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ZETA FUNCTIONS, EXCISION IN CYCLIC COHOMOLOGY AND INDEX PROBLEMS

RUDY RODSPHON

ABSTRACT. The aim of this paper is to show how zeta functions and excision in cyclic cohomology may
be combined to obtain index theorems. In the first part, we obtain an index formula for "abstract elliptic
pseudodifferential operators" associated to spectral triples, in the spirit of the one of Connes and Moscovici.
This formula is notably well adapted when the zeta function has multiple poles. The second part is devoted
to give a concrete realization of this formula by deriving an index theorem on the simple, but significant
example of Heisenberg elliptic operators on a trivial foliation, which are in general not elliptic but hypoel-
liptic. The formula obtained is an extension of an index formula due to Fedosov.

KEYWORDS. Cyclic cohomology, K-theory, Index theory, Pseudodifferential operators

MSC. 19D55, 19K56, 58J42, 46L87

INTRODUCTION

Several years ago, Connes and Moscovici obtained in [[4] a general index formula given in terms
of residues of zeta functions, working with the so-called spectral triples. A major advance was made
since this formalism enlarges index theory to the more general context of the transverse geometry of
foliations, where the interesting pseudodifferential operators are hypoelliptic without necessary being
elliptic. Let us be a little more precise on this general formula. Connes and Moscovici constructed a
Residue Cocycle on the algebra of the spectral triple, whose periodic cyclic cohomology class is the
Chern-Connes character (cf. [[2]] or [3]]). An important feature of this cocycle is to remain unchanged
when the "Dirac operator" D is perturbed by a smoothing operator, because it involves residues of zeta
functions. This is not the case for the representative of the Chern-Connes character constructed using
Fredholm modules and the operator F = D|D|™} (cf. [2]]), since it involves the operator trace. In
this sense, the Residue Cocycle is a better representative of the Chern-Connes character and is more
convenient to derive local index formulas.

In the spirit of the techniques developed by Connes and Moscovici, we give an abstract index
formula of a different flavor, which turns out to be useful to calculate the index of abstract elliptic
pseudodifferential operators associated to regular spectral triples. The formula is also given by residues
of zeta functions and a certain cyclic cocycle. Nonetheless, there is one important difference since our
cocycle is defined not only on an "algebra of smooth functions" as in the Connes-Moscovici formula,
but directly on the algebra of formal symbols of the pseudodifferential operators considered. We then
illustrate on a simple but interesting example how such a formula may amount to topological index
formulas. Let us give an overview of the paper.

Section 1 serves to recall some material about Higson’s formalism (cf. [[7]]) about algebras of ab-
stract differential operators and its relation with (regular) spectral triples. Following [[12[], this allows
to develop an abstract pseudodifferential calculus and a notion of ellipticity which covers many inter-
esting examples. We shall focus on the example of Connes and Moscovici on foliations, involving the
Heisenberg pseudodifferential calculus.

The aim of Section 2 is to study the index theory in this context. More precisely, we construct

a cyclic 1-cocycle on algebras of abstract pseudodifferential operators which generalizes the Radul

cocycle defined for any closed manifold M. This cocycle was introduced by Radul in the context of Lie

algebra cohomology (cf. [11]]). The two important ingredients to construct this cocycle are, on the

one hand, that the zeta function of a (classical) pseudodifferential operator on M has a meromorphic
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extension to the complex plane, whose set of poles is at most simple and discrete. This allows the use
of the Wodzicki-Guillemin residue. On the other hand, one uses the pseudodifferential extension and
excision in periodic cyclic cohomology to push the trace on regularizing operators on M, viewed as a
cyclic 0-cocycle, to a cyclic 1-cocycle on the algebra of formal symbols on M. Excision in periodic cyclic
cohomology then gives an index formula for elliptic pseudodifferential operators, by compatibility with
excision in K-theory.

This construction is then extended to the abstract setting recalled in Section 1, and we obtain
a cyclic 1-cocycle which generalizes the Radul cocycle in contexts where the zeta function exhibits
multiple poles.

THEOREM 0.1. Let W = W(A) be an algebra of abstract pseudodifferential operators on a Hilbert space
H, and consider the pseudodifferential extension

00—V 5V ——HF=0/ > —0

Suppose that the pole at zero of the zeta function is of order p > 1. Then, the image d[Tr] € HP'(%)
of the operator trace [Tr] € HP?(W~°°) by excision in periodic cyclic cohomology is represented by the
following cyclic 1-cocycle :
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c(ag,a;) =J(a05(a1)—2l!J(a052(a1)+...+ %J( ay6?(ay)

where 5(a) = [log AY" a] and §%(a) = 6*1(6(a)) is defined by induction. The r denotes the "order of
A

Here, ¥~ is the algebra of regularizing operators associated to ¥, i.e elements of all order. The
JC are "higher Wodzicki residues" defined in Proposition [I.11}

In Section 3, we show on an example how the results of the previous section may lead to index
formulas, in the spirit of the Atiyah-Singer theorem. The example we work on is that of a trivial foliation
RP x RY, dealing with the Heisenberg pseudodifferential calculus. Even if this example is simple, it
is also relevant for at least three reasons : Firstly, it allows to deal with hypoelliptic (non-elliptic)
operators. Secondly, one can see how this leads to a purely algebraic approach of index theory, thanks
to Wodzicki residue trace. Thirdly, the philosophy of the construction given is useful to understand
how to adapt the techniques developed in [[9] to treat for example the general case of foliations (whose
leaves are not necessarily compact). One interesting perspective is to obtain an index formula in the
context of the transverse geometry of foliations, which would to an approach different from the one of
Connes and Moscovici in [J5]].

When dealing with the Radul cocycle, the main obstacle is that the formulas arising are, except in
low dimensions, rather complicated. It is not obvious at all to obtain directly topological index formulas
which depend only on the principal symbol. To cope with this difficulty, the general idea is to construct
(B, b)-cocycles of higher degree which are cohomologous to the Radul cocycle in the (B, b)-bicomplex.
These (B, b)-cocycles are shown to be more easily computable in the highest degree, for a reason that
will be understood later. We give two ways of constructing these cocycles. In the first construction, we
introduce homogeneous (B, b)-cocycles on regularizing operators, in many points similar to the cyclic
cocycles associated to Fredholm modules given by Connes. The game still consists in pushing them to
(inhomogeneous) (B, b)-cocycles on the algebra of Heisenberg formal symbols, using a zeta function
regularisation of the trace and excision. The second construction involves Quillen’s cochain theory
from [[I0]]. The interest in using this formalism stands in the way we obtain the desired cocycles, as
we do not have to go through the algebra of regularizing operators first. Therefore, this method is
completely algebraic.

Let &2(R") be the associated algebra of Heisenberg formal symbols of order 0, and denote by

o SARY) — C=(S;R™)



the Heisenberg principal symbol map. Here, S;;R" denotes the "Heisenberg cosphere bundle", which
is defined in Section[I.6l Then, the main result of the section can be stated as follows :

THEOREM 0.2. The Radul cocycle is (B, b)-cohomologous to the homogeneous (B, b)-cocycle on ,5”}? (R™)
defined by

_ 1
(2mi)n

Yon1(ag,...,a5,-1) =

J o(ag)do(ay)...do(ag,_1)
SiRn

As an immediate corollary, we obtain the following index theorem, which extends an index formula
for elliptic operators on Euclidean spaces due to Fedosov (cf. [|6]).

THEOREM 0.3. Let P € MN(\I/I(;(R”)) be a Heisenberg elliptic pseudodifferential operator of formal
symbol u € GLN(,S"HO(R”)), and [u] € Kl(,S"HO(R”)) its (odd) K-theory class. Then, we have a formula for
the Fredholm index of P :

-1D)"(n—1)!

Ind(P) = Tr(Ind[u]) = (2’[’[i)n(2n — ])l

J (o do@)(do) " dow)")
SiR?

In other words, the index of P is given by the evaluation of the fundamental class of S};(R") on the
(odd) Chern character of its Heisenberg principal symbol.
1. ABSTRACT DIFFERENTIAL OPERATORS AND TRACES

In this part, we recall the Abstract Differential Operators formalism developed by Higson in [[7] to
simplify the proof of the Connes-Moscovici local index formula [4]]. This is actually another way of
defining regular spectral triples. For details, the reader may refer to [[7]] or [[12]].

1.1. Abstract Differential Operators. Let H be a (complex) Hilbert space and A be an unbounded,
positive and self-adjoint operator acting on it. To simplify matters, we suppose that A has a compact
resolvent. We denote by H® the intersection

[ee]
H® = m dom(AK)
k=0
where dom stands for the domain of a unbounded operator.

