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QUADRATIC EXPANSIONS AND PARTIAL REGULARITY FOR
FULLY NONLINEAR UNIFORMLY PARABOLIC EQUATIONS

JEAN-PAUL DANIEL

ABSTRACT. For a parabolic equation associated to a uniformly elliptic opera-
tor, we obtain a W3¢ estimate, which provides a lower bound on the Lebesgue
measure of the set on which a viscosity solution has a quadratic expansion.
The argument combines parabolic W2 estimates with a comparison princi-
ple argument. As an application, we show, assuming the operator is C, that
a viscosity solution is C2® on the complement of a closed set of Hausdorff
dimension ¢ less than that of the ambient space, where the constant € > 0
depends only on the dimension and the ellipticity.

1. INTRODUCTION

1.1. Motivation and statement. In this paper, we prove a partial regularity
result for viscosity solutions of the uniformly parabolic equation

O+ F(D*u) =0 in Q CRY x (—1,00). (1.1)

We write u as a function of (z,t) € R? x [~1,00) and D?u denotes the Hessian of u
with respect to the x variable. The operator F' is assumed to be uniformly elliptic
and to have uniformly continuous first derivatives.

Recently, Armstrong, Silvestre and Smart [1] obtained a partial regularity result
for viscosity solutions of the uniformly elliptic equation

F(D?u) =0 in U CRY, (1.2)

with the same hypotheses on F'. Specifically, they proved that, for every 0 < a < 1,
a viscosity solution of (1.2) is C%® on the complement of a closed set of Hausdorff
dimension strictly less than d.

We extend this result to the parabolic setting by showing that the singular set of a
solution of (1.1) has Hausdorff dimension at most d+1—¢, where the constant € > 0
depends only on the ellipticity of F' and d. The hypotheses (F1) and (F2) are given
in the next section. In this paper, Holder spaces such as C%® are to be understood
in the parabolic sense (e.g., a parabolic C%“ function may only be C1/2 in the
time variable: see Section 2.1 for the precise definitions).

Theorem 1.1. Assume that F satisfies (F1) and (F2). Letu € C(2) be a viscosity
solution of (1.1) in a domain  C R+ Then there exist a constant € > 0,
depending only on d, X\, A and a closed subset ¥ C Q of Hausdorff dimension at
most d+1—¢, such that, for every 0 < o < 1, the solution u belongs to C*(\ X).
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A new difficulty arising in the proof of Theorem 1.1 in the parabolic setting is
to obtain an analogue of the W3¢ estimate, an important and useful tool from the
regularity theory of nondivergence form elliptic equations [11, 4] (see also [1]). We
prove it for viscosity solutions of the uniformly parabolic equation

Owu+ F(D?u) =g in Q CR?x (—1,00), (1.3)

where g € C%1(2). To give the precise statement of this result, we require some

notation. We denote by My the set of real d x d matrices. The open ball of R¢

centered at x of radius p is denoted by B,(z). If = 0, we simply write B,. The

following elementary cylindrical domains play a central role in the theory: for all

p>0and z € RY, we define Q,(x,t) := B,(z)x (t—p?,t) and denote Q, := Q,(0,0).
Now we define, for u : 2 — R, the quantity

U (u,Q)(z,t) :=inf {A>0:3(b,p, M) € R x R x My s.t. ¥(y,s) € Q, s < t,
|u(y, s) —u(z,t) —p- (y —a) = b(s —t) = 5(y —x) - M(y — x)|
<gA(le—yP+1s— 1)},

which represents the cubic error in the best quadratic approximation of u at (x, t).
We emphasize this error is measured globally in QN {(y, s) : s < t} and, of course,
“cubic” in the time variable means cubic in ¢'/2.

The statement of the parabolic W3¢ estimate is given by the following theorem.

Theorem 1.2 (Parabolic W3¢ estimate). Assume F satisfies (F1), g € C%1(Q1)
and u € C(Q1) solves (1.3) in Q1. Then there exist universal constants C,e > 0
such that, for all k > 0,

|{(:L',t) € Q1/2 (07 *i) : \Il(quS/4)(zat) > ’i}‘

—

K
<C '
(Sule lu| + | F(0)] + |g|co,1(Ql)>

The elliptic analogue of Theorem 1.2 has been used for example to obtain quan-
titative estimates for the convergence of monotone finite difference schemes [5] as
well as rates of convergence in homogenization [2, 6]. We expect Theorem 1.2 to
have similar applications in the parabolic setting.

The overall idea of the proof of Theorem 1.2 is similar to the elliptic case: we
differentiate the equation to obtain the result from the parabolic W2#¢ estimate.
In the parabolic case, there is an extra difficulty in controlling the derivative with
respect to time. Unlike the elliptic case, here we need to use the PDE once more
in order to show that by controlling all of the spatial derivatives we gain control
over Ozu.

The argument for the partial regularity result is similar to the idea outlined in [1].
We apply a result of Wang [15], which asserts that any viscosity solution of (1.1)
which is sufficiently close to a quadratic polynomial must be C?®. This result is a
generalization of a result of Savin [12] in the elliptic setting. Theorem 1.2 gives us
such quadratic expansions except on a set of lower parabolic Hausdorff dimension.

Structure of the article: We start by gathering our notation and some pre-
liminary results in Sections 2.1 and 2.2. The proof of Theorem 1.1 is presented in
Section 2.3. Section 3 is devoted to the derivation of the parabolic W2 estimate.
Section 4 gives the proof of Theorem 1.2.
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2. PRELIMINARIES AND PROOF OF THE PARTIAL REGULARITY RESULT

2.1. Hypotheses and notation. Let S; C M be the set of symmetric matrices.
If M € My, MT denotes the transpose of M. Recall that the Pucci extremal
operators are defined for constants 0 < A < A and M € Sy by

Pr(M):= su —tr(AM), and Py A(M) = inf —tr(AM).
’\’A( ) )\IdgAI;AId ( ) A’A( ) A <A<AI, ( )

A convenient way to write the Pucci operators is

PIAM) ==Xy —=AD py and Py (M) =-A> =\

nj>0 ni<0 Hj>0 hy <0

where p1, ..., uq are the eigenvalues of M. These operators satisfy the inequalities

PIADM) +PYAN) SPLAM +N) <Py (M) + :Pj\r,A(N)
< CP:\i_,A(M +N) < ij\F’A(M) + iP;A(N)_

For the modern theory of nonlinear parabolic equations we refer to [9, 10]. A nice
introduction to viscosity solutions of nonlinear parabolic equations can be found
in[8]. Let @ CUx(0,T) and o € (0,1]. The set of upper and lower semicontinuous
functions on @ are denoted by USC(Q) and LSC(Q), respectively. We will use the
following notation.

e u € C%%(Q) means that there exists C > 0 such that for all (z, 1), (y, s) € Q,
we have

|u(z,t) — uly,s)| < C’(|z —y|*+ |t — s|%) )

In other words, u is -Holder continuous in ¢ and Du is a-Hdlder continuous
in x.

e u € CH*(Q) means that u is 21-Hélder continuous in ¢ and Du is a-Hélder
continuous in x.

e u € C*%(Q) means that dyu is §-Holder continuous in ¢ and D?u is a-
Hélder continuous in x.

Throughout this paper, the nonlinear elliptic operator F': S; — R satisfies each of
the two following conditions:

(F1) F is uniformly elliptic and Lipschitz; precisely, we assume that there exist
constants 0 < A < A such that, for every M, N € Sy,

PialM = N) < F(M) = F(N) < ®{ (M~ N).

(F2) Fis C! and its derivative DF is uniformly continuous, that is, there exists
an increasing continuous function w : [0,00) — [0,00) such that w(0) = 0
and for every M, N € Sy,

|DF(M) = DF(N)| < w(|M — NJ).

We call a constant universal if it depends only on the dimension d and the
ellipticity constants A and A. If U C R? and s < t, then the parabolic boundary of
U x (s,t) is denoted by

8,(U x (s,1)) := U x {s} UdU x (s,1).
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It is convenient to work with the parabolic Hausdorff dimension of a set E C R4+,
which is defined by

Hpar(E) := inf {0 < s < 400 :forall § >0, there exists a collection {Q,,(x;,t;)}

—+o0 —+o0
of cylinders such that F C U Qr;(xj,t;) and ZTJS < 5}.
j=1 j=1

The relationship between the parabolic Hausdorfl measure Hp,, (E) and the classical
Hausdorff measure H(E) is given by
2H(E) —d < Hpar(E) < H(E) + 1. (2.1)

The reader is referred to [13] for further details about the parabolic framework. We
remark that Hpa, (RT1) = d + 2.

2.2. Preliminaries. First we recall an interior C"® regularity result for solutions
of (1.3).

Proposition 2.1 ([14, Section 4.2]). If u is a viscosity solution of (1.3) in @1,
then u € Cl’o‘(Ql/Q) for some universal 0 < o < 1. Moreover, there exists some
universal constant C such that

sup [Du| < C (SC};P lul + [F(0)] + ||g||co,1(Q1)) :
Qy/2 1

Moreover, it is natural in the parabolic framework to introduce some other sets
called parabolic balls. Precisely, given (z,t) € R4+ we define parabolic balls of
opening 6 > 0 and height A > 0 to be closed subsets of the following form

Gon(x,t) = {(y,5) R by —af <5 —t <h}
and
Gy (@, t) == {(y,s) eRI 1 gly — x> <t—s <h}.
By direct computation,
2
(G, 0)] = |Gy (e 1)] = =5 hH /29747, (2.2)

where wg is the volume of the unit ball in R?. We next collect some standard
material about parabolic balls. The following lemma is a slight modification of [15,
Lemma 2.2].

