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About an even as the sum or the difference of two primes

Jamel Ghanouchi
Ecole Superieure des sciences et Techniques de Tunis

Abstract

(MSC=11) The present algebraic development begins simply by an exposition of
the data of the problem. Our calculus is supported by a reasoning which must
conduct to an impossibility. We define the primal radius : For all x an integer
greater or equal to 3, we define a primal number r for which z — r and x + r are
prime numbers. We see then that Goldbach conjecture would be verified because
2z = (z+r)+ (x —r). We prove the existence of r for all z > 3. We prove also the
existence, for all 2’ an integer, of a primal radius 7’ for which 2’ + ' and ' — 2’ are
prime numbers strictly greater than 2. De Polignac conjecture would be quickly
verified because 22 = (2/+7")—(r'—12).

Introduction

Goldbach and de Polignac conjectures seem actually impossible to be solved. Eve-
ryone has remarked the similarity between them. One stipulates that each even
is the sum of two primes when the other stipulates that it is always the diffe-
rence of two primes and that there is an infinity of such couples. In fact, we have
used that similarity to solve those very old problems, we have considered in this
research the conjectures as two faces of the same problem. For this, we have de-
fined a notion : the primal radius. It allowed finally to prove the conjectures.

The Goldbach conjecture
Goldbach conjecture, fruit of personal works and correspondences between the
mathematicians of the XVIII century (Leonard Euler, who was born exactly 300
years before 2007, was one of them), stipulates that an even number is always
equal to the sum of two prime numbers. Let us suppose there exists an integer x ;
x > 3, for which, for all p; > 3,pp > 3 prime numbers b # 0. We can pose for p;
and ps distinct prime numbers verifying p; > x > pa.

2x = p1 +p2 + 2b
b depends of p; and p». Then

p1+ D2
x:
2

+b



And for all z, p1, ps, exists y whose expression is

P1—DP2
y=" +0
We pose
r1=p1 +2b
T =py —2b
T3 =py + 2b
T4 =p1 —2b

= DIjE = BI9E | = BOE 4 )= TYR 4 3)
= y:m% +b= P1_2:B2 — 112172_: 11212 —b )

= DAT3 4 oh = TUEs | TaoTs g gl TaT2 4

T1+ T2 = p1+p2

LEMMA 1 The following formula

T B Nt e e

_ pitr3 _ zi4x3 _ p _ TatTy — ZT4+x2
Y SR R Sl S

— b1—p2 — P1—%2 __ X1—P2 __ T1—X2 __

L to="g= =g =0 b
:p123+2b:m15x3+b:x4gms+3b:%+b

r1+x2 =p1+p2

imply that Jp;, p» prime numbers which verify
b=0

. In fact, our hypothesis (b # 0 for all p1,p2) can not imply b = 0 without any
condition. If the calculus leads to b = 0, the hypothesis is false because the formal
calculus can not lead to b = 0.

Proof of lemma 1 If x is a prime number, 22 = = + x is the sum of two primes,
then

pr—p27#0
we will suppose firstly that

(z1 — @2) (w1 + 23) # 0

let
x1—x9 __ p1—p2+4b _ 1+ 4b
p1—p2 p1—p2 p1_£2
pPi=p2 _ mpi—wp—4b _ 1 _ _ 4
xr1—T2 T1—T2 T1—T2
we pose
k — 2b
pP1—p2
= — 2b
(p1—p2+4b)
if

k' =0=0b=0
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we will suppose
kk' #0

But Vz,y, 3¢ verifying x = ¢y
c+y=(p+1ly=a21#0

r—y=(-Dy=p2#0
and Vk, k', Ja verifying k = ok’

2b —2b
= k= =
b1 — P2 X1 — X2
=T — T2 = —04(]91 —pQ)

=>x1—T2—p1+p2=4b=—(a+1)(p1 —p2)
—(a+1)