DEFINITION 1.1. An algebra 2(A) of abstract differential operators associated to A is an algebra of
operators on H° fulfilling the following conditions

(i) The algebra 2(A) is filtered,

(o]
2(8)=J2,0)
q=0
that is 2,(A) - 9,(A) € 9,,,4(A). We shall say that an element X € 9,(A) is an abstract differential
operator of order at most q. The term differential order will be often used for the order of such operators.

(i) Thereisar> 0 ("the order of A") such that for every X € 7,(A), [A,X] € D,,41(A).

To state the last point, we define, for s € R, the s-Sobolev space H* as the subspace dom(A*'") of H,
which is a Hilbert space when endowed with the norm

Ivlls = (VIIZ + 1A v|[*)H?
(iii) Elliptic estimate. If X € 9,(A), then, there is a constant ¢ > 0 such that

Ivllg + vl = ellXvll, Vv € H*



Having Girding’s inequality in mind, the elliptic estimate exactly says that A'/" should be thought
as an "abstract elliptic operator" of order 1. It also says that any differential operator X of order g
can be extended to a bounded operator form H**? to H®. This last property will be useful to define
pseudodifferential calculus in this setting.

One example to keep in mind is the case in which A is a Laplace type operator on a closed Riemannian
manifold M. Here, H* consists of the smooth functions on M, r = 2 and 2(A) is simply the algebra
of differential operators. The H® are the usual Sobolev space and we have an elliptic estimate. In fact,
the definition above is an abstraction of this example, but it can be adapted to many more situations,
for instance the case of foliations, on which we shall focus more in detail.

1.2. Correspondence with spectral triple. Let (A, H, D) a spectral triple (cf. [4] or [[7]). One may
construct a algebra of abstract differential operators 2 = 2(A, D) inductively as follows :

9, = algebra generated by A and [D,A]
@1 = [A, @0] + @0[A, @0]

k—1
D= Z D Dy +[A, D1 1+ D[ A, Dpe1 ]
=1

Let & be the unbounded derivation ad|D| =[|D|, . ] on the algebra 98(H) of bounded operators on H.
The spectral triple is (A, H, D) is said regular if A,[D,A] are included in ﬂ:il dom 6™. The following
theorem of Higson makes the bridge between algebras of abstract differential operators and spectral
triples.

THEOREM 1.2. (Higson, [[7]]). Suppose that Amaps H® into itself. Then, the spectral triple (A,H, D)
is regular if and only if the elliptic estimate of Definition [L.1] holds.

Regularity in spectral triples may be viewed an assumption allowing to control some asymptotic ex-
pansions of "pseudodifferential operators", as we shall see in the next paragraph from the perspective
of the elliptic estimate.

1.3. Zeta Functions. Let Z(A) be an algebra of abstract differential operators. For z € C, one defines
the complex powers A7 of A using functional calculus :

1
AP =— J. A (A— A)_ldk
2mi

where the contour of integration is a vertical line pointing downwards separating 0 and the (discrete)
spectrum of A. This converges in the operator norm when Re(z) > 0, and using the semi-group
property, all the complex powers can be defined after multiplying by A¥, for k € N large enough.
Moreover, since A has compact resolvent, the complex powers of A are well defined operators on H°.

We will suppose that there exists a d > 0 such that for every X € 9,(A), the operator XA™ extends
to a trace-class operator on H for z on the half-plane Re(z) > #. The zeta function of X is

{x(z) =Tr(XA™/T)

The smallest d verifying the above property is called the analytic dimension of 2(A). In this case, the
zeta function is holomorphic on the half-plane Re(z) > g + d. We shall say that 2(A) has the analytic
continuation property if for every X € 92(A), the associated zeta function extends to a meromorphic
function of the whole complex plane.

There properties are set for all the section, unless if it is explicitly mentioned.
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These notions come from properties of the zeta function on a closed Riemannian manifold M : it
is well-known that the algebra of differential operators on M has analytic dimension dimM and the
analytic continuation property. Its extension to a meromorphic function has at most simple poles at
the integers smaller that dim M. In the case where M is foliated, the dimension of the leaves appears
in the analytic dimension when working in the suitable context. Hence, the zeta function provide
informations not only on the topology of M, but also on its the geometric structure, illustrating the
relevance of this abstraction.

1.4. Abstract Pseudodifferential Operators. Let 2(A) an algebra of abstract differential operators
of analytic dimension d. To define the notion of pseudodifferential operators, we need a more general
notion of order, not necessary integral, which covers the one induced by the filtration of 2(A).

DEFINITION 1.3. An operator T : H® — H is said to have pseudodifferential order m € R if for
every s = 0, it extends to a bounded operator from H™** to H*. In addition, we require that operators
of analytic order stricly less than —d are trace-class operators.

That this notion of order covers the differential order is due to the elliptic estimate, as already remarked
in Section[I.Tl The space of such operators, denoted Op(A), forms a R-filtered algebra. There is also
a notion of regularizing operators which are, as expected, the elements of the (two-sided) ideal of
operators of all order.

REMARK 1.4. Higson uses in [[7]] the term "analytic order", but as the examples we deal with in the
paper are about pseudodifferential operators, we prefer the term pseudodifferential order.

EXAMPLE 1.5. For every A € C not contained in the spectrum of A, the resolvent (A — A)~! has
analytic order r. Moreover, by spectral theory, its norm as an operator between Sobolev spaces is a
o(IAI™).

The following notion is due to Uuye, cf. [12]]. We just added an assumption on the zeta function which
is necessary for what we do.

DEFINITION 1.6. An algebra of abstract pseudodifferential operators is a R-filtered subalgebra
W(A) of Op(A), also denoted ¥ when the context is clear, satisfying

Az/r\I,m - \I,Re(z)+m \I,mAz/r - \I,Re(z)+m

and which commutes, up to operators of lower order, with the complex powers of A", that is , for all
meR,zeC

[Az/r’\llm] c \I}Re(z)+m—1
Moreover, we suppose that for every P € ¥"(A), the zeta function
{p(2) =Tr(PAT)

is holomorphic on the half-plane Re(z) > m + d, and extends to a meromorphic function of the whole
complex plane. We shall denote by

P = m g

meR

Of course, this is true for the algebra of (classical) pseudodifferential operators on a closed manifold.
We shall recall later what happens in the example of Heisenberg pseudodifferential calculus on a foli-
ation, as described by Connes and Moscovici in [[4]].

We end this part with a notion of asymptotic expansion for abstract pseudodifferential operators. This
can be seen as "convergence under the residue".



DEFINITION 1.7. Let T and T, (a in a set A) be operators on ¥. We shall write
T~>T,
acA

if there exists ¢ > 0 and a finite subset F C A such that for all finite set F’ C A containing F, the map

g Tr ((T - Ta)AZ/’)

a€F’

is holomorphic in a half-plane Re(z) > —c (which contains z = 0).

EXAMPLE 1.8. Suppose that that for every M > 0, there exists a finite subset F C A such that

T—> T, ev™

a€F

Then, T ~ > cs Ta

In this context, asymptotic means that when taking values under the residue, such infinite sums, which
have no reason to converge in the operator norm, are in fact finite sums. Thus, this will allow us to
disregard analytic subtleties and to consider these sums only as formal expansions without wondering
if they converge or not. In other words, this notion allows to adopt an algebraic viewpoint. To this
effect, the following lemma is crucial.

LEMMA 1.9. (Connes-Moscovici’s trick, [[4] [7]) Let Q € W(A) be an abstract pseudodifferential oper-
ator. Then, for any z € C, we have

L) [A7Q~D. (_kz)dk)m—k

k>1

where we denote Q%) = ad(A)(Q), ad(A) =[A, .].

REMARK 1.10. The pseudodifferential order of terms in the sum decreases to —o0, so that the
difference between [A™?,Q] and the sum becomes more and more regularizing as the number of terms
grows.

PROOE. For z € C of positive real part large enough, one proves, using Cauchy formulas and rea-
soning by induction, that the following identity holds (cf [[7], Lemma 4.20) :

N
(12) A—ZQ_QA—Z — Z (_Z)Q(k)A—Z—k + i f )L_z()t _ A)—lQ(N+1)(A _ A)_N_l da
=\ k 2mi
By the elliptic estimate, the integral term in the right hand-side has pseudodifferential order ordQ +
(N+1)r—N—1—(N +2)r =ord(Q)—r —N — 1, which can therefore be made as small as we want
by taking N large. This proves the lemma in the case where Re(z) > 0. The general case follows from
the analytic continuation property. |

1.5. Higher traces on the algebra of abstract pseudodifferential operators. We give in this para-
graph a simple generalization of the Wodzicki residue trace, when the zeta function of the algebra
2(A) has poles of arbitrary order. Actually, this was already noticed by Connes and Moscovici (see

[4D.

PROPOSITION 1.11. Let W(A) an algebra of abstract pseudodifferential operators, following the con-
text of the previous paragraphs. Suppose that the associated zeta function has a pole of order p = 1in 0.
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Then, the functional
P

P =Res,_ozP ' Tr(PA/")
defines a trace on W(A).

