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ABSTRACT

Simulations of non-Boussinesq density currents of various initial fractional depths are performed, and a
detailed comparison with a recent shallow-water model [18] is done for a wide range of density ratio
107 < Pe/Pa < 10* and initial depth ratio 1 < H* < 50 in the regime of constant-speed initial phase.
Good agreement is observed in a large region of the parameter space. The larger discrepancy is observed
in the range of high H* and low-p/p, for which the shallow-water model overpredicts the velocity of the
current. Two possible reasons are suspected, namely the fluid motion in the ambient fluid which is not
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1. Introduction

The dynamics of Boussinesq planar density currents of arbi-
trary initial depth ratio has been studied extensively because
of their importance in various industrial and environmental
problems. Laboratory experiments [13,15], numerical investiga-
tions [6,9,14] and analytical modeling [1,10,11,15-17] have pro-
vided detailed information about the distance of propagation, the
shape of the interface and the velocity regimes. The study of
density currents of arbitrary density ratio is more complicated
and most of the previous reported work has been restricted to
the lock-exchange configuration [2,4,7,12] for which the initial
height of the current fluid is the same as that of the ambient
(the only reported work of non-Boussinesq current for various
initial depth ratio is Ref. [8]).

Recently Ungarish []. Fluid Mech. 579, 373 (2007); Ref. [18] in
the present paper| used a one-layer shallow-water model (see
e.g. Refs. [15,11] for Boussinesq flows) for the prediction of the
shape and propagation of high Reynolds number density currents
for the complete range of density ratio and initial depth ratio. This
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accounted for in the model, and the choice of the model for the front condition.

model provides a useful tool for understanding and modeling
density current dynamics, since Boussinesq and non-Boussinesq
currents are treated in a unified manner. Among other results,
the model gives the height hy and the velocity uy of the current
during the constant-speed initial phase (note that the paper also
predicted the self-similar propagation for later times). This infor-
mation is of critical interest in hazardous situations such as fires
in tunnels, dam break or accidental release of toxic gases or liquids.
However, as emphasized by Ungarish [18], the model’s validity is
largely untested and “given the paucity of the available data, the
main deficiency of the model is the unknown practical limit of
applicability”.

The objective of this paper is to fill this gap using direct numer-
ical simulations. We consider the propagation of a density current
of density p. and initial depth h, into an ambient fluid of density pq
and initial depth H (Fig. 1). Depending on the sign of p,—p., we re-
fer to a bottom density current (p,—p. < 0) or a surface density cur-
rent (pq—pc>0). The current is released from a lock of initial
position xo and height hy. This configuration is strictly the same
as in Ref. [18]. In this paper we report results of a series of two-
dimensional simulations of planar density currents for a wide
range of density ratios 10 < p./p, < 10* and initial depth ratios
1 < H* < 50 (where H* = H/hp). These simulations allow us to verify
the strengths and limitations of the shallow-water model devel-
oped in Ref. [18] in accurately predicting current height and veloc-
ity over a wide range of density and initial depth ratios.
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Fig. 1. The physical configuration and nomenclature used in this work. The dashed
line represents the initial separation between fluids. The solid line represents the
interface at later times. The gravity vector is defined as g = g(pq — pc)/|pa — pdle..

2. Shallow-water and Navier-Stokes equations
2.1. Shallow-water model

In Ref. [18], Ungarish used a one-layer shallow-water theory for
the prediction of the shape and propagation of high-Re density cur-
rents for the complete range of density ratio p./p, and initial depth
ratio H*. In the following, we briefly describe the assumptions and
equations used in the model to obtain the height hy and the veloc-
ity uy of the current during the constant-speed initial phase.

The classical assumptions of the shallow-water analysis are (i)
the fluids are incompressible, immiscible and inviscid and (ii) the
current is shallow, that is ho/xo < <1. From these assumptions it fol-
lows that the pressure is hydrostatic. To close the system of equa-
tions an additional boundary condition is specified at the front of
the current located at xy (see Refs. [15,18]). Ungarish’s model
[18] makes use of the condition

uy = (ghylApl/p,) ' /*Fr, 1)

where the Froude number, Fr, is a function of the depth ratio hy/H
and is taken to be the Benjamin’s relation given by

(2 = h/H)(1 — hy/H)) 5
b/ | ?

