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GAUSSIAN FLUCTUATIONS FOR LINEAR SPECTRAL STATISTICS OF

LARGE RANDOM COVARIANCE MATRICES

JAMAL NAJIM AND JIANFENG YAO

ABSTRACT. Consider a N X n matrix X, = ﬁR,ll/sz where R, is a nonnegative defi-

nite Hermitian matrix and X, is a random matrix with i.i.d. real or complex standardized
entries. The fluctuations of the linear statistics of the eigenvalues:

N
Trace f(Xn,X),) = Zf()‘i)’ (Ai) eigenvalues of £,37
i=1

are shown to be gaussian, in the regime where both dimensions of matrix ¥, go to
infinity at the same pace and in the case where f is of class C2, i.e. has three continuous
derivatives. The main improvements with respect to Bai and Silverstein’s CLT [5] are
twofold: First, we consider general entries with finite fourth moment, but whose fourth
cumulant is non-null, i.e. whose fourth moment may differ from the moment of a (real or
complex) Gaussian random variable. As a consequence, extra terms proportional to
VI = E(XT)?? and k=E[XP[* = V* -2

appear in the limiting variance and in the limiting bias, which not only depend on the
spectrum of matrix R, but also on its eigenvectors. Second, we relax the analyticity
assumption over f by representing the linear statistics with the help of Helffer-Sjostrand’s
formula.

The CLT is expressed in terms of vanishing Lévy-Prohorov distance between the linear
statistics’ distribution and a Gaussian probability distribution, the mean and the variance
of which depend upon N and n and may not converge.

AMS 2000 subject classification: Primary 15A52, Secondary 15A18, 60F15.
Key words and phrases: large random matrix, fluctuations, linear statistics of the eigen-
values, central limit theorem.
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1. INTRODUCTION

Empirical random covariance matrices, whose probabilistic study may be traced back
to Wishart [57] in the late twenties, play an important role in applied mathematics. After
Marcenko and Pastur’s seminal contribution [43] in 1967, the large dimensional setting (where
the dimension of the observations is of the same order as the size of the sample) has drawn a
growing interest, and important theoretical contributions [5, 51, 36] found many applications
in multivariate statistics, electrical engineering, mathematical finance, etc., cf. [4, 19, 41, 44].
The aim of this paper is to describe the fluctuations for linear spectral statistics of large
empirical random covariance matrices. It will complete the picture already provided by Bai
and Silverstein [5] and will hopefully provide a generic result of interest for practitionners.

The model. Consider a N x n random matrix 3, = (£7}) given by:
1

=7
where N = N(n) and R,, is a N x N nonnegative definite hermitian matrix with spectral
norm uniformly bounded in N. The entries (X7} ;i < N,j <n,n > 1) of matrices (X,) are
real or complex, independent and identically distributed (i.i.d.) with mean 0 and variance
1. Matrix 3,37 models a sample covariance matrix, formed from n samples of the random

vector R,ll/ ’X %, with the population covariance matrix R,,. In the asymptotic regime where

Y RY?X, (L.1)

N N
N.n—o0o and 0 < liminf— < limsup— < oo, (1.2)
n n

(a condition that will be simply referred as N, n — oo in the sequel), we study the fluctuations
of linear spectral statistics of the form:

N
tr f(2,2)) = Zf()‘i) , as N,n— oo (1.3)

i=1
where tr (A) refers to the trace of A and the \;’s are the eigenvalues of ¥,,37. This subject
has a rich history with contributions by Arharov [3], Girko (see [23, 24] and the references
therein), Jonsson [37], Khorunzhiy et al. [40], Johansson [35], Sinai and Soshnikov [53, 54],
Cabanal-Duvillard [16], Guionnet [26], Bai and Silverstein [5], Anderson and Zeitouni [2],
Pan and Zhou [16], Chatterjee [18], Lytova and Pastur [12], Bai et al. [8], Shcherbina
[50], etc. There are also more recent contributions for heavytailed entries (see for instance

Benaych-Georges et al. [10]).

In their '04 article [5], Bai and Silverstein established a CLT for the linear spectral statis-
tics (1.3) as the dimensions N and n grow to infinity at the same pace (N/n — ¢ € (0,00))
and under two important assumptions:

(1) The entries (X/}) are centered with unit variance and a finite fourth moment equal
to the fourth moment of a (real or complex) gaussian standard variable.
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(2) Function f in (1.3) is analytic in a neighbourhood of the asymptotic spectrum of
PIHD Il

Such a result proved to be highly useful in probability theory, statistics and various other
fields.

The purpose of this article is to establish a CLT for linear spectral statistics (1.3) for
general entries X[ with finite fourth moment and for non-analytic functions f, sufficiently
regular, hence to relax both Assumptions (1) and (2) in [5].

It is well known since the paper by Khorunzhiy et al. [40] that if the fourth moment of the
entries differs from the fourth moment of a Gaussian random variable, then a term appears
in the variance of the trace of the resolvent, which is proportional to the fourth cumulant of
the entries. This term does not appear if Assumption (1) holds true, because in this case,
the fourth cumulant is zero.

In Pan and Zhou [46], Assumption (1) has been relaxed under an additional assumption
on matrix R,, which somehow enforces structural conditions on R, (in particular, these
conditions are satisfied if matrix R, is diagonal). In Hachem et al. [39, 29], CLTs have
been established for specific linear statistics of interest in information theory, with general
entries and (possibly non-centered) covariance random matrices with a variance profile. In
Bao et al. [9], the CLT is established for the white model (where R, is equal to the identity
matrix) with general entries with finite fourth moment, featuring terms in the covariance
proportional to the square of the second non-absolute moment and to the fourth cumulant.

In Lytova and Pastur [42] and Shcherbina [50], both assumptions have been relaxed for
the white model. In this case, it has been proved that mild integrability conditions over the
Fourier transform of f was enough to establish the CLT. In Bai et al. [8], fluctuations for
the white model are addressed as well, for non-analytic functions f. Following Shcherbina’s
ideas, Guédon et al. [25] establish a CLT for linear statistics of large covariance matrices
with vectors with log-concave distribution. Following Lytova and Pastur, Yao [58] relaxes
the analyticity assumption in [5] by using interpolation techniques and Fourier transforms.
We follow here a different approach, inspired from Bordenave [12].

Non-Gaussian entries. The presence of matrix R, yields interesting phenomena at the
CLT level when considering entries with non-Gaussian fourth moment: terms proportionnals
to the fourth cumulant and to |E(X74)?|> appear in the asymptotic variance (described in
Section 2.3); however their convergence is not granted under usual assumptions (roughly,
under the convergence of R,’s spectrum), mainly because these extra-terms also depend
on the eigenvectors of R,,. As a consequence, such terms may not converge unless some
very strong structural assumption over R, (such as R, diagonal) is made. This lack of
convergence has consequences on the description of the fluctuations.

Denote by L, (f) the (approximately) centered version of the linear statistics (1.3), to be
properly defined below. Instead of expressing the CLT in the usual way, i.e. (= stands for
the convergence in distribution):

La(f) —2— N(BL,,0%) (1.4)

N,n—o0

for some well-defined parameters B, ©f , we prove that the distribution of the linear sta-

o0

tistics L, (f) becomes close to a family of Gaussian distributions, whose parameters (mean



4 J. NAJIM, J. YAO

and variance) may not converge. More precisely, we establish that there exists a family of
Gaussian random variables N'(BJ, ©7), such that

N,n—o0
where dzp denotes the Lévy-Prohorov distance (and in particular metrizes the convergence
of laws). Details are provided in Section 2.5 and the fluctuation results are stated in Theorem
1 (for the resolvent f(\) = (A—z)~1) and Theorem 2 (for f of class C*, the space of functions
with third continuous derivative).

From a technical point of view, the analysis of the extra-term proportionnal to the fourth
cumulant requires to cope with quadratic forms of the resolvent (counterpart of isotropic
Marcenko-Pastur law). We provide the needed results in Section 5.

Expressing the CLT as in (1.5) makes it possible to avoid any cumbersome assumption
related to the joint convergence of R,’s eigenvectors and eigenvalues; the technical price
to pay however is the need to get various uniform (in N,n) controls over the sequence
N (B,,,©,). This is achieved by introducing a matrix meta-model in Section 2.6. The case
where matrix R, is diagonal is simpler and the fluctuations express in the usual way (1.4);
it is handled in Section 3.4. Remarks on the white case (R, = Ixy) are also provided in
Sections 3.5 and 4.2.

This framework may also prove to be useful for other interesting models such as large
dimensional information-plus-noise type matrices [20, 30] and more generally mixed models
combining large dimensional deterministic and random matrices.

Non-analytic functions. In Section 3, we establish the CLT for the trace of the resolvent
tr (S, — zIn) 7" .

In order to transfer the CLT from the resolvent to the linear statistics of the eigenvalues
tr f(£,3), we will use (Dynkin-)Helffer-Sjostrand’s representation formula' for a function
f of class C*¥*1 and with compact support [22, 34]. Denote by ®(f) : Ct — C the function:
~ (iy)!
Pr(f)o +iy) =D =~ @)x() | (1.6)
£=0

where y : R — RT is smooth, compactly supported, with value 1 in a neighbourhood of 0.
Function ®(f) coincides with f on the real line and is an appropriate extension of f to the
complex plane. Let 0 = d, + ©9,, then Helffer-Sjostrand’s formula writes:

1 —
tr f(X,X)) = —Re 00, (f)(2)tr (2,28 — 2In) " la(dz) | (1.7)
™ c+

where £5 stands for the Lebesgue measure over Ct. An elementary proof of Formula (1.7)
can be found in [13, Chap. 5]. Closest to our work are the papers by Pizzo, O’Rourke,
Renfrew and Soshnikov [15, 18] where the fluctuations of the entries of regular functions of
Wigner and large covariance matrices are studied.

We believe that representation formula (1.7) provides a very streamlined way to handle
non-analytic functions and in fact enables us to state the fluctuations for the linear statistics
for functions of class C3, a lower regularity requirement than in [3, 42, 50, 58].

n [33, Notes of chap. 8], it is written ”This formula is due to Dynkin but was popularized by Helffer and
Sjostrand in the context of spectral theory, leading many authors to call it the Helffer-Sjostrand formula”.
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Bias in the CLT and asymptotic expansion for the linear spectral statistics.
Beside the fluctuations, a substantial part of this article is devoted to the study of the bias
that we describe hereafter. In order to center the linear spectral statistics tr f(3,%7), we
consider the (first order) expansion of & Etr f(2,%}):

1 . 1

FE S5 = f0n(+0 ()
where &, (f) is O(1) and does not depend on the distribution of the entries of X,,, and
define L, (f) as:

L,(f) =tr f(Z,2]) — NEon(f) .

A precise description of L, (f) is provided in Section 2.4. In order to fully characterize the
fluctuations of L, (f), we must study the second order expansion of + Etr f(£,%):

1 Enl(f) 1

— Etr f(Z5F) = Eopn “1nlJ) 1y
which will naturally yield the bias of L,(f), as EL,(f) = & n(f) + o(1). Asymptotic
expansions for various matrix ensembles have already been studied, see for instance Pastur
et al. [1], Bai and Silverstein [5], Haagerup and Thorbjgrnsen [27, 28], Schultz [19], Capitaine
and Donati-Martin [17], Vallet et al. [56], Hachem et al. [32], etc.

The asymptotic bias is expressed in Theorem 1 for the resolvent. In order to lift asymptotic
expansions from the resolvent to smooth functions, we combine ideas from Haagerup and
Thorbjgrnsen [27] and Loubaton et al. [32; 56] together with some Gaussian interpolation
and the use of Helffer-Sjostrand’s formula. For smooth functions, the statement is given
in Theorem 3. Somehow surprisingly, the condition over function f is stronger for the
asymptotic expansion to hold than for the CLT as function f needs to be of class C*® (cf.
Remark 4.4).

Outline of the paper. In Section 2, we provide some general background; we describe the
covariance of the normalized trace of the resolvent of ¥, ¥ in Section 2.3 and its bias in
Section 2.4. In Section 3, we state the fluctuation theorem (Theorem 1) for the trace of
the resolvent. In Section 4, we state the fluctuation theorem (Theorem 2) for general linear
statistics and describe its bias in Theorem 3. Sections 5, 6 and 7 are respectively devoted to
the proofs of Theorems 1, 2 and 3.

Acknowledgement. We are particularly indebted to Charles Bordenave who drew our
attention to Helffer-Sjostrand’s formula and related variance estimates, which substantially
shorten the initial proof of fluctuations for non-analytic functions; we would like to thank
Reinhold Meise for his help to understand Tillmann’s article; finally, we would also like to
thank Djalil Chafai, Walid Hachem and Philippe Loubaton for fruitful discussions.

2. GENERAL BACKGROUND - VARIANCE AND BIAS FORMULAS

2.1. Assumptions. Recall the asymptotic regime where N,n — oo, cf. (1.2), and denote
by
N

N
Cp = —, £~ =liminf — and £ =limsup — .
n n
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Assumption A-1. The random variables (XZ’; ;i 1<i<Nn),1<j<n,n>1)are

independent and identically distributed. They satisfy:
EXi=0, EX}|?=1 and E|X}['<oo.
Assumption A-2. Consider a sequence (R,,) of deterministic, nonnegative definite hermit-

ian N x N matrices, with N = N(n). The sequence (Rn,n > 1) is bounded for the spectral
norm as N,n — o0o:

sup ||Ry|| < oo .
n>1

In particular, we will have:

_ A o A .
0 < A = Jl\}rflli)nofoHR"H < Ap = limsuwp|R.| < oo.

