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SEMICONCAVITY RESULTS FOR OPTIMAL CONTROL
PROBLEMS ADMITTING NO SINGULAR MINIMIZING
CONTROLS

P. CANNARSA AND L. RIFFORD

ABSTRACT. Semiconcavity results have generally been obtained for op-
timal control problems in absence of state constraints. In this paper,
we prove the semiconcavity of the value function of an optimal control
problem with end-point constraints for which all minimizing controls are
supposed to be nonsingular.

1. INTRODUCTION

The mathematical literature is rich of results that describe the regularity
of the value function of optimal control problems without state constraints,
much less so if constraints are present.

For instance, given (t,z) € [0,00) x R™, consider the optimal control
problem which consists of minimizing, with respect to u(-), the Bolza type
functional

Htaiu)) = [ Lo ta),u(s))ds + (058,2)

where y,,(+; t, x) is the solution of the state equation
§(5) = Fy(s)u(s)  ae i (0.8),  ylt)=s.
If f is sufficiently smooth, then the value function
v(t,x) :=inf {J(t,z;u(-)) | u(-) € L'} (t,x) € [0,00) x R"

can be shown to be, roughly speaking, as regular as the problem data L
and £, where the term regular stands for continuous, Lipschitz continous, or
semiconcave, see, e.g., [4] and [8].

We recall that a function g :  — R defined on an open set  C RY is
said to be locally semiconcave if for each compact convex set K C €2, there
is a positive constant C'x such that

pg(a) + (1= wg(y) — g(pz + (1 - p)y) < p(l — w)Cxlz — y|”
for any p € [0, 1], any z,y € K. The importance of semiconcavity in control
theory is widely acknowledged. Initially used as a tool for uniqueness in dy-
namic programmimg, it is nowadays mainly regarded as a property ensuring
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2 P. CANNARSA AND L. RIFFORD

better regularity than a.e. differentiability: indeed, the Hausdorff dimension
of the singular set of a semiconcave function can be sharply estimated, and
the way how singularities propagate is fairly well understood, see [8]. More-
over, semiconcavity has been successfully applied to Lyapunov stability and
feedback stabilization for nonlinear control systems, see for example [18],
[19], [23], and [20] for further references.

In the presence of state constraints, however, it turns out that the only
semiconcavity results that are available are restricted to optimal exit time
problems, see [5], [6], [7], and [8]. In particular, for the above problems, no
constraints can be active on the interior of trajectories and terminal time
must be free.

In the present paper, we are interested in obtaining the semiconcavity of
the value function of a fized terminal time Bolza problem, with initial cost
¢ replaced by an end-point constraint. More precisely, given xy € R"”, for
any control u(-) € U := L*([0,00); R™), let us denote by z,(-) the solution
of the Cauchy problem

z(s) = f(z(s),u(s)), s>0ae., z(0) = xq, (1)

on the interval [0, 00)!. The value function V : (0,00) x R" — R U {oc} is
then defined as

V(t,z) = inf {/Ot L(za(s), uls))ds | u(-) € U st. zu(t) = m} ©

with the convention that V(¢,z) = oo if there is no control u(-) € U such
that x,(t) = x. This problem is much more complicated that the one with
an initial cost: to begin with, V' may well be equal to co on a large part
of (0,00) x R™. Also, in this case there may be abnormal extremals, which
can be associated, roughly speaking, to non-Lipschitz regularity points of
the corresponding value function. To cope with such difficulties we will use
the approach of geometric control, assuming that our problem admits no
singular optimal controls (see section 2 for definitions). Moreover, since our
method is based on the Pontryagin Maximum Principle, we will restrict the
class of control system to affine systems of the form

= fla,u) = fo(x) + Y uifi(x), (3)
i=1
where fo, f1,-- -, fm are m vector fields on R", and where u = (uy,- - , uy,)

belongs to R™. We will suppose that:

(A1) the family {fo, f1, -, fm} consists of vector fields of class C’llo’c1 on
R™ with sublinear growth, 1¢.e., such that

|fi(z)] < M(|Jz|+1), VzeR", Vi=0,1,---,m

for some constant M > 0;
(A2) the Lagrangian L satisfies the following conditions:
(i) for any x € R", the function u — L(x,u) is of class C?, and
(w,u) — D2L(x,u) is continuous on R™ x R™ with positive
definite values;

1Here7 we assume for sake of simplicity that any solution x,(-) is defined on [0, 00).
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(ii) there exist ¢g > 0 and 6 : Ry — R4 such that 6(q)/q — 400 as
q — +00, and

L(z,u) > 0(|ulm) —co, VaeR" VueR™;
(iii) for all > 0 there exists K (r) > 0 such that
¢ < K (r)0(fulm),

for all x € B,,u € R™ and ¢ € 0,L(z,u);

(iv) L is locally semiconcave in the z-variable uniformly for w in
all compact sets of R", that is, for each compact convex set
K C R™ and each compact set U C R™, there is a constant
Ck,u > 0 such that

pL(w,u) + (L= p)L(y,u) — L{pz + (1 = p)y, u)
< u(l = p)Crule -yl
forany p € 10,1], any x,y € K, and any u € U.

In order to prove the semiconcavity of the value function of optimal con-
trol problems without of state constraints one commonly applies PDE tech-
niques based on comparison arguments, or else direct methods which use
ad hoc perturbations of optimal trajectories, see, e.g., [8]. In the present
case, our technique is completely different: invoking a nonsmooth version of
Pontryagin’s Maximum Principle, we manage to represent optimal trajecto-
ries as a family of arcs parametrized by the elements of a suitable compact
set. Then, the smooth dependence of such a family on parameters yields
the required regularity.

As a corollary of our main result, we derive the semiconcavity of the dis-
tance function associated with a sub-Riemannian structure. We note that
the regularity of such a function has so far been investigated only in a sub-
analytic set-up, see [1], [13], and [24].

The outline of the paper is the following. In section 2, we introduce the
end-point mapping and the notion of singular control. In section 3, we de-
rive regularity properties of the value function, and in section 4 we prove
optimality conditions based on the regularity of V. Section 5 is devoted to
a special class of problems associated with the so-called fat distributions,
while section 6 studies the distance function in the general sub-Riemannian
case.

Throughout this paper, we denote by (-, -) and |-|, respectively, the Euclidean
scalar product and norm in the state space R™. For any x € R™ and any
r >0, weset B(z,r) :={y € R": |[y—x| < r}, and we use the abbreviations
B, := B(0,r), B := By.

We denote by (-, ), and | - |, respectively, the Euclidean scalar product
and norm in the control space R™.

For any matrix M, we denote by M* the transpose of M, and by || M||
its norm (with respect to Euclidean norm).
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For any control u(-) € U := L'([0,00); R™), we denote by |lu(-)|; the L
norm of u(-).

2. THE END-POINT MAPPING

Let a point g € R™ and some time t > 0 be fixed. The end-point mapping
associated with system (3) (with initial state xg at time t) is the function
defined by

E™t Y — R, u(+) — xqy(t).
Recall that U is a Banach space with the L'-norm. The differential of the
end-point mapping is described by the following well-known result.

Proposition 2.1. Under assumption (A1), E* is of class C* on U, and
its differential at some control u(-) is given by the linear operator

QB (u() : U — R™, () — (1),
where ((-) is the unique solution of the Cauchy problem
((s) = A(s)C(s) + B(s)v(s), se[0,t] ae, ¢(0)=0.
Here, matrices A(s) and B(s) are defined by

AW = D) us)  Bls) = aats) uis))

for a.e. s €[0,t].

The proof of Proposition 2.1 is straightforward, see [15] or [24].
Remark 2.2. Under assumption (A1), the function

£ (0,00) x U — B, (t,u(")) — 0 (t),

is indeed of class C’llo’c1 on (0,00) x Y. This fact will be useful in the sequel.

Notice that, by definition,

Als) = dfo(wu(s)) + ) uils)dfi(xu(s)),
i=1

and

B(s) = (fi(zu(s)),- -, fm(zu(s)))
for a.e. s € [0,t]. So, by Proposition 2.1, the differential of E! at u(:)
corresponds to the end-point mapping associated with the system obtained
linearizing (3) along (z(-),u(-)), with initial condition 0 at time ¢ = 0.
Therefore we can represent dE*0!(u(-)) by

AEH () U — R o) — S(0) [ ST B @

where S(-) is the solution of the Cauchy problem
S(s) = A(s)S(s), S(0)=1I,.
We now introduce a notion which is crucial for our approach.

Definition 2.3. A control u(-) € U is said to be singular for E*0! if
dE*0t(u(+)) is mot surjective. Otherwise, u(-) is said to be nonsingular or
regular.
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Let us define the pre-Hamiltonian Hy : R™ x R™ x R™ — R by
HO(xapa U) = <p,f(.’L',U)>

(p, fo(a)) + Y uilp, fi(x)), (5)
=1

for any triple (x,p,u) € R™ x R™ x R™. Notice that Hy is of class Cllo’i in
the z variable, and of class C*° in p,u. Adopting Hamiltonian formalism,
we have the following well-known characterization of singular controls.

Proposition 2.4. A control u(-) € U is singular for E*®! if and only if
there exists an absolutely continuous arc p(-) : [0,t] — R™\ {0} such that

{xu(s) = VpHg(xu(s),p(s),u(s)) (6)
—p(s) = VaHo(zu(s),p(s),u(s))

and
VuHo(wu(s), p(s), u(s)) =0, (7)
for a.e. s €10,t].

