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On the rigid-lid approximation for two shallow layers
of immiscible fluids with small density contrast

Vincent Duchéne

February 4, 2014

Abstract

The rigid-lid approximation is a commonly used simplification in the study of density-
stratified fluids in oceanography. Roughly speaking, one assumes that the displacements of the
surface are negligible compared with interface displacements. In this paper, we offer a rigorous
justification of this approximation in the case of two shallow layers of immiscible fluids with
constant and quasi-equal mass density. More precisely, we control the difference between the
solutions of the Cauchy problem predicted by the shallow-water (Saint-Venant) system in the
rigid-lid and free-surface configuration. We show that in the limit of small density contrast, the
flow may be accurately described as the superposition of a baroclinic (or slow) mode, which is
well predicted by the rigid-lid approximation; and a barotropic (or fast) mode, whose initial
smallness persists for large time. We also describe explicitly the first-order behavior of the
deformation of the surface, and discuss the case of non-small initial barotropic mode.

1 Introduction

1.1 Motivation

The mass density of water in the ocean is not constant, due to variations of temperature and
salinity. As a matter of fact, one typically observes a sharp separation between a layer of warm,
relatively fresh water above a layer of cold, more salted water. The interface between these two
layers may experience great deformations that are mostly invisible at the surface, but account for
important oceanographic features, such as internal solitary waves or the dead-water phenomenon
(see, e.g., [I7, 21], 20] and references therein). The study of these internal waves has attracted a
considerable amount of attention in the past decades, and lead to a vast collection of various models.
In order to simplify the setting, two approximations are commonly used in the literature, namely the
rigid-lid and Boussinesq approximations. Roughly speaking, the rigid-lid approximation consists
in neglecting the surface displacements compared to interface displacements, while the Boussinesq
approximation relies on the assumption that the density differences between the two layers is small.
Acknowledgedly, these two assumptions are related: a fixed amount of energy generates a much
smaller displacement on the air/water interface than on the fresh/salted water interface, because
the ratio of mass densities across the interface is negligible in the former case when compared to
the latter.

The ambition of this article is to offer a rigorous justification of the above presumption. We
restrict ourselves to one of the simplest possible setting, that is two infinite, two-dimensional layers
of immiscible fluids with constant density, above a flat bottom. Moreover, we consider sufficiently
shallow layers so that the hydrostatic approximation is valid; thus we study the so-called Saint-
Venant [13], or shallow-water equations. Even in that much simplified setting, we will come across
serious difficulties, which come from the fact that the typical surface wave speed, as predicted by
the linearized system, is much greater than the typical interface wave speed, in particular in the
limit of vanishing density contrast. Thus within the terms neglected in the rigid-lid approximation
are contributions whose velocity blows up in the limit we consider. As a matter of fact, even the
well-posedness of the Cauchy problem for the Saint-Venant system in the free-surface configuration
on a relevant time scale (i.e. non-vanishing with the density contrast) is challenging.
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To our knowledge, very few works are concerned with the validity of the aforementioned ap-
proximations, despite the early concerns expressed by Long [3I] and Benjamin [4]. Grimshaw,
Pelinovsky, Poloukhina [I8], Craig, Guyenne, Kalisch [I1], Craig, Guyenne, Sulem [12] and the
author [I5] derived and compared asymptotic models in both the rigid-lid and free-surface settings.
However, they do not directly compare solutions of the two models with corresponding initial data,
but rather parameters of their models, or explicit solutions (solitary waves). Moreover, and maybe
more importantly, their analysis is restricted to weakly nonlinear waves, so that the deformation
of both the surface and interface is assumed to be small. Recently, Leonardi [30] studied in much
details the validity of the rigid-lid approximation in a linearized setting, and without explicitly
looking at the limit of small density differences. Conversely, our study accounts for fully nonlinear
waves, and directly compares the solutions predicted by the rigid-lid and free-surface systems, in
the limit of vanishing density contrast.

1.2 Presentation of the models, and main result

In this section, we present the two models we study, namely the shallow-water (or Saint-Venant)
systems in the free-surface and rigid-lid configuration; see Figure[I] We briefly describe some early
properties of these models, and state our main result in Theorem [I.2] There follows an outline of
the present paper, and some notations used therein.
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(a) Free-surface situation (b) Rigid-lid situation

Figure 1: Sketch of the domain in the two different situations

The free-surface system. Let us first introduce the shallow-water model with free surface, that
we simply refer to as free-surface system.

a0yC1 + Oz (hiuy) + 0z (houg) =0,
0¢C2 + Oz (haua) = 0,

Oruy + a%@cﬁ + 50, (Ju1?) =0, (1.1)
Ortiz + (8 +7) DGz + 72 0,C1 + 50, (Juzf?) =0,

where we denote h; = 1 + ea(; — €(3, and hy = % ~+ es.

This system has been obtainecﬂ in [I0, 11, and justified in [I4] as an asymptotic model (in the
shallow-water regime) for a system of two layers of immiscible, homogeneous, ideal, incompressible
fluid under the only influence of gravity (the so-called full Euler system). It describes the evolution
of the deformation of the surface, (1, the interface, (2, and the horizontal velocity of the fluid in
the upper (resp. lower) layer, u; (resp. uz)El More precisely, the two layers are assumed to be
connected, infinite in the horizontal dimension = € R, delimited below by a flat bottom, and by the
graph of the functions (i (¢, x), (2(t, x) (see Figure.

IThe models presented in these works are not limited to flat bottom or horizontal dimension d = 1. They present
different constants in the velocity equations. This is due to a different choice of scaling in the non-dimensionalizing
step. We chose our scaling in order to set the typical velocity of the internal wave (obtained by solving explicitly the
linear system, i.e. setting & = ¢ = 0) as ¢p = %1, consistently with the rigid-lid system .

2The Saint-Venant model is usually derived using the so-called hydrostatic approximation. Equivalently, one may
assume that the horizontal scale is large compared with the vertical scale, so that the horizontal velocity field is
accurately described as constant throughout the depth of each layer of fluid.
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The parameters «, 6,7, € are dimensionless parameters that describe characteristics of the flow.
More precisely:

0 represents the ratio of the upper-layer to the lower-layer depth;

~ represents the ratio of the mass density between the two fluids;

€ represents the maximal deformation of the interface, divided by the upper-layer depth;

« represents the ratio of the maximal deformation of the surface to the one of the interface.
In particular, hy denotes the depth of the upper layer, and hy the depth of the lower layer.

Remark 1.1. Another dimensionless parameter plays an important role, but is not visible here,
although it is essential for the construction and relevance of the shallow-water models. If we denote
by w the ratio of the depth of the two layers to a characteristic horizontal length, then one assumes

< 1, and all terms of size O(u?) are neglected in (.1]).

An additional dimensionless parameter is ubiquitous in the present work, and obtained as a com-
bination of the aforementioned parameters. It turns out to be convenient to express the assumption
that the density contrast between the two fluids is small with

I—n
<1 ; = 4/ —.
¢ ¢ v+
We conclude the presentation of the free-surface system by mentioning that system (1.1)) is
obviously a system of four conservation laws, but also induces at least two other conserved quantities.

Indeed, as noticed in [3], after manipulating the equations, one may obtain:

e Conservation of horizontal momentum:

Or(yhiur + haug) + 0up + Ou(Yh|ur|? + halus|?) = 0,

where p is the “pressure™ p = 1 (’yff—:’y(hl + h2)? + (v + 5)h§).

e Conservation of energy:
1
HE + 0, (2(7h1|u1|2u1 + holua|*ug) + Yhiuy + h3us + yhiho(ug + u2)> =0,
where we denote E = 1yhy|ui|? + Sholus|? + p.

The rigid-lid system. The model corresponding to (1.1)) in the rigid-lid configuration, that we
refer to as rigid-lid system, is

hiha )

om0

:0,

(1.2)
hy —~h3

€ 2) _
v + (Y+06)0n + 28I((h1+’yh2)2|v| ) 0.

Here, 7 represents the deformation of the interface, and v the shear velocity, namely v = us — yuq;
see below and Figure Again, hi, he denote the depth of the upper (resp. lower) layers, thus
h1 =1—en and hy = 1/0 + en. Parameters v, d, € are defined as previously.

System has been justified as an asymptotic model in the shallow-water regime in [6]]
starting from the full Euler system in the rigid-lid configuration. Let us show how to formally

3The justification provided in [6] —as well as in [T4] in the free-surface configuration— is in the sense of consistency:
sufficiently smooth solutions of the full Euler system satisfy the equations of up to small, i.e. O(p?), remainder
terms. The rigorous, full justification follows from the well-posedness of both the full Euler system and the shallow-
water model, as well as a stability result which allows to compare the solutions of both systems with corresponding
initial data on the relevant time-scale. In the rigid-lid situation, Lannes [28] recently solved the difficult problem of
the well-posedness of the full Euler system, consequently completing the full justification of ; see [28 Theorem 7).
No such result is available in the bi-fluidic free-surface configuration.
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recover ([1.2) from (1.1f). Set ¢; = 0 (or, equivalently, @ = 0) in (1.1)). It follows in particular from
the first equation that

8z(h1u1) + 8a;(h2u2) = 0. (13)
Since hiui and hous are scalar functions vanishing at infinity, we deduce the identity hiu; = —hous.
Thus, when we define v = us — yu1, one obtains
—hQ’U hl’U
U =-——"—"— and U= -—"—"—. 1.4
" + vha T h +vha (14)

It is now clear that the second equation, and a linear combination of the last two equations of (|L.1])

yield (1.2) (with n = {3). We aim at giving a rigorous confirmation of the above calculations.

Main result. We state here the main result of the present work.

Theorem 1.2. Let s > s+ 1, so > 1/2, and dmin, Imax, Ymin > 0. Consider («, d,¢€,v) € P, with
P = {(04,5767’)/), 0 S 07 S 17 6min S é S 5maxa 0 < e S 1a “Ymin S v < 1}

Let ¢9,¢9,u%,uY € H5TH(R) satisfy the following hypotheses:
e
Gl geer + 02 —7ul| oy £ M and E|C?!Hs+1 + [yhud + hauy| g, < Moo (15)
as well as (denoting hY = 1+ eal — eC§ and hY = 571 +€(9)

—ui (@)

)

0
Vz € R, min {h(l)(g;) : h(z) — €2 |U2(x?y -

“1)204,0 () — ~vu (2|2
(19(2) +913(a)? — @200t =il

> ho >0, (16)

where 0 < hg, M < 0o are fized.
Then there exist T~1,C, positive, depending only and non-decreasingly on M, ho_l,ér;iln,émax,
Yoot and 8017l , such that the following holds.
2
1. There exists a unique solution, (n,v) € C([0,T/(eM)]; H¥1(R)?) N CL([0,T/(eM)]; H*(R)?)
to (1.2), with initial data (n|i=0 = 3, v |i=0 = u§ — yu?).
2. There exists a unique solution, (1, C2,u1,u2) € C([0, Tmax); H*THR)MNC ([0, Tinax); H* (R)?)
to (L.1), with initial data ((9,¢9,u,u3), and Tyax > T/ max{eM, o}.

3. One has, for any 0 <t < T/max{eM, o},

«
EHCl"Lw([o,t];Hs) + H’yhlul+h2u2||L°C([O,t];HS) < C Moy,

and
[l — <2HL<>0([0¢];H5) + o= (u2 — 7“1)||Loc([o,t];Hs) < CMo

Remark 1.3. The restriction on the mazximal time of existence for the solution of the free-surface
system, Tmax > T/ max{eM, o}, as opposed to the classical Tinax > T/(eM), is purely technical, and
does not reveal any limitation that would appear in the weakly non-linear case, eM = O(p). On the
contrary, we know that in the latter case (see Proposition and Remark he system
is well-posed over time Tmax = (eM)™Y, without the additional condition in (1.5). Moreover, it
would not be difficult to obtain an asymptotic description of the solution similar to the one ob-
tained by the author in [15] (without the dispersion terms), namely that the flow may be accurately
approxzimated as a superposition of four independent waves; each driven by an inviscid Burgers’
equation. The solution of the rigid-lid system complies to similar description (with only two
counter-propagating waves), thus the two solutions are easily compared. We present in Section
a similar decomposition of the flow allowing stronger nonlinearities; see in particular Theorem [{.5]
and Proposition [{.6

In order to acknowledge the fact that we are interested in strong nonlinearities, and to ease the
reading, we set € = 1 in the following.
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Remark 1.4. The factor % in front of 1 is natural in our context. Indeed, one easily deduces from
the aforementioned conservation of energy for (L.1)) that

/E(x)—E(oo) de =~ %‘a@’iz + |<2’2LQ + 7’u1|i2 + |“2‘iz is constant in time,
R

so that without any further assumption than a finite initial energy, we know that 71/2% ‘Cl ’L2 remains
bounded as long as the solution is well-defined. For simplicity’s sake, we set a = p in the following.