N,n—o0

2.2. Resolvent, canonical equation and deterministic equivalents. Denote by Q,,(z)
(resp. @) the resolvent of matrix ¥, 3% (resp. of ¥*%,,):

Qn(z) = (Z,3F — 2In) ", Qn(z) = (258, — 20,) ", (2.1)

and by f,(z) and f,(z) their normalized traces which are the Stieltjes transforms of the
empirical distribution of ¥,,X%’s and X ¥,,’s eigenvalues:

fule) = Q) s Falz) = 10 Qul) (22)

The following canonical equation® admits a unique solution ¢, in the class of Stieltjes trans-
forms of probability measures (see for instance [5]):

tn(z) = %tr (—2In + (1 = cn)Rn — zeatn(2)Ry) ™', 2 € C\RY . (2.3)

The function ¢,, being introduced, we can define the following N x N matrix
To(2) = (—2In 4 (1 — ¢u)Rn — zCntn(2)Ry) " . (2.4)
Matrix T, (z) can be thought of as a deterministic equivalent of the resolvent @, (z) in the

sense that it approximates the resolvent in various senses. For instance,

1 1
- _ +
NtrTn(z) NtrQn(z)mO, z€ C\RT |
(in probability or almost surely). Otherwise stated, ¢, (2) = N~1trT,,(2) is the deterministic
equivalent of f,,(z). As we shall see later in this paper, the following property holds true:
Uy Qn(2)vn, — ul Ty (2)v, —— 0 (2.5)
N,n—o0
where (u,) and (v,,) are deterministic N x 1 vectors with uniformly bounded euclidian norms
in N. As a consequence of (2.5), not only T}, conveys information on the limiting spectrum
of the resolvent @), but also on the eigenvectors of @,.

If R, = Iy, then t, is simply the Stieltjes transform of Marcenko-Pastur’s distribution

[43] with parameter c¢,.

2We borrow the name ” canonical equation” from V.L. Girko who established in [23, 24] canonical equations
associated to various models of large random matrices.
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2.3. Entries with non-null fourth cumulant and the limiting covariance for the
trace of the resolvent. As in [5], we first study the CLT for the trace of the resolvent.
Let V be the second moment of the random variable X;; and & its fourth cumulant:

V=EX})? and x=E|X2|'— V] -2.

If the entries are real or complex standard Gaussian, then ¥V =1 or 0 and x = 0. Otherwise
the fourth cumulant is a priori no longer equal to zero. This induces extra-terms in the
computation of the limiting variance, mainly due to the following (V, k)-dependent identity:

N
E(X3AX1 —tr A) (X BX, —tr B) =tr AB+ [V]> t AB" + £ > AiiBii (2.6)
i=1
where X 1 stands for the first column (of dimension N x 1) of matrix X,, and where A, B are
deterministic N x N matrices. As a consequence, there will be three terms in the limiting
covariance of the quantity (1.3); one will raise from the first term of the right hand side
(r.h.s.) of (2.6), a second one will be proportional to |V|?, and a third one to . In order to
describe these terms, let:

fnlz) = —1;Cn+cntn(z). (2.7)

The quantity ,(z) is the deterministic equivalent associated to n~'tr (£33, — zI,)~!. De-
note by RL the transpose matrix of R,, (notice that since R,, is hermitian, R = R,, and we
shall use this latter notation) and by 7)1, the transpose matrix® of T},:

TI(z) = (—2In + (1 — ¢;) Ry — zcntn(z)}_%n)_l ; (2.8)

notice that the definition of ¢,(z) in (2.3) does not change if R, is replaced by R, since
the spectrum of both matrices R,, and R,, is the same. We can now describe the limiting
covariance of the trace of the resolvent:

cov (tr Qn(21),tr Qn(22)) = ©Ognlz1,22) + |V[*O1,0(21, 22) + £O2.n(21, 22) + 0(1) ,
O,(21,22) +0(1) , (2.9)

where o(1) is a term that converges to zero as N,n — oo and

1>

A 7' ()T (22) 1 }
Oo.n(z1, 2 = — 4 — , 2.10
0, ( 1 2) {(tn(zl) _ tn(Zz))2 (Zl _ 22)2 ( )
AN 0 6An(2’1722) 1
Oz, ) 2 L : 2.11
L (21 22) 822 { 821 1-— |V|2An(21722> ( )
2,27 ] N
Onnlz1,22) = M > (er/QTf(Zl)Ryl/z) y (R}/QTf(%)R}/z) (2.12)
1:1 k23 k23
with
An(1,20) = 220 (21T (o)t { RY 2T (o) RY2RYPTY (20 R (2.13)

For alternative formulas for ©g , and ©,,,, see Remarks 3.2 and 3.3.

At first sight, these formulas (established in Section 5) may seem complicated; however,
much information can be inferred from them.

3Beware that TT is not the entry-wise conjugate of T, due to the presence of z.
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The term ©g . This term is familiar as it already appears in Bai and Silverstein’s CLT [5].
Notice that the quantities #,, and #/, only depend on the spectrum of matrix R,. Hence,
under the additional assumption that:
e —— c€(0,00) and FF» — P L FR, (2.14)
N,n—o0 N,n—o0

where F'fi» denotes the empirical distribution of R,’s eigenvalues and F® is a probability
measure, it can easily be proved that

@0171(21,22) e @0(2’1,22) — { 5(15/(21)t/~(22) _ 1 } , (215)

N,n—o0

where 7,1 are the limits of £, %, under (2.14).

The term ©1 ,. The interesting phenomenon lies in the fact that this term involves prod-

ucts of matrices R,ll/ ? and its conjugate R,ll/ ?. These matrices have the same spectrum but
conjugate eigenvectors. If R,, is not real, the convergence of O ,, is not granted, even under
(2.14). If however R,, and X,,’s entries are real, i.e. ¥ = 1, then it can be easily proved that
O0,n = ©1,, hence the factor 2 in [5] between the complex and the real covariance.

The term ©, ,. This term involves quantities of the type (R}/ 2TnR}/ Q)ii which not only
depend on the spectrum of matrix R,, but also on its eigenvectors. As a consequence, the
convergence of such terms does not follow from an assumption such as (2.14), except in
some particular cases (for instance if R,, is diagonal) and any assumption which enforces
the convergence of such terms (as for instance in [16, Theorem 1.4]) implicitely implies an
asymptotic joint behaviour between R,’s eigenvectors and eigenvalues. We shall adopt a
different point of view here and will not assume the convergence of these quantities.

2.4. Representation of the linear statistics and limiting bias. Recall that ¢,(z) is
the Stieltjes transform of a probability measure F,,:

ta(z) = /S ];”(_di) (2.16)

with support S, included in a compact set. The purpose of this article is to describe the
fluctuations of the linear statistics

N
Lu(£) = 32100 =N [ F) Fala) 2.17)

as N,n — oo.

For a smooth enough function f of class C**! with bounded support, one can rely on
Helffer-Sjostrand’s formula and write:

Lo(f) = @IS - N [ f0F (N
= lRe/ 0Pk (f)(2) {tr Qn(2) — Nt,(2)} £2(dz) . (2.18)
™ c+
where @ (f) is defined in (1.6) and the last equality follows from the fact that

/ FOVFadN) = 1Re [ 304(1)(2)tn(2)a(dz) -

w c+
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Based on (2.18), we shall first study the fluctuations of:

trQn(z) — Nitn(z) = {tr Qn(z) — Etr Q,(2)} + {Etr Qn(2) — Nt,(2)}

for z € C*. The first difference in the r.h.s. will yield the fluctuations with a covariance
0,,(21, 22) described in (2.9) while the second difference, deterministic, will yield the bias:

Etr Q,(z) — Nt,(z) |V|2[j’17n(z) + kBan(2) + o(1)

Ba(2) + o(1) (2.19)

1>

where

A s Lir RY2T2(2)RY*RYTT (2)RY*
Binlz) = =2t 272 1 272 2,272 1 1/2 1/2 51/ 270 \ p1/2
(1 - 2222 L1Tr R2T2) (1 — |V[22282 LT R/ “T,,(2) Ry "Ry “T)F (2) Ry,
(2.20)

3

b () (R

1— 2212 Lir R2T72

U (2.21)

1>

B2 n(z) —z‘o’t?l

The previous discussion on the terms 05, and O3, also applies to the terms B; ,, and Bs ,
(whose expressions are established in Section 5) which are likely not to converge for similar
reasons.

2.5. Gaussian processes and the central limit theorem. A priori, the mean B, and
covariance ©,, of (tr@, — Nt,) do not converge. Hence, we shall express the Gaussian
fluctuations of the linear statistics (2.17) in the following way: we first prove the existence
of a family (G, (z), z € C)nen of tight Gaussian processes with mean and covariance:

EGn(z) = Bn(z),
cov(Gr(21),Gn(22)) = On(z1,22) .
We then express the fluctuations of the centralized trace as

dep (tr Qn(z) — Ntp(2)),Gn(z)) — 0.

N,n—o0

with dzp the Lévy-Prohorov distance between P and @ probability measures over borel sets
of R,R?, C or C%:

dep(P,Q) =inf {e >0, P(A) < Q(A%) +¢ for all Borel sets A} , (2.22)

where A is an e-blow up of A (cf. [21, Section 11.3] for more details). If X is a random

variable and £(X) its distribution, denote (with a slight abuse of notation) by dzp(X,Y) =
dep(L(X), L(Y)).

Similarly, we will express the fluctuations of L, (f) as:

dep (Ln(f), Nu(f)) —— 0,

N,n—o0

where N, (f) is a well-identified gaussian random variable.
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2.6. A meta-model argument. As we need to cope with a sequence of Gaussian processes
(G,,) instead of a single one, it will be necessary to establish various properties uniform in
n, N such as:

(1) the tightness of the sequence (G,,) (cf. Section 5.2);

(2) a uniform bound over the variances of (Tr G,,(z)) (cf. Section 6.2), needed to extend
the CLT to non-analytic functionals;

(3) a uniform bound over the biases of (Tr G,,(z)) (cf. Section 7.1.1), needed to compute
the bias for non-analytic functionals.

A direct approach based on the mere definition of process G,,’s parameters seems difficult,
mainly due to the definitions of ©,, and B,, which rely on quantities (¢,, and fn) defined as
solutions of fixed-point equations. Since the previous properties will be established for the
processes (Tr Q,, — Nt,,) anyway, the idea is to transfer them to G, by means of the following
matrix meta-model:

Let N, n and R,, be fixed and consider the NM x N M matrix
R, O
R, (M) = 0 . 0 . (2.23)
0 R,

Matrix R, (M) is a block matrix with N x N diagonal blocks equal to R,,, and zero blocks
elsewhere; for all M > 1 the spectral norm of R, (M) is equal to the spectral norm of
R, (which is fixed). In particular the sequence (R, (M); M > 1) with N,n fixed satisfies
assumption (A-2) with (R, (M); M > 1) instead of (R,,). Consider now the random matrix
model:

1

Mn
where X, (M) is a M N x Mn matrix with i.i.d. random entries with the same distribution as
the X;;’s and satisfying (A-1). The interest of introducing matrix X, (M) lies in the fact that
matrices 3, (M)X,(M)* and £,,% have loosely speaking the same deterministic equivalents.
Denote by t,, T, and t,, the deterministic equivalents of ¥,,X7 as defined in (2.3), (2.4) and
(3.1), and by t, (M), T,,(M) and %, (M) their counterparts for the model %, (M), (M)*.
Taking advantage of the block structure of R, (M), a straightforward computation yields
(N, n fixed):

Y, (M) = R, (M)'2X,, (M) (2.24)

T, 0
VM >1, t,(M)=t,, t,(M)=t, and T,(M)= .
0 T,
Similarly, denote by B, a and O,y the quantities given by formulas (2.19) and (2.9) when
replacing N, t,,, T,, and ¢, by NM, t,,(M), T,,(M) and t,,(M). Straightforward computation
yields:

VMZl, Bn,M:Bn and @n)MZGn.

An interesting feature of this meta-model lies in the fact that all the quantities associated
to B, (M)X,(M)* converge as M — 0o to the deterministic equivalents t,, ,, etc. As a
consequence, one can easily transfer all the estimates obtained for

(Tr (S (M)En(M)* = 2zIym) ™" — NMty,)
to the process (G,,).
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3. STATEMENT OF THE CLT FOR THE TRACE OF THE RESOLVENT

3.1. Further notations. If A is a N x N matrix with real eigenvalues, denote by F4 the
empirical distribution of the eigenvalues (6;(A),i = 1: N) of A, that is:

N
1
FA(dx) ~ Z5Ai(A) (dx) .
i=1

Recall the definitions of Q,,, t,,, Ty, and £, (cf. (2.1), (2.3), (2.4) and (2.7)). The following
relations hold true (see for instance [5]):

To(z) = —%(IN-FEn(Z)Rn)_l and in(z) = _z(1+ltrlRT(z))' (3.1)

Recall the definition of F,, in (2.16) and let similarly Fp be the probability distribution
associated to t,,. The central object of study is the signed measure:

N (F>% = F) =n (F53 — F,)
and its Stieltjes transform
Ma(2) = N(fa(2) = ta(2)) = (Ful(2) = Ta(2)) - (3:2)

Denote by op(1) any random variable which converges to zero in probability.

3.2. Truncation. In this section, we closely follow Bai and Silverstein [5]. We recall the
framework developed there and introduce some additional notations.

Consider a sequence of positive numbers (4,,) which satisfies:

6n =0, d,nt/* =00 and 6% X" =0
{Ix11|>8,VN}

as N,n — oo. Let &, = n~1V2Ry/*X, where X, is a N x n matrix having (i, j)th entry
Xij 1{\XU|<6H\/N}' This truncation step yields:

P (Enz;; + ini;;) SN (3.3)
N,n—o0
from which we deduce
tr (S,5F — 2In) " — tr (5,57 — 2Iy) ! NL> 0, (3.4)
,M—>00

where f—) stands for the convergence in probability. Define in =nV QR}/ 2)?71 where )N(n is
a N x n matrix having (i,7)th entry (X;; — EX;;)/on, where 02 = E|X;; — EX;;|?. Using
the fact that A(€ R) — 1= is Lipschitz with Lipschitz constant |z|=2, we obtain

N
. - B 1 (a)
* 1 * 1
E|tr (5,57 — 2In) ! — tr (5,57 — 2Iy) ‘ <1 Z§:1:1E

—0,

N,n—o0

*) and (a) follows from similar arguments as in [7,
Section 9.7.1]. Hence

eIt (5,5 —2Iy) Tt —2 0, (3.5)

N,n—o0
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Combining (3.4) and (3.5), we obtain

tr (2,58 — zIn) "' —tr (iniz —zIy) 7! _ P 9.

N,n—o0

Moreover, the moments are asymptotically not affected by these different steps:

max (|EXZ - EX?

: (E|)Z-j|2 . 1) : (E|)?ij|4 - E|Xij|4)) — 0. (3.6)

N,n—o0

Note in particular that the fourth cumulant of Xij converges to that of X;;. Hence, it is
sufficient to consider variables truncated at d,+/n, centralized and renormalized. This will
be assumed in the sequel (we shall simply write X;; and all related quantities with X;;’s
truncated, centralized, renormalized with no superscript any more).