PROOE Let PBQ € ¥(A). Then, for Re(z) > 0, we can use the trace property on commutators to
write :

Tr([RQIA™/") = Tr(P(Q — A™*/TQA)A™/T)

Hence, using the analytic continuation property, we have

P
[PQ] =Res,_oz" ' Tre(P(Q — A*/"QA*M)A™#/T)

By Lemma

A_Z/rQ - QA_Z/r ~ Z (_Z/T)Q(k)A—k CATEIT

=Nk

so that,

P

k>1

The sum is finite : Indeed, the order of Q) A~ is ord(Q) — k, so the terms in the sum above become
holomorphic at 2 = 0 when k is large enough, and vanish when taking values under the residue. Finally,
the finite sum remaining vanishes since the zeta function has at most a pole of order p at 0. |

k. . - . .
If 0 < k < p, then ]C is no more a trace in general, but one has an explicit relation expressing the
commutators, cf. [[4].

1.6. The example of Connes and Moscovici.

1.6.1. Heisenberg pseudodifferential calculus on foliations. Let M be a foliated manifold of dimension
n, and let & be the integrable sub-bundle of the tangent bundle TM of M which defines the foliation.
We denote the dimension of the leaves by p, and by ¢ = n — p their codimension.

For the moment, we work in distinguished local charts. Let (x,..., x,) a distinguished local coordinate

system of M, i.e, the vector fields Z)Lxl’ cee, % (locally) span &, so that g .o % are transverse
P n
to the leaves of the foliation. Connes and Moscovici constructed in [4]] an algebra of generalized

differential operators using Heisenberg calculus, whose main idea is that :

axp+1 e

e The vector fields 8Lx1’ e, % are of order 1.
P

e The vector fields

3 3
x,500 " ax, AT€ of order 2.

The Heisenberg pseudodifferential calculus consists in defining a class of smooth symbols o(x, &) on
R x Rg which takes this notion of order into account. To this end, they set

|§|’=(£‘1‘+...+§;+£§+1+...+§§)1/4
(@) =0y +...+a, +2a,,; +...2a,

forevery £ € R", a € N,

DEFINITION 1.12. A smooth function o(x,&) € C*(R} x Rg) is a Heisenberg symbol of order
m € R if o is x-compactly supported, and if for every multi-index a, 3, one has the following estimate

18820 (x, ) < (1+1g) )@



To such a symbol o of order m, one associates its left-quantization, which is the following operator

1
(2m)

P:C®[R")— CT[R"), Pf(x)= J e %o (x, E)f (£)dE
RTI
where f denotes the Fourier transform of f. We shall say that P is a Heisenberg pseudodifferential
operator of order m, and denote the class of such operators by ¥;/(R"). The Heisenberg regularizing
operators, whose class is denoted by ¥~°°(R"), are those of arbitrary order, namely
V(R = (1) YR
meR
The reason why there is no H-subscript is that the Heisenberg regularizing operators are exactly the

regularizing operators of the usual pseudodifferential calculus, i.e the operators with smooth Schwartz
kernel.

Actually we shall restrict to the smaller class of classical Heisenberg pseudodifferential operators. For
this, we first define the Heisenberg dilations

A : (gl""agp’ €p+1a" "gn) = (Agla" "Agp’lzgp+1""’2'2€n)

for any non-zero A € R and non-zero § € R".
Then, a Heisenberg pseudodifferential operator P € W;7(R") of order m is said classical if its symbol o
has an asymptotic expansion

13)  o(x,E)~ D 0p(x,8)
j=0
where 0,,_;(x,&) € ,SﬂHm_j (R™) are Heisenberg homogeneous, that is, for any non-zero A € R,

O (X, 2+ &)= A" 0 (X, E)

The ~ means that for every M > 0, there exists an integer N such that o —ZN

=0 Tm—j € S M(RM). To

avoid an overweight of notations, we shall keep the notation ¥;; to refer to classical elements.

Another important point is the behaviour of symbols towards composition of classical pseudodifferen-
tial operators. Of course, if P,Q € ¥, (R") are Heisenberg pseudodifferential operators of symbols o
and o, PQ is also a Heisenberg pseudodifferential operator of order at most ord(P) + ord(Q), and
its the symbol o, is given by the following asymptotic expansion called the star-product of symbols,
given by the formula

(=)
al

(14 opg(x,E)=0prog(x, &)~ Y.

|a|=0

Fop(x, )0 oq(x,8)

Note that the order of each symbol in the sum is decreasing while |a| is increasing.
We define the algebra of Heisenberg formal classical symbols #;(R") as the quotient
S (R") =¥ (R") /¥~ (R")

Its elements are formal sums given in (I.3)), and the product is the star product (I.4). Note that the ~
can be replaced by equalities when working at a formal level.

We now deal with ellipticity in this context. A Heisenberg pseudodifferential operator is said Heisenberg
elliptic if it is invertible in the unitalization #;(R")" of #;(R") . One can show that this is actually
equivalent to say that its Heisenberg principal symbol, i.e the symbol of higher degree in the expansion
(L3) is invertible on RY x Rg ~{0}. An adaptation of arguments from classical elliptic regularity shows
that the elliptic estimate holds in this case. A remarkable specificity of these operators is that they
are hypoelliptic, but not elliptic in general. Nevertheless, they remain Fredholm operators between
Sobolev spaces relative to this context. The interested reader should consult [[1]] for details.
8



ExaMPLE 1.13. The following operator, also called sub-elliptic sub-laplacian,
_ 4 4 2 2
Ag =0, +...+0, = (95 +...+9)

has Heisenberg principal symbol o(x,&) = |&|"*, and is therefore Heisenberg elliptic. However, its

usual principal symbol, as an ordinary differential operator, is (x,&) — >.b_. £% so Ay is clearly not
elliptic.

i=1 21

Finally, Heisenberg pseudodifferential operators behave well towards distinguished charts change.
Therefore, Heisenberg pseudodifferential calculus can be defined globally on foliations by using a
partition of unity. Then, for a foliated manifold M, we denote by ¥;7(M) the algebra of Heisenberg
pseudodifferential operators on M.

It is not very difficult to verify the required assumptions of Definition[I.6] However, what concerns the
zeta function is not obvious.

1.6.2. Residue Trace on Foliations. We now recall these results, proved by Connes and Moscovici in [4]].

THEOREM 1.14. (Connes-Moscovici, [4]]) Let M be a foliated manifold of dimension n, p be the
dimensions of the leaves, and P € W™(M) be a Heisenberg pseudodifferential operator of order m € R. Let
A the sub-elliptic sub-laplacian defined in Example[L. 13} that we extend globally to M by using a partition
of unity. Then, the zeta function

{p(2) =Tr(PAT/)

is holomorphic on the half-plane Re(z) > m+ p + 2q, and extends to a meromorphic function of the whole
complex plane, with at most simple poles in the set

{m+p+2q,m+p+2q—1,...}
REMARK 1.15. The analytic dimension of the algebra of Heisenberg differential operators is then
p + 2q. Note that we thus recover the dimension of the leaves of the foliation, ant that the ”2” is the

degree of the transverse vector fields.

The meromorphic extension of the zeta function given by this theorem allows the construction of a
Wodzicki-Guillemin trace on (M) = ¥, (M)/ T~ (M).

THEOREM 1.16. (Connes-Moscovici, [[4]]) The Wodzicki residue functional

J( :HM)—C, P+—> Reszonr(PA_Z/4)

is a trace. It is the unique trace on ;(M), up to a multiplicative constant. Moreover, for P € Wy (M), we
have the following formula, only depending on the symbol o of P.

1 w"
(1.5) ][ P = 2n) L,*,M tr (U—(p+2q)(x; €) F)

Here, S};M is the Heisenberg cosphere bundle, that is, the sub-bundle

SyM ={(x,§) € T*M; [§]' =1}

L is the generator of the Heisenberg dilations, ¢ stands for the interior product and «w denotes the
standard symplectic form on T*M.

REMARK 1.17. All these results still holds for Heisenberg pseudodifferential operators acting on
sections of a vector bundle E over M : In this case, the symbol o_,,24)(x, &) above is at each point
9



(x,&) an endomorphism acting on the fibre E,, and (L.5) becomes :

1 n
J( P= 2mn L,*,M y (tr(a—(p+24)(x’ <) %)

where tr denotes the trace of endomorphisms.