Let us emphasize again the consequences of the assumptions made on the preceding remarks.
The set of parameters we consider throughout the rest of the paper is

[1—~
= 4 = = — 6min < 0 < 5max7 =1, 1 .
P {(av 1 67Y), 4% ’Y"'_é, € 0 < v < }

with fixed 0 < dpmin < dmax < 00. The interesting limit is therefore p — 0 or, equivalently, v — 1.
Except for Section [2] and Appendix [A] we additionally impose 0 < Ymin < 7, With Ymin fixed. The
assumptions ¢ = 1 and a = p do not lack in generality, as one can recover the general case, and
in particular the set of parameters in the statement of Theorem after applying straightforward
scaling factors on the unknowns.

Remark 1.5. Notice that we do not impose any smallness on the parameter o. Of course, for
non-small o, our result does not improve already existing results in the literature, namely the well-
posedness of the Cauchy problem in Sobolev spaces for the free-surface and rigid-lid systems (see
Section @) In that case, one does not expect the free-surface solution to be accurately described
by the rigid-lid solution. In other words, the rigid-lid approximation is not valid if ¢ is not small;
see, for example, the discussion and numerical simulations in [I5)]. When o is small, the essential
assumption s the second inequality in , which can be viewed as an assumption of well-prepared
initial data: it ensures that the time-derivative of the flow is initially bounded, uniformly for o small.
Such assumptions are standard in the analysis of singularly perturbed systems; see e.g. [23, [8].

Remark 1.6. A natural extension of our work would consist in treating the situation of horizontal
dimension d = 2. The free-surface system in that case has the same quasilinear structure as ,
and a symmetrizer has been exhibited in [T]|]. On the contrary, the rigid-lid system as constructed
in [0 is quite different as it involves a non-local operator constructed from the orthogonal projector
onto the gradient vector fields of L>(R*)?. This can be seen from the fact that equation , imposed
by the rigid-lid hypothesis, becomes V - (hyu; + hous) = 0, which does not enforce hyu; + houy = 0
when uy,uy map R? to R? (and in particular, does not hold in general). Let us note, however,
that the well-posedness of the shallow-water system in the rigid-lid configuration when d = 2 has
been established in [19,[7]. Interestingly, the system considered in [7], which is formulated differently
than in [6, [T9] and admits non-irrotational velocity fields, offers a clear approximate solution (in
the sense of consistency) to the Saint-Venant system in the free-surface configuration.

Remark 1.7. The case of a (sufficiently reqular) non-flat bottom topography can be treated follow-
ing the strategy of this work, after straightforward arrangements. Indeed, the hyperbolic structure of
systems and is not altered when topography is taken into account, and the only modifi-
cation is the apparition of a “source” term of the form £(U)0,b where f is a vector-valued function
depending only on U the unknown vector-field, and b the bottom topography. Note however that
the decomposition between fast and slow mode introduced in Section [f] would not be valid, as the
persistence of spatial localization (e.g. Lemma does not hold with the additional source term.

Remark 1.8. Contrarily to the shallow-water systems and , the corresponding full Euler
system is ill-posed in Sobolev spaces in absence of surface (or rather interface) tension, due to
the so-called Kelvin-Helmholtz instabilities. In [28], Lannes shows that, at least in the rigid-lid
configuration, a small amount of interface tension may be sufficient to reqularize the high frequency
component of the flow, hence ensuring the existence and uniqueness of a solution to the initial-value
problem for large time. By selecting the low-frequency component of the flow, the shallow-water
assumption tames the Kelvin-Helmholtz instabilities, and allows for our systems to be well-posed
even without the corresponding surface tension components. Conditions , or more precisely
the restrictions on the magnitude of the shear velocity that define the domain of hyperbolicity of
systems and , are reminiscence of these instabilities.
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Outline of the paper. Section[2]is dedicated to some preliminary results on the Cauchy problem
for systems and , obtained through classical techniques on quasilinear, hyperbolic systems.
Indeed, one easily checks that systems and are Friedrichs-symmetrizable under reasonable
assumptions on the data. As a matter of fact, the Cauchy problem for has been studied in
details in [T9, [7] (with the much more difficult case of horizontal dimension d = 2), and we recall
their result in Proposition [2.1

In the same way, one obtains easily the well-posedness of the Cauchy problem for the free-surface
system through standard energy methods; we state the result in Proposition and postpone
its proof to Appendix However, the resulting time of existence is only of size T' 2 9. One purpose
of our work to obtain a control of the energy over large time (i.e. uniform with respect to g small),
as well as describing the asymptotic behavior of the solution when o vanishes.

Let us mention that Proposition also contains the usual blow-up criterion, so that item 2.
in Theorem is a consequence of the control of the solution on the relevant time scale. Thus it
suffices to prove item 3., and the entire statement follows. Section [3|is dedicated to the proof of
item 3.

Finally, in Section [4) we discuss several natural developments around Theorem namely

e The construction of a first-order corrector term in order to reach a higher precision. In
particular, we describe the asymptotic behavior of the small deformation at the surface.

e The case of ill-prepared initial data, that is data failing to meet the smallness assumption
in (T35).
On both counts, the relevant notion lies in a decomposition between fast mode and slow mode

(or barotropic and baroclinic mode), that we precise therein. Finally, Section also contains a
discussion on the different results of the present work, supported with numerical simulations.

Notations. If not specified, Cy denotes a nonnegative constant whose exact expression is of no
importance. In the present work, Cj almost always depend non-decreasingly on 5;1i1n7 Omax, fy;iln, and
often on ﬁ, such dependency being non-necessarily specified. The notation a < b or a = O(b)
means a < Cyb, and a ~ b means a < b and b < a, while a ~ b means § — 1 (0 — 0).

We denote by C(A1, A2,...) a nonnegative constant depending on the parameters Ai, Ag,...,
and whose dependence on the A; is always assumed to be nondecreasing.

The real inner product of any functions f; and fy; in the Hilbert space of square-integrable
functions, L? = L?(R), is denoted by

(fi, f2) = /Rfl(x)ﬁ(l“) dx.
The space L™ = L*°(R) consists of all essentially bounded, Lebesgue-measurable functions f, and
}f|Loc = esssup |f(z)] < oo.
z€R

For any real s > 0, H®* = H*(R) denotes the Sobolev space of all tempered distributions, f,
endowed with the norm |f|zs = |A®f|z2 < 0o, where A is the fractional derivative A = (Id —92)'/2.
For any U = (C1, (2, ur,uz) | € H¥(R)* and 0 < v < 1, we introduce the following norm:

U = vl + Calm + v lu . + Ju2l,. -

Except in Section [2] and Appendix [A] we assume that ~ is uniformly bounded from below, so that
X is equivalent to the standard H*®(R)*-norm.

For any functions u = u(t,z) and v(¢,z) defined on [0,7) x R with some T" > 0, we denote the
inner product, the L?-norm as well as the Sobolev norms with respect to the spatial variable z,
with (u,v) = (u(t, 9, v(t, )), |u|L2 = |u(t, ~)|L2, and |u|gs = |u(t,)|gs, respectively.

For T' > 0 and X a functional space, we denote L*°([0,T"); X), the space of functions such that
u(t,-) is controlled in X, uniformly for ¢ € [0,T"). This space is endowed with the following norm:

= t7 . < .
||uHL°°([O,T);X) 35651105?1)) lu(t, -)|x 00

)

Finally, C*([0,T); X) denote the space of k-times continuously differentiable functions in X.
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2 Preliminary results

In this section, we present some results concerning the Cauchy problem related to the free-surface
and rigid-lid systems, respectively (1.1 and (1.2]), in Sobolev spaces.

Proposition 2.1 (Well-posedness result concerning the rigid-lid system).
Let s > sg+ 1, 89 > 1/2, and U° = (¢°,v°)T € H*(R)? be such that there exists hy > 0 with

(1+671)2
—_— >h 0. 2.1
(hl +’yh2)3|v| = no > ( )
There exists Tnax > 0 and a unique Ury, = (1,v) T € C([0, Tiax); H*(R))NCH([0, Tmax); H*~1(R)?),
mazximal solution to (1.2)) (with ¢ = 1), with initial data Ugy, |1—o = U°.

Moreover, there exists constants 0 < Co, T™! < |UO‘H5(R)2 C(|UO‘HS(R)2,hgl,ér;iln,émax) such

that one has Tyax > T, and for any t € [0, T,

’URL(ta .)|H5(R)2 + |atURL(t7 .)|H5*1(R)2 S CO eXP(CO t)v

1
hi = 1—=n>hg>0, hy = 5+nzho>0, Y+d—7

and U(t,-) satisfies (2.1)) uniformly for any t € [0,T] (with ho/2 replacing hg ).

This result has been precisely expressed in [19, Theorem 1], and follows from standard techniques
on quasilinear, Friedrichs-symmetrizable systems. More precisely, the existence and uniqueness of
a solution follows from energy estimates on the linearized equation, of which the estimate above
is a particular case. In order to assert the well-posedness in the sense of Hadamard, one should
also state that the flow depends continuously upon the initial data. Such a result holds: one
may control the energy of the difference between two solutions corresponding to different initial
data, provided these initial data are sufficiently regular. Precise blow-up conditions, specifying
the possible scenarios within the ones stated in Proposition below, are also presented in [19]
Corollary 1].

1—

Let us now turn to the free-surface system, (1.1)). We recall that we set o = ¢ = 'VT-} and

€ = 1, so that the system may be written as
U + A[UJo,U = 0,
with U = ({1, (o, u1,ug) | and

uz—uy 1406 —Co )

Ui

o o 4
1o w 0 S+ ¢
A = = Ap+ A
[U] % 0 uy 0 0 + l(U)7
% (5""}/ 0 Ug

where Ay is a constant 4-by-4 matrix, and A4;(-) is a linear mapping into 4-by-4 matrices.

As we show in Appendix [A] the above system admits an explicit symmetrizer, S[U], which is
definite positive provided U = ({1, (2, u1, us) | satisfies some conditions similar to (2.1]), namely
hg(.’)ﬁ) i |’IL2($) — U1($>|2

Vo e R, h > hg >0 ;
. 1(z) 2 ho )

> hy > 0, (2.2)
where we recall: hy =1+ 0¢; — (2 and ho = 671 — (.

However, one clearly sees that the system exhibits 1/ factors, which pass on the constants in the
energy estimates, thus lowering the a priori time of existence. We state in Proposition below,
the well-posedness of the Cauchy problem as given by standard energy methods on quasilinear,
Friedrichs-symmetrizable systems; remark that the time of existence of the solution is restricted to
the poor Tiax = 0. This timescale is intuitively seen from a change of variable: define U(t,-) =
Ul(t/o,"), so that U satisfies . o

0.U + 0A[U0,U = 0,

and one has pA[U] = pAo + 0A1(U), with the matrix oAy and the linear mapping 9A;(-) being
both uniformly bounded with respect to ¢ < 1.
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Proposition 2.2 (Naive well-posedness result for the free-surface system).
Let s > so+ 1, s >1/2, and U° = (C1,§27u1,u2) € X* be such that (2.2) holds with hy > 0.
There exist Tax > 0 and U = (¢, ¢, uf,ud) T € C([0, Tiax); H¥(R)H)NCH([0, Tmax); H*~H(R)4),
unique mazximal solution to (with o = 9, ¢ = 1), with initial data U |;—q = U°.
Moreover, there exists positive constants 0 < Co, T~ < |U0|XS C( |U0 hot, ot Omax), such

|Xs7 0 »Ymin>
that one has Tmax > To, U(t,-) satisfies (2.2)) for any ¢t € [0,To| (with ho/2 replacing ho), and

vt € [0,Tol, \U(t,-)| . + 0|0:U(t < Cy exp(Cy 071 t).

) ')|Xs—1

Finally, if Thax < 00, then at least one of the following holds:

. ’U‘Lw([o’ﬂny or |8$U‘L°O([O,t]><]R)4 blows up ast / Tax; or

e at least one of the conditions in (2.2]) ceases to be true at t = Tiax.

The proof of Proposition is postponed to Appendix [A] so as not to interrupt the flow of the
text.

Remark 2.3. Condition is a sufficient condition for hyperbolicity, in the sense that it ensures
that the symmetrizer we define and use in Appendiz[A] is positive definite. We do not claim that
this condition defines exactly the domain of hyperbolicity of system (contrarily to for the
rigid-lid system ); see [1,[9, [35] for a more detailed analysis on this point. In particular, one
would expect the hyperbolic domain of the free-surface system to asymptotically correspond to
in the limit o — 0, which is not the case for , the latter being more stringent.