Further noting that during the slumping stage, the domain of
fluid trailing the nose is a rectangle of constant height, and using
the fact that the energy in the domain cannot increase, Ungarish
matched the shallow-water solution of the forward-propagating
characteristic with Benjamin’s front condition to obtain the height
and velocity of the fronts. The height of the current is given by the
following implicit equation

Pa hN o @
2\//):[(1 - \/h:o) - \/;Fr(hN/H). (3)

where the Froude number relation is given in (2). If we then apply
the additional energy constraint, the maximum height of the cur-
rent can be limited to H/2 and we obtain hy=min(hy, H/2). The
velocity of the current can then be determined from (1). More de-
tails can be found in Refs. [18,19].

Fr(hy/H) =

2.2. Navier-Stokes equations and its numerical treatment

Assuming the current and the ambient fluid to be Newtonian,
immiscible and incompressible, the evolution of the flow is de-
scribed using the one-fluid formulation of the Navier-Stokes equa-
tions, namely

p%wu Vu=-Vp+pg+V-[uVu+'Vu); V.-u=0. (4

where u, p, p and p are the local velocity, pressure, density and dy-
namic viscosity in the flow, respectively, and g denotes gravity. The
local volume fraction of the current fluid obeys

aC

i +u-VC=0. (5)
This volume fraction equals one (resp. zero) in cells filled with the

current fluid (resp. ambient) and takes intermediate values in cells

belonging to the transition region. The local density and dynamic

viscosity are evaluated using a linear interpolation, namely

p=Cpc+(1-0)py pt=Cpo+(1=C)pty. (6)

Briefly, the numerical technique is a finite-volume front-captur-
ing method with no interface reconstruction that allows simula-
tion of non-diffusive fluids of arbitrary density ratio. Momentum
equations are solved on a staggered grid using second-order cen-
tered differences for the spatial discretization and a third-order
Runge-Kutta/Crank-Nicolson method for the temporal discretiza-
tion. The transport equation of the volume fraction (5) is solved
using a modified Zalesak scheme [20]. We refer the reader to Refs.
[4,5] for more details on the numerical algorithm and solution
methods used here.

In this approach, the evolution equation of the volume fraction
is hyperbolic. This is equivalent to choosing a Schmidt number
Sc — oo (the Schmidt number being defined as the ratio of the kine-
matic viscosity to the molecular diffusivity). Note that although no
physical diffusivity is introduced in (5), the numerical thickness of
the interface is not strictly zero as it is typically resolved over three
grid cells [5]. Therefore a finite effective Schmidt number can be
estimated, which depends somewhat on Re and on the degree of
spatial resolution. Based on extensive tests of measurement of
the interface thickness, Bonometti and Balachandar (Ref. [3]) esti-
mated the effective Schmidt number to be of 0(103).

In the following, we assume the same constant dynamical vis-
cosity for both fluids, that is 1. = y,. Note that the present numer-
ical methodology allows for simulations of arbitrary viscosity
ratios. As shown in Ref. [4] (see their Appendix B), provided the
Reynolds number, based on the heavier fluid, is large (i.e.
Re > 0(10%)), the evolution of density current is mostly indepen-
dent of the choice of viscosity ratio. In particular, at high Reynolds
numbers quantities such as the front velocity to be discussed here
are quite similar irrespective of whether constant kinematic or
constant dynamic viscosity is employed. We have performed addi-
tional tests (not shown here) with different initial fractional depths
H* and they revealed that the near-independence of results to vis-
cosity ratio at high Reynolds numbers holds even when H* is not
unity. Thus the results and conclusions to be presented are reflec-
tive of what can be expected in actual gravity currents of immisci-
ble fluids of arbitrary density and viscosity ratios.

Simulations are performed for flows at a Reynolds number
Re = \/g'hghy/v of 2.5 x 10 (here g’ = g|pq — pl/max(pq, pc), and v
is the kinematic viscosity of the heavy fluid). Preliminary tests were
performed for two other Reynolds numbers, namely Re = 1.25 x 10*
and 5 x 10%. As shown in Table 1, these tests revealed almost no dif-
ference (i.e. less than 1%) in both the front velocity and the height of
the current. In addition, we recorded the temporal evolution of the

Table 1
Front velocity uy and current height hy for various Reynolds numbers (p./p, =103
and H* = 50).

