algebras A1, ..., A, are free in (B(F(H)), ).

In the present note, we shall be concerned mostly with the case of # = L?(R.; C), the complex
Hilbert space of square integrable complex valued functions; in Section 8 we shall consider the
more general case of L2(R,; CY). Until then, we put ® = F(L?(Ry; C)), and we call this space
the free (or full) Fock space. An element f € ® admits a decomposition f = fo2 + 27121 I,
where fo € C and f, € L?*(R%). In this particular case we shall denote the creation (resp.
annihilation) operators by a™ (resp. a™):

at(M)Q=h, a"(h)fn=[(z1,22, ., Tns 1) = h(@1) frlT2, - o Tnt1)],
G (W2 =0, a=(h)fn=[(@2,. . 70) > /h(x)fn(x,asg L n)dal,

where h is an arbitrary function of L?(R; ). For a bounded function b € L>(R.;), let a°(b) be
the gauge operator associated to the operator of multiplication by b:

ao(b)Q = 0? ao(b)fn = [(331,1'2, s axn) — b(xl)fn(J"h B zn)L
and a* (b) the scalar multiplication by [ b:

0 (0) = /b(x)da:ﬂ, @B f = (21,79, ) > (/b(m)dm) @),

Finally, we note 1; = 1jg4) the indicator function of the interval [0,¢) and, for all £ € R, and
e € {+,—,0,x}, we put af = a*(1jp,4)). Obviously, a; =1t -1d.

3. THE FREE PRODUCT OF HILBERT SPACES

In the previous section we have seen that the algebras generated by creation, annihilation
and gauge operators acting on orthogonal subspaces of a Hilbert space H are free in the algebra
of bounded operators acting on the full Fock space F(H). However, one would like, given a
family of non commutative probability spaces, to construct a larger algebra which contains the
initial algebras as sub-algebras which are freely independent. In classical probability (usual)
independence is achieved by taking the tensor products of the original probability spaces. This
is the reason why classical independence is sometimes called tensor independence. In the free
probability theory, there is a corresponding construction called the free product. Let us recall
briefly this construction (see [13, 14] for further details).

Consider a family (H;,€;)ier of non commutative probability spaces where 2, is a distin-
guished norm one vector of H;. Let IC; be the orthocomplement of €2; in H; and define the free
product

(1) (H,Q) = % (H;, ) :=CeoP P K,® -k,
el n>1ivist Fin
where the direct sums are orthogonal and, as usual, ||Q]] = 1. As in [14], we proceed with the

identification of the algebras of bounded operators B(#;) inside B(H). To this end, we shall
identify an operator T; € B(H;), with the operator T; € B(H) which acts in the following way:
(2) T;() = Ty(S%)

(3) Ti(ki @ kj, @+ ®kj,) = Ti(k;) @ kj, @ -~ @ kj,

Ty(k
(4) Ti(kj, @ @ kj,) =T;(%) @ kj, @+ @k,
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where j; # ¢ and we identify an element of H; with the corresponding element of H. The main
interest of this construction is the following straightforward result.

Proposition 2. The algebras {B(H;)}icr are free in (B(H), ).

Proof. Consider a sequence T;(1y, . . ., Tj(y) of elements of B(H;(1)), ..., B(H;n)) respectively such
that (1) # i(2) # --- # i(n) and (), Tik)Qik)) = 0 for all k. By the definition of freeness,
it suffices to show that <Q,TZ—(1) .- ~Ti(n)Q> = (0. Using the previously described embedding, we
get Ti(n)Q = Tj(1)Q4(1). Since i(n — 1) # i(n) and Ti(n)Q ¢ CQ, it follows that Ti(n—l)Ti(n)Q =
(Ti(n—1)Qin-1)] ® [Ti(n)i(n)].- Continuing this way, it is easy to see that Ti(l) .- ~Ti(n)Q =
[T51) )] @ -+ - @ [T(1)Qin)], and the conclusion follows. O

We look now at the free Fock space of a direct sum of Hilbert spaces. In the symmetric case
(see [1]), it is known that one has to take the tensor product of the symmetric Fock spaces in
order to obtain the Fock space of the sum. The free setting admits an analogue exponential
property, where instead of the tensor product one has to use the free product introduced earlier.