Lemma 2.2 (Y. Wang, [15]). Let 6 > 3/4. For all (z,t) € Gy, (zo,t0) and
0 < h <ty—t, there exists a cylinder Q,(xa,t2) such that

o h >1\/ﬁ " 4
=t+ — —1/ = Vi= ——
2 2’ T_V 9 w \/5—1’

which satisfies the three following properties:

(P1) Q(w2,t2) C Gy (2, ) NGy p, (0, t0) N {(y,s) : t+h/4<s<t+h/2}.
(P2) |Qr(w2,t2)|/|Gg 1 (x,t)| > no where no depends only on d and 0.
(P3) If (2,t) € Qpa(x2,t2), then for every (y,s) € G;/27T2/16 (z,t— ;—Z),

G1/2,tfs(ya S) c QT($2; t2)
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Proof. The reader is referred to [15, Lemma 2.2] for (P1) and (P3). For (P2), we
compute

d+2 d+2
Qula,ta)| = r12 > (SZEL) T g2t/ - L2 (2 ) T Gy (1)

4 2wy
N tax:
It suffices to set ng := 2ddjgid (%) 6~ to get the desired estimate. O

Finally, we recall a Vitali-type covering lemma for parabolic balls which was
already used and proved in [15] (and essentially follows from the standard argument
for Vitali’s covering lemma). It is a convenient alternative in the parabolic setting to
the “stacked” estimate lemma and the Calderén-Zygmund decomposition (see [8]).
Given (z,t) € R4 and h > 0, we define the parabolic ball @ah(x,t) 2 Gy p(2,t)
by

. i ~ 0

Gop(z,t) = G§74h(:c,t —3h) with 0= m
We observe from (2.2) that the following ratio is a universal constant depending
only on the dimension:

_ NGO _ a5y 1) (2.3)
|G6,h($’t)|

Lemma 2.3 (Vitali’s lemma for parabolic balls). Assume that E C R**! is bounded
and h : E — R is positive. Consider the following collection of parabolic balls:

{Ge,h(z7t)(x,t) i (z,t) € E} )

Ifsup{h(z,t) : (z,t) € E} < 00, we can extract a countable subcollection {Gg p(z,,t,)(Ti, t:) :
i € N} of disjoint parabolic balls such that

E C Gy popen(@ist)-
ieN

Finally, we give the statement of a proposition required to obtain the partial
parabolic result. This proposition was obtained by Y. Wang [15] and is the parabolic
analogue of a first result of Savin [12]. It gives C%% regularity for flat viscosity
solutions of uniformly parabolic equations. Roughly speaking, it states that a
viscosity solution of a uniformly parabolic equation that is sufficiently close to a
quadratic polynomial is, in fact, a classical solution.

Proposition 2.4 (Y. Wang, [15]). Suppose in addition to (F1)-(F2) that F(0) = 0.
Suppose that 0 < a < 1 and u € C(Q1) is a solution of (1.1) in Q1. Then there
exists a constant §o > 0 depending only on the ellipticity constants A and A, the
dimension d, the modulus of continuity w, and «, such that
sup|u| < &y implies that u € C**(Q12).

1
2.3. Proof of Theorem 1.1. The strategy of the proof is the following. By a
covering argument, we can cover the singular set by parabolic balls centered in
points for which ¥ presents large values. This is allowed by Lemma 2.5 that shows
that u is not C*“ close to (wg,to) implies W¥(xg,to) is large. Then the parabolic
W3¢ estimate given by Theorem 1.2 provides an upper bound on the size of the
set of the bad points.
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Lemma 2.5. Suppose u € C(Q1) solves (1.1) in Q1 and 0 < a < 1. There is
a universal constant d, > 0, depending on d, \, A, w and « such that for every
(y,50) € Q1/2 (0,—%) and 0 <r < 1/20,

{W(u,Qs/4) < r_léa} NQ.(y,50) # 0  implies that u € C**(Q,(y, 50 — 12)).

Proof. Let 6 > 0 to be adjusted. Suppose that 0 < r < 1/20, (y,s0) € Q1,2 (0,-14)
and (z,s) € Qr(y, so) is such that

U(u,Q3/4)(2,8) <7716

Then there exist b € R, p € RY and M € My such that, for every (z,t) € Q3,4 such
that t < s,

lu(z,t) —u(z,s) —p-(x—2) —b(t —s) — 3(xz —2) - M(z — 2)|
< LIro(lo — 2P+ s — t¥?). (2.4)

Replacing M by %(M + M), we may assume that M € Sy. Since u is a viscosity
solution of (1.1), it is clear that

b+ F(M)=0.
For (z,7) € Q1, define

1
v(x,T) = 62 (u(z + drz, s + 16r°7) — u(z, s) — 4rp - « — 16br’t — 8r°z - Mz) .

Noticing that (z+4rx, s+161°7) € Q34 for (z,7) € Q1, the inequality (2.4) implies
that

4
sup |v(z, 7)| < =4.
o} 3

Define the operator F(N) := b+ F(N + M), and observe F satisfies (F1) and (F2),
with the same ellipticity constants A, A and modulus w, and F(0) = b+ F(M) = 0.
It is clear that v is a solution of

dyv+ F(D*v) =0, in Q.

Let dg > 0 be the universal constant in Proposition 2.4, which also depends on «.
Suppose that
3
0 < —dp.
790
Then Proposition 2.4 yields that v € C2’Q(Q1/2), from which we deduce that u €
C?%(Q2,(2,8)). Since Q,(y,s0 — r?) C Q2,(2, s), the proof is complete. O

We now give the proof of the first main result.

Proof of Theorem 1.1. We assume without loss of generality that F'(0) = 0. By
a standard covering argument, we may fix 0 < a < 1 and assume that 2 = @,
u € C(Q1) is bounded, and it suffices to show that

2 4 800
for a set ¥ C V with Hpar(X) < d+ 2 —e. Since, for every 8 > 0, the operator

Fs(M) := B~1F(BM) satisfies both (F1) and (F2) with the same constants A and
A but a different modulus w and the constant £ that we obtain does not depend

1 1 3
UECZO‘(V\E) with V.= Bg/go X <— - ) .
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on w, we may therefore assume without loss of generality that sup,, |u] < 1. Let
3 C V denote the set
Y= {(m,s) eV ugC*™ (QT (x,s + %7‘2)) for every r > 0} )

Notice that ¥ is closed, and thus compact. Fix 0 < r < 1/20. According to the
Vitali covering theorem for parabolic cylinders [10, Lemma 7.8], there exists a finite
collection {Q,(z;, s; + %TQ)}lgiSm of disjoint parabolic cylinders of radius r, with
centers (z;,8;) € X, such that

3 C U Qs (5,5 + 21?).

=1

Since (z;, 8;) € 3, according to Lemma 2.5 there exists a constant § such that

U(u,Qs/4)(y,7) > 1716 for every (y,7) € U Qr (i, 51+ 217) .
i=1

Applying Theorem 1.2 to @, (xi, si + %TQ) C Q12 (0, —i), we deduce that
e_ 1
Q1]

for some universal constants C,e > 0. Therefore,

mr <C (r_lé)%

Z(5T)d+2_8 S 5d+27smrd+2fs S 5d+2780576 < +o00.
i=1
In particular, this implies that
Hpar(X) <d+2—e.

By using (2.1), we get

(d+d+2—¢e)=d+1— <. O

H(E) < :

N~

3. PARABOLIC W2 ESTIMATE

In this section, we state and prove the parabolic W€ estimate associated to (1.3).
It will be useful to prove Theorem 1.2 in Section 4. This result is essentially well-
known but we give the argument here for the sake of completeness.

The key argument to prove Proposition 3.1 relies on a measure estimate on
small parabolic balls stated in Lemma 3.6. Its proof consists in a suitable par-
abolic Aleksandrov-Bakelman-Pucci (ABP) inequality and a comparison principle
achieved with a barrier function. Then we derive an induction relation in Lemma 3.5
by Lemma 2.3. Finally some classical arguments permit to obtain Proposition 3.1.

Let © C R and u,—v € LSC(2). We say that v touches u from below
at (z,t) € Qif

v(z,7) <wu(z,7), for (z,7)€Qand 7 <4,
v(x,t) = u(z,t).

We say that u touches v from above at (z,t) € Q if v touches u at (z,t) € Q
from below. Let (y,s) € R4 A polynomial P is called a concave paraboloid of
opening k > 0 if

Pysin(z,7) = =5z — y|2 + k(T — 3).
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Similarly, a polynomial P is called a convex paraboloid of opening x > 0 if

Py on(z,7) = 5|z — y|2 — k(T — 9).

To state the estimate, we require some notation. Given a domain Q C R4+1,
and a function u € LSC(?), define the quantity

O(z,t) = O(u,Q)(z,t) :=inf {A>0:Ip e R st. Y(y,s) € Q, s <t,

u(y,s) > u(@,t) +p- (y — ) = A(gle -y + (t—9)}.
Similarly, for u € USC(Q),
O(z,t) = O(u,Q)(z,t) :=inf {A>0:3FpeR? st. Y(y,s) € Q,s<t,
u(ys) Sulw,t) +p- (y—2) + A(zle -yl + (- 9))},
and, for u € C(9),
O(z,t) = O(u, V) (2, t) := max {O(u, V) (x,t), O(u, Q) (z,1) } .

The quantity O(z,t) is the minimum curvature of any paraboloid that touches u
from below at (z,t). If u cannot be touched from below at (z,t) by any paraboloid,
then O(z,t) = +oo. A similar statement holds for ©(x,t), where we touch from
above instead. Moreover, a function u is C1'! on a closed set I' C Q if and only
if w has tangent paraboloids from above and below with respect to ) at each point
of T.

The form of the W< estimate we need is given by the following proposition.

Proposition 3.1. If u € LSC(Q1) and L > 0 satisfy the inequality
Ou+PY A (D*u) > =L in Qy,
then for all k > 0,

|{(:L',t) S Q1/2 (0,*%) :@(qul)(xvt) > H}| <C (m) ’

where the constants C and € > 0 are universal.

We emphasize here that O(u, Q) is defined in terms of quadratic polynomials
that touch u at (z,t) and stay below u in the domain QN {(y, s) : s < ¢}, which is
full in space and restricted to global times less than ¢.

