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GAUSSIAN FLUCTUATIONS FOR LINEAR SPECTRAL STATISTICS OF
LARGE RANDOM COVARIANCE MATRICES

JAMAL NAJIM

. . 1/2 . .
ABSTRACT. Consider a N X n matrix X, = ﬁRn/ Xn, where Ry, is a nonnegative defi-

nite Hermitian matrix and X, is a random matrix with i.i.d. real or complex standardized
entries. The fluctuations of the linear statistics of the eigenvalues:

n’

N
Trace f(Xn,X),) = Zf()‘i)’ (A;) eigenvalues of 3,37
i=1

are shown to be gaussian, in the regime where both dimensions of matrix ¥, go to infinity
at the same pace and in the case where f is an analytic function. The main improvement
with respect to Bai and Silverstein’s CLT [3] lies in the fact that we consider general
entries with finite fourth moment, but whose fourth cumulant is non-null, i.e. whose
fourth moment may differ from the moment of a (real or complex) Gaussian random
variable. As a consequence, extra terms proportional to

VI = E(XT))?)? and wk=E|XJ|" — V] -2

appear in the limiting variance and in the limiting bias, which not only depend on the
spectrum of matrix R, but also on its eigenvectors.

The CLT is expressed in terms of vanishing Lévy-Prohorov distance between the linear
statistics’ distribution and a Gaussian probability distribution, the mean and the variance
of which depend upon N and n and may not converge.

AMS 2000 subject classification: Primary 15A52, Secondary 15A18, 60F15.
Key words and phrases: large random matrix, fluctuations, linear statistics of the eigen-
values, central limit theorem.

1. INTRODUCTION

Consider a N x n random matrix X, = (f{;) given by:

_ L
SV

where N = N(n) and R,, is a N x N nonnegative definite hermitian matrix with spectral
norm uniformily bounded in N. The entries (X7} ;i < N,j < n,n > 1) of matrices (X,,) are
real or complex, independent and identically distributed (i.i.d.) with mean 0 and variance

1. Matrix 3,3} models a sample covariance matrix, formed from n samples of the random

En erz/2 Xn ’ (11)

vector R,l/ ’X .1, with the population covariance matrix R,,.

Date: September 13, 2013.
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Since the seminal work of Marcenko and Pastur [24] in 1967, the study of the spectrum
of large covariance matrices of the type X, X under the asymptotic regime where:

N N
N.n—oo and 0 < liminf— < Ilimsup— < oo, (1.2)
n n

(a condition that will be simply referred as N, n — oo in the sequel) has drawn a considerable
interest.

In this article, we study the fluctuations of linear spectral statistics of the form:
tr f(X,3) Zf as N,n— oo (1.3)

where tr (A) refers to the trace of A and the \;’s are the eigenvalues of ¥,,37 . This subject
has a rich history with contributions by Arharov [2], Girko (see [12, 13] and the references
therein), Jonsson [19], Khorunzhiy et al. [22], Johansson [18], Sinai and Soshnikov [27, 28],
Cabanal-Duvillard [8], Guionnet [14], Bai and Silverstein [3], Anderson and Zeitouni [1], Pan
and Zhou [25], Chatterjee [9], Lytova and Pastur [23], Bai et al. [5], etc. There are also more
recent contributions for heavytailed entries (see for instance Benaych-Georges et al. [6]).

In their '04 article [3], Bai and Silverstein established a CLT for the linear spectral statis-
tics (1.3) as the dimensions N and n grow to infinity at the same pace (N/n — ¢ € (0,00))
and under two important assumptions:

(1) The entries (X/:) are centered with unit variance and a finite fourth moment equal
to the fourth moment of a (real or complex) gaussian standard variable.

(2) Function f in (1.3) is analytic in a neighbourhood of the asymptotic spectrum of
DI I

Such a highly cited result proved to be useful in probability theory, statistics and various
other fields; and as a consequence, many attempts have been done to relax both assumptions.

It is well known since the paper by Khorunzhiy et al. [22] that if the fourth moment of the
entries differs from the fourth moment of a Gaussian random variable, then a term appears
in the variance of the trace of the resolvent, which is proportional to the fourth cumulant of
the entries. This term does not appear if Assumption (1) holds true, because in this case,
the fourth cumulant is zero.

In Pan and Zhou [25], Assumption (1) has been relaxed under an additional assumption
on matrix R,, which somehow enforces structural conditions on R, (in particular, these
conditions are satisfied if matrix R,, is diagonal). In Hachem et al. [21, 15], CLTs have been
established for specific linear statistics of interest in information theory, with general entries
and (possibly non-centered) covariance random matrices with a variance profile. In Lytova
and Pastur [23], both assumptions have been relaxed for the ”white” model, when R,, is equal
to the identity matrix. In this case, it has been proved that a mild integrability condition
over the Fourier transform of f was enough to establish the CLT. In Bai, Wang and Zhou
[5], fluctuations for the white model are addressed as well; Assumption (2) is relaxed and
functions with continuous fourth order derivatives are considered. An important feature of
these works [15, 21, 22, 23, 25] is the presence of a term proportional to the fourth cumulant
in the variance.

The purpose of this article is to establish a CLT for linear spectral statistics (1.3) for
general entries X7: with fourth moment finite, and hence to fully relax Assumption (1) in
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[3], while keeping f analytic . In order to address this question, we take full advantage of
Bai and Silverstein’s CLT; we closely follow and extend their computations.

Interesting phenomena appear when considering entries with non-Gaussian fourth mo-
ment. As was previously mentioned, a term proportional to the fourth cumulant appears in
the variance of the linear statistics; another term, proportional to [E(X7)?|?, also appears
(as already noticed in [15]). The presence of these terms whose convergence is not granted
under usual assumptions (see for instance the condition (2.14) hereafter) will modify the
nature of the fluctuations of the linear statistics.

Denote by L, (f) the (approximately) centered version of the linear statistics (1.3), to be
properly defined below. In Bai and Silverstein’s setup (see also Pan and Zhou [25]), the CLT
is expressed in the usual way, i.e. (= stands for the convergence in distribution):

Ln(f) —— N(Bx, 0) ,
N,n—o0
for some well-defined parameters By, ® depending on function f and on the limiting
spectrum of R, and ¥,X7.

If Assumption (1) is relaxed, such a convergence may not hold. We prove in this case
that the distribution of the linear statistics L, (f) becomes close to a family of Gaussian
distributions, whose parameters (mean and variance) may not converge. More precisely, we
establish in the sequel that there exists a family of Gaussian random variables N (B, 0,,),
such that

dep (Ln(f),N(Bn,0,)) — 0, (1.4)

N,n—oo

where dzp denotes the Lévy-Prohorov distance (and in particular metrizes the convergence
of laws).

The difference here with respect to [3, 25] lies in the fact that the Gaussian parameters
B, and ©,, not only depend on the limiting spectrum of R,, and 3,3 but also on the
behaviour of the eigenvectors' of R,,; a fact that is due to the presence of terms proportional
to both [E(X7,)?|? and the fourth cumulant. As a consequence, these parameters may not
converge unless some very strong structural assumption over R, (such as R, diagonal) is
made, which would ensure a joint convergence of R,’s spectrum and eigenvectors. Notice
that this absence of convergence is not observed in [23] because in the case where R, is equal
to the identity Iy, there are no issues with its eigenvectors.

Expressing the CLT as in (1.4) makes it possible to circumvent this joint convergence issue
and related cumbersome assumptions. This framework may also prove to be useful for other
interesting models such as large dimensional information-plus-noise type matrices [10, 106]
and more generally mixed models combining deterministic and random large dimensional
matrices.

