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Stability in the energy space for chains of solitons of the
Landau-Lifshitz equation

André de Laire! and Philippe Gravejat?

September 23, 2014

Abstract

We prove the orbital stability of sums of solitons for the one-dimensional Landau-Lifshitz
equation with an easy-plane anisotropy, under the assumptions that the (non-zero) speeds
of the solitons are different, and that their initial positions are sufficiently separated and
ordered according to their speeds.

1 Introduction

We consider the one-dimensional Landau-Lifshitz equation
Om +m X (Opzm + Amges) = 0, (LL)

for a map m = (m1,ma,m3) : R x R — S2. Originally introduced by Landau and Lifshitz in
[21], this equation describes the dynamics of magnetization in a one-dimensional ferromagnet,
typically in samples of CsNiFg and TMNC (see e.g. [19,[26][17]). The vector e3 = (0,0, 1) and the
parameter A € R take into account the anisotropy of the material. When A > 0, the ferromagnet
owns an easy-axis anisotropy along the axis spanned by e3. When A < 0, it owns an easy-plane
anisotropy along the plane orthogonal to es. In the isotropic case A = 0, the Landau-Lifshitz
equation reduces to the one-dimensional Schréodinger map equation, which has been intensively
studied in the mathematical literature (see e.g. [15] [I8], and the references therein).

In this paper, we focus on the Landau-Lifshitz equation with an easy-plane anisotropy (A <
0). Suitably scaling the map m, we assume from now on that A = —1. The Landau-Lifshitz
equation is integrable by means of the inverse scattering method (see e.g. [11]). Using this
method, one can check the existence of multi-solitons for (LL) (see e.g. |4, Section 10] for their
explicit formula). Multi-solitons are exact solutions to (LL]) that can be regarded as a nonlinear
superposition of single solitons. Our main goal in this paper is to investigate the stability along
the Landau-Lifshitz flow of arbitrary perturbations of a (well-prepared) superposition of solitons
(see Theorem [2).

!Laboratoire Paul Painlevé, Université Lille 1, 59655 Villeneuve d’Ascq Cedex, France. E-mail: andre.de-
laire@math.univ-1illel.fr

2Centre de Mathématiques Laurent Schwartz, Ecole polytechnique, 91128 Palaiseau Cedex, France. E-mail:
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1.1 The hydrodynamical formulation

The Landau-Lifshitz equation is Hamiltonian. Its Hamiltonian, the so-called Landau-Lifshitz

energy, is given by
1
E(m) := 3 /]R (10zm[* +m3).

In the sequel, we restrict our attention to the solutions m to (LL]) with finite Landau-Lifshitz
energy, i.e. in the energy space

ER) = {v:R—§* st.v € L*(R) and v3 € L*(R)}.

In particular, since the component ms belongs to H'(R), the map 1 := my + ims satisfies the
condition )
i(z)] = (1 —mi(2))Z — 1,

as x — 100, due to the Sobolev embedding theorem. As a consequence, the Landau-Lifshitz
equation shares many properties with nonlinear Schrédinger equations with non-zero conditions
at infinity, e.g. with the Gross-Pitaevskii equation (see e.g. [I]).

One of the common features lies in the existence of a hydrodynamical framework for the
Landau-Lifshitz equation. In terms of the maps m and mg, this equation may be recast as
{ 10y — M3 Opyt + MOypms — tAmsg = 0,

dyms3 + Oy (i, Dp1n ) = 0.

When the map rm does not vanish, one can write it as m = (1 — m%)l/2

for the hydrodynamical variables v := mg and w := J,¢ then write as

expip. The equations

v = 0, ((v* — Dw),

OV o (0v)?
1—v2 (1—0v2%)2

(HLL)

8tw:3x( +v(w2—1)>.

This system is very similar to the hydrodynamical Gross-Pitaevskii equation (see e.g. [’%]) In
the sequel, most of the analysis is performed in the hydrodynamical framework. This simplifies
both the construction and the study of chains of solitons.

Before defining more precisely these special solutions, notice that the Landau-Lifshitz energy

is expressed as
E(v) = /Re(n) - %/R (1(11); + (1 - 0?)w? +02>, (1)

in terms of the hydrodynamical pair v := (v, w). Another conserved quantity is the momentum
P, which is simply defined as

P(v) := /R vw. (2)

The momentum P, as well as the Landau-Lifshitz energy E, play an important role in the
construction and the qualitative analysis of the solitons.

!The hydrodynamical terminology originates in the fact that the hydrodynamical Gross-Pitaevskii equation is
very similar to the Euler equation for an irrotational fluid (see e.g. [I]).



1.2 The solitons

Solitons are special solutions to (LL) of the form
m(z,t) = u(x — ct),
for a given speed ¢ € R. The profile u is solution to the ordinary differential equation
u’ + o/ [Pu 4 udu — uzes + cu x o' = 0. (3)

This equation can be solved explicitly. When |c| > 1, all the solutions with finite Landau-Lifshitz
energy are constant, namely the constant vectors u with ug = 0. In contrast, when |c| < 1, the
non-constant solutions u. to (B]) are given by the formulae

(1—c?)>
cosh ((1 — 02)%3:)

uel1 () = ¢ —,  |uc)e(z) = tanh 1—02%30, Uuel3(x) =
i) = o (o) = tanh (1= ) fud()

)

(4)
up to the invariances of the equation, i.e. translations, rotations around the axis x3 and orthog-
onal symmetries with respect to any line in the plane x3 = 0. A non-constant soliton with speed
c may be written as

Uca0,s(T) = (cos(ﬂ)[uc]l — ssin(0)[uc)e, sin(0)[uc]1 + s cos(0)[uc)2, S[uc]g) (x —a),

with a € R, # € R and s € {£1}. We refer to [§] for more details.

In the isotropic case A = 0, there is no travelling-wave solution to (LI)) with non-zero speed
and finite energy. However, breather-like solutions were found to exist in [20], and their numerical
stability was investigated in [31]. In the easy-axis case A = 1, there are travelling-wave solutions
(see e.g. [5]). However their third coordinate mg(x) converges to 1 as |x| — +o0. This prevents
from invoking the hydrodynamical formulation, and from using the strategy developed below in
order to prove their orbital stability.

In contrast, in the easy-plane case, we can define properly the solitons in the hydrodynamical
framework when ¢ # 0, since the function %, does not vanish. More precisely, we can identify
the soliton u. with the pair v, := (v, w,) given by

(1—c?)>

1y, and we(e) = cve(w) _ e(l—c?)7 cosh (1= c?)a)
cosh ((1 — ¢2)3x)

S l-w(2)? ginh (1- 02)%1')2 + 2

()

ve(x) =

In this framework, the only remaining invariances of (3] are translations, as well as the opposite
map (v, w) — (—v, —w). A non-constant soliton with speed ¢ may be written as

Veas(x) = s0.(z —a) = (s Ve(z — a), swe(x — a)),

with a € R and s € {£1}.

Our goal in this paper is to establish the orbital stability of a single soliton u. along the
Landau-Lifshitz flow. We will also consider the case of a sum of solitons. In the original frame-
work, defining this quantity properly is not so easy. As a matter of fact, we face the difficulty
that a sum of unit vectors in R? does not necessarily remain in the unit sphere S?.

In the hydrodynamical framework, this difficulty does not arise any longer. We can define a
sum of solitons S 45 as

N
Sc,a,s = (Vc,a,sa Wc,a,s) = § Ucjaj,s5s
Jj=1

3



with N € N*, ¢ = (c1,...,en), a= (a1,...,ay) €ERY and s = (s1,...,sn) € {£1}. However,
we have to restrict the analysis to speeds ¢; # 0, since the function g vanishes at the origin.

Coming back to the original framework, we can define properly a corresponding sum of solitons
R a5, when the third component of S ,s does not reach the value +1. Due to the exponential
decay of the functions v. and w,, this assumption is satisfied at least when the positions a; are
sufficiently separated. In this case, the sum R, 4 is given, up to a phase factor, by the expression

1 1
Reas = ((1 - Vc?a,s)Q co8(Pc ), (1 — ‘/c?a,s)2 sin(Pca,s), Vc,a,s)’

where we have set .
q)ua,s(x) = / Wc,a,s(y) dy,
0

for any x € R. This definition presents the advantage to provide a quantity with values in the
sphere S?. On the other hand, it is only defined under restrictive assumptions on the speeds c;
and positions a;. Moreover, it does not take into account the geometric invariance with respect
to rotations around the axis x3 in ().

In the sequel, our main results are proved in the hydrodynamical framework. We establish
that, if the initial positions a? are well-separated and the initial speeds c? are ordered according
to the initial positions a?, the solution corresponding to a chain of solitons at initial time, that
is a perturbation of a sum of solitons So 40 40, is uniquely defined, and that it remains a chain of
solitons for any positive time. We then rephrase this statement in the original framework.

1.3 Statement of the main results

Before detailing this stability result, we have to consider the Cauchy problem for both the original
and hydrodynamical Landau-Lifshitz equations.

Concerning the original one, the existence of global solutions in the energy space £(R) can be
achieved following arguments similar to the ones introduced by Zhou and Guo [32], or Sulem,
Sulem and Bardos [30], for the Schrédinger map equation (see also [15] for more details). The
uniqueness of solutions in the energy space £(R) is more involved. We refer to [18] for a discus-
sion about this subject in the case of the Schréodinger map equation. In the sequel, we prove the
uniqueness of a continuous flow for the Landau-Lifshitz equation, in particular, in the neighbour-
hood of the sums of solitons R, 4 (see Corollary [Il below). This property of the flow is required
when dealing with orbital stability.

In order to establish this property rigorously, we first address the Cauchy problem in the
hydrodynamical framework. In view of the expression of the energy in ({I), the natural space for
solving it is given by

NV(R) := {n = (v,w) € H'(R) x LA(R), s. max|v| < 1},

and we can endow it with the metric structure corresponding to the norm

N

lollgrs e = (ol + llwli3- )

The non-vanishing condition on the maximum of |v| is necessary to define properly the function
w, which, in the original setting of a solution m to (LI), corresponds to the derivative of the
phase ¢ of the map 7. Due to the Sobolev embedding theorem, this non-vanishing condition
is also enough to define properly, and then establish the continuity of the energy E and the
momentum P on N'V(R).

Concerning the Cauchy problem for (HLLI), we show the following local well-posedness result.



Theorem 1. Let v° = (%, w") € NV(R). There exist a positive number Tmax and a map
v = (v,w) € CY[0, Timax), NV(R)), which satisfy the following statements.

(i) The map v is the unique solution to (HLL]), with initial datum v°, such that there exist smooth
solutions v, € C*(R x [0,T]) to (HLL), which satisfy

v, — v in C°([0,T],NV(R)), (6)

asn — +oo, for any T € (0, Tnax)-
(1) The mazimal time Tynax is characterized by the condition

lim max|v(z,t)| =1, if Thax < +00.
t—Tmax TER

(7i1) The energy E and the momentum P are constant along the flow.

(iv) When
0?0’ in HY(R) x L*(R), (7)
as n — +0o, the mazimal time of existence T,, of the solutions v,, to (HLL), with initial datum
00, satisfies
Tinax < EI_I}_’I_I;E Ty, (8)
and
o, =0 in C°([0,T], H'(R) x L*(R)), (9)

asn — 400, for any T € (0, Tynax)-

In other words, Theorem [l provides the existence and uniqueness of a continuous flow for
(HLL) in the energy space NV(R). As mentioned previously, this is enough to consider the sta-
bility of the sums of solitons in the energy space. We will prove it for the solutions corresponding
to this unique continuous flow (see Theorem 2l below).

Remark 1. On the other hand, this does not prevent from the existence of other solutions which
could not be approached by smooth solutions according to (). In particular, we do not claim
that there exists a unique local solution to (HLL) in the energy space for a given initial datum.

Remark 2. To our knowledge, the question of the global existence (in the hydrodynamical
framework) of the local solution v is open. In the sequel, we by-pass this difficulty using the
stability of a well-prepared sum of solitons S 4 5. Since the solitons in such a sum have exponential
decay by ({)), and are sufficiently well-separated, the sum S, s belongs to NV(R). Invoking the
Sobolev embedding theorem, this remains true for a small perturbation in H'(R) x L?(R). As a
consequence, the global existence for a well-prepared chain of solitons follows from its stability
by applying a continuation argument (see Subsection below).

In the energy space £(R), which we endow with the metric structure corresponding to the
distance

NI

5 w2 2 2
de(f.9) = (170) = gO)* + || = o'|[7 + |fs = 98][72)
we obtain the following statement for the original Landau-Lifshitz equation.

Corollary 1. Let m® € £(R), with m{gx|mg| < 1. Consider the corresponding hydrodynamical

pair 00 € NV(R), and denote by Tpax > 0 the mazimal time of existence of the solution v €
C([0, Tinax), NV(R)) to (HLL) with initial datum ©°, which is provided by Theorem [ There
exists a map m € CO([0, Tyax ), E(R)), which satisfies the following statements.

(i) The hydrodynamical pair corresponding to m(x,t) is well-defined for any (z,t) € Rx[0, Tiax),



and is equal to v(z,t).
(i1) The map m is the unique solution to (LI, with initial datum m
smooth solutions m,, € C*°(R x [0,T]) to (LL), which satisfy

O such that there exist

my, —m in C°([0,T],E(R)), (10)

as n — +oo, for any T € (0, Tnax)-
(7i1) The energy E is constant along the flow.
(i) If

md —m? in £R),

as n — +00, then the solution my, to (LL) with initial datum m2 satisfies
mn, —m  in C°([0,T],E(R)),
asn — 400, for any T € (0, Tynax)-

Corollary [Mlis nothing more than the translation of Theorem [lin the original framework of the
Landau-Lifshitz equation. It provides the existence of a unique continuous flow for (LL) in the
neighbourhood of solutions m, such that the third component mg does not reach the value £1.
The flow is only locally defined due to this restriction. This restriction is not a difficulty when
dealing with the orbital stability of sums of solitons R 44, but a priori prevents from addressing
the orbital stability of more general sums of solitons.

We refer to Appendix [A] for the proofs of Theorem [[land Corollary Il Concerning the Cauchy
problem for the hydrodynamical Landau-Lifshitz equation, the main difficulty is to establish the
continuity with respect to the initial datum in the energy space NV(R). In this direction, we
rely on the strategy developed by Chang, Shatah and Uhlenbeck in [7] for the Schrodinger map
equation (see also [16] 28]). We introduce the map
1 < Opv

(

U= — r+i(l— 02)%7”) exp i, (11)
1—2?)2

2

where we have set

O(x,t) = — /gC v(y, t)w(y,t) dy. (12)

—00

The map V¥ solves the nonlinear Schrodinger equation

i0,U + 0y U + 2T + %02\11 —Re (xp(1 _ 2F(v,ﬁ))> (1—2F(v,¥)) =0, (13)
with -
Fo 9)(at) = [ oW, t)d, (14)

while the function v satisfies the two equations

dyw = 20, Tm <q/(2F(v,6) — 1)),

Oyv = 2Re (W(1 - 2F (v, T))). (15)

In this setting, deriving the continuous dependence in NV(R) of v with respect to its initial
datum reduces to establish it for v and ¥ in L?(R). This can be done combining a standard
energy method for v, and classical Strichartz estimates for ¥ (see Appendix [Al for more details).

Concerning the stability of chains of solitons, our main result is



Theorem 2. Let s* € {1} and ¢* = (¢, ...,c%) € (=1, 1)V such that
g <...<0<...<cy. (16)

There exist positive numbers o, L* and A*, depending only on ¢* such that, if 0° € NV(R)
satisfies the condition

ol = HUO — Ser a0,5% || i gz < Q5 (17)

for points a® = (al,...,a%;) € RN such that
LY :=min{a),, —a),1 <j<N-1} > L%,

then the solution v to (HLL) with initial datum v° is globally well-defined on R, and there exists
a function a = (ay,...,ay) € CL(R4,RY) such that

S0 il < (o8 o (- Zea)) 9
and 0
HU(.,t) = S att)s || gigpe <A <a0 + exp ( — ché/ )), (19)

for anyt € Ry.

Theorem [] provides the orbital stability of well-prepared chains of solitons with different,
non-zero speeds for positive time. The chains are well-prepared in the sense that their positions
at initial time are well-separated and ordered according to their speeds (see condition (I6])). As
a consequence, the solitons are more and more separated along the Landau-Lifshitz flow (see
estimate (I8])). Their interactions become weaker and weaker. The stability of the chain then
results from the orbital stability of each single soliton in the chain.

As a matter of fact, the orbital stability of a single soliton appears as a special case of
Theorem [2] when N is taken equal to 1.

Corollary 2. Let s* € {£1} and ¢* € (—1,0) U (0,1). There exist two positive numbers o* and
A*, depending only on c* such that, if v° € NV(R) satisfies the condition

< o

OZO = HUO - UC*7a0,S* Hix[2 = )

for a point a® € R, then the solution v to ([HLL) with initial datum v° is globally well-defined on
R, and there exists a function a € C'(R,R) such that

|la/(t) = ¢*| < A*a?, (20)

and

HlxL2 < A*aoa (21)

HU("t) - Dc*,a(t),s*
for any t € R.

In this case, stability occurs for both positive and negative times due to the time reversibility
of the Landau-Lifshitz equation. Time reversibility also provides the orbital stability of reversely
well-prepared chains of solitons for negative time. The analysis of stability for both negative
and positive time is more involved. It requires a deep understanding of the possible interactions
between the solitons in the chain (see [22] 23] for such an analysis in the context of the Korteweg-
de Vries equation). This issue is of particular interest because of the existence of multi-solitons
(see e.g. 4 Section 10] for the explicit formula).



Special chains of solitons are indeed provided by the exact multi-solitons. However, there
is a difficulty to define them properly in the hydrodynamical framework. As a matter of fact,
multi-solitons can reach the values +1 at some times. On the other hand, an arbitrary multi-
soliton becomes well-prepared for large time in the sense that the individual solitons are ordered
according to their speeds and well-separated (see e.g. [4, Section 10]).

If we now consider a perturbation of a multi-soliton at initial time, there is no evidence that it
remains a perturbation of a multi-soliton for large time. As a matter of fact, this property would
follow from the continuity with respect to the initial datum of the (LL) flow, which remains,
to our knowledge, an open question. Indeed, Corollary [ only provides this continuity in the
neighbourhood of solutions m, whose third component mgs does not reach the value +1. As a
consequence, Theorem [2] only shows the orbital stability of the multi-solitons, which do not reach
the values +1 for any positive time. Well-prepared multi-solitons at initial time are examples of
such multi-solitons. We can rephrase the orbital stability of the sums of solitons in the original
formulation of the Landau-Lifshitz equation according to

Corollary 3. Let s* € {£1}Y and ¢* = (¢},...,cy) € (=1L, DN, with ¢} < ... <0< ... < cy.
Given any positive number €*, there exist positive numbers p* and L* such that, if m® € £(R)
satisfies the condition

dg (mO,RC*7aO75*) S p*, (22)
for points a = (af,...,a%) € RY such that
min {a),; —a3,1 <j <N -1} > L*, (23)

then the solution m to (LL) with initial datum mPC is globally well-defined on Ry. Moreover,
there exists a function a = (ay,...,an) € CY(Ry,RYN) such that, setting

an—1+an
2

I ::(—oo a1+a2], I := [aj*l_{_aj a5 + 4j+1

, 5 5 , 5 }, and IN::[ ,—i—oo),

for 2 < j < N —1, we have the estimates

N
S Jajt) - | < e, (24)
j=1

and

N
Z {|m a;(t),t) — ﬁc;f,aj(t),ej, | + H@ m = Uex aJ(t HL2(I )
7j=1
+ ng - [ucyvaj(t)vgjvsy}3HL2(IJ')} S 6*’
(25)

for anyt € Ry.