Instead of working with the sets {© < kk}, we are going to consider some
new sets A, for k > 0. We are inspired from the elliptic definition introduced by
Savin [12] and recently also used by Armstrong and Smart in [3]. In the parabolic
setting, define, for every x > 0,

A, = {(m,t) € Q1 : 3y, s) € Byx(—1,t] s.t. u(ac,t)—iqr?lfu—i—m (Rlz—yl> = (t—y9))
1

= inf 7)) —infu+k (22 —y|> — (7 — ):0}. 3.1

(z,;%@,(w 7 —infut s (312 of? (7~ 5) (3.1)

It is important to notice that s takes part in the definition of A, only to adjust the
infimum to be equal to zero. Moreover, the definition of A, given above is adapted
to the domain Q). It is clear how to change this definition of A, to deal with more
general domains.
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The next lemma gathers some properties about the sets A,. In particular, the
link between A, and © is precised.
Lemma 3.2. Let u € LSC(Q), k > 0 and A, be defined by (3.1). Then we have
A C{(z,t) € Q1 : O(u, Q1) (x,t) < K}
Moreover, for all 0 < k1 < Kk, we have A,, C Aj.

Proof. Let (z,t) € As. Then (z,t) € Q1 and there exists y € By such that for all
(2,7) € @1, 7 < t, we have

u(z,7) + k(32 —y? —7) > u(z,t) + k(3] —y? —t).
After rearranging the terms, we get
u(z,7) > u(z,t) + 5 (5(lz —y? = [z —y[*) = (t = 7).
An algebraic manipulation yields |z —y|? — |z —y|? = — |z — 2|* +2(y — 2) - (z — @).
If we choose p = k(y — x) € R%, the last inequality can be written in the form
u(z,7) > u(z,t)+p-(z —x) — n(%(|:c—z|2 + (t—T)) ,

for all (z,7) € @1, 7 < t, which gives precisely ©(u, Q1)(z,t) < k.
For the second assertion, let (x1,t1) € Ax, and k > k1. Hence there exist y; € By
and —1 < s1 <t such that

u(wy,t) — ig)lfqu k1 (3o — yil® = (t — s1))
1

= inf w(z,7) —infu+ry (3z—p|>—(r—s >0. 3.2

it (uen) iyt (- - (- 5)) =0, 32
T<t

For (y,s) € R*! let P be the paraboloid given by

P(z,7) =k (%|z —yPr = (r - s)) — K1 (%|z —|* = (1 — 51)) . (3.3)

Assume that we have shown there exists (y,s) € By x (—1,¢1] such that, for all
(z,7) € RH,

P(z,7) = (H—Iil)(%|z—$1|2—(7'—t1)). (3.4)

For this particular choice, the decomposition
u(z,7) —i(I?lfqun (%|zfy|2 —(r— s))
1
=u(z,7) — iélfqu K1 (%|z - yl|2 —(r— 51)) + P(z,7)
1

implies the result by using (3.2), P > 0 on By x (—1,%1] and P(z1,t1) = 0 by (3.4).
To obtain the assertion, it remains to show (3.4). By completing the square in (3.3),
the polynomial P can be written in the form

P(ZaT) = (’i - '%1) (%|Z - E(ya 3)|2 - (T —?(y,s))) ’
with

(’fy - Hlyl) )

1 kK1 9
KS — K181 + = ly —w1l° ) -
2K — K1

2y, 8) = -

7(y,8) = — o
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We choose (y, ) to impose the condition (Z(y, s),7(y1,51)) = (z1,t1). This leads
to select

K K K 1 K
y:(1*—1)$1+—1y1 and St1—1<t151+—|$1y1|2(1_1)>-
K K K 2 K
It is clear by convexity that y € By. To show that s € (s1,t1], notice t; — 1 —
11 — y1]? > 0 by (3.2) and use £ > k1 in the expression above. O

Now we recall the standard tool in the theory of viscosity solutions (see [7] for
further details). We denote the infimal convolution of u € LSC(Q4) by

2
,t) = inf )+ =(|z — x|+ —t2>.
wlent) = int (i) + 2z = o + (7= 1)
Moreover, if f € C(Q1) and

8tu+fP:\"7A(D2u) >f in Qq,

then there exist a sequence of functions f. € C(Q1) which converges locally uni-
formly to f respectively, as € — 0, such that u. satisfies

dpu+ Py A\ (D*u) > f. in Q1. (0,Ty),

when r. — 0 and 7. — 0 as ¢ — 0. The function u, is more regular than u and, in
particular, is semiconcave. It is a good approximation to u in the sense that u. — u
locally uniformly in @ as € — 0. For us, the main utility of these approximations
is the semiconcavity of u.. If u. can be touched from below by a smooth function ¢
at some point(y, s) € Q1, then u. is C1'1 at (y, s), with norm depending only on &
and |D%¢(y, s)| and 9yp(y, s).

The following lemma is the form of the ABP inequality we are going to use.

Lemma 3.3. Assume that L > 0 and u € LSC(Q1) satisfy

Oyu+ Py (D*u) > —L in Q1.
Suppose that a > 0 and V C R4 is compact such that, for each (y,s8) € V, there
exists (z,t) € Q1 such that

u(z,t)—iélfqu%|zfy|2fa(t—s)
1

— 1 f , s f + 2 _ 2 B B _ 0. 3.5
(z,r)gclgl,rgt (u(z T) 131 U35 |Z yl a(T s)> ( )

Let W := {(z,t) € Q1 : (3.5) holds for u for some (y,s) € V}. Then
1 L d+1
<=|(14+—=—+Ad . .
Vi< (1+Eead) ) (35

Proof. The proof is divided into two steps.
Step 1. We make two reductions. First, by replacing u by u + « (%|1‘|2 — t) and L
by L + C« and letting @ — 0, we may suppose that there exists > 0 such that
for every (y, s) € Q1,
min u(z,7)+ &|z — 2_ar
(m)eczl\czlfmrgt( (z.7) + 51z~ )

> inf ) 4 &z —y|2 — .87
i () gy —ar). ()
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Next we make a reduction to the case that u is semiconcave by an infimal convo-
lution approximation. According to (3.7), for every sufficiently small £ > 0, there
exist 0 < r. < 1 and —1 < T. < 0 such that, for each (y,s) € V, there exists
(z,t) € Q1-r.(0,T;) such that

t)—  inf Lz —y* —a(t —
ue(@,t) Qlfi?(O,Ts)ue—i— slo —yl" —alt =)
= inf u(z,7) — inf  w.+%lz—yP—alr—s)) =0, (3.8
gt (e =gl ot -s)) =0, @9
and
limr. =0 and lim 7. = 0.
e—0 e—0
Set

We :={(x,t) € Q1—,.(0,T¢) : (3.8) holds for u. for some (y,s) € V}.
Assume that we have shown that
limsupW, C W, where limsupW, := ﬂ U Ws, (3.9)
e—0 e—0 e>00<5<e
and for all € > 0,
1 I d+1
Vi< (1 += +Ad) |We. (3.10)
Then, since sup0<6<1/2|W5| < |@Q1] < 400, the inequality limsup,_,|W:| <

[lim sup,_,o We| holds true and we have

d+1
1 L
vl < = (1+—+Ad)
(3.10) A a

d+1
1 L

< —(1+—+Ad) |[W1.
a

lim sup W,
p We o) N

e—0

Thus we deduce (3.6).

To obtain the lemma, it remains to show the assertions (3.9) and (3.10).

For (3.9), let (x,t) € limsup,._,, W.. Up to a subsequence, we can assume that
(x,t) € We N Q1-.(0,T) for all € > 0. By the definition of W, there exists
(Ye, Se) € V such that

) — inf g —y|* —a(t —

el 1) Qum(0.1) T ale el —alt —s)

= i f ) - i f 2 - 2 - - = 0
(5:7)€Qime (O.T.) <t (UE(Z ™ Qim0 Talz vl —alr =)

(3.11)

Since V' is compact, up to extracting a subsequence, there exists (y, s) € V such that

(ye, 8¢) — (y,8) as € — 0. By convergence of u., we deduce that u.(x,t) = u(z,t).
e—

Moreover, since u. > u and u. — u locally uniformly on @1, we have

lim inf ue = inf u.

e—=0 Qlf’f‘a (OvTE) Q1
Letting ¢ — 0 in (3.11) yields (x,t) € W. This completes the proof of (3.9), and
therefore it remains to prove (3.10), that is, the statement of the lemma under the
extra assumption that u is semiconcave.
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Step 2. Assuming u is semiconcave, we give the proof of (3.6). Select a Lebesgue-
measurable function Z : V — @7 such that the map

(z,t) = u(z,t) —iqrglfu—i—a(az —y? = (t—23))
1
attains its infimum in Q1 at (z,t) = Z(y,s) and this infimum is equal to zero.
For example, we may take Z(y, s) to be the lexicographically least element of the

(necessarily closed) set of infima. The function u is C*' on A := Z(V) and Z has
a Lipschitz inverse Y = (¥, 35) given by

1
y(z,t) =2+ aDu(z,t),
S(2.t) =t — ~u(z, ) — 2|z — Gz, )2
S(z,t) = auz, 512~z .

By Rademacher’s theorem, Y is differentiable almost everywhere on A for the d+ 1-
dimensional Lebesgue measure. Then, by using the Lebesgue differentiation the-
orem, we see that u is twice differentiable in space and differentiable in time at
almost every point of (z,t) € A and, at such (z,t), we have

D?u(z,t) > —aly and du(z,t) < a.
Thus,
1
Dy(z,t) = I+ ~D*u(z,t) > 0
a

as well as
1
— Mr(Dy(z,t)) = PY  (Dy(z,t)) = PL (Id + —D?u(z, t))
; , a

1 1
> —P7 (D2u(z,t)) + Py A (La) > —(—L — Owu(z,t)) — Ad,
a * a
and therefore
_ 1 L
0<Dy(z,t) <~ [1+ =+ Ad).
A a
Similarly D?u(z,t) > —al, implies that
1 1 L
1= 20u(,t) <1- = (-L— P} \(—aly)) =1+ = + Ad
a ; a

a

An application of the area formula for Lipschitz functions gives

V| = / |det DY (z,t)|dzdt = / det <I+ lD2u(z,t)) <1 - 18,5u(,z,t)) dzdt
A A a a

d
1 L L
<—(14+=+4Ad) (1+=Z+Ad) |4,
A a a
from which we obtain the lemma, using that A C W. O

In our analysis, an important role will be played by the functions ¢ which we
define by

o, ) i= et +7)" ( . 9) |
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The parameters a,b and ¢ will be adjusted with the uniform ellipticity constants
and the opening 0 of the parabolic balls of the form Gg14,(0,—7) with 7 > 0.
More precisely, we will consider the choice given by

14 dA6
a:max{ ) ,9} (3.12)
and
b = max { 2ddat 1 Ada 1 } (3.13)
1 — e3—ab~1 g3—ab1
and
c=2(1+7)ttes? " (3.14)

We next show that, with this choice of parameters, ¢ is a nonnegative subsolution
in Gg,14-(0,—7) which vanishes on the lateral boundary of Gg14+,(0,—7) and is
not too large initially. This plays the role of the “bump function” from the elliptic
case [4, Lemma 4.1].