Remark 2.4. Notice that a uniform time of existence, T 2 1, is recovered for sufficiently small
imnitial data: |U0|Xs = O(0). This result can be viewed through the following change of unknowns:

U= oU. The function U satisfies
U + AlpU)0,U = 0,

and A[oU] = Ao+ 0A1(U). The fact that the constant operator Ayd, is not uniformly bounded with
respect to o < 1 does not prevent solutions to exist in a time domain independent of o, because it
does not contribute to commutator estimates. This simple observation motivates the strategy we use
to prove Theorem as described in Section[3

3 Proof of the main result

This section is dedicated to the proof of Theorem Our first ingredient consists in constructing
a system equivalent to , but whose non-linear contribution is uniformly bounded with respect
to 0. In order to do so, we shall use different variables. Considering the conservation of horizontal
momentum displayed in Section [[.2] we introduce the horizontal momentum, m = yhyuy + houa,
and the shear velocity us = us — yu1. One has immediately:

us =ug —yuy and m = yhiuy + hous (3.1)
if and only if
m — haug m + hiug
= ——— a. d = —e—_— ¥ 3.2
Uy 'y(h1 —|—h2) 11 U2 hy + hy ( )

Straightforward manipulations of the system (1.1)) yield the new system of conservation laws we
consider:
OuGi + 20um + 20, (%) = o,
0¢Ca + Oy (h P (hluS + m)) =0,

m us)2—(m Ug
Opus + (0 +7)02C2 + 8 ( = (h)1+h(2)2 tate)- ) =0,

@m+¢%#¢@+m+®mag+@(mmh”&:gw“wﬂ) 0.

(3.3)

We still refer to this system as the free-surface system. Systems (3.3) and (1.1)) are equivalent in
the following sense.
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Proposition 3.1. Let s > so + 1, so > 1/2. Let V. = ((1,(a,us,m) T € C([0,T); H¥(R)*) be a
strong solution to (3.3)), with T > 0, given. Assume that for any t € [0,T], one has

Jho >0  such that meRr,Itlier[lO,T] {hl(t,x) +ho(t,z) =146 + oCi(t, a:)} > hg > 0.

Then U = ((1,Co,u1,uz) T € C([0,T); H*(R)*), where ui and uy are given by , is a strong
solution to (1.1)).

Conversely, if a given U = ((1,(2,ur,u2)’ € C([0,T]; H*(R)*) is a strong solution to (L1,
and the above non-vanishing depth condition holds; then V = (1, (o, us,m) " € C([0,T]; H*(R)%)),
given by , s a strong solution to .

Proof. The existence and regularity of U € C([0,T]; H*(R)*) (resp. V € C([0,T]; H*(R)*)) is
deduced from the corresponding control of V' (resp. U), using product estimates in Lemma as
well as Corollary As usual, one deduces from the system satisfied by, say, V' —mnamely (3.3)—
the corresponding estimate 9,V € C([0,T]; H*~1(R)?), and 0,U € C([0,T]; H*~1(R)?*) follows.
The fact that U satisfies if V satisfies (3.3)), and conversely, demands somewhat tedious but
straightforward computations, that we leave to the reader. O

Remark 3.2. We do not claim here that the aforementioned solutions are unique. The uniqueness
of a solution to (1.1)) is given in Proposition and requires additional conditions on the initial data,
namely (2.2). We prove later on that these conditions are also sufficient to ensure the uniqueness

of a solution to (3.3)); see Lemma/[3.6

Strategy and discussion. We see two benefits in considering (3.3)) in lieu of . First the rigid-
lid system, which was encrypted in , is now apparent in This will be helpful, although
not necessary, for the construction of the approximate solution in the subsequent subsection. More
importantly, one sees that the only terms factored by o' in are constant. This second property
is crucial for our analysis, and justifies the use of (3.3).

Let us briefly sketch the key arguments in the proof of Theorem before we continue with the
detailed analysis in the following subsections. We first introduce some notations, used thereafter.
We rewrite the hyperbolic system (3.3) as

oV + <1LQ+B[V}> 2,V = 0, (3.4)
0

with V' = ({1, (e, us,m) ", and where

o %LQ represents the linear component of the system; see precise expression below.

e B[] contains the nonlinear contribution: it is uniformly bounded with respect to .

In Section we construct an approximate solution, V,p,,, satisfying (3.3) as well as the initial
data, up to a small remainder. Thus defining W =V — V,,,, where V is the exact solution, one has

1
oW + E(LQ + 0B[Vapp + W]) 0. W = R, (3.5)

with W |;—o and R small (typically of size O(p)). Our aim is to prove that W remains small for
large time (i.e. bounded from below uniformly with respect to ¢), and Theorem quickly follows
(see Section [3.3)).

When compared with the classical theory of Friedrichs-symmetrizable quasilinear systems, the
main issue we face when controlling W in the natural energy space lies in the two following facts:
(i) one has to control the contribution from the unbounded component %LQ in the energy space,
which may generate a destructive O(p~!) factor; and
(ii) one cannot use the equation in order to deduce a uniform control of 9; W from the corresponding
control of 9, W, as once again this would yield a destructive O(o~!) factor.

These two difficulties are only apparent, as shows a careful study of the symmetrizer of the sys-
tem. In Section , we introduce and study the symmetrizer, T[], as well as T[] = T[] (%LQ + B[]).
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In particular, one can check that (roughly speaking) Y[-] = %TO + O(1) with T a constant matrix,

so that differentiation or commutation with the operator Y[-] is actually bounded; thus issue (i) can
be faced. o
1

Issue (ii) asks for a more specific analysis. We introduce IT = ( 1 ) the orthogonal projector

0
onto the kernel of L(q), denoting Ly = lim,_,; L,; see below. It follows that |H<3tVV|XS_1 < |W|X57
uniformly with respect g small. As for the other component, one shows that T[-](Id —II) = To+O(0)
with Tp a constant matrix, so a factor of size O(p) is gained after differentiation or commutation
with this operator.
The detailed energy estimates are computed in Section |3.3

There is an intuitive explanation for the reason why the above claims hold. By precisely ana-
lyzing the 4-by-4 matrix L,:

0 0 Ty 5D
L, = 0 0 17}1)-5 ﬁg(S ,
0 o(y+4) 0 0
Y1451 2 0 0

one may check that for p sufficiently small, L, has four distinct, real eigenvalues, namely

M) = £V1+51 + 00 3 Mlo) = o + O().

The linear theory thus predicts that the flow can be decomposed as the superposition of four waves,
propagating at velocity ci ~ iivl*g‘w, and ¢} ~ 1, which we name fast mode (resp. slow mode).
Roughly speaking, the slow mode corresponds to the flow predicted by the rigid-lid system, and the
terms neglected in the rigid-lid approximation correspond to the fast mode.

An important feature of the free-surface system, which is revealed by our change of variable,
is that the fast and slow modes are supported on (approximately) orthogonal components, which
is responsible for the fact that coupling effects between the two modes are small. More precisely,

1
if we denote Ly = limy 1 L, = 0" ), then one easily checks that the eigenvectors
14671

corresponding to the two non-zero eigenvalues of L g are orthogonal to the kernel of L gy. Therefore,
roughly speaking, the slow mode is supported by variables (5 and wu,, while the fast mode is
supported by variables ¢(; and m. We take advantage of this fact by treating separately the slow
mode terms (multiplying by II, the orthogonal projector onto the kernel of L)) and fast mode terms
(multiplying by Id —II, the orthogonal projector onto the space spanned by the other eigenvectors
of Ly). The former contributions are easily controlled as time differentiation does not induce
destructive O(o™1) factor. As for the latter, the property T[-](Id —II) = Ty + O(o) reflects the fact
that the corresponding eigenvalues are well separated; thus the perturbation by oB[] typically yield
deviations of size O(p), following standard perturbation theory [23]. Finally, the desired property
on T[] is easily checked:

1 1 1
T[] =T} (QLQ + BH) + T[](Id —-1I) (QLQ + B[]> = ETO(Id —II)L, + O(1).
We let the reader refer to Section [ for a more precise investigation of the decomposition of the
flow into fast and slow modes, and numerical illustrations.

3.1 Construction of the approximate solution

In this section, we construct an approximate solution to the free-surface system (3.3]), using the
corresponding solution to the rigid-lid system (|1.2)), as defined below.

Let us recall that from there on, we assume that v is uniformly bounded from below: v > vy >
0. In particular, the norm X* is equivalent to the standard H*(R)*-norm, and will be used as such.
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Definition 3.3 (Rigid lid approximate solution). For a given initial data (3,u, satisfying (2.1,
the rigid-lid approximate solution corresponding to (¢3,u%)" is denoted Vgy, = (0,1,v,0)7, where
V = (n,v)" is the unique solution to the rigid-lid system (1.2) with V |=o = (¢3,u?)T.

Proposition 3.4. Let s > s, so > 1/2, and (§,u® € H*T1(R), satisfying [.1) with ho > 0, and
|(C§, ug)T|Hs+les+l < M. Then there exists 0 < T~1,C1,Co,C3 < M C(M, hy ,S;iln, 5max,'yr;i1n),
with

o VgL € C([0,T); X5t N CL([0,T]; X*) is well-defined as above, and satisfies

vt € [0,T7, IVRL| o1 + |0 VRL] . < Ch. (3.6)

o There ezists Viem € C([0,T); X5t N CL([0,T]; X*), with
Vte[0,T],  |Viem|xors +|0Veem|x. < Ca o, (3.7)
such that Vapp = VRL + Viem satisfies (3.3)), up to a remainder term R, with

HRHLOO([O,T];XS) < Cs 0 (M+o). (3.8)

Remark 3.5. The explicit formula for Viem, which is precisely displayed in the proof, below, does
not play a significant role in this section, except as a technical artifice to obtain the desired estimate.
In particular, it does not appear in Theorem[1.2 However, as discussed in Section[{} it corresponds
to a first order correction of the approximate solution, and is clearly observable in our numerical
stmulations.

Proof of Proposition|3.4} By Proposition there exists Cy, T~ < MC(M, ho_l, 5;111117 Omax) such
that Vgr, € C([0, T]; X**1) is well-defined by Definition and (3.6) holds.

We now plug Vipp = Var + Viem into (3.3), and check that one can explicitly define a func-
tion Viem = Viem[n, v] such that the remainder term, R, satisfies the estimate of the Proposition.
Anticipating the result, we denote Vap, = (0¢1, 7, v, 0*m) ", and subsequently

00,C1 + 00, + 520, (St ) = 1,
8t7] + 8,3 (%(hlv + QQm)) = T9,

2ithiv)? —(0®h—hav)? (3.9)
at’U + (5 + 7)8z7’ + %ar (A/(Q +71(h)1+h(§)2 2v) ) =773,
o 20— how)2 2% )2
QPO+ (I + h2)DaCr + (3 + 0)hadun + O, (RrEmhe e
with hy =14 02¢; —n and he =61 + 1.
Our aim is to prove that one can choose (7 and m such that
}51|Hs+1 + m|HS+1 + |8t<vl|Hs + ‘a”mHs < Cz, (3.10)
and
1]y + 72| e + 73] e + |4l o < Cs 0 (M +0). (3.11)

In order to ease the reading of the argument, we first assume that (3.10) holds, and see how th m

can be naturally chosen so that (3.11) is satisfied. Our choice for th mm is precisely stated in (3.14)
and (3.16]), below, and checking that (3.10]) is actually satisfied is then a straightforward consequence

of (3.6).
Recall that, by definition, (,v)T satisfies (T.2). In particular, from the first equation in (T.2)),

one deduces
hlhgv ﬁlhg’v ) 9 ( hgﬁ’L )
= az - + 8:1: P
" <h1 the Il +hs) 2\ ks

where we denote h; =1 — 7, the depth of the upper layer in the rigid-lid approximation.
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Let us recall that Vgy, satisfies (3.6]), and also . Thus one can apply the product estimates
in Lemma as well as Corollary |A.2| (we also recall that by definition, 1 — v = 0?(y + §)), to
deduce
< Me? C(M,hyt,Co, 6L Omax)s (3.12)

min’

HTQ HLOO([O,T/M];H"')

where we used the a priori estimate (3.10).
Similarly, one deduces from the second equation in (|1.2)) that

1 ({ vh? — h3 h? — vh3 } W24 Y(0*m + h1v)? — v?h3v? + h3v? — (0*m — h2’U)2>
xT ")/ b)

2 (hy + ho)? a (hy + vhg)? ~v(h1 + h2)?

r3 =

so that one has as above,

< M@* O(M,hyt, Co, 0l Smaxs Vi) - (3.13)

HT3HLOO([0,T/M];HS)

Let us now look at the fourth equation in (3.9). Note that one has

hiha(vhi + h2)U2)
~v(h1 + ha)?