Corollary [ only guarantees that a solution corresponding to a perturbation of a (well-
prepared) sum of solitons R, 4 at initial time splits into localized perturbations of N solitons
for any time. In particular, the solution does not necessarily remain a perturbation of a sum of
solitons R, q ¢ for any time.

This difficulty is related to the main obstacle when constructing a function m corresponding
to a hydrodynamical pair v, which is a possible phase shift of the map . In the construction of
the sum R, 4 ¢, this phase shift is globally controlled. In contrast, the estimates into (I9) do not



seem to prevent a possible phase shift 6; around each soliton in the hydrodynamical sum. This
explains the difference between the controls in assumption (22]) and in conclusion (25]).

Observe also that we have no information on the dependence of the error €* on the numbers
p* and L* in contrast with estimates (I8)) and (I9) in Theorem 2l This is due to the property
that the dependence of a function m with respect to the corresponding hydrodynamical pair v
is not a priori locally Lipschitz.

When N = 1, Corollary [3]states nothing more than the orbital stability of the solitons uc 44,5,
with ¢ # 0. Taking into account the time reversibility of the Landau-Lifshitz equation, we can
indeed show

Corollary 4. Let s* € {£1} and ¢* € (—1,0)U(0,1). Given any positive number €*, there exists
a positive number p* such that, if m® € E(R) satisfies the condition

de (mO, uc*,ao,eo,s*) < p*a

for numbers (a°,0°) € R2, then the solution m to (LL) with initial datum m° is globally well-
defined on R. Moreover, there exists a function a € C1(Ry,R) such that we have the estimates

|a'(t) — c*‘ < €*,
and

*

L2 + ng - [uc*,a(t),e,s*]g,HLQ} <e€,

inf {\m(a(t), t) = ligr a(t),0,5 (a(t))] + |0 = Ul 41y 9.6+

for any t € R.

To our knowledge, the orbital stability of the soliton ug remains an open question. In the
context of the Gross-Pitaevskii equation, the orbital stability of the vanishing soliton was proved
in [2, [13]. Part of the analysis in this further context certainly extends to the soliton wug for the
Landau-Lifshitz equation.

In the rest of this introduction, we restrict our attention to the analysis of the stability
of single solitons and sums of solitons in the hydrodynamical framework. In particular, we
present below the main elements in the proof of Theorem Before detailing this proof, we
would like to underline that the arguments developed in the sequel do not make use of the
inverse scattering transform. Instead, they rely on the Hamiltonian structure of the Landau-
Lifshitz equation, in particular, on the conservation laws for the energy and momentum. As a
consequence, our arguments can presumably be extended to non-integrable equations similar to
the hydrodynamical Landau-Lifshitz equation.

1.4 Main elements in the proof of Theorem

Our strategy is reminiscent of the one developed to tackle the stability of well-prepared chains of
solitons for the generalized Korteweg-de Vries equations [24], the nonlinear Schrodinger equations
[25], or the Gross-Pitaevskii equation [3].

A key ingredient in the proof is the minimizing nature of the soliton v., which can be con-
structed as the solution of the minimization problem

E(v.) = min {E(v),0 € NV(R) s.t. P(v) = P(v.)}. (26)

This characterization results from the compactness of the minimizing sequences for (26]) on
the one hand, and the classification of solitons in (Bl) on the other hand. The compactness of



minimizing sequences can be proved following the arguments developed for a similar problem in
the context of the Gross-Pitaevskii equation (see [I, Theorem 3]).

The Euler-Lagrange equation for (26]) reduces to the identity
E'(v.) = cP'(v,). (27)

The speed ¢ appears as the Lagrange multiplier of the minimization problem. The minimizing
energy is equal to
1
E(v.) =2(1— )2,

while the momentum of the soliton v, is given by

P(v.) = 2arctan (ﬂ>, (28)

when ¢ # 0. An important consequence of formula (28)) is the inequality

%(P(nc)) - —ﬁ <0, (29)

which is related to the Grillakis-Shatah-Strauss condition (see e.g. [14]) for the orbital stability
of a soliton. As a matter of fact, we can use inequality (29]) to establish the coercivity of the
quadratic form

Q. := E"(v.) — cP"(v,),

under suitable orthogonality conditions. More precisely, we show

Proposition 1. Let ¢ € (=1,0) U (0,1). There exists a positive number A., depending only on
¢, such that

Qc(e) = ACH€|’§{1XL27 (30)
for any pair e € H'(R) x L?(R) satisfying the two orthogonality conditions
(020¢,€) 2512 = (P'(0c),€) 2512 = 0. (31)

Moreover, the map ¢ — A, is uniformly bounded from below on any compact subset of (—1,1)\{0}.

The first orthogonality condition in (BI)) originates in the invariance with respect to trans-
lations of (HLILJ). Due to this invariance, the pair 9,v, lies in the kernel of .. The quadratic
form Q. also owns a unique negative direction, which is related to the constraint in (26]). This
direction is controlled by the second orthogonality condition in (3I)).

As a consequence of Proposition [I] the functional
F.(v) := E(v) — cP(v),

controls any perturbation e = v — v, satisfying the two orthogonality conditions in (3I). More
precisely, we derive from (27)) and (B30) that

Fo(ve +€) = Fe(ve) 2 Acllel gz + O (el p2) (32)

when ||l€||g1xr2 — 0. When v is a solution to (HLL), its energy E(v) and its momentum P(v)
are conserved along the flow. The left-hand side of (B82]) remains small for all time if it was small
at initial time. As a consequence of (B2]), the perturbation € remains small for all time, which
implies the stability of v..
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The strategy for proving Theorem 2 consists in extending this argument to a sum of solitons.
This requires to derive a coercivity inequality in the spirit of ([B2) for the perturbation of a sum
of solitons vc; 4, s;- In a configuration where the solitons v.; 4 s; are sufficiently separated, a
perturbation &, which is localized around the position ay, essentially interacts with the soliton
Ve ar,s, due to the exponential decay of the solitons. In order to extend (B2)), it is necessary
to impose that e satisfies at least the orthogonality conditions in (BI]) for the soliton v., o, s, -
In particular, we cannot hope to extend (B2]) to a general perturbation e without imposing the
orthogonality conditions in (B1) for all the solitons in the sum.

It turns out that this set of orthogonal conditions is sufficient to derive a coercivity inequal-
ity like (B2]) when the solitons in the sum are well-separated (see Proposition [3] below). Before
addressing this question, we have to handle with the usual tool to impose orthogonality condi-
tions, that is modulation parameters. Here again, we take advantage of the exponential decay of
the solitons to check that modulating their speeds and positions is enough to get the necessary
orthogonality conditions, at least when the solitons are well-separated.

More precisely, we now fix a set of speeds ¢* = (c},...,cy) € (=1,1)¥, with ¢; # 0, and

*

of orientations s* = (s%,...,s) € {£1}"V as in the statement of Theorem Bl Given a positive

number L, we introduce the set of well-separated positions
Pos(L) :={a = (a1,...,an) eRY, st.aji1 >a;+Lfor1<j< N -1},
and we set

= = 1 2 1 —_ * *
V(a, L) := {U = (v,w) € H (R) x L*(R), s.t. aePI{)lsf(L) [0 — Ser a6

HixL? < O‘}’

for any o > 0. We also define

N[

— 3 R : 2
pei= min lel, and ve= min (1)

)

for any ¢ € (—1,1)". At least for a small enough and L sufficiently large, we show the existence
of modulated speeds ¢(v) = (c1(v),...,cn(v)) and positions a(v) = (a;1(v),...,an(v)) such that
any pair v € V(a, L) may be decomposed as v = Se(v),a(v),e+ T € with € satisfying suitable
orthogonality conditions.

Proposition 2. There exist positive numbers o and L}, depending only on ¢* and s*, such that
we have the following properties.
(i) Any pair v = (v,w) € V(aj, LT) belongs to N'V

—~

R), with

1—v? > —p. (33)

| =

(i) There ezist two maps ¢ € C*(V(af, LY), (=1, 1)) and a € C*(V(a3, L}),RY) such that

~—

€ =0 — Sc(v),a(v)5*>

satisfies the orthogonality conditions

(020, (0),5(0),5% 7€) 25 2 = (P (Vs (0),050),51):€) 2, 12 = 05 (34)

J

forany 1 <j <N.
(13i) There exists a positive number A*, depending only on ¢* and s*, such that, if

|6 = Ser ax o+

Hixrz <@
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for a* € Pos(L), with L > L} and o < of, then we have

N N
lellerwrz + Y Jej(0) = &+ D |aj(0) - aj| < A%a, (35)
j=1 j=1
as well as ) 1
a(v) € Pos(L — 1), fiem) > Her and Ve > Jve (36)

The next ingredient in the proof is to check the persistence of a coercivity inequality like (32))
for the perturbation € in Proposition 2l Once again, we rely on the property that the solitons
Vj 1= Vc;(0),0;(v),s7 ALC well-separated and have exponential decay.

We indeed localize the perturbation e around the position a;(v) of each soliton v; by introduc-
ing cut-off functions, and we then control each localized perturbation using the coercivity of the
quadratic form Q; = E"(v;) —c¢;j(0)P"(v;) in B0). Such a control is allowed by the orthogonality
conditions that we have imposed in ([B4]). Collecting all the localized controls, we obtain a global
bound on &, which is enough for our purpose.

More precisely, we consider a pair v = (v, w) € V(aj, L}), and we set
E=0— Sc(n),a(n),5*7

as in Proposition 2l with ¢(v) = (c1(v),...,en(v)) and a(v) = (ai(v),...,an(v)). We next
introduce the functions

1 if j =1,
b;() = %<1+tanh<%(x_w))) if2<j <N, (37)
0 if j=N+1.

By construction, the maps ¢; —¢;1 are localized in a neighbourhood of the soliton v;. Moreover,
they form a partition of unity since they satisfy the identity

Z —¢j1) = 1. (38)

7j=1
Setting
N
F(o) := E(0) = Y _ i P;(v), (39)
j=1
where
Pj(v) := /R (¢ — djt1)vw, (40)

and following the strategy described above, we prove that the functional F controls the pertur-
bation & up to small error terms.

Proposition 3. There exist positive numbers o < of, L5 > L} and A*, depending only on ¢*
and 5%, such that © = Sc(v) a()s+ + € € V(a3, L), with L > L3, satisfies the two inequalities

b) > fjpc;@c;) + A€ e + o(z ej(0) = ¢;I?) + O(Lexp (- ”;*GL)), (41)

7=1 7j=1

and

N
Z:: «(0er +(9(H HH1><L2)+0<2|C] ;|2>+(9(Lexp<—yi*6L>>. (42)

7j=1
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Remark 3. Here as in the sequel, we have found convenient to use the notation O in order
to simplify the presentation. By definition, we are allowed to substitute a quantity X by the
notation O(Y)) if and only if there exists a positive number A*, depending only on ¢* and s*,
such that

|X| < A"Y.

In order to establish the stability of a sum of solitons with respect to the Landau-Lifshitz
flow, we now consider an initial datum v° € V(a/2,2L), with a < o} and L > L}. Invoking
the continuity of the flow with respect to the initial datum (see Theorem [I]), we can assume the
existence of a positive number 7" such that

o(-,t) € V(ay L) C V(a5, L),

for any ¢ € [0,T]. As a consequence, we can specialize the statements in Propositions [2] and Bl to
the pair v(-,t). We define

c(t) :=c(o(-,1)) == (a1(t),...,en(t)), and a(t) :=a(v(-t)) = (a1(t),...,an(t)),

as well as
(1) = (e1(-t),e2( 1)) = (-, ) = Setr) a(r) s (43)
for any ¢t € [0,7T]. In view of Proposition 2], we have
N N
leCo ) sz + D e () — ;| + Y fa;(8) — a}| < A%, (44)
Jj=1 Jj=1
and ) 1
a(t) € Pos(L — 1),  pew) > SHes and vy > SV (45)

Similarly, Proposition [B] provides
N ) N
F(t) = Fo0) 2D Fog (o) + Al 0|51, 1o + O 3 les0) = &)
j=1

j=1
cofsen(- 1)

Coming back to the strategy developed for the orbital stability of a single soliton (see the dis-
cussion after inequality (32)), we observe two major differences between the coercivity estimates
B2) and {I). The first one lies in the two extra terms in the right-hand side of (£I]). There
is no difficulty to control the second term, namely O(L exp(—v,+L/16)), since it becomes small
when L is large enough. In contrast, we have to deal with the differences |c;(t) — cj|2. In order
to bound them, we rely on the equation satisfied by the perturbation €. Introducing identity

(@3) into (HLI)) and using (27)), we are led to the equations

N
01 = Z ((a;-(t)—cj (t))@wvj—c;-(t)acvj) + 0, <((V—i—51)2_1) (W—l—ag)—z (vjz-—l)w]), (46)

i=1 =1
and
N N
amV + 8336 a;pv'
j=1 =1

0.V + 0,61 & 0 (Dp0;)2
con (Ve (ov e -1 - CEDOERRE 57 (107 1) - O )

j=1 J

(47)

13



Here, we have set v;(-,t) := vcj(t)7aj(t)78;f(-) and wj(-,t) = wcj(t),aj(t),sj(-) for any 1 < j < N, as
well as

N N
V() = Vewawe () =D _vi(+t), and W(.t) = Weg) e () = D wj(-1),
j=1 j=1

in order to simplify the notation. We next differentiate with respect to time the orthogonality
conditions in (B4) to derive bounds on the time derivatives aj(t) and ¢j(t) of the modulation
parameters. This provides

Proposition 4. There exist positive numbers o < o and L3 > L3, depending only on ¢* and
s*, such that, if « < o and L > L3, then the modulation functions a and c are of class C* on
[0,T], and satisfy

>~ (I =)+ [0)]) = O (et Ol ) + O(Lexp (- V2L>> (48)

for any t €0, 7).

Combining Proposition @ with the bounds in (B3], we conclude that the evolution of the
modulation parameters is essentially governed by the initial speeds of the solitons in the sum
Sex x5+ In particular, when the speeds are well-ordered, that is when

g <...<cy, (49)
the solitons in the sum S () q(4)s+ remain well-separated for any ¢ € [0,7]. More precisely, setting

.y ) ‘
5C* :§m1n{0j+1—cj,1§]§N—1},

we can derive from (33), (48) and (49), for a possible further choice of the numbers o and L3,
the estimates

aj+1(t) —aj (t) > aj+1(0) - CL]'(O) 4+ 0t > L — 14 6+t (50)
and
Iy v
ay(t) <1- =, (51)

for any t € [0,T], when a < aj and L > Lj. In view of these bounds and the exponential
decay of the solitons, the interactions between the solitons remain exponentially small for any
t €10,T7.

A second difference between ([32) and (4I]) lies in the fact that the left-hand side of (1) is
not conserved along the (HLL) flow due to the presence of the cut-off function ¢; — ¢;11 in the
definition of P;. As a consequence, we also have to control the evolution with respect to time
of these quantities. We derive this control from the conservation law for the momentum, which
may be written as

2

As a consequence of this equation, we obtain a monotonicity formula for a localized version of
the momentum. More precisely, we set

R;(1) = /R by (- 0, (-, 1), (53)

for any 1 < j < N. Using (52]), we establish

Bt(vw) = —%835 <1)2 + w2(1 - 31}2) +

14



Proposition 5. There exist positive numbers oy < o, L} > L3 and A}, depending only on ¢*
and s*, such that, if o < o and L > L}, then the map R; is of class C! on [0,T), and it satisfies

, . Ver (L + = t)
. > L S S
R;(t) > —Ajexp < 3 ), (54)
for any 1 < j < N and any t € [0,T]. In particular, the map F is of class C* on [0,T] and it
satisfies
, Vex (L + 6c*t)
< - - 7
F(t) < O(exp< D) )), (55)

for any t € [0,T).

Estimate (5H) is enough to overcome the fact that the function F is not any longer conserved
along time. We now have all the elements to complete the proof of Theorem [2] applying the
strategy developed for the orbital stability of a single soliton.

1.5 End of the proof of Theorem

In order to control the growth with respect to time of (-, ¢), we first take advantage of the
monotonicity formulae in Proposition il They provide a control on the evolution between time 0
and time ¢ of the momentum R;(t) at the right of the position (a;_1(t)+a;(t))/2. More precisely,
the integration of (54]) on [0, ¢] leads to the inequality

R;(0) — R;(¢) < O<exp ( ~ ”;‘QL )) (56)

Since P; = Rj — Rj41 by @0) and (53]), we deduce from ([B3), (49) and the conservation of E
and P along the flow that

(¢ = G5-) (Bi(0) = By(0)) = F(O) = F(B) + > ° (e = i) (Bi(0) = Bi(t))
2<k#j<N (57)

<70 - 70 + 0w (- %)),

In view of Proposition B, we also have

N N
F(O) = F(t) <O(le(,0)| 51, 2) + O (D |es0) = &*) + 0( X |es(t) = )
j=1

J=1

+o(ew (- 157))

Plugging this estimate into (57)), combining with (56]), and using (B3]), we are led to the bound

Jj=1

ENJ |R;(t) — R;(0)] < O(|a") + O(ENJ l¢j(t) — ﬂz> +O<6XP < - V;)*2L>>’ (58)
j=2

where o is defined in (7).

Controlling the evolution of the momentum R;(t) at the right of all the positions (a;_1(t) +
a;(t))/2 is enough to control the evolution of the momentum P;(t) between two of these positions.

This follows from definitions ([37), (40) and (G3]), which can be combined with (58]) to obtain
|Pj(t) = Pj(0)] < |R;(t) = Rj(0)] + | Rj41(t) — Rj+1(0)]

<o) +0( Sl ) +oew (%)),
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for any 2 < 7 < N. The same estimate holds for j = 1 due to the conservation of momentum.

Recall now that, due to the exponential decay of the solitons, the quantities Pj(t) are es-
sentially equal to the momentum of the soliton V¢, (1) when e(-,t) is small. This claim is a
consequence of the Taylor formula, which can be applied as in the proof of Proposition 3] (see
Claim [ in Subsection 2.3]) to obtain

Pj(t) = P(vg, ) + O(|le(-,t “Hleg)%-O(exp(—yi*GL)).

In view of (B9)), we are led to
N
|P(0e, ) — Poe;0)] < O(Ia°?) + O(|le( HH1><L2 (Z i (®) >

vex L
oo (- 155)
+ exp 3
At this stage, we make use of the explicit formula ([28) of the momentum P(v.) to control the
evolution with respect to time of the speeds ¢;(t). Combining ([29) and (@3), we write

)

(60)

o5(t) = ()] = O(|P(ve,0)) = Ploe,0))

so that, by (B3] and (60,
N
PICIORE: sz(|cj<t>—cj<o>|+|c;—cj<o>\),
j=1 =1
c*L

<0(a”) + O(le(- O[3, 2) + (2]% ") +0(exp (- 52))-

In view of ([@4]), we can decrease the value of o, if necessary, so that

ﬁ: le;(t) — ¢5| < 0(a) + O (e, ) |71, ,2) +O(exp<— ”;‘QL)). (61)

In order to bound &(-,t), we next combine the coercivity formula in Proposition Bl and the
monotonicity formula in Proposition [l to obtain

N0l s ) = FO) + O1a) + Ol s z2) + O exw (= 7))

32
<0(|a) + Ol 1)1, 2) + O exp (= 21Y).

