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Magnetic Neumann Laplacian on a sharp cone

V. Bonnaillie-Noél*and N. Raymond'

September 10, 2013

Abstract

This paper is devoted to the spectral analysis of the Laplacian with constant mag-
netic field on a cone of aperture & and Neumann boundary condition. We analyze the
influence of the orientation of the magnetic field. In particular, for any orientation
of the magnetic field, we prove the existence of discrete spectrum below the essential
spectrum in the limit o« — 0 and establish a full asymptotic expansion for the n-th
eigenvalue and the n-th eigenfunction.

Keywords. Magnetic Laplacian, singular 3D domain, spectral asymptotics.

MSC classification. 35P15, 35J10, 81Q10, 81Q15.

1 Introduction

1.1 Definition of the main operator

The right circular cone C, of angular opening o € (0,7) (see Figure 1) is defined in the
cartesian coordinates (x,y, z) by

Ca = {(x,y,z) € R37 z > 07 .%'2 +y2 < 22 taHQ %}

We consider B the constant magnetic field which makes an angle 8 € [O, g] with the axis
of the cone:
B(z,y,2) = (0,sin 3, cos )T,

We choose the following magnetic potential A:
1 1, | . T
A(z,y,z) = §B X X = i(zsm,ﬁ —ycosfB,xcos B, —xsin ) .
We consider £a = £, g the Friedrichs extension associated with the quadratic form
Q) = [[(=iV + A |Zaic, .
defined for 1 € Hj (C,) with

HA(Co) = {u € L2(C,), (—iV 4+ A)u € L2(C,)}.
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Figure 1: Geometric setting.

The operator £a is (—iV + A)? with domain:
H2 (Co) = {u € HA(Ca), (—iV + A)?u € L*(Cy), (=iV + A)u-v =0 on 9Cq}.

We define the n-th eigenvalue A\, («, 8) of £a by using Rayleigh quotients:

An(a, ) = sup inf Qa(¥) = inf sup  Qa(¥).
Ui U1 €HA(Ca)  WEWL,. Wp ]t U1, Wn€HR (Ca) We[Wy,..., Ty
VEHA(Ca), Wl 2(c =1 llL2 ) =1
(1.1)

Let ¢y (a, B) be a normalized associated eigenvector (if it exists).

1.2 Expression in spherical coordinates

The spherical coordinates are naturally adapted to the geometry and we consider the
change of variable:

®(t,0, ) = (z,y,2) = a~Y?(tcossinay, tsinbsinap, tcosap).
We denote by P the semi-infinite rectangular parallelepiped
Pi={(t0,0) €R? t>0, 0€[0,2m), p € (0,1}

Let 1 € HR(Co). We write 1(®(t,0,¢)) = al/49(t,0,¢) for any (t,0,¢) € P and, using
Appendix A and the change of gauge

2

P(t,0,9) = exp (—zt; cosf sin ﬂ) 1[1(t, 0, ),

we have
61y = [ 16000, @ simnapdtasdg.

and:

Qa(Y) = aQap(¥),



where the quadratic form Q, g is defined on the form domain H}\ (P) by

Qa0 = [ (P +|Pof + PP d (1.2
with
P = Dy—tpcosh sinp,
P, — tSiiOM <D9 N t? sin? ;x;p cos N t2<psin29 sin 3 <1 B si;jch))
1
P, = =D,

The measure is given by
dii = % sin ap dt d6 dop,

and the form domain by

H} (P) = {y € L*(P, dji), (—iV + Ay € L*(P, dji)}.

We consider £, g the Friedrichs extension associated with the quadratic form Q, g:

Lopg = t2(Dy— tpcosbsinB)t*(Dy — tocosfsin B) (1.3)
1 2 9 t2§0 sin(2a) '\ . . 2
+m <D9 + % Sin (OéQO) COSﬁ + 7 (1 - M) SlnﬁSlH@)
1
——————D,si D,.
UPSTE sin(ag) ¥ sin(ag) Dy

We define An(a, B) the n-th eigenvalue of L g by using the Rayleigh quotients as in (1.1)
and 1, («, 8) a normalized associated eigenvector if it exists. We have

An(a, B) = adn (e, B).