In particular, given a control u(-) € U, along the associated trajectory
Zy(+) : [0,t] — R™ we have

VQJH()(.’IJU(S),]?,U(S)) = A(S)*p
VpHo(wu(s), p,u(s)) = fo(wu(s)) + B(s)u(s)
quo({I,‘u(S),}LU(S)) = B(S)*pa

for any s € [0,¢] and any p € R™. Consequently, a control u(-) € U is
singular for E%0! if and only if there exists an absolutely continuous arc
p(-) : [0,t] — R™\ {0} such that

e (6) is satisfied a.e. on [0, ]

e p(-) is orthogonal to each vector fi(xy(+)), -, fm(zu(-)) on [0,].

Example 2.5. By Proposition 2.4, it can be easily seen that the control
system, known as the "nonholonomic integrator”,

1 0
T :u1f1(x) —f—UQfQ(.T) = U1 0 + U9 1
X9 —X1

does not admit nontrivial singular controls. In other terms, for each t > 0
and each u(-) € L'([0,#];R™) \ {0}, the mapping dE“0-(u(-)) is surjective.
Actually, this property is satisfied by a general class of control systems which
will be studied later on in this paper (see Section 5).

3. PROPERTIES OF THE VALUE FUNCTION V

3.1. Existence of optimal controls. Recall that the value function V :
(0,00) x R™ — R U {00} is defined for each pair (t,z) € (0,00) x R™ as the
infimum of the cost functional

Cy(u()) ::/0 L(xy(s),u(s))ds,

over all control u(-) € U steering xy to = in time ¢. If no such control exist,
then we set V (¢, x) = oc.
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Proposition 3.1. Assume (A1)-(A2) and let (t,x) € (0,00) x R™. If there
exists a control steering xg to x in time t, then there also exists a control
u(-) €U, steering xo to x in time t, which minimizes C(-).

The proof of the above result is based on the following lemma which will
be very useful in the sequel.

Lemma 1. Let (A1)-(A2) be satisfied and let (ug(-))x be a sequence of con-
trols in U such that {Cy(ug(-)}) is bounded. Then, there exists a control
Uoo(-) € U such that zy, (+) converges uniformly to x,_(-) on [0,t], and u(-)
converges to us(+) in the weak-L' topology.

The proofs of Proposition 3.1 and Lemma 1 being very classical, they are
left to the reader.

3.2. Continuity of the value function. Let () be an open subset of
(0,00) x R™. We state the following new assumption on our optimal control
problem:

(A3) for every (t,z) € Q, we have V(t,z) < oo, and for any control
u(-) € U steering xo to = in time ¢ which minimizes Cy(-), the linear
operator dE¥t(u(-)) is surjective.

Proposition 3.2. Under assumptions (A1)-(A3), V is continuous on SQ.

Proof. As a first step, let us show that V is lower semicontinuous on .
Consider a sequence of points {(tg, xx) }x in © which converges to (¢,z) € Q
and such that V (tx, ) — A as k — co. We have to prove that V (¢, z) < A.
By Proposition 3.1, for each k there exists a control ug(-) € U such that
V(tk,zx) = Cy(ug(-)). Hence, {C, (ug(-))}r is bounded (since it con-
verges to A) and such that zy(tg;zo,ur(:)) = =z — = as k — oco. We
note that, without loss of generality, we can assume that {Cyy1(ui(-))}y
is also bounded. This can be easily seen by possibly modifying ug(-) on
(tg,t + 1) for large enough k, that is, taking uy(s) := 0 on (¢;,t+ 1). Then,
by (A1), |24, (5)] < (Jog| + M(t+ 1 — t5)eMEF1=%) for any s € (t,t + 1).
This implies that ﬁ:l L(zy, (s), uk(s))ds is uniformly bounded in k.

Next, by Lemma 1, we deduce that up to a subsequence, there exists a
control us(-) € U such that z,, () converges uniformly to the absolutely
continuous function z.( cdot) = x,  on [0,t + 1], and ug(-) converges
to Uso(-) in the weak-L' topology. By uniform convergence, z(0) = .
Furthermore,

[Too(t) — o] < |@oo(t) — 2 (t)] + [k (t) — wp(tr)| + |2 — .
The first and last terms above clearly tend to zero as k — oc.. The second
one is bounded by fti | (s)|ds which tends to zero since (&x(+))y is equiab-
solutely integrable. Hence, z(t) = x. By the same argument as in the
end of the proof of Proposition 3.1, one can show that limj_.. C, (ug(-)) =
Cy(u(+)). So, V(t,z) < A. This proves that V is lower semicontinuous in .

Let us now prove that V is continuous in Q. Let (¢,Z) € Q. Since
V(t,T) < oo, there exists u(-) € U such that

E*Yu(-)) =% and V(f,x):/o L(zy(s),u(s))ds.
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Moreover, by assumption (A3), dE*0*(u(-)) is surjective. Hence, there exists
n controls v1(+), -+ ,vn(-) € U such that the linear mapping

dE™"(u(-)) : span{vr(-), -+ ()} — R
is an isomorphism. In particular, the n vectors

dE (u() (v1(-) -+ dE™ (u(-)) (va(-))
are linearly independent. Define F': (0,00) x R” x R® — R" by

F(t,z,)\) := E*o* (u() + Z )\@U@()) —x,
i=1

A) € (0,00) x R® x R™. Then F is of class C! (see Remark
F(t,z,0) = 0 and the differential

for any triple (¢, x,
2.2); moreover, F/(

DAF(5,7,0) = (4B () (01 () |+ [dE"(u()) (0 () )

is an isomorphism. Hence, by the Implicit Function Theorem, for some
neighborhoods V of (¢,Z) in (0,00) x R™ and V' of 0,, in R™, there exists a
unique function g : V — R" of class C!, with g(0,0) = 0, such that for any
(t,z) eVand A €V,

F(t,z,\) =0<= X =g(t,x).

Therefore, for every (¢t,z) € V, u(-)+> %, g(t, z);v;(-) steers zo to x in time
t. Thus, for any pair (t,z) € V,

V(tax) < G (u() + Zg(t7 x)z”z()) :

i=1

Letting (¢,2) — (t, %), the last inequality yields that V is upper semicontin-
uous on §2. This completes the proof. O

3.3. Semiconcavity of the value function. In this section we prove two
semiconcavity results for the value function V' of problem defined in (2).
First we will study system (3) with no drift term, since no additional as-
sumptions will be needed in this case.

Theorem 1. If assumptions (A1)-(A3) hold and fy = 0, then V is locally

semiconcave on ).

For the proof of Theorem 1 we consider the pseudo-Hamiltonian H :
R™ x R™ x R™ — R which is defined as follows:

H(z,p,u) := (p, f(x,u)) — L(z,u), Y(z,p,u)cR” xR x R™. (8)

We notice that H is locally Lipschitz in the x variable, of class C* in the
p variable, and of class C? in the u variable. For each triple (x,p,u) €

R™ x R™ x R™, we denote by fol(a:,p,u) and Vuﬁ(a;,p, u) its classical
gradients in the p and u variables, and by 0, H (z, p, u) its partial generalized
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gradient in the z variable. We refer the reader to the books [10, 12] for
calculus rules with generalized gradients. We have, for any (z, p, u),

aﬂﬂj—z(x7pa u) = Z?;l uzdfz(x>*p— 893L(m,u)

vp%(xapau) = Z:ilulfl(l‘)
vuiHO(mapvu> = <p7fl(x)>_vUzL(x?u)

which implies that for each pair (x,p) € R" x R",

On the other hand, on account of assumption (A2), there exists a locally

Lipschitz map ® : R™ x R”™ — R™ such that, for every z € R", ®(z,-) is a

diffeomorphism of class C' from R™ into itself, and, for any v € R™,
VuLl(z,u) =v <= u=®(z,v).

Let us set, for any pair (z,p) € R” x R™,

(X(z,p))i = (p, fi(z)), Vi=1,---,m.
Then, for any (x,p,u) € R" x R" x R™,

VuH(z,pu) =0 < u=d(z, X(z,p)). (9)

Hence, the Hamiltonian H (z,p) = max,cgm {H(x,p, u)} takes the form

H(z,p) = H(z,p,®(z, X(2,p)) (10)
= (p, f(z, ®(z, X(z,p))) — L(z, ®(z, X (2,p)))
= <(I)(CL',X(CC,p)),X($,p)>m—L(%,(I)(f,X(CE,p))),

for any pair (z,p) € R™ x R". By construction, H is locally Lipschitz in the
x variable and of class C! in the p variable. In addition, by (9)-(10),

{ aa:H(xvp) = 0xﬁ($,p,‘1)($,X(fE,p)))

VpH(z,p) = VpH(z,p, ®(z,X(x,p))).

The version of Pontryagin’s Maximum Principle we give below is adapted
from a recent fundamental result by Clarke [11] to the problem of interest
to this paper.

Proposition 3.3. Under assumption (A3), if u(-) € U is a minimizing
control steering xg to x in time t, then there exists an absolutely continuous
arc p(+) : [0,t] — R™ such that the pair (z(-) := za(-),p(+)) is a solution of
the Hamiltonian differential inclusion

B(s) = VpH(3(s)p(s))
{—P@) e 9:H(x(s),p(s)) (11)

for almost every s € [0,t], and such that the function
s+ H(z(s),p(s)) is constant on [0,1]. (12)

In particular, Z(-) is of class CY', while p(-) and (-) are Lipschitz on [0,1].
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Proof. We will recast our problem in Mayer’s form introducing, as usual, an
extra state variable. Given a control u(-) € U, let y,(-) be the solution of
the Cauchy problem

y(s) = L(zy(s),u(s)), se0,00) ae., y(0)=0.