Outline of the article. The general framework of the paper together with the main formu-
las (canonical equations, deterministic equivalents, variance and bias formulas) are presented
in Section 2. The central limit theorem (Theorem 3.1) is stated in Section 3. Section 4 is
devoted to the proof of Theorem 3.1; in particular, the cumulant term in the variance is iden-
tified in subsection 4.3.3 and both the existence and the tightness of the Gaussian limiting
process are established in subsection 4.4.

n a slightly different context, such a phenomenon has been noticed in Hachem et al. [17].
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2. BACKGROUND AND PRESENTATION OF THE RESULTS

2.1. Resolvent, canonical equation and deterministic equivalents. Denote by Q,.(z)
the resolvent of matrix ¥, X7 :

Qn(z) = (2,55 — zIy) ", (2.1)

and by f,,(z) its normalized trace which is the Stieltjes transform of the empirical distribution
of ¥, X7’s eigenvalues:

fn(z) = %tr Qn(z) . (2.2)

The following canonical equation? admits a unique solution ¢, in the class of Stieltjes trans-
forms of probability measures (see for instance [3]):

1 _
ta(z) = Ntr (—zIn + (1 — ¢p)Rp — zentn(2)R,) ", z€C\RY, (2.3)

where ¢,, stands for the ratio N/n. The function ¢, being introduced, we can define the
following N x N matrix

To(z) = (—2In 4 (1 = cn) Ry — zCntn(2)Rn) " . (2.4)

Matrix T),(z) can be thought of as a deterministic equivalent of the resolvent Q,(z) in the
sense that it is a deterministic quantity, easily computable, which does not depend on the
distribution of the entries and which approximates the resolvent in various senses. For
instance,
1 1

(in probability or almost surely). Otherwise stated, t,,(z) = N~ tr T,,(z) is the deterministic
equivalent of f,,(z). As we shall see later in this paper,

U:LQn'Un - u;Tn'Un — 0 (25)

,N—00

where (u,,) and (v,,) are deterministic NV x 1 vectors with uniformily bounded euclidian norms
in N. As a consequence of (2.5), not only T,, conveys information on the limiting spectrum
of the resolvent @), but also on the eigenvectors of @,.

2.2. Entries with non-null fourth cumulant and the limiting covariance for the
trace of the resolvent. In [3], an important preliminary step to establish the CLT for
linear statistics is to compute the CLT for the trace of the resolvent. Let V be the second
moment of the random variable X;; and & its fourth cumulant:

V=EX})? and k=E|X2|'—V?-2.

2We borrow the name ” canonical equation” from V.L. Girko who established in [12, 13] canonical equations
associated to various models of large random matrices.
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If the entries are real or complex standard Gaussian, then x =0 and V = 0 or 1. Otherwise
the fourth cumulant is a priori no longer equal to zero. This induces extra-terms in the
computation of the limiting variance, mainly due to the following (V, k)-dependent identity:

N
E(X3AX, —tr A) (X BX, —tr B) = tr AB+ [V]> t AB" + 5> AiiBii (2.6)
i=1
where X 1 stands for the first column (of dimension N x 1) of matrix X,, and where A, B are
deterministic N x N matrices. As a consequence, there will be three terms in the limiting
covariance of the quantity (1.3); one will raise from the first term of the right hand side (r.h.s.)
of (2.6), a second one will be proportional to |V|?, and a third one will be proportional to k.
As will be described in the sequel, the two last terms behave differently than the first one.
In order to describe these terms, we first need to introduce more notations. Let

ta(z) = _lzen + entn(2) . (2.7)

z

The quantity tn(2) is the deterministic equivalent associated to n~'tr (35,5, — 21,,) ", De-
note by R, the (entry-wise) conjugate matrix of R,,, and by T},, the matrix®:

To(2) = (—2zIn + (1 — cn) Ry — zcntn(z)Rn)_l ; (2.8)

notice that the definition of ¢,(z) in (2.3) does not change if R, is replaced by R, since
the spectrum of both matrices R,, and R,, is the same. We can now describe the limiting
covariance of the trace of the resolvent, which is a key step in Bai and Silverstein’s approach:

cov (tr Qn(21),tr Qn(22)) = Oonl21,22) + |V*O1.n(21, 22) + £O2 (21, 22) + o(1)
O,(21,22) +0(1) (2.9)

where o(1) is a term that converges to zero as N,n — oo and

>

A t (1)t (22) 1 }
Oo.n (21, 2 ]__‘n\*1)tn - 2.10
O v e el e 210
A 0 [0AL(z1,22) 1
n(21, = o 2.11
61" (Zl 22) 62’2 { (921 1-— |V|2An(2’1,22)} ( )
2,271 77 N
Ornlanzg) £ ARENWE) Sh (puagecymi2) (RYPT2)RY?) (212
=1
with
An(1,20) = 220 (20l (o)t { RYPT(o0) RY2RYT () Ry} (2.13)

At first sight, these formulas (established in Section 4) may seem complicated; however,
much information can be inferred from them.

The term ©g . This term is familiar as it already appears in Bai and Silverstein’s CLT [3].
Notice that the quantities #,, and #/, only depend on the spectrum of matrix R,. Hence,
under the additional assumption that:

¢n ——ce(0,00) and FFr —£  FR (2.14)

N,n—o0 N,n—o0

3Beware that T}, is not the entry-wise conjugate of T, due to the presence of z.
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where F'fi» denotes the empirical distribution of R,’s eigenvalues and F® is a probability
measure, it can easily be proved that

t'(z1)t' (= 1
@o,n(zl,zz) m O¢ (21, 22) —{ = (z1) ~( 2) — } , (2.15)
where ¢, are the limits of #,,#/, under (2.14).

The term ©1 ,. The interesting phenomenon lies in the fact that this term involves prod-

ucts of matrices R,ll/ ? and its conjugate R,ll/ ?. These matrices have the same spectrum but
conjugate eigenvectors. If R,, is not real, the convergence of O ,, is not granted, even under
(2.14). If however R,, and X,,’s entries are real, i.e. ¥ = 1, then it can be easily proved that
O0.n = O1,, hence the factor 2 in [3] between the complex and the real covariance.

The term ©s . This term involves quantities of the type ( 71/ 2T Rl/ 2)“» which not only
depend on the spectrum of matrix R,, but also on its eigenvectors. As a consequence, the
convergence of such terms does not follow from an assumption such as (2.14), except in
some particular cases (for instance if R,, is diagonal) and any assumption which enforces
the convergence of such terms (as for instance in [25, Theorem 1.4]) implicitely implies an
asymptotic joint behaviour between R,’s eigenvectors and eigenvalues. We shall adopt a
different point of view here and will not assume the convergence of these quantities.

2.3. Representation of the linear statistics and limiting bias. Recall that ¢,(z) is
the Stieltjes transform of a probability measure Fj,:

ta(2) :/@ . (2.16)

The purpose of this article is to describe the fluctuations of the linear statistics

N
Lu(f) = Y- 100 =N [ FO) Fa(ay 2.17)

as N,n — oo, in the case where the function f is analytic in a neighborhood of the limiting
support (to be properly defined) of the spectrum of ¥,%* and C is a contour surrounding
this limiting spectrum. The function f being analytic, one can rely on the following version
of Cauchy representation formula:

Lo(f) = trf(S.5%) N/f
- ij{f ) {tr Qn(2) — Ntn(2)} d | (2.18)

where the last equality follows from the fact that

[ 1OE N =~ § rot,

an immediate consequence of (2.16), Cauchy’s representation formula and Fubini’s theorem.
Based on (2.18), we shall first study the fluctuations of:

trQn(z) — Ntn(2)
= Qu(2) — Bt Qu(2) + Etr Qu(z) — Nta(2)
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for z € C. The first difference in the r.h.s. will yield the fluctuations with a covariance
©,,(21, 22) described in (2.9) while the second difference, deterministic, will yield the bias:

Etr Qn(z) - Ntn(z> = |V|2Blyn(z) =+ I{B2_’n(z) —+ 0(1)
= Bu(z) +o(1) (2.19)
where
1/2 1/2 51/2+ S1/2
Biu(z) & —2°8 Ltr R/ T2 ()R> Ri/* T, (2) Ry
(1= 222 21e RT2) (1= V2228 LT 3T () Rl Rl T () R
(2.20)
L AT (R (RemiR?),
B2,n(2) = —Zst?l i1 i (221)

1— 222 Ltr R2T72

The discussions on the terms 01, and ©g, also apply to the terms B; ,, and Bs, (whose
expressions are established in Section 4) which are likely not to converge for similar reasons.