Lemma 3.4. Let 7 > 0. For a,b and ¢ given by (3.12)—(3.14), the function ¢
satisfies

D6+ PLA(D26) < —1, on Go14r(0,—7) N {(y,5) : 5 > O},

¢ = Oa on apGG,lJrT(Oa 77_) N {(yv S) 18> 0}5
¢ >0, on Gg14+-(0,—7) \ 9,Go,14-(0, —7),
0< <8, on Gg14+-(0,—7) N {(y,s) : s =0},
with > 0 given by
(1 + T)b+1 af~!
Bi=2-T L (e 1),

T

Proof. Let us introduce the variable p := |z|?/(t + 7) and the function 1 given by
W(p,t) = c(t + 1)~ FDemar,

First, by inserting the value of ¢ given by (3.14), observe that
P(p,t) >2 on Goi4.(0,—7). (3.15)

The two last properties are immediate to check. Thus we focus on the first assertion.
The time derivative of ¢ is given by

(. t) = (p,t) (—(1 = e+ ap)
and the Hessian of ¢ is given by
K x TR
D2 —9 l42ap) T2t (122
o(,t) ap(p,t) (( + 2ap) EE ( |2 ))

and has eigenvalues 2ay)(p,t) (—1 4+ 2ap) with multiplicity 1 and —2at)(p,t) with
multiplicity d — 1. Hence

2a (d — 2ap) A, if p < (2a)7 1,

PRa(D%0(w, 1) = bip.1) {2@(—)\ (=1+42ap) + (d—1)A), if p= (2a)7".
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We distinguish two cases. If 0 < p < (2a)7 1,

-1

Do (w,t) + PL A (D2(w,1) = b(p, 1) (~(1 = e )b+ a(p + 2(d — 2ap)0))

< ¥(p,t) (—(1 S 2daA)
(3.12)

S 7%1/}(/)7 t)
(3.13)

By using (3.15), we obtain the desired upper bound. Now assume that (2a)~! <
p <071,
Bud(@, 1) + PL A (D20, 1) < (p, 1) (—(1 = @~ N+ a(1 ~ 4aA)p + 2dah )
< (p,t) (—b + 2adA + be®P=0) 4 q(1 — 4aA)p) .

The function p — bea(P=0~") +a(1—4aX)p is decreasing on | — 0o, po| and increasing
on [po, +oof with pg := 1 1In (24=L) + ¢=1. By (3.13), the coefficients a and b are
chosen so that pg < (2a)~!. Under this assumption, the upper bound on the interval
[(2a)~1,671] corresponds to p = =1 which provides

Op(z,t) + 3’1‘7A(D2¢(z, t)) < Y(p,t)a (2dA+ 671 — 407 a)

S 71/}(/)7 t>a’9_1 S 71/}(/)7 t)
(3.12) (3.12)

By recalling (3.15), we obtain the desired upper bound. (]

The following lemma contains the measure theoretic information necessary to
conclude the proof of Proposition 3.1. The argument relies on Lemmas 3.3 and 3.4.

Lemma 3.5. Let3/4 <6, hg >0, k1 > 0, A, be defined by (3.1) and Go o (xo,t0) C
Q1. There exist constants M > 1 and o > 0 depending only on 0 and d, A\, A such
that, if (xo,t0) € Ak, and k > K1, then

[Ank N Gy, (20, to)| 2 |Gy (w0, T0) N Al + 0n|Gy (20, t0) \ Axl.
Proof. We decompose the measure estimate into two parts
|[Ars N Gy (o, t0)| = [Ax NGy, (o, to)| + [(Anik \ Ax) N Gy, (205 t0)]-
It is enough to estimate (A, \ Ax) N Gy, (0,t0)]. We claim that

‘G;ho(zo, t0) \ Ax

For k > k1, we define the collection of parabolic balls given by

1 _
< ‘(AMN \ A) N Gy (20, t0)] -

B = {Gg,h(:n,t) (x,t) € Gy, (05 t0),
Gon(z,t)N G;ho(zo,to) N{(y,s):s<t+h}CQ1\ Ax
and Go,n(x,t) N{(y,8) : s =t +h} NGy, (zo,t0) N Ax # (7]}.
Notice that for all (x,t) € Go o (z0,t0), the point (xo,to) belongs to the parabolic

ball Gg i,—¢(x,t). Observe that (zo,to) € A by applying Lemma 3.2 with (zo,to) €
A,,. This implies that for all Gg 5 (z,t) € B, h <tg—t < ho. Then, by Lemma 2.3,
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we may extract from B a countable subcollection {Gy ), (zi,t;) : i € N} such that
the G ;, (zi,t;) are disjoint,

Gypo(@o.to) \ Ax € | J Gy (wints)  and 2=

i€EN |G97hi (w4, t:)]

with 7 given by (2.3). By combining these, we get
_ ~ 1
|Gy o (@0, t0) \ Axl <D |Gon, (s ti)] = = > |Goon, (@i ).
i€N M ien
Next we complete the proof under the assumption that for all i € N,
|G9,h-; (ZL'Z', tz) M G;,ho (1‘0, to) n AI\/[,Q| Z U|G9,hi (ZL'Z', tz)| (316)

for some constants M > 1 and o > 0, depending only on 6, d, A and A. Using also
that the selected balls are disjoint, we obtain that

1 _
Z |Go.n, (zi,t:)] < p Z ‘Ge,hi (zist:) N Gy, (o5 t0) N A

€N i€N

U Gé,hi (mi,ti) n {(y, S) s <ty + hl} N G;ho(xo,to) NApel-
i€EN

1
o

Since every ball in B satisfies Gon(2,t) N {(y,s) : s <t+h} N Gy, (zo,t0) <
G o (ost0) \ Ay, we deduce that

- I
[Go.no (70 t0) \ Anl < 2 |Gl g (20, 20) 0 (Anr \ Ar)

The proof is complete, pending the verification of (3.16), which is achieved in the
next lemma. 0

The following lemma is the key step in the proof of Proposition 3.1.
Lemma 3.6. Let 3/4 <0, k1 >0 and Gy, (z0,t0) € Q1. Suppose u € LSC(Q1)

satisfies

dyu+ PY \(D*u) > 0. (3.17)
There exist constants M > 1 and o > 0 depending only on 0 and d, \, A such that
if (xo,to) € Ak, K > K1, then for all (z,t) € G;ho(xo,to) satisfying

Gon(x,t) N {(y,8) : s =t +h} NGy, (w0,t0) N Ax # 0,

we have
|Gon(z,t) NV An NGy g, (T, t0)| > 0|Gon (2, 1)].

Proof. Let (21,t1) € Gon(x,t) N {(y,8) : s =t +h} NGy, (v0,t0) N Ays. By the
definition of A, we can touch u at (z1,t1) from below by a concave paraboloid of
opening k: there exist y; € By and —1 < s1 < t; such that
u(z,t1) — ig?lfu + 5lz1 — y1> — k(t1 — 51)
1

- inf w(z,7) —infu+ 5|z — 1|2 — k(1 — s )0. 318
(2,7)€EQ1,7<ty ( ( ) Or 2| y1| ( 1) ( )
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Step 1. Let Q(z2,t2) C Gon(z, NGy 1, (20, to) be the cylinder given by Lemma 2.2
(see Figure 1). In particular,

h 1 /h 4
t2=t+§ and 7‘2;\/; withy:ﬂ_l. (3.19)
If we set ) )
o
= mi 1, ———— d §:= — 2
a mln{ ,(1+\/§)2} an 1620 >0, (3.20)

we claim that the parabolic ball (see Figure 1)
Gy = Gaﬂh(%Jﬂ;)(l‘g,ﬁQ - (5h)
satisfies
Gan{(y,s):s<ta} C @T/4(:L'2, t2) (3.21)

and

(21, tl) S (G2 \6PG2) n {(y, S) s = tl}. (3.22)
To obtain the first assertion, it suffices to show that the vertex (xq,ts — dh) of G
is in @T/4(z2,t2) and G2 N{(y,s) : s = t2} C B,a(x2). First, by using (3.19)
and (3.20), the inequality

2
oh < L a gr2r? = 22 < T
1602 0 16 16

implies (w2,ty — 0h) € Q,./4(w2,12). By the definition of the parabolic ball G and

using (3.19) and (3.20), each (z,t3) € Go satisfies |z — 22|> < a7 16h < ’1”—; Then,
for the second assertion, observing that (z1,%1) € Go n(z,t) N{(y,s) : s =t + h}, it
is enough to show that

Gon(w:t) 1 {(y5) 5 = t+ R} C (Gg\apGg)ﬂ{(y,s):s:tg—i-g}.

Let (2,7) € G n(x,t)N{(y,s) : s =t+h}. Since (z2,t2) € Ggn(x,t)N{(y,s) : s =
t+h/2} and § > 0, we get

|z—x2|<|z—x|+|x—x2|—(1+ \/7 1/
9(320)

This is equivalent to (z,7) € (G2 \ 9,G2) ﬂ{ Y,8) 8=ty + 2} which gives (3.22).