2
=0, (7((1 +0 NG+ %512) +(y+0) (6 n+

’y(hl + hz)axcul + ("Y + 5)h28x7] + aﬁc (

]‘2
2"

hiha(vhi + hz)vz)
v(hl + h2)2

It is now clear that one can choose

: § o (L=m)(6~" +n)o?
= — — - 3.14
G (n+37°) Q4612 (3.14)
so that the above is of size O(0?). More precisely, and using once again ([3.10]), one has
Hr4HL°°([O,T/M];H5) S Mgz C(M7 h()_170275r:111n75maxv’7;11n)~ (315)

We conclude with the first equation in (3.9). Using that o? = 10 one has

y+o?
o ) g%h—hw))
= 0:Cy + O + Oz | h .
1 Q( 1 C1 m ~ ( 1 hy + ho

We now recall that (n,v) " satisfies (T.2), so that one deduces explicitly 6,551 from (3.14)), and

b4 h hgv B B B
0 —8@ B S <M20Mh10(5-1§max 1
tCl (hl + "Yhz) ’Hﬁ - ( » 10 225 Omins a’ymm)
Now, one can check that by choosing
0
"= 1
=Y (3.16)
it follows
_ v+ ) h1hov

< (M2 + Mo*) C(M,hg',C2, 0,1 Smaxs Vi)

ﬁthU "
hy 4+ vho v hi+hs

Hs

so that estimates (3.6)) and (3.10]) yield
M?0+ Mo*) C(M,hg", Ca, 0k, Smaxs Yonin)- (3.17)

[ HLOO([O,T/M];HS) S ( Vmin

Estimates (3.12)), (3.13)), (3.15)) and (3.17)) give the desired estimate: (3.11)), or equivalently (3.8).
Moreover, one easily deduces from the estimate concerning Vgy, in (3.6]), the corresponding estimate

on Viem = (Qé:l, 0,0, 0%m)": (3.10), or equivalently (3.7). Proposition [3.4]is proved. O
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3.2 Properties of the system and its symmetrizer

This section is dedicated to preliminary results on the new free-surface system (3.3)) and its sym-
metrizer, which allow the energy analysis of the subsequent subsection.
We recall here that (3.3)) has been constructed from (1.1]) through a change of variables: for any

U € (1, Co,u1,uz) " solution to (T.1]), we uniquely associate V' = (¢, (o, us,m) " solution to (3.3)),
through the change of variable (3.1]); see Lemma In other words, we have an explicit

X — X
(<17C27u87m)—r — (ClaCQ?uluUZ)T

(in this section, the space X may be L>(R)* or H*(R)*, s > 1/2) which is one-to-one and onto
provided the non-vanishing depth condition is satisfied:

F

Jho > 0  such that Rmir[lo - {hi(t,z) + ho(t,z) =1+ 6"+ 0(1(t,x)} > ho > 0. (3.18)
x€eR,t€]0,

It follows that, recalling the notation for as
o.U + A[U)0,.U = 0,
one may rewrite (after multiplication with the appropriate operator)
dF[V]0,V + A[F(V)]dF[V]0.V =0,

where dF[V] is the Jacobian matrix of F. In other words, recalling earlier notation in (3.4), one
has

1 1
oV + <QLQ + B[V]) 0,V =0 with ELQ + B[V] = (dF[V]) tA[F(V)].
Thus the symmetrizer of the new system (3.3) is readily available from the one of system (|1.1)).

Lemma 3.6. Let S[] be a symmetrizer of (L.1); e.g. (A.2). Then T[] = (dF[-]) T S[F(-)]dF[] is a
symmetrizer of (3.3]). Moreover, T[V] is definite positive if and only if F(V') satisfies (2.2]).

Proof. For any V' € X, the operator T[V] is obviously symmetric. Moreover, T[V] is definite
positive if and only if S[F'(V')] is definite positive, since one has

vx e Rt T[V]x-x = S[F(V)]|(dF[V]x) - (AF[V]x), (3.19)

and dF'[V] is invertible provided V satisfies (3.18)). Let us note that the hyperbolicity condition (2.2))
is obviously more stringent than (3.18)).
Finally, it is straightforward to check that

TIV] <2L n B[V]) — (AFV])TS[F(V)|A[F(V)AFV]

is symmetric, and this concludes the proof. O

We conclude that one can construct an explicit symmetrizer of system , using S[-] given
in . However, this symmetrizer has a quite complicate expression, and we do note display
it here. We will only present the necessary properties of the operators at stake, which are easily
checked with the use of a computer algebra system, such as Maple.

Lemma 3.7. Let VW € X satisfying (3.18), and %LQ + B[] = (dF[))"*A[F(-)]dF[] defined
above. Then one has

HB[V]HX < CO’V|X7 HB[V}fB[W]HX < CO}V*W‘X’ (3.20)

with Co = C(|V] , |W‘X,5;iln,5max,7;iln), and where we denote ||A||, = sup ’ﬁ;ﬂx
vex\{o} x
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Proof. Let us recall that B[] has a complicated expression but is explicit; it involves only products
of the components of V, or factors of the form s +h . Thus one can apply Lemma and

Corollary - since - ) holds), and the result easﬂy Follows. O
Lemma 3.8. Denote T[] = ( [])TS[ ()]AF[] and Y[] = (dF[))TS[F()]|dF[], with S[-] and
X[ = S[A[] are deﬁned in , (A.3). Let V € X such that F(V) satisfies (2.2) with ho > 0.
Then there exists Cy = ‘V‘X, 0 ,6;1111, Smaxs Vimin) Such that one has
1. T[V],Y[V] are symmetric. T[V] is positive definite. More precisely, for any W € L*(R)4,
one has {
2 2
FOWV\LQ < (TVIW , W) < Co|W| .. (3.21)
2. TV, T[V] satisfy the following estimates:
1TVl x < Co 5 [TV < o 'Co. (3.22)
3. If V=V(x) and 0,V € X, then
0Tl < ColoV]y & 0TVl < oV, 323)
and
[0(TV))Id-T0)|[, < o Co|0xV ]y, (3.24)

0
recalling the notation 11 = ( . )
0

Proof. That T[V] is symmetric, positive definite and Y[V] is symmetric has been already stated
in Lemma Estimate follows from Lemma and , recalling that v > vy > 0
ensures that the L?(R)*-norm is equivalent to the X°-norm.

Estimates are direct consequences of the corresponding estimates on S[], A[-] as well as
F(+), dF[-], which are easily checked. We recall that the necessary product estimates in X = L>°(R)*
or X = H*(R)* (s > 1/2) are given by Lemma and Corollary The first estimate in

is obtained similarly.

Finally, the second estimate in as well as are less obvious, but can be checked
with the help of a computer algebra system (we have to ensure that first order terms in ¢ are all
constant). O

3.3 Completion of the proof

Denote V' a strong solution to the free-surface system (3.3) satisfying the non-vanishing depth
condition, (2:1)); and V,p, the approximate solution constructed in Proposition One easily
checks that W =V — V,;,;, satisfies the following system:

1

with R = R — (B[Vapp + W] — B[Vapp)) 0z Vapp, where R is estimated in Proposition
The following Lemma presents an a priori energy estimate on W satisfying the above system,
from which our desired result is based on.

Lemma 3.9. Let s > so+ 1, so > 1/2, and W a strong solution to (3.25), with W |;=g € X*.
Assume that there exists M, T, ho > 0 such that F(V) satisfies (2.2) and

’atVHLm([O,T];XS < M

HVHLOO([O,T];XS) + } -1

Then one has

vt € 10,7, (W (t )| e dt’. (3.26)

t
’-)’Xﬁ S 00’W<0’,)|X5600Mt + CO/ eCUM(t—t’)’R(t/
0

with Co = C(M, hg ", 61, Smaxs Vit )-
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Proof. We compute the inner product of (3.25) with T[V]A2*W, and obtain
(A°TVIOW,A°W) 4+ (A°Y[V]0.W,A°W) = (A°TVIR,A°W) ,

where T'[-] and Y[-] have been defined in the previous subsection.
From the symmetry of T'[-] and Y[-], one deduces

1

LB ) = L (2 TIVIIAW, AW) + 2 ([00, IV AW, AW)

— ([, TIV]]oW, A°W) — ([A®,T[V]]0. W, A°W) + (A T[VIR,A°W), (3.27)

DN | =

1
2

where we define

E*(W) = (T[VINW,AW).
We estimate below each of the terms in the right-hand side of (3.27).
Estimate of ([0, T[V]]AW, A*W). From (3.23) in Lemmal[3.§] (with X = L°(R)*), one has

[0, TIVIIANW| L, < [0V C([V] Lo s Omaxts Vo) [ AW L.
By hypothesis, |3tV| o1 is controlled, and continuous Sobolev embedding for s —1 > so > 1/2
imply an equivalent control on the L*-norm. One obtains simply

[[00, TIVIIA*W |, < M C(M,hg", 00t Smaxs Ymta) [AW] -

It follows from the above and Cauchy-Schwarz inequality that

2
Xs

|([06, TIVIIAW,AW)| < Co M |W| (3.28)

with Co = C(M, hg ", 6L Gmaxs Yk ).

» “min?

Estimate of ([8z7 T[V]]ASVV, ASW), As above, Cauchy-Schwarz inequality and Lemma yield

([0 TV AW, AW < |00V ], OV s by s S Simaes Vi) [N W [

min’

which is easily estimated thanks to continuous Sobolev embeddings. One obtains
([0, TV AW, A°W)| < Co M W%, (3.29)

with Cy = C(M, hyt ol 5maxv7;1i1n)'

0 »Ymin>

Estimate of (AST [VIR, ASW). We apply Cauchy-Schwarz inequality and (3.22)) in Lemma One
deduces

(ATIVIR,AW) < Co|W|,.|R

s (3.30)

with Cy = C(M, hal St 5maxv’7;iln)‘

’ Ymin?

Estimate of ([A%, Y[V]]0,W,A*W). We make use of Kato-Ponce’s commutator estimate recalled
in Lemma [AZ3] Tt follows

A% XV oy < 00TV s 0277 .
From in Lemma and since X*~! is a Banach algebra, one has

HGI(T[V])HXb71 5 ‘axV‘X87IC(‘V‘X871’h0717671 6maxa7r;i1n) S_, MC(M?hil 671 5maX77r;iln)'

min’ 0 »Ymin>

It follows
[([A%, TV]]O. W, AW)| < Co M W3, (3.31)

with Cp = C(M, hg', 6k Sumax, Yk ).

» “min?
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Estimate of ([AS, T [V]]&J/V, ASW). As above, Kato-Ponce’s commutator estimate yields

H:AsvT[VH atW|L2(R)4 g Hal’(T Vv ’atW|Xs—1 5 M|atW’Xs—1'

Dl xoms

Unfortunately, making use of the identity (3.25)) only yields |6tW| o1 S %|W| s+ Which is not
sufficient to conclude. Thus we need now to use precisely the structure of our system, and in
particular the estimate (3.24). Thus we decompose into two components:

[A*, TIV]]oW = [A°, T[V][TIOW + [A®, T[V]](Id —I1)O, W.

Let us start with the “slow” contribution, [A*, T[V]]T19,W. One can use equation (3.25)) in order
to control I19; W, uniformly with respect to ¢ small. Indeed, one has

1
HOW = = L0, ~HB[V]o,W + IR,

so that

|H8tW’Xs—1

IN

]fHL W|ion + |BIVIOW | + |[R]4.ss

A

(1+M)C(M,h01 Orts Omascs Vi) |02 W | o v + R o1

» “min?

where we used estimate in Lemma and the property ||HLQH = O(o). It follows
HAS’T[V]]H@W|L2(R)4 <Co M (|W|X + |R|X5*1)’

with Co = C(M,hy", 6.5, Smax, Vit )-

We continue with the “fast” contribution, [A*,T[V]|(Id —II)d;W. Since (Id —II) is constant, it
commutes with A®, and Kato-Ponce’s commutator estimates (Lemma [A.3) yield

|[A% T(VI) (D0 . < (|0, (VI D) |, [0V .

e

Now, one has as above,
1
’atW‘Xs < CO(E’W‘XS + |R’XS*1)’

with Cy = C(M, hy L (5;“, Omax, ’yr;iln). Estimate (3.24)) in Lemma allows to recover a factor of
size O(p):

10 (T[V])(1d —T1))
with Co = C(M,hy*, 81 Smax, Yimi). Thus we proved

0 »Ymin>

||Hs—1 S CO M g?

(A TV . < Co M (W], + olR] ),

with Cy = C(M hot, o} 5mdx7’7m1ln)

0 »Ymin>

Altogether, one has, applying Cauchy-Schwarz inequality,

([ TV AW < Co 0 (W] + R, )W, (332
with Co = C(M, hg", 6,01 Omasx Vimia)-
Plugging (3.28)),(3.29)),(3.30)),(3.31)),(3.32)) into (3.27)) yields
1d
S B W) < Co(M WL + [R[ . W].).
Finally, estimate in Lemmayields
1d
S BW) < Gy M EX(W) + CH|R| . B (W)Y2.

with C) = C(M,hy*, 61 Smax, Ymis), and Lemma follows from Gronwall-Bihari’s Lemma. [J

? ¥min?
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Completion of the proof of Theorem [1.2} Let us now quickly show how Theorem [I.2] follows
from Lemma [3.9] For a given initial data as in the Theorem, Proposition 2.2] yields the ex1stence of
Timax > 0 and a unique solution U = ({1, (o, u1,u2) T € C([0, Tmax); X*THNCH([0, Tinax) X*) to
such that U(t,-) satisfies for t € [0, Tiax)- It follows from Proposition [3.1] that the change of
variables (3.1) yields V = ({1, (o, us, m) " € C([0, Trnax); X5 NC([0, Tinax); X *) solution to (33).