If we set, for every (z,y,u) € R x R x R™,

X = ( 160,

then u(-) minimizes the terminal cost

9(u(t),yu(t)) = yu(?)
over all controls u(-) € U and all absolutely continuous arcs (zy(+), yu(+)) :
[0,t] — R™ x R satisfying
< i:gzg ) = X (zy(8),yu(s),u(s)), se€l0,t ae.
and
xu(o) = 20, yu(o) =0, xu(t) = Z.

Let us write the above Mayer problem as an optimization problem for a
differential inclusion with closed graph. Set, for every (z,y, z) € R"xRxR™,

> ey uifi(z)
F(z,y,z2):= L(z,u)+4 ’ueRmﬁzO
u

By construction, the multifunction F' has closed graph in (R™ x R x Rm)2,
denote it by G. Besides, the trajectory

Z(+) = (:Z‘(),gj() =vya(), 2(+) == /0. u(s)ds) :[0,t] — R" x R x R™
minimizes the terminal cost

(x(t),y(1), 2(1) = y(t)

over all trajectories of the differential inclusion

(2(s),9(s),2(s)) € F(x(s),y(s),z(s)), se€][0,t ae. (13)
satisfying the constraints
z(0) =xz9, y(0)=0, z(0)=0, =z(t)=u=. (14)

Our aim is now to apply Theorem 3.4.1 of [11]. Denoting by | - |« the
Fuclidean norm in R™ x R x R™ we claim that, for every R > 0, there exists
a summable function kg : [0,t] — R, bounded below by a positive constant,
such that for almost all s € [0,], and every (Z,V) € G satisfying

|Z - Z(s)|, <R and ‘V—Z(s) <R, (15)

one has

(a,8) € NG(Z,V) = |al« < kn(s)I0]:
(we refer the reader to [11], [12] for the definition of the proximal normal
cone N5 (Z,V).) For let 7r > R be such that (s) € By,—r for every
s € ]0,t], and denote by Kg a constant > K (rg) such that |df;(z)| < Kg for
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all z € B,,. By (A2)(ii), there exists C; such that ¢ < 6(q) for all r > C}.

Let s € [0,t] be such that Z(s) exists, (Z,V) := ((x,9,2), (v,w,u)) € G
satisfies (15), and fix a vector

(o, B) = (a1, 2,03, 81, B2, B3) € NG (Z, V).
Note that, necessarily,
|z —Z(s)] < R and L(z,u) — L(Z(s),u(s)) < R. (16)
We need the following result whose proof is given in the Appendix.

Lemma 2. For every (Z,V) € (R" x R x R™) x (R" x R x R™) and every

(Oé - (CMl,CMQ,CM?,),ﬁ = (ﬁ17ﬁ27ﬁ3)) S NC[,'/<Z7 V)7 we have Qo = (3 = 07
B2 > 0. Moreover

fa<0 = (_1@) <a1 + (Zuidfi($)> 51) € 0y L(z,u),  (17)
i=1

Br<0 = — (Bs+ ((Brs i)+ (Bt (@) = VuL(z, ), (18)

(—02)
and
52 =0 = a1+ (Z uzdfz(x)> ﬁl =0, (19)
=1
Po=0 = B+ (B, fi(@)), - (B, fmlz)))" = 0. (20)

Now, suppose 2 < 0. Then (16), (17) and (A2)(iii) yield

ol = Ja

a1+ <Z Uidfi(%’)> o <Z Uidfi(l')) o)
i=1 i=1

K(rg)| 8210 (|ulm) + V/mEK glulm| B

Kg0 (|ulm) B2 + v/mK g max {C1,0((Julm)} |51]

VmKpmax {Cy,0((Julm)} (181] + |B2])

VmKgmax {Cy, L(z,u) + co} (|B1] + 52| + |Balm)
VmKgmax {Cy, L(z(s),u(s)) + R+ co} (|B1] + 82| + Bs]m)
kr(s)|Bls,

IN

_l’_

(VAN VAN VANNN VAN VAR VAN

where

kr(s) := vV3vmKpmax {C1, L(Z(s), u(s)) + R+ co} .
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On the other hand, if f = 0, then (16), (19) and (A2)(ii) imply that

lals = o]
< ‘(Zuzdfz(@) B
=1
< VmKglulm| 1|
< VmKpmax {C1,0((|ulm)} | beta]|

Consequently, since fg L(z(s),u(s))ds < oo, we have proved that, for every
R > 0, there exists a summable function kg : [0,¢] — R, bounded below by a
positive constant, such that for almost all s € [0,¢] and for every (Z,V) € G
satisfying (15),

(@, 0) € NE(Z,V) = |als < kr(s)IB]..

This proves our claim. From the proof of Corollary 3.5.3 in [11], we deduce
that the necessary conditions of Theorem 3.4.1 in [11] hold. Therefore,
there exist a number A\g € {0,1} and an absolutely continuous arc P(-) =
(p1(+),p2(+), p3(+)) : [0,¢] — R™ x R x R™ such that:

(i) for every s € [0,¢], (Ao, P(s)) # (0,0);

(if) —p2(t) = Ao, p3(t) = 0;
(iii) for almost every s € [0,t], we have

P(s) € co {w | (w, P(s)) € N& (Z(s), Z(s))} :
(iv) for almost every s € [0,t], we have
(P(5), V), < <P(s), Z(s)>*, YV € F (Z(s))

where (-, -), denotes the Euclidean scalar product in R™ x R x R™;
(v) there exists a constant h such that

<P(s),2(s)> =h, sel0,t] ae.

*

Owing to Lemma 2, assertion (iii) can be written as

—pi(s) € D wi(s)dfy(#(s))"pr(s) + pa(s)0s L(2(s), u(s)), (21)
i=1

and

P2(s) = p3(s) = 0, (22)

for almost every s € [0,¢]. Hence, (iv) implies that

<p1 (s), Z Uz‘fi(l‘)> — Mo L(Z(s),u)
i—1

< <p1(8)7zﬁi(8)fz‘(i"(5))> — MoL(z(s),u(s)), (23)
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for almost every s € [0,t]. Notice that, if Ag = 0, then by (ii) and (23), we
obtain that pa(s) = p3(s) = 0 for any s € [0, ¢] and

<101(S)7 Zuz'fi(fﬂ)> < <P1(8)v Zui(s)fi(fﬂ(s))> ;
i=1 i=1

for almost every s € [0,¢] and all uw € R™. Thus, Ho(Z(s),pi(s)) = 0 for
every s € [0,¢], and, by (21),

—p1(s) = Vo Ho(Z(s),p1(s),u(s)), se€]0,t] ae.

Since P(s) # 0 for every s € [0, t], this contradicts assumption (A3) in view
of Proposition 2.4. Therefore, A\ = 1. This implies that pa(s) = —1 for every
s € [0,¢t], which yields, in turn, (11) and ( 12). O

We are now ready to prove Theorem 1.

Proof of Theorem 1. Let (t,z) € Q and let § > 0 be such that
G:=[t—6,t+ 8] x B(z,0) C Q.

Let K C [t — §,t 4+ ] x U be the set of all pairs (¢,u(-)) for which there
exists a pair of absolutely continuous arcs (xy(-), pu(-)) : [0,] — R™ x R"
satisfying the following properties:

(i) 2,(0) = xp and z,(t) € B(z,0);

) (zu(+),pu(+)) is a solution of the Hamiltonian inclusion (11) on [0, t;
) , ;

; u(s) == P(xu(s), ($( ( )) pu(s))) for any s € [0,1];

) Vit ) = Ciu).

Proposition 3.3 ensures that, for any (¢,z) € G, there exists u(-) € U such
that (t,u(-)) € K and x,(t) = x. Moreover, K has useful compactness
properties, as our next result shows.

Lemma 3. There is a constant K > 0 such that, for every (t,u(-)) € K,
lu(s)|m < K, Vs €|0,t], (24)
and
lu(s) — u(s')|m < Kls — 5|, Vs,s €[0,t]. (25)
Proof. First of all, since V is continuous on §2, V is bounded on all compact

subsets of Q. Hence, by (vi), there is C' > 0 such that C(u(-)) < C for
every (t,u(-)) € K. Also by assumption (A2), there exists C1 > 0 such that
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r < 6(r) for all » > C}. There fore, for every (t,u(-)) € K, we have

[l )l

= / |u(s)|mds+/ lu(s)|mds
[0,t]N{|ulm>C1} [0,t]n{|ulm<C1}

< / 8(Ju(s) ) ds + tCr
0.0 el >C1)
t
< /ww@mm»+mm+wl
0
< CH(co+ Ot
< CH(c+C)(E+6)=C. (26)

Consequently, recalling assumption (A1) and applying Gronwall’s Lemma,
we conclude that all trajectories x,,(-) associated with elements (¢, u(-)) € K
are uniformly bounded, that is, there is a compact set C C R™ such that, for
every (t,u(-)) € K,

xy(s) €C Vs € [0,¢]. (27)

On the other hand, inequality (26) also says that for every (¢,u(:)) € K,
there exists s, € [0, 1] such that

|u(su)m 55;3523. (28)
Let M be a positive constant such that
|(u, Vo L(z,u))m) — L(z,u)| < M, (29)
for any x € C and any u € R™ satisfying |u|, < 2C/(f — §). By (28)-(29),
(iv), and the fact that fo =0, we deduce that, for every (¢,u(-)) € K,

|H (2 (su))s pulsu))] = (u(su), VuL(zy(su), u(su))) — L(@u(su), u(su))
< M. (30)
Let now M be another positive constant such that
|L(,u)| < M,

for any x € C and any u € R™ satisfying |ul|,, < 1. We need the following
lemma.
Lemma 4. If we define h : R™ x R™ — R by

V(z,u) € R" x R™,  h(z,u) = (u, Vo, L(x,u))m — L(z,u), (31)
then we have that

0ulm) co+M —

w2 = 0 i M, Y(z,u)€CxR™\{0}.  (32)

Proof. Fix x € C,u € R™\ {0}, and set v := u/|u|;, € Bi,(0,1). Define the
convex function of class C2, L : [0,00) — R, by

Va >0, L(a):= L(z,av),
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and define & : [0,00) — R by
Va >0, h(a):=al(a)—L(a).