= b= —
1 (p1 — p2)
p1+ P2 p1+p2 a+l
= - b p— _ _
T 5+ 5 1 (p1 — p2)
1— D2 p1—p2 a+1
S>y=—="+b= —
Y 5 + 5 1 (p1 + p2)
or
C(l-a)pr+B+a)p @
r = = P2
4 o—1
and
_(1=a)pi=p) 1
Y 4 b—1 2
let
xitxs _ pitpa+4b 1+ 4b
P1+p2 p1+p2 p1+p2
pitp2 _ zitwo—4b _ 1_ _4b
T1+T3 Tr14x3 r1+x3
we pose
_ 2
{ m,— p1+p%b
mo= T x1ts
mm’ # 0

and Vm, m’, 38 verifying m = fm/

2 . —2

=>m

_P1+p2 T+ x3

= x1 +x3 = —F(p1 +p2)
=z +x3—p1 —p2=4b=—(B+1)(p1 +p2)

—(B+1
jb:%(m*—pz)
+ + +1
x:P12p2+b:p12p2_(54 )(p1+p2)



— P2 b:pl—pz_(5+1)(

:>3127+ 5 1 p1+D2)
thus
mzl—ﬁerl—ﬁp _ 9 »
g TR g
1-8 B+3 1
Yy=——yn 4 P2—¢_1p2
we resume
_(l-a)pr+B+a)pp  1-8 1-58 ¢
T = 1 =7 p1+ 1 p2—¢_1p2
and
_(-a)pr—py) 1-8 [f+3 1
Y 4 1 M 1 P2 ¢_1p2
—(a+1 —(B+1
b=g(p1—pz)=¥(p1+pz)
4 4
-« —2—-—a-p
= - = F
4 b1 4 P2
— 9 —
:>ﬁ a a—f3
b2 p1
but

dr — 4y + 4b = 2p1 + 2p2 +4b — 2py + 2po — 4b + 4b = 4dpy + 4b = 4P,
And

4o + 4y — 4b = 2p1 + 2py + 40+ 2py — 2po + 4b — 4b = 4py + 4b = 4P,
Thus

4P =4p1 +4b=4p1 — (a+1)(p1 —p2) = B3 — a)p1 + (1 + a)p2

=4dp1—(B+1)(p1+p2) =B —=B)p1 — (L +B)p2 = %(6 —a—B)p1 + (o — B)p2)
And

APy = 4py +4b=4py — (a+ 1)(p1 — p2) = —(L+ &)p1 + (5 + a)p2

=4ps— (B+1)(p1+p2) = —(1+8)p1+(B3—B)p2 = %(—(2+a+5)p1+(8+a—ﬁ)p2)

But p; and p, are primes.

(B—a)p1 = (—a—B—2)p

= (5 a)(Pr—b) = (8- a)(Pi + ()P — Py)
= (5 -0)(CTHP - (TP
a+1

=(-a=p=2)(P2=b) = (-a-5-2)(P+(

)Py - P)
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1+« 33—«
P, P
1 )P+ 1 2)

= (—a—8-2)((
Thus
(B=a)5+a)+(a+B8+2)(1+a))P
=(-a=8-2)B-a)+(B-a)l+a))P,
And
B-—a)P=(—a—pF—=2)Phb+b—a+a+p+2)

= (ca—p-2P — (B + (21

(P — P)
Hence
(28 —2a+ (B+1)(a+1))P,
=(20—-28-4+(B+1)(a+1))P,
Thus
(B—a)(3+a)+ (a+1)%)P
=((ma=B-2)(1—a) - (a+1)*)P
—(B+1D)B+a)+(a+1)(a+1-3—0a))P
=(-B+1)1-a)— (a+1)(a+1+1—a))P,
= (B+1)(B+a)—20—2)P,
=(-B+1H1-a)—2a-2)P,