Decreasing again «j, if necessary, we infer from (44]) that

G0z = O(0P) +O(exp (- £2)), (62)

for any ¢ € [0, 7.

In order to conclude the proof, we finally apply a continuation argument. We set

T* =sup {t € Ry, s.t. v(-,s) € V(aj, L° — 2), Vs € [0,]}.
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When the numbers a* and L* in Theorem [2] are chosen such that o < oj and L* > L} 4 2,
it follows from the continuity of the flow that T* is positive. Moreover, since V(aj, L? — 2) is
included into N'V(R) by (B3)), we also have T* < Tyax.

We next invoke (GI) and (62]) to guarantee the existence of a positive number K* such that

V*LO
HlezSK*(ao‘f‘eXP(— c65 >)7 (63)

|0(,) = Sex at).-
for any ¢ € [0,7*). On the other hand, we combine the definition of L° with (3] to check that
min {a;4+1(0) —a;(0),1 <j <N -1} > L°—1.
In view of (B0)), this is enough to prove that
min {a;1(t) —a;(t),1 <j<N—-1} > L0 -2,

for any t € [0,7*). It then remains to choose numbers a* and L* so that

*L*
K*<O‘* +eXp(_ Vc65 )) <o,

to guarantee that T* = T ax = +00. As a consequence, the solution v is globally defined on Ry,
and it satisfies (I9) due to (G3). We finally derive (I8) from (@f]), (6I]) and (G3). This completes
the proof of Theorem O

1.6 Proof of Corollary

The proof is almost completely contained in the proof of Theorem Pl For the sake of completeness,
we detail the following differences.

When N =1, we do not take into account any longer the distances between the solitons. As
a consequence, the sets V(a, L) are replaced by the sets

W(a) = {n = (v.w) € H'(R) x LA(R), s:t. inf [[o = v g [ 11, 2 < a}.

When o’ < o}, we can invoke the continuity with respect to the initial datum of the ([HLL]) flow
to find a positive time 7" such that the solution v(-,¢) remains in W(aj}) for any ¢ € [0,7]. In
this situation, we can check that the proof of Proposition [2] provides the existence of modulation
functions a and c of class C! on [0,7] such that the perturbation e(-,t) := v(-, ) — Oc(t),a(t),s*
satisfies the orthogonality conditions in ([B34]) for any ¢t € [0, 7], as well as the estimates

”6('7t)HH1><L2 + ‘C(t) —C ‘ + ’a(t) —a ‘ <A (X(t), He(t) > §Mc*7 and Ve(t) > 57/0*7 (64)

Hixr2- Similarly, we derive from the proof of Proposition Bl

where a(t) :=infyep [[0(-, 1) — V¢ g6
that )
For (0(,1)) > Fur (0e) + A*[|e(, )| 5 g2 + (’)(\c(t) - C*P).

The quantity Fe+ is now conserved along the (HLL) flow. In particular, it is enough to control
the difference |c(t) — ¢*| in order to provide a control on &(-,¢) depending only on the initial
perturbation. Arguing as in the proof of (€Il), we obtain the estimate

le(t) = ¢*| < 0(a®) + O(lle ()| 1 2 (65)
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so that we are led to
A JleC, )Gt pe < For (0°) = Fos (o) + O(|a"?).
In view of ([64]) and (65]), we conclude that there exists a positive number A* such that
le(t) = *| + lleC, )| g1 o < A7,

for any ¢t € [0,T]. Hence, we obtain (2I]) on [0, T, possibly for a further choice of A*. Choosing o*
such that (A* +1)a* < «}, and applying a continuation argument as in the proof of Theorem [2
we derive (2I) on [0, 400), as soon as a’ < a*. This estimate also holds on (—oo, 0] due to the
time reversibility of the Landau-Lifshitz equation.

It then remains to observe that estimate (20) is a direct consequence of the proof of Proposi-
tion M to conclude the proof of Corollary 2 O

1.7 Outline of the paper

The paper is organized as follows. Section [2lis devoted to the proof of the stabilizing properties of
a chain of solitons, more precisely, the proofs of Propositions[Il Rland Bl In Section Bl we consider
dynamical aspects: the control on the evolution of the modulation parameters in Proposition @]
and the derivation of the monotonicity formulae in Proposition B In Section Ml we provide the
proof of Corollaries Bl and [ concerning orbital stability in the original framework of Landau-
Lifshitz equation. Finally, we give further details on the Cauchy problems for (LL) and (HLL)
in a separate appendix.

2 Stabilizing properties of a chain of solitons

2.1 Proof of Proposition (1

The proof is reminiscent of the one in [3, Proposition 1|. For the sake of completeness, we provide
the following details. In view of (I]) and (2]), the quadratic form Q. is given by

Qule) = /R (M _ (2vcamvc+ (D)2 +4vg(amv(;)2) ; €3

2 2)\2
1_UC 1_vc _UC)

(2.1)
+ (1 — w?)e% — 2(c + 2Ucwc)6162 + (1 — vg)sg),

for any pair € = (e1,¢2) € H'(R) x L?(R). This quantity is well-defined when ¢ # 0, in particular,
due to the identity
nﬁéng—vg} =c (2.2)

which is a consequence of (B). Recall also that v, solves the equation
OpaVe = (1 — 2 - QUZ)UC,
while w, is given by

CUe
=—.
1 —vZ

We

Therefore, we can rewrite the expression in (2.I]) under the form
1402 2
Qcle) = (Leler),e1) +/ (1—22) (52 — 07;281) , (2.3)
R (1 - vc)
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where L. refers to the Sturm-Liouville operator defined by

(9161
1 — 2

_f1
(1 —v2)*

L.(e1) = —am< > + (1 -5+ + 21)21)
The unbounded operator L. is self-adjoint on L?(R), with domain H?(R), and, by the Weyl
criterion, with essential spectrum [1—c?, +00). Due to the invariance with respect to translations
of (HLIL)), the derivative d,v, lies in the kernel of £.. Since this function has exactly one zero, it
follows from the Sturm-Liouville theory (see e.g. [10]) that £. owns a unique negative eigenvalue
—MXe. Moreover, the corresponding eigenspace, as well as the kernel of L., has dimension one.
We denote by x. an eigenfunction of L. for the eigenvalue —A..

In view of (23]), the unbounded operator Q. corresponding to the quadratic form Q. is given
by

212 2 2
Qc(s):<£c(€1)+02(1+%) 14 1+v >

- e — €9, —C Ce 1—v2)e
@02 T2 per+ (1= ve)e

c 1_Uc

It is self-adjoint on L?(R) x L?(R), with domain H?(R) x L?(R), and by the Weyl criterion,
with essential spectrum [min{1 — |c|,3/4 — c®}, +00). In view of (23), the quadratic form Q.(¢)
is positive when € # 0 satisfies the two orthogonality conditions (x¢,e1)r2 = (Oxve,€1)r2 = 0.
Moreover, the pair 9,0, lies in the kernel of Q., while

1+ 0?2
Qe (XacmXc) = (Le(Xe), Xe)12xr2 < 0.

As a consequence, Q. has exactly one negative eigenvalue —pu., and its kernel is spanned by the
derivative 0,b.. In particular, there exists a positive number A., depending continuously on ¢
(due to the analytic dependence on ¢ of the operator Q.), such that

Qc(e) > AcHE‘H%ngQ, (2.4)

when e satisfies the two orthogonality conditions

(Uc, €)p2xp2 = (020, €) 242 = 0, (2.5)

where 1, refers to an L? x L?-normalized eigenfunction of Q. for the eigenvalue — ..

We now check that inequality (2.4]) remains valid, up to a possible further choice of the positive
number A., when we replace the orthogonality conditions in (2.35]) by the one in (31]). With this
goal in mind, we consider a pair e, which satisfies the orthogonality conditions in (3I), and we
decompose it as € = au, + t, where v satisfies (2.3)). Similarly, we decompose the derivative
Ocbe = au, + e, with v, satisfying (2.5) . We next compute

Qc(acnc) = _Mcaz + Qc(tc)-
On the other hand, differentiating (27)) with respect to ¢, we obtain the identity
<Qc(8cnc) - PI(UC), m>L2 xL2 — O, (26)

for any v € H'(R) x L?(R). When to = 9,0., we infer from ([29) that

1

— < 0.
(1-c2)3

Qc(acbc) = <P/(DC)aacUC>L2><L2 = -

2Since d.v. is an even pair, whereas 9, b, is odd, they are orthogonal in L*(R)?.
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As a consequence, there exists a number 0 < § < 1 such that
Qe(t) = Opea’. (2.7)

At this stage, two situations can occur. When 6 = 0, t. is equal to 0, and O.b. is an
eigenfunction of Q. for the eigenvalue —p.. In view of (2.6]), the orthogonality conditions in (3TI)
and (2.5) are equivalent, so that inequality (2.4)) remains valid under the conditions in ([BI). In
contrast, when § > 0, we write

Qc(€) = —pea® + Qclv). (2.8)
Since Q. is positive under the orthogonality conditions in (2.5]), we can apply the Cauchy-Schwarz
inequality to get
(Qelre) ¥) T2 < Qe()Qe(re)-
Since
(Qelre), t)raxr2 = (Qe(0c0e), €) 2 L2 + preac = peac,

by (BI) and (26), we deduce from (Z7) that Q.(t) > uc.a?/d. In view of (24) and (ZJ), we are
led to

1-96
Qc(e) = —5—(ea? + Aclelfax 2) > Belelfay
with B. = (1 — 0) min{p., Ac}/2. In this case again, inequality (2.4 remains valid under condi-
tions (31]).

In order to complete the proof of ([B0), it remains to replace the L? x L2-norm in the right-hand
side of (Z4) by an H! x L%mnorm. In this direction, we observe that

0ue) > [ P ket > L [ (Ge) = Kol
&= cll€lizxr2 = 73 . 2€1) cll€llz2x 2>

2
1 — v

by () and (2.2]), where K. depends continuously on ¢. Given a number 0 < 7 < 1, we deduce
that

@@2;/@mf+uﬂ—ﬂ—mﬂw@wm
R

under the orthogonality conditions in (31]). It remains to choose 7 = A./2(A. + K.), to obtain
B0) for a positive number A. depending continuously on c. O

2.2 Proof of Proposition

The proof is similar to the one performed for establishing [3l Proposition 2| (see also [24] 25]).
For the sake of completeness, we recall the following elements.

The first ingredient is the exponential decay of the soliton v, = (v.,w.). In view of ([, given
any integer p, there exists a positive number A,, depending only on p, such that

NI

> (|000kve@)] + 0k w()]) < Ap(1 = H)exp ( — a-c:

2
0<2j<k<p

al),  (29)

for any 0 < |¢| < 1 and = € R. As a consequence, we can derive as in [3, Lemma 2.1] that two
solitons with same speed and orientation, as well as two sums of solitons with same speeds and
orientations, cannot be close in H!(R) x L?(R), except if their centers of mass are close. More
quantitatively, let us fix a set of speeds ¢, with ¢; # 0 as usual, and a set of orientations s. Given
a positive number p, there exist positive numbers 5 and M such that, if

HSc,a,s - Sc,b,5HH1><L2 < B, (2-10)
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for positions a € Pos(M) and b € Pos(M), we have

N
> ai = bi| < p. (2.11)
i=1

The second crucial ingredient is related to the map

E(U, g, b) = ((ambal,bl,s{a€>L2><L2, ceey <ambaN,bN,s}‘V, €>L2><L2, <P/(Ual,b1,s*l‘), €>L2><L2a
cey <P/(UO—N7bN757V)’ €>L2><L2),

where we have set, as usual, € = v — 55 p o+. The map = is well-defined for, and depends smoothly
onv € H'(R)x L?(R), o € (—1,1), with ; # 0, and b € RY. In order to construct the mappings
c and a in Proposition 2], we apply the quantitative version of the implicit function theorem in
[3, Appendix A] to the map =. This is possible due to the exponential decay in (2.9).

Indeed, set
(1) = {a e (-1, 1)Y, sit. pg > 7 and vy > 7'},

for a fixed number 0 < 7 < 1. Given ¢ € X(7) and a € RY, we check that

(1]

(Sc,a,s*a c, Cl) = 07
and we compute

angk(Sc,aﬁ*, c, Cl) = —<8xnck,ak7325 acUCj,aj,S;>L2><L27
abj Ek(sc,aﬁ*, c, Cl) = (a:rb%@k,sz’ amUCj,aj,S;>L2><L27
as well as
L} /
aaj:N+k(Sc,a,5*a c,a) =—(P (UCk,akvsz)’ acUCj,aj78j>L2><L2’
[} /
8},]. ‘:‘N+k(SC,a,5*7 c, a) = <P (Uck,ak,s,’;)7 al‘UCj,a]’,S;>L2 x L2
forany 1 < j,k < N.
When j = k, we rely on (B]) to derive

Oy Zk(Se,a,6%5 €, ) = Oy En41(Se a7, ¢,a) =0, (2.12)

while 9 1
Oy Zk(Seasr» € @) = [|0avey [[ 2 = 2(1 = )2 >0,

and, by ([29),

8ok:‘N+k(Sc,a,5*a ¢, Cl) = _%(P(Dc))‘CZCk = (1 02)% >0
-k

Therefore, the diagonal matrix D, with the same diagonal elements as dg pZ(Sc a5+, ¢, @) is a
continuous isomorphism from R?V to R?V | with operator norm bounded from below by 27.

When j # k, we invoke the exponential decay in (Z9) to check the existence of a positive
number A, depending only on 7, such that

|3Uj Ek(Sc,a,s*a C, Cl)‘ + ‘abj Ek(Sc,a,s*a ¢, Cl)‘

_ _ v.L
+‘aaj:N+k(Sc,a,s*a C, Cl)‘ + ‘abj:Nqu(Sc,a,S*v < Cl)‘ < AT exp ( B 21 )’
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when a € Pos(L) for some positive number L. Combining with ([2.I2), we can write the differ-
ential dg pZ(Sc a5+, ¢, a) as

do pZ(Se 067, ¢, a) = De(Id + Ty (e, a)),

where T (¢, a) has an operator norm less than 1/2, at least, when L is large enough.

On the other hand, since the operator norm of D, is bounded from below by 27, we can write
dDE(Sc,a,s*a C, a)(m) = ((amncl,al,s’l‘, m>L2><L2, BRI <P/(UCN,aN,s}‘V)a m>L2><L2) = DCTQ(C, Cl),

where Ty(c,a) is a continuous linear mapping from H'(R) x L*(R) to R?" with an operator
norm depending only on 7. In view of (Z9), the operator norm of the second order differential
d?Z(v, ¢, a) is also bounded by a positive number A;, depending only on 7, when v € H'(R) x
L?(R), ¢ € (7/2) and a € RV,

This is enough to apply [3, Proposition A.1] to the map Z. We set 7% := min{ - /2, v« /2}.
Then, there exist positive numbers p*, A* and L* such that, for any (c¢,a) € X(7*) x Pos(L*),
there exists a map v,q € CH(B(Scas%, "), 2(7%/2) x RY) such that, given any 1o € B(Scq¢+, p*),
the pair (o, b) = 7 () is the unique solution in B(S; 4 ¢+, A*p*) to the equation

2w, o, b) =0. (2.13)

Moreover, the map . q is Lipschitz on B(S; g6+, p*), with Lipschitz constant at most A*.

We next denote by 8* the positive number such that (2II]) holds, when condition (2I0]) is
satisfied for p := A*p*/3, and we set o* := min{p*/3, 5*/4}. When v € V(a*, L*), there exists
b € Pos(L*) such that v € B(S+ p ¢+, 20*). Since 2a* < p*, the numbers ¢ and a given by

(C, Cl) = Wc*,b(n)a

are well-defined. We set ¢(v) = ¢ and a(v) = a, and we show that the functions ¢ and a satisfy
all the statements in Proposition

Combining (ZII)), the Lipschitz continuity of the maps 7.4, and the local uniqueness of the
solution to (ZI3]), we first check that ¢ and a do not depend on the choice of b € Pos(L*)
such that v € B(Sc p ¢+, 2a"). Hence, the functions ¢ and a are well-defined from V(a*, L*) to
3(7*/2), resp. RY. Moreover, they are of class C!' on V(a*, L*) due to the C! nature of the maps
Ve, and again the local uniqueness of the solution to (2I3) (see the proof of [3, Proposition 2|
for more details). Statement (i7) follows combining the definition of the map =, and the identity
=(v,¢(v),a(v)) = 0, which holds for any v € V(a*, L*).

Concerning (7ii), we deduce from the Lipschitz continuity of the map 7 o« that

|C(U) — C*| + |a(U) — Cl*‘ < h’c*,a* (U) — Vex,a* (Sc*,a*,s*) < A*Oz, (2'14)

when v € B(Sex g+ ¢+, ) for some positive number a < a*. As a consequence, we can decrease, if
necessary, the value of a* so that i) > i+ /2 and vep) > ve+ /2. Similarly, when a* € Pos(L)
for L > L*, we can assume that a(v) € Pos(L — 1).

On the other hand, we also have the following estimate of € = v — S¢(y).a(v),5*»

ell i1z < [lo=Serar s [| g1 2 [1Ser a6 = Sev),atoror [ i < a+K<{c*—c(n){+‘a*—a(n)D,

due to the explicit formulae for v, in ([B). In view of (2ZI4]), this gives
< A*a

)

lell 2
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for A* =1+ KA*. In particular, we can again decrease, if necessary, the value of o* in order to

obtain 1
o]l < o (2.15)

by using the Sobolev embedding theorem. In view of (22 and (23], we can also increase, if
necessary, the value of L* in order to have

L o

. 2
min {1 = Ve g0} = SHe

Combining with (2I5), this proves that V(a*, L*) is included into NV(R), with inequality (B3]).
It only remains to set of = o* and L] = L* to conclude the proof of Proposition 2 O

2.3 Proof of Proposition 3]

In order to establish the two inequalities in Proposition 3] we refine the partition of unity in (B8]).
Given a positive parameter 7 < v« /16 to be fixed later, we set

xj(z) == %(tanh (T<x —a;(v) + LZT)) — tanh <T<x —a;(v) — %))), (2.16)

for 1 < j < N, as well as

st = (1t (oo ).
et = (o (e~ ) - rfe -+ 1)

XN N+1(z) == %(1 + tanh (T<x —an(v) — %))),

with 1 < j < N — 1, so that we have the partition of unity

N N
Y oXi+ Y Xjge =L (2.17)
j=1 j=0

Since |1 — sign(z) tanh(x)| < 2exp(—2|x|) for any x € R, we check that

0 < xj(z) <exp ( — 27'(]36 —a;(v)] — %)Jr), (2.18)
and
11— Xj(x){ < exp < - 27’(3: —aj(v) + ink>+> + exp ( - 27'(x —a;(v) — %)7) (2.19)

Here, we have set y* := max{+y,0}. Similarly, we obtain

LiN+
0 <xo0.1(x) SeXP(—2T(x—a1(n)+z> >’

0 §X17j+1(x) < exp ( - 27’<$ — aj(b) — %)7) exp ( — QT(x — aj+1(n) + %)+),

0 <xn,nt1(z) < exp ( - 27($ —an(v) — %)7)
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We next set

D=

ej = x;(- +a;j(v))2 (- + a;(v)), (2.20)

for 1 <j < N, as well as
1
€541 = X251 &,
for 0 < j < N. In order to clarify the presentation and when this does not lead to any confusion,
we drop the dependence with respect to c(v), a(v) and 5% of S¢(p) a(v),s+ DY setting Se(v) a(v),s* =
S :=(V,W). Similarly, we set Oc;(v)a;(v),s7 *= 0 7= (vj,wj), so that S =01 4+ ...+ bN.