3.3. The Central Limit Theorem for the resolvent. We extend below Bai and Silver-
stein’s master lemma [5, Lemma 1.1]. Let A be such that

a>xf (1+ \/F)z .
Denote by D, D" and D. the domains:
D =][0,A4] +14[0,1],
Dt =10,A] +4(0,1] ,
D. =1[0,4]+1i1] (¢>0). (3.7)
Theorem 1. Assume that (A-1) and (A-2) hold true , then

(1) The process {My(-)} as defined in (3.2) forms a tight sequence on D., more precisely:

E|M - M 2
sup [ M (21) 2n(z2)| <
21,22€De,n>1 |21 — 22

(2) There exists a sequence (G, (z), z € D) of two-dimensional Gaussian processes
with mean
EG,(2) = |VI?Bin(2) + kBan(2) (3.8)
where B1,,(2) and Ba,,(2) are defined in (2.20) and (2.21), and covariance:
cov (Gp(21),Gn(22)) = E(Gn(z1) — EGn(21)) (Gn(z2) — EGy(22))
= Oonl(z1,22) + VI Orn(21, 22) + £Osn (21, 22)
and

cov(Gn(zl),m) = cov(Gn(21),Gn(z2)) ,

with z1, 22 € DT U DY, and where O0.n; O1.n and Oz, are defined in (2.9), (2.10)-
(2.12). Moreover (G, (z), z € D,) is tight.

(3) For any continuous functional F from C (D;C) to C,
EF(M,) — EF (G,) —— 0
N,n—o0

Remark 3.1. (1) The tightness of the process {M,,} immediately follows from Bai and
Silverstein’s lemma as this result has been proved in [5, Lemma 1.1] under Assump-
tion (A-1) with no extra conditions on the moments of the entries.
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(2) Differences between Theorem 1 and [5, Lemma 1.1] appear in the bias and in the
covariance where there are respectively two terms instead of one and three terms
instead of one in [5, Lemma 1.1].

(3) Since the extra terms do not converge, we need to consider a sequence of Gaussian
processes instead of a single Gaussian process as in [5, Lemma 1.1].

(4) In order to prove that the sequence of Gaussian processes is tight, we introduce
a meta-matrix model to transfer the tightness of {M,} to {G,} (see for instance
Section 5.2.1).

(5) Following Bai and Silverstein [5], it is relatively straightforward with the help of
Cauchy’s formula to describe the fluctuations of L, (f) for f analytic with Theorem
1 at hand. We skip this step since we will directly extend the CLT to non-analytic
functions f in Section 4.

Remark 3.2. A closer look to Bai and Silverstein’s proof [5, Sec.2 p.578] yields the following
alternative expression for the term g ,:

- i aAo)n(Zl, 2’2) 1
90’71(217 22) o 822 { 821 1 — Ao_’n(zl, 22) ’ (39)

with
Aon(21, 22) = %En(zl)fn(@)tr {RuT(21) RuTh(22)} - (3.10)

Such an expression will be helpful in Section 6.2. As an interesting consequence: In the case
where R,, and X,, have real entries (in particular ¥V = E(Xij)2 = 1) then Ag,, = A, and
60,11 = 91,71'

Remark 3.3. A closer look to the proof below (see for instance (5.32)) yields the following
formula for ©3, which will be of help in the sequel:

1L 9 )
O2n(21,22) = — > o (21T (21)];5 B (22T (22)];; - (3.11)
=1

Proof of Theorem 1 is postponed to Section 5.

The end of the section is devoted to various specializations of Theorem 1 in the case where
matrix R, is diagonal. In this case, the results are simpler to express and comparisons can
easily be made with related works.

3.4. Covariance and bias in the special case of diagonal matrices (R,). This case
partially falls into the framework developed in Pan and Zhou [16] (note that the case V # 0
and 1 is not handled there). Matrix R,, being nonnegative definite hermitian, its entries are
real positive if R, is assumed to be diagonal. In this case, matrix T;, is diagonal as well (cf.
(2.4)), T, = T.F" and simplifications occur for the following terms:

2179 ~

An(z1,20) = Ttn(zl)fn(ZQ)trRnTn(zl)RnTn(ZQ),
Ounlerzy) = ARy (g2 yr2(ey)
1, P23
Bin(z) = ‘2352(1_zztz%ngng)tr(fﬂﬁzzza%mR%Tg)’
Bon(z) — 3 %trRiTg

— :
"1 — 222 tr R2T?
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As one may notice, all the terms in the variance and the bias now only depend on the

spectrum of R,. Hence, the following convergence holds true under the extra assumption
(2.14):

An (21, 22) Fr——— A@h@>=c5@nﬁ@{/tb+ﬁi5i$2&a@»’

Orn(s1,22) = Oila1,22) = 3% {aAE;Z = 1- |V|2i4(zl,zQ)} ’

O2n(z1,22) = O2(a1,2) = cl(21)f(22) / (1+A£(2j§f((1di)ﬁ(22))2’
Bin(e) =2 Bl(z)‘_(1—A(z,zc)ifBEZBV|2A(z,z))/ (if;((i; ’
Ban(z) = 32(,2)__1???(:)2)/ (if;id?;

where #,# are the limits of £,,, #/, under (2.14). This can be packaged into the following result:

Corollary 3.1. Assume that (A-1) and (A-2) hold true. Assume moreover that R, is
diagonal and that the convergence assumption (2.14) holds true. Then My(-) converges
weakly on D, (defined in (3.7)) to a two-dimensional Gaussian process N(-) satisfying:

EN(z) = B(z) where B = VI*’Bi+kBy, z€D.
and B1 and Bs are defined above and covariance
cov (N(Zl),N(ZQ)) = 0(z1,22) where © = O+ |V|2@1 + KOy, 21,20 € D.UD,
and ©q defined in (2.15) and ©1, 04 defined above.

3.5. Additional computations in the case where R, is the identity. In this section,
we assume that R,, = Iy.

The term proportional to |V|?. In this case, the quantity A(21, 22) takes the simplified form

01?1{2

A Z ,Z = == 7T" .
(21, 22) (14 £1)(1 + )

where we denote t; = t(z;), i = 1,2. Straightforward computations yield:

0 t
— = , =1,2.
8Z,L'A(Zl722) (1+ti)tiv4(21722) , 2 5
and
ctht) ct)t!
O1(21,22) — — ~212 : .= _ 1t S
(1 + tl) (1 + tg) (1 - |V| ./4(21,2’2)) ((1 + tl)(l + tg) - |V|2Ct1t2)

This formula is in accordance with [9, Formula (2.2)] (use [9, (3.4)] to equate both). If
needed, one can then use the explicit expression of the Stieltjes transform of Marcenko-
Pastur distribution (cf. also Proposition 4.2 below).
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4. STATEMENT OF THE CLT FOR NON-ANALYTIC FUNCTIONALS

In order to lift the CLT from the trace of the resolvent to a smooth function f, the key
ingredient is Helffer-Sjostrand’s formula (1.7). Let

L) @ T, - N [ f0F @
= (s -En ) + (BN s - N [ 105, )

Ly(f) + Lu(f) (4.1)

where F,, in (a) is defined in (2.16). We describe the fluctuations of LL(f) for non-analytic
functions f in Section 4.1 and study the bias L?(f) in Section 4.3.

1>

4.1. Fluctuations for the linear spectral statistics. Denote by C2°(R9) (resp. C™(R%))
the set of infinitely differentiable (resp. C™) functions from R? to R with compact support;
by C™P(R?) the set of functions from R? to R m times differentiable with respect to the
first coordinate and p times with respect to the second one. As usual, if the subscript c is
removed in the sets above, then the corresponding functions may no longer have a compact
support.

Theorem 2. Assume that (A-1) and (A-2) hold true. Let f1,--- , fr be in C3(R). Consider

the centered Gaussian random vector Z}(f) = (ZL(f1), -, ZE(fr)) with covariance

cov (Z,(f), Zn(9)) =

1 _ = i
ﬁRe /((C+)2 8(1)2(f)(21)8q)2 (g) (ZQ)@n (Zl, 22)62 (dzl)ég (dZQ)

1 — —
+ —2Re/ 3@2(f)(zl)afl)g(g)(zQ)@n(zl,22)62(dz1)€2(dz2) 5 (42)
27‘1’ ((C+)2
for f,9 € {f1,-+, fx}, where ®o(f) and P2(g) are defined as in (1.6), and where O, is
defined in (2.9); let
Ly () = (Ly(f1), - Lo(fe)  with Ly(f) = tr f(3a35) — Etr f(S,55) -
Then, the sequence of R¥-valued random vectors ZX(f) is tight and the following convergence
holds true:
N,n—o0

or equivalently for every continuous bounded function F : RF — C,

EF(LL(f)) —EF(ZL(f)) ~—=0. (4.4)

Proof of Theorem 2 is postponed to Section 6.

We provide hereafter some information on the covariance operator.

Let N1, Ny € N and f € CNiH+LN241(R2); denote by 21 = = + du, 20 = y + iv and let
DN, N, (f) be defined as

n1+mn2 i)™ (gv)n2?
bvw N = Y gt S B ) @)

Tll:O:Nl
n2:O:N2
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where xy : R — RT _is smooth, compactly supported with value 1 in a neighbourhood of the
origin. Denote by 01 = 0, + 19, and J2 = 9y, + ©0,.

Proposition 4.1. For every f € C33(R?), denote by

272

T(f) = —Re /(C+)2 5251@2)2(]0) (21, Zg)@n (2’1 N 2’2)62 (dzl)& (dZQ)

+ FRG/ 5251@2)2(]0)(21,Z_Q)@n(zl,%)fg(dzl)fg(dZQ) .
T (C+)2

Then Y(f) is a distribution (in the sense of L. Schwartz) on C>3(R?). Moreover Y admits
the following boundary value representation:

Y(7) =~ gz i [ Fe) (0o + i,y +i2) + 000 — iy — i)

-0, (z —ie,y+ic) — Op(x +ic,y —ie)}dedy . (4.6)

Notice that for every f,g € C3(R) then f ® g € C233(R?) (where (f ® g)(z,y) = f(x)g(y))
and

T(f ®g) = cov (Z,(f), Zu(9)) -

Proof of Proposition 4.1 is postponed to Section 6.3.

Remark 4.1. By relying on Tillmann’s results [55], one may prove that the support of T
(as a distribution) in included in S,, x §,,. We provide a more direct approach in a slightly
simpler case in Section 4.2.

4.2. More covariance formulas. We provide here more explicit formulas for the variance
than those given in Theorem 2 and Proposition 4.1; we also verify that these formulas are
in agreement with other formulas available in the literature.

Recall that by [52, Theorem 1.1], the limit lim.\ o, (z + ic) denoted by %, () exists for
all x € R, x # 0; the same holds true for ¢,.

Proposition 4.2. Assume that (A-1) and (A-2) hold true and let f,g € C2(R); assume
moreover for simplicity that V = IEX%- is either equal to 0 or 1 and that R,, has real entries.
Then the covariance of (Z,(f), Zn(g)) in Theorem 2 writes

1+|V?
212 Js2

(/ f(@) Im (x T (2)),; d ) (/Sn 9’(y)1m(yTn(y))iidy> . (4T)

Proof for Proposition 4.2 is postponed to Section 6.4.

cov(Z}(f). ZL(g)) = da dy

Remark 4.2. Notice that the first term in the r.h.s. matches with the expression provided
n [5, Eq. (1.17)] (see also [6, Eq. (9.8.8)]).

Remark 4.3. Concerning the cumulant term, we shall compare it with the explicit formula
provided in [12] (see also [17]) in the case where R,, = Iy. Recall that in the context of
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Maréenko-Pastur’s theorem where R,, = I, we have S, = [A\™, AT] where A\~ = (1—,/¢,,)?,
AT = (1++/c,)? and (T,,(x))i; = tn(z). We will prove hereafter that:

roc )\+ >\+
Ken ( f’(w)Im{:vtn(fv)}dw> ( / g'(y)lm{ytn<y>}dy>
A

At At
K z—(14+cp) y—(14cpn)
=1 f(x) dzx / 9(y) dy | (4.8)
dep? ( A VAT =)@ = A7) - VT =9y —A)
Notice that the Lh.s. of the equation above is the cumulant term as provided in (4.7) if
R,, = Iy while the r.h.s. is the cumulant term as provided* in [42].

In the case where R,, = Iy, the Stieltjes transform of Marcenko-Pastur’s distribution has
an explicit form given by (see for instance [17, Chapter 7]):

1
n(2) = 5o {VE A e —den— (= (1 - cu)) }
where the branch of the square root is fixed by its asymptotics: z — (14 ¢) +o(1) as z — oco.
In particular, if 2 € [A\~, A"] then

V(= (14¢)2 - de|,_ii0= iV —z)(z— ).

Hence

A — -

it ()} = Y0 2500)(90 )
It remains to perform an integration by parts to get
o At ¥ _ =
f/(x)lm{ilf tp(x)}de = — f/(x) \/(/\ z)(x — A7) de
A A~ 2¢n,
At B
- % (@) (iﬂ") L ds
n I VOF =)z =)

which yields (4.8).
As a corollary of Proposition 4.2, we obtain the following extension of Theorem 2.

Recall that S, is the support of the probability measure F,,. Due to Assumption (A-2),

it is clear that )
SpC 8w 2 {o,x; (1 + \/ﬁ) } , (4.9)

uniformily in n. Denote by h € C2°(R) a function whose value is 1 on a n-neighborhood S,
of Swo.

Corollary 4.3. Assume that (A-1) and (A-2) hold true and let f; € C3(R) with 1 < ¢ < k;
assume moreover that V = IEX% is either equal to 0 or 1 and that R, has real entries. Let
h € C°(R) be as above. Then (4.3)-(4.4) remain true with LL(f) replaced by

LM (E) = (4 fo(TaSy) = Bir (feh)(SaT5); 1< €<k )
and with the gaussian random vector Z}(fh) as in Theorem 2.

4Denote by the superscript P the quantities in [12] and use the correspondance c'P «» 1/c, a® <+ ¢ and
kY <> (a*®)*k = 2k to check that the r.h.s. of (4.8) equates the formula provided in [42].
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Proof of Corollary 4.3 is postponed to Section 6.5.