2. THE RADUL COCYCLE FOR ABSTRACT PSEUDODIFFERENTIAL OPERATORS

2.1. Extensions and index theorems. We begin with another abstract setting. Let A be an associative
algebra over C, possibly without unit, and I an ideal in A. The extension

0—I—A—A/l—0

gives rise to the following diagram, relating the index map in algebraic K-theory and excision in periodic
cyclic homology

@1 K™/ 2 k25

l/ ch; \L chy

HP; (4/1) —— HP(I)

The vertical arrows are respectively the odd and even Chern character. Nistor shows in [8]] that this
diagram is commutative. Then, if we denote again & : HP°(I) — HP'(A/I) the excision map in coho-
mology, the following equality holds,

2.2)  ([7],choInd[u]) = (F[7],chy[u])

for every [t] € HP°(I) and every [u] € K;(A/I). One should have in mind that the left hand-side is an
"analytic index", and think about the right hand-side as a "topological index".

Let us recall the construction of a boundary map d in cohomology in a useful particular case, drawn
from [8]]. Let [t] € HP(I) be given by a hypertrace 7 : I — C, i.e a linear map satisfying the condition
7([A,I]) = 0, then let us recall how to compute d[7] € HP'(A/I). To begin, choose a lift T : A — C
of 7, such that 7 is linear (in general, this is not a trace), and a linear section ¢ : A/I — A such that
o(1) = 1, after adjoining a unit where we have to. Then, d[ 7] is represented by the following cyclic
cocycle :

c(ag,a;) = b7 (o (ap), o(ar)) = T([o(ao), 0(a;)])

where b is the Hochschild coboundary recalled in Section[3.11

2.2. The generalized Radul cocycle. We can finally come to the main theorem of this section. Let
2(A) be an algebra of abstract differential operators and ¥ = ¥(A) be an algebra of abstract pseudo-
differential operators. We consider the extension

0—IV *® Vv —F—0

where & is the quotient ¥/¥~°°, The operator trace on ¥~ is well defined, hence it defines a
periodic cyclic cohomology class [Tr] € HP°(¥~°°). It also satisfies Tr([¥~°°,%]) = 0. In addition,
let 3 : HP(¥~>°) — HP!(%) denote the excision map in periodic cyclic cohomology associated to the
above extension.

THEOREM 2.1. Suppose that the pole at zero of the zeta function is of order p > 1. Then, the class
0[Tr] € HPY(S) is represented by the following cyclic 1-cocycle :

1 2 p
-1
c(ag,a;) =J(a05(a1)—2l!J(a052(a1)+...+ (1" J(a05p(a1)

p!
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where 6(a) = [log AY" a] and §*(a) = §*7'(6(a)) is defined by induction. We shall call this cocycle the
(generalized) Radul cocycle.

Here, the commutator [log A", a] is defined as the non-convergent asymptotic expansion
1o (D!
2.3) [logA,al~=> % LA
r
k=1

where a® has the same meaning as in Lemma This expansion arises by first using functional
calculus :

1
log AV = 7 f logAV"(A—A)"tdA

and then, reproducing the same calculations made in the proof of Lemma to obtain the formula
(cf. [7]] for details). In particular, note that log AY" = %log A.

Another equivalent expansion possible, that we will also use, is the following
-1 k—1
24) [logA",a]~>] CED™ japwir
k
k>1
where al'l = [AY",q], and at**1 =AY qlk]].

Before proving the result, let us give a heuristic explanation of how to get this formula. We first lift the
trace on ¥~ °° to a linear map 7 on ¥ using a zeta function regularization by "Partie Finie",

F(P) =Pf,_,Tr(PA*/")

for any P € W. The "Partie Finie" Pf is defined as the constant term in the Laurent expansion of a
meromorphic function. Let Q € ¥ be another pseudodifferential operator. Then, we have

—AE/ /
b. Q A? rQAz rA—z/r)

sz:OTr([p, Q]A_Z/r) = Resz:OTr (
Zz

by reasoning first for z € C of sufficiently large real part to use the trace property, and then applying

the analytic continuation property. Then, informally we can think of the complex powers of A as
1 p
AT = elogdalr =1 4 Zlog At L+ — (E) (log A) +0(zF™)
r p'\r

which after some calculations, gives the expansion

—z/r 2/T\A—2/T _ 22 2 —lzp +1
Q—ATTQATNAT! =25(Q) = S 07(Q) +... +(-1) E5P(Q)+O(2’p)

PROOE Let BQ € ¥ be two abstract pseudodifferential operators. The beginning of the proof is
the same as the heuristic argument given above, so we start from the equality

Q _ A—Z/TQAZ/T A_Z/r)
z

1 —z/r
=Res,_,Tr| P-= OV
set(p- 23

k>1

szonl’([P, Q]A_Z/r) = Reszonr (P :

The second equality comes from Lemma

Then, let X be an indeterminate. As power series over the complex numbers with indeterminate X, we
remark that for any z € C, one has

s (_j(/r)xk = i((l +X)T—1)

z k>1
11



On the other hand, we have, for g €N,

ad(og AV7Y(Q) = L [log Lo llog Q] ~ £ 57 >0 E Q(k)A_k

k=q ky+..+k, ik
Using once more the indeterminate X, one has
> ¥ Sle- (O
k
k>q ky+..tk=k "1° 1>1
=log(1+ X)1

thus obtaining

Z(_?‘q 12"6:—110 (1 +x)q——((1 +X)m—1)
q=1 :

This proves that the coefficients of Q) A™* in the sums

‘Z( )mA_k, Z( 1)1 20 (Z 3 (1) (k)A_k)

k>1 q=1 k2q ky+.. kg ik

are the same, hence the result follows. O
Applying the pairing (2.2), we have an index formula.

EXAMPLE 2.2. Let M be a closed foliated manifold with integrable sub-bundle F € TM, A the sub-
elliptic sub-laplacian of Example [I.13]sand take W(A) = ¥, (M) the algebra of (classical) Heisenberg
pseudodifferential operators on M, ¥~°°(A) = ¥~ °°(M) the ideal of regularizing operators. The
quotient ¥ /¥ ~°° is the algebra %;(M) of classical Heisenberg formal symbols. A trace on ¥~°°(M) is
given by

2.5 1(K)=Tr(K)= f k(x,x)dvol(x)

M
where k is the Schwartz kernel of K. Then, using the residue defined in Theorem [L.16] and applying
Theorem [2.T] d[ 7] is represented by the following cyclic 1-cocycle on #;(M) :

(2.6) c(ag,a;) = apllogl&l’,a,]

With a slight abuse of notation, we put the symbol log|£|” instead of the operator log A4, We em-
phasize that the product of symbols is the star-product defined in (T.4), but we omit the notation x.

Remark that log |&|” is a log-polyhomogeneous (Heisenberg) symbol and is not classical, but from @2.4),
it is clear that its commutator with any element of #;(M) is. Note also that the cocycle is defined on
the symbols rather that on the operators, but this does not matter since the Connes-Moscovici residue
kills the smoothing contributions. In particular, only a finite number of terms of the star-product are
involved.

From this cocycle, we then get an index formula for Heisenberg elliptic pseudodifferential operators.
Indeed, if P is such an operator of formal symbol u € %;(M), and Q a parametrix of P in the Heisenberg
calculus of formal symbol u™! € &;(M), then, the Fredholm index of P is given by

Ind(P) =c(u™!,u)

As the Radul cocycle is given by a Wodzicki residue, it is local in the sense of Connes-Moscovici. How-

ever, it seems to be an unattainable task to get a topological index formula in terms of the principal

symbol since by (I.5), we have to compute the symbol of order —(p + 2q) of u~![log|&|’,u]. At first
12



sight, many terms of the formal expansions of u and u™!, as well as many of their higher derivatives,

seem to be involved. We shall see in next section a way to overcome this difficulty.

3. A COMPUTATION OF THE RADUL COCYCLE

This section is devoted to show how one may recover interesting index formulas from the Radul cocycle,
working on the simplest foliation possible. For all this section, even if it is not explicitly mentioned, we
consider R" as a trivial foliation R? x R%, where 0 < p < n and ¢ = n— p, and consider the associated
classical Heisenberg pseudodifferential operators \I/fI(IR{”) of order 0.

Our goal is to show that the Radul cocycle on 5”}? (R") is cohomologous in HP!(#;(R™)) to simple
inhomogeneous (B, b)-cocycles of higher degree, making the computation of the index problem easier.
We shall always use coordinates adapted to the foliation R? x R9.

We shall give two constructions but before, we briefly recall how to define the (B, b)-bicomplex.