Then, for every a > 1,

ha) = h(1)+/1aﬁ'(r)dr

> R 4 M — L) _ I'(1) (by convexity of L)
_ i+ L(« ;L(O)
L faplw) o M5

in view of assumption (A2) and the definition of L and h. Taking o = U],
we conclude easily. O

We now return to the proof of Lemma 3. Since

) c+M =

lim —= M = +o0,
q—00 q q
there exists Cy > 0 such that
h(z,u) > 2M,

for any x € C and any u € R,, satisfying |u|,, > Cs. Thus, by (iii) and (30)
we deduce that, for every (t,u(-)) € K,
u(8)lm < C2 Vs €[0,1], (33)

which in turn gives (24). Furthermore, we know that for every (¢, u(-)) € IC,

m

—pu(s) € Z(u(s))zdfz(xu(s))*pk(s) — 0pL(7u(s),w(s)), s€0,t]ae. (34)

i=1
Hence by (27), (33) and Gronwall’s Lemma, there exists a constant M’ > 0
such that for every (t,u(-)) € K,

pu(s)| < M'pu(0)], Vs € [0,t]. (35)
Next, we claim that, for some constant P > 0,
V(t,u() €K, |pu(0)] < P. (36)

For suppose there exists a sequence {(tg,ux(-))}x € K such that {pk :=
Pu,, (0)} satisfies |pk| — co as k — oo. Define, for any £,
= _ Puy ()

Vs € [O,tk].
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By (34), we have that

m

~Dr(s) € D (un(9))idfi(wu, (5)) Pils) -

— !p !

L2y, (5), ur(s))

for almost every s € [0,tg]. Since, by (33), {ug(-)}x is uniformly bounded in
L*> and, by (27), x(-) are all included in the compact set C, the sequence
{Dk } is uniformly bounded and equicontinuous. By the Ascoli-Arzela The-
orem, we deduce that, up to a subsequence, the pair (zy,(-),px(-)) con-
verges uniformly to some pair (z°°(-), p°°(+)), and uy(-) converges to some
Uoo(+) in the weak-L! topology. Moreover, t, — t € [t — 6, + 6] and
Ci (uxo(-)) = V(t,x) (by the same argument as in the end of the proof of
Proposition 3.1). Furthermore, recalling the linear dependence of Hy with
respect to u,

{ Poo(s) = VpHo(Too(5), Poo(s), Uso(s))
—Poo(8) = VeHo(Too(8); Poo(8); Uso(8)),

for almost every s € [0,t]. Also, by (iii) and (30), we know that, for every k
and every u € R™,

Vs € [0,th],  H(wu(s),pu(5),u) < H(uy(5),puy(s))
= H(xuk(suk)7puk(suk))

< M.
Hence, for any k, any u € R™ such that |u|,, <1, and any s € [0, tx],
T pw(s) M+M
S < Silan(s) ) < A
i=1 p 0’ ’po‘

Passing to the limit in the above inequality, we obtain

Zuz Poo(8), fi(wao(5))) <0

for any w € R™ such that |u|, < 1. This implies that, for any s € [0,¢],
Poo(8) is orthogonal to each vector fi(zoo($)), -, fm(Zoo(s)). So, invoking
Proposition 2.4, we conclude that us(+) is a singular control for E¥  in
contrast with assumption (A3). This proves our claim.

Summing up, we have proved that, for every (¢,u(-)) € K,
zu(s) €C, |u(s)|m < Cy, and |pu(s)] < M'P
for every s € [0,t]. By (11), we deduce that, for every (¢,u(:)) € K, the
derivatives @,(-) and p,(-) are uniformly bounded on [0,¢]. Since, by (iv),
u(s) = ®(zu(s), X(zuls), puls))), Vs €0,
the uniform Lipschitz estimate (25) easily follows. O
We can now complete the proof of Theorem 1. We denote by U, the set
of u(-) € U which satisfy (24) and (25) on [0, 4+ §]. We shall regard any

control u(+), such that (¢,u(-)) € K, as defined on [0,¢ + §] which is always
the case possibly extending its domain of definition to [0, 4+ 4] by taking
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u(s) = u(t) for every s € [t,t + 6]. We shall equip Uy, with the uniform
norm || - |oc on [0, + 4]

Lemma 5. There exist v, R > 0 such that, for every (t,u(-)) € K, there
exists a mapping of class C11,

Fiu:(t—rt4+71)x B(x:=x,(t),r) = Uso ,
with dFy,, R-Lipschitz, which satisfies Fy o (t,z) = (t,u(-)) and
Vse (t—rt+r),Yy € B(x,r), E*°(Fi.(s,y))=vy.
Proof. Fix (,4(-)) € K. By assumption (A3), there are n controls
V), vl €U
such that the linear operator given by
dE® (i) : spanf{vf (), .-+ 0l()} — R"
v() = dETNa))(v(),

i s a linear isomorphism. Since the mapping (¢, u(-)) — E%!(u(-)) is of class
C' on [0,f 4 8] X Use, there exists a constant piq > 0 such that

dBE™"(u(-)) : span{vi(-), - ,up()} — R"
v() = dETHu())(v()),
is an isomorphism for every (t,u(-)) € [0, + ] X U satisfying
t = <ppa and Jlu() = a()llx < pig- (37)
Define
Et“u :(0,00) x R" — (0,00) x R™
(A= (A, A0)) = (6B (u() + 20 Mivf'())

Then, for some constant p; , > 0,

et ((1,) (4.00)] =

for every (t,u(-)) satisfying (37). By the compactness of K, there exist a
finite set J and J pairs (tj,u;) € K(j =1,---,J) such that

KcC U {(tj = Pty i+ Pty ty) X Bx (Uj(')”Ot]-,uj)}-
jeJ
Set
M= ?g}l{ﬂtjyuj}-

Therefore, by construction, we have for every (¢, u(-)) € K,

’det (d (5;;7%) (t,On))’ > 4,

for some j € J. In other terms, for for every (¢,u(-)) € K, there is j € J
such that the linear mapping

d (5,};_%) (£,0,) :RxR* — RxR"
(5, 0) = (5, i MdBE™ (u()) (v;7(1)))
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is an isomorphism satisfying

‘det (d (sg;mj) (t,On))‘ > 4.

Then, we apply the Inverse Mapping Theorem to the mapping £ := &

VELY)
obtaining an inverse of the form £71(s,y) = (s, \"“(s,y)). Observe that the
radius 7 > 0 of the cylinder (t —r,t+7) x B(x = x,(t), ) which is contained
in the image of a neighborhood of (¢, u(-)) and the Lipschitz constant of d€~*
depend uniquely on the norms of £, d€ in a neighborhood of (¢, u(-)) and of
(d€)~! in a neighborhood of (¢, u(+)). Since K is compact and the absolute
values of the determinants of d€(t,u(-)) are uniformly bounded below by a
positive constant, we conclude taking

]:t,u(sv y) = u() + Z )‘?u(sv y)vf]()
i=1
for every (s,y) € (t —r,t+71) X B(x = x(t), 7). O
Let us return to the proof of Theorem 1 and consider (¢,x) € G and
u(-) € U such that (¢t,u(-)) € K and x,(t) = . By Lemma 5, there exists
a diffeomorphism of class CY1) Fp ot (t — 1t +7) X By(z) — (0,00) X Uno,

which satisfies 7 ,(t,z) = (¢,u(-)) and such that DF;, is R-Lipschitz. We
have, by the definition of V,

V(t,z) = Cy (Fru(t,z)), (38)

and

V(t'y) < Cv (Fru(t'y)), Y{ty)et—rt+r)xB(z).  (39)
Moreover, we have the following lemma that we shall prove in the Appendix.

Lemma 6. The function (t,u(-)) € [0,t + 0] X Uss — Ci(u(-)) is locally
semiconcave, that is, for each pair (t,u(-)) € [0,t+08] xUs there are constants
p,C > 0 such that

Ciy (u'(-)) = Coy (WP ()| < C ([ta = to] + [[u' (1) = () [loo) (40)
and
pCry (u' () + (1 = ) Cry (u?(+)) = Cty 1=yt (' () + (1 = ) ()
< p(1 = pw)CO(Jtr — 2 + Ju' (1) —w*()]1%)  (41)

Yuan[0,1], Vi1, ta € [0, + 8] with |t1 — t2| < p, and Vu'(-),u?(-) € U
satisfying ||ul () — u?()|leo < p.