We now expand the quantity F(v) in terms of the localized perturbations €; and €; ;1.
Concerning the energy E(v), we apply the Taylor formula to write
1
E(U) = E(S + 6) = E(S) + <E/(S), €>L2><L2 + §<E”(S)(€)’€>L2><L2 + R(S,E), (2'21)

where we recall that

0,V V(0,V)?
<E/(S)’€>L2><L2 = A (m 8$€1 + ﬁ €1+ (1 — VQ)W€2 — VW2€1 + ElV), (222)

and

" Oper)? | AV(0,V 1+ 3V2)(8,V)2
00 i (B i L

+ (1 = V?)ed —de1eVIV + (1 — W2)6%>.

(2.23)
In view of this decomposition, we have

Claim 1.

N
1
<El/(bcj(0))(€j)’ €j>L2><L2 + 92 Z <El/(0)(€jvj+1)’ EJ'J'+1>L2><L2
=0

M=

1
2

M-

I
A

E(v) = >  E(ve;v) +

J J

T

+O((r e (-7 ))Hsugw)+o(|ys\\§{%2)+o(Lexp(_”c;L)).

Proof. The main tool in order to show Claim [Ilis the following inequality

=~ .
—% =

1
+b—a) " exp (—min{oq, 04} (b—a)),

(2.24)
which holds for 1 < p < 400, (a,b) € R?, with a < b, and (04,03) € (0, +00)2. We first apply
224) with p = 1 for estimating the quantity E(S). Since

| exp (—a(-—a)t) exp (—n(-=b))|

< e —
e~ <p min{o,, op}

M)) (2.25)

90;()] + o (@) + ()| = O exp ( -
by @) and (B6), and since aj41(v) — a;(v) > L — 1, again by (B8]), we obtain
N

E(S) =Y E(v,) +0 (L exp ( - ”‘;L)), (2.26)

j=1
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at least, when L > 2/ve-. Similarly, we combine (2.24), with p = 2, (225]) and the Hélder
inequality to estimate (2.22)) as

N
(P ©8) s = 3= (B0} s+ O(E 0 (= 57) )

In view of (27)) and the orthogonality conditions in (B4]), we notice that

<E,(Dj)’€>L2xL2 = (E'(v;) — CJ(U)P/(Uj)’€>L2><L2 =0.
Since ||le||gixr2 < A*aj by ([B3), we are led to
1 Ver L
(E'(S),€) 2, 12 = (’)<L2 exp ( -= )) (2.27)

We next turn to ([2.23]). We decompose this quantity according to the partition of unity in (2.17)
as

<E”(S)(€)’€>L2><L2 ::Z/ (’E(S,s)xj—i—Z/ @(S,E)Xj,]q_l. (2.28)
j=1"R j=0"R

Combining ([2.24]), with p = +o00, and ([2.25]), and using the fact that 27 < v+ /2, we simplify the
first integral in the right-hand side of ([2:28]) as

/RC”I(S,E)XJ-:/RG(nj,s)xijO(exp(—TL’{) HEHiﬂxL?)'

Since (933()(]1./251) = (Ope1) X}/2 +e1 ((933)(]-)/(2)(}/2), we obtain, after a translation by a;(v),

10,61 20,0,V Ox X
. J— _ N 89[: . J ) 2 J 2 )
foetorern = [ etononen = (325 + G2t + 5 e

In view of ([2.10)), we check that |0, x;| = O(7) and [0,x;|/x; = O(7). Hence, we obtain

/ €(S,€) X5 = (B (00,0 (&), €)oo + O (T + exp (= 7LY)) [lellfprspe ). (2:29)
R

Similar computations provide the estimate

7L}
/R@(&s) Xj.j+1 = <E”(0)(€j,j+1),5j,j+1>Lng2 + O((T + exp ( - Tl)) HEHZIXLQ)' (2.30)

It remains to notice that

|R(S’ E)‘ - O<||€H?I’-11XL2)’

due to (B) and ([B6), and to collect [221), (220), 227), (228), [229) and 230) to complete
the proof of Claim [ O

We now turn to the quantities P;(v), which we decompose as

Pj(v) = Pj(S+¢) = P;(S) + <P;(S),5>Lng2 + %<P]{,(S)(€),E>L2XL2?
where
(P& g = [ (05— i) (Ver + We),
and

(P/(S)(€):€) oy pe = 2/11& (05 — djr1)e1ea.

For this decomposition, we show
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Claim 2.
1 1
Pj(v) = P(UCJ'(U)) T §<P”(UCJ'(U))(€J')7€j>L2xL2 + _<P{, 0) (Ej—lvj)7€j—1vj>L2><L2

* %<Pf'(0)(€j,j+1),Ej,j+1>L2xL2 + O<eXp ( Ll)” HH%Q) * O(LeXp < - V;*6L>>'

Proof. We derive Claim [2] following the proof of Claim[Il The only difference lies in the fact that
we also handle with the cut-off functions ¢; — ¢; 1. Since they satisfy the pointwise estimates

0 < 61(x) — baw) < exp (% (o - ltlgeat) "),
05 65(0) ~ dyra(e) Soxp (= (o = B p (- (1 - ) ),
0 < on(x) — dnt1(z) < exp < - %(x M) >’

and
1—¢1(x)+¢2(x)<exp(_%_€‘ x_w)‘)
1= ¢j(z) + ¢jra(r) < exp( <x— wyv —i—exp( g(x_ aj(0)+gj+1(l’)>_)’

1—on(z) + onii(z) < P( ( _MY)’

/N

Mﬁe

by ([B7), we can again rely on (2.24) to bound the exponentially small interactions between the
solitons v;, and the cut-off functions ¢;, x; and x; j+1. This leads to Claim 2l We refer to the
proof of [3| Proposition 3| for more technical details. O

We now write F(v) along the decompositions in Claims [l and 2l Before collecting the two
identities, we observe that the Taylor formula provides

E(ve () = € P(ve(0) = B(ver) — G P(ver) + O(|ej(0) — &),
due to ([217). We also compute
|¢j(0) = 5] [{(P" (0, (0))(€5), €5) 12 12| <2lej(0) = €] /R le1]]e2]
=0(lej(0) = 5 *) + O(llel 1 12)-
Similarly, we have
|cj(0) — ¢ (‘<P]{,(O)(5jfl,j)aEjfl,j>L2xL2‘ + |(Pf/(o)(sj,jﬂ),Ej,j+1>L2xL?D
=0(l¢j(0) = & *) + O(llell 1 2)-

In view of Claims [[l and 2 this gives

N 1 N 1 N
Fo) =3 Fes(00) + 5 3 Qeyto) (&) + 5 D Qhlesrr) + O
7=1 7=0

j=1

Mz

lej(0) = ;2
1 ’ ) (2.31)

<0 (r o (7)) lelf0) + O lf) 0o~ 42)).

<.
Il
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where we have set
Qo = E"(0) — 1(0) P{(0),
Q) = E"(0) — ¢;(0)P'(0) — cj+1(0) Pl (0),

QY = E"(0) — en(0) PR (0),

for 1 <j < N —1. In order to establish inequality (4I]), we are reduced to show some coercivity
for the quadratic forms ch(n) and Q). We deduce from Proposition [ the following claim.

Claim 3. There exists a positive number A7, depending only on ¢*, such that

* * L7
Qeyw)(83) 2 Al n,cpe + O((20) 2 exp (= T2 Nl e,

forany1<j <N.

Proof. In view of the orthogonality conditions in ([B34]), and of definition (2.20)), we know that

(NI

(02Vc,(0):€5) 2, 12 = 55{0nV¢;(0),050),57 (X] = 1)€) 2 12
and )
(P'(0c00)):€5) 125 12 = 55 (P (0¢;(0),050),3)s (] = 1)) 2, -
Combining inequality (2.24)), with p = 2, and estimates ([2.18]), (2.19) and ([2.25]), we infer that

(00 00€3) s = O((ED) 0 (= T51) lellpaae)-

and similarly,
L*
(P (00, 0):€5) paregs = O( (D)2 exp (= T2 ) llelloocr )

Invoking formula (B]) as well as the bounds on ¢;(v) in (B8], we can decompose the pair €; as
€j 1= @ 0zV,(v) + Bj P'(0.,w)) + 7, with r; satisfying the orthogonality conditions in (BI)),

<3:vl’cj(n)a €5)12xL? 1 TL]
o = =0O((L})?2exp| — € , 2.32
= oo (1) exp (= 52) lelarz) (2.32)

and the same estimate for 3;. This ensures that

Qe;(0)(T5) = Aoy il 71 125
by Proposition [Il Since (93306.([,) lies in the kernel of Q.; (), we also have

Qc](n (EJ) B]ch ( ( 5 (0) )) + 2BJ<QCJ(U ( ( Cj(U)))’€j>L2><L2 + QCj(U)(rj)’

so that we are led to

L*
Qe (€)= Ay lInsllpecs + O((L0)% exp (= 1) el e ),
using (2.20) and (2.32)). It remains to check that

N TLY
[rsllarscrs = lleslirce] = O ()% exp (= 221 llellicre),
by (@), B3), B8) and [232)) in order to obtain

ch(t,)(sj) > w2+ (’)(( ) eXp< ;jik) HeH?pXm)-

Claim [ follows combining (BE) with the property that the numbers A, in Proposition [ are
uniformly bounded from below for ¢ lying in a compact subset of (—1,1) \ {0}. O
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For the quadratic form Q%, we similarly show

Claim 4. There exists a positive number A3, depending only on ¢*, such that

Qb(ej+1) = AsllejjrillFnre,
forany 0 <j < N.

Proof. In view of (Il), (37) and ([@0), we have
@4 () :/]R ((aacwl)2 +wf +wh — 2(c;(0) (¢ — $j1) + ¢j41(0)(dj41 — ¢j+2))w1W2)
> [ (@) + (1= max{ley o) ey () (u? +u) ).
for any w = (wy,ws) € HY(R) x L?(R), and 1 < j < N — 1. Similarly, we obtain

Qo) > [ (0000 + (1= (o)) (w +3) ),
and
Q) = [ ((@en)? + (1= fe (o)) (u + 03) ).

Claim H follows combining with the equality

t\.’)\»—l

max {|c1(v)],...,|en(0)]} = 1—y ,

and the bounds in (36)). O
We are now in position to complete the proof of Proposition [B

End of the proof of Proposition[3. Concerning inequality (@Il), we derive from Claims B and [
the inequality

N N

1 1

5 Zch(n) )+ 5 Z Q (€j,j+1) =277 <Z HEJHH1><L2 + Z H“:J,JH”Hle?)
j=1 7=0

+o((Li) exp (- %) lelifssz):

where we have set A* = min{A}, A5}/4. On the other hand, it was proved in |3, Lemma 1] that

N N
D leilnsre + D llejeillfngge > lelicre.
j=1 =0

Therefore, we can estimate (2.31) from below by

N
Z UC +2A*H HHl L2+O(H HHle2>+O<Z‘Cj(U)— ;‘2)

j=1 J=1

oy L TLY 2 Ver L
+ (9((7’ + ((L})2 + 1) exp < - Tl)) HEHHle) + O(Lexp ( — ;6 >>
At this stage, we can fix the value of 7 small enough, and then decrease the value of aj and
increase the value of L7, if necessary, so that

2

O(ellze) +O((+ (LD} + 1y exp (= ZE0) ) el ye) < Al o

This is enough to obtain inequality (&II). Similarly, inequality (42]) results from (Z31I)) using
the property that the quadratic forms ch(n) and @ are continuous on H HR) x L?(R), with
continuous bounds depending only on ¢* by ([B6). This concludes the proof of Proposition 3l [
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3 Dynamical properties of a chain of solitons

3.1 Proof of Proposition 4l

Coming back to Proposition Bl we notice that the modulation functions a(t) and c(t) own a C*
dependence on the variations of the solution v(-,¢) in H*(R) x L?(R). On the other hand, the
solution v belongs to C°([0,T], H3(R) x H?(R)), when the initial datum v° belongs to H°(R) x
H*(R) (see Proposition [A.2)). In this situation, it belongs to C!([0,T], H'(R) x L%(R)) by (HLL),
so that we can apply the chain rule in order to guarantee that a and ¢ are of class C! on [0,77].
Moreover, we are allowed to differentiate with respect to time the orthogonality conditions in

([34) and to invoke equations (@) and (AT to write

M <a,c_' C> _ CZ/) . (3.1)

Here, M refers to the matrix of size 2N given by

My o = —(P'(01), 0c00) 12 x 12 + Ok 0 (P'(DcOk), €) L2 x 12,
My, oy n = (P'(0k), 0290) 12 12 — Ok 0 (P (D01), €) 12 12,
My N = —(020k, 0c00) 125 12 + Ok 0(0c0xOk, €) 125 1.2,
My Ner N = (On0k, Oxbp) 12512 — Ok 0(OuaOky €) 12 x 12,

for 0 < k,¢ < N, where vi(-,t) = Uck(t),ak(t),s;;(')- The vectors Y and Z are defined by

Yk :<3xwk, ((V + 81)2 - 1)(W + 82) Z ( B 1)w2>L2

1
N
+ (B (W + 22 =)V +e1) = Y (wf = LJur) |

0,V + 0,21 f: Dpvy >

— (Do,
<””’“1— (V4ea) &1-17

and

N
B~ ((V +20)? = )W+ 22) =3 (6 = V),

N
+ <3mwk, ((W + 82)2 — 1 V + 2’51 Z — 1 Ug> .

N
0V—i—8€1 Z 8$’Ug

_lo Yz ¥ T Yzl
< v Whs 777 (V +¢1)2 1—o?

~_—

12 + ck <axxnka €>L2><L27
/=1

N N
for 1 <k < N, where V = > v and W = > wy as in the introduction.
k=1 k=1

We next decompose the matrix M as M = D + H, where D is the diagonal matrix of size 2N
with diagonal coefficients

d

Dy, = —(P'(01), 0c0k) 1212 = _%(P(Uck(t))> =

2
(1—cr(t)?)2

)
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and )
Dy njorn = [020k]|72 = 2(1 — e (t)?)2.

As a consequence of ({5]), we deduce that D is invertible, with the operator norm of its inverse
bounded by some number depending only on c*.

Concerning the matrix H, we check that

<P/(Uk)7ax0k‘>L2><L2 = <axuk7acnk‘>L2><L2 = 07

whereas we can invoke (@5, (2.9) and (2.24]), and then argue as in the proof of Proposition [3] to
obtain

‘<Pl(nk)’acbﬁ>L2><L2| + ‘(P/(Uk)’axbﬁ>L2><L2|

c*L
+{<ax0k,acbg>L2XL2{ + ‘(azbk,azbg>L2xL2{ = O(Lexp ( . 1/2 )>’

for £ # k. On the other hand, it follows from ([@5]) and (29) that
|(P'(Ocbk), €) r2xr2| + [(P'(0x0k), €) 2w 12|
+\(808xnk,s>szLz\ + {<ax:v0k,€>L2><L2‘ = O(HEHLQXL?)-

As a consequence, we can make a further choice of positive numbers o < a3 and L3 > L3 such
that, for « < o} and L > L3, the operator norm of the matrix D™1H is less than 1/2. In this
case, the matrix M is invertible and the operator norm of its inverse is uniformly bounded with
respect to t. Coming back to (B.1]), we are led to the estimate

N N
> (It + ok — eu0l) < O 3 (Wico] + |0 ) (32)
k=1 k=1

It remains to estimate the quantities Yj, and Z;. We write

N
(V4+e) = 1)(WHe)— Y (vf—1)uwy
/=1

N
= (V+ea)’ = 1)(W+e) = (V=)W + (V2= 1)W = > (v — 1w
/=1

Combining the Sobolev embedding theorem, (@3] and (2.9]), we compute
(Opwp, (V+e1)? = 1)(W +e2) — (V2= )W), = O(|le]| 2 z2)-

Similarly, we rely on (5], (2.9) and ([2.24)) to derive

<(9xwk, (V2 — 1)W — Z (vg — 1)wg>L2 = O(Lexp < — VC;L>).

Arguing in the same way for the other terms in Y; and Zj, we conclude that

3 (1¥ilt)] +120)]) = O(llellensz) + O(Lexp (- 25)),

k=1

which is enough to deduce (@8] from (3.2]).
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Finally, we apply a density argument to extend (@8) to any solution v(-,¢) in C°([0, T], H!(R) x
L?(R)). Recall that the modulation functions a(t) and c(t) depend continuously on bv(-,t) in
H'(R) x L*(R), which in turn depends continuously on the initial data v° by Theorem [l As a
consequence, the matrices M(-,t) and the vectors (Y (-,t), Z(-,t)) also depend continuously on
v’ in HY(R) x L?(R). Since the operator norm of the inverse matrices M (-,t)~! is bounded by
some positive number depending only on ¢*, we can apply a density argument to derive from
(B) the C! nature of the modulation functions ¢ — a(t) and ¢ — c(t), as well as estimate ([@S)).
We refer to [3] for more details. This concludes the proof of Proposition [l O

3.2 Proof of Proposition

The monotonicity formulae in Proposition [Bl are based on the conservation law for the momentum
in (52)). In order to perform the derivation of this conservation law rigorously, we introduce the
spaces

NVFR) = {n = (v,w) € H*!(R) x H(R), s.t. max o] < 1}, (3.3)

for any k € N, and we endow them with the metric structure provided by the norm

1
ollayr = llollmnsirn = (lolFpe + lwllFe) 2.
Notice in particular that NV°(R) = NV(R).

Lemma 3.1. Let v = (v,w) be a solution to ([ALIL) in C°([0,T], NVZ(R)). Then, the map vw
belongs to C([0,T], L*(R)) and satisfies (52), i.e.

3 2

1 —v 1
(925 (U’U)) = —5833 (U2 + ZUQ — 3’027112 + m(&mv)2> — 58333333(111 (1 — U2)> .

Proof. In view of (HLL), the function vw is in C'([0,T], L*(R)), so that we are authorized to
derive from (HLL) that

O (vw) = wo, ((02 — 1)w) + v@m<1ai$;)2 + 0(1(3_96?22)2 +o(w? - 1))

v2(0,v)? (0,v)? )

1 V Qg ¥
— —0.(302w? — 02 — w2 8( T z
R0 (Ut —v" =) + e T a2 21—

Equation (52)) then follows from the computation

2
00t _ —lam<ln (1 —1)2)) — (1+v (0,v)2.

1—02 2 1—02)2

Using Lemma Bl we can provide the

Proof of Proposition[J. When v is a solution to (HLI) in C°([0,7], NV(R)), the quantity R; is
well-defined and continuous on [0,7]. When v additionally belongs to C°([0,T], NV?(R)), the
function R; becomes of class C! on [0,77] in view of the continuous differentiability of the position
parameters a in Proposition[dl In this case, we derive from (52) that the derivative of R; is equal
to

2
Ri(t) :% /Raﬂﬁj <vz + w? — (aj(t) + a)j_1 (t))vw — 3vw? + (13_7:2)2(8331))2>

: (3.4)
+ 5 /Ra:v:mﬂs] In (1 - UQ),
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for any ¢ € [0, 7.

At this stage, we recall that the position parameters a;(t), as well as their derivatives a;(t),
depend continuously on v in C°([0, 7], NV(R)) due to Proposition Zlon the one hand, and formula
(1) on the other hand. As a consequence, the right-hand side of ([3.4]) depends continuously on
v in C°([0, 7], NV(R)). In view of the Cauchy theory for (HLI]) in Theorem [I we can apply a
density argument to conclude that the function R; remains of class C! on [0,7] when v is only
in C°([0, T], NV(R)). Moreover, its derivative remains given by ([34)). In particular, in view of

definition (B9), and the conservation of the energy E and the momentum P, the function F is
also of class C! on [0,T], when v belongs to C°([0, T], NV(R)).

