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In this paper, we are concerned with the mathematical and numerical analysis of conver-
gence and stability of the mixed formulation for incompressible elasticity in cracked
domains. The objective is to extend the extended finite element method (X-FEM) cut-off
analysis done in the case of compressible elasticity to the incompressible one. A mathemat-
ical proof of the inf-sup condition of the discrete mixed formulation with X-FEM is estab-
lished for some enriched fields. We also give a mathematical result of quasi-optimal error
estimate. Finally, we validate these results with numerical tests.

On s’interresse dans ce papier à l’analyse mathématique et numérique de la conver-gence
et de la stabilité de la formulation mixte d’un problème d’élasticité incompressible dans un
domaine fissuré. L’objectif est d’étendre l’étude faite sur la variante X-FEM
cut-off, dans le cas de l’élasticité compressible, au comportement incompressible. Une pre-
uve mathématique de la condition inf-sup de la formulation mixte discrète avec X-FEM est
établie pour certains champs enrichis. Nous donnons également un résultat mathématique
de la quasi-optimalité de l’estimation d’erreur. Enfin, nous validons ces résultats avec des
tests numériques.
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1. Introduction

The presence of a crack in a structure reveals two types of discontinuities: a strong disconti-
nuity that requires an adapted mesh to the shape of the crack, hence the domain is meshed at
each time step and a weak discontinuity that requires refinement at the crack tip. These two
operations lead to a huge computational cost. In order to overcome these difficulties, we use
the extended finite element method (X-FEM). This method allows to model cracks, material
inclusions and holes on non-conforming meshes. It was introduced by Moës, Dolbow, and
Belytschko (1999). It consists of enriching the basis of the classical finite element method by
a step function along the crack line and by some non-smooth functions representing the
asymptotic displacement around the crack tip. To obtain an optimal accuracy, Chahine, Lab-
rode, and Renard (2008) introduced a new enrichment strategy: the so-called X-FEM cut-off.
This enrichment strategy uses a cut-off function to locate the crack tip surface. In their work,
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Chahine et al. have shown that the X-FEM cut-off has an optimal convergence rate of order
h and that the conditioning of the stiffness matrix does not deteriorate. In this work, we
extend the numerical results given by Chahine et al. (2008) to an incompressible isotropic lin-
ear plane elasticity problem in fracture mechanics. In particular, this formulation must satisfy
the so-called inf-sup or “Ladyzhenskaya-Brezzi-Babuška” (LBB) condition.

2. Model problem and discretisation

Let Ω be a two-dimensional cracked domain, Cc denotes the crack and C the boundary of Ω.
We assume that CnCc is partitioned into two parts: CN where a Neumann surface force t is
applied and CD where a Dirichlet condition u= 0 is prescribed (see Figure 1). We assume that
we have a traction-free condition on Cc. Let f be the body force applied on Ω. The equilib-
rium equation, constitutive law and boundary conditions are given by

�div rðuÞ ¼ f ; in X; ð1Þ

rðuÞ ¼ k treðuÞI þ 2l eðuÞ; in X; ð2Þ

u ¼ 0; on CD; ð3Þ

rðuÞ � n ¼ t; on CN; ð4Þ

rðuÞ � n ¼ 0; on Cc: ð5Þ

with eðuÞ ¼ 1
2 ðruþruT Þ and n is the outside normal to the domain Ω.

Let V ¼ fv 2 H1ðXÞ with u= 0 on CDg Q =L2 (Ω), rd is the deviatoric part of r and p
the hydrostatic pressure. By a classical way, we find the weak mixed formulation (Brezzi &
Fortin, 1991)

Find ðu; pÞ 2 ðV ;QÞ such that :
aðu; vÞ � bðv; pÞ ¼ LðvÞ; 8v 2 V;
bðu; qÞ ¼ 0; 8q 2 Q;

8<: ð6Þ

Figure 1. Cracked domains.



with aðu; vÞ ¼ R
X rdðuÞ : eðvÞdX; bðv; pÞ ¼ R

X p div v dX; LðvÞ ¼ R
X f � vdXþ R

CN
t� vdC:

Discretisation of the elasticity problem follows the usual steps. Let sh be an affine mesh of
the non-cracked domain X: We approximate (u,p) by ðuh; phÞ 2 Vh � Qh: The subspaces Vh

and Qh are finite dimensional spaces that will be defined later. The discretised problem is
then:

Find ðuh; phÞ 2 ðVh;QhÞ such that
aðuh; vhÞ � bðvh; phÞ ¼ LðvhÞ; 8vh 2 Vh;
bðuh; qhÞ ¼ 0; 8qh 2 Qh:

8<: ð7Þ

The existence of a stable finite element approximate solution ðuh; phÞ depends on choos-
ing a pair of spaces Vh and Qh such that the following LBB condition holds:

inf
qh2Qh

sup
vh2Vh

bðvh; qhÞ
k qhk0;X k vhk1;X � b0;

where b0[0 is independent of h (Brezzi & Fortin, 1991). The satisfaction of this condition
for a couple ðVh;QhÞ is very difficult to prove in practical situations. Therefore, the numerical
evaluation of the inf-sup has been widely used (Chapelle & Bathe, 1993). It gives an indica-
tion of the verification of the LBB condition for a given finite element discretisation.

3. X-FEM cut-off approximation spaces

The idea of X-FEM is to use a classical finite element space enriched by some additional
functions. These functions result from the product of global enrichment functions and some
classical finite element functions. We consider the variant of X-FEM which uses a cut-off
function to define the singular enrichment surface. The classical enrichment strategy for this
problem is to use the asymptotic expansion of the displacement and pressure fields at the
crack tip area. Indeed, the displacement is enriched by the Westergaard functions:

Fu ¼ Fu
j ðxÞ; 1 � j � 4

n o
¼ ffiffi

r
p

sin
h
2
;

ffiffi
r

p
cos

h
2
;

ffiffi
r

p
sin

h
2
sin h;

ffiffi
r

p
cos

h
2
sin h

� �
;

where ðr; hÞ are polar coordinates around the crack’s tip. These functions allow to generate
the asymptotic non-smooth function at the crack’s tip (Laborde, Renard, Pommier, & Salaun,
2005). For the pressure, the asymptotic expansion at the crack tip is given by
pðr; hÞ ¼ 2KI

3
ffiffiffiffiffi
2pr

p cos h2 þ 2KII

3
ffiffiffiffiffi
2pr

p sin h
2 where KI and KII are the stress intensity factors. This expres-

sion is used to obtain the basis of enrichment of the pressure in the area of the crack’s tip
(Legrain, Moes, & Huerta, 2008):

Fp ¼ Fp
j ðxÞ; 1 � j � 2

� � ¼ 1ffiffi
r

p cos
h
2
;
1ffiffi
r

p sin
h
2

� �
:

The displacement and pressure are also enriched with a Heaviside-type function at the
nodes for which the support of the corresponding shape functions is totally cut by the crack.
Using this enrichment strategy, the discretisation spaces Vh and Qh take the following forms:



Vh ¼ vh ¼
X
i2I

akwu;k þ
X
i2IH

bkHwu;k þ
X4

j¼1

cjF
u
j v; ak ; bk ; cj 2 R

( )
;

Qh ¼ ph ¼
X
i2I

piup;i þ
X
i2IH

bpi Hup;i þ
X2

j¼1

cpj F
p
j v; pi; b

p
i ; c

p
j 2 R

( )
;

with I the set of node indices of sh; IH the set of node indices of sh for which the supports of
the shape functions are totally cut by the crack, uu;i (resp. up;i) being the scalar shape func-
tions for displacement (resp. for pressure), wu;k being the vector shape functions defined by

wu;k ¼
uu;i

0

� �
if i ¼ kþ1

2 ;

0
uu;i

� �
if i ¼ k

2 ;

8>><>>: and v being a C1 -piecewise function which is polynomial of

degree 3 in the annular region r0 � r � r1; and satisfies vðrÞ ¼ 1 if r\r0 and vðrÞ ¼ 0 if

r[r1: In our case, we take vðrÞ ¼ 2r3�3ðr0þr1Þr2þ6r1r0rþðr0�3r1Þr20
ðr0�r1Þ3 if r0 � r � r1 with r0 ¼ 0:01

and r1 ¼ 0:49:

4. Proof of inf-sup condition and error analysis

In this section, we prove that the LBB condition holds for the P2/P0 element without the sin-
gular enrichment of the pressure. In order to simplify the presentation, we assume that the
crack cuts the mesh far enough from the vertices. We use a general technique introduced by
Brezzi and Fortin (1991).