To complete the proof of Theorem 1, let (¢1, 1), (to, o) € G be such that
|t1 —to| <7, |x1 —xo| <r. For p € [0,1], set t, := pt1 + (1 — p)to and z,, =
px1+(1—p)xo. Since (t,,z,) € G, there exists u,, € U such that (t,,u,) € K
and x,, = @y, (t,). Also, since (t1,x1), (to, o) € (ty — 1, ty +7) X Bp(y), in
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view of (38)-(39) and Lemma 6, we obtain
pV(tr, 1) + (1 = p)V(to, z0) — V(tu, xu)
< uC (Fru(t1,21)) + (1= 1) Cry (Fu, (to; 20)) = Ch, (Fryu, (b 24))
= uCy, (Fip, (t1,71)) + (1= 1) Cry (Fi, o, (to, 20))
= G (i (01, 21) + (1= 1) Fiy 0, (b0, 30) )
o Co (B, (11, 20) + (1= 1) Fp 0, (0,0 ) = Cp (Fo (s 3)
2
< C/J'(l - ,U) H]:t#,u#(tlaxl) - ftu,uu (t()a xO)H(O,oo)XL{oo
+C H’U’ftuvuu (tl’ $1) + (1 - M)ftu»“u (to, ‘TO) - Ftuvuu (t/“ x:“)H(O,oo)XZ/loo :

Since (t,z) — Fp,u, (t, ) is CH1, the conclusion follows. [

In order to allow for a drift in (3), we impose the additional assumptions
below.

(A3)’ (i) For all r > 0 there exists K (r) such that
L(z,u) > Ki(r) (|u|?n —1)

for all x € B,,u € R™.
(ii) For all » > 0 there exists K3(r) > 0 such that

L(x,u) < Ka(r) (Jul}, + 1)
for all x € B,,u € R™.
(iii) For all r > 0 there exists K3(r) > 0 such that
Vo Lz, u)l, < K3(r) (Julm +1)
for all z € B,,u € R™.
(iv) For all > 0 there exists K4(r) > 0 such that
z € Byyu € R™, ¢ € 0, L(w,u) = |¢| < Ku(r) (Julz, +1).

Then, we have the following result.

Theorem 2. If assumptions (A1)-(A3) and (A3)’ hold, then V is locally
semiconcave in ).

Proof of Theorem 2. As in the proof of Theorem 1, for a fixed (¢,7) € Q let
§ > 0 be such that G := [t - §,t+ 6] x B(Z,5) C Q. Let K C [t—6,t+ 6] xU
be the the (nonempty) set of all pairs (¢, u(-)) for which there exists a pair
of absolutely continuous arcs (x(-),p(:)) : [0,t] — R™ x R™ which satisfies
properties (i)-(vi). As in the proof of Theorem 1, we note that, for some
C > 0 and every (t,u(-)) € K,

llu(-)|1 :/0 lu(s)],, ds < C.

Thus, by assumption (A1) and Gronwall’s Lemma, there is » > 0 such that
for every (t,u(-)) € K, |xy(s)| < r for all s € [0,¢]. Hence, recalling (A3)’ (i)
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and repeating the reasoning used to obtain (26), we conclude that, for some
constant C' > 0 and every (t,u(-)) € K,

lu()ll2 = /O fu(s)[2,ds < C. (42)

Let us also observe that, by (Al) and (A3)’ (ii)-(iv), for every ¢t € (0,00),
the map C; : u(-) € L%([0,t];R™) — Ci(u(-)) € R, is locally Lipschitz
in L?-norm. Therefore, for every (t,u(-)) € K, the nonsmooth Lagrange
multiplier theorem (see [10, 12]) ensures that there exists p, € R" satisfying

prdE™ (u(-)) € dC(u(+)). So,

(Du, dE! (u())(v())) € (9C:(u()),v(-)) 12, Vo() € L*([0,4;R™). (43)

Actually, p, can be related to the adjoint arc p(-) of Proposition 3.3 as
follows.

Lemma 7. There exists an absolutely continuous arc p(-) : [0,t] — R™ for
which (11) is satisfied for almost every s € [0,t] and such that p(t) = py.

Proof. We note that, for every £ € 0C;(u(-)), there exists n € L*°([0,t]; R™)
satisfying n(s) € 0y L(zy(s),u(s)) for every s € [0,t], such that

(& v()) L2 :/0 (n(s), dE**(u(-))(v(-)) + (VuL(zu(s), u(s)),v(s))mds,

for every v(-) € L?([0,t]; R™). Moreover, the first term of the above right-
hand side can be written as

/0<77(8)7dE"”O’S(U(‘))(v('))>d8

_ /0 in(s), /0 " S()S(r) L B(r)u(r)dr)ds
_ //Ot /OS<77(8),S(5)S(7")1B(r)v(r)>drds
_ /Ot /:(n(s),S(S)S(T)1B(7")v(r)>dsdr

_ / ( / (S(r)S(s)"LB(5))" n(r)dr, v(s))mds

0 s

_ /0t<B / S(r)*n(r)dr, v(s))mds.

Furthermore, for every v(-) € L%([0,t]; R™),

(Pu, dE™" (u(-)) (v())) g2 = <pu,/ S(t)S(s)™' B(s)v(s)ds)

- / B, / S(6)S(s) " B(s)u(s))ds

- /0 S (S(5)™1) S(1) s 0(s))mdls.
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Let us set
p(s) = (S(s)™) " S(t)*hu — (S(s)™1)" / S(ry*n(r)dr, Vs € [0,t].
Then,
B(s)"'p(s) = VyL(zy(s),u(s)), Vsel0,t].
This proves that u(s) = ®(xy(s), X (x4 (s),p(s))) for every s € [0,¢]. Also,
—p(s) = A(s)*p(s) —n(s) € O H(zy(s),p(s)), a.e. s € |0,t].

This concludes the proof of the lemma. O

We now proceed to show the following result.
Lemma 8. There exists a constant K > 0 such that, for every (t,u(-)) € K,
lu(s)|m < K, Vs e€]0,t],
and
lu(s) —u(s)|m < K|s — |, Vs,s" €][0,t].
Proof. To begin, recall that, for every (¢, u(-)) € K and some constant R > 0,
[l [z ()l < R (44)

Let us now prove that there is a constant P > 0 such that, for every
(t,u(-)) € K and every p, € R" satisfying (43), we have,

Pul < P. (45)

We argue by contradiction: suppose there exist sequences (tg,ux(:))r € K
and (pr)r € R™ such that (43) holds for every k, and |pg| — oo as k — oc.
Thus, for every k and every v(-) € L%([0, tx]; R™),

(B a0 ) € o 00, (ur(). 0o
[P | [Pk |

Recalling that the map (t,u(-)) — dE“(u(-)) is continuous in the weak
L'-topology (see [24]), in the limit as k& — oo we obtain that there exist
p € R" with |p| = 1 and a pair (t,u(-)) € K, with u € L?([0,¢]; R™), such
that (p, dE*!(u(-))(v(+))) = 0 for every v(-) € L?([0,t];R™). Since u(-)
minimizes Cy(-), we have obtained a contradiction. Consequently, there is
P > 0 such that (45) holds for every (¢,u(-)) € K and every p, € R”
satisfying (43). Let M be a positive constant such that ||df;(z)*|| < M for
every * € B, and every i = 0,--- ,m. Recalling Lemma 7 we have that,
for every (t,u(-)) € K and p, € R™ satisfying (43), there is an absolutely
continuous arc p,(-) : [0,t] — R™ satisfying p,(t) = p, and

—pu(s) € Z(u(s)),dfl(xu(s))*pu(s) — OpL(xy(s),u(s)), ae.sel0,t].

i=1
By (44) and assumption (A3)’ (iv), we deduce that, for every (¢, u(-)) € K,
[Pu(5)] < Bv/mlu(s)|m[pu(s)| + Ka(R) ([u(s)lm + 1), quady¥s € [0,].
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Owing to (45) and Lemma 7 the above estimate implies that, for all (¢, u(-)) €
K and s € [0,1],

1pu(9)
< lpul)] + / KA(R) (ju(r) o + 1) dr + / Rt ol pu () dr

< P+ K4(R) (C+(t‘+5))+/ Ry/m|u(r)|m|pu(r)|dr

t
= Q —l—/ Ryv/m|u(r) |m|pu(r)|dr.
S
By Gronwall’s Lemma, we deduce that, for every s € [0, t],

Ipu(s)] < Qexp (fst Rﬁ\u(rﬂmdr) < QeftvmC,
Then, we conclude the reasoning arguing as in the proof of Lemma 3. I

The proof of Theorem 2 is now complete. [J

4. PROPERTIES OF OPTIMAL TRAJECTORIES

In this section, we will derive a few results relating the differentiability
of V at a given point with the uniqueness of the optimal control at the
same point. A similar analysis is known in the literature for finite horizon
problems with an initial cost and for exit time problems, see [8]. Here, we
are interested in problems with finite horizon and fixed initial condition.
Although our results will be analogous to those obtained in the aforemen-
tioned situations, the technique of proof is—in the present context—totally
different, yet still based on the semiconcavity of V. Throught this section,
we assume that fy = 0.

To begin, let us recall that the Hamiltonian H : R" x R™ — R is defined
by
H(z,p) := max {ﬁ(w,p,u)} = max {(p,f(x,u)> — L(:J:,u)}

uER™ uER™

for any (z,p) € R*R™. Let us also recall that, as well-known, V' is a viscosity
solution of the Hamilton-Jacobi equation
ov

We will need the following assumptions.