3.1. The (B, b)-bicomplex. Let A be an associative algebra over C. For k > 0, denote by CC¥(A) the
space of (k + 1)-linear forms on the unitalization A" of A such that ¢ (ay,...,a;) = 0 when a; = 1 for
some i > 1. Then, define the differentials
B : CCr1(A) — CCk(a), b : cCk(a) — cCkrl(a)
by the formulas
k

B¢(a0; .. ';ak) = Z(_l)lk¢(1’ ai,...,dx,dg, . ";ai—l)
i=0
k

bo(ag,...,a) = Z(—l)i¢(ao, s @1, @41, Ay, -5 Qky)
i=0

+ (=1 ¢ (apqq0, -, ar)

that is, B2 = b2 = 0. Moreover, B and b anticommute, which allows to define the (B, b)-bicomplex

| i

. —2 s ccta) —= ccl(a) —= cc(A)

1

. —2 > ccla) —2= cca)

b

. —2 - ccoa)
Then, the periodic cyclic cohomology HP*(A) is the cohomology of the total complex. More precisely,
it is the cohomology of the 2-periodic complex
B ceeven(a) BEh godd(g) B ceeven(q) BB
where
CCoen(A) = CC’(A) e CC*A) ® ...
ccoda) =ccl@)ecC’A)e...

Hence, there are only an even and an odd periodic cyclic cohomology groups, respectively denoted
HP°(A) and HP'(A).
13



REMARK 3.1. Sometimes, authors consider the total differential B — b instead of B + b.

3.2. General context. Recall from Section[I.5] that the residue trace of a Heisenberg pseudodifferen-
tial operator P € ¥, (RR") of symbol o is given by

1 w"
(3.1) f p N W S;;]Rn LL (a_(P+2q)(x’ g)F)

where 0_, 2, is the Heisenberg homogeneous term of order —(p + 2q) in the asymptotic expansion
of 0, w = Y dx;d¢; is the standard symplectic form on T*R" = R" x Rg, and L is the generator of
the Heisenberg dilations, given by the formula

P n
L=>"5d +2 ) &b,
i=1

i=p+1
Note that in this example, the sub-elliptic sub-laplacian does not have a compact resolvent since we
work on R". However, the results in Section [1.6.2] on the Wodzicki residue still holds because we
consider pseudodifferential operators which have compact support.

We first extend the trace on ¥~ °°(R") given in (2.5) to a graded trace on the graded algebra ¥~>°(R")®
A°T*R", using a Berezin integral :

Tr(K ® a) = a[ZHJTr(K)

where K € ¥~°°(R"), and a,, is the coefficient of the form dx; ...dx,d¢&;...d&, in a (the wedges
are dropped to simplify notations). Here, we emphasize once more that T*R" is seen as the vector
space R x Rg. Therefore A*T*R" stands for the exterior algebra of the vector space T*R" = R} x Rg,
and not for the vector bundle of exterior powers of the cotangent bundle, as usual.

Moreover, the Wodzicki residue trace on ¥, (R™") is given by a zeta function regularization of this trace.
Therefore, the latter procedure also extends the Wodzicki residue trace to a graded trace on the graded
algebra ¥, (R")®A*T*R". The latter descends to a graded trace on ;(R")®A*T*R". The composition
law of pseudodifferential operators, or the star-product of symbols for the latter, are extended to these
algebras just by imposing that they commute to elements of the exterior algebra.

Remark also that the following commutation relations hold
[x;,€1=16,;, [x;,x;1=1[&;,&;1=0
where we denote i = +/—1. In short, ad(x;) and ad(&;) are respectively the differentiation of symbols

with respect to the variables &; and x;.
Finally, let F be the multiplier on #;(R") ® A*T*R" defined by

F = (xdE +Edx;)

As the two following lemmas might indicate, this operator will play a role rather similar to operators
usually denoted by F when dealing with finitely summable Fredholm modules. The difference is that
this F here is not the main object of study, and acts more as an intermediate towards the main result.

LEMMA 3.2. F? is equal to iw, where w is the standard symplectic form on T*R". In particular, F?
commutes to every element in Sy (R™") ® A*T*R".

LEMMA 3.3. For every symbol a € ¥;(R"), one has

[Fa]=ida=iy. (%dxl» + j—gdgi)

The proof of both lemmas follows from a simple computation, just using the commutation relations
mentioned above. Another important property of the multiplier F, easy to verify, is the following
14



LEMMA 3.4. For every a € 3 (R™") ® A*T*R", we have

j}.[F,a]=O

3.3. Construction by excision. The previous lemma shows that it may be relevant to consider the fol-
lowing cyclic cocycles on ¥~°°(R"), inspired of Connes’ cyclic cocycles associated to Fredholm modules
(see [2]] or [3]).

(32) ¢2k(a0""; aZk)

k! n—k
(2 'k),Tr(ao[F a]...[Fayl® a)n! )

for 0 < k < n. Therefore, we obtain the following result, very similar to that of Connes.

PROPOSITION 3.5. The periodic cyclic cohomology classes of the cyclic cocycles ¢ are independant of

PROOE Set

(k+1)!

3.3) (ag,.--,A9441) = =—-——
Yar+1\do 2k+1 1 (2k + 2)1

wn—k
Tr (aoF[F, a]...[F,ay41]1® T)

It is then a straightforward calculation to verify that (B + b)yorr1 = ¢Pax — Paks2, Which shows the
result. =

At this stage, we are not very far from being done. To obtain the desired cyclic cocycles on the algebra
S”P?R" ® A*T*R" from those previously constructed, it suffices to push the latter using excision in
periodic cyclic cohomology. Indeed, as we have the pseudodifferential extension

0— ¥ *°(R") — \I/S(IR”) — S”P?R" —0
we look at the image of the (B, b)-cocycles ¢, under the boundary map
8 : HP°(¥~*°(R")) — HP'(#R")
Thanks to this, the cocycles ([3.2) involving the operator trace, which are highly non local, will be

avoided and transferred to cocycles involving the Wodzicki residue.

To compute the image of the cocycles (3.2) under the excision map 2, a slight refinement of the
techniques sketched in Sections 2Tl and [Z.2] is required. We first lift the cocycles ¢4, on ¥~°°(R") to
cyclic cochains ¢ € CC‘(\I/SI(R”)) using a zeta function regularization,

¢2k(a0’ cees aZk)

k!
k(zk)l 2k +1

n—k
Z Pf,_oTr (ao[F a;]...[FaJA*[F a;,]...[Fay]® con' )
For k = 0, we already know that d[ ¢,] is represented by the Radul cocycle

c(ag,a;) = J( agda;
where §a; =[log|&|,a;].

Now, let k € N. Then, the usual construction of the boundary map in cohomology associated to an
extension gives that d[ ¢, ] is represented by the inhomogeneous (B, b)-cocycle

(B +b)box = Par + barsr € CC*F(WH(RM) © CCHH (B (R))
15



where 5, = B$2k and ¢y = b$2k are given by

(3.4 Yor—1(ag,- .., a%_1)
2k—1

n—k
k(2k)| Z( )H—l j: (ao[F, al] e [F, ai]éF[F, aH_l] e [F, azk—l] ® wn! )

(3.5) ¢ox+1(ag, .- .5 Aops1)
2k+1

n—k
k(2k+1)| Z(_ )" 1J( (aO[F:al]---[F’ai—1]5ai[F’ai+1]~--[F:a2k+1]® wn! )

where we define v¢)_; as zero. ¢, is precisely the Radul cocycle. For the clarity of the exposition, the
calculations will be detailed later in Appendix A. Then, we have :

PROPOSITION 3.6. The Radul cocycle c is cohomologous in the (B, b)-complex, to the (B, b)-cocycles
(Yok—1, Pos1)s forall 1 <k < n.

Indeed, usual properties of boundary maps in cohomology automatically ensures this result. As a
matter of fact, one can be more precise and give explicitly the transgression cochains allowing to pass
from one cocycle to another. For this, we lift the transgression cochain y given in (3.3) to the (B, b)-
cochain ¥ € CC*(¥y(RR")), using the same trick as before :

~ _ (k+1) 1
T2k = T 2k 1 2)1 2K + 3

wn—k—l
[szonr (aoA_z/4F[F, al] eee [F, a2k+1] ® | )
n:

2k+1 n—k—1
_ w
+ E : Pf,_oTr(agF[F,a;]...[F,a;]A 2/4[F, @ip1]---[F, agi1]® T):|
i=0 :

and the term i = O of the sum means Pf,_Tr(agFA™*[F,a;]...,[F, ay1]1® %!H) in the right hand-
side.