2.4. Gaussian processes and the central limit theorem. A priori, the mean B,, and
covariance ©,, of (tr@, — Nt,) do not converge. Hence, we shall express the Gaussian
fluctuations of the linear statistics (2.17) in the following way: we first prove the existence
of a family (N, (z),z € C)nen of tight Gaussian processes with mean and covariance:

EN,(z) = Bu(z),
cov(Np (1), Nn(22)) = On(z1,22) .

If X is a R or R?valued random variable, denote by £(X) its distribution. If P and Q are
probability measures over R?, the Lévy-Prohorov distance between P and @ is defined as:

dep(P,Q) =inf {e > 0, P(A) < Q(A®) +¢ for all Borel sets A C R%} | (2.22)
where A€ is an e-blow up of A (cf. [11, Section 11.3] for more details). If X and Y are random
variables, we denote (with a slight abuse of notation) by dzp(X,Y) = dep(L(X), L(Y)).

The fluctuations of the centralized trace will be described as:

dep (br Qn(z) — Ntp(2)), Nn(2)) m 0.

A multi-dimensional version of the previous convergence together with a tightness argument
will yield:

der (Lol =5 fIGN() ) 0.

21w N,n—o0

where —5= ¢, f(2)Nn(2) dz is a Gaussian random variable with well-identified parameters.

3. STATEMENT OF THE CLT

3.1. Assumptions and further notations. Recall the asymptotic regime where N,n —
oo, cf. (1.2), and denote by

N N N
Cn = —, e £ liminf — and A 2 lim sup — .
n n
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Assumption A-1. The random wvariables (XZ’; ;i 1<i<Nn),1<j<n,n>1)are

independent and identically distributed. They satisfy EX]: = 0, E|X|> = 1 and E|X}|* <
00.

Assumption A-2. Consider a sequence (R,,) of deterministic, nonnegative definite hermit-
ian N x N matrices, with N = N(n). The sequence (R,,n > 1) is bounded for the spectral
norm as N — oo:

sup || Ry || < oo .

n>1

In particular, we will have:

0 < Ap 2 liminf [|R,| < Af 2 limsup|[R.]| < oo.

,N—00

Assumption A-3. Let f be a function on R, analytic on an open interval containing

[AR (1 . \/e_i)Q,Ag (1 n \/F)Q] : (3.1)
ahere (1= VE) = win ((1-VE)" 5 (1-vE)").

If Ais a N x N matrix with real eigenvalues, denote by F4 the empirical distribution of
the eigenvalues (§;(A),i =1: N) of A, that is:

N
1
FA(dz) = " Z5Ai(A) (dx) .
i=1

Recall the definitions of Q,,, t,,, Ty, and £, (cf. (2.1), (2.3), (2.4) and (2.7)). The following
relations hold true (see for instance [3]):

To(z) = _§(1N+fn(z)Rn)fl and in(z) = _z(1+ltr1RT(z)) (3.2)

Recall that F,, is the probability distribution whose Stieltjes transform is ¢,,(2) and let F,
be the probability distribution associated to %, (z). The central object of study is the signed
measure:

Gn=N (anzii - Fn) —n (FZZZH - Fn) . (3.3)

3.2. The Central Limit Theorem.
Theorem 3.1. Assume that (A-1) and (A-2) hold true, and let fi,--- , fi satisfy (A-3).

Consider the random vector

Lin(£)

1>

(Ln(f1); -5 Lu(fr))
- (/fl(:z:)dGn(:z:),--- ,/fk(x)dGn(I)>

and the Gaussian random vector Z,(f) = (Zn(f1)s-+ s Zn(fr)) with means
1

EZ.(f) = 2i71_7{]”(z)lfo’n(z)clz where B, = |V|281,n+l€82,n (3.4)
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these quantities being defined in (2.19), (2 20) and (2.21), and covariance

cov (Z,(f), Zn(g)) = Iz 7{7{]“ (21)9(22)On (21, 22)dz1dzs (3.5)

where ©,, = Ogp, +|V|?O1., + £O2.,,, these quantities being defined in (2.9), (2.10)-(2.12).
The contours in (3.4) and (3.5) (two in (3.5) which are assumed to be nonoverlapping) are
closed, taken in the positive direction in the complex plane and enclosing the interval (3.1).

Then, the sequence of RF-valued random vectors Z,(f) is tight and the following conver-
gence holds true:
dep (Ln(f), Zn(f)) ——— 0,

N,n—o0

or equivalently for every continuous bounded function h : RF — C,

Eh(Ln(£)) = EA(Za(f)) ——— 0.

The proof of Theorem 3.1 heavily relies on Lemma 4.1 in Section 4, which extends [3,
Lemma 1.1].

3.3. The special case of diagonal matrices (R,,). This case partially falls into the frame-
work developed in Pan and Zhou [25] (note that the case V # 0 and 1 is not handled there).
Matrix R,, being nonnegative definite hermitian, its entries are real positive if R, is as-
sumed to be diagonal. In this case, matrix T}, is diagonal as well (cf. (2.4)), T}, = T, and
simplifications occur for the following terms:

Z1%22

A, = —t( Din(z2)tr Ry T (21) Ry Th(22)
Ounlir) = 22CUBy (rrac, 2y |
L1 p273
Bian(z) = —F; (1-222 %’IYR%T:%;r(R TIV(P)Z%2 O
Ban(2) A _ 33 %trR?LTS

= .
"1 — 222 Ltr R2T?
As one may notice, all the terms in the variance and the bias now only depend on the

spectrum of R,. Hence, the following convergence holds true under the extra assumption
(2.14):

An(z1,20) ——  A(z1, 22) 205(21)5(22)/( ~)\2FR(d)\) ) 7

N oo 14+ M(21))(1 + M(22))
O1,n(21, 22) m ©1(z1,22) = 8(22 {aAE;Z =) 1_ |V|2i4(21 22)} ’
o A2FR(d))
O2n(z1, 22) m) O2(z1,22) = ct'(z1)t (22)/ (14 M(21))2(1 + Mi(22))2
o e 3(2) N FR(d))
Bin) o B = mam s v G

c23t3(2) N FR(d))
B2, (2) Fr— By(z) = 1 .A(Z,Z)/ (1+ M (2))3
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where £, are the limits of #,,, #/, under (2.14). This can be packaged into the following result:

Corollary 3.2. Assume that (A-1) and (A-2) hold true. Assume moreover that R, is
diagonal, that the convergence assumption (2.14) holds true and let f1,--- , fr satisfy (A-3).
Consider the Gaussian random vector Z(£) = (Z(f1), -+, Z(fx)) with means

1
BA) = 5 § FOBE)E  wher B = VB + kB
and By and Bs are defined above and covariance
1
cov (Z(f). Z(g)) = 2 fj{f(Zl)g(Zz)G(m,zz)dzlsz where © = Og+|V|?O1 + kO,

and ©q defined in (2.15) and ©1, 04 defined above. The contours in (3.4) and (3.5) (two in
(3.5) which are assumed to be nonoverlapping) are closed, taken in the positive direction in
the complex plane and enclosing the interval (3.1). Then,

Lo(f) —2— Z(f) .

N,n—o0

3.4. Additional computations in the case where R, is the identity. In this section,
we assume that R, = Iy.

The term proportional to |V?|. In this case, the quantity A(21, 22) takes the simplified form
01?1{2
(1+1)(1+1a)

where we denote t; = t(z;), i = 1,2. Straightforward computations yield:

A(Zl,ZQ) =

0 t
—_ =t ,=1,2.
8Ziv4(21722) a +ti)tiA(Zl,Z2) ,i=1,
and
ctt ctht!
01(21,22) = — ~ 212 2 = ~ ht S
(1 + tl) (1 + tg) (1 - |V| ./4(21,2’2)) ((1 + tl)(l + tg) - |V|2Ct1t2)

If needed, one can then use the explicit expression of the Stieltjes transform of Marcenko-
Pastur distribution (see below).