(A4) The Lagrangian L is of class C’llo’i in the = variable.

(A5) For every (t,z) € Q and for any control u(-) steering zp to x in
time ¢ which minimizes Cy(-), the trajectory x,(-) remains in € for
s € (0,t]. Moreover, for every (t1,21) and (t2,x2) in §2, and for any
control u(-) steering xp to 2 in time to which minimizes the cost
functional with z,(t;) = x1, we have that dE*V 271 (y(t) + +)) is
surjective.
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Let (¢t,z) € Q and u(-) € U be a control steering x¢ to x in time ¢ which
minimizes C¢(+). Under assumptions (A1)-(A4), Proposition 3.3 implies that
there exists an absolutely continuous arc p(+) : [0,¢] — R™ such that the pair
(z(+) := x4 (), p(+)) is a solution of the Hamiltonian differential system

i(s) = VpH(x(s),p(s))
L 2 vy )
for almost every s € [0,t]. Note that, in view of assumption (A4), (z(-), p(-))

is the solution of a locally Lipschitz differential equation. Hence, it is of class
CY1. Also, observe that the above Hamiltonian system can be rewritten as

i(s) = VpH(x(s),p(s), u(s))
{—p(s) = V.H(x(s),p(s), u(s)), (48)

for almost every s € [0, ], where
u(s) = ®(x(s), X (2(s),p(s)) - (49)

Lemma 9. Under assumptions (A1)-(A5), for every (t,xz) € Q and every
control u(-) € U steering xo to x in time t such that V(t,z) = Cy(u(-)), we
have that, for every s € (0,t), u(-) is the unique control in L(]0, s]; R™)
steering xo to x,(s) and such that V (s, x,(s)) = Cs(u(-)).

Proof. We argue by contradiction. Let 5 € (0,t) and and let «/(-) be a control
steering xg to 2, (3) in time § which is minimizing and such that u/(-) # ()
n [0,5]. Then, we have two different controls which minimize the cost
between zp and z in time ¢. By assumption (A4), there are two absolutely
continuous arcs p(-),p'(+) : [0,t] — R™ such that the triples (z(-),u(-),p(*))
and (2/(+) := xy(-),d'(-),p'(+)) satisfy the Hamiltonian system (48). In
addition, since u(-) and u/(-) do not coincide on [0, ], then p'(s) # p(s) for
any s € [5,t]. On the other hand, since both trajectories z(-) and 2/(-) and
both controls u(-) and u/(-) coincide on [8, t], we have that, for almost every
€ [s,t],

i(s) = X7 wils)fi((s)
~ (P =5) = LI wl)dfi(a() @) = pls)).
(49), we have that, for any s € [, ],
#/() = pls), f(a(s),u)) = 0, VueR™

t—5s

Furthermore, by

In other terms, u(-) is a singular control for E*(): This contradicts
assumption (A5) and proves the result. O

We need now the following lemma.

Lemma 10. For every (t,z) € Q and every ((,(z) € D*V(t,x), there
exists a solution (x(-),p(-)) of the Hamiltonian system (47) such that the
corresponding control given by (49) satisfies p(t) = (, and minimizes Cy(-).

Proof. Let us first prove that for every (¢, z) € Q at which V' is differentiable,
there exists a solution (z(-),p(-)) of the hamiltonian system (47) such that
the corresponding control given by (49) is minimizing and p(t) = V,V (¢, z).
Let u(-) € U be a control steering zo to x such that V(¢,x2) = Cy(u(-)). Since
V is differentiable at (¢, ), there exists a function ¢ : R® — R of class C!
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with V,V(t,x) = V¢é(z) and such that y — V(t,y) — ¢(y) attains a local
minimum at z. Thus, there exists a neighbourhood V of u(+), contained in U,
such that V(t,x) < V(t,2,(t)) — ¢(z(t)) + ¢(z) for every control v(:) € V.
Moreover, the very definition of V' yields V (¢, x,(t)) < Ci(v(-)). Therefore,
V(t,x) < Cy(v()) —d(xy(t)) +&(x), for every control v(-) € V. In particular,
u(+) is a solution of the minimization problem

min {/Ot L(zy(s),v(s))ds — p(xy(t)) + 625(90)} .

v(-)EV
By the Pontryagin Maximum Principle, we deduce the existence of an abso-
lutely continuous arc p(-) satisfying (47) such that p(t) = V.V (¢, x). Now,
let (¢t,z) be any point in Q and ((;,(;) € D*V(¢,x). By definition, there
exists a sequence {(tg,x)}r in © such that V is differentiable at (¢, xy)
and lim VV (¢, i) = ((t, (»). For each k, we denote by ug(-) a minimizing
control joining zg to xx. On account of the first part of this proof, we know
that, for each k, there exists an adjoint arc pg(-) : [0,tx] — R™ satisfying
pi(tr) = (s,. Passing to the limit as k — oo gives the result. O

Theorem 3. Under assumptions (A1)-(A5), for every (t,x) € Q and ev-
ery u(-) € U steering xo to x in time t such that V(t,x) = Ci(u(-)), the
function V' is differentiable at (s,xy(s)) for every s € (0,t). Moreover, u(-)
is the unique control in L(]0,s];R™) steering xo to zy(s) and such that
V(s,zy(s)) = Cs(u(-)). Furthermore, if p(-) : [0,s] — R™\ {0} satisfies (47)
on [0, s], then p(s) = ViV (s, zu(s)).

Proof. We argue by contradiction. If V' is not differentiable at (s, z(s)) for
some s € (0,t), then, by semiconcavity, V possesses at least two distinct
limiting subgradients (¢!, C;(S)), (¢l, C;(S)) at the point (s,z(s)). Since V is
a viscosity solution of (46), we have that

G (2(s), ¢l ) =0, Vi=1.2

Thus, necessarly, C;(S) =+ (g(s), and the above lemma yields the first state-
ment. The second assertion follows from Lemma 9. Lemma 10 ensures
the existence of p(-) : [0,s] — R™ such that (47) is satisfied on [0, s], and
p(s) = ViV (s,xzy(s)). If there is another adjoint arc for which (47) is sat-
isfied on [0, s], then, as in the proof of Lemma 9, we deduce that u(-) is
singular for £*%°  which contradicts assumption (A3). O

Theorem 4. Under assumptions (A1)-(A5), for every (t,x) € Q, V is
differentiable at (t,x) if and only if there is a unique u(-) € L([0,t]; R™)
steering xo to x in time t such that V(t,x) = Cy(u(-)).

Proof. Assume that V' is differentiable at (¢,x2) € 2, and suppose there
are two distinct controls uj(-) # ua(-) steering xo to x in time ¢ such that
V(t,z) = C¢(u;(+)) for i = 1,2. Then there exist two arcs p1(-), p2(+) : [0,t] —
R™\ {0} satisfying (47) on [0,t]. Both vectors p;(t) and p2(t) being equal
to V,V(t,x), we have that p;(t) = pa(t). This implies that u;(-) = ua(-).
Assume now that there is a unique u(-) € L*([0,t]; R™) steering x¢ to x
in time ¢ such that V(¢t,z) = Cy(u(-)). If V is not differentiable at (t,z),
then it possesses at least two distinct elements in DXV (¢, ). The conclusion
easily follows. O
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In view of the above results, one concludes that, for every (¢,z) € Q, we
have a one-to-one mapping between the set of minimizing controls steering
xo to z in time ¢, and the set of limiting gradients D*V (¢, z).

5. STRONGLY BRACKET GENERATING CONTROL SYSTEMS

Throught this section, we assume that fy = 0 and that f1,---, f,,, are
smooth vector fields satisfying (A1). We recall that if X,Y are two smooth
vector fields on R™, then the Lie bracket [X,Y] at x € R™ is defined by

(X, Y](z) := dX(z)(Y(z)) — dY (z)(X(x)).
The control system is said to be strongly bracket generating on R™ if the

following assumption is satisfied:
(A6) For every z € R™ and every (vy,--- ,vp) € R™\ {0,,},

span{ fj(z) | 1< j < m}—i—span{ [waufj] () ’ 1<5< m} =R".
=1

Whenever fi(z),---, fi(x) are linearly independent for any = € R", the
family f1, -, fin defines a so-called nonsingular distribution A on R", i.e.,

A(z) :=span{fi(x), -, fm(x)}, VaeR"

If vector fields fi,--- , fi, satisfy assumption (A6), then the corresponding
distribution A is said to be fat (cf. [13], [15], [25]). It can be proved that,
given a pair (m,n), there may be no fat distributions of rank m in R", see
[15], [17]. We have the following well-known result.

Proposition 5.1. If assumption (A6) hold, then, for any x € R™ and any
t >0, any control u(-) € U which is not identically zero on the interval [0, t]
is nonsingular for E*t.

Proof. We use the characterization of singular controls given by Proposition
2.4. Let us argue by contradiction and assume that there exists a solution
(z(+),p(+),u(-)) of (6)-(7) on [0,t]. Then, for every i =1,...,m,

<p(8),f,($(8))> =0, Vse [Oat]'
Differentiating the above equality and using (6) yields, for a.e. s € [0, 1],

0=~ ((p(s), filz(s))) = (B(s), fi(2(s))) + (p(s), dfi(x(s))(&(5)))
= =D ui(s)df(a(s)"p(s), fila( Z s)dfi(z(s))(f;(x(s))))
=1 j=1
=D uj(s) (= (p(s), df; (2()) (filx(s))) + (p(s), dfi(2(s)) (f(x(5))))
j=1



SEMICONCAVITY RESULTS 25

Fix 5 € [0,t] such that p(-) and z(-) are differentiable at 5 and such that
u(s) # 0, and set v := u(s) € R™. We obtain

<p<§>, S h <m<§>>>=o,
j=1

for every ¢ = 1,...,m, which contradicts assumption (A6). O

Furthermore, the Chow-Rashevsky Theorem (see [3], [9], [16]) asserts that
if system (3) has no drift, then under assumption (A6), for any pair (z,y) €
R™ and any t > 0 there exists some control u(-) € U such that z(t; z,u(-)) =
y. Hence, we obtain the following result as a corollary.