Thanks to Proposition and since condition ensures that (¢, u%)7T satisfies 7 one
has Vipp = VL + Viem is well-defined and controlled for ¢ € [0,T/M]. More precisely, there exists
T=1,C1 = C(M,hg", 61, Omaxs Vimi,) such that

sup {|Vapp |XS+1 —|—|8t app ( ‘X} < C{M. (3.33)
te[0,7/M]

Denote W =V — V,,,. By construction, one has
(W =0 | o +0|0W |i=0 | yo.s < Ca0 M,

with Cy = C(M, hy', 5

’ mm7

Omaxs V;iln)~ We introduce the time T as
7% = sup {t € [0, T, T/M], W 0.0y + @O | ooy S 2C2 0 M} (3:34)

One has T% > 0 since W =V — V,,,, € C([0, T]; X*+1) nC([0,T]; X*); our aim is to prove that T*
is uniformly bounded from below as in Theorem
Recall that W satisfies (3.25)); thus we apply Lemma with

R =R — (B[Vapp + W] = B[Vapp|)0: Vapp-

Proposition [3-4] yields
HRHLW([O,T/M];){-@) < Mo (M + o).
. |X) is a Banach algebra, and using in Lemma one has

02 Va

Now, using that (X*,

}(B[Vapp + W] - B[Vapp])awvapp’ 5 C(|VapP’st

Wlx.)

Wl

Pp‘Xs'

It follows from the above estimates that

HRHLOO([O,:M];X.@) < Cs(MPo+ Mg?), (3.35)

with C5 = C(M, hy 15;1311, Smaxs Vimin)-

Finally, we apply (3.26]) in Lemma (making use of (3.33)),(3.34)),(3.35))), and deduce
VO<t<TH [W(t, )| . < CoMoe®M + Co(Mo+ 0?)(e“M —1) ,

’.)|X

with Cy = C(M, hy'*, 6mm, 5max, Yoh). A similar estimate is obtained on 9;W, using the equation

satisfied by W, namely (3

1
oW | ., < QO(M ho ' Ot Omascs Yot ) [0 W | o0+ R ais-

0 »Ymin>

It follows that there exists 7" > 0, depending non-decreasingly on M, hy 1,5;111n,5max,'y;ﬁln, such
that one has
T* > min{Tpax, T' /M, T/ 0}.

Triangular inequalities and (3.33),(3.34) immediately yield

o [

IN

M exp(CoMt) , (3.36)

||<1HL°°([0,T11];HS) + ||mHL°°([0,Tﬂ];HS) Moexp(CoMt) , (3.37)
H|8t<-1| + ‘8t<2| + |3tus| + |8tm|||L°C([O,Tn];HS*1) S Mexp(CoMt) 5 (338)

||C2’|Loo([o,Tu];Hs) HLO@([O,T“];HS)

IN
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with Cy = C(M, hal DS 5maxv'71;1i1n)'

’ Ymin?

It follows in particular from (3.38) that for any ¢ € [0, T#], one has

t
|h2(ta')7h2(07')|Hs—1 < |/ 6t<2(t/7') dtl|Hs—1 < C(Mvhalv r;ilmdmaxv'yr;jln) Mt:
0

where we recall that ho = 6! + (. Similar estimates on by = 1+ (1 — (2 and u1, uo given by (13.2)
show that U(t,) satisfies condition (2.2)) uniformly for ¢ € [0, min{T*, T /M}) (replacing ho with
ho/2), with T" " = C(M, hy'*, 071 | Smase, Vi )-

min’
From the blow-up conditions stated in Proposition [2.2| and a classical continuity argument, it is
now clear that there exists 7' > 0, depending only and non-decreasingly on M, hy ", 6L | Smasx, Vi

such that Tiax > T/ max{M, o}.

The estimates in Theorem are a straightforward consequence of ([3.34)), (3.36) and ([3.37)
(using Lemma and Corollary , and the proof of Theorem is now complete.

4 Decomposition of the flow

In this section, we offer partial answers to two of the natural questions arising from Theorem [T.2}

1. Can we describe more precisely the asymptotic behavior of the solution, and in particular the
leading order deformation of the surface?

2. Can we extend the result to ill-prepared initial data, that is data which fail to meet the small-
ness assumption in (|1.5]) ¢

In both cases, as we shall see, the answer will be given through a decomposition between
fast and slow modes. Such decomposition is exact in the linear case (e = 0 in (L)) as the the
system becomes a linear wave equation; therefore the flow is a superposition of four traveling waves.
Diagonalizing éLQ (using the notation introduced in (3.4)) shows that when ¢ — 0, two of these
waves (corresponding to the solution of the rigid-lid system, and mainly supported on variables
(2, us) are traveling with velocity ¢5. ~ £1, while the two other ones (mainly supported on (;,m)
are traveling with velocity ci ~ V14451

This decomposition is far from being new. In the literature, the two modes are also often referred
to as surface/interface modes, or barotropic/baroclinic modes, since the fast mode components
share the properties of water-waves for one layer of a fluid of constant mass density [I7]. The
decomposition is exact in the linear setting, and has been showed to hold approximately in the
weakly nonlinear setting; see [15], and references therein. In that case, the smallness of € allows to
control the coupling effects between each of the waves (even when additional —small— dispersion
terms are included), provided the initial data is sufficiently spatially localized.

Our aim in this section is to show that this decomposition is quite robust, and holds even when
strong nonlinearities are involved. As already mentioned, such result will rely on a condition of
spatial localization of the initial data, that we express through weighted Sobolev spaces.

In Section we construct slow and fast mode correctors which allow to obtain a higher-
order approximate solutions of the free-surface system, using only the corresponding solution to
the rigid-lid system and the initial data. Thus we improve the results stated in Proposition [3.4]
and Theorem [I.2] with Proposition [£.2] and Theorem .5 respectively. In Section [1.2] we extend
the consistency result obtained in Proposition to ill-prepared initial data, that is data allowing
non-small horizontal momentum and deformation of the surface, and thus involving a leading order
slow mode. Unfortunately, we cannot carry on the study of Section [3.3] and deduce the stronger
result corresponding to Theorem (although numerical simulations are in full agreement with
such result). Finally, subsection [4.3| contains numerical simulations illustrating the aforementioned
results, and an accompanying discussion.

Remark 4.1. Recall we set € = 1 and o = ¢ after Theorem [1.9; see Remarks[I.3 and [I.]} The
general setting, and therefore statements as in Theorem[1.9 are easily recovered. We also implicitly
assume that the constant M, which evaluates the magnitude of the initial perturbation, is bounded
from below. More specifically, for technical reasons, we restrict our study to time interval t € [0,T)
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with T~' bounded, rather than t € [0,T/M] —although, as discussed in Remark we do not
expect any particular limitation to occur when M is small.

As for Theorem (see Remark , our statements do not impose the parameter o to be
small, but are of little interest otherwise. In particular, our strategy of approximating the flow as
the superposition of a fast and a slow mode approzimate solution relies heavily on the fact that the
fast mode is propagating with velocity |c| 2 1/0, so that coupling effects are strong only during time
interval of size O(p) (since the two modes are localized away from each other afterwards).

If both M and o are not small, then the initial perturbation will give rise to fast and slow modes of
comparable magnitude and velocity. The two modes will therefore interact in a non-trivial, nonlinear
way, and the full free-surface system is required to accurately describe the flow.

4.1 Improved approximate solution

In this section, we show that one can construct a first-order corrector to the rigid-lid approximate
solution displayed in Theorem [I.2] provided the initial data is bounded in weighted Sobolev spaces.
A key ingredient is the establishment of a fast mode corrector, which allows to take into account
small initial data supported on variables (1, m

In Proposition we provide a higher-order approximate solution to in the sense of con-
sistency, i.e. similarly to Proposition One can then apply the strategy developed in Section
and one obtains the stronger result expressed in Theorem [£.5] below.

Proposition 4.2. Let s > 50, so > 1/2, and ¢¥,¢8,ul, m® € H*TL(R), satisfying (L.5)),(T.6) (after
the change of variable ) with given 0 < M,hy < oco. Assume additionally that there exists
o >1/2 such that

(L4127 o + [+ - )M iy + 0|41 P)7C fyoin + o] L+ 1P)7ul] oy < Mo
Then there exists 0 < T~ Co < C(M, hy", 525, 0mt., Smaxs Ymin) Such that

1. Ve = (0,1,v,0) " is well-defined by Deﬁm’tion and satisfies

vt € [O7T]7 |VRL’X5+1 + ‘atVRL’XS < Co M

2. Ve = (0(1,0,0,0)7 is well-defined with

cor

= ey
3. VI is well-defined with
uy(z —c/ot) +u_(x +c/ot)
Vi) = ) ,

(s (z — cfot) — u_(z + cfot))
where c= V1461, and ug(z) = (¢ - 0C1 =0 £ ctmP).
4. There exists Viem, with

vt € [0, 7], [Viem(t, )| yor1 < Co M,

u

such that Vapp = Ver, + V&, + VI

cor cor

+ 0*Viem satisfies (3.3) up to a remainder term, R, with

T
/ |R(t,)| . dt < Co M ¢
0
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Remark 4.3. We denote (H?

o | . ’HS ) the uniformly local Sobolev space introduced in [22]:

[y, = supIxC =700l
where x is a smooth function satisfying x = 0 for [x[ > 1, x =1 for 2| <1/2, and ) ;o x(z—j) =1
for any x € R (the space is independent of the choice of x satisfying these assumptions).
We then denote (X3 ) and (L*=([0,T]; X)), similarly to the previously

ul?

’ |X§1 ) HL°°([0,T];X§1))

defined Sobolev-based spaces.

Proof of Proposition m The well-posedness and estimate of Vgy, for ¢ € [0,7] has already been
stated in Propomtlon 4| (here and thereafter, unless otherwise stated, we denote T' = T /M where
T is the constant used for the time intervals in the statements of Section [3). The definition of the
corrector and remainder terms, as well as the desired estimates, is obtamed in three steps. First
we construct a high-order approximate solution corresponding to the initial data ¢3,u?, using the
corresponding solution to the rigid-lid system, and that we will refer to as slow mode approzimate
solution. Then we see how to construct the fast mode approximate solution in order to deal with
the inadequacy of the slow mode approximate solution with regards to the initial data. Finally
we show that, thanks to the localization in space of the initial data, the coupling effects between
the two modes are weak, so that the superposition of the two contributions produces the desired
approximate solution.

Construction of the slow mode approzimate solution. We proceed as in the proof of Proposition [3.4]
but we propose a higher order definition for the corrector term, in order to reach the improved
precision. More precisely, we seek V5, = Vrr + V5, + 0*Viem, with Vrp, + V5 = (géh n,v,0)T asin
the proof of Proposition and Viem = (0,0,0,7M) " to be determined. Following the exact same
steps as in the proof of Proposition we see that the only difficulty we face lies in the estimate

of
_ v . Y+ 0% — hav
r =0 (atCI + 8a:m + v a:c (hl hl ¥ hg )

where Vgy, = (0,7,v,0) T is the rigid-lid solution defined in Deﬁnition and ¢ is defined in (13.14)).
It is therefore natural to set

mit,z) = — /0 Iﬁt(ul(t,x') dz' + 8hy (t, z)ho(t, z)v(t, z), (4.1)

where we denote hy =1 —n and hg =6~ + 1.
Note that i may not have finite energy, since it does not necessarily decay when x — +oo.
However, recall the estimates of Proposition

vt € [O’TL |VRL|XS+1 + |atVRL|Xs
Vi e [OvT]a |51|Hs+1 + |8t51|H§

(here and below, we denote Co = C(M,hy*, 51 6, 7). One deduces

0 »Ymin>

Co M, (4.2)

S
< Cy M. (4.3)

vte0.7], ||y + (02|, S Co M, (4.4)

where we use that H?® is continuously embedded in H3, and H;, is a Banach algebra, for any
s > 5o (see, e.g., [29, App. B.4]). The estimate on Vienm, stated in the Proposition, is given

by (4.2)),(4.3),(4.4)

Note that (4.4) yields in particular, for any f € H®, s > sg, that

[f e < (A o [[A% )£ o S [0 o[ e+ 1077 ppmescto .0 | pmenor.c0

where we used the commutator estimate recalled in Lemma- Usmg the above it is now straight-
forward to check that Vi3, = VR + Vi, +0*Viem = (C1,7, v, 0%1m) T satisfies (3.3), up to a remainder
term, R®, with

HR HLOO([OT] .0 N Co M Q (4.6)
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Here, we used the fact that the occurrences of m in are either of the form Oy, or h X f with
f € H?, and both of these contributions are bounded in H®, thanks to ) and (| .