Re un/(g'ho)"? hy/ho
1.25 x 10* 1.098 £+ 0.011 1.451
2.5 x 10* 1.103 £ 0.012 1.456
5 x 10% 1.105 £0.011 1.459




overall mechanical energy. In all cases the relative variation of the to-
tal energy remains negligibly small during the entire duration of the
simulation (less than 0.01%).

We estimated the minimum value of the ratio xo/ho (initial
length to initial height of the current) that would allow the current
to remain in the slumping phase as it travels forward for about
20ho (Fig. 1). The choice of xo/ho ~ 20 was computationally ob-
served to be sufficient to maintain the slumping phase over the en-
tire duration of simulation in all cases considered. Therefore, with
the present configuration, the computed front velocity is expected
not to be affected by the presence of the lateral walls.

The simulations are two-dimensional and are performed withina
rectangular (x, z) domain of size 37.5hy x H. We use a 2400 x 300
grid with a uniform spacing in the x-direction (Ax/hg=1/64). In
the z-direction, a uniform spacing of Az/hy=6.25 x 103, corre-
sponding to 160 grid cells per initial current height, is used over
the region 0 <z < 1.5h (this region covers the density current
and a significant portion of the ambient fluid entrained by the cur-
rent), while larger cells are used above this region, following an
arithmetic progression. Free-slip boundary conditions for the veloc-
ity (unless otherwise specified) and zero normal gradient for the vol-
ume fraction are imposed on the top, bottom and lateral boundaries.
Computations are stopped before the density current comes close to
the right vertical boundary, to avoid contamination of the results by
confinement effects. In the specific case H* =1, a smaller grid of
2400 x 160 cells was used (same spacing as mentioned above). Note
that the present resolution is similar to that used in Ref. [4].

3. Results and discussion

In all the results presented in this paper, the computation starts
from rest, the dynamical viscosity ratio and the Reynolds number
are set to 1 and 2.5 x 10% respectively, while we vary the density
ratio and the initial depth ratio. Note that in order to keep the Rey-
nolds number constant while the density ratio varies, we modify
the viscosity of the fluids accordingly. For each simulation, we re-
cord the temporal evolution of the front position xy defined as the
maximum value of x for which the equivalent height h is non-zero,
where & is defined as [6,13]:

B H
R(x,t) = /0 (p(x.2) — po)/(p. — po)dz )

Here p is the local value of the density field. A sample of one thou-
sand points was taken from the temporal evolution of the front po-
sition (over the range 5 < t1/g’/ho < 10), and used to compute the
mean front velocity uy. Additionally, we define the height of the
current hy as the maximum value of & in the region close to the cur-
rent front (typically of width 3hg behind the front). The measure-
ment of hy at different time instances revealed that hy remains
roughly constant during the constant-speed initial phase.

3.1. Front velocity

In Fig. 2, the front velocity (symbols) is compared with Ungar-
ish’s shallow-water model [18] (lines), for density currents of var-
ious density ratios and two different initial depth ratios, namely
H* =1 and 50, respectively. Note that intermediate initial depth ra-
tios were also investigated and the results were in essential agree-
ment and therefore for clarity they are not presented here. The
agreement is fairly good in the case H* = 1 (lock-exchange configu-
ration) for the complete range of density ratio shown here. Indeed,
the front velocity of surface density currents (107 < p,/p, < 1)
predicted by the shallow-water model agrees within 1% with the
simulations while for bottom density currents (1 < p./p, < 10%)
the maximum discrepancy is less than 10%. Such discrepancy
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Fig. 2. Front velocity as a function of the density ratio. The solid (resp. dashed) line
is the prediction of Ungarish’s shallow-water model [18] for H* = 50 (resp. H" = 1).
Triangles (resp. solid squares) are computational results for H* =50 (resp. H" = 1).
Crosses are numerical results of Ref. [2] (H* = 1). Experimental results of Ref. [12]
(open square: H"=1) and Ref. [15] (diamond: H"=4; circle: H* ~15) are also
plotted for comparison.

was previously observed in Ref. [4] for 107" < p,/p, <6 x 107},
and was attributed to dissipation stemming from vortical struc-
tures generated near the front of the current.