Lemma 1. Consider a family of orthogonal Hilbert spaces (H;)icr. Then
(5) F(®icrHi) = *icr F(Hi).

Proof. Fix for each H; an orthonormal basis (X7(i));epu). Then, an orthonormal basis of
F(®H;) is given by {Q} U {X71(i1) @ --- @ XI(i,,)}, where n > 1, iy € I and ji € B(ig) for
all 1 < k < n. One obtains a Hilbert space basis of % (#,;) by grouping adjacent elements of
XI1(i1) ® - - ® X (i,,) with the same i-index (i.e. belonging to the same H;). Details are left
to the reader. O

4. THE FREE TOY FOCK SPACE

In this section we introduce the free toy Fock space, the main object of interest in our paper.
From a probabilistic point of view, it is the “smallest” non commutative probability space sup-
porting a free identically distributed countable family of Bernoulli random variables (see Section
7).

The free toy Fock space is a countable free product of two-dimensional complex Hilbert spaces:
in equation (1), take H; = C? for all i. In order to keep track of which copy of C? we are
referring to, we shall label the i-th copy with C%Z.). Each copy is endowed with the canonical
basis {Q; = (1,0)7, X; = (0,1)T}. Since the orthogonal space of CQ; is simply CX;, we obtain
the following simple definition of the free toy Fock space T®:

(T2,0):= % (C},, %) =Cra P P CX,o - aCX,,

ieN n>1 iy iy

where, as usual, Q is the identification of the vacuum reference vectors €; (||Q2]] = 1). Note
that the orthonormal basis of T® given by this construction is indexed by the set of all finite
(eventually empty) words with letters from N with the property that neighbouring letters are
distinct. More formally, a word o = [i1, 42, ...,i,] € N™ is called adapted if iy # ia # -+ # ip.
By convention, the empty word ) is adapted. We shall denote by W,, (resp. W) the set of all
words (resp. adapted words) of size n and by W (resp. W*) the set of all words (resp. adapted
words) of finite size (including the empty word). For a word o = [i1,1s,...,is], let X, be the
tensor X;, ® X;, ® ---® X, and put Xy = Q. With this notation, an orthonormal basis of T®

is given by {X, }oew=-
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We now turn to operators on C%Z.) and their embedding into B(T'®). We are interested in the
following four operators acting on C?:

. foo _ Jo1 . [0 o0 « 1o
=00l ool “ o1l * T o ol

For € € {+,—,0, x}, we shall denote by af the image of a® acting on the i-th copy of C?,
viewed (by the identification described earlier in eq. (2) - (4)) as an operator on T®. The
action of these operators on the orthonormal basis of T® is rather straightforward to compute
(0 =lo1,...,04] is an arbitrary non-empty adapted word and 1 is the indicator function):

af V=X;, af Xo = 15,2 Xi0];
a; =0, a; X; =1, X,
a;N=0, a;X,=1,-=iXs;
a'Q=Q, aX,=1,24X,.

27---70'71,];

5. EMBEDDING OF THE TOY FOCK SPACE INTO THE FULL FOCK SPACE

Our aim is now to show that the free toy Fock space can be realized as a closed subspace of
the full (or free) Fock space ® = F(L?(R,;C)) of square integrable functions. What is more,
to each partition of Ry we shall associate such an embedding, and, as we shall see in the next
section, when the diameter of the partition becomes small, one can approximate the full Fock
space with the (much simpler) toy Fock space.

Let S={0=1tg <t1 <---<t, <---}beapartition of R of diameter §(S) = sup;, |[t;+1—1t;|.
The main idea of [1] was to decompose the symmetric Fock space of L?(R ) along the partition
S. In our free setting we have an analogue exponential property (see eq. (5)):

d = * @iv
ieN
where ®; = F(L?[t;,t;11)), the countable free product being defined with respect to the vacuum
functions. Inside each Fock space ®;, we consider two distinguished functions: the vacuum
function ; and the normalized indicator function of the interval [t;,t;11):

X, = 1[ti7ti+1) _ 1ti+1 - 1t1‘ )
Vier =t Vi —
These elements span a 2-dimensional vector space C(2; & CX; inside each ®;. The toy Fock
space associated to the partition S is the free product of these two-dimensional vector spaces:

TO(S) = * (CQ @& CX)).

i€EN

T®(S) is a closed subspace of the full Fock space ® and it is naturally isomorphic (as a countable
free product of two-dimensional spaces) to the abstract free toy Fock space T® defined in the
previous section. It is spanned by the orthonormal family {X,}scw=+, where X, = X, (S) is
defined by

N H?:l 1[toj ,taj+1)(xj)
H?:l to;+1 — to;
with ¢ = [o1,...,0,]. We shall denote by Ps € B(®) the orthogonal projector on T®(S). For a

function f € ®, which admits a decomposition f = fOQJan;l fnwith fo € Cand f, € LQ(RQL_),
the action of Pg is straightforward to compute:

Psf=foQ+ Y > (Xo fa)Xo,

nzloeWy

Xo=X5, ® X5, @ - Q@ Xy =[(x1,...,2)
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where the scalar products are taken in the corresponding L? spaces.

We ask now how the basic operators af, ¢ € {+,—,0,x}, t € R of the free Fock space
relate to their discrete counterparts a$. In order to do this, we consider the following rescaled
restrictions of a;, a; and af on the toy Fock space T®(S):

ai _G/j 1[t t: )
(10) a; (S) = Ps—*——Ps = Psa® | —=*~_ | Ps;
tiv1 —1; tiv1 —1;
_ Ay, = Oy, _( it
11 (S)=Ps—*—Ps=P — ) Ps;
(11) ai (S) s Vi1 — t s 4 <\/ti+1 — °
(12) af(S) = Ps(a§i+l — afi)Pg = P5a° (1[t1‘,»ti+l)) Ps.

The operators a$(S) € B(®) are such that a5(S)(T®(S)) C T®(S) and they vanish on T®(S)*,
so one can also see them as operators on T®(S). For ¢ = x, one can not define a,(S) from a;
as it was done in eq. (10) — (12). Instead, we define it as the linear extension of a,* (via the
isomorphism T® = T®(S)) which vanishes on T®(S)*. Hence, a;(S) = Ps(Id — a$(S))Ps.

Proposition 3. Fore € {+,—,0, x}, the operators a5 (S), acting on the toy Fock space T®(S),
behave in the same way as their discrete counterparts a .

Proof. For each o = [01,09,...,0,] € W*, consider the corresponding basis function of T®(S):
B 1,(S)
H;'Lzl Vies+1 — to; ’

where 1,(S) is the indicator function of the rectangle x%_;[ts,,ts,+1). We have:

X (S)

a'+(1[ti,ti+1))

(13) a'+ (S)XU(S) = PS ti+1 —1;

K3

Xo(S) = PsX[;01(S) = 15,2 X[ 01 (S),

_ a” (L, 00,1))
(14) 0 (8)X,(S) = PSﬁXU(«S) = Psly,—iXioy..00)(S) = Loy—iX(os, ) (S),
(15) aq(S)XU(S) = PSao(l[t,i,ti+1))Xa(8) = PS]_Ul:iXJ(S) = 101:1'X0($).

3

These relations are identical to the action of the corresponding operators a; on the abstract toy
Fock space T® = T®(S) (compare to eq. (6) — (8)). For a)(S), the conclusion is immediate
from equation (15) and its definition:

a; (8) X4 (8) = Ps[ld — a7 ()] X (S) = Xo(8) = 16,2 Xo(5) = 15,2 X4 (S5).

K2

6. APPROXIMATION RESULTS

This section contains the main result of this work, Theorem 1. We show that the toy Fock
space T®(S) together with its operators a$ approach the full Fock space ® and its operators a§
when the diameter of the partition S approaches 0.

Let us consider a sequence of partitions S, = {0 = tgn) < tﬁ”) < e < t,(cn) < ---} such
that §(S,) — 0. In order to lighten the notation, we put T®(n) = T®(S,), P, = Ps, and

g J— 1>
a;(n) = ai(Sy).