4.1. Construction of a H1-stable interpolation operator

The proof of the LBB condition requires the definition of an interpolation operator adapted to
the proposed method. Since the displacement field is discontinuous across the crack on Ω, we
divide Ω into Ω1 and Ω2 according to the crack and a straight extension of it (Figure 2). Let
uk be the restriction of u to Ωk, k 2 f1; 2g: As u 2 H1ðXÞ, then there exists an extension ~uk

in H1ðXÞ of uk across the crack on Ω such that:

Figure 2. Domain decomposition.



k ~ukk1;X � Ck k ukk1;Xk
; ð8Þ

where Ck is independent of u (Adams, 1975).
Definition 1. Given a displacement field u 2 H1

0ðXÞ and two extensions ~u1 and ~u2 of u1 and
u2 in H1

0ðXÞ; respectively, we define P1u as the element of Vh such that:

P1u ¼
X
j2InIH

ajuj þ
X
j2IH

½bjujH1 þ ciujH2�; ð9Þ

with

H1ðxÞ ¼ 1 if x 2 X1;
0 if x 2 X2;

�
H2ðxÞ ¼ 1� H1ðxÞ;

ai ¼ 1

jDij
Z
Di

~ukdx if xi 2 Xk ; bi ¼
1

jDij
Z
Di

~u1dx;

ci ¼
1

jDij
Z
Di

~u2dx; Sj :¼
[

fS 2 sh : suppðujÞ \ S–;g;

where Dj is the maximal ball centred at xj such that Dj � Sj and fxjgJj¼1 are the interior
nodes of mesh sh:

This definition is inspired by the work of Chen and Nochetto (2000).
Lemma 1. The interpolation operator defined by (9) satisfies 8u 2 H1

0ðXÞ

k P1uk1;X � C k uk1;X; ð10Þ

k u�P1ukr;X � Ch1�r k uk1;X; r ¼ f0; 1g: ð11Þ

Proof. In the proof, we take i 2 f1; 2g; k ¼ 3� i and ~s the union of all elements surrounding
the element s of sh:

In order to prove this Lemma, we calculate the above estimates locally on every different
type of triangles: non-enriched triangles, triangles cut by the straight extension of the crack,
triangles partially enriched by the discontinuous functions, triangles containing the crack tip
and triangles totally enriched by the discontinuous functions. Before, let us establish the fol-
lowing intermediary result:
Lemma 2. Let d be a square of size h centred at the crack tip (see Figure 3) and

f 2 H1
0 ðdnCcÞ with f ðxÞ ¼ 0; 8x 2 ~Cc

T
d (where ~Cc is the extension of the crack Cc). Then,

there exists c[0; independent of h such that:

k f k0;d � ch k rf k0;dnCc : ð12Þ



Proof. Dividing the square into two parts dþ (above the crack) and d� (below the crack). Let

f̂ þ ¼ f 	 Tk defined on the reference rectangle d̂þ (assumed of size 1) obtained by an affine

transformation TK of the rectangle dþ: Then, by construction, f̂ þðxÞ ¼
0 8x 2 fx1 � 0g � fx2 ¼ 0g which implies the following Poincaré inequality:

k f̂ þk
0;d̂

þ � c k rf̂ þk
0;d̂

þ : ð13Þ

Using inequality (13) and the fact that the mesh is affine, we obtain:

k f k0;dþ � cj detðJKÞj1=2 k f̂ þk
0;d̂

þ � cj detðJKÞj1=2 k rf̂ þk
0;d̂

þ � cj detðJKÞj�1=2

k JKk2 j detðJKÞj1=2 jf j1;dþ � c h jf j1;dþ ;

where j � j1;dþ is the H1 semi-norm on dþ: Thus

k f k0;dþ� c h jf j1;dþ : ð14Þ

Similarly, we prove the same result for d� which finish the proof of Lemma 2.

