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Abstract

A copula is a function that completely describes the dependence struc-
ture between the marginal distributions. One of the most important para-
metric family of copulas is the Farlie-Gumbel-Morgenstern (FGM) family.
We establish a stability property of the FGM copula with respect to con-
vex sums.

A copula is a function that completely describes the dependence structure. It
contains all the information to link the marginal distributions to their joint
distribution. To obtain a valid multivariate distribution function, it suffices to
combine several marginal distribution functions with any copula function. Thus,
for the purposes of statistical modeling, it is desirable to have a large collection
of copulas at one’s disposal. Many examples of copulas can be found in the
literature, most are members of families with one or more real parameters.

One of the most important parametric family of copulas is the Farlie-Gumbel-
Morgenstern (FGM) family defined as

CFGM

θ (u, v) = uv + θuv(1 − u)(1 − v), u, v ∈ [0, 1], (1)

where θ ∈ [−1, 1]. The density function of FGM copulas is given by

∂2CFGM

θ
(u, v)

∂u∂v
= θ (2u − 1) (2v − 1) + 1, (2)

for any u, v ∈ [0, 1].

Members of the FGM family are symmetric, i.e., CFGM

θ
(u, v) = CFGM

θ
(v, u)

for all (u, v) in [0, 1]
2

and have the lower and upper tail dependence coefficients
equal to 0.

The copula given in (1) is PQD for θ ∈ (0, 1] and NQD for θ ∈ [−1, 0). In practi-
cal applications this copula has been shown to be somewhat limited, for copula
dependence parameter θ ∈ [−1, 1] , Spearman’s correlation ρ ∈ [−1/3, 1/3] and
Kendall’s τ ∈ [−2/9, 2/9] , for more details on copulas see, for example, [1].

To overcome this limited dependence, several authors proposed extensions of
this family.
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• Theoretical issues: [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18,
19, 20]

• Applications: [21, 22, 23, 24, 25, 26]

Our main result is the following:

Theorem. Let Cθ be a FGM copula with associated parameter θ, considered as

an observation of a random variable Θ with distribution Λ. If we set

C ′(u, v) =

∫
Cθ(u, v)dΛ(θ)

then, C ′ is a FGM copula with associated parameter
∫

θdΛ(θ).

Proof. The convex sum operation is defined for instance in [1], page 64. The
new copula C ′ can be computed as:

c(u, v) =

∫
uv + θuv(1 − u)(1 − v)dΛ(θ)

= uv +

∫
θdΛ(θ) uv(1 − u)(1 − v)

and the conclusion follows from (1).

As a consequence, it follows that the dependence coefficient of C ′ can be inter-
preted as the mathematical expectation of distribution Λ.
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bivariate copulas. Statistics & probability letters, 66(3):315–325, 2004.

[9] Carles M Cuadras. Constructing copula functions with weighted geometric
means. Journal of Statistical Planning and Inference, 139(11):3766–3772,
2009.

[10] Fabrizio Durante. A new family of symmetric bivariate copulas. Comptes

Rendus Mathematique, 344(3):195–198, 2007.

[11] H Bekrizadeh, GA Parham, and MR Zadkarmi. A new class of positive
dependent bivariate copula and its properties. In 2nd Workshop on Copula

and its Applications, page 12, 2012.

[12] C Amblard and S Girard. A semiparametric family of symmetric bi-
variate copulas. Comptes Rendus de l’Académie des Sciences-Series I-

Mathematics, 333(2):129–132, 2001.

[13] JS Huang and Samuel Kotz. Modifications of the farlie-gumbel-morgenstern
distributions. a tough hill to climb. Metrika, 49(2):135–145, 1999.

[14] Norman L Johnson and Samuel Kott. On some generalized farlie-gumbel-
morgenstern distributions. Communications in Statistics-Theory and Meth-

ods, 4(5):415–427, 1975.

[15] Norman L Johnson and Samuel Kotz. On some generalized farlie-gumbel-
morgenstern distributions-ii regression, correlation and further generaliza-
tions. Communications in Statistics-Theory and Methods, 6(6):485–496,
1977.

[16] I Bairamov, S Kotz, and M Bekci. New generalized farlie-gumbel-
morgenstern distributions and concomitants of order statistics. Journal

of Applied Statistics, 28(5):521–536, 2001.

[17] CD Lai and M Xie. A new family of positive quadrant dependent bivariate
distributions. Statistics & probability letters, 46(4):359–364, 2000.

[18] Ismihan Bairamov and Samuel Kotz. On a new family of positive quad-
rant dependent bivariate distributions. International Mathematical Jour-

nal, 3(11):1247–1254, 2003.

[19] RB Nelsen, JJ Quesada-Molina, and JA Rodŕıguez-Lallena. Bivariate cop-
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