Theorem 1. For a sequence of partitions S, of Ry such that §(S,) — 0, one has the following
approximation results:

(1) For every f € ®, P,f — f.
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(2) Forallt € Ry, the operators ai(n) = Zi:tﬁ”)gt Vtgi)l - t(n) £(n), af(n) = Zi:tﬁ"’gt a?(n)

and a; (n) = Zi:tﬁ”)gt (tg:b_)l — t(")) “(n) converge strongly, when n — oo, to ati, ag

and a;* respectively.
Proof. For the fist part, consider a (not necessarily adapted) word o = [oq,...,0%] and denote
by 1 15" the indicator function of the rectangle >< [t((fj), tgn '.1) of RE. Tt is a classical result in

integration theory that the simple functions {1((7 }oewy,n>1 are dense in L?(R%) for all k. It is
obvious that the result still holds when replacing W, with the set of adapted words Wj..
As for the second statement of the theorem, let us start by treating the case of a;". For fixed

n and t, let t(") = t(+)1 , where i is the last index appearing in the definition of a; (n), i.e.

tz(") <t < t§+1. With this notation, we have a; (n) = Do \/tgﬂ t(n)aj( ) =P, at(n)P
Hence, for any function f € F, we obtain: l
lag (n)f —af fll = || Pn %n) —af fll <
<[P )i Py f Pha n>f||+Hpnajzn)ffpna:_f”+Hpna:_f*a:_f” <
<N Paafin Il (Pa = D f |+ [1Paa™ 1 oy (LA + 1P = D) (ag -

By the first point, P, — I strongly, hence the first and the third terms above converge to 0. The
norm of the operator appearing in the second term is bounded by the L? norm of 1p; 4ony which
is infinitely small when n — oco. Hence, the entire quantity converges to 0 and we obtained the
announced strong convergence. The proof adapts easily to the cases of a; and ag.

Finally, recall that a,(n) = P, (Id — af(n))P,. Hence, with the same notation as above,

3 (t§i>1—t§”>) ) =t"p,+ Y (;ﬁ’l—t(")) al(n).

i:tE”)gt z‘tg")ét

t(")

t(")

The second term above converges to zero in the strong operator topology thanks to the factor

tgi)l tE") which is less than 6(S,,), and thus we are left only with ¢(®) P, which converges, by
the first point, to ¢ - Id. O

7. APPLICATIONS TO FREE PROBABILITY THEORY

This section is more probabilistic in nature. We use the previous approximation result to
show that the free Brownian motion and the free Poisson operators can be approached, in the
strong operator topology, by sums of free Bernoulli-distributed operators living on the free toy
Fock space. We obtain, as corollaries, already known free Donsker-like convergence results.

Let us start by recalling some basic facts about free noises and their realization on the free
Fock space ®. The free Brownian motion W; and the free Poisson process N; were constructed
in [12] as free analogues of the classical Brownian motion (or Wiener process) and, respectively,
classical Poisson jump processes. Recall that a process with stationary and freely independent
increments is a collection of non commutative self-adjoint random variables (X;); with the fol-
lowing properties:

(1) For all s < t, Xy — X is free from the algebra generated by {X,,u < s};
(2) The distribution of X; — X, depends only on ¢ — s.
A free Brownian motion is a process with stationary and freely independent increments (W;):

such that the distribution of W; — W is a semi-circular random variable of mean 0 and variance
t —s. Recall that a standard (i.e. mean zero and variance one) semicircular random variable has
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distribution )
du(z) = o 4 — 221 _g g (x)dz.

If X is a standard semicircular random variable, then (t—s)X is semicircular of variance (t—s). In
an analogue manner, a free Poisson process is a process with stationary and freely independent
increments (N;); such that the distribution of N; — N; is a free Poisson random variable of
parameter A =t — s. In general, the density of a free Poisson random variable is given by

VAX=(z—1—X)2

— x(z)dz ifA>1,
dvx(z) = o D —(z—1-n)2 .
(1=X)do + Y—————x(x)dr if0< <1,

where x is the indicator function of the interval [(1 — v/A)2, (1 +vA)2].

The free Brownian motion and the free Poisson process can be realized on the full Fock space
® as W; = a; +a; and, respectively, Ny = a;” +a; +a$ +t-Id. Generalization of these processes
and stochastic calculus were considered in [7, 8, 9].