4.1.1. Non-enriched triangles

Let s be a non-enriched triangle in Xi: In this case, we have P1u ¼ P1~u
i on Xi: Because ~ui

is continuous over X, this operator is equivalent to the classical operator of Chen and Nochet-
to (2000). Then, we have

k P1u k1;s¼k P1~u
ik1;s � c k ~uik1;~s ð15Þ

and

k u�P1ukr;s ¼k ui �P1~u
ikr;s ¼k ~ui� k P1~u

ikr;s � ch1�r k ~ui k1;~s : ð16Þ

4.1.2. Triangles cut by the straight extension of the crack or containing the crack tip

Let s be a triangle cut by the straight extension of the crack or containing the crack tip (see
Figure 4(c)). Then P1u ¼ a1u1 þ a2u2 þ a3u3 on s, with: a1 ¼ 1

jD1j
R
D1

~u1 dx; a2 ¼
1

j�2j
R
D2

~u2 dx and a3 ¼ 1
j�3j

R
D3

~u2 dx:

Figure 3. Centred domain on the crack tip.



We remark that:

P1u ¼ ~a1u1 þ a2u2 þ a3u3 þ ða1 � ~a1Þu1 ¼ P1~u
2 þ ða1 � ~a1Þu1;

with ~a1 ¼ 1
jD1j

R
D1

~u2 dx: By the triangle inequality, we may write

k P1uk1;s �k P1~u
2k1;s þ ja1 � ~a1j k u1k1;s;

k u�P1ukr;s � k u�P1~u
2kr;s þ ja1 � ~a1j k u1kr;s �k u� ~u2 kr;s þ

k ~u2 �P1~u
2kr;s þ ja1 � ~a1j k u1 kr;s;

where k u1kr;s � ch1�r because u1 is the piecewise P1 basis function,
k P1~u2kr;s � ch1�r k ~u2k1;~s because ~uk is continuous over Ω, k u� ~u2k0;s � c h k
u� ~u2k1;d; and if we use Cauchy–Schwartz inequality and Lemma 2, we obtain

ja1 � ~a1j � h

jD1j k ~u1 � ~u2k0;D1 � c
h2

jD1j k rð~u1 � ~u2Þk0;d:

Therefore,

k P1uk1;s � cðk ~u2k1;~sþ k ~u1 � ~u2k1;dÞ; ð17Þ

k u�P1ukr;s � ch1�r ðk u� ~u2k1;sþ k ~u2k1;~sþ k ~u1 � ~u2k1;dÞ: ð18Þ

Figure 4. The different types of enriched triangles. The enrichment with the Heaviside function are
marked with a bullet.



4.1.3. Triangles partially enriched by the discontinuous functions

Let s be a triangle partially enriched by the discontinuous functions (see Figure 4(a)). In this
case, we have P1u ¼ P1~u1 þ ða2 � ~a2Þu2 on s \ X1 and P1u ¼ P1~u2 þ ða1� ~a1Þu1 on s\
X2 with ~a1 ¼ 1

jD1j
R
D1

~u2 dx and a2 ¼ 1
jD2j

R
D2

~u1 dx:

In the same manner, we prove that

k P1uk1;s\Xi � c ðk ~uik1;~sþ k ~uk � ~uik1;dÞ; ð19Þ

k u�P1ukr;s\Xi � ch1�r ðk ~uik1;~sþ k ~uk � ~uik1;dÞ: ð20Þ

4.1.4. Triangles totally enriched by the discontinuous functions

Let s be the triangle totally enriched by the discontinuous functions (see Figure 4(b)). In this
case, we have: P1u ¼ P1~ui on s \ Xi: Then, we have

k P1uk1;s\Xi �k P1~u
ik1;s; ð21Þ

k u�P1ukr;s\Xi �k ~ui �P~uik1;s � c h1�r k ~uikr;~s: ð22Þ

Inequalities (15), (17), (19) and (21) imply the first inequality of Lemma 1. Inequalities
(16), (18), (20) and (22) imply the second and third inequalities of Lemma 1.