Step 2. We claim that there exists (z2,%2) € GaN{(y, s) : s = t2} such that
u(ze,ta) — i(rglfu + El2o — y1|” — K(te — s1) < (dA + 3)KkBOVr®. (3.23)
1

By applying (a properly scaled) Lemma 3.4, there exists a barrier function w which
satisfies
Oyw + fP;tA(DQw) < -1, inGanN{(y,s):s>ta},
w =0, on 9,GaN{(y,s): s> ta}, (3.24)
0 <w < Bh, on Ga N{(y,s): s =ta},
and w > 0 in (G2 \ 9,G2) N {(y,s) : s > t2}. In particular, this implies by Step 1
that w(z1,t1) > 0. We have that w < Shin Ga N {(y,s) : s > ta} by the maximum
principle. Observe that the function

(2, 7)== ((dA + 1)k + 2r1)w — §]2z — y1|2 + KT,
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(z0,t0)

so (=2, t2) s

5:(;2,_;2; 77777 . BN I
Gonla, D) 3 Qr(22,t2) ;_’3 |
,,,,,,,,,,,,,,,, /4 i
(@,1) D
FIGURE 1. Q.(z2,t2) C Gon(z,t) N G;,ho (xo,t0) and Go =
Go,n(1/246) (T2, t2 — Oh).
satisfies
O + TPIA(DQ@) < —2K1.
Notice that u satisfies
Opu + fP;tA(DQU) > —Ki. (3.25)

The comparison principle implies that the map (z,7) — u(z,7) — ¢(z, 7) attains its
infimum in Go N {(y, s) : s > t2} at some point (z,7) = (22,t2) € 0p(G2 N{(y, s) :
s > ta}). It is impossible that (22,t2) € 9,G2N{(y, s) : s > ta} since (3.18), w =0
on 9,GaN{(y,s): s> ta} and w(z1,t1) > 0 imply that

u(z1,t1)—p(21,t1) = u(z1,t1) + 5|21 — y1|2 —kt; — ((dA + 1)k + 261)w(z1,t1)

< inf  (u(z,7)+ &z —1|? — kT
(3.18) (2,7)EQ (u(z7) + 512 = wal )

T<T1
< inf + Bl — gy ? = = inf ulz, 7) —p(z,7)).
< if o (un) gl - nP ) = ot (ul ) - eT)
to<T<ty to<T<ty

Moreover, it is impossible that (z2,t2) satisfies to = t1 since @ satisfies
O t1) + U’j\'yA(DQ@(-,tl)) < —2k; for Gan{(y,s):s=1t1}.

Hence (z2,t2) € GaN{(y,s) : s = ta} and so, in particular, by (3.21) satisfies
|zo — 22| < ir, and
©(z2,t2) = ((dA + 1)k + 261 )w(22, t2) — 5|22 — yl|2 + Kito.
Using that w > 0in Ga N {(y, s) : s > t2}, we obtain that
u(z1,t1) + 521 — yil? — Kt > u(z1,t1) — @(z1, 1)
2 inf (u(sz) - 80(2, T)) = u(227t2) - W(ZQ, t2)
Gan{s>t2}
=u(z2,t2) + 5|22 — y1|2 — kta — ((dA 4+ 1)K + 2K1)w(z2, t2).
By combining (3.19) and (3.24), we know that

w(za,t2) < BOVT.
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Using this together with (3.18), (21,t1) € (G2 \ 9,G2) N {(y,s) : s = ta + 2}
(by (3.22)) and K > K1,

inf Elo 0|2
(277')61221,7'§t1 (U(Z’T) +3 |z — 1] m—)

> u(ze,t2) + £lza — 1 |* — kta — (dA + 3) SOV,
Recalling (3.18), we obtain (3.23).

Step 3. Let 7 := 17(dA+3)30r. We claim that for all (y2, 52) € Gy 2 16 (zz,tQ f 1—6)
there exists a point (z3,13) € G1/2.4,—s, (Y2, 52) C Qr(¥2,t2) such that
X(z3,t3) = inf x(z,7) =0, (3.26)
(Z7T2§Q1
T3

where the function x is given by
Xx(z,7) :=u(z,7) — 1(1211fu + E8lz —yi? — k(T — 51) + Lz — yo|® — vK(T — s2).
Observe the function x can be written in the form
x(z,7) = u(z,7) - 1(1211fu = Py syie(2,7) = Pyysaiyn(2,7)
where Py, s,;x and Py, s,.vx are the concave paraboloids
Py suin(2,7) = =5z = yi* + w(7 — s1)
{ Pyysaivn(2,7) 1= =5 |2 = g2 + (7 — s2).
Let (y2,$2) € G;/27T2/16 (ZQ, ty — %) By combining Steps 1-2, observe that
(22,t2) € GaN{(y,s) : s =ta} C @T/4(:E2,t2).
By applying Lemma 2.2 part (P3), we get G'1/24,—s, (42, 52) € Qr(22,t2). Define
¢(t) :=inf {X(Z,T) 2 (2,7) € Giyaty—s, (Y2, 82), T < t} .
To prove the claim, we will use the three following facts:
t — inf {X(z, 7): (2,7) € Q1 \ G1)2,t5—s, (Y2,52), 7 < t}
is nonnegative on [so2,ta], (3.27)

and
X(227t2) < 0 S X(y2752)5 (328)

and

t — ((t) is non-increasing and right-continuous on [sa, o],
and left-continuous on [s2,t2] N {s: ((s) < 0}. (3.29)

Assuming that we have shown (3.27), (3.28) and (3.29), let us prove the claim given
by (3.26). Then for all ¢ € [sa, ta],

inf {x(z,7): (2,7) € Q1,7 <t}
= min (C(t),inf {X(Z,T) 1(2,7) € Q1 \ Giya,t—s, (Y2, 82), 7 < t}) .
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By (3.27), the second infimum in the right-hand side above is nonnegative for
t € [s2,t2] and it suffices to study the sign of {(¢). First notice {(s2) = x(y2,$2) > 0
by (3.28). Then, since (22,t2) € G1/2,,—s,(Y2, 52) We obtain also by (3.28) that

C(t2) < x(22,t2) <O0.
By (3.29), we deduce there exists a time t3 € [s2,t2) such that
¢(t3) = inf {X(Z,T) 1 (2,7) € Giyaty—s,(Y2,82) and 7 < t3} =0.
Since x € LSC(Q1), there exists (23,t3) € G1/2,4,—s, (Y2, 52) realizing this infimum,
and so, satisfying (3.26). Then, the inclusion G /a4, —s, (Y2, 52) € Qr(w2,t2) yields
the claim. To complete the proof of (3.26), it remains to check (3.27), (3.28) and
(3.29). To get (3.27), observe that, for all (z,7) € Q1 \ G1/2,¢,—s, (Y2, 52), T < ta,

2
T — sy — 127wl Qyz‘ <0,

and so,
x(z,7) >u(z,7) — i(rglfu — Py, s1n(2, 7).

1
By (3.18), the right-hand side in the inequality above is nonnegative. Therefore,
we have x(z,7) > 0 for all (2,7) € Q1 \ G1/2,t,—s, (Y2, 52), T < ta < t1. By passing
to the inf, we obtain (3.27). By repeating (3.18), we also obtain that

X(y27 52) = U(y27 52) - lélfu - Pyl,sl;lﬂ(yQa 52) Z 0.
1

2

For (3.28), since (y2, $2) € G;/Q 216 (22, to — I—6), we have

|y2—222|2 > r?

tQ—SQ— Z 1g-

2
T

This implies Py, s,;yx(22,t2) > yr5. By using also Step 2, we obtain
X(22,t2) < (dA + 3)kBOV*r* — ’}/K%.
By inserting the value of ~, we get
(dA + 3)kB0V*r? — yrTe = 527 (16(dA + 3)56° — ~) < 0,

and the claim (3.28) follows.

For (3.29), it is clear that ¢ is non-increasing. Moreover, ¢ € LSC(Q1) since
u € LSC(Q1). The lower semicontinuity and the monotonicity of ¢ imply that ¢
is right-continuous. To show that ( is left-continuous, we argue by contradiction.
Assume there exist ¢ € (s2, 2] and a strictly increasing sequence r — ¢ such that

(), — @) > @), with ¢(B) <0, (3.30)

where (7 (7) denotes the limit from the left of ¢ at 7. Define
P(z,7) 1= Py, 510(2,T) + Pya sniyn(2, 7).
By (3.30), we deduce that for all (z,7) € G1/a,t,—s, (Y2, 52), 7 < t,
u(z,7) —i(rgllfu—P(z,T) > (¢ (1), (3.31)

and there exists (Z,t) € G1/2,4,—s, (y2, s2) such that

C(t) = U(E, z) - lglfu - P(Ea z) = X(Ev %)

=inf {x(2,7) : (2,7) € G1/2,t5—s, (y2,82), 7 < T} . (3.32)
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Notice that by using (3.18), ¢(f) < 0 implies that (Z,7) € G1/2,4,—s,(¥2,52) \
0pG1/2,t,—s, (Y2, 52). Let ¢ be a smooth function such that u — ¢ has a local min-
imum at (z,%). Denote ¢ the map ¢(y,s) := @(y,s) — L(s — t) with L > 0 to be

selected below. For s > 1, using that ¢(z,t) = ¢(z,t), we obtain

u(y, s) — d(y,s) = (u— d)(y.s) + L(s — ) > (u — $)(Z, 7). (3.33)

Consider now s < ¢,
’U,(y, S) - g(yv S) (3231) C_ (Z) + ICI?llf’U, + P(yv S) - ¢(y7 S) =+ L(S - Z)
> w(zD)—-o(Z0+P(y,s)—PE D)~ (8(y, 5)—¢(Z. 1)+ @) —C([E)+L(s—1).

(3.32)

On the set

{(%5) € G1y2,t5—s5 (42, 52) \ 0pG1 /2,155, (y2,52) 1 s <t and

max {|P (1) ~ PEDLI6015) = 6D Lls 1} < 3¢ 0 - ) .

the following inequality holds true

u(y,) = 8y, ) > u(%8) ~ 6.0) + (¢ 0) ~ (@), (3:34)

and by putting together the two cases (3.33) and (3.34), the map (y,s) — (u —
¢)(y, s) has a local minimum at (Z,7). Using that u is a supersolution of (3.17), we
obtain

0 < 0i6(z.8) + PL A (D*(2,0)) = —L + 8,:8(z,1) + P A (D?6(z,1).

Taking L := 1+ 8;¢(Z,1) + TPIA(DQ(b(E, t)) > 1, we get a contradiction.