For the sake of simplicity, throughout this section we shall consider the sequence of partitions
S, = {k/n;k € N}; obviously §(S,) = £ — 0. The following result is an easy consequence of

Theorem 1.
Proposition 4. On T®(n), consider the operator Xi(") =al +a;,i€N. Then
(1) For all n > 1, the family {Xi(")}Z-GN is a free family of Bernoulli random variables of
distribution %(5,1 + %61.
(2) For allt € Ry, the operator

() _ 1 & (n)
Wt \/ﬁ; 7

converges in the strong operator topology, when n — oo, to the operator of free Brownian
motion Wy = aj + a; .

Let us show now that the strong operator convergence implies the convergence in distribution
of the corresponding processes. Let ¢1,...,ts € Ry and ki1,...,ks € N. Since, by the previ-
ous result, Wt(") — W, strongly, and multiplication is jointly strongly continuous on bounded
subsets, we get that (T/Vt(”))’Cl (Wt(”))ks — Wtkl1 Wtk strongly. Strong convergence implies

1 s E
convergence of the inner products (€2,-Q) and thus the following corollary (which is a direct

consequence of the Free Central Limit Theorem [11, 13]) holds.

Corollary 1. The distribution of the family {Wt(n)}t€R+ converges, as n goes to infinity, to the
distribution of a free Brownian motion {W;}ier, -

We move on to the free Poisson process N; and we state the analogue of Proposition 4.

Proposition 5. On T®(n), consider the operator Yi(n) =al +a; ++/nad + ﬁax. Then

(1) For all n > 1, the family {Yi(")}ieN is a free family of Bernoulli random variables of
. . . 1
distribution Tﬂé% + nLH‘SU'
(2) For allt € Ry, the operator
[nt]

1
t \/ﬁ ; [

converges strongly, when n — oo, to the operator of the free Poisson process Ny =
ai +a; +a +af.
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Proof. As an operator on C?, Y, (n) has the form

1 1
‘ 1 Vn
The k-th moment of Yi(") is easily seen to be given by the formula

.0y = L (1)

which is the same as the k-th moment of the probability distribution

419, and the

first part follows. For the second part, we have

[nt)
(n) _
Nt \/> Z tQZ)<t |:\/> \/>

Z V tz('i)l_tgn) (i (n) + a; Z a; + Z (t£i1 zn)) a;.

Mt ™Mt ™ <t

a—i—a—i— ]:

Using Theorem 1, one obtains Nt(") — N, in the strong operator topology. O

Again, we obtain as a corollary the convergence in distribution of the process (Nt("))t to the
free Poisson process, which is in fact a reformulation of the Free Poisson limit theorem ([11], pp.
203).

Corollary 2. The distribution of the family {Nt(n)}teR+ converges, as n goes to infinity, to the
distribution of a free Poisson process {N¢}ier, -

8. HIGHER MULTIPLICITIES

We generalize now the previous construction of the free toy Fock space by replacing C? with
the N + 1-dimensional complex Hilbert space CV+1. Much of what was done in the C? extends
easily to the generalized case, so we only sketch the construction, leaving the details to the reader
(for an analogue setup in the symmetric Fock space, see [3]). In what follows, N > 1 is a fixed
integer, called the multiplicity of the Fock space.

Start with a countable family of copies of CN*1, each endowed with a fixed basis (€2, X!,..., XV).
We shall sometimes note X? = Q. We introduce the free toy Fock space of multiplicity N (see
Section 4):

T® = % CVTL(0),
ieN
where the countable tensor product is defined with respect to the stabilizing sequence of vectors
Q(i) € CN*1(i). An orthonormal basis of this space is indexed by the set WN* of generalized
adapted words o = [(i1, j1), (i2, J2), - - -, (in, jn)], where n € N, iy # ig # - 75 inand j1,...,jn €
{1,..., N}, the corresponding basis element being X, = X% (11) ® X72(ig) @ -+ @ X9 (iy,).
On each copy of CN*! we introduce the matrix units aJ defined by

alX* =63, X7, i,j,k=0,1,...,N.