Hence
(B+1)B+a)=2(a+1))(p1 + p2) 1

=(=(B+1D(1 —a) = 2(a+1))(p1 +p2) P
= ((a+1)(p1 — p2)(3 + @) — 2(a + 1)(p1 + p2))
= (—(a+1)(p1 —p2)(1 — a) = 2(a + 1)(p1 + p2)) %
= (a+ D((—a+1L)p1 — (3a +5)p2) 1
= (a+ 1) (—(a+3)p1 — (1 + 3a)p2) P>

If
(1= a)pr = (5+ 3a)p2) P + ((a + 3)p1 + (1 + 3a)p2) P, = 0

=((1—a)p1 — (54 3a)p2)(p1 +b) + ((a + 3)p1 + (1 + 3a)p2)(p2 + b)
= (1 —a)pt + (1 +3a)pi — 2(a + pip2 = 0
= —(1+ @)p? + 2p7 + 2(1 + )p3 + (o + 1)p3 — 2p3 — 2(a + 1)p1ps
= (o + 1)(=p? + 393 — 2p1p2) + 2(p? — p3)
= (a+ 1)(p2 — p1)(3p2 + p1) +2(p] — p3)
= 4b(3p2 + p1) + 2(p} — p3)
= 2p1(p1 + 2b) — 2pa(p2 — 6b) =0

GCD(pl,pg) =1, then
upy = p2 — 6b
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up2 =p1+2b

Thus
u(p1 + 3p2) = p2 + 3p1
And
(Bu—1)p2 = (3 —u)p1
We deduce
3u—1=wvp;
3—u=1uvpsy
Or

8 = v(p1 + 3p2)
But p1 + 3p2 > 12. And as

((ma+1)p1 = B+ 5)p2) 1 # (—(a + 3)p1 — (1 + 3a)p2) P

We deduce that
a+1=0=4b=—(a+1)(p1 —p2) =0

P, and P, are p; and py and
2z =p1 +p2

Thus o = 8 = —1. b can not be different of zero. If

(.%'1 — 1‘2)(1‘1 + .%'3) =0= (.%'4 + .%'2)(.%’4 — 1‘3) 7é 0

let
Tatxs _ p1tpa—4b 1 _4b
p1+p2 p1+p2 p1+gﬂz
p1tp2 _ zatxo+4b + 4
ra+x2 Ta+x2 T4+x2
we pose
_ 1 _ _4
2k+1=1 plz .
/ _
oK +1=1+ 2
let
za—wz _ p1—p2—4b _ 7 4b
p1—p2 p1—p2 p1—£2
p1—p2 _ za—x3+db _ 4 + 4
T4—T3  T4—T3 T4—T3
we pose

pl*€2
om' +1=1+ -2

T4—T3

{2m+1:1— 4b

+3 + + + i
= =D 4p2 :p12p2 or p12p2 _ p14p2 and z = p; = pporp; = py = 0itis
impossible, then

(w1 — @2) (w1 + 23) # 0

and
b=0



Theorem
p1+ p2

2
We did not pose any condition on p; and p2. As p» < = < p; there are not an
infinity of such primes.

VSUZ?’,HPI > 3,p2 > 35':6:

THEOREM OF THE PRIMAL RADIUS There exists r a primal radius for

which z + r, x — r are prime numbers Vx > 3.

Proof of theorem of primal radius For all = > 3 exists p; > 3, po > 3 prime
numbers for which

p1+ p2
€r =
2
if
szl—PQ
2
then
T+Tr=p
T —T=Dp2

Corollary Between z and 2z exists always a prime number z < p; = z 4+ r <
2z = p1 +p2. If 224 1 is an integer stricly greater than 8, exists always a prime p3,
which can be 3, for which 2z + 1 = p3 + 2x = p3 + p1 + po.

de Polignac conjecture de Polignac conjecture stipulates that an even number
is always equal to the difference between two prime numbers and that there is an
infinity of such prime numbers. Let z an integer and p1, p» prime numbers strictly
greater than 2.

2z =p1 —p2+2bp, p, =pP1 —p2+2b

For commodity, we have suppressed the indexes, but b depends of p; and ps.