4.3. First-order expansions for the bias in the case of non-analytic functionals.

Theorem 3. Assume (A-1) and (A-2) hold true and let f € CL3(R). Denote by

1 —
= —Re/ 0P17(f)(2)Bn(2)l2(dz) , (4.10)
™ c+
where By, is defined in (2.19). Then

BT (1)(2,55) = N [ FNFA(d) - Z() 5 0.

N,n—o0

Proof of Theorem 3 is postponed to Section 7.

Remark 4.4 (Why eighteen?). A quick sketch of the proof of Theorem 3 provides some hints.
Let f have a bounded support. By gaussian interpolation (whose cost is f € C®), we only
need to prove:

ETr f(2S(25)* N/f ) =0,

where X is the counterpart of ¥, with Ng(0,1) i.i.d. entries. The proof of the latter is
based on Helffer-Sjostrand’s formula:

ETr f(25(25) N/f (AN —Re/ 02,(f) {TrEQ — Nt,, } dls
where Q% = (XE(2C)* — 2Iy)~!, and on the following estimate, stated in Proposition 7.1:
. - 1 -
BT (555" — 2In) ™ = Nta(2)] < - Pio(ehPir(im() ™), (411)

where P}, denotes a polynomial with degree k and positive coefficients. In view of Proposition
6.2, f needs to be of class C'8. If one can improve estimate (4.11) and decrease the powers of
[Tm(z)|~!, then one will automatically lower the regularity assumption over f. Notice that
in the case of the Gaussian Unitary Ensemble, counterpart of (4.11) features [Im(z)|~7 on
its r.h.s. (cf. [27, Lemma 6.1]) hence the needed regularity is f € C® in this case.

Proposition 4.4. Let Z2(f) be defined as in (4.10), then Z2 is a distribution (in the sense
of L. Schwartz) on CX¥(R) and

22(f) = ;—;;@)/Rf(x) {Bu(w + i) — Bu(w — ie)} da (1.12)

Moreover, the singular points of By (z) are included in S,, and so is the support of Z?2 (as a
distribution). In particular, one can extend Z?2 to C*¥(R) by

Zy(f)=2,(fh), [eCPR),
where Z?2 is the extension to C**(R) and h € C°(R) has value 1 on S,.

Proof of Proposition 4.4 is postponed to Section 7.2.

Corollary 4.5. Assume (A-1) and (A-2) hold true. Let f € C8(R) and h € C*(R) be
a function whose value is 1 on a neighborhood of Ss, then the following convergence holds
true:

ETr (fh)(X,%5) N/f ~Z%(f) —— 0.

N,n—o0

The proof is straighforward and is therefore omitted.
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5. PROOF OF THEOREM 1 (CLT FOR THE TRACE OF THE RESOLVENT)

Recall that M, (z) = tr Qn(z) — Nt,(2). It will be convenient to decompose M, (z) as:

Ml(z) = trQun(z) —trEQ.(2)
M, (2) = Mz2) + M?(z Where{ n " " ) 5.1
() = Mal2) + Mr(2) ME() = N (Efa(2) ~ta(2) G
Denote by &; the N x 1 vector
1
§=25= %Rl/QX'j
and by E; the conditional expectation with respect to G;, the o-field generated by &1, - ,&;;

by convention, Eg = E. We split Theorem 1 into intermediate results. Recall the definitions
of Do, DT and D in (3.7). Let

I'=DTuUDt where Dt ={z, zeD'}.
Proposition 5.1. Assume that (A-1) and (A-2) hold true; let z1,z2 € T, then:

M) = D27 () +or(1)

where the Z3'’s are martingale increments with respect to the o-field G; and

N B 120 (21) 2 (22) — On(z1, 22) # 0, (5.2)
= ,N—>00
N B 120 (21) 2] (22) — Onl(21,73) # 0, (5.3)
= ,N—>00

where ©,, is defined in (2.9). Moreover,

M?2(2) = Bu(z) —— 0,

n N,n—o0
where B,, is defined in (2.19).

Proposition 5.2. There exists a sequence (Gy(z), z € T') of two-dimensional Gaussian
processes with mean EG,,(z) = By (z) and covariance

cov (Gn(z1),Gn(22)) = E(Gn(z1) —EGp(21)) (Gn(z2) — EG,(22))
= @n(zl, 22) .
Moreover, (G,(2), z € D) is tight.

5.1. Proof for Proposition 5.1. The fact that (M,,) is a tight sequence has already been
established in [5] (regardless of the assumption x = 0 and |V| = 0/1). In order to proceed,
we shall heavily rely on the proof of [5, Lemma 1.1] which is the crux of Bai and Silverstein’s
paper. In Section 5.1.1 we recall the main steps of Bai and Silverstein’s computations of the
variance/covariance. In Sections 5.1.2 and 5.1.3, we compute the extra terms in the limiting
variance. In Section 5.1.4, we compute the limiting bias (some details are postponed to
Appendix A.1). In Section 5.3, we finally conclude the proof of Theorem 1 and address
various subtleties which appear due to the existence of a sequence of Gaussian limiting
processes.
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In the sequel, we shall drop subscript n and write @) and R instead of @,, and R,,. Denote
by @Q;(z) the resolvent of matrix ¥X* — ¢; 5, le.

Qi(z) = (=2l +2%* — 5;‘5}‘)_1

The following quantities will be needed:

1
5 = TTEgmE
- 1
5E) = T Ta g
ba(z) = :

1+ 1Etr R,Q1(2)
1
gi(z) = §Q;(2)& — ~tr Ra@Qj(2) ,

5i(2) = EQAE - = RyQHz) =

N aj(z) .

dz

5.1.1. Preliminary variance computations. We briefly review in this section the main steps
related to the computation of the variance/covariance as presented in [5]. These standard
steps will finally lead to Eq. (5.7) which will be the starting point of the computations
associated to the [V|?- and k-terms of the variance.

Let z € T.

N (fu(2) = Efn(2))

—Z Ej_1) Bj(2)€ Q3 (2)€;

-y, (ﬁj(Z)éj(Z) - B RQE ) +orn(1)
j=1

Denote by
2) = -5, (B56) - B3 REE) ) = -Erg (5(e)es(2)

Hence,
MAE) = N U B = LB+ or)

The r.h.s. appears as a sum of martingale increments. Such a decomposition is important
since it will enable us to rely on powerful CLT's for martingales (see [1 1, Theorem 35.12], and
the variations below in Lemmas 5.6 and 5.7). These CLTs rely on the study of the terms:

ZEJ 1Z Zl (ZQ) and ZEJ,1Z?(21)Z?(22) .

j=1

Notice that since ZJ"(Z) = Z}(2), we have E;_1Z}(21)Z} (22) = Ej_12}(21)Z}'(%2). Since

the set I' is stable by complex conjugation, it is sufficient to study the limiting behavior of:

ZEJ_lzjn(Zl)Z]n(Zg) , 21,29 €T
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in order to prove (5.2) and (5.3). Now,

2 n
ZEJ 125 (21) 2] (22) = 8z?azQ D Ej [Ey (Bi(21)g5(21)) By (Bj(22)e5(22))] ¢ - (5.4)

Jj=1

Following the same arguments as in [5, pp. 571], one can prove that it is sufficient to study
the convergence in probability of

ZIE] 1[Ej (Bj(21)e5(21)) Ej (Bi(22)5(22))] -
Moreover,

ZEJ 1 [Bj (Bi(21)e(21)) By (B)(22)e(22))]

n(21)bn(22)Ej—1 [Eje;(21)Eje(22)] + op(1) ,

M:WM:

21t (21) 220 (22)Ej 1 [Eje;(21)Eje;(22)] 4 op(1) . (5.5)

<.
Il
—

Hence, it is finally sufficient to study the limiting behaviour (in terms of convergence in
probability) of the quantity:

> Ej a1 (Bjej(21)E g(22)) , 21,22 €T (5.6)

Jj=1

Denote by AT the transpose matrix of A. Applying (2.6) yields :

D Ei1(Bje(21)E;e5(22) = %th (Rl/zEij(Zl)R]Eij(22)31/2)
j=1 =1
VI ¢ 1/2 12 ((p1/2 12\7
> (R E;jQj(z1)R (R E;Qj(z2)R ) )
j=1
n N
ST (e, (o),
j=11i=1
(5.7)

The limiting behaviour of the first term of the r.h.s. has been completely described in [5]
where it has been shown that:

62
821822

2’12215~ ( )E Ztr (R1/2E Q] (Zl)REJQJ(Zg)R1/2> = @0,71(21, 22)+OP(1) s
=1
(5.8)
with ©¢., (21, 22) defined in (2.10).

We shall focus on the second and third terms.
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5.1.2. The term proportional to |V|? in the variance. Notice first that the value of ¢, and tn
is the same whether R is replaced by R in (2.3) and (3.1) since ¢, and ¢, only depend on the
spectrum of R (which is the same as the spectrum of R). Notice also that (RY/?)T = R'/2,
hence:

T _

(R1/2Eij(ZQ)R1/2) = R1/2EjQ?(ZQ)R1/2 .
Recall the definition of T (z) given by (2.8). Taking into account the fact that for a deter-
ministic matrix A,

E¢F A¢; :%tr(Rl/QARl/Q) and EEAE = %tr(Rl/QARl/Q), (5.9)

and following closely [, Section 2], it is a matter of bookkeeping® to establish that:

Z <R1/2Eij(zl)R1/2 (Rl/zEij(ZQ)R1/2)T> (5.10)

|V|22122~
n2

= |V[PAu(21,22) lz ! +op(1)

b=2 n 1 (‘;’1)|V|2An(2’1,22) P

=1

IVI?An(21,22) dz
= / +op(1)
0

n

1—2

where

An(21, 22) = ﬂfn(zl)fn(@)tr {R1/2Tn(zl)R1/2R1/2Tg(zg)Rl/z} .

n
Finally,
82 e 2 2 8 8An(z1,22)/8z1
1 = n(21, 1) = — 1) .
92107 (5.10) VI7O1,n(21,22) + 0op(1) VI 02y {1 — |V|2An(2’1,z2)} +op(1)

(5.11)

5.1.3. The cumulant term in the variance. We now handle the term proportional to s in
(5.7):

n N
%ZZ (RV2E;Qi(:0RY?) (RV*E;Q;(:0)RY?) (5.12)

i1 i (%3
The objective is to prove that E;Q;(z) can be replaced by T, (z) in the formula above, which
boils down to prove a convergence of quadratic forms of the type (2.5). Such a convergence
has already been established in [32] for large covariance matrices based on a non-centered
matrix model with separable variance profile.

By interpolating between the quantity (5.12) and its counterpart when the entries are
complex i.i.d. standard Gaussian, we will be able to rely on the results in [32] by using the
unitary invariance of a Gaussian matrix (see Proposition 5.4 and Eq. (5.29) below).

Let &, be the distance between the point z € C and the real nonnegative axis RT:

5, = dist(z,RT) . (5.13)

5Similar computations for the term proportional to |[V|? in the bias are outlined in Appendix A.1.
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Proposition 5.3. Assume that (A-1) and (A-2) hold true and let u, be a deterministic
N x 1 vector, then:
* * 2 1 1 2

E i3 Q=) — 0 EQ() el < 20((z)w () a2

z

where ® and VU are fized polynomials with coefficients independent from N,n,z and (uy,).

Proof of Proposition 5.3 is an easy adaptation® of [32, Prop. 2.7] and is therefore omitted.

Denote by XS a N X n matrix whose entries are independent standard complex circular
Gaussian r.v. (i.e. Xg- = U + 4V where U,V are independent A/(0,27!) random variables);

denote accordingly ¥¢ = n_l/QRl/QXfa f}c = (ES) -J and

0C(2) = (—ZIN +3C (ES)*) o

We now drop subscripts N and n.

Proposition 5.4. Assume that (A-1) and (A-2) hold true and let , then:

B Q) — B | < T ()

where uy, 18 a deterministic N x 1 vector and ® and V are fized polynomials with coefficients
independent from N,n,z. Moreover,

(5.14)

ETrQ(z) — ETr Q%(2)| < K 2"

where K is independent from N,n, z.

Notice that (5.14) is of direct use in this section while (5.15) will be used in Section 7.

Proof. We first prove (5.14). Consider the resolvent

. —1
QW (z) = (Z e+ Y ag - zIN>
=1

(=i+1

defined for 1 < i < n — 1. Denote by Q(®©) = @ and by Q") = Q€ and write

wE(Q - Q%u = Zu*E(Q(Fl) — QWY . (5.16)
i=1
We shall evaluate the difference v*E(Q(®) — Q™M))u, the other ones being handled similarly.
Denote by Q(z) = (31, &&F — 2Iy) ", then:
Q© :Q—&Ei@ and QW =0Q—
1+£1Q6

et
—_— 5.17
1+ €7 QET 47

6Notice in particular all the cancellations that appear when adapting the proof of [32, Prop. 2.7], due to
the fact that X, is centered here; notice also the fact that R not being diagonal has virtually no impact.
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Dropping the subscript 1 to lighten the notations, we get:
. ( QEEQ Q@ )
u'E — — — | u
L+E5QEC 146+Q¢

u*E(Q(O)—Q(l))u _
Qe Q Q™

- uE (1 +€C:Q¢C 1+ %trRQ) B
R < QE°EQ  QeQ ) .

1+ 2trRQ 14 1trRQ
R ( QCQ___QeQ ) .
1+ 21 RQ  1+£Q¢

The second term in the r.h.s. above is zero (simply compute the conditional expectation
with respect to ), the first and third term are of a similar nature; we therefore only estimate
the third one denoted by As below.

|As] =

uE( QeQ  QeQ M
L0 V
1+1rRQ  1+£°Q¢

£ Quur Q¢ i 1 S
}Eu +€Q6)(1+ 1t RQ) (g v E”RQ) ‘
122 R D LS R
()2 {E £ Q¢ — EtrRQ E | Quu*Qg| } , (5.18)

where the last inequality follows from Cauchy-Schwarz inequality plus the fact that both
(—z(l +§*Q§))71 and (—z(l +n_1trRQ))71 are Stieltjes transforms and hence upper-
bounded in modulus by [Im(z)|~!. A control for the first expectation in the above inequality
directly follows from classical estimates (see for instance [7, Lemma B.26]):

K _|R|?

E -
n [Im(z)[?