In order to estimate the derivative R; (t), we remark that the integrand in the first integral of
the right-hand side of (B.4]) is positive when v is small enough. In our context of a perturbation
of a sum of solitons, this quantity is positive far away from the positions ay(¢). On the other
hand, in areas close to the positions ai(t), the integrand is exponentially small due to the decay
of the derivatives 0,¢; and 0,;,¢;. As a matter of fact, we can compute

Ve Ve a‘_l(t)+a‘(t)
0 < 0p¢j(x,t) < é exp ( - é x — %D (3.5)
Similarly, we have
Vi v, Vi a;j—1(t) +a;(t)
. < & . < ¢ _ = S SRR AN ‘ . .
{@Cm(bj(x,t){ < 51 L dj(x,t) < 13 exp< T | 5 ) (3.6)

Following the remark above, we decompose the derivative R;-(t) according to the two areas given
by the interval

I(t) = [—aj‘l(t); a;(t) i(L + 0est), —aj‘l(t); o) | i(L + o)

and its complementary set. More precisely, we set
R(t) = Ry (t) + Ra(t),

where we denote

2

3—v . (va)z)

1 (.2 2 (. / 2.2
9{1(t)—2/1j(t) Oz ; (v +w (aj(t)—i—aj_l(t))vw 3viw —1—7(1_1)2)

+ %/ Ozzz®j In (1 — vz).
I;(t)

Concerning MRs(t), we deduce from ([B3), (&1), (B.3) and (B.06) that

|Ra(t)| < A% exp < - 3%(11 + 5c*t)) /R <1)2 + w? 4 (0,v)? —In (1- 1)2)),

where A* denotes, here as in the sequel, a positive number depending only on ¢* and s*. On the
other hand, since 1 — v? > p% /8 by (B3], there exists a further positive number A*, depending

only on pic=, such that
—In (1 — 1)2) < A%

As a consequence, we obtain

95()] < A" exp 3—12(L+5c*t)). (3.7)
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We next turn to SR (t), which we bound from below by

1 .2 2 _ VE 2 _ Vex 2
9%1(t)22/lj(t)8$¢j <v +w 2( 4) [v|jw| — 3v*w? +6 ~1In (1 v)), (3.8)

using (B3] and (B.6). When z € I;(t), we deduce from (50) that

aj_1(t) + a; (t)

1
5 ‘—Z(L—i—éc*t)z

(L -2 +5c*t>,

Ry

|z — ax(t)| > ‘ak(t) -
for any 1 < k < N. In view of (3], (@) (and the Sobolev embedding theorem), [@H]) and (29),
this gives
al 1%
* c*
[o(a,8)] < |e1 (@, 0)] + kZ [V (@ = ax(®)] < A" (a+exp (= T (L+6e) ) ).
for any x € I;(t). We now decrease a and increase L, if necessary, so that

2
v? < min {; ;‘g } (3.9)

on the interval I;(t). Since In(1 —s) > —2s for 0 < s < 1/2, we deduce from ([3.8) and ([33) that

) /I~(t) Dt (v* +w?).

2

i) > 21— (1- ) %
=75 4 32

Since 1 — (1 — 5)1/2 > s/2, for 0 < s < 1, we obtain

2

w0z i (%)

Combining with ([B1), we are led to (B4). In order to conclude the proof of Proposition [l it
remains to use the conservation of the energy E and the momentum P to obtain (53]). O

xqu v —|—w)_0.

/ &ng] v? —|—w

4 Rephrasing orbital stability in the original framework

4.1 Proof of Corollary [3|

In order to rephrase orbital stability in the original setting of the Landau-Lifshitz equation,
the main difficulty lies in defining properly the phase 6 of the function 7 corresponding to a
hydrodynamical pair v. When v is close to a sum S o5 in the space NV(R), we can rely on the
following lemma.

Lemma 4.1. Lets € {1}V, a € RN, witha; < ... < ay, and c € (=1,1)V, withc; < ... <
0<...<cpy. Set

I = <_ 0, ai ;a2]7 I = [aj_12+ aj7 aj +2aj+1}7 and Iy — |:(ZN712‘|‘ CLN7+OO)7

for2 < j < N—1. Given any positive number €, there exist positive numbers a and L, depending
only on ¢ and €, such that, if a pair v € NV(R) satisfies

lo—5

c,a,sHHl x L2 S Ck, (41)
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with
min{aj+1—aj,1 §j§N—1} > L, (4.2)

then, given any function m € E(R) corresponding to the pair v, there exist numbers @ =
(01,...,0n) € RY such that

Z (‘m a;) — tj(a;)| + [|m ~ “;'Hm([j) +[Jms — [“J]3|’L2(1j)) <e (4.3)

where we have set u; = uc; q; 0;5; for any 1 <j < N.

3585
Proof. Let 1 < j < N be fixed. Given any positive number «, we can rely on the exponential
decay of the solitons in (B) to guarantee that the sum S 45 belongs to the space NV(R), when
the positions a; satisfy condition (42)) for L large enough. For a possible further choice of L, we
can also derive the estimate

[Se.as — UJHHl XL SO

)

where we have set v; := Ocia .5, When a pair v satisfies condition (4.1]), we conclude that

o — < 2a. (4.4)

"jHHl(Ij)xH(zj)

We now consider a function m € £(R) corresponding to the hydrodynamical pair v = (v, w).
By definition, we have ms = v, so that (£4]) directly provides

[Jms — [uj]3“H1(1j) = [v- Uj"Hl(Ij) < 20 (4.5)

Here, we have set v; := (v;,w;) in order to simplify the notation.

Similarly, we can write the function 1 = my + imsg under the form m = (1 — v?)'/2¢? | with
¢’ = w. Setting 0; = 6(a;), we deduce from ({) that

. -~ 1 0.
(ag) = 5(a5) = (1= v(a;)?)F = |e])e™.
Combining (B and (£4) with the Sobolev embedding theorem, we obtain
v(a;) — (1—c | <KHv—v]HH1 < Ka,

where K refers, here as in the sequel, to a universal constant. As a consequence, there exists a
positive number A;, depending only on c;, such that, decreasing, if necessary, the value of a, we
have

{M(aj) — zlj(aj){ S AjOé. (46)

We finally turn to the derivative of the function m, which is equal to
v’ :
m' = <— — +iw(l - 1)2)%>€Z6.
(1 - o)}

This identity provides the estimate

! VU
i — ] <| " — L (1 - 0%)F — (1 0?)
T-)f (1) .
v,V e o (47)
+ |- I +iw; (1 —vf)2|[e? — e
1-v2:



In this expression, the phase function ¥; is defined as
Uj(x) = 0; +/ w;(y) dy,
aj
so that "
1
0@) = 05()| < [ o) = wylo)| dy < Jo = 0y o = w2 (43)
a;

for any « € I;. At this stage, we can combine (E) with the Sobolev embedding theorem to find
a positive number R;, depending only on ¢;, such that

vz(v/‘)Q 62
L L w?(1 - v? dr < .
/:vaj|2Rj [(1 —?) +ul =) @) do <

In view of ([A.8)), we are led to the bound

J

J

/ 2

VU,
—#%—iw'(l—vz)
-
J

2
i0 i €
e — e — .
SN2

N

2
< AjRj|lw — wj|72 +

On the other hand, we can again invoke the Sobolev embedding theorem to write

J ),

J
In view of ([@4), (45), (£0) and ([@.7), we can decrease the value of « to obtain

2
< Ajllo = o7

/ Yy
VY UJ’U]»

(1=v?)2  (1-0})>

1 1
w(l —v?)2 —wj(l—v]?)2 )X L2(1;)"

[rin(a;) — i (a;)] + |[ms — [uj]3HH1(1j) + || — ajHLQ(Ij) = %

This is enough to derive (3], and complete the proof of Lemma ATl O
With Lemma [£1] at hand, we are in position to provide the

Proof of Corollary[3 The proof is a direct application of Corollary Il Theorem 2l and Lem-
mas Tl and [A.4l For the sake of completeness, we provide the following details.

We denote by o* the positive number provided by Theorem 2, and we apply Lemma [A.4] with
My = Rex g0 o« This provides the existence of a positive number p* such that, under condition
[22), the hydrodynamical pair v° = (v°,w") corresponding to m° is well-defined, and satisfies
the estimate

*

HUO — Sc*,ao,s* .

HlxL? <
Assuming that the number L* in (23)) is larger than the one provided by Theorem 2], we conclude
that the solution v to (HLI]) with initial datum v° is globally well-defined on R,. In view of
Corollary [ this is enough to guarantee that the solution m to (LI]) with initial datum m? is

also globally well-defined on R...

Moreover, there exists a function a € C*(R,, RY) such that we have the bounds

Y / * f * Ve L*
;\%(’5)— il<ar(at +exp (- = )): (4.9)
and ..
[0C+8) = Se a1 < A (0" +exp (= =), (4.10)
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for any t € Ry. Observe also that we can derive from the proof of Theorem [2] that
min {a;1(t) — a;(t),1 < j gN—1} > L*— 2, (4.11)

for any t € R..

At this stage, we can decrease the value of a* and increase the value of L*, if necessary, such
that (£9) provides (24]). Similarly, we can assume that o* is small enough and L* large enough
so that (AI0) and (AII]) are enough to apply Lemma 1] with € = €*. In this case, estimate
[23) is exactly (43]), which is enough to conclude the proof of Corollary [Bl O

4.2 Proof of Corollary 4l

We now assume that the sum of solitons reduces to a single soliton g« 40 go «. In this situation,
following the lines of the proof of Lemma [£1] is enough to provide the existence of a positive
number «, depending only on ¢* and €*, such that, if a pair v € NV(R) satisfies

HU - Uc*,a,s*

Hixp2 S

for a point a € R, then, there exists a number 6§ € R such that any function m € £(R) corre-
sponding to the pair v satisfies the estimates

|m(a) - ac*,a,&,s* (a)‘ + Hml - ulc*,a,e,s*

L2 + ng - [uc*,a,e,s*]SHLg < €*.

With this statement at hand, we can argue as in the proof of Corollary B (replacing the use of
Theorem 21 by the use of Corollary 2]) to complete the proof of Corollary [4. We refer to the proof
of Corollary Bl for more details. O

A The Cauchy problem for the Landau-Lifshitz equation

This appendix is mainly devoted to the proof of Theorem [Il in other words, to the local well-
posedness of (HLLJ) in the space NV(R). In Subsection [AT], we establish the existence of smooth
solutions by following the strategy developed by Sulem, Sulem and Bardos in [30] (see also [15])
for the Schrodinger map equation (see Proposition [A.2] below). We then control the smooth
solutions by controlling the solutions v and ¥ to the system of equations (I3 and (&) (see
Proposition [A.3 below). This provides the statements in Theorem [[I We complete this analysis
by the proof of Corollary [l in Subsection [A.3l

A.1 Construction of smooth solutions

Before addressing the Cauchy problem for the Landau-Lifshitz equation, we establish a useful
density result concerning the energy space £(R).

Lemma A.1. Let m € E(R). There exists a sequence of smooth functions m, € E(R), with
Oxmy, € H*®(R), and such that

My —m — 0 in H(R), (A1)
as n — +oo. If the derivative Oym is moreover in H¥(R) for an integer k > 1, then

Dy — Oym  in HF(R). (A.2)
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Proof. The proof is standard (see e.g. [29]). For the sake of completeness, we recall the following
details. Consider a function xy € C*(R), with a compactly supported Fourier transform, and
such that |x| <1, Y =1on (—1,1), and ¥ = 0 outside (—2,2). Denote by u, the maps given by

() = /R x(n(z — ) m(y) dy,

for any n € N* and x € R. Since x belongs to the Schwartz class, we can combine its decay at
infinity with the fact that |m| = 1 almost everywhere to guarantee that p, is well-defined and
smooth on R. On the other hand, the Fourier transform of u, is equal to

() =x(2)me).

Since d,m is square integrable, and Y has compact support in (—2,2), the Plancherel formula
provides

1 — R 2
L e MA@ R(2)] de < (1 + a02) oum] 2.
Hence, Oy p, belongs to H*(R). We also check that

2 1 2] ~( € 2 1 2
= mlf32 = 5 /R m©P[R(2) -1 de < — /R [0m ()" dg = o,
while, by the dominated convergence theorem,

2 1 ~ 2] ~(§ 2
[0spn = 0ml3 = 5= [ 1oem@[[=(2) <1[ ag =0,
as n — +oo. This proves (A]). The convergence in (A.2)) follows similarly. As a conclusion, the

maps i, satisfy all the statements in Lemma [AT] except that they are not valued into S2.
In order to complete the proof, we infer from (A.I]) and the Sobolev embedding theorem that

0 =] o =0,
as n — —+o00. In particular, we have

lreal = 1] o = 0.

For n large enough, we can assume that |u,| > 1/2 on R, so that we can define the map
My = tn/|n]. It is then enough to apply the chain rule formula for Sobolev functions to
check that the maps m, are smooth from R to S?, belong to the energy space £(R), with
Oymy, € H*®(R), and satisty the convergences in (ATl and (A.2). O

0 is smooth

We now turn to the well-posedness of (LI) when the prescribed initial data m
enough. We recall that the Landau-Lifshitz equation is integrable in dimension one by means
of the inverse scattering method (see e.g. [I1I]). In particular, it owns an infinite number of

invariant quantities, among which the energy E and the second order energy

3 1
Ey(m) = /R (106m[? + [0zam|? = 5105m]* = m3|0pm|? = m3 + 5m3).
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Lemma A.2. Let T > 0. Given a smooth function m® € E(R), with ,m° € H>®(R), we
consider a solution m € C®(R x [0,T],S?) to (LI) with initial datum mP®, and we assume that
ms and d,m are in C°([0,T], H*(R)) for any ¢ € N. Then, we have

E(m(,t)) = E(mY), and Es(m(-,t)) = Ea(m(-,0)),
for any t € [0, T]. In particular, there exists a positive number A such that
18em (-, O)l[Fper + ma )G + [18em )7 < A([lmS[17 + 110:m°3p) (A.3)
for any t € [0,T) and k € {0,1}.

Proof. The conservation of the energy E follows from the direct computation

d

%(E(m)) = — / (Oymy, Opem — mges)ps = 0,
R

using (CLJ). This conservation provides the control of the L?-norm of m3 and d,m in (A.3) with
k = 0. We next use the identity 0ym = m x mges — 0z(m x dym) to bound the derivative dym

according to (A.3)).
Concerning the second order energy, we derive from (LL]) the second order equation

Oum + Opggam — (Ozgms)es = — Oy (\me\Qawm + 4(0,m, 8mm>R3m) — 2m§3mm
— 2m3(0ym3)0pm + maz(Dpems)m + mies — mim (A4)

— (m X Oyzm, e3)gs m X e3.
This equation appears as a consequence of the pointwise identities
(m, Opm)ps = (M, Opem)ps + [0xm|? = (M, Opram)ps + 3(0em, Dpegm)ps = 0,
which follow from the condition |m| = 1, and of the algebraic identities
ax (bxc)=—(a,b)gpzc+ (a,c)pab, and (axb)xc=—(b,c)psa+ (a,c)psb.

Taking the L2-product of ([(A4) with dym, using the identity (m,dym)gs = 0, and integrating by
parts, we compute

% A <|(9tm|2 + |(9mm|2 — ;|azm|4) = Q/R ((9tm3 (ammg + mg) + m%(@taxm,(?xmmS
+ (Z\me\z - m%) (Oym, Opem)ps — (Oym, m X e3)ps (M X Oy, 63>R3>.
The conservation of Fy then follows from the identities (Oym, Oy, m)Rrs = ms Oyms, and
(m X Oppm, e3)rs (Opm, m X e3)ps = (1713|8:,3m|2 + Ogpms + mg — mg)(?tmg.
Combining this conservation with the Gagliardo-Nirenberg inequality

102 Iz < KO f 1| 210 f 11724

and bound (A.3) for £ =0, we obtain (A.3) for £ = 1. O

We next derive the following higher order estimates.
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Lemma A.3. Let k> 2 and T > 0. Given a smooth function m® € E(R), with 9,m" € H®(R),
we consider a solution m € C®(R x [0,T),S?) to (LL) with initial datum m°, and we assume
that ms and 9ym are in C°([0,T], H*(R)) for any ¢ € N. Then, there exists a positive number
A, depending only on k, such that

10 (-, ) Fp—a s ()| 7 + 105, 1)

(A.5)
< (IS + 10:m° 2) exp (A(1+ i + [0:mOlin) ).
for any t €0, 7).
Proof. The proof relies on standard energy estimates. Set
1 _
I(t) =5 /R (19605~ ml? + [0k mf? + [9kms?).
We deduce from (A.4)) the formula
I(t) = / (0,05 tm, 0¥ LF (m))gs. (A.6)
R
In this identity, F'(m) refers to the right-hand side of (A.4)), which we rewrite as
F(m)=-0, (|(9xm|2(9xm + 4(0,m, Opem)gsm + 2m30,m — mz(dyms)m
+ (m X Oym, e3)ps m X 63) + m3(0,m3)0ym — (9ym3)?m + mgeg — mg m
+ (m X Oym, e3)p3 Opym X €3.
Recall next the Gagliardo-Nirenberg inequalities
y =419k £I|F
|O2FI] 2 < AllFI ot 1192 ]2 (A7)

which hold for f € H*(R), for 0 < j < k and for some positive number A, depending only on k.
In view of the expression above for F(m), we infer from (A7) and the Leibniz rule that

1
H(?];_lF(m) + 48§(<3xm, 8mm>R3)mHL2 < A(l + ng”%oo + H@mmH%oo) (ng”?;[k + H@xmﬂ%k) 2)-
A8

On the other hand, we derive from an integration by parts, and the Leibniz rule that

/R (005 ) 05 ((Dem, Do) s
ko rk , .
= <j>a$<<a;—1(axm) X 0£_](8$m),m>R3> k1 (<3xm,3mm>R3)
j=1

— / Bx(@];_l(m X mgeg),m>R3> k-1 <<3xm,3mm>R3),
R
so that, again by (A7) and the Leibniz rule,
A(atag—lm,mmg 0% ((Dam, Duwmis ) < AL+ s [Foe + 10amlfee) (s 3 + 10:m))-

Combining with (A.6)) and (A.g)), and applying the Sobolev embedding theorem, we are led to
(1) < AL+ lmallf + [10emli3) (18605 ml 2 + llms| 3 + 118z 70).

It remains to invoke the uniform bound on ||ms| g and ||0,m| 51 in Lemma [A2] and to apply
the Gronwall lemma to obtain ([A.5l). This completes the proof of Lemma [A.3] O
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We are now in position to address the Cauchy problem for the Landau-Lifshitz equation.
The energy estimates in (A5 provide a natural functional framework to solve this problem.
We shall look for solutions m with dym € C°([0,T], H*"}(R)), ms € C°([0,T], H*(R)) and
dym € C°([0,T], H*(R)), for some integer k.

This approach has the drawback of not providing any functional setting for the function m
itself. However, we observe that

m(-,t) = m°() —i—/o om(-, s) ds, (A.9)

lies in CO([0, 7], m® + H*~1(R)). Again, it is natural to look for the solution m in this functional
space, or equivalently, in the space C°([0, T, m + H*~1(R)), where, according to Lemma [A1] m
refers to a smooth function in £(R), with d,m € H®(R), and m® — m € H*-1(R).