1.3 Motivation and main result

This paper is mainly motivated by the theory of superconductivity and the analysis of the
Ginzburg-Landau functional. An important result by Giorgi and Philipps (see [11]) states
that superconductivity disappears when a strong enough exterior magnetic field is applied.
This critical intensity above which the superconductor only exists in its “normal state” is
called Hc, and is directly related to the lowest eigenvalue of the Neumann realization of
the magnetic Laplacian (see [15, 6, 10]). In dimension two it has been proved (thanks to
semiclassical technics) by Helffer and Morame in [12] that superconductivity persists longer
near the points of the boundary where the curvature is maximal. This fundamental result
motivates the investigation of two dimensional domains with corners (see [13, 16, 3, 4]). For
instance it is proved in [3] that the Neumann Laplacian (with magnetic field of intensity
1) on the sector with angle a admits a bound state as soon as « is small enough. It is
even proved that the first eigenvalues can be approximated by asymptotic series in powers
of o the main term being a/+/3 for the first one. In the case of a wedge with aperture o
and a magnetic field in the bisector plane of the wedge, Popoff [18] establishes a similar
asymptotic expansion for the first eigenvalues and get the same main term for the first
eigenvalue (see also [19]). In the case of the circular cone C, with a magnetic field parallel



to the axis (8 = 0), it is proved in [7] that the lowest eigenvalues always exist as soon as
« is small enough and that they admit expansions in the form:
dn —1

An(ar,0) oo az%,najy with 70, = 52
jz0

The present paper aims at investigating the influence of the direction of the magnetic field
on the spectrum and to answer for instance the following question (in the regime o« — 0):

“Which is the orientation of the magnetic field which minimizes the first eigenvalues 7”

Before stating our main result concerning the discrete spectrum of £, g let us give a rough
estimate (which is sufficient for our purpose) of the infimum of the essential spectrum.
Using the Persson’s lemma [17], the bottom of the essential spectrum is given by the
behavior at infinity of the operator. In our case, this behavior is described by a Schrédinger
operator on Ri with a constant magnetic. Consequently, with a proof similar to the one
of [7, Proposition 1.2], we have

Proposition 1.1 For all a € (0,7) and 5 € [0, g], we have:

a,p = Inf oess (L4 > inf 0) >0,
5q,8 1= Inf 0ess (Lo 8) 961[18’%0()

where 0 — o(0) is the bottom of the spectrum of the Neumann-Schridinger operator on
Ri with a constant magnetic field that makes an angle 6 with the boundary (see [15, 5]).

The main result of this paper is the following theorem.

Theorem 1.2 Let § € [0, %] For all n > 1, there exist ap(n) > 0 and a sequence
(Vjn)j>0 such that, for all a € (0,a0(n)), the n-th eigenvalue of £, 5 exists and satisfies:

. ) 4dn — 1 ]
An(a, B) it aZ’yjmoﬂ, with — von = WV 1+ sin? B.

J=0

Remark 1.3 We notice that the main term 7o, in the asymptotic expansion is minimal
when B = 0. From the superconductivity point of view this means that superconductivity
persists longer when the magnetic field is parallel to the axis of the cone (when « is small
enough,).

Remark 1.4 By using the spectral theorem and the quasimodes constructed in Section
2, the corresponding eigenfunctions admit the same kind of exrpansions in powers of .
Contrary to the case analyzed in [7], the eigenfunctions are not axisymmetric when B # 0.
Moreover all the powers of o show up in the exrpansions.

1.4 Strategy of the proof and organization of the paper

Let us explain the strategy of the proof of Theorem 1.2. The first and simplest part of
the investigation aims at constructing appropriate quasimodes for £, g. This can be done
by looking for eigenpairs (A, 1)) in the sense of formal power series in « (see Section 2).
Thanks to the spectral theorem this implies the existence of some eigenvalues possessing
determined asymptotic expansions (see Proposition 2.1). The main problem is to prove
that the formal solutions of the eigenvalue equation are exactly the expansion of the first
eigenvalues. In [7] we faced the same question, but the analysis was considerably simpler