4.2. Construction of a local interpolation operator

In this subsection, we prove the discrete inf-sup condition for the P2/P0 element with the
additional assumption, that the crack cuts the mesh far enough from the nodes.
Definition 2. Let u 2 H1ðXÞ: We define P2u as the element of Vh such that

P2u ¼
X

k2sh=sH

X3

i¼1

aiui þ
X
k2sH

X3

i¼1

ðbiuiH1 þ ciuiH2Þ; ð23Þ

where sH is the set of triangle totally cut by the crack, ui is the classical finite element shape
function of order 2 associated to node i being the centre of the edge ei of the element K and
with

ai ¼
R
ei
uR

ei
ui

; bi ¼
R
ei\X1

uR
ei\X1

ui

; ci ¼
R
ei\X2

uR
ei\X2

ui

:

Lemma 3. Suppose that the crack cuts the mesh far enough from the nodes, then the interpo-
lation operator defined by (23) satisfies 8u 2 VhZ

snCc

divðu�P2uÞ ¼ 0 8s 2 sh;



k P2uk1;s\Xi � c ðh�1 k ~uik0;s þ j~uij1;sÞ 8s 2 sh:

Therefore, the discrete inf-sup condition for the P2/P0 element holds.
Proof. The first equation is obvious. Now, let s be a triangle totally cut by the crack. Then
by using triangle inequality, the hypothesis ‘‘crack far enough from nodes’’ and Cauchy–Sch-
warz inequality, we have:

jP2uj
1; cs\Xi

� c jdP2uj
1; cs\Xi

� c
X3

j¼1

j
Z
dej\Xi

ûj
jûjj1; cs\Xi

j R dej\Xi

ûjj
� c

X3

j¼1

Z
dej\Xi

jûj � c
X3

j¼1

Z
êj

j~̂uij

� c k ~̂uik1;̂s

and by a scaling argument, we have:

k P2uk1;s\Xi � c ðh�1 k ~uik0;s þ j~uij1;sÞ: ð24Þ

Now for non-enriched triangle, we use the same argument to prove:

k P2uk1;s � c ðh�1 k uk0;s þ juj1;sÞ; ð25Þ

which finishes the proof of Lemma 3.

4.3. Error analysis

We suppose in this section that the non-cracked domain �X has a regular boundary, and that f,
t are smooth enough, for the solution (u, p) of the mixed elasticity problem to be written as a
sum of a singular part (us, ps) and a regular part ðu� us; p� psÞ in X satisfying u� us 2 H2

and p� ps 2 H1:
Proposition 1. Under the assumption of existence and uniqueness of solutions (u, p) and (uh,
ph) of the continuous (6) and discrete (7) mixed elasticity problems, and if the LBB condition
is satisfied, then:

k u� uhk1;Xþ k p� phk0;X � c h ½k u� vusk2;Xþ k p� vpsk1;X�;

where v is the cut-off function.
Proof. By using the equivalent Céa lemma (see Brezzi & Fortin, 1991), we have
8vh 2 Vh and qh 2 Qh:

k u� uhk1;Xþ k p� phk0;X � c ½k u� vhk1;Xþ k p� qhk0;X�: ð26Þ

Now let Phu be the classical interpolation operator introduced by Nicaise, Renard, and
Chahine (2011), then we have:



k u�Phuk1;X � c h k u� vusk2;X: ð27Þ

Let Php ¼ P1pþ
P2

i¼1 ciFip v ¼ P1pþ vps; where P1 is the interpolation operator defined
in Section 4.1. Then:

k p�Php k0;X ¼k pr �P1pr k0;X � c h k prk1;X: ð28Þ

Finally, the result of Proposition 1 can be obtained by choosing vh ¼ Phu and qh ¼ Php in
(26) and by using Equations (27) and (28).

5. Numerical study

The numerical tests are made on a non-cracked domain defined by �X ¼
� � 0:5; 0:5½�� � 0:5; 0:5½; and the considered crack is the line segment Cc ¼� � 0:5; 0½�f0g
(see Figure 5(a)). To remove rigid body motions, we eliminate three degrees of freedom (see
Figure 5(a)). In this numerical test, we impose only a boundary condition of Neumann type
(see Figure 5(a)), in order to avoid possibility of singular stress for mixed Dirichlet-Neumann
condition at transition points. The finite element method is defined on a structured triangula-
tion of �X: The von Mises stress for this test is presented in Figure 6(b). As expected the von
Mises stress is concentrated at the crack tip. The notation Pi (resp. P

þ
i ) means that we use an

extended finite element method of order i (resp. with an additional cubic buble function) and
Pj disc means that we use a discontinuous extended finite element method. The reference
solution is obtained with a structured P1/P2 method and h = 1/160.