At this stage, recall that Lemma [A.]] guarantees that any function in the energy space £(R)
belongs to some space of the form m + H'(R). In other words, solving the Cauchy problem for
(LI in £(R) amounts to solve it in all the sets m + H'(R). An advantage of the sets m + H*(R)
is that they are naturally endowed with the metric structure corresponding to the H'-norm (see
[12] for similar results in the context of the Gross-Pitaevskii equation).

As a consequence, we fix from now on a smooth map m € £(R), with ,m € H>®(R).
Following the arguments developed in [30], we show the following statement for the Cauchy

problem for (LL).

Proposition A.1. Let k > 3 and m® € m + HFTY(R), with |m°| = 1 a.e. There ewists
a unique solution m : R x [0,400) — S? to (L), with initial datum m°, such that Oym €
L>([0,T), H*=Y(R)), mz € L>=([0,T], H*(R)) and 0,m € L>([0,T], H*(R)) for any positive
number T. In particular, m belongs to C°([0, +00),m + H*~Y(R)). Moreover, the energy E is
constant along the flow.

When k € {0, 1,2}, the existence of such a weak solution remains true. There still exists a solu-
tion m : Rx [0, +00) — S to (LIJ), with initial datum m°, such that ;m € L>°([0, T], H*~1(R)),
ms € L>=([0,T], H*(R)) and 9,m € L>®([0,T], H*(R)) for any T € (0,+oc). We refer to [30] for
the construction of this solution in the context of the Schrédinger map equation (see also [15]).
However, its uniqueness is not immediate. We refer to [18] for a discussion about this subject
(again for the Schrodinger map equation).

In the sequel, we solve this issue in the context of the hydrodynamical Landau-Lifshitz equa-
tion by establishing the uniqueness of the (HLL) flow when the initial datum ©° belongs to
NV(R). This turns out to be sufficient in order to establish the stability of (well-prepared) sums
of solitons for the Landau-Lifshitz equation, which is the main focus of this paper.

Proof of Proposition[A.1. Concerning the existence of a weak solution, we rely on the strategy
developed by Sulem, Sulem and Bardos [30] in the context of the Schrédinger map equation
(see also [I5, Chapter 3|). We discretize the Landau-Lifshitz equation according to the finite-
difference scheme in [30], and we check that the a priori bounds in (A.5]) remain available for the
discretized equation. We refer to [30] for more details about these computations.

Combining these a priori bounds with standard weak compactness and local strong com-
pactness results, we obtain the existence of a weak solution m : R x [0,T] — S? to (LI,
with initial datum m°, and such that oym € L>°([0, T], H*~1(R)), m3 € L>([0,T], H*(R)) and
Oym € L>([0,T], H*(R)) for any fixed positive time 7. This solution satisfies the a priori
bounds in (AF). Moreover, in view of ([A9), it lies in m® 4+ C°([0, T], H*~1(R)), or equivalently,
in m + C°([0, 7], H*~*(R)). We now turn to the uniqueness of this solution.
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In this direction, we rely on the arguments developed in [9] (see also [I8, Appendix]|). We
consider a similar solution 7 for a possible different initial datum m° € m + H*1(R), and we
set f:=m —m and g := (m +m)/2. The functions f and g belong to C°([0, T], H?(R)), resp.
m + CY([0, 7], H*>(R)), and they satisfy

Of =—0:(f x0ug+gx0uf)+gs(f xe3)+ f3(g % es3). (A.10)
Hence, 0; f lies in C°([0, T], L?(R)), and we are allowed to compute after an integration by parts,

%/R’f’z = Q/R (@cg X Ouf, frs + f3lg x es,f>Ra). (A.11)

Similarly, 9,0, f belongs to C°([0, 7], H (R)), while d,f is in C°([0,7], H*(R)). As a conse-
quence, we can write

d
G 101 =200, 1,00 1.0 = =2 [ (Ouf,Bue oo,
R R
so that, by (A0,
d
%/ ’8$f’2 :2/ <_ <f X 8xac$g7axf>]R3 + 83&93 <axfaf X 63>R3
R R

(A.12)
+ 0rf3 (0 f, g X e3)ms + [3(0nf, 0g X 63>R3>-

Combining (A])) and (A12) with the a priori bound (A.5) (and the Sobolev embedding theo-
rem), we deduce the existence of a positive number A, depending only on 7', and the H2-norms
of m3, mY, d,m° and 9,m", such that

d
2 (IF117r) < Allf I

The uniqueness for any positive time 7' then follows from the Gronwall inequality. As a conse-
quence of uniqueness, the solution is actually global.

It finally remains to show the conservation of the energy. Since ms and 0,m belong to
C°([0, +00), H%(R)), resp. C°([0,+00), H'(R)), while dym3 and 9,0, m are in C°([0,T], L?(R)),
resp. C([0,T], H1(R)), we are allowed to differentiate the energy with respect to time. In view

of the computations in Lemma[A.2] this is enough to guarantee that the energy is constant along
the flow. O

We now turn to the hydrodynamical Landau-Lifshitz equation. Our goal is to prove that it
is locally well-posed in the spaces N'V¥(R), which were previously defined in (Z3). When k is
large enough, we can show

Proposition A.2. Let k > 4 and v° = (%, w") € NVF(R). There erists a positive mazimal
time Tmax, and a unique solution v = (v, w) to (HLL), with initial datum v°, such that v belongs
to CO([0, Tinax ), NVE2(R)), and L>®([0,T], NV¥(R)) for any 0 < T < Tiax. The mazimal time
Thax s characterized by the condition

lim ol 8)leo =1 if Thax < +00. (A.13)

t—Tmax

Moreover, the energy E and the momentum P are constant along the flow.
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Proof. Let us set

for any x € R, and
m? = <(1 — (v0)2)% COS (gpo), (1 — (v0)2)% sin (gpo),vo).

The function m? is well-defined and belongs to £(R). Moreover, 9,m" and mJ are in H¥(R), resp.
H*Y(R). In particular, we deduce from Lemma [A1] the existence of a smooth map m € £(R),
with 9,m € H*®(R), and such that m® € m + H*1(R).

Concerning the existence of a solution v, we apply Proposition [AIl It provides the existence
of a unique solution m to (LI, with initial condition m?, such that m € C°(R,m + H*1(R)),
while 9;m € L>=([0,T], H*"*(R)), mz € L>°([0,T], H*(R)) and 9,m € L>([0,T], H*(R)) for any
T € (0,400). At this stage, we introduce the number

T* :=inf {t € [0, +00) s.t. ||m3(-,t)||co = 1} € [0, +00].

Since m3 € C°([0,T], HY(R)) and ||m3]|co = |[v°]|co < 1, we infer from the Sobolev embedding
theorem that T > 0. In particular, we can set

mi(z,t)0yma(x,t) — mz(m,t)aggmﬂx,t))’ (A.14)

et (it , P00 ) el

for any (z,t) € Rx [0,T*). The function b is well-defined, with v(-,0) = v°. Moreover, it belongs
to ([0, T*), NVF=2(R)) and L>([0,T], NV*(R)) for any 0 < T < T*. Finally, since m satisfies
(LI, v is solution to (HLL). This completes the proof of the existence.

Concerning the uniqueness, we consider a solution v = (0,w) to (HLL), with the same

initial datum ©°, which belongs to C°([0,7%), N'V*~2(R)) for some positive number T}, and
L>=([0,T], NVE(R)) for any 0 < T' < T,. We introduce the solution ¢ to the equation

- 1 0,0 -
he= (1 —@2)%8”“((1 _52)%> +( 1), (A.15)

with initial datum ¢°, and we consider the map
i = <(1 — )3 cos(@), (1 — 82)3 sin(@,@).

Since b is in C°([0, T], NV(R)), there exists, for any fixed number 0 < T < T, a positive number
O such that
1 —o(z,t)? > or, (A.16)

for any (z,t) € R x [0, T]. Therefore, the quantity in the right-hand side of (A5 is well-defined
on R x [0,7], and it belongs to L>°([0,T], H*~'(R)). It follows from the Sobolev embedding
theorem that the function ¢ is also well-defined as a continuous function on R x [0, T']. Moreover,
in view of the second equation in (HLL), we have

O (8, — ) =0,

in L°([0,T], H*=2(R)). Since 9,3(-,0) = 9,¢° = w® = @(-,0), it follows that W = 9,%. In
particular, 9, belongs to L>([0,T], H*(R)).
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As a result, the map 7 is well-defined, at least, as a continuous map from R x [0,7] to S?,
with m(-,0) = m®. In addition, m3 = @ is in L>([0, T], H*T1(R)), while, by the first equation in
(@LI), 93 lies in L>°([0,T], H*~*(R)). Concerning the other two components, we can write

0O

By = ——— cos(@) — (1 — 5%)2 9, p sin(p).
(1—-02)2
Recall that & € L>([0,T], H**1(R)), with the lower bound in (AI6), and 9o € L>([0,T],
HE=Y(R)) by (HLI), while ¢ is continuous on R x [0,T], with 9, € L>([0,T], H*~(R))
by (AIH), and 9, € L>®([0,T], H*(R)). As a consequence, 9y, and 9y as well, are in
L>([0,T), H*=Y(R)). Similarly, 0,7, and 9,79 are in L>([0,T], H*(R))

In view of (HLL), (AI3), and the identity w = 0,¢, we also observe that m is solution to
(LL). Using Proposition [A.1l we conclude that m is equal to the unique solution m with initial
datum mY, which was considered in the existence part of this proof. Therefore, the pair o is
equal to the pair v in (A.14]). This proves the uniqueness of the solution b.

In addition, the maximal time of existence Ti,ax is necessarily larger or equal to T™. Since we
cannot continue the solution v corresponding to m beyond T* due to the fact that ||ms(-, T*)||co =
1, when T is finite, Tyayx is necessarily equal to T*. Hence, it is characterized by condition (A.13]).

Finally, the conservation of the energy for v follows from the conservation of the energy for m
in Proposition [A.Jl The conservation of the momentum is a consequence of the conservation law
in Lemma [3.T which is available since k > 4. This completes the proof of Proposition [A.2l [

The smooth solutions to (HLL) constructed in Proposition depend continuously on their
initial datum in some high order space N'VF(R) with k large enough (see e.g. [I8, Appendix]).
However, there is no evidence, at least with the arguments developed in the proof of Proposi-
tion [A.2] that this continuity can hold in the energy space NV(R). This is a major obstacle in
the construction of solutions in the energy space by taking the limit of smooth solutions.

In order to by-pass this obstacle, we introduce the system of equations (I3])-(I%]), for which
it is possible to establish continuity with respect to the initial datum in the energy space (see
Proposition [A:3] below). This in turn provides a similar continuity dependence for (HLL). We
finally show the local well-posed of (HLL) in the energy space by taking limits of the smooth
solutions built in Proposition [A.2] (see the proof of Theorem [ below).

Before considering this limit, we justify the derivation of the system of equations (I3])-(IH)
satisfied by the variables v and ¥, when v is a smooth solution to (HLLI).

Corollary A.1. Let k > 4 and v° € NVF(R). Consider the unique solution v to (HLI) with
initial datum ©°, which is given by Proposition [A2. Then, the maps ¥ in () and F(v,¥)
in (@) are well-defined and continuous on R x [0, Tiax), with ¥ € C°([0, Tinax), H*2(R)) and
0, F(v,0) € CO[0, Tinax), H*72(R)). Moreover, they solve the system of equations (I3))-(I5).

Proof. Let 0 < T < Tiax. Since v € C°([0, T], NVE=2(R)), we deduce from (I2)) that the function
6 is well-defined, bounded and continuous on R x [0, 7], with 9,0 = —vw € C°([0, T], H*"2(R)).
On the other hand, since v € CY([0, 7], H'(R)), we deduce from the Sobolev embedding theorem
the existence of a positive number d7 such that we have inequality (AI6) for the function 1 — v?.
As a consequence, the map ¥ in (I is well-defined on R x [0, T, with ¥ € C°([0, T], H*2(R)).
Similarly, F(v,¥) is well-defined, bounded and continuous on R x [0,7], with 0, F (v, ¥) =
v € CO([0, 7], H*=2(R)). This extends to the interval [0, Tj,ax) due to the arbitrary choice of
T € (0, Tinax)-

43



Concerning the proof of (&), we observe that
v = —%835 <(1 - vz)% expz'@).
Since (1 — v(z,t)?)/? expif(z,t) — 1 as  — —oo for any t € [0, Tjnax ), We obtain the formula
2F (v, W) =1 — (1 — v2)2 exp if). (A.17)
In particular, it follows from (IIJ) that
Op0 = Re (20(1 — v?)E expit) = 2Re ((1 - 2P (0, 7)) ).

Similarly, we deduce the first equation in (IH]) from the first equation in (HLLI), (I1) and (AI7]).

Finally, we turn to (I3). Given a number 0 < T' < Tjhax, we can uniformly bound from below
the function 1 — v? on R x [0,T] according to (AI6). In view of (HLL), we deduce that dsv
belongs to C°([0, T], H*=3(R)), while dyw is in C°([0, T], H*~*(R)). Since k > 4, the derivative
90 is in C°([0, T, CY(R)), with

o0t == [ (00 0000(0) + Ol Dty 1) .

—00
Going back to Lemma [3.1] and using the fact that |v(x,t)|+|0zv(z, t)|+|0pzv (2, t)|+|w(z, )| — 0
as x — —oo for any t € [0,T], we obtain the expression
Opzv (1 — 31)2)(3957))2)
1— 02 (1 —0v2)2
Differentiating (1)) with respect to ¢ and using (HLL]), we get
Oz 30(0,0)0pv 3(1 4 v?)(0,v)3 Opv
T 3 5 + (
(1 —22?)2 (1 —22)2 2(1 — v?)2
3vwdev  3(1 +v2)w(0v)?  3v(0v)0w
1 + 3 + 1
(1 —22)2 2(1 —v?)2 (1 —2?)2

1
0,0 = 3 (1)2 +w? = 3v?w? —

%@m:(-

Tv2w? — v? — w2>

+(1- 02)% (1 — w*)pv — Bvwdw) + 2<

1
- 5(1 - v2)% (205w + vw + w® — 3v2w3))> exp 6.

On the other hand, since 9,0 = —vw by (I2)), we can write

OgaaV 30(0,0)0pev (14 202)(0,v)  3v2w?0,v
R TRy R TRN)Y B TRy
3vwigv  3v(0yv)0zw
A-e)p (-

20,, :<

+(1- 1)2)% (Bvwdw + w2(9$v) + z< -

(2 4+ v*)w(0,v)? N |
S +(1—v2)2(amw—v2w3))>exng,

Therefore, we obtain
1 1
WOV + 0oV + 2 WPV + S0P — (1 v%)% (9,v) exp if = 0.

Since 1
5(1 —0)V2(00) expif = (1 — v?) Re (¥ exp(—if)) exp b,

we deduce from (A7) that v and ¥ are solutions to (I3)). This completes the proof of Corol-
lary [AT1 O
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A.2 Local well-posedness of the hydrodynamical Landau-Lifshitz equation in
the energy space

We now examine the continuous dependence with respect to the initial datum of the solutions

o (HLL). We first address this issue for the system of equations (I3))-(IH).
Proposition A.3. Let (v°,¥%) € H'(R) x L*(R) and (2°,¥9) € H'(R) x L*(R) be such that

O = 2Re (WO(1 - 2F (0, 09))), and 9,8° = 2Re (°(1 - 2F (", 90) ) ).

Given two solutions (v, W) and (0,¥) in CO([0,T%], H'(R) x L%(R)), with (¥, ¥) € L*([0,T.],
L*®(R))?, to @3)-5) with initial datum (v°,¥°), resp. (°,¥°), for some positive time T,
there exist a positive number T, depending only on ||0°|| 12, [|8°]L2, %02 and ||¥°|| 2, and a
unwversal constant A such that we have

v = lleoo,m,nz) + 11 = Cleoqory e HI1 = Ul ooz, 100)

N (A.18)
<A(J[o" = 5] o + (100 = 9O ),

for any T € [0, min{7, T} }]. In addition, there exists a positive number B, depending only on
1000 225 (12°1 2, 19| 2 and |90 2, such that

o0 — 0l < B — 90— 9], a19)
for any T € [0, min{7, T\ }|.

Proof. We split the proof into four steps. We first focus on the L?-norm of the difference z = 7 —wv,
which we estimate performing an energy method.

Step 1. Let T € [0,T] be fived. Set = :=V — ¥, and

1
AMT) = (HT’HEO([O,TLL% + HUHZO([QT},L?) + H\I/H(QZO([O,T],L2) + H\IIHEO([O,T],L2)> g

There exists a positive number K1 such that
LI < [P B (12 g my o AT (Voo my o I, ) - (2200

We derive from (I5) the two equations

Oz =20, Tm (—Z+22F (5, 9) + 20F (,¥) + 20F (v, 5)),

Op2 = 2Re (2= 22F(5,9) — 20F (2, ) — 20F (1,F) ).
In view of (I4]), the map Fj(u,¢) is a bounded, continuous function on R, which satisfies the
upper bound

1 (u, @)oo < lull 2l 22, (A.22)

as soon as u and ¢ are in L2( ). As a consequence, it follows from the first equation in (A.21)) that
z belongs to C1([0,T%], H !(R)), when the pairs (v, ¥), resp. (9, ¥), satisfy the assumptions of
Proposition [A:3l Since v and ¥ are in C°([0, 7], H'(R)) under these assumptions, we are allowed
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to compute the derivative of the L%-integral of 2z, and to deduce from the first equation in (A21))
the inequality

& L < a0z 1 (120 0+ 20 PG ) ) + 290 (17 G D) + 10 D) ).
(A.23)

On the other hand, the second equation in ([A.21]) provides the bound

Jorelo < 2 (1 + 212 8) ) + 410 ([ D) e + D)) (20
It remains to insert (A.22) and (A.24) into (A.23]), and to integrate from 0 to T in order to
obtain (A20), with K = 64.

We now turn to the L?-norm of the map Z. Instead of deriving energy estimates, we rely on
the Duhamel formula for the map ¥, which may be written as

(-, t) = e p0() 44 / e!t=9)%e Gy, W)(., ) ds, (A.25)
0

with
G(v, W) := 2| V]2V + %UQ\II —Re (¥(1 - 2F(v,7))) (1 - 2F (v, 1)),

and we apply the Strichartz estimates for the one-dimensional Schrodinger group (e#%:);cp.
Recall (see e.g. [6]) that they write as
%= f|| Lo, Loy < K1 £l 22, (A.26)

for any function f € L?(R), and any admissible pair (p,q) € [2, +00]?, i.e. such that 2/p+1/q =
1/2. Given any positive number T, we also have

t
H / ei(t—s)axxg(" S) ds
0

for any admissible pairs (p1,q1) and (p2, ¢2), and any function g € Lpé([O, T], L% (R)). Applying
(A.26) and (A.27) to (A.2D), we can show

Step 2. Let T € [0,T] be fixzed. There exists a positive number Ko such that

< Kllg|
Lv1(0,7], Lo1)

(A.27)

LP2(0T} L%)

<K2(H“0HL2 +T3A HHHL“(OT} L)
+T(1+A(T)2)* HZHCO([O,T},LQ) + HEHCO([O,T},LQ))>'

Coming back to (A25) and invoking (A.26) and (A27), we write

= + — oo
H HCO(OT}LQ) H HL4(0T}L ) (A.28)

1Zeoqorrn.coy + 1N eory ooy SK (Il o + 1NPE — 10PE] g0
+ (|G, D) = 2T - Glo, ¥) + 2 W| o1 12) ).