The cumulant term. In the particular case where R, = Iy, Lytova and Pastur [23] (see
also [26]) provided an explicit formula for the cumulant term of the covariance based on the
Stieltjes transform of Maréenko-Pastur distribution. We recover this formula hereafter and
prove that

K K A A—(1+¢) ’
-— ) dz1dze = — A dA
12 j{]{ﬂm)@(zz) 2(21, 22)dz1d2o Ton? (/\ o )\/()\Jr 0 ) :
(3.6)
which is in accordance® with Lytova and Pastur’s result [23, Eq. (4.65)].

4Denote by the superscript P the quantities in [23] and use the correspondance cP «» 1/c, a® <+ ¢ and
kP <> (a*®)*k = 2k to check that the r.h.s. of (3.6) equates the formula provided in [23].
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Specifying ©s in the case R, = Iy, we obtain:

_4—:2 f‘%90(21)90(22)92(21722)d21d22 (3'7)
2

Now, in this case, t(z) is the Stieltjes transform of Marcenko-Pastur distribution and has an
explicit form (see for instance [26, Chapter 7]):

1) = 5= (VG- F P de- (z-(1-0))

where the branch of the square root is fixed by its asymptotics: z — (14 ¢) +o(1) as z — oo.
We have:

) 2
(3.7) = —% <jz§ tp(z)(zt(z))’dz) = —% <j£ p(2) 26\/(;:_—((11:5;2 = 4ch>

It remains to deform the contour into the cuts [A\™, A\*] where A= = (1 — \/¢)? and AT =
(1 + +/¢)? and to use the relations

V= (1+0)?—4e|,_, 1, = VAT =AM —- )
for A € [(1 — v/©)%, (1 + v/¢)?] to obtain

2 + 2
- e (140 ke (P A= (140
(3.7) ) <j£ w(2) 2¢/(z — (1 +¢))? —4cdz> N 472 </ oY) icy/ (AT = A)(A — /\)d/\>
A A= (1+0) i
= I (/ e \/(H—A)(A—A)d/\) |

which yields (3.6).

4. PROOF OF THEOREM 3.1

Denote by 2, convergence in probability and by op(1) any random variable which con-
verges to zero in probability.

4.1. Truncation. In this section, we closely follow Bai and Silverstein [3]. We recall the
framework developed there and introduce some additional notations.

4.1.1. Truncation of random variables. Consider a sequence of positive numbers (¢,,) which
satisfies:
8p =0, 0,n*/* = oo and 5,:4/ |X11]* =0
{Ix11126,VN}
as N,n — oo. Let in = n_l/QR,ll/Q)/fn where )A(n is a N x n matrix having (i, j)th entry
Xijl{\Xij|<6n\/N}' This truncation step yields:
i (Enz;; ” inig) 0. (4.1)

N,n—o0
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Define 3, = n_l/zR}lﬂ)N(n where X, is a N x n matrix having (7, j)th entry ()A(ij —E)/fij)/an,
where 02 = E|X;; — EX;;[2. Let G, = N(F=. — F,) and G,, = N(F=¥. — F,,), then
whenever f fulfills (A-3), the following holds true (cf. [3]):

/ fdG, — / fdG,,

Combining (4.1) and (4.2), we obtain [ fdG,, — ffdén — 0 in probability. Moreover, the
moments are asymptotically not affected by these different steps:

Vn > 0, P{

> 77} —— 0. (4.2)

N,n—o0

max (|EXZ — EX?

(B -1) 5 (BIX - EIXG)) —— 0. (43)

N,n—o0

Note in particular that the fourth cumulant of Xij converges to that of X;;. Hence, it is
sufficient to consider variables truncated at d,,v/n, centralized and renormalized. This will
be assumed in the sequel with no superscript (we shall simply write X;; and all related
quantities with Xj;’s truncated, centralized, renormalized with no superscript any more).

4.1.2. Truncation of process. Let x, be any number greater than the right endpoint of in-
terval (3.1). Let xy be any negative number if the left endpoint of (3.1) is zero. Otherwise,
let 20 € (0,x5(1-veE)?). Let yo > 0 and consider:

C={ar+iy:ye[0,yo]} U{x+1iyo: x € [xe, 2]} U{z, + 1y : y € [0,50]} (4.4)
We also denote by C = {z:2€C} and by ' =CUC.
We now introduce the Stieltjes transform of G,,. Let M,,(z) be defined as
M, (2) = tr Qn(2) — Ntp(2) = tr (228, — 21,) " — nt,(2) (4.5)
and M, (Z) = M,(2).

Let (e,,) be a real sequence decreasing to zero and satisfying for some o € (0,1), &, > n~=*.

Let

c - {ze+iv : ve[nle,,v)} ifae>0
£ {zi+iv : v € [0,v0]} ife, <0 7
Cr = {z.+iv : [n"te,, o]} .

Denote by C,, = CoU{x +iyo : = € [x4,2,]} UC,. We can now define ]/\/[\n(), a truncated
version of M, (+):

M, (z), for z € C,,
— ) Mu(z, +in7te,), forz=ux,.,v € [0,n e,
My (z) = and if z, > 0, (4.6)

M, (z¢ +in~te,), forx =mz,.,v€[0,n te,],

If f satisfies (A-3), it has been proved in [3] that

$.£6) (M(2) = 3, ()

< dsup Flen ( [max(max(Ra) (1 + Vo), Amax (Ea5) = 27

‘—1

+ [min in () 1(0.1) (€0) (1 = v/Em)2, Amin(EnE5)) — 2| ) (4.7)

which almost surely converges to zero as N,n — co.
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It is therefore sufficient to study ]\//Tn instead of M,,; we hence replace M, by ]\//Tn with no
loss in the sequel.

4.2. Extension of Bai and Silverstein’s master lemma. We state below the counterpart
of [3, Lemma 1.1].

Lemma 4.1. Assume that (A-1) and (A-2) hold true , then

(1) The process {J/\/[\n()} forms a tight sequence on C UC, more precisely:

_ —~ 2
E Mn('zl) - Mn(22)
sup ! < o
z1,22€C,n>1 |Z1 — 22|

(2) There exists a tight sequence (N,,(z), z € CUC) of two-dimensional Gaussian pro-
cesses with mean
EN,(2) = [VI*Bin(2) + kBan(2) (4.8)
where B1,,(2) and Ba,,(2) are defined in (2.20) and (2.21), and covariance:
cov (Np(21), Nn(22)) = E(Np(z1) —EN,(21)) (Nn(22) — EN,(22))
= Oon(21,22) + [VI? O1n(21, 22) + £O2.n (21, 22)
where ©g.n, O1., and O, are defined in (2.9), (2.10)-(2.12).

(3) For any functional F from C (CUC;C) to C, then
EF(M,) — EF (N,,) —— 0

N,n—o0

Remark 4.1. (1) The tightness of the process {]\//Tn} immediatly follows from Bai and Sil-
verstein’s lemma as this result has been proved in [3, Lemma 1.1] under Assumption
(A-1) with no extra conditions on the moments of the entries.

(2) Differences between Lemma 4.1 and [3, Lemma 1.1] appear in the bias and in the
covariance where there are respectively two terms instead of one and three terms
instead of one in [3, Lemma 1.1].

(3) Since the extra terms do not converge, we need to consider a sequence of Gaussian
processes instead of a single Gaussian process as in [3, Lemma 1.1].

(4) In order to prove that the sequence of Gaussian processes is tight, we introduce
a meta-matrix model to transfer the tightness of {M,} to {N,} (see for instance
Section 4.4.1).

It will be convenient to decompose M, (z) as:

My (2) = M}(2) + M2(z) where { %;8 - E@?ﬁ}j@‘)iﬁ%ﬁ (4.9)

We shall naturally extend this decomposition to ]T/[\n(z) = ]\/fnl (z) + ]T/[:f(z)

Denote by £; the N x1 vector §; = X.; = ﬁRlﬂX.j and by [E; the conditional expectation
with respect to the o-field generated by &1, - -+ ,&;; by convention, Eq = E.