Corollary 5.2. If assumptions (Al)-(A2) and (A6) hold and if fo = 0,
then the value function V' is continuous on (0,00) x R™ and semiconcave on

(0,00) x (R™\ {zo}).
Example 5.3. The nonholonomic integrator of Example 2.5 is strongly
bracket generating. Indeed, it is easy to check that
0
[fl, fQ](Q?) = g R Vx € Rg

So, the three vectors fi(x), f2(z), [f1, f2](x) form a basis of R3.

6. THE SUB-RIEMANNIAN DISTANCE

Throught this section, we assume that fo = 0, that f1,..., f,, are smooth
vector fields satisfying (A1), and that the following assumption is satisfied:
(A7) for every z € R", fi(z),..., fm(x) are linearly independent.
For any family F of smooth vector fields (i.e., F C C*®°(R",R")), we denote
by Lie(F) the Lie algebra of all vector fields generated by F, that is, the
smallest vector subspace S of C°°(R", R") satisfying

[f,g]GS, vaF, ngS

For any point € R", Lie(F)(x) denotes the set of all vectors f(z) € R" with
f € F. We say that {f1,..., fmm} satisfy Hormander’s bracket generating
condition on R™ if the following assumption is satisfied:

(A8) for every z € R", Lie {fi,..., fm}(x) =R".
Hereafter, we assume that (A7)-(A8) are satisfied and set

A(l‘) = Span{fl(aj)"" afm(l')}v vz € R™.

According to the classical Chow-Rashevsky theorem (see [3], [9], [16]), the
control system (3) is small time locally controllable at any point of R™.

Let g(-,-) be a Riemannian metric on R”, associated with a smooth pos-
itive definite symmetric matrix Q(x), that is

9z(v,w) = (Q(x)v,w), VreR" Vv,weR"
The pair (A, g) defines what we call a sub-Riemannian distribution of rank
m on R™ that is a smooth distribution of constant rank m which satisfies

Hormander’s bracket generating condition on R™. We refer the reader to
[14], [15] for an extensive study of sub-Riemannian distributions.
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An absolutely continuous arc 7 : [0,1] — R" is said to be horizontal if
A(t) € A(x) for a.e. t € [0,1]. For any given zy € R", we denote by H,,
the set of horizontal arcs satisfying v(0) = xg. For any z € R"™, the sub-
Riemannian distance between xg and x, denoted by dgg(xo, '), is defined as
the minimal length of an horizontal arc joining xg to x, that is,

dsr(xo,x) ;= inf {length ‘ v € Hyy, (1) = x}

length(y / \/g

We note that, since system (3) is small time locally controllable, it is easy
to prove that the map = — dgr(zo,x) is well defined and continuous in
R™. Furthermore, denoting by F(z) the set {v € A(zx) | g.(v,v) < 1} for
any ¢ € R", it is straightforward to show that dggr(zo,-) coincides with
the minimum time Ty, (z) needed to steer = to xo along a trajectory of the
differential inclusion

where

#(t) € Fz(t)). (50)

For any = € R™, the sub-Riemannian energy between zg and x, denoted by
esr(zo, ), is defined by

1
esr(zo, ) = inf{/ Gty (F(2), 7(1))dt } Y € Hay st v(1) = x}
0
The following lemma is fundamental. For sake of completeness, we provide
its easy proof.
Lemma 11. For every x € R", dsr(xo,x) = \/esr(zo, ).

Proof. First, we observe that, for every horizontal arc +(-) satisfying v(0) =
xo and (1) = z, the Cauchy-Schwarz inequality yields

</o1 \/mdt>2 < /Olgv(t)(ﬁ(t)d(t))dt.

Taking the infimum over «, the above inequality implies dsg (o, 7)? < eg, ()
for every x € R™. On the other hand, for all x € R™ and every € > 0, there
exists a horizontal curve v € H,,, with (1) = z, such that

length(y / \/M—dt < dsr(zo, ) +

Define ¢ : [0,1] — [0, length(~)] by

/,/ Y())dt, Vs € [0,1].

Note that ¢ is strictly increasing, hence one-to-one from [0, 1] to [0, length(~)].
Set 1 := ¢! : [0,length(y)] — [0,1], and define ¢ : [0,1] — R"™ by
£(t) := v (¢ (length(y)t)) for any ¢t € [0,1]. It clear that { € H,, and
&(1) = x. Moreover, one can easily check that

e (1) ({(t),{(t)) = length(y)? for a.e. t € [0,1].
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Consequently,

1
esr(zo, ) < /0 (1) (f(t),é(t)) dt = length(y)? = (dsr(zo,x) + ).

Letting € tend to 0 completes the proof of the lemma. O

Since f1,- -, fm satisfy (A7), for every v € H,, there is a unique control
u(-) € L([0,1];R™) such that

Y(t) = wit) fi(y(t)) forae. t€0,1].
i=1

Hence,
Gy (V) 5(1) =D wi(t) gy (fi(v(1)), Fi(1 (1))
i=1

+ > wu (g, (Fi(v (1), fi(v(1)))-
ij=1,i#j
Define the Lagrangian L : R™ x R™ — R by

m m
L(z,u) =Y ulga(filx), file) + D wujge(fi(x), f5())-
i=1 i.j=1,ij
Under the above assumptions, it is easy to show that L satisfies (A2). More-
over, by Lemma 11,

1
dsr(zo,z)? = inf {/0 L(zy(s),u(s))ds | u(-) €U s.t. (1) = x} ,

for every x € R™. Furthermore, by (A8) together with Chow-Rashevsky’s
Theorem, dgr(zo,z) is finite for every z € R™. Therefore, Proposition
3.1 implies that, for every z € R"™, there is a minimizing control u(-) €
L(]0,1]; R™) steering xg to = such that

1
dSR(azo,x)Qz/O L(xy(s),u(s))ds.

We now need the following assumption.
(A9) Every minimizing control steering xg to x # xg is regular.
Note that, under assumption (A9), Pontryagin’s Maximum Principle ensures

that all minimizing controls are smooth. Moreover, applying Theorem 1 and
Chow-Rashevsky’s Theorem, we obtain the following result.

Theorem 5. Let xg € R™. If fo = 0 and assumptions (Al), (AT7)-(A9)
hold, then the function dsg(xo,-) = Ty, is continuous on R"™ and locally
semiconcave on R™ \ {zo}.

Hence, in the special case of fat distributions, Corollary 5.2 yields the
result below.

Corollary 6.1. Let zy € R™ and (A, g) be a sub-Riemannian distribution
on R™ such that A is fat on R™. Then the function dsg(zg, ) = Ty, i
continuous on R™ and locally semiconcave on R™ \ {xz¢}.
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Theorem 5 provides useful information on the regularity of the sub-Rie-
mannian distance function in the smooth case. For example, using classical
results on the structure of the singular sets of locally semiconcave functions
(see [2], [8]), we can deduce that the Hausdorff dimension of the set of points
at which dgg(zo, -) fails to be differentiable does not exceed n — 1. Further-
more, the semiconcavity of the sub-Riemannian distance is fundamental to
study the stabilization problem for nonholonomic distributions, see [23]. Fi-
nally, we observe that, since the Lagrangian associated to (4, g) is smooth
in the x variable, one can show that the sub-Riemannian distance function
can be written locally as an infimum of ”uniformly” smooth functions. Such
an approach leads to further regularity results, see [21] and [22].

APPENDIX

6.1. Proof of Lemma 2. Let (Z,V) = ((z,y, 2), (v,w,u)) € (R*xRxR™)?
and (o, ) = ((al,ag,ag), (,Bl,ﬁg,ﬁg)) € Ng(Z, V) By the definition of
F, we have that v = >, w;f;(z) and there exists § > 0 such that w =
L(z,u) + 0. Since F' is independent of y and z, as = a3 = 0. Moreover, by
the definition of N} (Z, V), ther e exists o > 0 such that

(a1, 2’ —x) 4+ (B1,0 —v) + fo(w' —w) + (B3, — u)m
<ol —zPP 4oy —y)? +old -2

o' — o + 0w —w)+ofu —ul’, (51)

for every ((«/, v/, 2), (W', w',u')) € (R"xRXxR™)x (R"xRxR™). Hence, it is
easy to see that G < 0, and that #2 = 0 whenever 6 > 0. Assume, first, G5 <
0 (so that § = 0). Applying (51) at point ((z',y, 2), (f(2',u), L(z',u),u)) €
G, for every 7’ € R", gives

(aq, 2" — ) + (B, f(2',u) — fz,u)) + B2 (L(x',u) - L(:n,u))
<oz’ - :U|2 +0o |f(:v’,u) - f(:c,u)‘2 +o (L(x',u) — L(x,u))2 , (52)

which can be written as

L(x',u) — L(z,u)
+ ol — :L"z +o ‘f(m’,u) — f(ac,u)‘2 +0 (L(ac', u) — L(x, u))

> <(_O‘ﬁ12)x - x> + <(_%2),f(x',u) - f(:v,u)>

2
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for every 2/ € R"™. Now, for every 2’ € R™ satisfying |2/ — 2| < 1,

|f(:c',u)—f(a:,u)} < ‘fO(l'/) ‘+Z|Uz“f1 7, ’

_‘/ {fo(z + A" — =) }d)\‘+2|uz|

[t - an)

§/0 \dfo(z + A(2" — 2))] = —a:|d)\+;\ui\/o |dfi(z 4+ A(z" — )] |2'—z|dA

< K|2' — 2| + vVmK|u|m |2 — 2|,

where K is a positive constant such that |df;(z')] < K for all i = 0,...,m
and 2’ € x + B. We also obtain, by (A2) (ii),

L(a',u) = L(z,u) < K(|z| + 1)0 (Julm) |2 — 2|

for every o’ € x + B. Since, for every 2’ € R",
f(2' ) Z widfi(z)(z' — z) + o(z' — x),

we obtain that, for every 2’ € x + B,

L(2',u) — L(z,u)
+0 (14 K (1+vmlulm) + K(|z| + 1)0 (Julm)) |2' — z|?