Step 4. Consider the function Z : G1_/2 216 (zz, ty — 71«_;) s Q1 given by Z(y, 5) =
(2(y, 5),7(y,s)), where

Z(y,s) = 513 (y1 + ),

7(y,8) = =31 (81 T — ozl — y|2) :

Observe by completing the square that we have for all z € R?, 7 € R,

Slz—y? = w(1 = s1) + Tz — yo| = vR(T — 52)
= D5z — (g2, 2) — (7 + Dl = T(y2, 52).
It follows by Step 3 that the map

(2:7) > u(z7) — infu ot O (g, ) = (7 -+ 1) (7~ 7o, 52))

attains its infimum in @)1 at some point of @, (x2,t2) and this infimum is equal to
zero. Since u satisfies (3.25), we can apply Lemma 3.3 by taking L = k1 > 0 and
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we obtain
‘7 (G1_/2,r2/16 (ZQ,t? - %6) ‘
1 Ky d+1
<= (1+——+Ad (12,1t A wl- .
<3 < o0t ) |Qr(z2,22) N Ay 1)sl- - (3:35)
Since v > 1 and /(v + 1) > 1, we deduce by the change of variables formula that
7 - r? —d—1 - r?
‘Z (G1/2,r2/16 (22, tg — 1_6))‘ Z 2 ‘Gl/Q,TZ/lfi (22, tg — 1_6)‘ . (336)

By combining the explicit expression of a parabolic ball and (2.2), we deduce there
exists a numerical constant 0 < ¢ < 1 such that

_ 2 c
]Gl/w/m (22,12 - 1—6)‘ > S|Gon(a, )] (3.37)

By Lemma 2.2 part (P1), Q,(22,t2) C Gon(w,t) N Gy, (¥0,t0). By combining
this observation with (3.35), (3.36) and (3.37), recalling that x > x; and taking
M :=~ + 1, we obtain that

2-d=1)d c
(1+ -1 +Ad)t1 0

|Go.n(z,t) N Anrre ﬂG;ho(wo,toﬂ > |Go.n(z,t)],

=0

as desired. (I
We next present the proof of the parabolic W< estimate.

Proof of Proposition 3.1. We begin with four reductions. First, we may assume
that L = 0. Otherwise we replace u by u := u + Lt, which is solution of

o+ PY (D*u) > 0.
Let (z,t) € Q1 and A > O(u, Q1)(x,t). By the definition of ©(u, @Q1)(x, t),

1
u(y,s)+LsZu(z,t)+Lt+p~(zy)A<§|zy|2+(ts)>.
Since L > 0 and t — s > 0, we deduce that, for all (y,s) € @1, s <t,
1
o) 2 o) 4+ (o =)~ A (5o =y 4 (0= 9).

Then A > O(u,Q1)(z,t), and so O(u, Q1)(x,t) > O(u,Q1)(x,t). Under the as-
sumption the estimate holds true for @, we get
{(@,1) € Q2 (0,—3) : O(w,Q1) (=, 1) > K}|
< {(z,t) € Quy2 (0,—7) : (T, Qu)(x,t) > K}

K —E&
<C (7,\) .
supg, [ul

Observing that supg, [u| < supg, |u| + L, we get the desired estimate for w.
Next, using the positive homogeneity of iPi' » and © and replacing u by u :=
u/supg, |u|, we may assume that supg, |u| = 1. Finally, by Lemma 3.2, we have

{(z,5) € Q2 (0,—3) : O(u,Q1)(x,5) > K} < |Q1y2 (0,—1) \ Ail.
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Thus, it suffices to prove that there exist some universal constants C, kg, € > 0
such that for all kK > kg,

—€&
K
|Q1/2(0,—1) \ 4| <C (H—O) . (3.38)
Step 1 (Geometric configuration). Fix % < @ < 5. We consider the cube
Cr(0,Ty) == (0 + (=R, R)*) x (To — Heuve, To],
with Ty € (—3,—3], R > 0 which satisfies
1
< ——F,
(2 +160)Vd
and H.ype, depending on R and 6, given by

Heube == (1 +50)dR?.

(3.39)

To perform our analysis, we introduce two parabolic balls G /5 g, (0, T1) and G /2,7, (0, T3)
(see Figure 2) where the parameters Th, Hy, T» and Hs denote

Hy:=1dR® and Ty :=Tp+4dOR?,
Hy:=%dR® and Tp:=T\+H, — H, =T\ + 3dR”,
and a parabolic ball Gy y (20,%0) With (zo,t0) selected at Step 2 and
Hy =T, — Ty + Hi + Hewve = (3 +90) dR>.

To be well-defined, our argument requires that G2 g, (0,71) and G2 m,(0,T5)
are contained in @);. In particular, we need to check the condition 77 + H; < 0.
By using the explicit expressions of T1, H; and (3.39), we get

Ty + Hy = Ty + 4dOR* + 1dR* < —1 + (3 +40) dR* < 0.
Step 2 (Existence of the paraboloid for a certain kK = ko). We claim that there

exists (20,%0) € G1/2,m,(0,T1) such that there exists (yo,s0) € B1 x (—1,%o] such
that

u(xo, to) — iélfu + £lzo — yol® — K(to — s0)
1

= inf u(z,7) —infu+ £|z — 2 _ ol —s — 0. (3.40
(2,7)€Q1,7<to (z:7) o)} 212 = ol ( 0) (3.40)

In addition,

Cr(0,To) € Gy g, (zo,to) € Q1, (3.41)
and there exists 0 < £ < 1, depending only on 6, such that
|Cr(0,T0)| = €|Gy g, (z0,t0)]- (3.42)

To prove the claim given by (3.40), first we are going to find (xo,to) realizing the
infimum for a good choice of yy and  chosen sufficiently large. Then we are going
to determine sg such that this infimum will be equal to zero and we are going to
check that —1 < s¢p <ty to complete the proof.

First select (yo,70) € G1/2,1,(0,T2) such that

u(yo, 70) = inf {u(z,T) (2,7) € Giy2,m, (O,Tg)} ,
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G1/2,1,(0,T3)
(yo,70)
H1 _____ |
I
I
1
! Giy2,m,(0,T1)
:(07 Tl)
5 Hy
]
]
I
_______ B (0,1Tp)
chbe CR(O’ TO)

FIGURE 2. Geometry in the proof of Proposition 3.1: the cube
CRr(0,Tp) and the parabolic balls G /2 g, (0,T1) and G /5 #,(0,T2)
such that CR(O,T()) Q GO_,HU (xo,to) with (xo,to) € G1/27H1 (O,Tl)

and k such that

320
> ith = 24, — > 3.43
K> Ko Wi Ko max{ TR } (3.43)

Then for all (z,7) € Q1,
K 2 1 2
u(z,7)+§|zfyo| — KT > u(yo, T0) — KTo — 0SCQ, U + K §|Z*y0| — (=)

We check that 7o — 71 > 2H,. For all (2,7) € Q1 \ G124, (0,T1), 7 < 79, we have

2 .
slz—yol* = (r —m0) > s (VI =Ti—V2Hy)", if 7€ [5(T1+T2), 7],
’ a _% (T1+T2)+7-0’ if 7 < %(Tl—f—TQ)

By inserting the values of 71, Tp and by using that 79 € G2 1, (0, T2), we get

—LdR? ifre [ (Ty+T
sz —yol? — (T —7) > ¢ 160 nr [12( 1+ 1) ,70]
EdR’ 1fT<§(T1+T2).

Since oscg, u < 2, and recalling (3.43), this implies that

inf {“('Z’T) + 5z — yol? — k71 (2,7) € Q1 \ G1/2,m,(0,T1),7 < To}

> u(yo, T0) — KTo-
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Thus there exists (zo,%0) € G1/2,a,(0,T1), to < 7o, such that

2 3 2
u(zo,to) + §|zo — yol|” — Kto = (277)6183790 (u(z,7) + 5z — yol® — K7)

= inf Ely |2 _ _
(Z,T)elgl,rgto (u(z, ) + 2 |z — ol HT)

Now let sg < tg be defined by
1 1
:: t _— t - 1 f - - 2-
S0 0= = (U(CEO, 0) 161211 U) 2|551 Yo

Thus, the infimum in (3.40) is equal to zero. To complete the proof of the claim, it
remains to check that so > —1. By using that u(zo,ty) —infg, u < 2, we get

2 1 )
to —so < — + =|xo — yol”.
Kk 2

Since (zo,to), (Yo, 70) € Go,m,(0,T1), we get by inserting (3.39) and using 6 > 3/4
that

| |2<2H1 R _ 1 _1 1
xo — —=—< — % < — < -
0l =T 0 — 40(1+80)2 — 147 = 6
Thus we obtain
2 1
to— 50 < = 4+ —.
0SSt g

By using (3.43), we get
to — § < so < to.
Since to € [T1, T1 + Hi] = [To+4d0R?, Ty + (460 + 3)dR?], in particular, —3 < Tj <
to < 0 and we conclude that sgp > —1. This completes the proof of (3.40).
To show (3.41), first notice that |xo| < V/dR since (z0,t) € G1/2,1,(0,T1). Now
observe that each (y,s) € Cr(0,Ty) satisfies to — s < Hy and

ly — xo| < |y| + |wo| < VAR + VAR = 2VdR.

This means (y,s) € Gy g (7o, to) since Ty — Ty > 4dGR? (see also Figure 2). By a
direct computation, we check (3.42).

Step 3. By Step 2, the point (zg, o) belongs to A,,. By Lemma 3.2, we deduce
that, for all kK > ko, (zo,to) belongs to A,,. Then we can apply Lemma 3.5 and we
get that for all kK > ko,
[Anw N Gy g, (w0, t0)| 2 |Gy, (w0, t0) N Ax| + ol Gy gy, (€0, t0) \ Akl
After rearranging the terms, this implies
Gy, 1, (w0, t0) \ Antr| < (1 —0m)|Gy gy, (0, t0) \ Axl. (3.44)
Step 4. We claim that for all k > kg, we have

1 K
|Cr(0,T0) \ Ax| < 0 —on (—

Ko

) a1

where ¢ is given by ¢ := 7% > (. First we obtain the decay measure estimate

on the parabolic ball Gy 5 (xo,t0). Let k > ko and N be the integer defined by

MNVko <k < MNtlgy = N:= [ﬁ In (Kioﬂ -1
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Here [r] denotes, for r € R, the smallest integer not smaller than r. Then by using
iteratively (3.44) given by Step 3, we deduce that

G511, (w0, t0) \ Ax| < (1= on)¥|Gy . (w0, t0) \ Ary -

By inserting the value of N, we conclude that

_ 1 N\
|Gg 1, (w0, t0) \ Ax| < T 0-77|G9,H0(:C0’t0)| (H_o> :

By combining (3.41) and (3.42) (see Step 2), we come back to the cube Cr(0,T))
and obtain the desired estimate.