We split Lemma 4.1 into intermediate results.
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Proposition 4.2. Assume that (A-1) and (A-2) hold true; let 21,20 € T = CUC, then:
M(e1) =3 75 (=) + or(1)

J=1

where the Z3'’s are martingale increments and

N B 120 (21) 2 (22) — On(z1, 22) # 0, (4.10)
= ,N—>00
N B 120 (1) 2] (22) — Onl21,73) # 0, (4.11)
= ,N—>00

where ©,, is defined in (2.9) and

]/\22(21) — Bn(zl) — 0,

n
N,n—oo

where B, is defined in (2.19).

Proposition 4.3. There exists a tight sequence (N, (z), z € T') of two-dimensional Gaussian
processes with mean EN,(z) = By, (z) and covariance

cov (Np(21), Nn(22)) = E(Np(z1) = EN,(21)) (Nn(22) — EN,(22))
= @n(zl,zz) .

The proofs of both propositions follow hereafter.

o~

4.3. Proof for Proposition 4.2. The fact that (M,,) is a tight sequence has already been
established in [3] (regardless of the assumption x = 0 and |V| = 0/1). In order to proceed,
we shall heavily rely on the proof of [3, Lemma 1.1] which is the crux of Bai and Silverstein’s
paper. In Section 4.3.1 we review the main steps of Bai and Silverstein’s computations of the
variance/covariance. In Section 4.3.3;, we compute the limiting variance. In Section 4.3.4,
we compute the limiting bias (some details are postponed to Appendix A). In Section 4.5,
we finally conclude the proof of Lemma 4.1 and address various subtleties which appear due
to the existence of a sequence of Gaussian limiting processes.

Recall that Qu(2) = (=2In + %,5;) 7, that §; = ¥.; = S=R'/2X; and denote by Q;(2)
the resolvent of matrix XX* — ;{7 i.e.

Qi(z) = (—2I + =5 — g€
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The following quantities will be needed:

fule) = @)

1
%)= TTEgmE
- 1
5B = T Thmg,e)
bu(z) = 1

1+%]EtarQ1( )
Ej(z) = f Q]( )5 tarQj( )7
d

6i(z) = §jQ§(z)§j—NtarQ§(z) = —&i(2).

We shall frequently drop subscript n and write Q and R instead of @), and R, in the
sequel.

4.3.1. Preliminary variance computations. We briefly review in this section the main steps
related to the computation of the variance/covariance as presented in [3]. These standard
steps will finally lead to Eq. (4.15) which will be the starting point of the computations
associated to the [V|?- and k-terms of the variance.

Let z € C,,.

N (fu(z) = Efn(2))

—Z Ej_1) Bj(2)€ Q3 (2);

Y5, </3j(2)6j(Z) - B () REE) +or()

Denote by

2() = -5, (B56) - B3 RAEE) ) = By ((a)es(2)

Hence,
n

Vz€Cn, N (ful2)—Efn(2)) =Y Z}'(z)+op(1)

j=1

or equivalently

Vzel, M\ ZZ" +op(1).

The r.h.s. appears as a sum of martingale increments. Such a decomposition is important
since it will enable us to rely on powerful CLTs for martingales (see [7, Theorem 35.12], and
the variations below in Lemmas 4.7 and 4.8). These CLTs rely on the study of the terms:

ZE] 1Z 21 (2) and ZE] 1Z (Zl)Z (2)

Jj=1
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Notice that since Z7(2) = Z}'(2), we have E; 177 (21)Z} (22) = Ej—12}(21)Z} (z2) with
Zz € I for zo € I'; it is thus sufficient to study the limiting behavior of:

ZEJ_lzjn(Zl)ZJn(Zg) , 21,29 €T

in order to prove (4.10) and (4.11). Now,

n

ZEJ 125 (21) 2] (22) = 6;?822 Y Ej1 [E; (Bj(21)g5(21)) By (Bj(22)e5(22))]

j=1

(4.12)
Following the same arguments as in [3, pp. 571], one can prove that it is sufficient to study
the convergence in probability of

ZEJ 1 [Ej (Bj(21)e;(21)) Ej (Bj(22)es(22))] -
Moreover,
ZE] 1[Ej (B(21)e5(21)) Ej (B (22)e(22))]
= ibn(zl)bn(zg)Ej_l [Bje;(21)Eje5(2)] +op(1)

= z": 21tn(21)22tn (22)Ej—1 [Eje;(21)Eje;(22)] + op(1) . (4.13)
j=1

Hence, it is finally sufficient to study the limiting behaviour (in terms of convergence in
probability) of the quantity:

ZEj_l (EJ Ej(Zl)Ej Ej(Zg)) , 21,20 €1 (414)

Jj=1

Denote by AT the transpose matrix of A. Applying (2.6) yields :

zn:Ejfl(Ejaj(zl)Ejfj(zz)) = nizn: (Rl/zEij(ZﬂR]Eij(22)31/2)

j=1

n T
—2 Ztr (RI/Q]EJ'QJ'(ZQRW (Rl/2]Eij(Zz)Rl/2) >
j=1

n N
S5 (R0 )

J=1i=1 "

(R2E;Q;(2)R?)

[

(4.15)
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The limiting behaviour of the first term of the r.h.s. has been completely described in [3]
where it has been shown that:
? - - 1 ¢ 1/2 1/2
m legtn(zl)tn(ZQ)ﬁ ; tr (R Eij (Zl)REJQJ(ZQ>R ) = @0171(21, 22)+0p(1) 5
(4.16)
with g (21, 22) is defined in (2.10).

We shall focus on the second and third terms.
4.3.2. The term proportional to |V|* in the variance. Notice first that the value of ¢,, and tn
is the same wether R is replaced by R in (2.3) and (3.2) since t,, and ¢,, only depend on the

spectrum of R (which is the same as the spectrum of R). Notice also that (R'/?)T = R'/2,
hence:

T _ _
(RV2E,Q;(20)RY?) " = RV2E QT (22) RY/2 .

Recall the definition of T),(z) given by (2.8). Taking into account the fact that for a deter-
ministic matrix A,

E¢TA¢; :%tr(RWARl/?) and E&AE = %tr(RWARl/?), (4.17)

and following closely [3, Section 2], it is a matter of bookkeeping® to establish that:

|V|22122t~ (Z ){ ( S " Rl/QE_ ) R1/2 R1/2E' . R1/2 T 4.18
7712 n\21)ln 22)2 T ng(zl) JQJ(ZQ) ( . )
j=1
= [VPPAn(21, 20) ¥ 1 z": . 1 +op(1)
' nig1- (%) [V|2A, (21, 22)
[VI2 Ay (21,22) dz
- /0 1—-=2 +or(l)
where s
An(z1,22) = 2200 (2) (o)t { RY2T (20) RV2RY2T, (22) RY/2 )
n
Finally,
82 8 8./4 (21 22)/821
4.1 — 2 " 1 — 2 Y n ) 1) .
821322( 8) VI7O1,n(21,22) + 0p(1) VI 02y {1 — |V|2An(2’1,z2)} +op(1)

(4.19)

4.3.3. The cumulant term in the variance. We now handle the term proportional to k in

(4.15):
(4.20)

The objective is to prove that E;Q;(z) can be replaced by T,(z) in the formula above, which
boils down to prove a convergence of quadratic forms of the type (2.5). Such a convergence
has already been established in [17] for large covariance matrices based on a non-centered
matrix model with separable variance profile.

5Similar computations for the term proportional to |V|? in the bias are outlined in Appendix A.
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By interpolating between the quantity (4.20) and its counterpart when the entries are
complex i.i.d. standard Gaussian, we will be able to rely on the results in [17] by using the
unitary invariance of a Gaussian matrix (see Proposition 4.5 and Eq. (4.26) below).

Let &, be the distance between the point z € C and the real nonnegative axis RT:
5. = dist(z,RT) . (4.21)

Proposition 4.4. Assume that (A-1) and (A-2) hold true and let u, be a deterministic
N x 1 wvector, then:

Bl Q) — 0 BQ() unl” < 10200 (5 ) ol

where ® and VU are fized polynomials with coefficients independent from N,n,z and (u).