PROPOSITION 3.7. The inhomogeneous (B, b)-cochains
Gok— Pokso — B+ b)¥orp1 = Yor — Vopsn € CCZk(‘I’g(R”)) ® CCZHZ(‘I’I(_);(RYX))

for 0 < k < n, viewed as cochains on #;(R"), are transgression cochains between (Y o_1, $ox41) and
(Yars1, Pokes)s thatis,

(Yar—1 + Pos1) — (WPorq1 + Pokss) = (B+ D)y — Y/2k+z)

Moreover, one has

(3'6) sz(aO;""azk)
2k

k' ; wn—k—l
- m;}(—n :}.(aOF[F,al]...[F,ai]éF[F,aiH]...[F,a2k+1]® - )

n—k
(3-7) lek(ao,---,QZk):jI‘. (a05al[F;aZ:|"'[F;a2k]® wn' )

n—k
k(2k+ N4 Z( J( (aOF[F’al]“'[F’ai_l]éai[F’aiH]---[F,azk] ® wn! )

That 52,( — $2k+2 —(B+ b)Y+ gives a transgression cochain comes once again from the construction
of a boundary map in cohomology associated to a short exact sequence. Once more, the calculations
leading to these formulas are given in Appendix A.
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3.4. Construction with Quillen’s Algebra Cochains. The interest about Quillen’s theory of cochains
here is that the (B, b)-cocycles we want to get are obtained purely algebraically, since we do not need to
pass first through (B, b)-cocycles on the algebra of regularizing operators. For the convenience of the
reader, we briefly recall this formalism, and let him report to the original paper [10] or the Appendix
B for more details.

3.4.1. Preliminaries. Let A an associative algebra over C with unit. The bar construction B of A is the
differential graded coalgebra B = @,,>( B,,, with B, = A®" for n > 0 with coproduct A : B —B®B

n
Alay,...,a,) = Z(al,...,ai) ® (Ajy15--->ay)
i=0
The counit map 7 is the projection onto A®® = C, and the differential is b :

n
b/(al, ooy an+1) = Z(_l)l_l(al, cees AiAi1se e, an+1)
i=1

which is defined as the zero-map on B, and B;. These operations confer a structure of differential
graded coalgebra to B.

A bar cochain of degree n on A is a n-linear map over A with values in an algebra L. These cochains
form a complex denoted Hom(B, L), whose differential is given by

Sparf = (1) f b’
for f € Hom"(B, L). Moreover, one has a product on Hom(B, L) : If f and g are respectively cochains
of degrees p and g, it is given by
felay,....ap ) =DM f(ay,...,a,)8(aps1,- -, apig)
Therefore, Hom(B, L) has a structure of differential graded algebra.
We next define 28 and Q5 to be the following bicomodules over B :
QP =B®A®B, Q*'=A®B

Here, the I in exponent means that Q5 is the cocommutator subspace of QF. Thanks to this, one can
show that the differential &, induced on Q% is in fact the Hochschild boundary, and deduce that
the complex (Hom(QP!, C), b) is isomorphic to the Hochschild complex (CC*(A), b) of A, with degrees
shifted by one.

We recall Quillen’s terminology. Let L be a differential graded algebra. Elements of Hom(Q5, L) will be
called Q-cochains, and those in Hom(Q%%, L) as Hochschild cochains. Recall also that the bar cochains
are the elements of Hom(B, L).

REMARK 3.8. A cochain f of this kind has three degrees : a A-degree as a multilinear map over A,
a L degree and a total degree f, which is sum. This is the one which will be considered.

The map f : Q%% — QF, defined by the formula

n
n(al ® (aZ; .. "an)) = Z(_l)i(n_l)(ai-i-l) .. "an) ® a] ® (az, LR ;ai)
i=1

induces a map from Hochschild cochains to bar cochains. If we have a (graded) trace 7 : L — C, we
then obtain a morphism of complexes

7f: Hom(Q®,L) — Hom(Q"%,C)
f — i) =1fyf
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3.4.2. Return to the initial problem. We can now return to our context. Let A be the algebra 5”}? (R™) of
Heisenberg formal symbols on R" = R? x R?, and B the bar construction of A. Also, let L be the graded
algebra S’HO (R") ® A*T*R". The product on these algebras is the star-product of symbols, twisted with
the product on the exterior algebra. The injection

p:A—1L

is a homomorphism of algebras. As a consequence, p should be viewed as a 1-cochain of "curvature"
zero, i.e 8,0 + p2 = 0. We introduce a formal parameter ¢ of odd degree such that £2 = 0, and shall
actually work in the extended algebra

Hom(B, L)[¢] = Hom(B, L) + eHom(B, L)

The role of that ¢ is to kill the powers of log|&|” which are not classical symbols, and to keep only its
commutator with other symbols.

Now, denote V = F +¢log ||, and V2 = F2+¢[log|£|’, F] the square of V, and introduce the "connec-
tion" V + &y, + p. The fact that this operator does not belong to the algebra above is not a problem,
since we shall only have interest in its "curvature", which is well defined,

K=V?+[V,pl=F*+¢[log|&|,F1+[F +elogl&l', p]

and its action on Hom(B, L)[¢] with commutators. Here, we emphasize that the commutators involved
are in fact graded commutators. Let T be the graded trace on Hom(B, L)[e] ® A°*T*R" given by

T(x+8y)=J(y

It turns out that the cocycles ([3:4) and (B.5) constructed using excision in the previous section are
obtained by considering the even cochain

0 =1(dp - eX) € Hom(QP!, C)

where 9f - g is defined, for f,g € Hom(Q5,L) of respective degrees 1 and n — 1, by the following
formula :

(af : g)h(al ® (aZ’ CRRE) an)) = (_1)|g‘f(al )g(aZ’ CRRE) an)
The calculation of 6 becomes easier if one remarks that

2 ’
oK = oF" . plEplt+ellog|El . F+p]

as F> =iw is central in L. Then, this easily provides that 6 =3, (6, + 0,,), where

jk+1 2k—1 A ) okl
(3.8) 05 = D ; ]( (310 [F,p]l ' 6p[Fpl* @ m)
jik 2] ' ' Wk
(B39 65 = @0 ZOI ]( (3p [F,p]6F[F,pl* e (n_k)!)
Evaluating on element_s of A, this gives :
(3.10)  0,(ag,...,as_1)
- 2k—1 n—
- % ;(_1)1'3( (ao[p, ar]...[F,a;116a;[F,ai41]...[Fay_1® (n‘ik—’:)')
(3.11) 6y (ag,...,a1)
jk 2k—1 ) Wk
e ;(_1)l+1]( (aO[F,al]...[F,ai]éF[F,aiH]...[F,azk_1]® m)

The signs above not appearing in the cochains (3.8) and (3:9) occur since the a;, 6p and 6F are odd.
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As announced earlier, we observe that 9&( and 9;;{ are up to a certain constant term the cochains ¢;_;
and 14, obtained in (3:4) and (3.5). The difference in signs is due to Quillen’s formalism, which
considers the total differential B—b, see Remark[B-4l Unfortunately, each component of 6, = 6,, +6,,
of 6 is not a (B, b)-cocycle, but taking the entire cochain 6 into account, this is.

To prove this, it only suffices to check that all the things we defined have the good algebraic properties
to fit into Quillen’ proof. This is the content of the following lemma, which is actually a "Bianchi
identity" with respect to the "connection" V + 6y, + p.

LEMMA 3.9. (Bianchi identity.) We have (8,,, + adp +adV)K = (&}, + adp + adV)eX = 0, where
ad denotes the (graded) adjoint action.

REMARK 3.10. The thing which guarantees this identity is that [V, V] = 0. Then, the proof is the
same as that given in the paper of Quillen, [[10], Section 7. Thanks to this lemma, we directly know
that (B — b)@ = 0, by adapting the arguments of [[10]], Sections 7 and 8. For the convenience of the
reader, we recalled these arguments in Appendix B. This result can be refined, and we get the same
results as those obtained using excision.

THEOREM 3.11. The inhomogeneous Hochschild cochains
0, — 04, ,, € Hom* (9”4, C) ® Hom***(QP*, C)

for 0 < k < n, define a (B, b)-cocycle.

PROOE Introduce a parameter t € R, and consider the following family of curvatures (K,) :
K, = V> +[tF +elogl&l, p]
where V2t = F2 + ¢[log |E|’, tF]. Because the identity [V, V'] still holds, we have a Bianchi identity
(Opar +adp +adV)K, =0
Thus, the Hochschild cochain
0t =143 p - X)) € Hom(QP*, C)[ t]

satisfies the relation (B — b)6" = 0 for every t € R, where we denote by R[t] the polynomials with
coefficients in an algebra R. Therefore, this relation also holds for every k, for the coefficient of t¥.