Step 5 (Covering argument). We cover (/2 by

Q12 (0,-3) C U Cr(Xi,T)) C Qs
1<i<N
where the parabolic cylinders Cr(X;,T;) := Cr(0,To) + (X;,T;) — (0,Tp) are dis-
joint. Then
N

|Q1/2 (0,—5) \ Ax| <D [Cr(X:, To) \ Al
i=1
By applying Step 4 to each parabolic cylinder Cr(X;,T;), we get

N —€
1 K
0,—2 Aﬁ<7§ Cr(X:,T)| | — | -
‘Ql/Q( ) 4)\ | = 5(1 7077) i:1| R( )| (KO)
N
Since g |Cr(X:, T:)| < |Q1], we get the estimate given by (3.38). O

=1
4. PROOF OF THEOREM 1.2

To prove Theorem 1.2, we differentiate the equation to obtain the result from
the parabolic W2 estimate obtained in Section 3. In the elliptic case, the proof
of the elliptic W3¢ estimate strongly uses the C'® estimates in order to apply
W?2¢€ estimates on the components of the gradient Du. In the parabolic case, the
C1* estimates do not imply that u is differentiable with respect to the time variable.
Thus the main new challenge which arises is to upgrade the regularity with respect
to time, which is accomplished in Proposition 4.1.

The idea of the proof of Proposition 4.1 is to separate time and space in order
to gain local regularity. First we are going to obtain regularity in space for a fixed
time s, by applying the W?2¢ estimate on the derivatives of u. This step gives
good quadratic approximations in space and, since u solves the PDE, we obtain a
first-order approximation of the solution with respect to time. Instead of obtaining
directly the estimate like in the elliptic case (see [1]), we proceed by contradiction by
considering a local maximum (or minimum) and we use viscosity solution arguments
and the uniform ellipticity of the operator.

Note that we use u is solution of the PDE to obtain a connection between ¥(u)
and O(uy,), 1 <i < d, which is different than the elliptic case.

Proposition 4.1. Assume that F satisfies (F1), F(0) =0 and g(0,0) = 0. Suppose
that u € C(Q1) is a viscosity solution of (1.3) in Q1 such that supg, |u| < 1. There
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exists a universal constant Cy > 0 such that, for every k = (K1, -+ ,kq) € R‘i such
that |k| > 1,
d
m {(ya S) € Ql/? (Oa _i) : e(ulle)(yas) S K‘i}
i=1

< {w) € Qua (0.-3) : w(@.Q1)(y.5) < C1 (1+ llgllcnnqy)) Ixl}
Proof. Fix k = (K1, ,kd) € R‘i and (zo,%0) € Q12 (0, —i) such that, for every
1<i<d,
O(ug,, Q1) (w0, to) < K.
For all 1 < i < d, we select p* € R? such that, for every y € B; and —1 < s < tg,
|, (Y, 8) =tz (0, t0) — P - (y — 0)| < ki (370 — y|> + 10 — ) - (4.1)
Define the polynomial approximation P to u given by
P(y,s) = u(zo, to) + b(s — to) + Du(wo, o) - (y —z0) + 5 ((y — o), M (y — w0)) (4.2)

where b and M are going to be chosen. First we set M := (pz) € My. Then to fix

M+M"
2

b, up to replacing M by
take

in (4.2), we can assume that M € S; and then we

b.=-F (M) + g(.%'o, to) (43)
To estimate the difference between P and u, we separate the difference into two
parts, a space term and a time term

lu(y, s)—P(y, s)| < uly, s) —u(zo, 5) = Du(zo, to)-(y—z0) — 5 ((y—20), M (y—10))|
+ |u(zo, 8) — u(xo,to) — b(s — to)|-

We proceed in eight steps. Steps 1-2 provide the upper bound on the space term.

Then by introducing an adequate test function and arguing by a comparison princi-

ple argument, Steps 3-7 will give the corresponding upper bound on the time term.
Finally, we will conclude in Step 8.

Step 1. We claim that for all 1 <1i < d, (y,s) € Q1 with s < g,
|tz (Y, 8) =tz (y,0)] < w3 (Jzo —yl* +to —5) - (4.4)
To prove this, notice that
[z, (Y, to) — wa, (w0, t0) — 9+ (y — 2)| < GHlaro — yl*.

By combining this inequality with (4.1), we get
|ta; (Y, 8) = ta, (y, to)]

< Juay (y, 8) = wa; (20, t0) = p' - (y = @0)| + |ua, (¥, t0) — ua, (x0, t0) — p* - (y — o))

< ki (zlwo —yl* +to — 5) + 5t|zo — yl*.
The proposed estimate (4.4) directly follows.

Step 2. We next prove the following “slice estimate™ for every (y, s) € Q1 such that
—1 < s < ty, we have

[u(y, s) — u(xo, s) — Du(xo, to) - (y — x0) — 5{(y — o), M (y — x0))|
< Il (Ely = @l + Zls — [/ . (4.5)
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Since u € C! with respect to the space variable, we can write

I:= u(y,s) — u(zo, ) — Du(zo, to) - (y — w0) — 5((y — o), M(y — z0))]

_ \@ —0) [ Dteo-+7(y ), 5) — Du(sas to) = 77 (20 — o).

It is clear that I < I1 + Is where I; and I, respectively denote

I = ‘(y — o) - /0 Du(ao +7(y = x0),8) = Dul(xo + 7(y = x0)), to)dr

and

1
I := |(y — x0) - / Du(xo+ 7(y — x0),to) — Du(xg, to) — TM(x¢ — yo)dT
0

It remains to determine some upper bounds on /7 and I. For I, applying succes-
sively Cauchy-Schwarz inequality and Step 1 yields that

1
L <y — x| / |Du(zo + 7(y — x0),s) — Du(xo + 7(y — x0)),t0)| dT
0

1
< |y—:co|/ |72y — o2 + to — s)dr
0

< |sl (3ly — @ol* + ly — wolls — tol) -

We estimate Iy by using (4.1) and the same computations than those used in [1].
For sake of completeness and reader convenience, we give here the arguments. Ac-
cording to (4.1),

X 1
Uz, (o + T(y — 20),t0) — Uz, (w0, t0) — 70" - (y — 0)| < §f€i72|y — x|,

By Cauchy-Schwarz inequality,

1/ 1/2
Iy <|y— $0|/0 3 (Z fi?) 7’y — zol*dr = Iglly — 2o,
i=1
To obtain (4.5), it suffices to apply Young inequality which yields

2 V2
ly — zolls — tol < S|y — wol® + |5 — to|*/?,
3 3
and a simple calculation gives (4.5).

To complete the proof of Proposition 4.1, it remains now to get a similar estimate
for the term in time. We will show that there exists a universal constant Cy > 1
such that, for all —1 < s’ < tg,

[u(o, ') = u(o,to) = b{s' — to)] < Ca (1+ lgllcnrq,) ) I6llto = 572 (4.6)
We are going to prove that, for all —1 < s’ < tq,
wl(wo, ') = u(wo, to) = b{s' — to) > —Ca (1+ lgllcwnq,) ) Ivllto —5'1"/%, (47)

the argument for the reverse inequality is entirely parallel. To do this, we will
consider a suitable test function taking into account the size of b.
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Step 3. We claim that the following a priori bound on b = —F (M) + g(xo, to) holds

ol < e (18] + 1+ llglloon @) (48)

where ¢y > 0 a universal constant.

i

By considering (4.1) for s = ¢ and selecting y € Bj /4 C By such that zo—y = 1 |§i‘
if p' # 0, we get
i|pl| - SEp |uI1 (ya tO) — Ug,; (1'05 t0>|
yEB3/4
< g, (y, to) — s, (x0,to) = p* - (w0 —y)| < 5z — yl*

By rearranging the terms, we obtain

i|pi| < 3%,{1- + sup [tz; (Y, to) — uz, (To,to)| < 3%@ + 2 sup | Dul.
yE€B3/4 Qz/4

Now by Proposition 2.1, there exists a universal constant C > 0 such that

sup |DU| <C (1 + Hg”C“J(Qﬂ) :
Q34

We deduce that there exists a universal constant ¢ > 9/8 such that, for all 1 < i < d,

] < e (i + 1+ gl o ) -

If || M| denotes the (L?, L?)-norm of M, i.e. || M|| = supy,—; [Mz|, then our choice

for M = (p}) implies that

|M|| < de (|I€| +1+ I\gllcon(Ql)) :

Since F satisfies (F1) and F'(0) = 0, it is immediate to check that for all N € Sy,
|F(N)| < dA||N|. Thus, by using (4.3), ¢(0,0) = 0 and (o, %) € Q1, we get

[b] < dA[IM || + |g(zo, to)| < dAIM | + [lgllco.r(qy) »
and the claim (4.8) easily follows.
Step 4. Let s’ € (—1,1t9]. Next we show that
o>u holds on 8, (Bs/s x {s' <s<t}),
where we have defined
oy, s) := u(xo, ") + Du(zo,t0) - (y — z0) + 3 ((y — x0), M (y — x0))
+ (b4 (2 + 2llgllcon g ) Ialls’ = tol/2) (s =8+ S |wl(ly — ol +1s' ~to[?)

where 8 := max{1,2A(d + 1)} and Cj is a constant depending on d, A\, A and
HgHCle(Ql) given by

Co = 768 (c2 (1 + ||g||co,1(Ql)) + 3) . (4.9)
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First we claim that ¢ > u on B4 x {s'}. To prove this, it follows from (4.5) that
for all y € §3/4 C By,

u(y,s') < u(wo,s') + Du(wo, to) - (y — z0) + 3{(y — x0), M(y — x0))
Il (Bl = wol® + 21" — to]*/?) .