1— D2
T = — +b
But for all z, p1, p2, b exists y whose expression is
y= p1+ P2 b
2
We pose
r1=p1 +2b
o =py —2b
T3 =py + 2b
T4 =p1 —2b

p1tp2 __ pitx2 _ xT1tp2 _ zi14x2
s +b=552 420 =52 =552+ )

I =

p1+2133 _ :131+{L'3 _ :B4+:B3 _ 1’4+:B2
]% p_ 2 P b:L‘_ $2 y4 b 2 3b

J— 1—Pp2 __ pP1—x2 __ 1—P2 __ X1—22

="5 + b= 2 b

— p1;333 +2h = 115333 +b :2334513 +3b = 334512 +b
1+ T2 =p1+p2

\
S




LEMMA 2 The following formula

R RPN i Rt e

_ pitxr3 _ mi4x3  p _ x4tT3 _ Zatx2
= P = mdi = B = 2 3
x:p12p2 +b:p12x2 :3612102 — -T2 _p

— pl;ll?s +2bh = 115333 +b= 334513 +3b = 334512 +b
T1+ T2 =p1+ P2

imply that Jp;, p2 an infinity of couples which verify

b=0

Proof of lemma 2 If x = 0is a prime number, 22 = p — p an infinity of couples
of primes, and
pr—p2#0

we will suppose firstly that

(z1 — @2)(z1 +23) # 0

let
T1—T2 _ p1—p2+4b =14+ 4b
P1—P2 P1—P2 pP1—p2
pi=p2 _ mi—x2—4b _ | _ _4b
Tr1—T2 - T1—T2 - Tr1—T2
we pose
_ 2
k= P1—p2
= — 2b
(p1—p2+4b)
if
KK =0=b=0
we will suppose
kK #0

But Vz, y, 3¢ verifying y = ¢x
r+y=(p+1)r=21#0

r—y=(@-Dz=p2#0
Thus Vk, k', Ja verifying k = ok’

2b —2b
= k= =«
b1 — P2 X1 — X2
=T — T2 = —04(]91 —pQ)

=z —2o—p1+p2=4b=—(a+1)(p1 —p2)

—(a+1
ib:%(m—m)
p1+Dp p1+p a+1
=>y=712 2 b= 12 2 _ 1 (p1 — p2)



1— D2 p1—p2 a+1
>r=—"4+b= —
x 5 + 5 1 (p1 + p2)
or
_(Q-a)p+B+a)py ¢
Y 1 é— P2
and (l—o)pi—p) 1
— a —
= b1 — P2 _ s
4 ¢o—1
let
{ zitwy _ pitpetdb g 4 _db
p1t+p2 p1+p2 p1+p2
pitp2 _ xi4wo—4b _ 1 _ _ 4b
r14+xs ~ wmt+w3s T1+T2
we pose
_ 2
m/— p1+p%b
mo= Tzt
mm’ # 0
and Vm, m’, 38 verifying m = m/
2b —2b

=m

= =p
p1+ D2 T+ x3
= x1 + 23 = —LF(p1 +p2)
=z1+az3—p1—p2=4b=—(6+1)(p1 +p2)

—(B+1
jb:%(m*—pz)
- - +1
:>y:P12p2+b:p12p2_(54 )(p1+p2)
_ P1—D2 _pi—p2 (B+1)
= +b= 5 n (p1 + p2)
we deduce
-8 1-8 _ ¢
Y 4 Pt 4 P2 ¢_1p2
Lo Ll=B  p+3 1
- b1 4 P2 ¢_1p2
we resume
_(I-a)p1+B+a)py  1-p 1-5 ¢
Y= 1 =72 p1+ 1 p2—¢_1
and
s =a)pi—p) 1-6  G+3 1
4 1 b1 1 b2 (b_lpz
—(a+1 —(B+1
sz(pl—m):L(m%-m)
4 4
f—a  —2-—a—f
= 1 p1 = 1 D2



p-—a —2-a-f

= =
P2 P1
but
4y — 4dx + 4b = 2py + 2ps + 4b — 2py + 2py — 4b+ 4b = 4ps + 4b = 4P,
And
4o + 4y — 4b = 2p1 + 2pa + 40+ 2py — 2po + 4b — 4b = 4py + 4b = 4P,
Thus