(A.29)
for some positive number K. On one hand, we check that
[T — || \I/HLS(OT L) <T3 HHHU;(OT} Loo)(H\I/HCO(OT} 2 T 1%l co ([0,77,L? )) (A.30)
<2T3A H“HL‘l ([0,77,L5°)"
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On the other hand, applying (A.22]) to the second equation in (IH]), we obtain
1020l 22 < 212 (1 + 2[|v]| g2 9] 22).

so that, by the Sobolev embedding theorem,

N

1 1
[vllzee < 200ll 221191 72 (1 + 2lv] 21V 22) 2. (A.31)

The same inequality holds replacing v by @, resp. U by W. Regarding the function z, we derive

similarly from (A22) and (A.24)) that

1 1 - 1 1 1
12l e < 222212022 (14 2015 ] o 112 + 2o o912 )+ 2321 2l o 10| 22 @ 22 (A-32)

Since
8% = o2 @]| 2 < [l2llpoe ([0ll o + 5] o0 )11l 2 + [0l 7 1E ] 2

and similarly,
| Re (¥(1 = 2F(5,9))) (1 = 2P (5, ¥)) = Re (¥ (1 = 2F (0,))) (1 = 2F (v, 0)) |
< el o 1l 112 (34 20130 o 2112 + 2ol o122

1 (1 2ol 1+ 2ol 9,2)

L2

we conclude from (A.31)) and (A.32)) that

|G (0, %) =200 PP = G0, 0) + 29 40 1) 1)

< 127(1 + A(T)?)* <HZHCO([O,T],L2) + HEHCO([O,TLB))-

Estimate (A.28)) follows combining with (A.29) and (A.30]).

In order to complete the proof of Proposition [A.3] we have to control the quantity A(T). We
introduce the quantity

E(T) == |[vlleoqo,11,22) + ¥ lcoo,m,22) + 1| Lago,m, 2005
for which we can show

Step 3. There erists a positive number 11, depending only on |[v°||r2 and || ¥°||12, such that
E(T) < 2(Kz+ 1) ([[0°)| g2 + [[9°)| .2), (A.33)
for any 0 < T < min{m, T\}.

We invoke estimates (A20) and (A28) for the solutions (v, ¥) and (0,0). This gives the
bound

E(T) < (K + 1) (|[v°) 22 + | ¥°) 12) + KE(T) (T%(l + E(T)?)2 + T3E(T)* + T(1 + E(T)%)?),

where the number K depends only on K; and K. Since E(0) = |[v°z2 + ||¥°||z2, and the
map T — E(T) is continuous on [0, 7], it remains to apply a continuation argument in order

to obtain ([(A.33), with 71 = min{1,1/(36 K2(1 + 4(K2 + 1)2E(0)2)*)}.

We are now in position to complete the proof of Proposition [A.3
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Step 4. End of the proof.

~ We first invoke Step B to exhibit a time 71, depending only on [[v°]| 2, [|2°] 12, [|[¥°] ;2 and
|| 2, such that

A(T) < Ag = 2(Ky + 1)<H”°HL2 + []8°] o A+ (|20 L + U\TJOHL2>, (A.34)

for any 0 < T < min{r,7.}. Combining with (A20) and (A28)), we deduce that

(HZHCO([O,T},LQ) + HEHCO([O,T},LQ) + HEHM([O,T},LOO)) X
x (1= K(TH1+ 83 + TEAZ+ T+ A3))) < [|2° o + Ko |20 1o
where the number K depends only on K; and K5. Estimate (A.I8]) follows letting A := 2(1+K3),
and 7 = min{1,1/(36 K2(1 + A2)%), 7 }.
Finally, we deduce from (A222) and (A.24) that

H@CZHCO([O,T},B) < 2((1 + 4A(T)2) HEHCO([O,T],L2) + 4A(T)2HZHCO([0,T},L2)>'

Combining with (AI8) and (A34]), we obtain (A19). O

We are now in position to complete the proof of Theorem [l

Proof of Theorem 1. We first show the local existence of a solution v to (HLIL]) corresponding to
an initial datum v° € NV(R).

Step 1. There exist a positive number T, and a solution v € C°([0,T], NV(R)) to (HLL), with
initial datum v°, such that there exists a sequence of solutions (v, )nen to (HLI), which belong
to C°([0, T), N'VE(R)) for any k € N, and which satisfy

v, — v in C°([0,T], H*(R) x L*(R)), (A.35)
as n — +oo. In addition, the energy and the momentum of v are constant along the flow.

We consider a sequence of functions v9 € C°(R)? such that

v) —0? in HY(R) x L3(R), (A.36)

n

as n — +o00, and we set

§:=1—]1%co >0, and M :=sup|[vl||g1yp2 >0.
neN

We denote by v,, the solutions to (HLL), with initial datum v, provided by Proposition A2
and by (vp, ¥,,) the solutions to the system of equations (I3)-(I5) corresponding to v,,, which
are given by Corollary [Al Recall that v, is in C°([0,T},), NV*(R)) for any k € N, where the
maximal time of existence T), is characterized by (A.13). Similarly, the pair (v,, ¥,,) belongs to
C([0,Ty,), H*1(R) x H*(R)) for any k € N. Combining (A36) with the Sobolev embedding
theorem, there exists an integer /N such that

36

ofllen <1 - =, (A.37)
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for any n > N. In view of (III), this guarantees the existence of a positive number A, depending
only on § and M, such that
0 0
[onllzz + [ ¥nllr2 < A,

for any n > N. As a consequence of Proposition [A.3] we derive the existence of a positive number
71, depending only on § and M, such that

lon = vimlleoqo,g, a1y + 1Wn = Umlleoo.n,2) < A(llvn = vpllzz + 195 = Wi llz2),  (A.38)

for any n,m > N, and 0 < ¢t < min{n,T,,,T,,}. Here as in the sequel, A refers to a further
positive number depending only on § and M. At this stage, we deduce from (II]) and (A37)
that

195 = Uollzz < Alloy — vp, [l g ra-

Hence, we can rephrase (A.38) as
[0 — Umllco@x(o,) < 1o = vmllcoqo.g,z1) + 1%n — Yanlleoo.0,02) < AllbY — 00|15z (A.39)

Using ([A.36)), we now enlarge our choice of N, if necessary, so that the right-hand side of (A39)

satisfies
)

Z,
for any n,m > N. Since vy belongs to C°([0, Ty ), H*(R)), we deduce from (A37) the existence
of a number 0 < 7 < T such that

Aoy — o) |l gz <

1)
lvnlleo®xo,r)) <1 — 3

Coming back to (A39)), this guarantees that

)
[lonlleo @xfo.mingr, 7.y <1 =7 (A.40)

for any n > N, so that, in view of (A.13),
T := min {7’1,7'2} <T,.

In particular, the inequalities in (A.39) hold for any n,m > N, and ¢t = T'. Coming back to (1))
and (A.IT), we notice that

U, (1— 2F(vn,\I/_n)))

wn:2Im< T2

As a consequence of (A.39) and (A.40), this gives

lwn — wmllcogo,m,z2) < A<||Un = vmlleoqo,ry,H1) + [1Wn — \I]mHCO([O,T},LQ)) < Alfo]) — 00, [| g1 2
(A.41)
In conclusion, (b,),>n is a Cauchy sequence in the complete metric space C°([0, T, H!(R) x

L?(R)). It converges towards a map v € C°([0,T], H'(R) x L?(R)). In particular, it satisfies the
condition

1)
lllco@xfor)y <1 =

due to (A40)), so that it lies in C°([0, T], NV(R)). In addition, the convergence in (A.35]) is enough
to guarantee that v solves (HLLJ) for the initial condition v” (in the sense of distributions), and
that the energy and the momentum are constant along the flow.

We now turn to the uniqueness of the solution v.
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Step 2. Assume that v € C°([0,T], NV(R)) and v € C°([0,T], NV(R)) are two solutions to
(HLL), with initial datum v°, which both satisfy condition (A35). Then, v and b are well-defined
and equal on R x [0, min{T, T'}].

Set
7% := max {t € [0, min{T, T}, st.0(-,5) =0(-,s), Y0 <5< t},

and assume that 7y # min{7,T}. Due to the continuity of the maps v and b, we have v(-,7°) =
o(-,7%). In particular, if we denote by (b,)nen and (9,)nen two sequences of smooth solutions
to (HLL) such that (A.35) holds for v, resp. v, then we have

Un(-,TO) — U(-,TO), and ﬁn(-,TO) — U(-,TO) in HI(R) X LQ(]R),
as n — 4o00. Setting
mgn = Un(-,TO), and m8n+1 = 6n(-,70), (A.42)

and denoting by tv,, the corresponding solution to (HLL) provided by Proposition[A.2, we deduce
as in the proof of Step [Il the existence of a number 0 < 7 < min{7T,T'} — 79, and a solution t to
(dLI), with initial datum v(-,7%), such that

o, — o in C°([0,7], HY(R) x L*(R)),

as n — +o0o. In view of (A.42) and the uniqueness of smooth solutions in Proposition [A2] we
also have
o, = 0,(, 70 4+ ) = 0(-, 704+ ),  and g, = 0,(, 70+ ) = 0(, 70 4 ),

in CY([0, 7], H*(R) x L%(R)). This proves that b = to = o on R x [rg, 7o + 7], which contradicts
the definition of 70, and completes the proof of Step 2

Applying Step Bl we denote by v the unique solution in C°([0, Tiax), NV(R)) to (HLIL), with
initial datum ©°, which satisfies the condition in ([A35) for any T < Tyax. In particular, the
maximal time of existence Ty, for v is defined as the supremum of the numbers T such that
the condition in (A.35]) holds for 7. We have the following characterization of Tyax.

Step 3. Either Ti.x = +00, or
lim |jo(-,t)]|co = 1. (A.43)

t—Tmax

For Thax # 400, we argue by contradiction assuming the existence of a positive number §,
and of an increasing sequence (s;,)nen such that s, — Tiax as n — +00, and

[o(;sn)llco <1 =34,
for any n € N. Our first goal in the sake of a contradiction is to establish that
pi= ”U”CO(RX[QTmaX)) < 1L (A.44)

We introduce a positive number € to be fixed later, and we use the continuity of v in H!(R)x L?(R)
to exhibit another increasing sequence (t,)nen, With s, < t, < S,41, and such that

HU("t) _D(.asn)HHle? <eg, (A45)
for any s, <t <t,. Assoon as ¢ < §/4, we deduce from the Sobolev embedding theorem that

30
[vlleo@xfsn.ta)) <1 =7 (A.46)
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We then invoke the definition of Tyax to find smooth solutions v,, to (HLL) such that

0
0 = ollcoqo,t,], 5 x12) < T (A.47)
an+

for any n € N. We denote by T,, the maximal time of existence of v,, and by (v,, ¥,) the
corresponding solutions to the system of equations (I3)-(IH). In view of (A46]) and (AAT), we
have

0
”Un”co(Rx[smtp}) <1- 2 (A.48)

for any n > p.
On the other hand, the conservation of the energy of v implies the existence of a positive
number A, depending only on v? and §, such that
0llco((sptp), HrxL2) < A

As a consequence of (III), (A.47) and (A.48), we derive the inequality

vnlleo(sy,tp),22) + 1Wnlleo sy t,),02) < As

for n > p, and a further positive number A, depending only, here as in the sequel, on v° and 6.
Invoking Proposition [A.3] we obtain the existence of a positive number 7, depending only on v°
and J, such that
[vn (s - + ) = vnlleo(s,,s), 51y T 1Wn (s +0) = Wnllco(s,,s),22)

< A(an(-, sp+0) —vn(s sp)lle + [Wn(,sp +0) — Uy, Sp)HL?) (A.49)

< Allon(-,sp +0) =0 sp) 1 xr2,
for any n > p, 0 <o <t, — s, and s, <s < min{s, + 7,t, — o }. Here, we have also used (L))
and (AZ48) to derive the second inequality.

At this stage, we fix an integer p such that

-
Sp > Trnax — 5 and 0 <t,— s, < Tax-

For n > p, we derive from (A4H), (A47) and (A49) that

)
an(" -t J) - vnHCO(RX[sp,s]) < A<6 + 4_n>’

for 0 <o <t,—spand s, <s<t, —o. Since

)

2 )

by (A.48), we can choose s = t,, — o, with o varying between 0 and ¢, — s, and use (A.47) to
obtain

[on (s tn)llco <1 =

4 )
||U||CO(Rx[tn7tp+sp7tnD <1- 2 + A(g + 4_n)
Choosing ¢ small enough, we deduce the existence of an integer IV such that

5
olleo@x y ftu—tytspta) <1 = 7

Since t,, — Tmax as n — +0o, we conclude that

FNQH

[V]lc0 (R x [Tamax—tp+5p,Temax)) = 1 —
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Statement (A.Z4) then follows from the fact that v € C°([0, Trax — tp + Sp), NV(R)).

Using (A44]), we now extend the solution v up to a time 7" > Tyyax. This provides a contra-
diction with the definition of Ti,ax, which is enough to complete the proof of Step Bl In order to
extend v, we introduce as before smooth solutions v,, to (HLL) such that

1
[0r = vllco(o,s,],H1xL2) < o (A.50)

for any n € N. We again denote by 7T;, the maximal time of existence of v, and by (v,, ¥,) the
corresponding solutions to the system of equations (I3)-([IZ). Invoking statement (A.44]), and
arguing as in its proof, we can find further positive numbers § and M such that

[vnllco®x[o,sn)) <1 =0, (A.51)

and
[vnllco(o,s,1,22) + [Wnlleoo,sn],22) < M,

for any n large enough. As a consequence, we can invoke Proposition [A.3 as in the proof of
(A249)) to exhibit two positive numbers 7 and A, depending only on ¢ and M, such that

an - UmHC“([a,a-i—s},Hl) + H\I/n - \IlmHCO([a,a-i-s},LQ) < A”Un('7U) - Um('7U)HH1><L27 (A'52)

for any 0 < o < max{sm,sp}, and 0 < s < min{r,T,,, — 0,T,, — o}

We set 0 := Tiax — 7/2, and we assume, up to some subsequence, that s,, > o for any n € N.
In this case, we deduce from (A50) that (v, (-,0))nen is a Cauchy sequence in H*(R) x L2(R).
Up to a further subsequence, we can assume that the right-hand side of (A52) is less than §/2.
By the Sobolev embedding theorem, this guarantees that

0
ln (s B)lleo < Nlom(:, )lleo + 5,

for any m > n, and o < t < min{o + 7,7, sm}. Since 8y, — Tmax a8 m — +00, we can invoke
(A.13) and (A.5T)) to conclude that T;, > Tiax and

)
HUHHCO(RX[J,TmaX]) <1- 5

Coming back again to ([A.13)), we next introduce an integer N and a number T' € (Tipax, 0 +7)
such that 5

lvn]leo®mxjor) < 1— T

and the right-hand side of (A.52) is less than 6/8 for m,n > N. Using the Sobolev embedding
theorem, we obtain as before,

0
lonlleo @ xo.mingr,zy) <1 = 3

for any n > N. This guarantees that T,, > T. Moreover, we can argue as in the proof of Step [
to derive from (AJ52) the fact that (v,,),>n is a Cauchy sequence in C%([o, T], H'(R) x L?(R)).
Since it is also a Cauchy sequence in C°([0, 0], H'(R) x L?(R)) by (A.50), we can extend the
solution v up to the time T, and contradict the definition of T} ax.

In order to conclude the proof of Theorem [ it remains to analyze the dependence with
respect to the initial datum of the solution v. In this direction, we first establish
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Step 4. Let 0 < T < Thax- Given any positive number €, there exists a positive number n such
that, if 8° is an initial datum in NVF(R) for any k € N, and such that

0% = 0%l ;g < (A.53)

then, the mazimal time of existence Tyax of the corresponding solution v to (HLL) satisfies

Tmax > T7

and moreover,

o - UH(:O([O,T],Hl xrz) <& (A.54)

Since v € C%([0, Tinax), NV(R)), there exists a number 0 < 6§ < 1 such that
||U(‘at)||60 <1l- 6’

for any ¢t € [0,7]. Using the conservation of the energy, there also exists a positive number M
such that

[0(, E)llco(o,m,m1x2) < M.

In particular, given a sequence of solutions (b, ),en to (HLL), which belong to C°([0, T], N V¥ (R))
for any k£ € N, and which satisfy (A33]), we can assume that

)
lon (-, t)||co < 1 — 2’ and |0, (- 0) || gixre < 2M, (A.55)

for any t € [0,T].

When 7 is small enough, we can also assume that the initial datum 6 is such that

_ o _
[0 <1 =7, and [0° o < 4D (A.56)
Arguing as in Step[Il there exist two numbers 0 < 7 < T and A > 0, depending only on § and M,
such that the corresponding solutions (v,, ¥,,) and (9, ¥) to the system of equations (I3)-(IH)
satisfy

[[on — ﬁHCO(RX[O,t]) < lvn = 2~’HCO([o,t},fjrl) + || — \i]HCO([O,t],LQ) < AHU(BL - 6OHH1><L2’ (A.57)

for any n € N and ¢ € [0, min{7, Tynax }|. For n small enough and n large enough, the right-hand
side of (ALR7)) is less than §/4. Therefore, we deduce from (A55) that

)
Hf)(Ht)HcO <1- Za

when ¢ € [0, min{7, Tiax}]. As a consequence of (A13), we know that T > 7. Moreover,
arguing as in the proof of (A.41]), we show that
) < Allv) — o

[wn _wHCO([O,TLLQ 0HH1><L2’

so that, by (A.57),

) < Al|v)) — (A.58)

[[on — 6”00([0,7—},H1><L2 07 g1 2

At this stage, we can use (A.53]) to guarantee that
- . (0
an(-,T) - n(.’T)HHleQ < min {Z’ QM},
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for n small enough and n large enough. In view of (A.53), this ensures that (A.56) holds with
o(-,7) and 9(-,7) replacing ?° and 8°. In particular, we can repeat the arguments from (A.56)
to (A-58) to obtain that Tiayx > min{27, T}, and

o — 6”0°([r,2r],H1xL2) < Affon(7) =00, 1) gy < Alloy — 6OHHleQ’

for n small enough and n large enough. Repeating this argument a finite number of times, we
establish that Ti,.x > T, as well as the estimate

) < Al|v)) — (A.59)

[[on — 6”00([0,T],H1xL2 07 1 20

for a positive number A, depending only on §, M and T'. It now remains to decrease, if necessary,
the value of 7 such that the right-hand side of ([A.59)) is less than e for n large enough, and then
to take the limit n — +oo in (A59) to obtain (A54)). This completes the proof of Step Hl

We are now in position to complete the proof of Theorem [
Step 5. End of the proof.
Statements (i) and (#4i) in Theorem [Il were shown in Steps [l and 2 while Step Blis exactly

statement (i7). Concerning (iv), we rely on Step @l We fix a number 0 < T' < Tjpax, and we
consider a positive number ¢ such that

[v]lco@mxfo,m) <1 — 2. (A.60)

We denote by n the positive number such that the conclusions of Step Ml hold when an initial
datum 0° in NVF(R) for any k € N, satisfies (A53). In view of (), there exists an integer N

such that we have

n
lon = 0°ll 12 < (A.61)

5,
for any n > N. We claim that the maximal time of existence T;, of the solution v,, satisfies

T, > T,

for any n > N.