Proof of Proposition 4.4 is an easy adaptation® of [17, Prop. 2.7].

Denote by X, a N X n matrix whose entries are independent standard complex circular
Gaussian r.v. (i.e. X;; = U + iV where U,V are independent N'(0,27!) random variables);

denote accordingly ¥, = n~Y/2RY/2X,,, éj = (in> -5 and Qn(z) = (—zIy + inifl)_l We

now drop subscripts N and n.

Proposition 4.5. Assume that (A-1) and (A-2) hold true and let u, be a deterministic
N x 1 vector, then:

EQun ~ 1B ] < 20w (5 ) P

where ® and U are fized polynomials with coefficients independent from N,n,z and (uy).

Proof. Consider the resolvent

. —1
QY (z) = (Z&éﬂ > &g —zIN>
=1

l=i+1

defined for 1 < i < n — 1. Denote by Q(© = Q and by Q™ = Q and write

n

wEQ - Qu =Y wEQ™ -Q")u. (4.22)
i=1
We shall evaluate the difference v*E(Q(®) — Q™M)u, the other ones being handled similarly.
Denote by Q(z) = (X1, &&F — zIn) ", then:
00— (- Qﬁlé;ff? and Q0 =0 — QO&Q
1+£1Q& 14+ £QG

6Notice in particular all the cancellations that appear when adapting the proof of [17, Prop. 2.7], due to
the fact that X, is centered here; notice also the fact that R not being diagonal has virtually no impact.
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Dropping the subscript 1 to lighten the notations, we get:

wE(QU - QW)u - m(le *g 0 Q )u

+EQE 1+6Q¢
Qe 0@ .
1+&Q¢ 1+ irRQ

VR < QEQ ___QeQ )
u - — = u
1+ itrRQ 14 1tr RQ
R ( QCQ__ QeQ ) .

1+1rRQ  1+£°Q¢

The second term in the r.h.s. above is zero (simply compute the conditional expectation
with respect to ), the first and third term are of a similar nature; we therefore only estimate
the third one denoted by Asz below.

|As] =

o*E QL Q  QerQ .
1+1rRQ  1+¢°Q¢

g EQuuQe

(1+&QH(1 + +tr RQ)

2
e
[Tm(z)[?
where the last inequality follows from Cauchy-Schwarz inequality plus the fact that both
(—z(1 +§*Q§))_l and (—z(1 +n*1trRQ))_l are Stieltjes transforms and hence upper-

bounded in module by [Im(z)|~!. A control for the first expectation in the above inequality
directly follows from classical estimates (see for instance [4, Lemma B.26)):

(&*Q& - 1trRQ) |
n

1 2 2 2
S T

3 1 P K .
E |£*Q¢ — EtrRQ < §E|X11|4E (tr RQRQ*) < Bl X1 [ (4.23)

where K is a constant whose value may change from line to line but which remains indepen-
dent from N,n. The second expectation can be handled in the following way:

2

E|¢* QuurQe|” E

£ Quu*QE — %tr RQuu*Q + %tr RQuu*Q

2

.1 P 1 .
< 2E | QuurQ€ — —tr RQuu*Q)| + 2E '—tr RQuu*Q
n n
K . . - .
< SE[Xu|*Etr (RY2Quu*QRY?)(RY?Quu*QR'?)*
n
2 ..
+—=E ’u*QRQu’2
n
201,114

n? [Im(z)[*
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It now remains to gather (4.23) and (4.24) to get:

JE(00 — 00 ul < Laznw (L)
B (Q0 - Q%) u| < e (5 ) lul®

Finally, the result follows by upper-bounding each term of the sum in (4.22).

O

Corollary 4.6. Assume that (A-1) and (A-2) hold true, then the following convergence
holds true:

%izjv: (RY/2E;Q; (21 RW) (RY/2E;Q5(20)RY2)

n i

j=1i=1

2

(Rl/QT(Zg)R1/2) ~ P ..
i n,N—o0

Z (R1/2T R1/2) )

i
i=1

3|}—‘

Proof. We first transform the sum to be calculated:

L3S (w0 eon),

j=11:=1 "

(Rl/zEij(zQ)R1/2) B (4.25)

k22

Using Proposition 4.4 enables us to replace the conditional expectation E; by the true ex-
pectation in every term (RY?E;Q; (z)R1/2)ii. Now using the fact that

Q;&6Q;

1+&£5Q58;

and computations similar to those made in Proposition 4.5, one can replace EQ;(z) by EQ(2).
Finally, by Proposition 4.5, EQ(z) can be replaced by EQ(z). We are led to study the sum:

N
W2 (maen)
=1

Denote by R, = U, AU} the spectral decomposition of covariance matrix R,,. Since matrix
U, is unitary, then Y,, = U} X,, hasii.d. standard complex Gaussian entries and the resolvent
writes:

Q=Q;—

i (R1/2EQ(Z2)R1/2) (22

~ o~ —1 —1
0(z) = (R;/anngw_zIN) —U, (A1/2YnY;A1/2—zIN) U

UnQa(2)U; (4.26)
Denote by Ta(z) the matrix
Ta(2) = (—zIn + (1 — c0)A = zentn(2)A) 71,

where t,(z) is defined in (2.3); notice that the definition of ¢,(z) only depends on the
spectrum of R,, (or equivalently A); notice also that

To(2) =U,Ta(2) U, . (4.27)
It has been proved in [17, Theorem 1.1] that for every deterministic N x 1 vector vy,:

Elvi (Qa(e) - Ta) ol < 20ala)02 (5 ) loalt

1>
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Hence,
* * * 2 1/2
(V3 EQA (2)vn — viTa(2)val < (Elv; (Qa(2) = Ta(2)) val?)
A& T lloall? (14 @a(zD)) (142 (8.7)
< = /® U, (0 <
= \/ﬁ 2(|Z|) 2( z )— \/ﬁ 9 9
In particular, let e; be the i*" coordinate vector, then
’ (R1/2EQ(Z)R1/2) = (Rl/QT(z)Rl/Q) )
|(RV2UBQa(:)U"RV2) — (RV2UT(2)URY?)
IRV2U%e? (14 ®a(2) 1+ T2 (82
- vn 2 2 ’

which completes the proof. 0

Combining the result in Corollary 4.6 together with (4.13) and (4.15), we have proved so
far that:

82 2122t 1? n N
021029 p ; (R1/2Eij(21)Rl/2)ii (Rl/QEij (Zz)Rl/z)ii
1en 02
T N 0210 {leQt (z1)tn >(R T )R1/2)ii (RI/QT ( )Rl/z)”} +op(1)

Taking into account (3.2) and the matrix identity U(I + VU)"'V =1 - (I +UV)~!
obtain:

(92 legt n N 1/2 1/2
ZZ(R E;Q;(z1)RY?)

23

(RVE,Q;(=2)R?)

j=1 =1

1oL 92 i ]
= =) 5207 (In = (In + (1) R) ™), (In = (In + En(22)R0) 7Y, + 0p(1)

N
At Z (R1/2T2 R1/2) ) (R,l/QT,f(zQ)R}/Q) top(1),

= @2 n(Zl,ZQ) +Op(1:) (428)

where O3 ,, is given by formula (2.12).
Now gathering (4.16), (4.19) and (4.28), we have established so far:

ZEJ'AZ;L(ZQZ?(@) = O, (21,22) + 0p(1)

which is the first part of Proposition 4.2.
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4.3.4. Computations for the bias. In this section, we are interested in the computation of
N(Efn(2) — tn(2)). As

(I —cpn)

o= -0 ) ad () = -0

z

+ entn(z2)

we immediatly obtain N(Ef,(z) — t,(2)) = n(Efn(z) — £,(2)). Combining (2.7) and (3.2)
yields:

1 ~ _
+ —tr Ry (In 4+ n(2)Rn) " =0 (4.29)
n

—Z— =

tn(2)

Following Bai and Silverstein [3, Section 4], we introduce the quantity A, (z) defined as:

- 1 _ —1
An(z) = zEfn(z)—i—l—i—Etr (IN—i-Efn(z)Rn) —cp

_ 1 - -1 1
Efu(z) + 14 —tr (IN + Efn(z)Rn) ——trly!