2
. 1 . K L
£ Q¢ — ﬁtrRQ < F1E|X11|41E (tr RQRQ*) < cnBI X1 " (5.19)

where K is a constant whose value may change from line to line but which remains indepen-
dent from NN, n. The second expectation can be handled in the following way:

2

E|¢* QuurQe|” E

£ Quu*QE — %tr RQuu*Q + %tr RQuu*Q

2

.1 P 1 .
< 2E | QuutQ€ — —tr RQuu*Q)| + 2E '—tr RQuu*Q
n n
K . . - .
< SE[Xu|'Etr (RY2Quu*QRY?)(RY?Quu*QR'/?)*
n
2 ..
+—=E ’u*QRQu’Q
n
201,114

n? [Im(z)[*
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It now remains to gather (5.19) and (5.20) to get:

w5 (0 - @) | < Loattepw (L)

Finally, the result follows by upper-bounding each term of the sum in (5.16) and (5.14) is
proved.

We now establish (5.15). Using a similar decomposition as in (5.16), we get:
T (Q-Q%) = Zm Q).

We focus on the first term, use (5.17) and follow a similar notational convention by dropping
subscript 1.

- ( Qe Qe ) _ ]E< £€Q¢° £Q% >

© _ oM -
e (- Q) 1+E5QC 14708

1 +§C*Q§C 14+ §*Q§

_ (§C*Q2§C§ Q—¢ Q2§§C*Q§C> +E( §C*Q2V§C—§*Q2§V > '
(14 £5QE0) (1 + £+Q¢) (1+E5QEC) (1 + €+Q9)

(5.21)

Denote by
A = (€5Q%EE)(€Q8) — (£ Q€5 Q%)
Ay = QX -¢Q%,

1 1
B, = . I _ _
T 0+ Q)1+ Q)) (1L HESQO)(1+ L RQ)
1 1
B = (14 £&Q€C)(1+ Ltr RQ) 1+ Ltr RQ)?
1
Bs; =

(1+1tr RQ)?
With these notations at hand, we have:
1

B B By = _ _
LR S g1 1 e 00

and
ETr (Q<°> _ Q<1>) — EA(B) + B + B3) + EAx(B) + Ba + B3) .

Notice that EA; B3 = EA3;Bs = 0. By Cauchy-Schwarz inequality, Proof of Prop. 5.4 will
be completed as long as we establish the following estimates:

2v1/2 K1
EAPYT < Z=rmw (5.22)
{E|A2|2}1/2 < %Imgzy 7 (5.23)
23
{]E|B1|2}1/2 < %In!l(L)‘l , (5.24)
{]E|B2|2}1/2 < %IDLZ(E)4 (5.25)
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Estimates (5.24)-(5.25) can be established as (5.18). In order to establish (5.22), we compute
exactly the expectation E|A;|? writing

E[¢™ Q% e Qe — ¢ Qe Qetf”
= B (€7 Q%56 Q¢ — £ Q%™ O¢°) (65 Q€€ Q¢ — £ QUETQET) . (5.26)
which splits into 4 terms:
(5:26) = E{|eQ% |erQe'} - E{(e@%) () (€™ Qe°) (&%) }
FE{[e @ 67 Qe ) - E{(Q%) (¢°Q8) (Q8%) (€ Q%) } -

Using the independence of £, £€€ and @Q together with formula (2.6), lengthy but straightfor-
ward computations yield the estimate

E |65 Q2 Q¢ — £ Q¢ QeC)” <

K
nlm(z)0
Similar computations yield

K
nlm(z)?
and (5.22)-(5.23) are established. Estimate (5.15) is established and proof of Prop. 5.4 is
completed.

E|6CQ%C — ¢ Q¢ < (5.27)

O

Corollary 5.5. Assume that (A-1) and (A-2) hold true, then the following convergence
holds true:

izzn:zjv: (R2E,Q;(:0)RY2) (RY?E;Q;(=2)R?)

n (22

j=1 i=1

2

Z(RWT R1/2)“_ (R1/2T(z2)31/2) — P 0.

- i1 n,N—o00
=1

3|'—‘

Proof. We first transform the sum to be calculated:

n

¥y > i (Rl/z)Eij(Zl)Rl/z)ii (Rl/QEij(Zz)Rl/Q) . (5.28)

2
n
j=11i=1 "

Using Proposition 5.3 enables us to replace the conditional expectation E; by the true ex-
pectation in every term (Rl/QIEij (Z)Rl/Q)u.. Now using the fact that

Q;&&Q;
1+&£5Q58;

and computations similar to those made in Proposition 5.4, one can replace EQ; by EQ.
Finally, by Proposition 5.4, EQ can be replaced by EQ®. We are led to study the sum:

% i (RI/ZE QC )R1/2)Z—i (R1/2E Q(C(ZQ)Rl/Q)
i=1

Q=Q;—

[



GAUSSIAN FLUCTUATIONS FOR LARGE RANDOM COVARIANCE MATRICES 27
Denote by R,, = U, AU} the spectral decomposition of covariance matrix R,,. Since matrix
U, is unitary, then Y,, = U*XC has i.i.d. standard complex Gaussian entries and the
resolvent writes:
* -1 -1
Q°z) = (RAXT(XD) RY?—z20v)  =Un (AVVYrAY2 - zly) U
UnQa(2)U, - (5.29)

Denote by Ta(z) the matrix

>

Ta(2) = (—zIn + (1 — cn)A = zentn(2)A) 71,

where t,(z) is defined in (2.3); notice that the definition of ¢,(z) only depends on the
spectrum of R, (or equivalently A); notice also that

To(2) =U,Ta(2) U . (5.30)
It has been proved in [32, Theorem 1.1] that for every deterministic N x 1 vector v,,:
* 2 1 1 4
Elvy (Qa(2) = Ta() val” < —@a([z[)W2 { 5= ) lloall” -

Hence,

[V7EQa ()t — Vi Ta (el < (E 07 (@a(2) ~ Ta() )

anll lonll? (14 @a(l2]) 1+ P2 (8"

In particular, let e; be the i*" coordinate vector, then

‘ (R1/2EQ(Z)Rl/2) o (Rl/ZT(Z)Rl/Q)

k22

‘(R1/2UEQA(Z)U*RV2)

i

- (R1/2UTA(2)U*R1/2)

|RV2U*e;||2 (14 ®a(|2]) (14 T2 (527)
P \/ﬁ 2 2 9

which completes the proof. 0

Combining the result in Corollary 5.5 together with (5.5) and (5.7), we have proved so
far that:

82 2’122t n N
021029 ;; (R1/2E Q; Zl)R1/2)ii (Rl/QEJ'QJ(ZQ)RIﬂ)“
1L 92 o
= oY gran et ) (RPTEORY?) (RPT.(2)RY?) |+ op(1).

(5.31)
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Taking into account (3.1) and the matrix identity U(I + VU)™'V =1 — (I +UV)™!, we
obtain:

(5.31) = %Z 92,07 (In = (In +E(z0)Rn) ™), (In = (In 4+ En(22)R) 1), + 0p(1)

= @2)71(21,22) + Op(l) R (532)
where O3 ,, is given by formula (2.12).
Now gathering (5.8), (5.11) and (5.32), we have established so far:

> B, 1Z}(21) 2] (22) = On(z1, 22) + 0p(1)
j=1
which is the first part of Proposition 5.1.

5.1.4. Computations for the bias. In this section, we are interested in the computation of
N(Efn(z) — tn(z)). As

fue) =~ () and Fu() = -

we immediately obtain N(Ef,(z) — t,(2)) = n(Efn(2) — in(2)). Combining (2.7) and (3.1)
yields:

(1 — Cn)

+ cntn(2)

1 ~ _
+ —tr Ry (In 4+ n(2)Rn) "' =0 . (5.33)
n

-r-
B

2)
Following Bai and Silverstein [5, Section 4], we introduce the quantity A, (z) defined as:

- 1 . -1
An(z) = ZEfa(z)+1+ tr (IN+Efn(z)Rn> ~n

_ 1 ~ -1 1
Efu(z) + 1+ —tr (IN + Efn(z)Rn) ——trly!

—Efn(z) (—z o + %tar(IN + Efn(z)Rn)1> ,

Efn(z)
hence o) 1 1
B . »
EfG) - C EG) nt ey R R (5.34)
Substracting (5.33) to (5.34) finally yields:

tr R? (IN +E fn(z)Rn)A (In +in(2)Ry)

Efn(z)—fn(z) = —A,(2)t(2) ll -

n

which is the counterpart of [5, Eq. (4.12)]. The same arguments as in [5] now yields:

- SN . B2(2), o - =
n(]Efn(z)—tn(z)) = A, (2)in(2) {I—Ttar (In +Fn(2)Ry) ] +o(1). (5.35)
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It remains to study the behaviour of nA, (z). Following [5, Eq. (4.10)], we obtain:

nA,(z) =

b2 ~ 1 1
;nEtr Q1 (Efan + IN) R,Q1R, — b2 ”E[ <§TQ1§1 - ﬁtr Qan>

x <£i‘Q1 (Bfula+In) & = —r@u (BB 1) Rn) ] +o(1).

Applying (2.6) to the right term to the r.h.s. of the previous equation (recall that RT = R),
we obtain:

b? . —1 _ -
nAu(z) = —[V2Et RY/*Q) (Efan i IN) RY2RY2QT RL/2
by > 1/2 1/2 1/2 ; 1 i
— w23 (RPQURY?) (RYPQu (BEfuBa+ 1) RY?) +o0(1). (5:30)
=1 1

The first term of the r.h.s. has been fully analyzed in [5] in the case where R,, and X, are
real matrices. We adapt these computations to the general case and outline in Appendix
A.1 the proof of the identity:

b2 . SN _
— [VEE RY2Q) (Efan + IN) RY2RY2QTRL/?

2L tr RY2T2(2)RY?RY*TT (2) R

||2 n

1 P28y R, () Ry R T () R

+o(1), (5.37)

where T7'(z) is defined in (2.8). The term proportional to the cumulant in (5.36) can be
analyzed as in Section 5.1.3, and one can prove that:

2 N ) .
=1 " i
o N
- —m% Z (R:L/2TnR}l/2) ) (R}/2Tn ({an + IN)_l R}/2) Co(l). (5.38)

7=

We now plug (5.37) and (5.38) into (5.35) to conclude.

G 1/2 1/2 51/2 —1/2
n (Efu(z) —Ta(2)) = _jppZh tr R *T2(2) Ry *Ri/*TY () Ry/
n n n (1 _ |V\2;253L tr erz/QTn(Z) 711/2 *}I/QTE(Z)R}Z/Q) (1 B %trR%Tg)
4373 N (Rflz/2TnR711/2) ) (R}z/2T3R:/2) )
Bl e i 4 (1) .
i=1 1— ==tr R2T?

Proof of Proposition 5.1 is completed.

5.2. Proof of Proposition 5.2. Recall the meta-model introduced in Section 2.6.
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5.2.1. The Gaussian process Gy,. Let
My pi(2) = tr (S (M)Sn(M)* = 2zInm) ™" — MNt,(2) .
Applying Proposition 5.1 to the matrix model X,,(M)X,,(M)* yields:

VZEF, nl]\{[ ZZM +0P )7

where the Z JM ’s are martingale increments and

ZE] 1Z 21 (22) % Gn(zl7z2)7

N,n fixed , M—o0

M? e B .
nM(Z) N,n fixed ,M— o0 n(Z)

Notice that there is a genuine limit in the previous convergence. Applying the cen-
tral limit theorem for martingales [11, Theorem 35.12] plus the tightness argument for
(M pm(2), 2z € T') provided by Proposition 5.1 immediately yields the fact that M, pr con-
verges in distribution to a Gaussian process (G (z),z € I') with mean B,,(z) and covariance
function 6,,(z1, 22).

5.2.2. Tightness of the sequence of Gaussian processes (G). In order to prove that the se-
quence of Gaussian processes (G, ) is tight, we shall prove, according to Prohorov’s theorem,
that it is relatively compact in distribution. Consider the set of matrices:

{(Rp,(M),M >1); R, isa N xn matrix, N =N(n);n > 1}
where R, (M) is defined in (2.23). Since ||R,,(M)| = ||Rx|| for all M > 1, we have
sup  [|[Ro(M)[| = sup [[Rn] < o0

M>1,N,n—o0 M—>00
by Assumption (A-2). Hence, by Proposition 5.1, the family {M,, pr; M > 1} 5 n—oo is tight,
hence relatively compact in distribution. As the distribution £(G,,) of the Gaussian process
Gy, is the limit (in M) of the distribution £(M,, ar) of M, a, L£(G,) belongs to the closure
of {L(M,, )}, which is compact. Finally, {£(G,)} is included in a compact set, hence is
relatively compact. In particular, the family of Gaussian processes (G,,) is tight.

5.3. Proof of Theorem 1. The two propositions below are minor variations of known
results. They will be helpful to conclude the proof of Theorem 1.

Lemma 5.6 (CLT for martingales I). Suppose that for each n Y1, Yn2, -, Yo, is a real
martingale difference sequence with respect to the increasing o-field {G, ;} having second
moments. Assume moreover that (©2) is a sequence of nonnegative real numbers, uniformly
bounded. If

ZE (Y2 | Gnj—1) — O3 ﬁ 0,

and for each € > 0,
ZE (Y 1\Yn1\>5) —0 s

. n—00
j=1
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then, for every bounded continuous function f: R — R

Tn

Ef | Y Vaj | —Ef(Z.) ——0, (5.39)
j=1

n— o0
where Z, is a centered Gaussian random variable with variance @i.

Hereafter is the multidimensional and complex extension of Lemma 5.6 we shall rely on
in the sequel:

Lemma 5.7 (CLT for martingales I1). Suppose that for each n (Yn;;1 < j <r,) is a C4-
valued martingale difference sequence with respect to the increasing o-field {Gn j;1 < j <.}
having second moments. Write:

T __ 1 d
YL =, Y,

ST CAN

Assume moreover that (0,(k,0)), and (©,(k,£)), are uniformly bounded sequences of

complex numbers, for 1 < k, ¢ <d. If

S > P
S E (VY [Gojor) ~Oulkl) —2 0, (5.40)
j=1
Tn ~ »
S E(YVEY | Gajo1) — Onlk,0) —— 0, (5.41)
j=1
and for each € > 0,
Y E(YailPly, se) —— 0, (5.42)
j=1
then, for every bounded continuous function f : C¢ — R

j=1
where Z,, is a C-valued centered Gaussian random vector with parameters

EZnZ: = (04 (K, 0)) k. and  EZ,Z = (0,(k, )k -

Lemmas 5.6 and 5.7 are variations around the Central Limit Theorem for martingales
(see Billingsley [11, Theorem 35.12]) which enables us to prove (in the real case):

242
7t 6'77/

VteR, EeHXitiYni _e=—2" 0

and Lévy theorem for the weak convergence criterion via characteristic functions (see Kallen-
berg [38, Theorem 5.3 and Theorem 5.5]) which yields (5.43) from the above convergence.
Details of the proof are omitted.