We shall now show how the discrete structure of the free toy Fock space of multiplicity N
approximates the free Fock space ® = F(L*(R;C")). To this end, consider a partition S =
{0=1t) <t; < <ty <---}of Ry and recall the decomposition of the free Fock space of
multiplicity IV as a free product of “smaller” Fock spaces:

F(L*(Ry;CY)) = *1'\1 F(L?([ti; tiv1); CV)).
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In each factor of the free product we consider N +1 distinguished functions: the constant function
; (sometimes denoted by X°(i)) and the normalized indicator functions

J J J
_ l[ti,ti+1) _ 1ti+1 B ]‘ti
Vi =t Vg1 — 6

where 1%(1‘) =(0,...,0,1,0,...,0) " with the 1 in the j-th position if z € A and 0 otherwise.
For a generalized word o = [(i1, j1), (i2,j2), - - -, (in, jn)], define the element X,(S) € ® by

X7 (4) 1<j<N,

| | M v, )
X = X1 (4 XIn (g — k7K

O'(S) (Zl) ® ® (Zn) [(.’II]_, ’xn) = HZ:1 m ]7
with o = [(i1, j1), (i2,32), - - -, (¥n, jn)]- The toy Fock space associated to S (denoted by T®(S))
is the span of X, (S) for all generalized adapted words o € W™*. T®(S) is a closed subspace of
the full Fock space ® and it is naturally isomorphic to the abstract toy Fock space of multiplicity
N, T®. For a given sequence of refining partitions S,, whose diameters converge to zero, the toy
Fock spaces and the operators aé- approximate the Fock space ® and its corresponding operators
(compare with Theorem 1):

Theorem 2. Let ® be the free Fock space of multiplicity N and S, a sequence of refining
partitions of Ry such that 6(S,) — 0. Then one has the following approzimation results:

(1) For every f € ®, P,f — f.

(2) Fori,j€{0,1,...,N}, define e;; = 5(60; + 0o;). Then, for all t € Ry, the operators

S -

Bt <t
converge strongly, when n — oo, to a;- (t).

An example for N = 2. Let us end this section by constructing an approximation of a two-
dimensional free Brownian motion constructed on a free Fock space of multiplicity N = 2. To
this end, define the free Fock space ® = F(L?(R;C?)) and its discrete approximation, the
free toy Fock space T® = *kGNC?k). The simplest realization of two freely independent free
Brownian motions on @ is the pair of operator processes Wi(-), Wa(:) € B(®) defined by:

Wi(t) = ad(t) + aj(t) and Wa(t) = a3(t) + ai(t).

First of all, it is obvious that both Wy (:) and W5(-) are free Brownian motions (see Section 7).
Moreover, the families (W1 (t)); and (Wa(t)); are freely independent since the functions 1! and
17 are orthogonal in F(L?(R4;C?)) (see Proposition 1). We consider, as we did in Section 7,
the sequence of refining partitions S,, = {k/n;k € N}. We introduce the following two families
of operators:

=
=
S
S—
Il
o

1(k) + ag(k),
Ya(k) = a3(k) + ag (k)

and respectively
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for £ € N. It follows from Thorem 2 that for all ¢ € R, both families are approximations of a
two-dimensional Brownian motion:

[nt] |nt]
% ZYl(n),ZYz(n) —2 W1(1), W2(1))
=0 =0

n—00

and

1 [nt] [nt]

v DRAOD AT FESUACRIAD
1=0 =0

where the limits hold in the strong operator topology. However, the building blocks of these
approximating processes have completely different behaviours at fixed k. To start, note that the
self-adjoint operators Y7 (k) and Ya(k), represented, in the basis (Q, X!, X?), by the hermitian
matrices

01 0 0 0 1
Yi=|1 0 0] andYo =10 0 O
0 0O 1 0 0

o,

do not commute. Hence, they do not admit a classical joint
probability measure p on R? such that

istribution, i.e. it does not exist a

(16) [ vrugduton, ) = @.Y¥79),
On the contrary, for each k, the operators Z; (k) and Z,(k), which act on C? as the matrices
01 0 0 0 1
Zi=11 0 0] andZy=1|0 0 -1},
0 0 -1 1 -1 -1

commute and they admit the following classical joint distribution (in the sense of equation (16)):

1 1 1
=0 ~6- ~6(_1,-2)-
1= 350010 F 3011 T £0(-1,-2)

More details on high multiplicity Fock spaces and the analogue construction in the commutative
case can be found in [2, 3].
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