_Efn(z) (—z - Efi(z) + %tar(IN +Efn(z)Rn)1> 7

hence
An(z) 1

Substracting (4.29) to (4.30) finally yields:

; ll B £n<z>§fn<z>

n %tr R(Iy +Ef(2)Rn) " . (4.30)

-1
-1

Efp(2)—tn(2) = —An(2)in(2) tr R? (IN + Efn(z)Rn)_l (In +tn(2)Ry)

which is the counterpart of [3, Eq. (4.12)]. The same arguments as in [3] now yields:

n (Efn(z) — En(z)) = —nA,(2)tn(2) {1 — #tr R? (In +1a(2)Ry) 2] +o(1). (4.31)

It remains to study the behaviour of n4, (z). Following [3, Eq. (4.10)], we obtain:

nA,(z) =

b2 - 1 1
;nEtr Ql (Efan + IN) RanRn - b121 TLE|: (5;@151 - gtrQan>

x (erl (EfuRn+ In) - %tr Q1 (EfuRn+In) - Rn) ] +o(1) .

Applying (2.6) to the right term to the r.h.s. of the previous equation (recall that RT = R),
we obtain:

b2 - —1 _ _
nAu(2) = |V 2Etr R/2Q) (Efan T IN) RY2RY2QT RY/2

2 Y . -1

Y (R}/QQlR}/Q) <R,1/2Q1 (Efan + IN) R}/Q) Yo(l). (4.32)
1=1 11

The first term of the r.h.s. has been fully analyzed in [3] in the case where R,, and X, are

real matrices. We adapt these computations to the general case and outline in Appendix A
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the proof of the identity:

VP "Et RY2Q), (EfnR +IN) RY2RY2QTRL/?

'n.t R}l/2T2() 711/2 *31/21?”(2)]?711/2

_ 2
= |V| \V|2 2t2t R1/2 ( ) }/2 —}l/QTn(Z)R}/Q

+o(1), (4.33)

where T),(z) is defined in (2.8). The term proportional to the cumulant in (4.32) can be
analyzed as in Section 4.3.3, and one can prove that:

N —_
- “% > (R£/2Q1R71/2) ) (R}ﬂ@l (Efan + IN) ' R}/2>
i=1 " i
o N
L S (RPTLRY?) (RYPT, (IuRa+ In) T RY?) +o(1) . (434)
1 23

[

1=

We now plug (4.33) and (4.34) into (4.31) to conclude.

n(EBf() () = i BT R R T (R
n(1- MEER g gL, ()R RYPT, () RYP) (1 - B B2
siy & (BITRE) (ROTRE)

z
_H n

4y o(1) .

272
n z°t
i=1 1-— Tntlf' R%Tg

Proof of Proposition 4.2 is completed.
4.4. Proof of Proposition 4.3.

4.4.1. The Gaussian process N,. In order to get some insight on properties related to deter-
ministic equivalents, it is sometimes useful to consider matrix models which actually converge
toward these deterministic equivalents. For instance, instead of having f,(z) — t,(z) — 0,
one may construct a matrix model for which the normalized resolvent would satisfy

FAl(2) ——= ta(2)
M—o0
for some extra parameter M. We proceed along these lines hereafter.

Let N, n and R,, be fixed and consider the NM x NM matrix
R, O
R, (M) = . (4.35)
0 R,

Matrix R, (M) is a block matrix with N x N diagonal blocks equal to R,,, and zero blocks
elsewhere; for all M > 1 the spectral norm of R, (M) is equal to the spectral norm of
R, (which is fixed). In particular the sequence (R, (M); M > 1) with N,n fixed satisfies
assumption (A-2) with (R, (M); M > 1) instead of (R,,). Consider now the random matrix

model:
1

vVMn
where X,,(M) is a M N x Mn matrix with i.i.d. random entries with the same distribution
as the X;;’s and satisfying (A-1). The interest of introducing the random matrix X, (M)
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lies in the fact that matrices X, (M)X,(M)* and X,X} have loosely speaking the same
deterministic equivalents. Denote by t,, T,, and t,, the deterministic equivalents of ¥, 3% as
defined in (2.3), (2.4) and (3.2), and by ¢, (M), T,,(M) and ¢, (M) their counterparts for the
model X, (M)X,(M)*. Taking advantage of the block nature of R, (M), a straightforward
computation yields (N, n fixed):
T, 0

VM >1, t,(M)=t,, t,(M)=1%, and T,(M)= .
0 T,
Similarly, denote by B, ar(, 2) and ©,, pr(z1, 22) the quantities given by formulas (2.19) and
(2.9) when replacing N, t,,, T, and #,, by NM, t,(M), T,,(M) and #,(M). Straightforward
computation yields:

VM >1, Bpwm(z)=DBn(z) and O, p(z1,22) = Opn(z1,22) .

7

Denote by ]\//Tn M (%) the truncated process’ associated to

Mya(2) = tr (2, (M)S,(M)* — 2Inn) "t — MNt,(2) .

Applying Proposition 4.2 to the matrix model 3,,(M)X,,(M)* yields: For z € T:
e nM
M, a(2) =) 2M(z) +op(1)
j=1

where the ZJM ’s are martingale increments and

nM
M M P
. ] -
Zl]E] 125 (21) 257 (22) Nn fixed , M—so00 On(21,22) ,
=

M? — 5 Ba(2).
n,M(Z) N,n fixed ,M—o00 n(Z)

Notice that there is a genuine limit in the previous convergence. Applying the central limit

theorem for martingales [7, Theorem 35.12] plus the tightness argument for (M, a(2),z € ')

provided by Proposition 4.2 immediatly yields the fact that ]\/4\n M converges in distribution
to a Gaussian process (N, (z), z € I') with mean B,,(z) and covariance function ©,,(z1, z2).

4.4.2. Tightness of the sequence of Gaussian processes (N,). In order to prove that the se-
quence of Gaussian processes (N,,) is tight, we shall prove, according to Prohorov’s theorem,
that it is relatively compact in distribution. Consider the set of matrices:
{(Rp(M),M >1); R, isa N xn matrix, N=N(n);n > 1}
where R, (M) is defined in (4.35). Since ||R,(M)| = ||Rx|| for all M > 1, we have
sup  [[Rn(M) sup || Rn| < oo

M>1,N,n—o00 || N N,n—o0
by Assumption (A-2). Hence, by Proposition 4.2, the family {]\/4\7111\/[; M > 1} N p—oo is tight,
hence relatively compact in distribution. As the distribution £(N,,) of the Gaussian process

"In order to fully define the truncated process, one may specify the thereshold e, (M) as en(1) = en,
en(M) = 0 and e (M) > (NM)™% - the contour C, (M) where both processes coincide can be defined
accordingly.
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N, is the limit (in M) of the distribution ﬁ( n,) of M, M, L(Ny,) belongs to the closure

of {E( w0 )}, which is compact. Finally, {£(N,,)} is included in a compact set, hence is
relatively compact. In particular, the family of Gaussian processes (1V,,) is tight.

4.5. Proof of Lemma 4.1. The two propositions below are minor variations of known
results. They will be helpful to conclude the proof of Lemma 4.1.

Lemma 4.7 (CLT for martingales I). Suppose that for each n Y1, Yna, -, Yy, is a real
martingale difference sequence with respect to the increasing o-field {F, ;} having second
moments. Assume moreover that (©2) is a sequence of nonnegative real numbers, uniformly

bounded. If

Tn

ZE | Fnj)—02 —L=0,

n—oo

and for each & > 0,

n—r 00

D E (Yl se) —L 0,
=1

then, for every bounded continuous function f: R — R

n—oo

Ef iym —Ef(Z,) —2—0, (4.37)

where Z,, is a centered Gaussian random variable with variance ©2.