Lemma 5.8 (Tightness and weak convergence). Let K be a compact set in C; let X1, Xo, -
and Y1,Ys, -+ be random elements in C(K,C). Assume that for alld > 1, for all z1,--- ,zq €
K, for all f € C(C%,C) we have:

Ef(Xn(21), -+, Xn(za)) = Ef (Ya(21), -+, Ya(2a)) —— 0.

n—roo
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Assume moreover that (X,) and (Yy) are tight, then for every continuous and bounded

functional F : C(K,C) — C, we have:
EF(X,) —EF(Y,) — 0.

n—oo

Lemma 5.8 can be proved as [38, Lemma 16.2]; the proof is therefore omitted.
We are now in position to conclude.

In order to apply Lemma 5.7, it remains to check that ©,, as defined in (2.9) is uniformly
bounded for z1, zo € I fixed but this is an easy byproduct of Proposition 5.2.

Proposition 5.1 together with Lemma 5.7 (notice that condition (5.42) can be proved as
in [5]) yield the fact that for every z1,-- -, 24 € T and for every bounded continuous function
f:T4—C:

Ef(Mn(21),--- s Mn(2a)) = Ef (Gn(21), -+, Gu(za)) ——— 0,

N,n—o0

where G,, is well-defined by Proposition 5.2. Now the tightness of M,, and G,, together with
Lemma 5.8 yield the last statement of Theorem 1.

6. PROOF OF THEOREM 2 (FLUCTUATIONS FOR NON-ANALYTIC FUNCTIONALS)

In this section, we will assume that the random variables (X7) are truncated, centered
and normalized, following Section 3.2.

A 2
6.1. Useful properties. Recall that S, C S = [0,)\;% (1 + V£+) ] uniformily in n.

Denote by h € C°(R) a function whose value is 1 on a n-neighborhood S of Sw.

Proposition 6.1. (1) Assume that (A-1) and (A-2) hold true; let the random variables
(X[;) be truncated as in Section 3.2, function h be defined as above and f: R — R
be a continuous function. Then

tr f(Z,28) —tr (fh)(Z,2F) —=>—0 .

N,n—o0

(2) Let h,, be a smooth function on R with compact support and whose value is 1 on a
n-neighborhood S;! of Sy, ; then:

/ FOVFald) = / (P N Fa(dN) ..
R R

Proof of Proposition 6.1 is straightforward and is based on the fact that almost surely,

2
limsup ||S, 25| < A% (1 +V Z+) +n,
N,n—o0

a fact that can be found in [7] for instance. Details are left to the reader.

The following proposition underlines how a sufficient regularity of function f compensates
the singularity in Im(z)~! near the real axis.

Proposition 6.2. Let p,v be two probability measures on R and g,, and g, their associated
Stieltjes transforms. Assume that

|9u(2) _gu(z)l = Im(z)k ) S (CJr )



GAUSSIAN FLUCTUATIONS FOR LARGE RANDOM COVARIANCE MATRICES 33

where h is a continuous function over cl(Ct), the closure of C*.

Let f : R = R be a function of order C**1 with bounded support; recall the definition of
D (f) in (1.6) and denote by

[fllker = sup [[fP)w where |g]loo =suplg(z)] .
0<e<k+1 zER

Then
]/fdu—/fdu < 2| L) () - )} ol )|
< K|fllin / Ih(z)[€2(d) |
supp(f) xsupp(x)
< K flless (6.1)
Proof. Write
00k (f)(x +1y) = Bmfbk(f)(:vﬂy)ﬂ@ <I>k(f)(w+iy)
)k U1 ( O (z
_ (19) fk' +ZZ f (y).

From this and the fact that x is equal to 1 for y small enough, we deduce that

B Nk op(kt)
0% (f)(z + iy) = (’y)fk—'(x)
near the real axis. Hence ygfl)k(f)(:zr + zy)’ < Lsupp(f) xsupp(x) (@ Y) K| | k415" near the real
axis, which yields (6.1). O

6.2. Proof of Theorem 2. Recall the definition of the sets D, D™ and D. given in (3.7)
2
and the fact that constant A > A% (1 + vﬁ) .

Lemma 6.3. Let (p,(2),z € DY U DV),en and (¥n(2),2 € DY U DT),en be centered
complez-valued continuous random processes an such that p(Z) = p(z) and ¥(Z) = ¥(z).
Assume that:

(i) The following convergence in distribution holds true: for alld > 1 and (z1,--- ,zq4) €
DT,

dep ((on(21), @), (Wal21), s tn(2)) ) —— 0
(ii) For alle > 0, ¢, (2) and ¥, (z) are tight on D..

(iii) The process (Vn(2)) is gaussian with covariance matriz tn(z1,22), (21,22 € DT U
).

(iv) The following estimates hold true
1
VneN, Vze DT, varp,(z) < ()% and  variy,(z) < ()2 -
(v) Let functions go: R — R (1 < £ < L) be C**! and have compact support.
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Then,
dep (1o [ I(@)Edon() () L 2Re [ DB)E)0n(2) 2(0)) 0.
where

k i Y] _ _
0Pr(g)(2) = (Or +10y) Z %gﬁ-@ (x)x(y) and 0Pk(g) = (8<I>k(gj) 1< < L)
=0 ’

with x being smooth, compactly supported with value 1 in a neighbourhood of 0. Moreover,
1 _
—Re 0P (g)(2)n(2) la2(dz)
i Cc+

is centered gaussian with covariance matrizc:

+

cov (%Re/{C+ Py (gx) (2)1hn (2) La(dz) %Re/«: g‘bk(gf)(z)dfn(z)@(dz))

= 21—2Re / 0P (1) (21)0Pr(ge) (22) kin (21, Z2)l2(dz1 ) la(d22)
T (C+)2

+ %Re/ 0P (g1)(22)0P (ge) (22) ki (21, 22)la(dz1 ) la(dzs) ,  (6.2)
™ (C+)2

for 1 <k ¢<L.

Proof of Lemma 6.3 is provided in Appendix A.2.

The strategy to prove Theorem 2 closely follows this lemma. Denote by
(pn(z) =tr Qn('z) — Etr Qn(z) and wn(z) = Gn(z) - EGn(Z) )
the process G,, being defined in Theorem 1, then conditions (i), (ii) and (iii) are immediate

consequences of Theorem 1. In order to check condition (iv), we establish the following
proposition:

Proposition 6.4. Assume that (A-1) and (A-2) hold true, then:

(i) (Bordenave [12], Hachem et al. [31, Lemma 6.3], Shcherbina [50]) For all z € CT,
C

var tx @n(2) < gy

(ii) For all z € CT,

C
<
var Gp(z) < Tm(2)"

where C' is a constant that may depend polynomially on |z|.

Proof of Proposition 6.4 is postponed to Appendix A.3.

Taking into account the estimates established in Proposition 6.4 immediatly yields the
first part of Theorem 2 in the case where functions (g¢) have a bounded support and satisfy
(v) with k = 2, i.e. are C3. It remains to prove the equivalence between (4.3) and (4.4). but
this immediately follows from:

Proposition 6.5. Let (X,,) and (Y;,) be Cl-valued random variables and assume that both
sequences are tight, then the following are equivalent:
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(i) the following convergence holds true:  dep(Xn,Yn) —— 0.

n—oo

(ii) for every continuous bounded function f:C? — C, E f(X,)—Ef(Y,) ——0,

n—oo

Proposition 6.5 can be proved easily by contradiction using the fact that d,p metrizes
the convergence of laws; its proof is hence omitted.

6.3. Proof of Proposition 4.1. Let f € C°(R?). A simple but lengthy computation
yields the fact that

- . . N1 +N2+4-2 (iu)N1 (iv)NQ
OO,y () iy i) = g w0 ) X TR TR

(6.3)

for u,v small enough. Let now Ny = Ny = 2. Since |0,(21,22)| < K|z122/72 for any
21,22 € CT and 21,22 in a compact set (use Cauchy-Schwarz and apply Proposition 6.4),
Y(f) is well-defined. Let K be a compact set in R? and let f € C°(R?) with support
included in K, then one can easily prove that

YN <Ckllfllss with  [[flss=sup  [0:00f(x,y)lloo -
l,p <3
(z,y) € K

This in particular implies that T is a distribution on C5°(R?), of finite order (3,3) and hence
uniquely extends as a distribution on C23(R?).
Moreover, Y(f) can be written as:

1 o
T(f) = langl WRG ‘/((C;)2 0201 (1)272(][)(2’1 , 2’2)@” (2’1, Zg)fg (dzl )fg (ng)

.1 = = _ _
+ 11&)1 FRG/ N 6261(1)2)2(]0) (21, 2’2)@” (2’1, 22)62 (dzl )fg (ng) 5
€ (€c2)?

where C = {z € C,Im(z) > ¢}. Taking into account the facts that:

02011, 0y (f)(21, 22) = 0201 Py iy (f) (71, 72)  and  ©,,(21, 22) = On(71, %) |
we can expand Y(f) as:
T(f) = lim— /( . 3201 D2.5(f) (21, 22)On (21, 22) o (d1 )2 (d22)
+ lim % /(C+)2 0201P25(f) (21, 72)On (21, 22) L2 (d21 ) £2(d22)
+lim 4—; /( . 0201P2.5(f)(21,72)On (21, 72)la(d21 )02 (dz2)

1 = 5 _ _
+ hrn —2 / 8281‘1)272(f)(21, ZQ)@n(Zl, 22)62 (le )62 (dZQ) .
€0 41 ((Cj)z
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We now apply twice Green’s formula to each integral and obtain
1

T(f) = —hrn—/ (1)2 Q(f)(.Il +i€,$2+i€)®n(171 —|—'i€,172—|—'l:5)d$1 d.IQ
el0 472 R2 ’

1
—lim — / ‘1)2 Q(f)(Il — ’iE, T — za)@n(xl — ’iE, To — iE)dIl dIQ
€l0 472 R2 ’

1
+ lim — / ‘1)2 Q(f)(Il + ’iE, Xro — za)@n(xl + ’iE, Xro — iE)dIl dIQ
el0 472 R2 ’

1
+lim — / ‘1)2 Q(f)(Il — ’iE, To + ZE)@n({El — ’iE, x9 + iE)dIl dIQ .
el0 472 R2 ’

Notice that the sign changes in the two last integrals follow from the contour orientations in
Green’s formula. We now prove

hﬁ)l (1)212(f)(1171 + e, 10 + ’LE)@H(Il + e, 10 + 'iE)d:El dxs
€ R2

=lim [ f(x1,22)0, (21 + i, 22 + ie)dr1 dry . (6.4)
el0 Jr2

The three other integrals can be handled similarly and this will achieve the boundary value
representation (4.6) for Y(f).

Using the mere definition of ®n, n,(f) (cf. (4.5)) and Green’s formula we get:

/(C+)2 0201P1,0(f)(21, 22)On (21, 22)la(dz1 ) l2(d22)
= —/ (I)Lo(f)(xl + iE,IEQ + ’LE)@n(.Il + iE,.TEQ + iE)d:Z?l d:ZTQ
R2

= - f(x1,22)0, (21 + i€, w2 + ie)dxy dae — ic Or f(21,22)0On (21 + 12, 29 + ie)dxy das .
R2 R2

We extract the first term of the r.h.s. from the equation above. Taking into account (6.3)

and the fact that |©,,(21, 22)| < |2122| 72 for 21, 22 in a compact set of C \ R, we obtain:

lim sup < 00.

10

53/ f(z1,22)0, (21 + ie, 2 + ie)dxy do
R2

By applying the same argument to the quantity
/( - 0201Pa—0,0(f)(21,22)On (21, 22)l2(d21 ) la(d22)
Cs

for £ = 2 then ¢ =1 and ¢ = 0, we can similarly prove that

limsup |&° f(x1,22)0, (21 + i, w2 + i€)dry dae| < 00 for £=2,1,0.
el0 R2
We finally obtain
lim sup f(z1,22)0n (21 + te, 29 + )day daa| < 00 .
clo R2

Expanding ®; o(f) into (6.4) and using the above estimate immediatly yields (6.4).