I

2 }, this yields that

u(, ) < é(,s") on §3/4.
Then we claim that ¢ > u on {(y,s) : |y| = 3/4,s' < s < to}. Arguing by
contradiction, assume that there exists (x1,t1) with |z1] = 3/4, s’ < t1 < tg such
that

: C() 7
Since %> > max{g,

d)(xl,tl) < U(Z‘l,tl).
Then,
o(z1,t) —u(z1,s) < |u(@1,tr) —u(z,s")] < 2.
Moreover,
owr t) —uer, o)) = Gn| (o — ol + s’ - to|3/2)
+u(wo, s") — u(x1,s") + Du(zo, to) - (r1 — 20) + 3{(x1 — 20), M (21 — 0))
+ (b4 (2llgllcon g, + S8) Ills' - t0|1/2) (t— ).
——
>0
Neglecting the nonnegative time terms, we obtain
$(a1,t1) — u(z1,8") > L|rllar — wol* — [b][tr — 5|
— |u(xo, s") — u(z1,5") + Du(wo, to) - (x1 — 20) + %((zl — ), M (z1 — x0))|-

By combining the slice estimate (4.5) and the bound on b given by (4.8), we obtain
that

d(x1,t1) — u(xy, s') > L|kl|z1 — o)
— ¢y (|,‘<L| +1+ ||9Hcow1(Q1 ) |t1 — S/| _ |,1<;| (%|.T1 — x0|3 + §|t1 — t0|3/2) .

Using that < |z1 — 20| < 2, |t1 —to| < 1 and [t; — s/| < 1, the inequality above
simply reduces to

Slil < (2 (1+ lgllcmaqyy) +3) (sl +1).
By inserting (4.9), we obtain 2|k| < || + 1, and we get a contradiction if |x| > 1.
Step 5. We claim that:
u—¢ can attain a positive global maximum only in {(y, s):ly—wmo| <|s— t0|1/2} .
By Step 4, we may assume that u—¢ attains a positive global maximum at (x1,t1) €
By x {s' < s <to}:

(u—¢)(z1,t1) = sup  (u—9)(y,s)-

Bgyx{s'<s<to}

In particular,

(u— @) (x1,t1) > (u — @) (w0, t1).
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A direct computation yields
$(a1,t1) = (w0, t1) = Du(xo, to)-(z1—x0)+ 5 ((21—0), M (21—20))+ || |21 —20[*.
After rearranging the terms, we obtain

u(xy,t1) — u(zo, t1) — Du(zo, to) - (x1 — o) — %((1131 —x9), M(z1 — x0))

> Qlk|lzr — xof*.  (4.10)

Moreover, we know by (4.5) that

lu(z1,t1) — u(xo, t1) — Du(wo, to) - (z1 — z0) — 3{(x1 — 20), M (z1 — 20))]

< In] (Flar — wol® + ¥EJta — tof*/2)
By using (4.10) we deduce from the inequality above that
6l (Flas = wol? + %2[t1 — tof*/?) > Seuflas — wol®.

Co

Since €2 > I we obtain
6 37

1/3
|z1 — 20| < (%) |t — to| /2.
In particular, this yields the desired claim.
Step 6. We next show that u—¢ cannot achieve any local maximum in the cylinder @
given by N
Q:={(y,5) € By x [/, to] : [y — wo| < | —to['/?},

by arguing that ¢ is a strict supersolution in Q@ i.e.,

06+ F(D*¢) >g, inQ. (4.11)

We verify (4.11) by a direct computation. By the uniform ellipticity condition (F1),
and noticing that the perturbation is a positive matrix,

Colk —x —x Ald+1

F(M—i— ol ||y—:1:0| [Id—i- Y 0 ® Y 0 }) ZF(M)—QCOMHy—xOL
2 ly — 2ol ly — o] 2

This inequality yields

p
bt (2lallcos gy + o) Il 1ol

Colk - —x
+F(M+ O| ||y—$0||:fd+y O®y O:|)
2 ly — 2ol ly — o]

Ad+1
2

B
> b+2lgllgo. () |f€||S'—t0|1/2+F(M)+ZCO|H||S'—t0|1/2— )CO|H||y—wo|-

For our choice given by (4.3), we have b+ F(M) = g(zo,to). Recalling the value of
B and |k| > 1, we obtain that the following inequality holds in Q:

p
bt (2lallons @y + 560 ) Wl = ol

Colk - —x
+F(M+ O| ||y—$0||:fd+y O®y O:|)
2 ly — 2ol ly — o]

> llgllcosiquy (19 = ol +1s = to]'/2) + g0, t0) > g(y,5).
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This confirms (4.11).
Step 7. By Steps 46, u — ¢ cannot achieve any positive global maximum. Hence,
u<¢ in §3/4 x [, to].

In particular, for s = to, u(xo,to) < ¢(zo,to), this yields
w(wo, to) < ulwo, ')V +b(to—s' )+ (%42 + 2 llgllcons g ) llto—s /2 4+ |wllto—s' /2
After rearranging the terms, we get

— (o (H2) +2lglons gn,) Wlito — /72 < u(zo,) — ulz, to) — b(s' — to).
Thus, by using (4.9), it follows (4.7) by taking Cs := 192(1 + 5)(c2 + 3).

Step 8. We conclude the argument. By combining both (4.5) and (4.6), we deduce
that, for all (y,s) € Q1, s < to,
|’U,(y7 5)7P(y, S>|

< |n] (Zly = wol® + Lls — tol*/2) + Ca (1 + llgllcwr g ) Inllto — s/
< (G (14 Iglleos i) + ) Isl (ly = 2ol +1s = tol*/2)

By setting Cy := Cy + I, this implies W (u, Q1)(wo, t0) < Ci (1 + |\g||co,1(Q1)) Ik].

Now we can give the proof of the parabolic W3¢ estimate stated in the intro-
duction.

Proof of Theorem 1.2. If u = 0 on @)1, then the estimate is clear, so we may assume
that supg,, |u| > 0. In Step 1, we reduce the proof of the theorem to the case of
supg, |u| <1, (0,0) = 0 and F'(0) = 0 by scaling arguments. In Step 2, we prove
the theorem under these assumptions.

Step 1. We first reduce to the case that g(0,0) = 0. If g(0,0) # 0, define g(z,t) :=
g(x,t) — g(0,0) and @(x,t) := u(z,t) — tg(0,0) is a solution of

o+ F(D*u) = 3.
By direct computation,

sup [ < sup fu| + sup [t||g(0,0)] < sup |u] +[g(0,0)].
—1<<0 Q

1 Q1

Then we reduce to the case that F(0) = 0. If F(0) # 0, then, by ellipticity, there
exists a € R such that

1
Flaly) =0 with |a| < < [F(0)]. (4.12)

Define the operator F(M) := F(M + al;) and observe that F' satisfies (F1) with
the same ellipticity constants A, A and F'(0) = F'(aly) = 0. It is clear that u(z,t) :=
u(z,t) — 3alz|? is a solution of

8+ F(D*T) =0
By direct computation,

sup [a] < sup [u| + §la| sup |z[* < sup |u| + §]al.
1 1 r€B: 1
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By applying (4.14) and using (4.12), we obtain

1\ . K B
{8 € Qua (0. =3) : W Qua)(n) >} < C <supQ1 ul + ﬁF(o)l) |

and we get the inequality given by Theorem 1.2.
Next we reduce to the case that supg, |u[ < 1. Assume that we have shown if
supg, |u| <1 and F(0) = 0, then for all x > 0,

[{(@,1) € Quya (0,—7) : ¥(u, Qz/a)(w,t) > k}| < C (W) - (413)

We claim that if F'(0) = 0, and 8 := sup), |u| > 0 then for all x > 0,

[{@0) € Qi (0.-3) : W(u, Qupa)(@,t) > n}| < € <m> |
(4.14)

Define the function § := (1/8)g, the operator F(M) := B~'F(B8M) and observe
g € C%Y(Q,) with 9llcorgny = ll9llconqr) /B F satisfies (F1) with the same
ellipticity constants A\, A and F(0) = 8~2F(0) = 0. It is clear that @ := u/8 is a
solution of

i+ F(D*u) =7
with supg,, [u| = 1. By applying (4.13) to u, we obtain that, for all £ > 0,

{(z,1) € Quj2 (0,—%) : ¥(@, Qaya)(w, 1) > k}| < C <1 + ||g|\;,1@1) /6) '

Noticing that W(u, Qs/4)(x,t) = %\Il(u, Q3/4)(x,t), we obtain that, for all & > 0,

{(z,t) € Q12 (0,—7) : ¥(u, Q3/4)(z,t) > Br}| < C (1 + ||gHCHo,1(Q1) /5) .

This is equivalent to (4.14).
Step 2. Assuming that supg, |[u| < 1, g(0,0) = 0 and F(0) = 0, we give the
proof of (4.13). It suffices to get the inequality for k > k1, where k; is a universal

constant. According to Proposition 2.1, Du is continuous and there exists a constant
C such that

sup [Dul < € (14 gllconqy)) - (4.15)
Q34
Moreover, we claim that for every unit direction e € R?, |e| = 1, the function

u, = e - Du satisfies the inequalities
Dyue + iP;,A(“e) - ||9||coy1(Q1) <0< dpue + fP;tA(Ue) + HQHCOJ(QI) ,In @,

in the viscosity sense. We refer to [4, Lemma 3.12] for the elliptic version of this
statement which is easy to generalize to the parabolic setting.
According to Proposition 3.1, we have, for each k > 0,

KR
{(z,t) € Quy2 (0, —7) : O(ue, Qaya)(w,t) > K} < C
1/2 ( 4) 3/4 SupQ3/4 |Ue| + HgHCoJ(Ql)
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where C,e > 0 are universal constants. Thus, we deduce from (4.15) that there
exists a new universal constant C > 0 such that for all x > 0,

—&
K
{(x,t) € Q12 (0, f%) :@(ue,Q3/4)(x,t) >k} <C| ———F—— .
L+ lgllco gy
(4.16)
By Proposition 4.1, there exists a universal constant C; such that, for all Kk >
C1 (1+llgllcos(n)):
H(ac,t) € Q12 (0, —%) DU (u, Qz/4)(z, 1) > Ii}‘
K

O (1+1gllcos ) Va

d
< Z (z,1) € Q12 (0, —7) : O(ua,, Qza)(z, 1) >
i=1

and we obtain the desired result for k > C} (1 + ||g||co,1(Q1)) by applying (4.16).
This completes the proof of (4.13). O
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