Construction of the fast mode approzimate solution. The corrector VJ has been defined as the
unique solution to

0

VL, + L(O)f) /=0, where we recall Ly = 0

1+67t

o o oo
o o oo
o O O

with initial data V.{_|i—o = (¢¥ — 01 li=0 ,0,0,m°)T.
Our aim is to prove that V.f is an approximate solution to (3.3). We recall that the system

cor

reads
~y—1 ¥+9
0 0 FFD D
0V + (L, + 0B[V])@,V =0, with L, = 0 0 T 140
T g\e T o @ ’ e = 0 o(v+38) 0 0
Y1467 %Y 0 0

Thus V. satisfies

cor

cor

1
atv::{)r + - (L + QB[ cor]) 8 Vf = Rf’

with
R = ,Q(L -L O))a ‘/::or + B[V::{)r]a ch)cc)r
It is obvious that for any ¢ € R, V.f  satisfies
| cor |X<+1 ~ ’ cor |t=0 |Xs+1 S CO M Q? (47)

where we used (4.3]) and the hypothesis on the initial data of the Proposition.
In particular, Lemma [3.7] and Lemma yield

‘B chj(e)r a chf)r ‘Xb | COI"‘LOO R)4} cor’Xerl < CO M2 92' (48)
Now, we use the fact that (Id —II)V.{ = V./ where we recall that IT represents the orthogonal

1
projection onto ker(Lgy): Id —1II = < oy
1

It is straightforward to check that
(L= Ly)Id-ID)| < o

so that

1 1
}*(LQ—L((»)C? Ve | = |*(Lg ~ L)) (1d -1, V]

cor |XS S CO M 92‘ (49)

Estimates (4.8 ., immediately yield the desired result: V. satisfies (3.3)), up to a remainder
term, R/, sat1sfy1ng

[ ||L°°([0T]H) < Co M ¢ (4.10)

Completion of the proof. One easily checks that Vo, = V5 + V. satisfies

app cor
atvapp + = (L + QB[ appD a Vapp — Rf + RS + RC

where
R = (B[V;«pp] - [ cor])a VYCJ;r ( [Vapp] - [ app])a Vaspp
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The contribution of R/ 4+ R*® is controlled as a result of the above calculations; see (4.6) and (4.10)).
Thus the only remaining term to control is R¢, which contains the coupling effects between V. .
and V.

Note that similarly to (3.20) in Lemma [3.7] one can check that estimates ([£.2)) (£.3), (4.4), (£.5)
and (4.7)) yield

R, < Co x (|[Var ® %V . + Ve ® 0aVaL]| . + M %) (4.11)

with Cy = C(M, hgl, (5;1iln, Omaxs 'y;liln), and where U ® V' denotes the outer product of U and V.

In order to control the latter contribution, we make use of the fact that the initial data is assumed
to be spatially localized. Thus V£ is the superposition of two spatially localized waves, with center
of mass x ~ +c¢/ot. It follows that the contribution of the outer products will decay after some
time, provided one can prove that Vi, remains spatially localized around x = 0 on the time interval
[0,T]. This is where it is convenient, although certainly not necessary, to restrict ourselves to the
time domain ¢ € [0, 7], with 7' bounded, instead of the more stringent ¢ € [0,7/M]. Indeed, as it
roughly propagates with velocity 41, one cannot expect Vgry to remain spatially localized around
2 = 0 during time interval [0, 7] with T' 2 1/M, uniformly for M small.

We state and prove below the persistence of the spatial decay which holds generically for a
quasilinear, hyperbolic system; and complete the proof of Proposition [£.2] thereafter.

Lemma 4.4 (Persistence of spatial decay). Let s > so+ 1, so > 1/2 and Ve = (n,v)" be the
solution to , with initial data VR, |=0 = (no, ’U0>T as above. Assume moreover that there exists
o > 0 such that one has (-)°n°, (-)9v° € H* (where we denote (x) = (1 + |x|?)}/2). There eists
M > 0 such that if |(770’U0)T’H5><H5 < M, then one has

vt € [O7T]7 |<>U77|Hs + ‘<'>UU|HS < C(Mv hglv <'>U770|Hs + ’<‘>UUO|H@5_1 5max)-

min’

Proof of the Lemma. Consider W (t,z) = (x)° VgL (¢, z) (here and thereafter, multiplying a vector-
valued function by (x)? means that all components are multiplied). One has

SVRLO:(()~TW) + Z[VRe]d. (()"7W) =0,

where S[-],¥[-] are smooth mappings onto the space of 2-by-2 symmetric matrices (S and ¥ are
explicit; see [19] for more details).
Tt follows, since the multiplication with (-}7 obviously commutes with S[-], X[-], %,

SIVRLIOW + S[VRL]O:W + ()70, ((x) =) S[VRL]W = 0.

S[VRry] is positive definite, so that there exists 0 < ¢y < oo such that

S — S S 2
we S ECOV) = (SVRUAWAW) < oo W[y,

1 2
a}W|H5 R)2"

Using the usual technique for a priori H® estimates (see Lemma for example), one obtains

d
ZE W) < (Ve .,

OVRL] yor) ES(W) + C(|(2)70: ((2)77) | o

Vaw|y.) BS(W)Y2.
Now, using the control of Vgr, € X* in (4.2)), and since one has

[(2)70: ((2)™7) | o = |oz(2) 72| . S0

it follows from Gronwall-Bihari’s inequality:
t
ES(W) £ BX(W |io)exp(Cat) + [ Crexp(Calt~ ) d.
0

with Co, C1 = C'(M, hy ',

<'>U770|Hs + |<->UUO‘HS,(5;H1H, Smax), and the Lemma is proved. O
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Let us now complete the proof of Proposition We use the following calculation to estimate
R in (4.11). Set s > 1/2, 0 > 0, and ¢ # 0. Let u, v satisfy (-)°v(t,-) € H?®, and (-)u(-) € H®.
Then one has

[o(Jux(- —c/ot)| o S 1A+ P)70| o |41 P)7u] o |A+ |- )7+ |- —c/ot]*) 7] .,

and one can check (see [26] for example) that for any o > 1/2 and T > 0, one has

T
1 1
1 .2—01 L t/2—o‘ dt/<C -
L0 By et By < g e
thus uniformly bounded with respect to 1/p and T'.
It is now straightforward, applying Lemma the definition of V.f , and the above
calculations to (4.11)), that the following estimate holds:

T
/ |RC(t', )| . dt’ < Co M %, (4.12)
0

Wlth OO C M ha ) 2g—1" mln’ max?’y;nln)

Estlmates - and ( conclude the proof of Proposition O

Let us conclude this section with the following result, which corresponds to Theorem when
Proposition [£.2] is used instead of Proposition

Theorem 4.5. Let s > so+1, so > 1/2. Let ¢¥,¢9,ud,ud € H*TL(R) be such that (1.6) holds with
ho > 0 and there exists 0 < M < oo and o > 1/2 such that

(A+1 PG e + [+ )7 (g = yu))| o < M, (4.13)

and
!(1+|- )7 e + @+ (vhiu) + h2u2)|HQ+1 < Mo. (4.14)

Then there exists T~1,C, depending non-decreasingly on M, hy*, ” 71/2, S, 0t §max, Yk, such

that one can uniquely define U € C([0,TY; XS“) NCYH[0,T]; X*), the solution to with initial
data U 4= = (¢2,¢9,u8,u)T; and Vry, VS, VCOr as in Proposition . Denote Uapp the approz-
imate solution corresponding to Ver, + V&, + VL., after the change of variables (3.2). Then one
has

HU— SC’MQ2

UappHLw([O,T];Xil)

Sketch of the proof. The existence and uniqueness of U has already been stated in Theorem
The existence and uniqueness of Vgy, VS, ViJ is guaranteed by Proposition Now, one can
follow the exact same procedure as described in Section [3| (and especially Section , using the
result of Proposition instead of the corresponding Proposition Note however that the
remainder term constructed in Proposition Viem, may not have finite H® norm; thus we need
to work with uniformly local Sobolev spaces, defined in Remark [4.3]

However, as initially remarked by Kato [22], the energy method for hyperbolic quasilinear sys-
tems in Sobolev spaces extends naturally to uniformly local Sobolev spaces, without significant
change in the proof (in particular, similar product and commutator estimates hold; see [29, App. B));
thus we do not detail further on.

We simply remark that V,,, has been constructed so that W =V — V,,,, satisfies

‘W|t:0 ’le 5 COMQ27

where we denote V = ((1,(2,us,m) " the solution to (3.3) corresponding to U, in terms of the
variables defined by (3.1). Consequently, the energy estimate (3.26]) in Lemma implies

t
vt € [0, 7], ‘W‘le < CoMo* + /0 ]R(t/,-ﬂledt

and Proposition [£.2] immediately yields the desired estimate. O
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4.2 The case of ill-prepared initial data

In this section, we are concerned with the case of ill-prepared initial data, that is initial data which
fail to meet the smallness assumption in , or in other words admitting a non-small fast mode.
Once again, we construct an approximate solution as the superposition of a slow mode approximate
solution, obtained from the corresponding solution to the rigid-lid system , and a fast mode
approximate solution, that we shall exhibit below. There are two main differences with the previous
results, due to the fact that the slow mode approximate solution is no longer of size O(p):

1. Nonlinear effects have a non-trivial contribution on the behavior of the fast mode approximate
solution, and cannot be neglected.

2. The strategy developed in Section |3|is not valid anymore, as the hypothesis of Lemma [3.9]is
no longer satisfied.

As a consequence of the latter point, we restrict our statement to a consistency result, namely
Proposition below; we cannot deduce an estimate on the difference between the exact and
the approximate solution, as in Theorems and or even prove that is well-posed on a
time interval independent of ¢ small. However, numerical simulations, presented in the subsequent
subsection, are in full agreement with the intuitive conjecture that

HV = VR — VC]:)rHLOO([O,T] X5y — O(o);

with the notations introduced below.
Proposition 4.6. Let s > sg, so > 1/2, and ¢9,¢8,u2,m® € H*TY(R), satisfying (1.6) (after the

change of variable (3.2)) ) with given hg > 0. Assume additionally that there exists 0 < M < oo and
o >1/2 such that

(L4127 fora + [+ )M s A+ 1378 s + A+ |- P)702 s < M

Then there exists 0 < T—1,Cy < C(M, hal, ﬁ, St Smaxs Vi) such that

min’

1. Vi = (0,1,v,0) " is well-defined by Deﬁnition and satisfies

vt € [OaT]a |VRL|X5+2 + }atVRL|Xs+1 < CO M.
2. VI is well-defined with
U+(t, ‘T) tu- (ta SU)
0
Vie(t,2) = 0 :

(s (t,7) — u_(t, )

where ¢ =1+ 6~1, and ux is the unique solution to

3
8tui + E&rui + —uiazui = 0,
0 2c

with ug (=g = %(Clo + c_lmo).
3. There exists Viem with
vt e [OaT]a |Vrcm|Xs+1 + Q|atv;cm|xs < CO M )

such that Vapp = VR + VL 4 0Viem satisfies ([3.3)), up to a remainder term, R, with

T
/ |R(t,")| . dt < Co M g .
0
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Remark 4.7. The fast mode contribution V], is different from the one defined in Proposition .
Moreover, it is not a corrector term per se, since it has the same order of magnitude as Vry,. We
decide to use the same notation in order to acknowledge the following fact: one can replace V.

in Proposition[{.9 by the one defined above, without modifying the rest of the statement; nonlinear
effects on the fast mode component are negligible in the case of well-prepared initial data.

Proof of Proposition[].6 We follow the same three steps as in the proof of Proposition [1.2] We
first construct an approximate solution corresponding to the slow mode and fast mode, respectively.
Finally, we prove that the coupling effects between the two modes are weak, thanks to the appropri-
ate spatial localization of the initial data, and therefore the superposition of the two modes yields
an approximate solution.

Construction of the slow_mode approzimate solution. PI‘OpOblthD [3:4) directly gives the desired
result: denoting V5, = ((1,0,0, orn), with ¢, defined in 3.14)),(3:16)), one has

Vt € [O’T]’ |VRL|X:.+2 + {8tVRL|Xs+1 ~ CO (415)

vt € [O7T]7 { rem|Xs+2 + |at rem|Xs+1 S CO Mv (416)

and V3 = Vry + oV2

app rem

satisfies (3.3]) up to a remainder term, R*, with

HRSHLw([o,T];XsH) < Co MM o+0*)< Coy M o, (4.17)

with Cy = C(M, hy Lot 5max,’y;i1n). As previously, the first steps of the proof are valid with

» “min?

T=T /M, but the last step —as it uses the localization in space of the two modes— asks for T' to
be uniformly bounded.

Construction of the fast mode approzimate solution. We recall that (3.3)) reads
0V + - (L + oB[V]) 0,V =0,

with V = ({1, (o, us,m) . We denote L, = Ly + oLuy +O(o 2), with

0 0 0 1 0 0 0 0

_ 0 00O 0 0 15 15
Lo = 0 00 ol Tw=|g y+6 0 0
1+671 0 0 0 0 2 0 0

One can also check that B[(¢1,0,0,m)"] = B)[(Id —I)V] + O(o), with

0 0 0 0
0 s=m 0 0
—_ — 6+1
Boltd-mv) = | o ="
G1 0 0 Q%m
In the following, we seek an approximate solution to
1
3tV+< © + Lay + Bl(ld-II) ]> 9,V =0, (4.18)

with initial data satisfying (Id —I1)V |4=0 = V |0 .
Our strategy is based on a WKB-type expansion, namely we seek an approximate solution

to (4.18]) under the form
f — v/ f
Vapp(t,2) = Viou(t,t/0,7) + oView(t,t/0, ),

where (with a straightforward abuse of notation) VaJ;p (t, 7, ) is an approximate solution to

1
a Vi, + oV + <QL(0) + Lay + Boyd-MVy })3 VI =o0. (4.19)

app app app app
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Based on the fact that at first order (in terms of p), the system (4.19)) is a simple linear equation,
0;V + L(0)0,V = 0, and from the assumption on the initial data, we set V. as the superposition
of decoupled waves, supported on the eigenvectors of Lo corresponding to non-zero eigenvalues.