Proof of Proposition 4.1 is completed.
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6.4. Proof of Proposition 4.2. The covariance writes (in short)
cov(Zy(f). Z(9)) = —pzlim Y (iliz)/f(:v)g(y)@)n(w +1 e,y +o de)dady
+

where 41,49 € {+,—} and £145 is the sign resulting from the product 411 by +ol.
Unfolding ©,, = ©g, + |V|2®17n + kO3 ,, we have three terms to compute. According
to the assumptions of Proposition 4.2, either [V|? equals 1 or 0. In the latter case, the term
corresponding to ©1 ,, vanishes; if [V|> = 1, then the quantities A, and Ag,, (respectively
defined in (2.13) and (3.10)) are equal, and so are ©g,, and O ,,. We first establish

1
— —lim E (£1%2) /f Y)Oo,n(x £1 e,y £2 te) dady
2
472 <10 Fogrll
1 tn(x) = ta(y)
— — drdy . (6.5
= g2 [, S @ @ | ey (69
The proof relies on formula (3.9) and the following expression of Ag

1 — Aon(z1,22) = (1~ 22 (21)tn (22) (6.6)

tn( 1) - tn( 2)

which can be obtained using (3.1). Using (3.9) and performing a double integration by parts
yields

/f Y)Oo.n(z + ie,y + ic) dzdy /f Y)In|l — Ag ., (x + de,y + i¢)| dxdy

—i—z/f (y)Arg (1 — Ag p(x +ie,y + i¢)) dedy

Following [5, Section 5], we need only to consider the logarithm term and show its convergence
since the Arg term will eventually disappear (functions f and g being real, the covariance
will be real as well). Using (6.6), we obtain

(z = y)tn(w + de)bn(y + de)
to(x +ig) — t,(y + i)

/f y)In [l — Ag (2 +ic, y + ie)| dacdy—/f g (y)In

dxdy

and the sum writes

(£1+£2) /f n(x £1 e,y +o t€) dady

? / f@)g tw)n { (x — y + 2ie)ty,(z + ie)t,(y — ie)
2 2 [ r@g ) {n b sy

where (a) follows from the fact that £,(Z) = £,(z) and |z| = |Z|. Tt is straightforward to
prove that the first integral of the r.h.s. vanishes as ¢ — 0. Using similar arguments as in
[5, Section 5], one can prove that

:I:l +5
( — y)tn(z +ie)t, (y + ie) to(x +ig) — L, (y — i¢)
to(x +ig) — T, (y + i)
—y to(x +ig) — t,(y — ie)

T — 1y + 2ie to(x +ie) — L, (y + i)

} dxdy ,

(£142) /f o+ 22 y:tgzs)d:vdy—Q/f g (y)In dzdy |

ihiz



38 J. NAJIM, J. YAO

which is the desired result. We now establish

_mlgl&l Z +149) /f Y)O2 p(x £1 e,y £2 te) dady
+4,+0

= ﬂ'THn ; (/Sn f(z)Im (z T, (2)),, dw) (/Sn 9'(y) Im (y Tu(y)),; dy) (6.7)

Due to formula (3.11), we only need to prove

— lim Z :I:/f(x)({%[(:v:l:is)T (x +ie)], / f(x)Im (z T, (), do

Performing an integration by parts and taking into account the fact that T, (z) = T,(z)
yields

27 €10

—hm Z /f 92 [(x £ie)T (2 £ 1i¢)],; dx

+te{+,—
a) 1
= ——hm/f )28 Im [(x + i) T, (x + i¢)],; dx @ —/ J'(2)Im (2 T (2)),; d |
21 €10 T Js,
where step (a) follows from the fact that
) Sl?i . |1+ En(2)A)| >0 (6.9)
z € (0, A] x (0, B]

where the \;’s stand for R,,’s eigenvalues. In fact, assume that (6.9) holds true, then using the
spectral decomposition of R,,, the pointwise convergence of £,,(z) to t,(z) asC* >z - z € R
(see for instance [52]) and formula (3.1), then one obtains the pointwise convergence

I (& + i) T (2 + ie)],; — Im [T ()],

for z > 0. Since Im((z)) = 0 outside S,, so is Im [27),(z)],;. Finally, (6.9) provides a
uniform bound for Im [(z + i€)T), (z + i¢)];, and (a) follows from the dominated convergence
theorem. It remains to prove (6.9). Assume that the infemum is zero, then there exists
A€ {1, -+, A} with A* # 0 and a sequence (z¢) such that £, (z¢) = —5= and z; — z* € R.
Formula (3.1) yields

N
- 1 1 Ai 1
Vz €CT, t,(2) = ~ - & —g ~Z = +z.
—z+ 5 ik 1+£:(1Z)>\i nim L ta(2)Ai tn(z)

Taking z = z, yields a contradiction since since the L.h.s. goes to infinity while the r.h.s.
remains bounded. Necessarily, (6.9) holds true and (6.7) is proved.

Proof of Proposition 4.2 is completed by gathering (6.5), (6.7) and using the fact that
6O,n = 91,71'
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6.5. Proof of Corollary 4.3. In order to establish the fluctuations in the case where func-
tions (f¢) are C® in a neighborhood of S., but may not have a bounded support, we proceed
as following: Write
 fo(SaSh) — Btr (foh)(5,35)
=tr fo(2,2)) — tr (feh)(Z,20) + tr (feh)(2,.2)) — Etr (feh)(Z,.%)) -

I I

By Proposition 6.1, the vector (I'}) almost surely converges to zero while the fluctuations
for vector (F%) are described by Theorem 2 with covariance given by Proposition 4.2, where
functions f and f; must be replaced by (frh) and (feh). The variance formula provided in
this proposition shows that cov(Z7(feh), Z7(feh)) does not depend on function h as long
as h has value 1 on S,,.

7. PROOF OF THEOREM 3 (BIAS FOR NON-ANALYTIC FUNCTIONALS)

7.1. Proof of Theorem 3. Recall the notations ¥¢, QC, etc. introduced in Section 5. We
split the bias into two terms

ETr /(S,55) N/f ETr f(5,55) — ETr £(2(85)7)

+ ETr f(25(26)* N/f

é T+ 15 .

We will prove the following. Provided that function f is of class C® with bounded support,
then:

1 _
ETr f(S03;) — ETr f(S5(57)") = —Re | 0®:(f)(2)Bu(2) la(dz) ——— 0. (7.1)
™ Cc+ ,N—>00
Provided that function f is of class C'® with bounded support, then:
ETr f(25(x0)* N/f —0. (7.2)
N n— 00

As one can check, it is much more demanding in terms of assumptions to prove (7.2) than
(7.1). Convergence in (7.2) should be compared to the results in Haagerup and Thgrbjornsen
[27] (counterpart in the GUE case), Schultz [49] (GOE), Capitaine and Donati-Martin [17],
Loubaton et al. [56] (’signal plus noise’ model), etc.

7.1.1. Proof of (7.1). The heart of the proof lies in Helffer-Sjostrand’s formula, in Theorem
1 (bias part) and in a dominated convergence argument. By Theorem 1,

ETr (3,55 — zIn) " = Ntn(2) — Bo(2) ~———0.
,N—>00
The same argument yields:

ETr (SS(3S)" — 2In) "' = Nty(z) ——— 0,
N,n—o0
because in the later case ¥V = x = 0, hence the bias is zero for the matrix model X5 (X5)*.
Substracting yields:
ETr Q,(2) — ETr Q%(2) — Bn(2) ——— 0.

N,n—o0
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Recall that by Proposition 5.4,
3

C |2
|ETr Qn(2) — ETr @y (2)| < KIm(2)7 :
In order to transfer this bound to B, (z), we invoke a meta-model argument (cf. Section 2.6):
Consider matrix ¥,,(M) and its counterpart (M) as defined in (2.24) and recall that in
this case, we have a genuine limit:
ETr (£,(M)Sh(M) — zIny) " — ETr (5(M)(ES(M))* - zINM)’1 ——— Bu(2) .

M — oo
N, n fixed

(7.3)

Since the estimate (7.3) remains true for all M > 1, we obtain:

Ba(z)| = Jim [ETx (Su(M)S(M)" = 2Iyn) ™" = ETr (SS(M)(S5(M))* — ZJNM)*\
< KIILZ(EV . (7.4)
Write
BTr f(5,5;) ~ ETr(S5(55)) — ZRe [ 30(9)(2) Bu(2) 2(d2)
= IRe [ 30(7)(2) {(ETr Qu(z) — ETr QC(2) — Bu(2)} foldz) . (7.5)

i Cc+
In view of (7.5), we need a dominated convergence argument in order to prove (7.1); such

an argument follows from Proposition 6.2, (7.3) and (7.4) as long as f is of class C® with
large but bounded support. This concludes the proof of (7.1).

7.1.2. Proof of (7.2). The gist of the proof lies in the following proposition whose proof is
postponed to Appendix A.4:

Proposition 7.1. Denote by Po(X) a polynomial in X with degree { and positive coefficients,
then:
-1

B (55 (55) — 1)~ M) < %Pl Pl )

Using Helffer-Sjostrand’s formula, Proposition 7.1 together with Proposition 6.2 immedi-
ately yield (7.2) for any f of class C'® with large but bounded support.

7.2. Proof of Proposition 4.4. One can easily prove that Z2 is a distribution on C*¥(R)
following the lines of proof of Proposition 4.1. Similarly, one can establish the boundary value
representation (4.12). It remains to prove that the singular points of B,,(z) are included in
Sy Following the definitions of By, and Bs , cf. (2.20) and (2.21), we simply need to prove
that the quantities

1 1 - -
(1 — 222 —Tr R,%T,f) and (1 — V22282 —I&.«R}/2Tn(z)R;/2R;/2T§(z)R;/2)
n n
are invertible for z ¢ S,,. We focus on the first one. Assume first that z € C \ R. Using the
inequality |tr (AB)| < (tr (AA*)tr (BB*))'/? yields:

1 2t (2)]2
2282 (2) = Tr R2T2(2) 7|Z| [t (2)]
n

tr Ry T (2)Rp T (2) .
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Since T (2) = Tn(Z), we can assume without loss of generality that z1, 2z, € CT.

Ew%ﬂmmn@mﬁ@=m@ﬁ§%%wm

where the last identity follows from (A.15). In order to extend the previous estimate to
z€R\S,, let z=x+ iy with € R\ S,; then a direct computation yields:

L/u—a2ww‘/u—xw*o

Therefore, by continuity (z) — 1 — 2%2(2) LTr R2T?2(z) does not vanish on C\ S, and
Bi,, is analytic on this set. We can similarly prove that Bs,, is also analytic on the same
set. Consider now a function f € C!¥(R) whose support is disjoint from S,,, then it is
straightforward to check that Z2(f) = 0 and the proof of the proposition is completed.

1
1 —2%t2(2) ETYRiTﬁ(Z)’ >1-

APPENDIX A. REMAINING PROOFS

A.1. Proof of Proposition 5.1: remaining computations for the bias. In this section,
we outline the proof of identity (5.37) which we recall below:
b2 - —1 _ _
- VPUE Ry (BF R+ In) | RYPRYQURY?
2ty RY*T2(2)RYRYTT (2)RY>

=[V? - - -
1— Y20 6 RYPT, (2) R RY T (2) Ry

+o(l). (A1)

The proof closely follows computations in [5, Section 4] and is essentially a matter of book-
keeping; in particular, all the estimates established there remain valid in the context where
R, and X,, are not real. We shall focus here on the algebraic identities.

We first replace Q1 by @ and approximate @ by (cf. [5, Eq. 4.13]):
Q(2) = —(2Ix — by (2)Rp)~t + bp(2)A(2) + B(2) + C(2) (A.2)

where
n

A(z) =) (zIn = ba(2)Rn) (&€ — 07 ' Ra)Q5(2) -
j=1
The terms B(z) and C(z) will not contribute in the sequel. Denote by

M = (Ef,R,+In)"'RY?RY?,
1 - -1 _ _
T = -EuwR/*Q: (]Efan—l-IN) RY2RY2QTRL/?
We have:
1 _
T = —EwrR/PQiMQTR,)/?
n

1 _
—Etr RY2QMQT RY? + (1)
n

1 by _
——Etr RY/?(zIy — bn(2)Ry) " MQTRY? + Onl2) gy, RY2A(z)MQTRY? + o(1)
n n

1>

Ti+ T2+ 0(1) (A.3)
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In order to compute 77, we approximate Q7 in the same way as in (A.2); we take into account
the fact that for some deterministic matrix T', Etr (T A) = 0; we also use the approximation
bn(z) = —ztn(z) + o(1) and equation (3.1). The computation of 7; then easily follows:

1 _
Ti = —=FEtrRY*(zIn —bu(2)R,) *MQTR/?
n
1 _ _
= ZtrRY?(zIy — bp(2)Ry) "M (2In — bu(2)Rn) "' RY? + 0(1)
n
= —ZuRV2T2()RY2RV2TT (2)RY? + o(1) .
n

We now focus on the term

T2 = b”T(Z)Etr RYZA(z)MQTRY?
— bnfLZ)]EtI' erz/2 Z(ZIN o bn(z)Rn)*l(gjgj* _ n—an)Qj (Z)MQTR1/2
j=1
bn = _ _
- 7§Z)Etngl/2 S (I — ba(2) Re) " {EEQ5 ()M QT — QT) + D(2) + F(2)} RY2
j=1
where
D(z) = &§&QMQT —n 'R,MQ;MQT
E(z) = n'R.M(Qj - Q")
will not contribute. Using the rank-one perturbation identity for QT — QJT, we obtain:
bn n B § B
Ta = 722)1[.3‘51r R}l/2 Z(,zIN — bn(2)Ry) 1§j§j Qj(Z)M(QT _ Q?)Rlﬂ +o(1)
j=1
_ gy g Zn:(zIN —bn(2)Rp) T H5E5Q <(Z>MMR1/2 +o(1)
n n g n n J55 %] 1+§;Q3~§J

bn(2) < 1 R B . ~
- 22y R TEOTE (ngleﬂR;/?(sz ~ bp(2)Rn) 1@-) (€Q;(:)MQTE) +o(1) .
j=1 J g S

In order to pursue the computation of 72, we shall perform the following approximations:

The quantity (1+ &} erﬁj)’l can be replaced by b,, and the two remaining quadratic forms

in the expectation can be decorrelated. Now, using formulas (5.9), we obtain:

2 n
o= S R (GQIRR Iy — b ()R ) E (6@ (MQTE) +o(1)
j=1
—% i Etr (Rl/QQ]TRl/QR}/Q(zIN - bn(z)Rn)’lRl/Q) Etr (Rl/QQj(z)MQjTRUQ) +o(1) .

Jj=1

We can now replace @; by @ with no loss and use equation (A.2) to obtain:
Vb3 (=)
e

xBtr (RY? (=(2Iy + ba(2)Ra) "+ ba(2)A(2) MQTRY?) +0(1)

T Etr (Rl/QQT(z)R1/2R}/2(zIN - bn(z)Rn)_1R1/2>

_ |V|2bfl(z)%tr RVPT(2)RV2RV2TT (2)RV2 (Ti +Ta) + o(1) . (A4)
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Denote by
1 — —
Ts = —tr RY2T(2)RY?*RYV?TT (2)RY? .
n
We now extract Tz from (A.4) and plug it into (A.3). We finally obtain:

TiTs B T
s Y T TTppeen oW

Multiplying 7 by —|V|?b2(z) = —|V|?2%£2(2) finally yields (A.1).

T = Ti+|VP*2(2)

A.2. Proof of Lemma 6.3. By Proposition 6.2,

< / 189(g) (=) Elipn (2)|a(d2)

(2) £2(dz)

A

< ol / ()" {var o0 (2)}'/* a(d2) < o0
D

by (iii) and (iv). Hence fRe [, 0®(g)(2)¢n(2)l2(dz) is a well-defined a.s. finite random
variable. This estimate, uniform in n, readily implies the tightness of

( Re/ ®(g (2)a(dz) ; n€N> .