For H* = 50 good agreement is observed for bottom density cur-
rents (1 < p,/p, < 10%). In line with the shallow-water model pre-
diction, the results become independent of H* as the density ratio
increases. For instance, the front velocities of the H*=1 and
H* = 50-currents are nearly identical for p./pq = 103. The situation
is different for surface density currents. As shown in Fig. 2, we ob-
serve an increasing departure between the predicted (solid line)
and computed velocities as the density ratio is decreased. The shal-
low-water model overestimates the front velocity by at most 25%
for the smallest density ratios investigated here. We also plot for
comparison the experimental results of Ref. [15] in the Boussinesq
limit at intermediate initial fractional depths, namely H* =4 and
H* ~ 15 (see the diamond and circle symbols). A monotonic in-
crease in the velocity is observed from H*=1 to H* = 50. Compari-
son between the experimental results and the present
computational results is in general quite good.

3.2. Front height

The shape of Boussinesq density currents of arbitrary initial
fractional depth has been extensively described in the literature
[6,9,10,13,15] as well as that of non-Boussinesq currents in the
lock-exchange configuration [2,4,7,8,12]. However, the descrip-
tion of non-Boussinesq surface density currents in a deep ambient
is much less documented. Therefore we plot in Fig. 3 the tempo-
ral evolution of the shape of a surface density current (H* =50
and p./p.=1073). Soon after the removal of the gate, the head
of the current is clearly visible and takes the shape of a spherical
cap. At the same time, a surface perturbation is formed behind
the head. The distance separating the surface perturbation from
the current head is observed to grow in time while the height
of the current remains approximately constant in between.
Therefore, for the times considered here, the shape of the surface
density current can be decomposed into a head, a surface
perturbation (note that some small vortical structures are dis-
cernable at the junction with the head) and a tail further
downstream.

Fig. 4 shows the height of the current, hy, for the complete range
of density ratio and two initial depth ratios of H*=1 and 50,
respectively. In the case H"=1, Ungarish’s model predicts that
the surface density current is choked to occupy only half of the



Fig. 3. Temporal evolution of the shape of a surface density current (shadowgraph)
for H*=50 and pc/pq= 103, Time interval between successive views is
At\/g'/ho = 2.827. Axes are scaled by h,.

height of the channel (i.e. hy/ho = 1/2), while the bottom density
current propagates mainly with unrestricted height, the latter
being a decreasing function of the density ratio. These results are
in full agreement with the present simulations and the agreement
extends for all the density ratios investigated here.

For currents in a deep ambient (H* = 50), good qualitative agree-
ment is observed, but only partial quantitative agreement is found.
Indeed both theoretical and computational results predict a
smooth decrease of the height of the current with density ratio
for p./p, < 0(1072), followed by a steeper drop for 0(1072) < p./
P, <0(10) and eventually a smoother decrease for p./p, >
0(10). In addition, quantitative agreement is found in the latter
range of density ratio where the height of the current is only a
small fraction of the initial depth ratio. In contrast, the height of
the current is increasingly underestimated by the shallow-water
theory as p./pq is decreased.
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Fig. 4. Height of the head as a function of the density ratio. The solid (resp. dashed)
line is the prediction of Ungarish’s shallow-water model [18] for H" =50 (resp.
H*=1). Upward triangles (resp. squares) are computational results for H* = 50 (resp.
H"=1). Downward triangles are the average height of the head of the current
(H* = 50). Crosses are numerical results of Ref. [2] (H* = 1). Experimental results of
Rottman and Simpson [15] are also plotted for comparison (case H*=4). These
correspond to the measured height including only the unmixed layer (lower circle)
or both the mixed and unmixed layers (upper circle).

Fig. 5. Instantaneous shape of a surface density current and a Boussinesq density
current, respectively. (a) H* = 50; pc/pa=1073; t\/g'/hy = 8.5, (b) H* = 50; pc/pa=
1.01; t\/g'/he = 1.4. The thick solid line is h as defined in (1). Thin dotted lines are
contours of the iso-value (p. + p,)/2. For comparison, a rectangle (dashed line) of
dimension xy x hy is also plotted, the value of hy being that predicted by Ungarish’s
shallow-water model [18]. Axes are scaled by hy.