The analysis of higher-order terms yields

e the behavior of VJ with respect to the large-time variable, ¢, which takes into account the

nonlinear effects on the propagation of each decoupled waves;

e a remainder term, V,J

propagating waves of V.

cor?

(t,7,x), which mimics the coupling effects between the two counter-
as well as the “slow mode component”, ITV./

cor”

The key ingredient in the proof is to show that one can set V.J such that V£ remains small for large
time. This strategy has been applied notably to the rigorous justification of the Korteweg-de Vries
equation as a model for the propagation of surface waves in the long wave regime [33] 5], and later
on to similar problems in the bi-fluidic setting [I5], [16]. The strategy is described comprehensively

for example in [29, Chap. 7], thus we do not detail the calculations, and simply state the outcome.

It is convenient to introduce here the following eigenvectors of L(O)ﬂ

1 1 0
0 0 1
e = ol e_ = E ey = 0
c —c 0
We set
V:c};r('vTv x) = U+(',Z‘ - CT)e-‘r + u_(-,x + 67)9—7

where uy (t,y) is uniquely defined by
3
3tui + ?Cuiayui = 0,
with ug [i=0 = (¢ £ ¢~ 'mP). One checks immediately that V. : (t,2) — VI

cor cor
the Proposition, explaining our (slightly misused) notation.
In the same way, we write

(t,t/o,x) is as in

‘/r{am(WT7 l’) = T-‘r(thv x)e+ +ro (taTa ‘T)e— + TO(thv l‘)eo,

with functions r4,r_,rg determined by
1

Orry (1) + cOpry (-, 7,2) + 4381 (u,(-,x — CT)2> — 2—(“)30 (u,(-7:1c —cr)ug (x4 CT)) = 0,
¢ c

1
Orr_ (7 x) — cOpry (-, Ty ) — 438:” (ug(z—er)?) + 2—830 (u—(-,x — cr)us(,z+er)) = 0,
C C

1
Orro(c, 7, ) + &5m(u+(-,m+c7')—u,(-,q:—cr))

I
o

and erjccm('v 0, ) =0.

One can check that V£

app (T, T) = VL (t,7,x) + oV (t,7,7), as defined above, satisfies

1 1
Eafvf + VI + (QL@ + Ly + Bu)[vaf;p]) VL, =R7,

app app

with Rf = Qat‘/;{m + QL 1)61‘/;£m + B 1 [VaJ;)p]aEVa{)p - B(l)[‘/c]cc)r]ax‘/cjcc;r
It follows (using (3.20) in Lemma that

IR . < 0 C(|0iVim|x.s

‘/r]ém’Xs-Hv |‘/c{)r|Xs+1)' (420)

In order to estimate the above, one needs to control V£ . using the following two Lemmata.

rem?’

40f course a fourth vector —second linearly independent element of ker(Lgy)— could be defined, but this is not
necessary in our analysis.
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Lemma 4.8. Let s > 0, and f° € H*(R). Then there exists a unique global strong solution,
u(t,r) € COR; H¥) NCHR; H*~ 1), of

(a,— + clam)u =0, f . (aq— + C2az)f =0
{ Uli—o =0 with filt=o = f°

where ¢1 # co. Moreover, one has the following estimates for any T € R:

2

L e P L S

Lemma 4.9. Let s > sg > 1/2, and 9, v§ € H*(R). Then there exists a unique global strong
solution, u € C°(R; H®), of

{ (07 + cOz)u = g(v1,v2) with Vi e {1,2}, { (0r + ¢;02)v; =0

Ul=g =0 V; |t=0 = vY

where ¢1 # co, and g is a bilinear mapping defined on R? and with values in R. Assume moreover
that there exists o > 1/2 such that v9(1 + |- [2)?, and v3(1 + | - |*)° € H*(R), then one has the
(uniform in time) estimate

1 1
||u||L<>°(]R;HS(]R)) < C(q —c o —1/2

) o+ 117 e iy [o2CH 1 )7 e
Lemma is straightforward, and Lemma follows from Proposition 3.5 in [26].
Lemmata and applied to V£ immediately yield
’ rem T, ')|Xs+1 < C}Uﬂ: ‘Héﬂ(R) + C‘qu (1 + | )U’Hﬁz(R)‘u,(t, )(1 + | : |2)U|Hs+2(R)‘

One can apply the same arguments to 9;V,/ = (differentiating the equations satisfied by r. and rg
with respect to the parameter t, and using dyus (¢,y) = :F%U:I: (t,y)0yu+(t,y)), and one obtains

|at rem (5T ')|Xb < C‘“i ’HS“(R + C|“+ )+ ‘Z)U‘HH?(R)’u*(t’ A+ |2)U’H3+2(R)'

It is not difficult to show that the inviscid Burgers’ equation propagates locally in time the
localization in space of its solutions (see Lemma |4.4)), so that one has

AN

vt e [OuT]a ”U/i )(1 + | )U‘Hs+2(R) S |u:|:(07 )(1 + | ’ |2)U|H5+2(R) < M, (421)
thus we proved
V(t,7) €[0,T) xR, |ViLou(t,7.)| yoir + [0Vt 7). < Co M

with CO = C(M7 20—1 ,1 ) 6m3-n) 6mdx7 ’7m11n>

Finally, we recall that V/ = u,(t,7 —ct/o)ey +u_(t,x +ct/o)e_ and V. = VL (t,t/o,z),
and one deduces

Vt € [O7T]7 } cor|Xs+2 + Q|8t cor|Xe+1 S CO M? (422)
vt € 10,7, Vil o + 0]0Vilia| . < Co M, (4.23)
with Co = C(M, 5257, 61 Smaxs Vomia)-
Therefore (4.20) simply becomes
IR L oy < Co M o, (4.24)

with Co = C(M o ! 6max7’7m11n)

’ 2(7 1’ “min?
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Completion of the proof. One easily checks that Vo, = V3 | + VI

S
app app — VRL + chor erem erem
satisfies

1 .
atVapp + E (LQ + .QB[Vapp]) anapp = R* + R’ + .RC7
where R® and R/ have been defined and estimated above, and with
R = (B[Vapp] - [ aupp])a Vafpp ( [Vapp} [ app])a Vaspp

The contribution of R + R® is controlled as a result of the above calculations; see ({.17)
and - Thus the only component to control comes from the coupling effects between V3 = and

app
Vapp, displayed in R°. Recalling the construction of V,, = Vrr + 0Vi5,, and Va{)p =V +oVE .,
using estimates (4.15)), (4.16)), (4.22]),(4.23)), one can check that

|RC|XS < Cp x (HVRL ®8 cor”Xe + H cor ®696VRLHXS + MQ) )
with Cy = C(M, ha , 20 T 5;“, 5max,'y;ﬁln), and again U ® V is the outer product of U and V.

We estimate the above as in the proof of Proposition using spatial localization. For any
function v satisfying (1 + |- |?)°v(t,-) € H®, one has

[u(t, Jux(t,- F ¢/ot)] .
S|+ 1370, )| 4. |(

L+ P) 7@+ Fe/otl) ™| e
and recall that for any o > 1/2 and ¢ > 0, one has

1 1

t
(L B (] Fefet )7y dt < Clg07)

M o,
thus uniformly bounded with respect to 1/p and T
Thus it follows from Lemma and (4.21)) that one can restrict 7' > 0 such that

T
/ ’Rc(tv')}xs dt < C'0 M o,
0
with Co = C(M, hyt, 20 T 6mm, 5max”7mm) Proposition is proved. O

Remark 4.10. As mentioned previously, we are unable to deduce from Proposition[{.¢ a rigorous
estimate on the difference between the exact solution and the constructed approrimate solution as
in Theorems[1.9 or[{.5 Indeed, the strategy developed in Section[3.3 fails, as the solution does not
satisfy the assumption of Lemma[3.9, and more precisely the estimate on the time derivative, 9;V

A closer look at the proof shows that the only problematic term to estimate is H(‘)t,T[V]]ASW‘Lz;
and even more precisely H@,T[VHHASW‘H, as the supplementary is estimated through in
Lemma[3.8 We expect that the following strategy would imply the desired result: decompose

[0, TIVIIIA*W |, < |(TA*W) @ IO,V ||, + || [TAW) @ (1d =113, V]| .-

The first term is uniformly bounded as 110,V roughly corresponds to the slow mode of the flow; the
second term can be estimated using the different spatial localization of IW and (Id —II)V.

Following this strategy would require a few technical results and lengthy calculations, thus we do
not pursue. Let us simply remark that the numerical simulations presented in the following section
show perfect agreement with the desired result, namely

|V = Var — Vc];rHLoo([o,T];Xs) = O(o).
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4.3 Discussion and numerical simulations

In this section, we illustrate and discuss the results displayed in Theorem and Proposition [3.4]
(validity of the rigid-lid approximation), Proposition and Theorem (improved approximate
solution) and Proposition (case of ill-prepared initial data).

In each case, we construct the appropriate approximate solution (Vxr, V.., V) and compare
with the exact solution of the free-surface system (which is equivalent to with the
corresponding variables); for different values of ¢ (and « = p), while the other parameters are fixed.

More precisely, we set:
d=1/2 ; e=1/2 ; ~€{0.75,0.9,0.93,0.95,0.965,0.0975,0.09825,0.09875,0.099}.

The initial data is set as follows:

Glimo =exp (~ @/27) 3 uslimo = S exp (~ (/2)%),

and
0 in the well-prepared case;

B O ; Ug |t=0 =
G leo =0 {Qexp (- (z/2)?) in the ill-prepared case.

We compute for times ¢ € [0,T] with T = 4.

Each figure contains three panels. The upper-left panel represents the initial data. For the sake
of readability, we plot respectively 14+ 07! + €(y |t=0, 07! + €(a |t=0, 1 + us |=o and m|4—g. The
lower panel represents the solution of the free-surface system as well as the corresponding
approximate solution at stake (the latter with dotted lines), at final time 7' = 4, for v = 0.9,
thus o ~ 0.2673. Finally, in the upper-right panel, we plot the normalized discrete /2-norm of the
difference between the aforementioned data in a log-log scale, for several values of g (the markers
reveal the positions which have been computed), at final time T = 4.

The numerical scheme we use is based on spectral methods as for the space discretization
(see [37]), thus yields an exponential accuracy with respect to the size of the grid Az, as long as
the signal is smooth (note that the major drawback is that the discrete differentiation matrices are
not sparse). We set Az = 0.1 (for € [—100,100]), which is sufficient for the numerical errors to
be undetectable. We then use the Matlab solver ode45, which is based on the fourth and fifth order
Runge-Kutta-Merson method [34], with a tolerance of 10~8, in order to solve the time-dependent
problem.

Well-prepared initial data. In Figure [2] we present a numerical simulation corresponding to
the setting of Theorem [I.2] thus we compare the solution of the free-surface system with the
corresponding solution of the rigid-lid system (or more precisely, the rigid-lid approximate solution
defined in Definition [3.3). One straightforwardly sees that the free-surface solution closely follows
the deformation of the interface and shear velocity predicted by the rigid-lid approximation, even
for a relatively large value of ¢ (we recall v = 0.9 in the panel . As a matter of fact, the
precision of the approximation is not foreseen from Theorem as we can see from the panel
the convergence rate for (o and u, is O(¢?), as Theorem dicts only O(p). One can see that
the main error in the rigid-lid approximation is supported on the deformation of the surface, (i,
as well as on the horizontal momentum, m (and more precisely the fast mode of the horizontal
momentum).

Of course, such result is predicted by Theorem since the first-order corrector constructed
in Proposition [£.2] follows precisely the above description. We show in Figure [3] the precision of
the improved rigid-lid approximation. One sees that the main differences between the free-surface
solution and the rigid-lid approximate solution have been recovered. The rate of convergence is now
O(0?) for each variable (i, (a,us, m, in full accordance with Theorem [4.5
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Ill-prepared initial data. We discuss now the case of ill-prepared initial data, that is when
1 lt=0 ,m |t=o are not assumed to be small. We chose to set a non-trivial initial value only to
the horizontal momentum variable m, so that the hypothesis a = ¢ cannot artificially modify the
convergence rate (recall the surface deviation from the flat equilibrium value is represented by ea(y ).

We plot in Figure [4] the difference between the exact solution of the free-surface system and
the approximate solution constructed in Proposition As one can see, there is a noticeable
difference between the two solution. Moreover, this discrepancy seems to be mainly located on the
fast mode, and on the variables (1, m. As a matter of fact, the variables (o, us present a slightly
better convergence rate in panel (around O(p*?) and O(p!), respectively) than predicted by
Proposition namely O(p).