This coefficient is the cochain 6, + 6., ,,, thus, 6, —6,, ., defines a (B, b)-cocycle. ]

Denote by Q = [F,p] + ¢[log|&|’, o + F]. The cochains which cobounds these cocycles (up to modify
each of them by a constant term depending on their degrees) may be obtained rather easily by using
suitable linear combinations of pairs of bar cochains (u;, Uz;.1), where u is given by :

F? _k
e i i
Mk:»c(ap-F E QFQk )
©i=0

Doing this gives transgression formulas in the spirit of those obtained in Proposition [3.7]

3.5. Index theorem. From Proposition [3.6] we know that the Radul cocycle on #2(R")

c(ag,a1) = apday
where 6a; = [log|&]’,a;], is cohomologous to the inhomogeneous (B, b)-cocycle
Yon1 + Pone1 € CCTTHF(RM) @ CCH (A2 (R™))

with,
2n—1

Yona(ag, .-, a9n1) = ﬁ Z(—l)HlJ( ao[F,a;]...[F,a;16F[F,a;,1]...[F, a5, 1]
im0
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Pons1(ag, ..., aop41) =

2n+1

m Z( 1)l 1](00[1: ai]...[F,a;_110a;[F,a;41]...[F,az;41]

We shall now compute 5, + ¢o,41 to obtain an index theorem. To begin, we first notice that by
Lemma [3.3] we may rewrite the cocycles above as

2n—1 2n—1
1 i
(3-12) ¢2n—1(ao, e aZn—l) = m Z (_1) +1 j: aOdal e dai5Fdai+1 e daZn_l
' i=0
2n—1 2n+1
1 i—1
(3.13)  ¢aniilag,---,a2,11) = Tent Dl Z(—l) J(aoda1~--dai—15aidai+1---da2n+1
Cim

The construction of the Wodzicki residue to A*T*R"-valued symbols in the Paragraph [3.2limposes that
the JC selects only the coefficient associated to the volume form dx; ...dx,d&;...d&,. In B.13), this
coefficient must be a sum of terms of the form gil . gfz” a;gf . abz“ for some Heisenberg symbols

by,..., by, of order 0. Such terms have Heisenberg pseudodifferentlal ‘order —(p +2q).

However, in (3.13), there is in each sum an additional factor of the form 6a;, which is a symbol of
degree —1. Hence, the symbols appearing in the formula are at most of Heisenberg order —(p+2q+1),
and vanishes because of (3.1]).

The formula for the cocycle (3.12)) also reduces to a more simple one, but which is in general non-zero.
A simple computation gives that

SF = = %G
e ‘( & 2,2, |£|f4)

Then, we proceed as we did to obtain the formula (3.13). The coefficient on dx; ...dx,d&;...d&, of
the symbols in (3.12) must be of the form

. 8b, @b, 3b,, & 3by, - ;

6] Tx o R TEA e if1<i<p,

..y b, 3b, db,,, 3 3by, .
() o T EAe- e fp+1<i<n

where in each point, the term depending on ||’ replaces the term LIS P\ case, these terms are
p p g p g,

of order —(p + 2q). Thus, if we denote the Heisenberg principal symbol by
o S”H (R") — C*°(S;;R™)

the symbol of order —(p +2q) of apda; ...da;6Fda;,, ...day,_; is
o(ag)do(a,)...do(a;)6Fdo(a;;)...do(ay_1) = (=1)!6Fo(ag)do(ay)...do(as, 1)

We emphasize that the latter product is no more the star-product but the usual product of functions.

The vector field L = Z?:l €0, +2 Z?: 41579, on T*R" is the generator of the Heisenberg dilations.
This implies that t;do(q;) = do(a;) - L = 0 since the a; are symbols of order 0. Using (3.I), and

observing that (; 6F = i, we obtain

1

Parallor e o) =Gy -1y

J o(ag)do(ay)...do(azx—1)
SiRn
So, we have proved the following theorem

THEOREM 3.12. The Radul cocycle is (B, b)-cohomologous to the homogeneous (B, b)-cocycle on & (R™)
defined by
1

Pon1(Go, s Gon1) = e

f o(ag)do(ay)...do(ag,—1)
S Rn
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From this theorem, Formula (2.2)), and the odd pairing of cyclic cohomology with K-theory, given for
any [¢ ] € HP'(#;(R")) and [u] € K;(%;(R")) by the formula

(oL IuD) =D (kN Popr @ ), .., u™10)

k=0

one has the following topological index formula for Heisenberg elliptic pseudodifferential operators of
order 0, which only depends on their principal symbol. Here, tr denotes the trace of matrices.

THEOREM 3.13. Let P € MN(\I/S(R")) be a Heisenberg elliptic pseudodifferential operator of symbol
ue GLN(S”I?(R”)), and [u] € Kl(y;(R”)) its (odd) K-theory class. Then, we have a formula for the
Fredholm index of P :

(=1)"(n—1)!

Ind(P) = Tr(Ind{ul) = e =,

tr(c(w)rdoW)(do () do(w)™1)

S Rn
APPENDIX A. COMPUTATIONS OF SECTION 3.1

We give here the details of the different computations allowing to derive the different formulas of
Section 3.

A.1. Cocycles formulas. Recall that

dox(ag, ..., az)

Kool & ek
=T —z/4
T2k 2k + 1 ;PfZ=OT" (ao[F’ a].. [Fa]a= F ] [Fayle —— )

ForRMULA (3.4). We compute o, _; = B$2k

By (ag, ..., ag—1)

k(Zk)l 2k +1 ZP oTr[([Fao]...[F,a,JAT/*[F,a;,1]... [F,ay+]

—[Fan11[Fa0]...[Fa;, ]A_Z/4|:F, a;]...[Fagy_]+...

+H(=1*[F,a;]...[F,a JA[F, a;,5]. .. [F, ap_ ][F, a]) ® ”n'_k }

Then, by the graded trace property, one can remark that all the terms of the sum Zizio ... are similar,
so, this sum equals (2k + 1) times the term i = 0.

By (ag, ..., ag—1)

k(I:k) Pf,_oTr[([F,ao]. .. [F, agy1]JA™/* = [F,ay_1 I[F, ao]... [F, ay_, ]JA™/*
whk
+...+(=D*[Fa,]...[Fay_,1[F, ao]A_z/4) ® T}
K % e
k(2k)l Zsz oTr([F a]...[F,aq;]A7**[F,a;,,]...[Fasp_,]1® . )
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where we used the graded trace property in the second equality. Then, writing [F,a,] = Fa, — ayF,
using the fact that F anticommutes with the [F, ;] and the graded trace property again, we obtain

B<52k(ao,--- Aok—1)
2k—1
Z Pf, _oTr(ao[F,a;]...[F,a;)(=1)* 7 A™*/*F — (—1)' FA™/*)[F, a4, ]

k(zk)'

wn—k
[Fay.]® —)
n

2k—1 [ _2/4]

k! > (1) Res, OTr(ao[Fal] [F,ai]%

k(zk)| — [F5 ai+1]

wn—k
..[F, a2k_1] ® )
n

From Theorem [2.1] or, to be more precise, the part of the proof allowing to pass from the Partie Finie
to the residue, we finally obtain

By (ag, ..., azk—1)
2%—1

n—k
k(2k)l Z( )lﬂjf (aO[F:al]---[F:ai](SF[F’aHl]---[F:azk—l]® wT)

=Yor—1(ag; ..., 1)

O
FORMULA (35). We now compute ¢op; = boy. As [F,.] is an derivation on & (R"), the
following equality may be observed easily

b$2k(ao,---:a2k+1) k(2k IEyPA Z(— )'Pf OTr(aO[F,al]...[F, a;)[ag, A7)

wn—k
[F,a;15]...[Fay.1])® o )
Again, from the proof of Theorem [2.T] we finally have

boa(ag, ..., asps1)
2k+1

n—k
k(2k+1)' Z(_ )i~ 1J( (ao[F,al]...[F,ai_l]éai[F,aiH]...[F,aZkH]®wT)

= Pors1(ag, - azk+1)

O

A.2. Transgression formulas. We now give the details of the computations needed to obtain the
formulas of Proposition [3.7] Recall that

Yor+1(ao, - -+ Qops1)

_ (k+1) 1 2/4 k-1
= T2k 1 21 2k + 3 Pf,_oTr| agA™**F[F,a,]...[F, as41] ® "y
2k+1 wn—k—l
+ Z Pf,_oTr (aoF[F, a;]...[F,a;]A*[F,a;41]...[F, ag41] ® - )}
i=0 !

where the term i = 0 of the sum means Pf,_,Tr (aOFA_Z[F, a]...,[Fays1]® LH)

n!
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FormurA (B3.€6). We compute By, 1(ag,-.-,as). By the graded trace property, applying the
operator B to each term of ¥4, ; yields the same contribution. As there are (2k + 3) terms, we have

(k+1)!