Note that for large values of H* and O(1) values of p/p,, strong
mixing in the vicinity of the current head was observed in the sim-
ulations (Fig. 5), in agreement with experimental observations
[15]. We plot in Fig. 4 the experimental results of Rottman and
Simpson [15] who measured the height of the current by either
including the mixed layer (upper circle) or only the unmixed layer
(lower circle). Note that in this case of Boussinesq limit, both the
computed and theoretical values of hy fall in between the two
experimental values. In contrast, for lower density ratios, the head
of the surface density current observed in the simulations is clearly
separated from the body of the current (see Figs. 3 and 5a), elimi-
nating ambiguity about the definition and the measurement of the
current height. However, previous investigations have indicated
that the appropriate definition for the front depth is still an open
question (see e.g. Refs. [11,13]). For instance, we plot in Fig. 4 the
value of h averaged over the head of the current, i.e. between the
minimum and the front (downward triangles). With this definition,
the agreement with the model is greatly improved. In addition we
plotted in Fig. 5 instantaneous shapes of a surface density current
and a Boussinesq density current, respectively. The thick solid line
is h as defined in (7) while the thin dotted lines are contours of the
iso-value (p.+ pq)/2. For comparison, a rectangle of dimension
Xy x hy is also plotted, the value of hy being that predicted by
Ungarish’s shallow-water model [18]. Local differences between
the predicted and computed heights are observable while the over-
all predicted and computed heights (say averaged along the
streamwise direction) are in reasonable agreement. Clearly, the lo-
cal differences are due to the presence of vortical structures ob-
served along the body of the simulated currents, stemming from
the interaction of the current with the ambient fluid, which are
not taken into account in the analytical model. In any case, Figs.
4 and 5 indicate that caution must be exercised regarding the prop-
er definition of the height of the front.

3.3. Possible reasons for the observed differences

In Ref. [18], Ungarish estimated that the effects of the ambient
fluid on the dynamics of the density currents can be neglected
provided H*p.[pq,>2 approximately. For H*=1 this leads to the
condition p./pq> 2. It can therefore be expected that the agree-
ment between the simulations and the model breaks down for
Pclpa < 2. However, as was shown in Ref. [18], an additional energy
constraint arises for p./pq < 1.373 (that is the flow is choked at half
the initial depth). This sets the velocity of the current to be that im-
posed by the front condition, and as a result the agreement is
excellent (see the comparison between the dashed line and the
squares in Figs. 2 and 4). For H* = 50 the condition for neglecting
the ambient fluid dynamics reduces to p./p, >4 x 1072 This is in



reasonable agreement with our results for which the discrepancy is
maximum for density ratios in the range p./p, < 4 x 102 approx-
imately. Interestingly, the largest error in the speed of
propagation is observed to be at most 25% for a density ratio that
is 400 times smaller than the limit of validity, and the qualitative
agreement is quite good. This robustness calls for some further the-
oretical and numerical investigation. Overall, we may conclude
that one possible reason for the discrepancy between the shal-
low-water model and the computed velocities of surface density
currents in deep ambient is the fact that the model neglects the
fluid motion in the ambient fluid. Thus, under such conditions a
two-layer model (see e.g. Ref. [19]), where both the motion of
the current as well as the ambient is taken into account, can be ex-
pected to perform better.

As mentioned in Section 2.1, to obtain realistic solutions, the sys-
tem of shallow-water equations must be subjected to a boundary
condition at the front. Ungarish’s model [ 18] makes use of Benjamin’s
Froude number function (2). Another well-known front condition of-
ten used in shallow-water models is the experimental correlation
proposed by Huppert and Simpson (Ref. [10]) which reads:

1.19 (0 < hy/H < 0.075)

0.5(hy/H)™" (0.075 < hy/H < 1) ®

Fr(hn/H) = {

We plot in Fig. 6 the front velocity as a function of the density
ratio for the front condition (8) used in conjunction with the
one-layer shallow-water equations [Note that condition (2) corre-
sponds to the original model of Ungarish [18], while we modified
the latter to include condition (8) in Fig. 6]. With the use of the
Huppert and Simspon’s front condition, the agreement between
the model and the simulations is significantly better (the maxi-
mum discrepancy is 9%). Note that conditions (2) and (8) give com-
parable results for the prediction of the height of the front hy (Figs.
4 and 7). Clearly, the shallow-water model is quite sensitive to the
choice of the front condition in the range of high H*-low p./p..
Therefore, a two-layer shallow-water theory is desirable to disen-
tangle the possible conjugate effects of the fluid motion in the
ambient fluid from that of the front condition in this range of
parameters.