5.1. Numerical inf-sup test

In this section, we numerically study the inf-sup condition and its dependence on the position
of the crack. First, the inf-sup condition is evaluated using gradually refined structured trian-
gulation meshes. The evolution of the numerical inf-sup value is plotted in Figure 6(a) with
respect to the element size. From this figure, we can conclude that the numerical inf-sup
value is stable for all studied formulations. Let d be the crack position as shown in Figure 5
(b). To test the influence of the position of the crack on the inf-sup condition, we check the
LBB condition by decreasing d: The tests are made, on a Pþ

1 =P1 formulation, with
h ¼ 1=100 (see Figure 7(a)) and h = 1/10 (see Figure 7(b)). The results presented in Figures 7
(a) and (b) show that the inf-sup condition remains bounded regardless of the position of the
crack. Hence, one can conclude that the formulation is stable independently of the position of
the crack.

Figure 5. Cracked specimen and position of the crack.



5.2. Convergence rate and the computational cost

Figures 8(a)–(c) show a comparison between the convergence rates of the X-FEM fixed area
and X-FEM cut-off for the L2-norm and H1-norm (P1þ=P1 element are used). These errors
were obtained by running the test problem for some values of the parameter ns, where ns is
the number of subdivision (number of cells) in each direction h ¼ 1

ns
: Figure 8(b) confirms

that the convergence rate for the energy norm is of order h for both variants of the X-FEM:
with fixed area and cut-off. Figure 8(a) shows that the convergence rates for the L2-norm in
displacement are of order h2 for both variants. Figure 8(c) shows that the convergence rates
for the L2-norm in pressure are h for both variants. Compared to the X-FEM method with a
fixed enrichment area, the convergence rate for X-FEM cut-off is very close but the error val-
ues are a bit larger. In order to test the computational cost of X-FEM cut-off, Table 1 shows
a comparison between the number of degrees of freedom for different refinements of the clas-
sical method X-FEM with fixed enrichment area and the cut-off method. This latter enrich-
ment leads to a significant decrease in the number of degrees of freedom. The condition
number of the linear system associated to the cut-off enrichment is much better than the one
associated with the X-FEM with a fixed enrichment area (see Figure 9). We can conclude
that, similar to the X-FEM with fixed enrichment area, the X-FEM cut-off leads to an optimal
convergence rate and also reduces the approximation errors but without significant additional
costs.

The numerical tests of the higher order X-FEM method (Pþ
2 =P1disc; Pþ

2 =P1; P2=P1 and
P2=P0) do not give an optimal order of convergence (see Figures 10(a)–(d)). This means that

Figure 6. Evolution of the inf-sup condition for mixed problem and von Mises stress (d ¼ 0).

Figure 7. Evolution of the inf-sup condition as a function of the position of the crack.



the enrichment function does not capture the behaviour of the solution at the crack’s tip. This

result was expected as the asymptotic displacement at the crack tip belongs to H3=2�gðXÞ for

Table 1. Number of degrees of freedom for enriched P2=P1 element.

Number of cells in each direction

Number of degrees of freedom

X-FEM fixed enrichment area X-FEM cut-off

40 13456 11516
60 30046 25666
80 53376 45416

Figure 8. Errors for the mixed problem with enriched Pþ
1 =P1 elements.

Figure 9. Conditioning number of the stiffness matrix for enriched P2=P1 element.



all g[0: Then, for the X-FEM cut-off, the convergence rate remains limited to h3=2 with
high-order polynomials. To have an optimal convergence rate, one must make an asymptotic
expansion of order 2 to find the correct expression of the enrichment basis for the displace-
ment and pressure.

6. Conclusion

From this study, we can conclude that the X-FEM cut-off mixed formulation is stable, regard-
less of the position of the crack. Similarly, to the X-FEM with fixed enrichment area, the X-
FEM cut-off gives an optimal convergence rate but without significant additional costs. For
shape functions of higher order, the convergence rate is limited to h3=2: This result was

expected as the main singularity belongs to H5=2�gðXÞ for all g[0:
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