Such a result advocates for the construction of a higher-order approximation, similarly to the
case of well-prepared initial data. Indeed, we know from Proposition that one can construct
a first-order slow mode corrector term (951, 0,070)—r and that its initial value plays a role in the
construction of the fast mode corrector. More precisely, one has to modify the initial data of the
fast mode corrector in order to ensure that the full approximate solution enjoys the appropriate
initial data. Using both statements of Proposition [f.2] and Proposition [£.6] we define the improved
approximation for ill-prepared initial data as

Vapp = VRL + chf)r + chjgw
where
e Vir = (0,7,v,0)7 is defined by Deﬁnition
v v _ -1 o2
o Vit = (061,0,0,0)T is defined by ¢ = — (i + §?) S=gio—i-.

e V/ is defined with

U’Jr(ta I) + U’*(ta 37)
Viat,) = 0 ,

C(U+(t, ‘T) —Uu— (ta SU))

where ¢ = v/1 + 01, and u4 is the unique solution to d;u4 =+ éﬁxui + %ui@cui = 0, with

us =0 = 3 (¢ — oC1 J1—o % ¢ tmP).

Let us notice that, as previously mentioned in Remark [.7] this improved approximation is equiva-
lent to the one already defined in Proposition [{.2] for well-prepared initial data. Thus this approxi-
mate solution is quite general and robust: it offers the same precision as our previously constructed
approximate solutions in the well-prepared case (Proposition as well as in the ill-prepared case

(Proposition [£.6)).

We investigate in Figure [5| the accuracy of this improved approximate solution. Comparing
panels and one clearly sees that the new approximate solution shows a better resemblance
than the original approximate solution; the main discrepancy seems to be recovered. However, as
one can see from panel this apparent improvement is not reflected in the convergence rate.
Although the produced error is clearly smaller, the rate is not better than O(p) where ¢; and m are
involved (2 and uy are unchanged). It is not clear to us whether a better approximate solution can
be constructed, nor what explains the slightly better convergence rate on (5 and us. Our numerical
simulations indicate that there is a non-trivial coupling between the fast and slow modes during
early times (when both are localized at the same place), and that the contribution of these coupling
effects is of size &~ p. Thus in order to take into account these coupling effects, one may have no
other choice than solving a fully coupled system, at least for small time, t = O(p).
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A Proof of Proposition

In this section, we detail the proof of Proposition which follows the classical theory concerning
Friedrichs-symmetrizable quasilinear systems. The proof is based on a priori energy estimates, for
which the key ingredients are product and commutator estimates in Sobolev spaces. We first recall
such results, and let the reader refer to, e.g., [2, 29] for the proof of Lemmata and

Lemma A.1 (Product estimates).
Let s > 0. For any f,g € H*(R)( L*>(R), one has:

’fg|H5 S ‘f|L°°’g‘Hs+‘f’Hs g’L‘X"

If s > 59 > 1/2, one deduces thanks to continuous embedding of Sobolev spaces,

|fg’HS S ‘f‘Hs’g|Hs'
Let F € C*(R) such that F(0) =0. If g € H*(R) [ L>®(R) with s > 0, one has F(g) € H*(R) and

| F(g) ’H < C(’ 9 |L°°’| F |c<>o)| 9 |Hs'
Throughout the paper, we repeatedly make use of the following Corollary.
Corollary A.2. Let f,{ € L>®(H?®, with s > 0 and h(¢) = 1 — ¢, with h(¢) > ho > 0 for any
x € R. Then one has
1

|7f|HS

Q) i)
1

AT S T P T PR [

IN

Clhg " ¢l o) (e + 1€l e

Ilpe):

Proof. We will use the identity

By Lemma, one deduces

1
gl < W + I

S Wl + Ipeglonlfle + I75glie flun:

The only non-trivial term to estimate is now |ﬁ|H Using that h(() = 1—-¢ > hy > 0, we
introduce a function F € C*°(R) such that

X :
== f1-X>h
Px) = Jox fl-Xzheo
0 if1—-X<O.

The function F satisfies the hypotheses of Lemma and one has

¢ _
=gl = POl < Ol 151
The first estimate of the Lemma is proved. The second estimate is obtained in the same way, using

I S
=gl = 1¢h

The Corollary is proved. O

The following Lemma presents a generalization of the Kato-Ponce [24] commutator estimates
due to Lannes [27] (one has ’f‘H instead of ’atf‘Hs,l in the standard Kato-Ponce estimate).
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Lemma A.3 (Commutator estimates).
For any s > 0, and 0, f, g € L= (R) (" H*~Y(R), one has

’ (A, flg ‘L2 < | O f ‘HS*I‘ g |L<>c +’ O f |Loo| g ’HS*l‘
Thanks to continuous embedding of Sobolev spaces, one has for s > sqg+ 1, so > %,

| A flg e S | 0af peal 9 o

Let us now continue with the proof of Proposition The system (1.1) is quasilinear. We prove
below that it is Friedrichs-symmetrizable, under conditions . We display below the symmetrizer
of the system, and compute the necessary energy estlmates in Lemmata [A75] and [AZ6]

Symmetrizer of the system. Recall that (1.1) reads 0,U + A[U]0,U = 0, with

_ 0 U2 0 hg
AlU] = % 0 T E (A1)
where we denote hy =1+ 01 — (3 and ha = 6! 4 (. Define
¥ 0 0 0
_ 0 Y + 5 0 Ug — U
S[U = 0 0 +hy 0 . (A.2)
0 wo—u; O ha

One can easily check that S[U]A[U] = X[U] and S[U] are symmetric. More precisely, one has

g w vgl LZQ
E[U} _ ”/(uzi—m) 2('}/ + 5)(2u2 — U1) 0 (’7 + 5)h2 + ug(u2 - Ul) (A3)
Lﬁl 0 vhlul 0
2 (y+0)hy fus(uz —wi) 0 ha(2uy — uy)
One easily checks that S[U] is positive definite provided that the following holds:
a2
>0 ; v4+dd>0 ; hy >0 ; hg—M>0,
v+
which is guaranteed by condition (2.2]).
Energy of the system. The natural energy of our system is
E*(U) = (S[Q]ASU, ASU) (A4)

:’7|<1‘§{s +(’y+6)‘<2|i15 +7/Rﬁ1|ASU1|2+/RE2|ASU2’2+2/R(22—21){/\5”2}{[\5(2}7

with by =1+ oC, <2andh2_§1—|—C

We precise below the equivalence between our energy and the norm X° offered by the well-
posedness of the symmetrizer. Recall that X*® denotes the space H*(R)?*, endowed with the following
norm:

2 2 2 2 2

Ulxe = AGlg. + [Gly +v|ulp. + |uafy..
Lemma A.4. Let s > 0 and ¢ € L>(R), satisfying . Then E*(U) is uniformly equivalent
to the | - |x--norm. More precisely, there exists positive constants Co = C(hy*,d-1) > 0 and

Cl = O(|h1|Looﬂ |h2|Lm7§max) > 0 Such that

S 2 S
aE U) < |Uly. < GE*(U).
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Proof. The fact that E*(U) < Cl‘U | - 18 a simple consequence of Cauchy-Schwarz inequality,
applied to (A.4), where we use that (2.2)) yields |uy — uy|* < (7 + )hs.
The other inequality follows directly from ([2.2). More precisely, one has

Aﬁaﬂzvmﬁp+vm/ﬁmmf
R

+w+mm;+A@Mw$—;4wg—mm+ammﬁmmy

and the result is now clear. Lemma [A74]is proved. O
We now highlight energy estimates concerning the linearized system from , namely
oaU + AlU]o,U = R, (A.5)
with given U, R.

Lemma A.5 (L? energy estimate). Set T, M > 0. Let U € L>([0,T); X°) satisfy (A.5) with given
R € LY([0,T); X°), and U satisfying (2.2) with hg > 0 (for any t € [0,T]) as well as

HQ’|L°°([O,T]><R)4 + HanHLoo([o,T]xR)4 + QHatQHLoo([o,T]xR)4 < M
Then there exists Co = C(M, hg', 0L Smax) such that
¢
WeT),  EAU)O < OMEU o)+ Co [ M Dy dt. (A6)
0

Proof. Let us consider the L%-inner product of (A.5) and S[U]U:
(8:.U, S[UlU) + (A[U]o.U,S[UJU) = (R,S[UIV) .

From the symmetry property of S[U], L[U], and using the definition of E°(U), one deduces

1d 1
Loy = L. [0 SWIY) — (SWIULY) + (R SIWIV)
:gamﬁuw)%@%muam+mﬂmm. (A7)

We now estimate each of the terms in the right-hand side of .
Estimate of (U, [0y, S[U]]U). One has (U, [0, S[U]|U) = (U,dS[0,U]U), with

0 0 0 0
o 0 0 O (uy — uy)
sio.u] = |, 0 10 (¢, — ¢,) 0
0 O(uy —uy) 0 6t§2

Using Cauchy-Schwarz inequality, and Lemma [A.4] one has straightforwardly
(U, [, S[UNJU)| < C'0|3sz|,;<>0 ! |U|§(0 < Cy M o~ E°(U), (A.8)

with Co = C(hg ', 005 Smax)-
Estimate of ([0, S[U]|U,U). One has ([0, S[U]|U,U) = (U,dS[UJU) with

Y0z Pelty=2;) % waTg
R 20ty ,) (v +6)0 (2uy — uy) 0 0 (7 + 0)C, + p(uy — uy))
U= sonted ) . o 0
2121

o
78:¢,
o

5x((7+5)§2 + uy(uy —@1)) 0 289;@2(2@2 —E1>)



36 On the rigid-lid approximation for two immiscible fluids with small density contrast

As above, Cauchy-Schwarz inequality and Lemmata [A-] and [A4] yield
|(S[U]o.U,U)| < Co M o~ E°(U), (A.9)

with Co = C(M,hy ", 65, Smax)-
Estimate of (R,S[UJU). By Cauchy-Schwarz inequality and Lemmata and

(R, SWIV)| < Co |U.

Rl . < CLES(U)'?IR|,. (A.10)

with Cp, C) = C(M hot, 0t Omax)-

0 »“Ymin>

Estimate is now a consequence of Gronwall-Bihari’s inequality applied to the differential
inequality obtained when plugging (A.8)), (A.9)), (A.10) into (A.7)). O

Lemma A 6 (H* energy estimate). Set M,T > 0 and s > sg+1, sp > 1/2 Let U e L>([0,T]; X*)
satisfy (AB) with R € LY([0,T); X*), and U € L>([0,T]); X?®) satisfying [2.2) as well as

NEl e o 2700y + O o o 21001y S M-

Then there exists Co = C(M, hy', 61

» “min?

Omax) such that

t
vt € [0, 7], ES(U)(t)geCoM@’ltES(U|t:0)+CO/ oM =R |, dt'. (A1)
0
Proof. As previously, we deduce from (A.5)) the identity
(A*0,U, S[UIA®U) + ( AlUIO,U, S[UIAU) = (ASR,S[Q]ASU),

where we recall the notation A = (Id —92)/2. Tt follows
1

-—FEU) = i(ASU, [0, S[UJ|A°U) — (S[Q]ASA[Q](%CU,AS )+ (A°R, S[UJA®U)
1

= 5 (AU, [0, S[UN]AT) + ([ax,z[ J]A°U,A°U) + (A°R, S[UJA®U)
- (S[U] [AS,A[Q]]&CU,A U). (A.12)

The first three terms are bounded exactly as above, when replacing U with A*U. The only novelty
lies in the use of continuous Sobolev embeddings, so that

||QHLoo([o,T]xR)4 + ||axQ||L°C([O,T]><R)4 S HQHLOO([O,T];Xs) :

Similarly, one has
QHatQHLoo([o,T]xR)4 S QHatQHLM([O,T];XS*l)'
The remaining term is estimated as follows. Using the commutator estimate in Lemma one

has
(A% A0 < 10Uy [0 AT < Co M 67 U]

with Co = C(M, hg', 6L, 6max). Altogether, one deduces from (A.12)

0 »Ymin>

1 d S — S S
s EWU) < CoMe LEA(U) + CoE*(U)Y?|R|y..

Estimate (A.11]) is now a consequence of Gronwall-Bihari’s inequality, and the Lemma is proved. [

Competion of the proof of Proposition[2.3 The well-posedness of system is now a consequence
of the energy estimates of Lemmata and following the standard strategy (we let the reader
refer to standard textbooks, e.g. [36} 2, B2], for more details). More precisely, one first show that the
linearized problem is well-posed, then the solution of the nonlinear problem is obtained
as the limit of an iterative scheme:

U™+ A[U™MO, U™ = 0.
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The restriction on the timescale ¢t € [0,7Tg] is necessary to guarantee that (U™),cy is a Cauchy
sequence, and in particular that U™ is uniformly bounded with respect to n, over time domain
independent of n. The desired estimate on ‘U ‘ - follows directly from Lemma with U = U and
R = 0, and the corresponding estimate on ’(’%U ‘ s 1s then deduced using (1.1). The uniqueness
comes from a similar estimate on the difference between two solutions, and the blow-up criterion
as t — Thax if Thax < oo follows from standard continuation arguments. This concludes the proof
of Proposition [2.2 O
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