It was recently shown in Ref. [4] that, in the lock-exchange con-
figuration (H*=1), wall friction could significantly reduce the
speed of bottom density currents, especially in the approximate
range p./pq>5. In order to assess the relevance of this result to
density currents of arbitrary initial fractional depth, we performed
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Fig. 6. Front velocity as a function of the density ratio. The solid (resp. dashed) line
is the prediction of Ungarish’s modified model (i.e. with Huppert & Simpson’s front
condition (8)) for H* = 50 (resp. H* = 1). Triangles (resp. solid squares) are compu-
tational results for H* =50 (resp. H" = 1). Crosses are numerical results of Ref. [2]
(H*=1). Experimental results of Ref. [12] (open square: H*=1) and Ref. [15]
(diamond: H* = 4; circle: H* ~ 15) are also plotted for comparison.
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Fig. 7. Height of the head as a function of the density ratio. The solid (resp. dashed)
line is the prediction of Ungarish’'s modified model (i.e. with Huppert & Simpson’s
front condition (8)) for H* = 50 (resp. H" = 1). Upward triangles (resp. squares) are
computational results for H* = 50 (resp. H* = 1). Downward triangles are the average
height of the head of the current (H* = 50). Crosses are numerical results of Ref. [2]
(H"=1). Experimental results of Rottman and Simpson [15] are also plotted for
comparison (case H" = 4). These correspond to the measured height including only
the unmixed layer (lower circle) or both the mixed and unmixed layers (upper
circle).
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Fig. 8. Front velocity as a function of the density ratio. The solid (resp. dashed) line
is the prediction of Ungarish’s original shallow-water model [18] for H* = 50 (resp.
H*=1). Triangles (resp. squares) are computational results for H* = 50 (resp. H = 1)
with the use of a no-slip condition at the boundary on which the current spreads.

the same simulations as those in Fig. 2 with no-slip boundary con-
ditions. Results are displayed in Fig. 8. The comparison between
Figs. 2 and 8 suggests that the impact of the wall friction is signif-
icant for bottom density currents of arbitrary H* for density ratios
larger than about 5. Below this value the velocity difference be-
tween the free-slip and the no-slip cases is less than 10%. As for
the height of the currents, a small increase is observed but the var-
iation is found to be less than a few percent for the complete range
of p./pq and H*. Overall, Fig. 8 extends the observations of Ref. [4]
for lock-exchange flows to currents of arbitrary initial depth ratio
that wall effects modify the velocity of propagation of highly con-
trasted bottom density currents.

4. Summary

Two-dimensional simulations of non-Boussinesq density cur-
rents of various initial fractional depths were performed, to pro-
vide a detailed comparison with a recent shallow-water model
(Ref. [18]). Good agreement was observed in a wide range of initial
fractional depth and density ratios. The larger discrepancy was ob-
served in the range of high H* and low p./p, for which the original
model overpredicts (resp. underpredicts) the velocity (resp. height)



of the current during the constant-speed initial phase. Two possi-
ble reasons are suspected, namely the fluid motion in the ambient
fluid which is not accounted for in the model, and the choice of the
model for the front condition. Two-layer shallow-water models for
arbitrary initial fractional depth and density ratio are therefore
desirable to clearly identify the contribution of each effect.

This work focused on the initial slumping phase of non-Bous-
sinesq density currents of various initial fractional depths. It could
be extended in many ways. First, the analysis of the self-similar
inertial and viscous regimes that occur immediately after the
slumping phase is required to test the accuracy of the inviscid
shallow-water models for the complete evolution of the density
currents. It is also of interest to explore the effect of the three-
dimensionalities of the flow on the dynamics of non-Boussinesq
density currents, as done for instance by Ref. [6] in the Boussinesq
limit. The computational cost to achieve such three-dimensional
simulations is quite large at the present time so that this is beyond
the scope of the present paper. Nevertheless these directions are
the next steps of our work.
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