Notice that the integrals with v, instead of ,, are similarly well-defined and tight.
By conditions (i) and (ii), we obtain:
1 — 1 _
dep (—Re 0P(g)(2)pn(2)l2(dz), —Re 8<I>(g)(z)¢n(z)€2(dz)> —— 0 (A5)
Q0 D, ™ D. N,n—o0
(apply Lemma 5.8).

Let g = (9031 < ¢ < L) and f : CL — C be bounded and continuous. Consider the
following notations:

= —Re/ 0d(g (2)la(dz) , & = %Re 0®(g (2)l2(dz) ,
= %Re 0P(g (2)l2(dz) , n = %Re i 8@(g)(2)z/1n(z)€2(dz) .

We have

IEf (&n) = Ef (nn)]
SIEf (&) —Ef (G +IEf (&) — Ef ()l + [Ef () —Ef ()] - (A.6)
Given p > 0, we first prove that for all n > 1,
Ef (&) —Ef (&) < (@llfllee +1p (A.7)

for € small enough.

We have

| =

B{l, — &) > 0} < ( /[ s |5<1><g><z>|E|son<z>|eg<dz>> (A8)
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which can be made arbitrarily small if € is small enough, independently from n. Now,

Ef (§n) —Ef(§)] < |Ef (§n) —Ef (§0)] Lijg,—e|>m)
HIES (6n) = EF (G Ljen—g51<n, lenlvies > K}
HIES (€n) = Bf (€0)| 1ien—es1<n. lenlvies <K -
First invoke the tightness of |¢,|V|£5| and choose K large enough so that the second term of
the r.h.s. is lower than 2|| f||cp; then choose > 0 small enough so that f being absolutely
continuous over {z € C*,|z| < K}, the third term of the r.h.s. is lower that p; finally for

such K and 7, take advantage of (A.8) and choose € small enough so that the first term of
the r.h.s. is lower than 2||f|lcop. Eq. (A.7) is proved.

One can similarly prove that [Ef (n,) —Ef (n5)] < (4] f]lco + 1)p for € > 0 small enough.
Such e being fixed, it remains to control the second term of the r.h.s. of (A.6), but this
immediately follows from (A.5).

In order to prove that 7, is multivariate gaussian with prescribed covariance (6.2), we
first consider 7. Approximating the integral in 7}, by Riemann sums and using the fact that
weak limits of gaussian vectors are gaussian immediately yields that 7;, is a gaussian vector
with covariance matrix:

vt = B {Re [ B0l e [ B0(a0) ) (0ala) |
De De

for 1 < k,¢ < L. Using the elementary identity:
_ Re(22') + Re(z2)

Re(z)Re(2') 5 )
we obtain:
1 — - -
[cov(n)lpe = ﬁRe/ 0P (g1 ) (21)0P(ge) (22)Etbn (21)Pn (22)Ca( d21)l2(d22)
™ (D#=)?
+2—7::_2Re /(DE)2 3‘1)(gk)(Zl)g‘l)(gz)(ZQ)El/)n(Zl)l/)n(Zg)gQ(le)ég(dZQ) .

Using the fact that 1, (z2) = ¥, (Z2) yields:

1

ot = gale [ B0 eI o (o1, ) o))

+21—2Re / 0P (g1.)(21)0P(ge) (22)kn (21, 22)la( dz1 ) l2( dza) .
™ (D#)2

In order to lift the gaussianity from 73 to 7, and to extend the covariance formula from the
one above to formula (6.2), we rely on the approximation theorem [38, Theorem 4.28] and on
assumptions (iv) and (v) on the variance estimates and on the regularity of functions gy, g¢
in Lemma 6.3.

Proof of Lemma 6.3 is completed.

A.3. Proofof Proposition 6.4. Recall the notations &;, @; introduced in Section 5. Denote
by LU = (&, 61,8641, , 1) , where & is an independent copy of &. Let Q1%
be the associated resolvent:

Qlit — (E{i}(z{i})*l _ ZIN)‘l
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Rank-one perturbation formulas yield:

Qi&i&; Qi (i Qi&i&; Qi
—_ d P .
irgas M 9T T g0

We are now in position to apply Efron-Stein’s inequality (cf. [14, Theorem 3.1]):

Q=0Q;—

n ) 2
varTrQ(z) < %ZE"HQ TrQ{Z}(z)‘
_ I g0k g |
B 2; ‘1"'5;‘@@ 1+ &Qi&
R (g% @ ¢ g% Engk |
- ;E[Val‘”(l%mi@)] ZEF” T+EQ&E  1+EWLEQE

where var; is the variance under the expectation E;; with respect to &;, and (a) follows from
the fact that var (X) = inf, E|X — a|?. Denote by

X=X-EnX, B=gQ&, A=14+&Q:& .
We have

B EwB B B A
A EnmA EpA AE@A-
Notice that Im(A) = Im(z) { Q:Q7¢&;), hence
Bl I Q 4l 00 ]
Im(A) ~ Im(z)’

Now
2 o 2 o 2
*O2¢, EpqE5Q3¢;
P L1 T U A < KEq | 2| +KEqy |22
{i} * * {i} {i}
1+8Qi&  1+E;EQi Eqi A AEn A
o 12 o2
B K A
< KEg + E

We first focus on the estimation of E;, ‘/01‘2; we have:
%2 K .
EmlA]” < —5Tr(QiRQ[R) < —HRHTr (QiRQ;) -

Before dividing by ]]E{i}A\Q, notice that Im(Ey;; (A)) = Im(2) 1 Tr(Q; RQ}) and that (—zE ;3 A) ™!
is the Stieltjes transform of a probability measure and hence that
1 |2]
|E{i}A‘ ~ Im(z)

We now divide and get:

02 .
Eg Al _ K[%T‘T(QiRQi)} LK 1| K 1
n n

‘E{i}A’2 T o0 | mEA) | [Eq(4)]
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Similarly, one can prove that

Ey| B[ K 1
i 6 o et e
EqAl? — nim()

From this we get the desired estimate:

vartr Q(z) <

Im(z)*

In order to prove the second part of condition (iii), we rely on a meta-model argument
(cf. Section 2.6). Denote by

M} y(2) = T (S (M)E5(M) — 2In) " = ETr (S,(M)S; (M) — 2In) ",

then

_ C

* 1

Var{tr (S0 (M)SE (M) — 2Ix) } S O

moreover M}L w(2) converges in distribution to ¥, (z) as M — oo, N and n being fixed

(see for instance the details in Section 5.2). Consider the continuous bounded function
hi(z) = |z|?> A K, then

Bhic(in() = im_ Bhye(M} yy(2)) < IimsupEIM} () <

Now letting K — oo yields the desired bound by monotone convergence theorem:

V&I’(’t/]n(z)) < Im(z)4 :

A.4. Proof of Proposition 7.1. In the whole section, we consider the matrix model
YE(E8)*; we however simply write f,, fn, Q, while the underlying random variables are

Ne(0,1).
Recall that f,(z) = —1= 4 ¢, fu(2), where f,(z) = LTr Q,(z). Denote by

540 (= B m) 0 -t
Let
en(z) = n(Efn(z) — Tn(2)), (A.9)
En(z) = ETrR,Qn(z2) — TrR,S.(z) . (A.10)

Taking into account the definition of 7, and ¢,, we get:

n(Efa—in) = n(f—1n)+en
1 Tr R, T, — Tr R, EQ.,

T O UTIENR.Q (1 IR Ty)
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Similarly,
ETrR,Q, —TrR, T, = TrR,S,—TrR,T,+ ¢,
1 . .
= TRy |y +Efafn) ™ = (In +1aBa) 7|+

1 _ N o
= ST Ru(ly + EfaR) " By + 0 Ra) ™ (Efn - tn) tE, .

Gathering the two previous equations, we finally end up with the 2 x 2 linear system:

< ETr RyQp — Tr R, T,, ) = Do(2) ( ETr R,Q, — Tr R, T, ) + < En )

where

from which we extract

- 1
) - det(Ig — Do(Z)) (

n (IE Fo—1tn en(2) + ZFntnin(2)) . (A.11)
It remains to bound &, and &, and to lowerbound |det(Iy — Dy)|. The first task relies on
standard gaussian calculus for random matrices (Poincaré-Nash inequality, integration by
part formula, etc. - see for instance [17]) and yields:

a2 Pa(lelPo(lim(2)] ) (A12)
e < Pyl Pr(im(z)| ) (A13)

Details are omitted and can be found in [58, Chapter 3].

The second task is more involved and goes along the lines developed in [27] and [56]; it
relies on the following proposition:

Proposition A.1. There exist n > 0, polynomials P{f2 and P{f6 and an integer No such that
for every z in the set

1 -
En = {z €CH, 1 — Ph(|z)Plg([Im(2)| ") > 0}

and for N > Ny
K[Im(z)|*
(m* + |2*)%

where K is some constant independent from N, n.

|det(Iz — Do(2))| >

Assume for a while that Proposition A.1 holds true, and let z € &,; then taking into
account (A.12)-(A.13) and the fact that |2£,7,| < |2|[Im(2)|72, (A.11) yields:

(Efn(2) = 1n(2))] < Po(|2)Prs([Tm(z)] ) -
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If 2 ¢ &,, then 1 < L Pl,(|2]) Pfs(/tm(2)| 1) and
- _ ~ - 2n
WEf) —tn(D] < 0 (BRI ) < prse x1
s 2 Pl Ply(m ()1

Pl (=) Pre(tm(z)| )

IN

Proof of Proposition 7.1 is completed as long as Proposition A.1 holds true.

Proof of Proposition A.1. In order to lowerbound det(I;— Dy(z)), we introduce two auxiliary
systems.

Consider matrix

0 |t (2)]?
D(z) = |22 . :
Py R, 1R, 0

In order to evaluate the determinant of matrix Iy — D, we need to find an equation where
such a matrix appears. One can easily prove that:

Im(%,) - Im(t,) [t ]?
( Im (2Tr R, T,,) ) - D(z)< m(zTrR,T,) )T 0 )mE, (AL
from which we extract the determinant:
2 Tm(2)
Im(t,)
Recall that [t,(2)] < (I}n(z))*l; in order to lowerbound Im(%,(2)), recall that the associated
probability measures F,, form a tight family and in particular there exists n > 0 such that

Fn([0,1]) > 1/2 for every n > 1. Write:

- 51 -
det (I, — D(2)) = 1—|z|2|tn|2ETarTanT; = ¢ (A.15)

3 Fn(dX) /" Fn(dX) 1
Im (%, =1 > > . A.16
mlbne) = ) [ 505 > TR (10
Plugging these estimates into (A.15) yields the bound:
| Im(z)*
det(l; — D = 1—|zPtP-Tr R TR T} > ————— . A7
€ ( 2 (Z)) |Z| | | n r n = 16(7’]2 =+ |Z|2)2 ( )

Consider now matrix

0 |7 (2)]?
Di(z) = | L . :

In order to evaluate the determinant of matrix Iy — D’, we need to find an equation where
such a matrix appears. Recall the definition of ¢,, and &, in (A.9)-(A.10). Taking their
imaginary parts, we obtain:

() 0 )= (i) sy )+ (i) )

Computing the imaginary part of 7, and n~'Tr R,,S,,, we get:

(7)) = |7~'n|21m(z)+|7~'n|21m(%TrIERnQn),
2 ~
Im (fﬁRnsn) = Py (RS, RS IM(ES,) -
n n
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Hence the system:
( Im(%%ﬂ%) > = D) < Im(%%@@m >+( il >Im(z)+( e

This system is similar to (A.14) with two extra error terms 1Im(e,,) and 2Im(&,); but these
terms are controled by (A.12)-(A.13).

It is well-known that for all z € C*, Ef,(2)—t,(2) = 0 as N,n — oo. The mere definition
of e, together with estimate (A.12) yields 7, — Ef,, — 0; therefore 7,,(z) — ,(z) — 0 for
z € C* as N,n — 0. This, together with (A.16) yields:

. Im(z)
Im(7, > ———
) 2 g
for n large enough. Taking into account the fact that Im(ZTr (ER,Q,)) > 0, the first
equation in (A.18) yields:

W(Ef () > [FaPm) +Tmea(2))

@ Im(2)[? 1 -
2 A2 + 27 3 P2(2) P5(|Im(2)] b,
Im(2)[?

1
— == (1 - =P Ps(|1 -1
64(n% + |2[2)2 < n2 6(21) Ps(|Im(2)] )>
for n large enough, where (a) follows from the previous estimate over 7,, and (A.12). Poly-

nomials Ps and Py being fixed as in the previous estimate, consider the set:

1 1
5711 = {z eCt; 1- ¥P6(|z|)Pg(|Im(z)|_l) > 5} .

Then for n large enough and z € &},

7 [Im(2)°
Im(Efn(2)) > 2802 1 227

From (A.18), we have:

/ _ = Im(2) . pIm(280(2)) | Im(gen(2))
L B R A= R T TAE]
> |7~,n|2|1m(z)|2 _ |7~,n|2 |Z€n(z)| _ |En(z)|

nIm(Ef,(2)) nIm(Ef,(z))

Taking into account the various estimates previously established (recall that |7,,| < [Im(z)|~1),
we obtain:

, Im(z)[* 1 2En(2 en(z
det(IQ - D (Z)) = 64(|772 -(i- |)l|2)2 o |Im(2)|2 nIJn(E;n)(L)) a nIH|1(E(ﬁ3|(Z))
[Im(z)[* 128|2|(n” + |2]*)2Ps(|2]) Pr(|Tm(z)| ")
64(n? +[2[*)? n?[lm(z)[>
_128(n® + |2[*)2 Py (|2]) Ps ([tm(2)| 1)
n?[Im(z)[?

Y

I (L
64(772+|Z|2)2 (1 n2P12(| |)P16(|I ( )| )) )
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valid for n large enough and z € £}. Polynomials Pj2 and Pjg being fixed as in the previous
estimates, consider the set:

1 1
En=ENE* where &= {z eCt;1- EP12(|Z|)P16(|Im(z)|*1 > 5}

Then for n large enough and z € &,,, we have:

Im(z)|*
det(l — D’ |— . A.19
We are now in position to lowerbound det(Iz — Do(z)). Notice that
2
det(Io — Do(2))| = ’1 - %%nfnTr RnSnRnTy| |
2
> 1- il Foln|(Tr Ry Sy R, SE)Y2(Tr R, T, R, TH)Y?
n
> (det(I — D(2)))"/* (det(I, — D'(2)))"/?
by [32, Proposition 6.1]. Proof of Proposition A.1 is completed.
(]
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