4P; =4p1 +4b=4p1 — (a+1)(p1 —p2) = B — a)p1 + (1 + a)p2

=dp1 — (B+ 1)1 +p2) =B = B)p1 — (1 + B)p2 = %(6 —a—B)p1 + (a— B)p2)
And
APy = 4py +4b =4p; — (a+ 1)(p1 — p2) = —(1 + a)p1 + (5 + a)p2

=4ps—(B+1)(p1+p2) = —(1+8)p1+(B3—B)p2 = %(—(2+a+5)p1+(8+a—ﬁ)p2)

But p; and p» are primes.

Thus
(B—a)b4+a)+ (a+8+2)(1+ )P,
=((-a=8-2)B-a)+(B-a)1+a))P
And
B-—a)Pr=(-a-B-2)P+b(B—-a+a+p+2)

—(~a—B-2)P — (B + 1)

)(P1 — P2)

Hence
(28 =2+ (B+1)(a+1))P,

=(2a—-28-4+B+1)(a+1))P

Thus
(B—a)(B3+a)+ (a+1)%)P

=((~a-B-2)(1-a)~(a+1)°)R,
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=((B+1DB+a)+(a+D(a+1-3-a))P
=(-B+1)1—-a)— (a+1)(a+1+1—a))P,
=((B+1DB+a)—2a-2)P
=(—(B+1)(1—a)—2a—-2)P
(B+1)B+a)=2(a+1))(p1 +p2) P2
=(=(B+ D1 —a)=2(a+1))(p1 +p2) P>
= ((@+1)(p1 —p2)(3+ ) = 2(a + 1)(p1 + p2)) 1
= (=(a+1)(p1 —p2)(1 — @) = 2(a + 1)(p1 + p2)) P
= (a+1)((—a+1)p1 — (Ba +5)p2) 1
= (a+1)(—(a+3)p1 — (1 + 3a)p2) P

And as
((—a+1Dp1 — Ba+5)p2)P1 # (—(a+ 3)p1 — (1 + 3a)p2) P>
We deduce that
a+1=0=4b=—(a+1)(p1 —p2) =0
If
(3:1 — xg)($1 + $3) =0= ($4 + $2)($4 — $3) 75 0
let
{ Tatwy _ pitp2—4b 7 4b
p1+p2 p1+p2 p1+p2
pitp2 _ zatwptdb _ 4 _4b
ra+x2 T4+x2 T4+x2
we pose
2k +1=1- p1+ 2
2k + 1—1—|—x4+x2
let
za—wy _ p1—p2—4b _ 1 4b
pP1—Dp2 pP1—p2 pP1—p2
pizp2 _ za—wstdb _ 4 _4b
T4—I3 T4—I3 T4—I3
we pose
om' +1=1+ 22— YR

=y = p—lfp? = p—142rp2 then p; = po = yor p—142rp2 = p—lzm = p; = po = 0and itis
impossible, thus
(w1 — @2) (w1 + 23) # 0

and
b=0
The primal radius r here is equal to
D1+ P2
2
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with

xzpl—Pz
2
then
T+T=p
and
T =p

Its existence is proved. p; and ps are an infinity of couples of primes, because we
did not specify any condition on them.
Conclusion

The conclusion is that Goldbach conjecture and de Polignac conjecture, which
seem so inaccessible, are in fact true. Because, we have defined the primal radius.
The conjecture of the primal radius seems to be a consequence of Goldbach and
de Polignac conjectures. In fact, if we had not its concept in mind, there would
not be the present proof of those conjectures.
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