By (ag, ..., a0) = -—/7——
Y2k+11do 2k (2 + 21

szzOTr( F[F,ay]...[F, ay]

n—k—1
+ F[F,ay][F,ay]...[F,agp_11+ ...+ F[F,a;]...F[F,ay][F, ao])A_z/4 ® i )
n

Writing ((zkktlz))!! = é(zk]il)" knowing that F anticommutes to the [F,a;] and that F? = iw is central,

developing F[F, a,] and finally using the graded trace property, we obtain

BY41(ag, - - -5 agi)

k1 1 2k c ) /4 wn—k—l
_m-igpzzo (agF? —FagF)[F,a\]... A, [Fay]) @ —

Once again using that F2 = iw, we can write

‘gzk(ao, ERE) aZk)
k!
k+1(2k+ <

wn—k—l
Z Pf,_ oTr(aoF [F,a;]...[F,aJA*[F,a;,]...[Fay]® o )

hence,

(&zk —BYak+1)(ag, - -+, ax)

k! . k-1
= ok 2 Zsz 0((a0F2+FaOF)[F a]... A% [Fay]e® ~ )
| 24 !
k! 2k

= i 3 Zsz o(aoF[F ar]... (“1) FA=/4 — (—1)2k-1 A—/4F)

i2k+1) 24
wn—k—l
.. [F, azk] ® )
n

Finally, we obtain

(@2 —BFas1)(dos - - -, Ag)

wn—k—l
k+1(2k+1)|z( J((QOF[F,al]...6F...[F’a2k]® = )

=y(ag,...,ax)

O
FormuLrA ([B.7). We now calculate by, ;. Writing a,F = —[F, a; ]+ Fa; and using the derivation
property of [F, . ],
bYor+1(a0, - -+ » Agper2)

= —¢ou+2(a0; - -+ > Agks2)

(k+1)! _ Wkl
— | Pf,_ ,A z/4 F, ...|F, ®
ik+1(2k +3)! =0 | dolay I[F,ay]...[F, ag2] oy
2k+1 ' C()n_k_l
+ Z (—=1)Pf,— (aoF[F, a]... [ai+1, A_ZM][F, a,]...[F, azk+z] ® n! ):|
i=0 !
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Finally,

($2k+2 + bYok+1)(ag, - - -5 Aoget2)

(k+ 1)! n—k—1

2k+2

A .
+ ;(—1)1—1}‘ (aoF[F,al]...5ai,_,[F’a2k+2]® a)n! ):|

= Yor+2(ao, - - Aogs2)

APPENDIX B. COMPLEMENTS ON SECTION 3.2

For the convenience of the reader, we recall here Quillen’s picture of (B, b)-cocycles and how it is used
to obtain Theorem 3.17] from the Bianchi identity of Lemma

B.1. More on Quillen’s formalism. Let A be an associative algebra over C, and B be the bar construc-
tion of A. Recall that O and QP! are the following bicomodules over B :

QP =B®A®B, Q*'=A®B

THEOREM B.1. One has a complex of period 2

G P oy T g

with @ = 8l : QB — B, where | : Q1 — QF, 3 : Q8 — B, B : B — QP! are defined by the following
formulas :

n
1a; ® (az,...,a,) = Y (~1D"ags,....,a,) 8, 8 (ay,...,a)
i=1
d(ay,...,a,1)®a, ®(apis,-.-,a,) =(ay,...,a,)
n
(a8 (a5,...,0,)) = 2 (1" D(as,..., 001,05, 0)
i=1

Bla,...,a,) = (—1)"_1an ®(ag,...,a,—1)—a; ®(ay,...,a,)

As Quillen shows in [[10]], it turns out that the 2-periodic complex constructed above is exactly the
Loday-Quillen cyclic bicomplex with degrees shifted by one, and is therefore equivalent to Connes
(B, b)-bicomplex. The shift of the degrees makes that elements of the algebra A become odd in the bar
construction, while they are even in the cyclic bicomplex.

Now, let L be a differential graded algebra. The maps 2 and B of the periodic complex induces maps
from bar cochains to Hochschild cochains (with values in L) and conversely by pull-back. The following
formula is a key step.

LEMMA B.2. Let f,g € Hom(B, L) be bar cochains. Then, we have

B((af - g) =—7([f, gD

We carry a purely computational proof, because of the way we introduced Quillen’s formalism. A more
elegant and conceptual proof is given in Quillen’s article [[10]], paragraph 5.2. The proof of this lemma
is based on the following formula,

(B]-) (af'g)h(al®(a2""aan))= Z (_1)i(n_1)(f'g)(ai+1""ama1""aai)

n—p<i<n
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where f and g be bar cochains of respective degrees p and n — p. The case p = 1 will be often used,
so we give it :

(BZ) (8f . g)h(al ® (a29 LR an)) = (_l)lg‘f(al )g(a29 LR an)
PROOE. Let f and g be bar cochains of respective degrees p and n—p. By definition, f(t%(3f-g)) =
(9 f - g)tp, and using (B.ID, so,
ﬁ(Tn(af : g))(ala [ERE) an)
= T(af : g)h(((_]-)n_lan ® (al’ LR an—l) —a ® ((12, R an))
=7 ( Z (_1)n—1(_1)i(n—1)(f : g)(aia ceelp, Ay, ..., ai—l)

n—p<i<n
- > (—1)“"-“(f-g)(am,...an,al,...,ai))
n—p<i<n
The first sum of the last equality can be rewritten
> DO ) a0y, 6)
n—p<i<n

= > OO )@, ay e, @)

n—p—1<i<n—1

and noting that (—1)"™V =1, we obtain

B(*f - e)ay, .., a,)
= (DD - @) appis - ees Qs 15 @) = (F - (@, -, ap))
= o((=) PP (@ s, 00)g(ar 5 Gnp) = (F - (a5 @)
— T((_l)(n—p)(n—l)(_l)plg\(_1)(IfI+p)(|g\+n—p)g(a1’ sl )f(an—p+1’ )
—(f-8)ay,...,a,))
= 7((~) PP (g - )(ay, o @y Qs @)
—(f-8)ay,...,a,))
where we used the (graded) trace property of 7 in the third equality.

As we have (—1)"P)*=P=1) — 1 this yields the result. O
We can now give Quillen’s picture of (B, b)-cocycles.

THEOREM B.3. Let 8 € Hom(QP!, C) be a Hochschild cochain, and ) € Hom(B, C) be the bar cochain
defined by

nk(al’ e ;ak) = 9(1’ ai,.. "ak)
Suppose that for each k, we have
Bbark = (“1) BOir1,  Sparbirs = (1)F M
and that in addition, 6,,,(ay,a;,...,a,) =01ifa; =1, fori = 1.

Then, for all k, BO, ., = b6;_;.

REMARK B.4. This means that if we redefine signs correctly in 6, we obtain a (B, b)-cocycle in our
sign conventions.
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B.2. Complements on Remark[3.10l We give here the details of Quillen’s arguments. The only thing
we have done towards the original paper [[10] is to mix the arguments of Sections 7 and 8.

LEMMA B.5. (Bianchi identity.) We have (6, +adp +adV)K = (6, + adp + adV)eX = 0, where
ad denotes the (graded) adjoint action.

PROOE Let D be the derivation &y,, + adp + adV. It suffices to check that D(K) = 0, the other
equality will follow in virtue of the differentiation formula

1
D(ef) = f eUKp(K)eK ds
0
We first remark that [V, V2] = 0, using that ¢ commutes (in the graded sense) with elements of
Hom(B, L) and that £2 = 0. Furthermore &,,,V? = 0 since &,,, vanishes on 0-cochains. Therefore,
D(K) = (8 +adp +adV)(V? + [V, p])

= 5bar[vﬁp] + [P,[V,P]] + [P,vz] + [v9 [V,P]]

=[V,p*1+p[V,p]1—[V,plp +[p,V*]1+[V?p]
=0

The result is proved. O
According to Theorem [B.3] let us define the bar cochain 7 € Hom(B, C) :
Nok—1(a1, -+, A1) = Ogr(1, a4, - -+, Agpesr)
Also remark that n = 7(e%).
PROPOSITION B.6. The bar and Hochschild cochains 1) and 0 satisfies the relations
5barn = :I:ﬁQ, 5bar9 = iaﬂ
The £ means that the sign is positive in the even case and negative in the odd case.

PROOE For the first formula of the proposition, we have

5barn = 5bar(T(eK)) = T(ébareK) = T(ébareK + [v’ eK]) = _T([P: eK]) = iﬂ(Tu(ap : eK))

The second equality uses the trace property of 7, the third is the Bianchi identity of the lemma above,
and the last one is Lemma

For the second formula, first recall that 6y,,0 + p? = 0. Then, one has :

5bar(Tu(ap . eK)) = Tﬂ(a(_p2)eK - ap : 5bareK)
0= 7([p,2p-e]) = "(p-3p+3dp-p)e—3p-[p,e])
0= tH[V,0p-€eX]) = 1U3[V,pleXx—08p-[V,eX])

Adding these three equations, using Bianchi identity and &,,,p + p? = 0 yields
Bpar(TH(8p - X)) = 7H(3[V, ple*) = (8K - €X)

The last equality follows from the definition of K. Moreover,

1
8(eX) = 11(8e") :f ie0K. 9K - e®)dt = 749K - €X)
0

where last equality stands because of the trace property. This concludes the proof. |
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Hence, Theorem [B.3] shows that 6 gives rise to a (B, b)-cocycle (up to changing signs). The same
arguments may be used to complete the proof of Theorem B. 11}
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