Hereafter is the multidimensional and complex extension of Lemma 4.7 we shall rely on
in the sequel:

Lemma 4.8 (CLT for martingales I1). Suppose that for each n (Yn;;1 < j <r,) is a C4-
valued martingale difference sequence with respect to the increasing o-field {F, ;;1 < j <mr,}
having second moments. Write:

T 1 d
Y= (YL, YLy,

njs nj

Assume moreover that (0,,(k,?)), and (0, (k,£)), are uniformly bounded sequences of
complex numbers, for 1 < k, ¢ <d. If

Tn

% P
ZE (Va5 ¥y | Frg—1) = On(k,0) —— 0, (4.38)
S a P
D E (VYo | Fuje1) = Oulk ) —— 0, (4.39)
and for each € > 0,

Tn P

Y E(Yail Ly, se) —— 0, (4.40)

j=1

then, for every bounded continuous function f : C* — R

Tn

Ef | Y Vaj | —~Ef(Z.) —0, (4.41)
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where Z,, is a C*-valued centered Gaussian random vector with parameters

EZ,Z; = (On(k,)ke  and  EZ,ZY = (0,(k,0))ke -
Lemmas 4.7 and 4.8 are variations around the Central Limit Theorem for martingales
(see Billingsley [7, Theorem 35.12]) which enables us to prove (in the real case):

292
202

VteR, EetXitiYni =2 50

and Lévy theorem for the weak convergence criterion via characteristic functions (see Kallen-
berg [20, Theorem 5.3 and Theorem 5.5]) which yields (4.41) from the above convergence.
Details of the proof are omitted.

Lemma 4.9 (Tightness and weak convergence). Let K be a compact set in C; let X1, Xo, -
and Y1,Ys, -+ be random elements in C(K,C). Assume that for alld > 1, for all z1,--- ,zq4 €
K, for all f € C(C4,C) we have:

Ef(Xn(Zl)u T 7Xn(zd)) - Ef(yn(zl)v T 7Yn(zd)) — 0.

n—roo

Assume moreover that (X,) and (Yy) are tight, then for every continuous and bounded

functional F : C(K,C) — C, we have:

EF(X,)—EF(Y,) — 0 .

n—oo

Lemma 4.9 can be proved as [20, Lemma 16.2]; the proof is therefore omitted.
We are now in position to conclude.

In order to apply Lemma 4.8, it remains to check that ©,, as defined in (2.9) is uniformly
bounded for z1, z9 € I fixed but this is an easy byproduct of Proposition 4.3.

Proposition 4.2 together with Lemma 4.8 (notice that condition (4.40) can be proved as
in [3]) yield the fact that for every zi,---,z4 € C UC and for every bounded continuous

function f : (C U é)d — C:

—~

Ef(Mn(21), ", Mn(22)) = Ef(Nu(21), -+, Nu(22)) ——— 0,

N,n—o0

where N,, is well-defined by Proposition 4.3. Now the tightness of ]\//Tn and N, together with
Lemma 4.9 yield the last statement of Lemma 4.1.

4.6. Proof of Theorem 3.1. Theorem 3.1 is now almost completely proved. It remains to
prove that L, (f) and Z,(f) being tight, the following equivalence holds true:

dep (Ln(£), Zn(f)) ——— 0 <= Eh(Ln(f)) — Eh(Zn(f)) — 0

N,n—o0 N,n—o0

but this can be proved easily by contradiction using the fact that d,p metrizes the conver-
gence of laws.
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APPENDIX A. PROOF OF PROPOSITION 4.2: REMAINING COMPUTATIONS FOR THE BIAS

In this section, we outline the proof of identity (4.33) which we recall below:

b2 . -1 _ _
VLR RY2Q) (B R+ In) | RYPRYAQTRY?

e ZSEL tr R}/QTﬁ (Z)R}z/QR}I/QTn(z)R}ZN
1= PE2B b g/ ° T, (o) Ry R P T () R

+o(l). (A1)

The proof closely follows computations in [3, Section 4] and is essentially a matter of book-
keeping; in particular, all the estimates established there remain valid in the context where
R, and X,, are not real. We shall focus here on the algebraic identities.

We first replace Q1 by @ and approximate @ by (cf. [3, Eq. 4.13]):
Q(2) = —(2In = bu(2)Ry) ™" + bu(2)A(2) + B(2) + C(2) (A.2)

where

Alz) =Y (In = ba(2)Ra) " (&€ — 0 " Ra)Q;(2) -

j=1

The terms B(z) and C(z) will not contribute in the sequel. Denote by

M = (EfuR.+In)"'RY/?R)/?,

T = Leuryiq (Bfm,+ 1) RRQIRY: .
We have:
T = %EtrR}/QQlMQlTR}/Q

1 _
—Etr RY2QMQTRY? + (1)
n

1 bn _
——Etr RY2(2In — b,(2)R,) ' MQTRY? + Oul2) gy RYZA(2)MQTRY? 4 0(1)

z
n

>

T + T + (1) (A.3)

In order to compute 77, we approximate Q7 in the same way as in (A.2); we take into account
the fact that for some deterministic matrix I'; Etr (I'A) = 0; we also use the approximation
bn(z) = —2t,(2) + o(1) and equation (3.2). The computation of 77 then easily follows:

Ti

1 _
—Z—Etr RY?(2In — b (2)R,) ' MQT RY/?
n

1 L
= —trRY2(2In — bp(2)R,) " M (2In — bn(2)Rp) " *RY? + 0(1)
n

~Ztr RV2T2()RY2RV2T, (2)RY/? + 0(1) .
n
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We now focus on the term

o= bnT(Z)Etr RY/?A(z)MQ" R/
= bnT(z)Etr RY/? Z(ZIN - bn(z)Rn)_l(gjg;f —n'R,)Q;(2)MQT RY/?
j*l
= bn ( )Et Rl/zz (zIn — bn( {égéng (QT—Q;‘-F)+D(Z)+E(Z)}R1/2
7j=1

where

D(z) = &&Q;MQj —n"'R,MQ;MQT

will not contribute. Using the rank-one perturbation identity for QT — QJT, we obtain:
bn(z n B . )
o= —75 S RY2 S (o = bu(2) Ra) 1€ Q5(=)M(QT — QT)RY? + o(1)
j*l
bn Z) 1 B Qngg Q
= — 22 Etr RY2Y (2In — ba(2)Ry) L€ Q ()M oI RY2 4 (1)
n ; 7S5 ] 1 +€ QT§J

bn(2) — 1 o B . B
= Y Errorr (SRR - ()R TG (§Qi(IMQTE) + (1)
j=1 J ey S
In order to pursue the computation of 72, we shall perform the following approximations:
The quantity (1 + &; erﬁj)’l can be replaced by b,, and the two remaining quadratic forms
in the expectation can be decorrelated. Now, using formulas (4.17), we obtain:
b2 (2) — . _ -~ ) _
7 = -wllsg (g*QTR1/2R}/2(zIN — bn(2)Rn) 1@-) E (§Q;(2)MQJ&;) + o(1)

n
Jj=

2 n
_ |V| bi(2) ZIE (Rl/zQ;‘-FRl/zR}/Q(zIN—bn(z)Rn)_1R1/2) Etr (Rl/sz(z)MQjTRl/?)Jroa)
Jj=1

We can now replace @; by @ with no loss and use equation (A.2) to obtain:

T2 —%Etr (RV2QT ()R RY/ (21 = bu(2)Ra) " R'?)
XEtr (RY? (=(2In + bu(2)Ra) ™+ ba(2)A(2)) MQTRY2) + o(1)
= VPRt BT RY2RYT ()R (T; +T5) +of1) (A1)
Denote by

1 e =
Ts = —tr RY?T(2)RY?RY*T(2)R'/? .
n
We now extract Tz from (A.4) and plug it into (A.3). We finally obtain:

TiTs T
1= VP(2)Ts L= VP (2)Ts

Multiplying 7 by —|V|?b2(z) = —|V|?22£2 () finally yields (A.1).

T = T+ |VPi(2) +o(1) +o(1) .
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