(03] / ﬂl m Adf: (x x/_x Ol‘/—x
- <(/32)’x _x>+<(52)v;uldfz( ) )>+ ( ).

Therefore,

(n + A*B1) € 0 L(x,u) where A:= Zuzdfz(m‘)

=1

1
(=)

Now, apply (51) to ((z,vy, 2), (f(z,u), L(z,u'),u)) € G, for any ' € R™, to
obtain

(B, fz,u) — f(z,u)) + Bo (L(z,u') — L(z,u)) + (B3, 0 — w)m
<o|f(wu) = flo,u)’ + o (L) = Lz, u)* + ol —uf, (53)
which can be written as

L(z,v)—L(x,u)+0o |f(x, u') — f(x, u)‘2+0 (L(ZL‘, u') — Lz, u))2+a|u’—u|,2n

2 g 0~ He )+ (o =)

for every v’ € R™. Also, for every v’ € R™,

‘f(x,u’) — f(z,u)| < vVmmax{|fi(z)| [ i=1,...,m}|u — u|m.

Thus, denoting by K a Lipschitz constant for ' — L(z,u) on the ball
centered at u with radius 1, we have L(z,v') — L(z,u) < K|u' — ul,, for
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every v’ € R™ with |u/ — u|,, < 1. As above, this implies that
1
(—=f2)

Suppose now 2 = 0. By (52) and the above estimates, we easily deduce
that

(Bi+8s) = VuL(w,u) where By := ({81, @), . (1. fun(@))’

a1 +A*B1 =0, where A:= Zuzdfz(x)
i=1

On the other hand, (53) yields
1
(—02)

The fact that the same properties are satisfied whenever (a, 3) € Ng (Z,V)
is easy to prove.

(Bit8s) =0 where B = (B fal@),- - . (B fn(@)))"

6.2. Proof of Lemma 6. Let t; <ty € [ :=[0,£+ §] and let u!'(-),u?(") €
Uso be such that [[ul(+)]|eo, [|u?(+)||ec < K. Define

21() = w1 (), 22() 7= a2 ().

Observ e that, by assumptions (A1)-(A2), there is a constant C' > 0 such
that

121 ()l > 81 (oo s Nz2()llo > 122() l < €.
Moreover, by regularity of the lagrangian in both variables, we have that
|L(z,u) — L(z',v')| < C (Jz — 2| + |[u — u/|mm)

for every z,2' € R™ and u,u’ € R™ satisfying |z, |2/| < C and |u|m, [t/ |m <
K. In addition, by Gronwall’s Lemma we conclude that

22(s) — 21()] < C () —ul()]| ., Vs € [0,].
Therefore, estimate (40) can be derived as follows
|Cy (u' () = Ciy (u?())]

/ " L(wals), ul(s))ds

t1

<

+ /Ot1 |L(a:1(s),u1(s)) — L(QCQ(S),U2(S))’CZS

<Clty — +c/01 (Iz1(5) — wa(s)] + () — ?(5)] ) s
< O (1t = tal + () = u' ()l

Now, in order to prove (41), let u € [0,1] and define

ty = pti+(1—pts
ut() = () 4+ (1 — ()
x#() = Tyun(")
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We note that

pC (ur(-) + (1 = p)Ciy (ua () = Cr, (uH())
= Gy (ur () + (1 = p) Gy (ua()) = Coy (w(1))

+(1—p) / " Lwa(s), u?(s))ds - / " L (s),u(s))ds (54)

The change of variables s := ut; + (1 — p)t gives

/tML(a;M(s),u“(s))ds— (1—u)/t2L(a:u(ut1+(1—u)t),u“(,utl—i—(l—u)t))dt.

Hence,
0= [ st lenas - [ L,
- - [ [etes 1>(wu s+ (0 0) (s + (1))
1 =(1 _u){11+12+13+14]
where
Lo /tt L(aa(t), w3()) — L2ty + (1= p)t), u2(1))] dt

I = /t2 :L(m (uty + (1 — u)t),uz(t» _ L(xg(utl +(1- u)t),uﬂ(t)ﬂ dt

I3 = /tt2 :L (xg (pty + (1 — ,u)t),u“(t)) - L(a:# (pty + (1 — p)t),u“(t)ﬂ dt
and
I, := /tt2 {L(a:u(utl +(1— u)t)ﬂﬂ(t))
—L(:Uu(,utl + (1 — p)t), u"( muty + (1 — u)t))} dt

In view of our preliminary considerations, we have that

to
L <C ’.’EQ(Y&)*.’EQ(,LLtl‘F(l*H)t)’dS
t1

to C 5
SC,U,/ (t—tl)dtziu(tg—tl)
t1

Moreover,

o0

to
L= [ a0, < Culta ] 120~ 0
t1

Also, observe that, again by Gronwall’s Lemma,

[22(5) = 2u(s)] < Cllu®() = ()| < Cp[lu() = ()]
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for all s € [t1,t,]. Therefore,

to
I3<C

zo(ptr + (1 — p)t) — (it + (1 — p)t) ’dt

< Cpltz = t) [[u?() = u' ()], -
Finally, recalling (25), we obtain

t2 KC 5
n<c [ |t - u(uty + (1= p)t) ‘dt < Snltz — 1)

t1

Summing up, we conclude that

tu

(1-p) / " L(aa(s), u2(s)ds — [ Llwa(s), uh(s))ds

< Cp(l = p)(t2 — ta) |[u(-) —u' ()] o, + Ol = p)(ta —t1)*  (55)

The quantity uCy, (u!(-)) + (1 — u)Cy, (u*(+)) — C, (u#(+)) can be written
as

Uiy (u' () + (1= ) Ci (0 () = Coy ()
— /01 [,LLL(xl(S),ul(S)) + (1 — ) L(za(s), u?(s)) —L(x#(s),u“(s))}ds

= [ [0 )+ (1 = )Ll 6) — L)) s
o | [L(ch(s),ul(s)) — L (s), w(5))] ds
1= [ [Elea(s)t(6) = Liaa(o),u(s)]ds

From assumption (A2)(ii), we know that, for some constant C’ > 0,
WL(a,u) + (1 - p)L(a'w) — L (pa + (1 - ') < (Ll — p)fo — o'

for every every u € [0,1], every z,2’ € R”™ satisfying |z|,|2'| < C and
every u,u’ € R™ satisfying |u|m, v, < K. Moreover, since the end-point
mapping E¥-" is of class C1'!, we can also assume that,

1 () + (1= paa(s) — ()] < Cu(1—p0) [ () — 2O, Vs € 0.1a).
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Hence we obtain,
/O LG (5), () + (1= W) Elwa(s). () — Laa(s), w¥ ()] ds
= /0 [HL(a (), () + (1 - p)Llwa(s). w¥(s))
— L(pa1(s) + (1 — p)wa(s), u(s))] ds
b [ L (o) + (1= n)a(s),w(5)) = Lwa(o). ()] ds
0

t1
< C'u(l—p) ; |21 (s) — wa(s)|* ds

+C [ (s) + (1= aa(s) = (o) s

< Ol —p) [l () —w?0)|1%, -

On the other hand, denoting by h(s) the difference u'(s) — u?(s) for all
s € [0,t1], we have that

/ L), 0 (5) ~ L) ()] ds
= ) [ [ UL @6+ A0~ ) ) s,
and
[ [Blasto) 02060 = L)) s
= [ [ T e 5) - (o) ) s
Thus,
v [ (5). 01 (6) = Lier (). w(s)] s
w-m [ " [Ewas) u2(s)) — Liaa(s).u(s))] s
== [ [ a0 nts) ans

where

AN, s)
= VL (z1(8),u"(s) + AM(1 — p)h(s)) — Vu L (z2(s), u"(s) — Auh(s))

for every A\ € [0, 1] and every s € [0, ¢1]. Since

\VuL(z,u) — Vo L(z' )| < C(lz — 2| + |u — v|)
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for every x,2’ € R" satisfying |z, |2'| < C and every u,u’ € R™ satisfying
[t m, [t |m < K, we obtain that, for every A\ € [0, 1] and every s € [0, t1],

A, ) < C[h(s)],, + C l22(5) — w2(s)]
< Cfl() = u ()

Therefore,

i [ B ) = L ). 0(s)

ds

[E——

The conclusion follows from (54), (55), (56).
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