Indeed, assume for the sake of a contradiction that 7;, < T for an integer n > N. In view of
(A43), there would exist a number 0 < 7 < T, such that

3
lon (s m)llo 21 = 3 (A.62)

On the other hand, we can find a sequence of smooth solutions (b,)pen to (HLL) such that
b, — v, inC°[0,7], H'(R) x L*(R)),
as p — +oo. In particular, we deduce from (A.61)) that
=0

18 = 0%l <

when p is large enough. In view of Step dl the maximal time of existence Tp of the solution b,
to (HLL), with initial datum 52, is larger than 7', and we have

[, — UHCO([@,T],HIxL?) <E&
Taking the limit p — +o00, we obtain

[or — UHCO([O,TLHI xL2) <&, (A.63)
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so that by (A.60) and the Sobolev embedding theorem,
lon(sT)|lco <1 —e.
This provides a contradiction with (A.62). Therefore, T;, > T for any n > N, which can be

rewritten as in (g]).

In addition, we can replace 7 by T in the proof of (A.63]), and obtain

[on = vllcoqo, 77,51 x22) < €,

for any n > N. This completes the proof of (@), and as a consequence, of Theorem [ O

A.3 Local well-posedness of the Landau-Lifshitz equation in the energy space

We now come back to the Cauchy problem for the original Landau-Lifshitz equation. We first
provide some properties concerning the hydrodynamical variables.

Lemma A.4. Let 0 < § < 1. Consider a function m. € E(R) such that 1 — (m.)3 > 6, and
denote by v, = (vi,wy) the corresponding hydrodynamical variables. Given any positive number
€, there exists a positive number p such that, if a function m € E(R) lies in the ball Bg(mu, p),
then, the corresponding hydrodynamical variables v = (v, w) are well-defined, and satisfy

[0 = 04| g1, p2 <€ (A.64)
Proof. Let p > 0 and m € Bg(m., p). Invoking the Sobolev embedding theorem, we obtain the
uniform bound

[lms — (ma)sllLee < [lma — (m)sllm < p- (A.65)
When p < d/4, it follows that

L=m3>1—(ma)3 —2lms — (mi)s > 5. (A.66)

| >

As a consequence, the hydrodynamical pair v is well-defined. Moreover, since v = mg, we have
o= vl <p. (A.67)
For the difference w — wy, the identity w = (im,m’)c/(1 — m3) provides the decomposition

(i(mm — miy),mi ) (i, m — ni)e m3 — (m.)3 (iri i
1— (m.)3 1— (m.)3 (I=m3)(1 = (m.)3) "~

In view of (A.69) and (A.66)), we can estimate the last two terms in the right-hand side of (A.68)
by

o (A.68)

W — Wy =

i, m' —ni,’ m2 — (my)> ey ml| 2
[ Ll Sy e s e oo

Concerning the first term, we recall that

in(x) — mi(2)] < [(0) — 75 (0)] + [a]2 |’ —m. |2 < p(1 + |2]7),

for any x € R. On the other hand, there exists a radius R such that

[ st
—RR)e = 8
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This gives the estimate

J

*)7 m*/>(C
M3

(i(m —
1

(

21 2 2 2
([l [

1
U+ R | 2
- 52 2
Combining with (A.67), (A.68) and (A.69), we can choose the number p small enough so that
we have (A.64). O

We are now in position to provide the

Proof of Corollary[dl In order to construct the solution m, our strategy is first to consider the
corresponding Cauchy problem in the hydrodynamical variables. Theorem [ provides a solution
v for this problem. However, the mappings corresponding to v in the original variables can only
be determined up to a phase factor. The main difficulty in the proof is to establish that we can
fix such a phase in order to obtain a (unique) solution to (LL]), which satisfies the statements in
Corollary [l We by-pass this difficulty by relying on arguments developed by H. Mohamad in
[27] in the context of the Gross-Pitaevskii equation.

We split the proof into six steps.

Step 1. Given any number T € (0,Tnax), there exists a positive number pr such that, given
any initial datum m° € Be(mP, pr), the corresponding hydrodynamical pair 8° is well-defined,
and there ezists a unique solution ® € C°([0,T], NV(R)) to (HLL) with initial datum v°, which
satisfies the statements in Theorem [I.

Recall that the (HLIL) flow provided by Theorem [Il is continuous with respect to the initial
datum. In particular, since T' < Tjax, there exists a radius r¢ such that, given any initial datum
8° € B(v% r1), the corresponding solution ® to (HLL) provided by Theorem [ is well-defined
on [0,7]. In view of Lemma [A4] there exists a radius pr such that, if m® € Be(mP, pr), then
the corresponding hydrodynamical pair 8° is well-defined, and lies in the ball B(v? 7). This is
enough to obtain the statements in Step [

Fix a number T € (0, Tinax), consider initial data m? in the ball B(m°, pr), and denote by
v, = (vn,wy) the solution to (HLI]) with initial datum the pair b® corresponding to m?. In
order to construct the solution m,, to (LIJ) with initial datum m?, the main difficulty is to define
a phase function ¢, such that m, := ((1 - v2)12 cos(n), (1 — v2) /2 sin(py,), vy ) is solution to
(LL) on R x [0,T]. By definition, the derivative 9,(, must be equal to w,. As a consequence,
it is natural to introduce the primitive

Op(z,t) := /Ol‘ wp(y,t) dy, (A.70)

for any (z,t) € Rx [0,T]. The function 6, is then equal to ¢, up to some constant of integration
possibly depending on time. We fix this constant so that we eventually obtain a solution to (LLJ).

At time ¢ = 0, the pair v? is well-defined so that the map m? does not vanish. Therefore, we
can find a phase number ¢? such that

2 (0) ‘ewg.

+ v, (w3 — 1), (A.71)



and we define the map

t

Un(x,t) :/ wnp(y,0) dy+/ O, (x,s)ds. (A.72)
0 0
Given a smooth function x € C°(R) with [ x = 1, we consider the function

Pn(t) = (In(,t) = On(-,t), X)D D)

for any t € [0,7], and we set
(2, 1) = On(,) + Pu(t) + 62, (A.73)

for any (z,t) € Rx[0,T]. We claim that this construction makes sense, and depends continuously
on the H' x L?-norm of the maps b,,.

Step 2. The maps

My 1= <(1 - vi)% cos(pn), (1 — vi)% sin(¢p,), vn>, (A.74)

are well-defined and continuous on R x [0,T]. Moreover, given any positive number R, there
exists a positive number A, depending only on m2, p, T and x, such that

1
trer[l(?,)T(] df(mn(-,t),mp(-,t)) <Ade (mg,mg) + A(l + RQ) trer%%} HU"("t) - UP("t)HH1><L2

1 (A.75)
+ A max (/ (amvn(.,t)Q + wn(-,t)2)> )
t€[0,T] \ JR\(-R,R)

for any (n,p) € N2,

Indeed, the pairs v, belong to C°([0,T], H'(R) x L?(R)). Moreover, in view of the continuity
with respect to the initial datum of (HLLI), we can decrease, if necessary, the value of the radius
pr such that we can find a positive number ¢ for which

1 — v, (x,t)2 >4, (A.76)

for any n € N and (z,t) € R x [0, 7.

We next derive from (A.70) that the functions 6,, are well-defined and continuous on R x [0, 7.
Concerning the function ®,,, we can invoke (A7) and apply the Sobolev embedding theorem
to check that ®, € C°([0,T], H *(R)). As a consequence of (AT2), the functions ¥, lie in
CY([0,T],C°(R) + H~(R)). Therefore, the numbers ¢, (t) are well-defined for any ¢ € [0, 7], and
there exists a positive number A, depending only on , such that they satisfy the estimate

|n(t1) — Gp(t2)] SA(Hwn(-,O) — wp(,0)[[z2 + lwn (s t1) — wp(- t2)l[ 2

T By (-, 8) — By~ 8)|l o + |t — ¢ @, (-, 7),
+ féﬁ%” n(+8) = Qp(, 8)llg-—1 + [t 2‘533’%]” n(s8) -1

for any (n,p) € N? and 0 < #; < to < T. Combining (ATI) with (AT76), and invoking the
conservation of the Landau-Lifshitz energy, we derive the existence of a positive number A,
depending only on 4, such that

D, (-, 1 < A(1+ E(0Y)),
Jé}&%” (2 8)llg-1 < A1+ E(v))
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and

e [90() = B0, < AL+ E(00) + B(0)) ma (- 5) = 0y, )]s

At this stage, we observe that the energy E is bounded on the ball B(v, 1) by a positive number
A, depending only on m® and pr. Since the pairs v0 lie in this ball, we have

E(vY) < A, (A.77)

for any n € N. This gives

|Pn(t1) = dp(ta)]
A<|t1 —to| + [loa (- t1) = 0, t2) | rrscre + (1+T) e [on (-, s) = Up("S)HHleQ)-
(A.78)

In particular, the functions ¢,, are continuous on [0, 7.

As a first consequence of the above considerations, the maps m,, are well-defined and con-
tinuous on R x [0,7]. We now check that they satisfy (A7H). Let ¢ € [0,7] be fixed, and
compute

cilon(D+80—p(D)—¢0) _ 1|

=

(0,6) = 17y (0,)] < |(1 = w2(0,0))% = (1= 2(0,))3| +

The first term in the right-hand side can be treated as before, so that

‘(1—1) (0,))2 — (1 —v2(0,1))3

(5 8) = 0p( D) [ o e L2
For the second term, we infer from (A.77) and (A.78) that

(A.79)

ORI O 1] < AQHT) ma flon(5) = 0, 8) sz + [ — el
S

On the other hand, we can write

A A 1
ez¢91 — ez¢2 P —
~ (1= vp(0)2)1/2

<A(de(m, m) + 105 = 09l 12 )-
We conclude that

(O,t)—mp(O,tHSA((1+T)SIEH[§»§ [0n(cs5) = 0y (s 8)ll iz + de(mb,mf) ). (A81)

1 1
(1—0(0)2)1/2 (1 —29(0)2)1/2 ‘ (A.80)

79(0) — mB(0)] + |

We now deal with the difference 9,m,, — 9;m,. Coming back to (A.70), we observe that the
equality
axen(7 t) - wn('7 t)7

holds in L?(R) for any ¢ € [0,T]. In view of (AT3), this provides the identity
Oy (ew") = jwpen,
again in L?(R). Since v, € C°([0,T], H'(R)) satisfies (AT6), it follows that

I9) .
= (= Gt i)
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so that

0170, — Dyt || 2 < A(Hnn B [ H (100n? + |wn?) 2|e#n — ei#r]

n)

At this stage, we introduce a positive number R as in the statement of Step Bl and we bound
the last term in the previous inequality by

/(’8$vn’2+’wn’2)‘eigan_eicpp{zgzl/
R

R\(—R,R)

(’8$Un’2 + ’wn‘z) + A max ‘ei‘p” — eiS% 2.
[7R7R]

We then write

‘eiapn(:v,t) _ eiapp(:v,t” < ‘ewn(z,t) _ eiG;;(:v,t)‘ +

o1 (n ()60 —dp(H)—03) _ 1‘,

so that by (A.70), (A.79) and (A.80),

max {ew" — ei“op‘
[7R7R}

< B3 — w2+ A(de(m m) + (14 T) max flon() = 0y )iz

As a conclusion, we have

2
|0u172n (-, 1) — Dt (-, 1) || 12 §A<dg(m2,mg) + (/ (Opvn (- t)* + wn(-,t)2))
R\(-R.R) (A.82)
F (14 R} 4+ T) max oa(s) - op<-,s>||Hlez>,
s€[0,T]

for any t € [0,T]. Since [my]3 = vy, it is direct to estimate the difference [my]3 — [m,]s in H(R).

Combining with (A.81) and (A.82)), we deduce (A.7H).

Our goal is now to derive from (ATH) that (my,)nen is a Cauchy sequence in C°([0, 7], £(R)).
In this direction, we first need a uniform estimate for the last integral in (A75).

Step 3. Assume that
v, — o in C°([0,T], H'(R) x L*(R)), (A.83)

as n — 4o0o0. For any positive number €, there exist a positive number Ry and an integer ng,
depending only on T and v, such that

max Opon(z, 1) + wp(x,1)? dw) < é2, A.84
([ el e 07) (A8

for any R > Ry and n > ng.

In view of (A.83)), there exists an integer ng such that

/]R\(—R,R)

for any ¢t € [0,7], R € (0,+00) and n > ng. Since v is uniformly continuous from [0,77] to £(R),
there exists a positive number 7 such that

/R\<R,R)
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Dy (2, 1) +wy (2, 1)2 = 0,0 (x, t)? —b(x,t)?| dx < I%x% o0, =821, ;2 < —, (A.85)
teo,
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0y 0(x,8)% 4+ w(x,8)? — Op0(2, ) — W(x,t)?| dr < g (A.86)
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for any R € (0,4+00) and (s,t) € [0,T], with |s —t| < 7. Finally, there exist numbers (;)1<i<¢
such that the intervals (¢; — 7,t; + 7) recover the segment [0,7]. We fix Ry such that
2

/ <8$17(x,ti)2 - w(x,ti)2) de < <,
R\(=Ro,Ro) 9

for any 1 <4 < ¢. Combining with (A.85) and (A.86), we obtain (A.84]).

Step 4. Proof of the existence of a solution m to (LL)), which satisfies [I0), and statements (7)
and (ii7) in Corollary [l

Given any T € (0,Timax), we derive from Lemma [A]] the existence of functions m? €
Be(m®, pr), with 9,mQ € H>®(R), such that mQ — m° in £R), as n — +oo. In view of

Step [, the corresponding hydrodynamical pairs v° and v are well-defined, and the solutions v
and v,, to (HLL) with initial data v° and v belong to C°([0, 7], N'V(R)). Moreover, they satisfy

(A83)) due to (6).

As a consequence, given a positive number €, we deduce from Step [3the existence of a positive
number Ry and an integer ng such that (A.84]) holds. In addition, we can assume that

€
df(mg’mo) <e and max [jo,(,t) — Up("t)HHle? <

P 10
tE[O,T] (1 +R§)
when n,p > ng. Applying estimate (A7H) with R = Ry, we conclude that the maps m,, defined

by (A.74) satisfy
d 1), Lt)) < A )
nax, g (mn(- 1), mp(-,1)) < Ae
when n,p > ng. Therefore, they form a Cauchy sequence in C°([0,T],E(R)), and there exists a
function m € C°([0, T], £(R)) such that

my, — m  in C°([0,T],E(R)), (A.87)

asn — +00. Combining Lemmal[A.4lwith (A.83)) (for b = v), we deduce that the hydrodynamical
pair corresponding to m(x,t) is equal to v(z,t) for any (z,t) € R x [0,T]. Moreover, since the
choice of T is arbitrary, the map m is actually well-defined in C°([0, Tinax), £(R)), and statement
() in Corollary [ holds on R X [0, Tinax)-

We next check that m is solution to (LI]) (in the sense of distributions). When the functions

mY are smooth, it follows from Proposition [A.2]that the solutions v, to ([ILL) are also smooth.

n
In view of ([(A73]), the phase functions ¢, are smooth, and their time derivative is given by

Going back to (A7), the maps m,, are, in turn, smooth, and their time derivative is given by

U Opv 1 .
Oy, = ( — Lnl +i(l — vi)iﬁtgon) elen,
(1—v3)2
Since the pair v, is solution to (HLL), we derive from (HLI]) and (A88) that m,, is a smooth
solution to (LL). In view of (A.87), the limit function m remains a solution (in the sense of

distributions) to (LI on [0, Tiax) since the choice of T is arbitrary.

Finally, recall that

for any n € N and any ¢ € [0,7], due to Lemma [A.2l The conservation of energy for m then
follows from (A.87)) and again from the arbitrary nature of 7T'.

In order to complete the proof of Statement (i7), it remains to check the uniqueness of the
limit solution m.
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Step 5. Let m be the solution to (LLl) constructed in Step[f} Assume that there exists a solution
m € CY([0, Timax ), E(R)) to (LI), with initial datum mP, for which there are smooth solutions 1.,
to (LL) such that

M, — M in CO([0,T], E(R)). (A.89)

asn — +oo, for any T € (0, Tynax). Then, m = m.

Let T € (0, Tiax). For n large enough, the initial data mY lie in the ball Bg(mY; pr) due to
(A.89). In particular, the maps m,, given by (A.74) are well-defined and smooth on [0,77], and
we can argue as in the proof of Step M to claim that they solve (LIJ) for the initial data mQ.
Going back to Proposition [A.T] we deduce that m,, = m,, on [0,T]. In particular, we can apply
estimate (AL79) to obtain the bound

max dg (my, (-, 1), My (-, 1)) §Adg(m2,mg) + A(1 —}—R%) max an(-,t) —o,(- t)HH1 2
t€[0,7) o t€[0,7) ' xL

2

+ A max (/ van-,t2+wn-,t2> ,
t€[0,7] R\(—R,R)( ¢.1) (:6)

for any (n,p) € N?. Here, the notation 9, refers to the solution to (HLL) with initial datum o)
corresponding to the function fng. In view of Theorem [I, we know that

o, — v in C°([0,T], H'(R) x L*(R)),

as p — ~+00, where v is the solution to (HLL) with initial datum v° corresponding to the function
mY. Using (A84) and (A8J), we can take the limit n,p — 400 in order to obtain the equality
m = m on [0,T]. Since the choice of T is arbitrary, this is enough to complete the proof of
Step

In order to complete the proof of Corollary [II it remains to give the

Step 6. Proof of Statement (iv).

Let T € (0, Tinax) be fixed. Assume that m? — m® in £(R) as n — +oco. Without loss of
generality, we can assume that m{ lies in the ball Bg(m?, pr), so that we can rely on all the
results proved in the previous steps.

Given a fixed integer n € N, we denote by m,, the solution to (LI)) with initial datum m?

provided by the previous steps. In view of Lemma [A1] we can find two sequences (mg,p)peN and
(mg)peN of smooth functions in the ball Be(m®, pr) such that

Th%p —m?, and fng —m® in E(R), (A.90)
as p — +o0o. Applying Step @] we know that the corresponding smooth solutions m,, , and m,
to (LL) are well-defined in C°([0, 7], £(R)), and satisfy the estimate

~ ~ ~ ~ 1 ~ ~
. de (). 0) < Ade (0 70) + A1+ RE) e [0 = 50 1

+ A max (/ ((%f}p(.,t)? + sz(-,t)2)> 2,
R\(—R,R)

t€[0,T]
(A.91)

for any R € (0,400) and p € N. Here, the pairs v,, and v, are, as above, the solutions to

. ey =0 =0 : 0 5
(HLL) provided by Theorem [I for the initial data v, , and b, corresponding to 7, , and m
Combining Lemma [A4] and (A.90), we obtain the convergences

0
0.
80, =), and ) —0’ in H'(R) x L*(R),
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as p — +oo. Taking into account the continuity with respect to the initial datum of the (HLL)
flow, and the construction of the solutions m,, and m in Step [, this is enough to take the limit
p — +o0o in (A9])) in order to obtain

max dg (my(-,t),m(-,t)) <Adg(md,m") + A(1+ R%) tnf(%{“} |on(- ) — U("t)HHleQ
€0,

t€[0,T] (A )
1 92
+ A max </ amv-,tz—l—w-,tQ)
t€0,7] \ JR\(-R,R) ( (1) (1) )

2
At this stage, given a positive number ¢, we can argue as in Step [B] to find a positive number R
such that

1

2
max o)) -,t2—|—w-,t2> <e.
t€[0,7] </R\(R,R)( (1) (1) )

00 -0’ in HY(R) x L*(R),

Recalling that

as n — 400, again by Lemma [A4 we derive similarly from (A92)) and the continuity with
respect to the initial datum of the (HLL]) flow that

li de (mn(-, 1), m(-,t)) < Ae.
imsup iy de (malC, ), m(,1)) < Ae

Since the choice of € is arbitrary, this completes the proofs of Step [6] and as a consequence, of

Corollary [1 O
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