due to the axisymmetry (8 = 0). Indeed in the case f = 0 it is possible to prove the
axisymmetry of the eigenfunctions (for a small enough) by using a Fourier decomposition
with respect to the variable # and some rough estimates of Agmon. In fact we will improve
these estimates of Agmon in Section 3 by proving that the length scale on which the
eigenfunctions live is ¢ ~ 1 or equivalently z ~ a!/2. Here the strategy of the Fourier
decomposition fails and we shall do something else. If one considers the expression of
Ly p given in (1.3) we notice (in a heuristic sense) that the second term in penalized by
the factor (¢?sin?(ayp))~!. Jointly with our accurate estimates of Agmon, this implies a
penalization of Dg which means that the eigenfunctions do not depend on 6 at the main
order (see Section 4 and especially Lemmas 4.5 and 4.7 the proof of which rely on fine
commutators computations). Once the asymptotic independence from 6 is established we
can replace the first term in (1.3) by its average with respect to 6 (whereas the term in
front of sinf in the second term is obviously small). Therefore the spectral analysis is
reduced to an operator which does not depend on 6 anymore (see Section 5 and especially
Propositions 5.2 and 5.3). Finally it remains to apply the analysis of the axisymmetric
case of [7] (see Proposition 5.4).

2 Formal series in «

The aim of the section is to prove the following proposition.
Proposition 2.1 Let 8 € [0,5]. For all n > 1, there exist ap(n) > 0 and a sequence
(Vjn)j>0 such that, for all a € (0, ag(n)):

J

. 4n —1
dist aZ’yjyna],adis(Eaﬁ) < Ca’™2, with Yon = %\/ 1 + sin® g,

J=0

where o4is(L£q,3) denotes the discrete spectrum of £, 3.

Proof: We write a formal Taylor expansion in powers of a:
£a76 ~ Z aJL]7
j=—2
where:

Ly =1t*(¢ ' DppDy+ ¢ 2Dp),
L_1 = cosBDy,

t2¢?% cos? B n psin B

Lo = t~2(Dy—tep cos O sin B)t%(Dy —tp cos O sin )+ 1 3

(sin@Dg+ Dy sin b).

Remark 2.2 We notice that the operator Pp = w_lchpDcp + go_QDg defined on the
space L2 ((0, %) x [0,27), pde dH) with Neumann condition at ¢ = 1/2 is nothing but the
Neumann Laplacian on the disk of center (0,0) and radius 1/2.

We look for quasi-eigenpairs in the form:
A Yo Ndd, Y~y add,
Jj=>=2 Jj=>0

so that, in the sense of formal series:

Lo g ~ M.



2

Term in a=“. We have to solve the equation:

L_2vp9 = A—ato.
We are led to choose A_y = 0 and ¢(¢, 6, ¢) = fo(?).

1

Term in a~. Then, we write:

L_opy = (A-1 — L_1)1o = A_1%o.
For all fixed ¢ the Fredholm alternative gives A_; = 0 and we choose 91 (¢,0, ) = fi(t).

Term in o’. The crucial equation is:

L_21p9 = (Ao — Lo)vo — L_191 = (Ao — Lo)o.

For fixed t the Fredholm alternative implies:
(Mo — Lo)o, D12(pdpds) = 0.
A computation gives:
(t72D{t*Df + 27°(1 + sin® B)t?) fo = Ao fo.

We can use Corollary B.2 with ¢ = 27°(1 4 sin? 3) and we are led to take, for each n > 1,

dn —1 / .
)\OZW 1+Sln2ﬁ,

and for fy the corresponding attached eigenfunction. We take 2 in the form 1 = t21/~12L +
f2(t) where 15 is the unique solution of:

Potba = (Ao — Lo)to
such that (1, D12(pdpag) = 0.

Further terms. Step by step, we can determine all the coefficients of the formal series
and the conclusion follows from the spectral theorem as we have done in [7]. n

: K
3 Accurate Agmon estimates for 3 € [0, 5]
3.1 Basic estimates

Before entering into the details of our asymptotic analysis we shall recall basic consider-
ations related to a priori localization and regularity of the eigenfunctions. As a classical
consequence of the Persson’s theorem (see [17]), we can first establish rough Agmon’s
estimates (see [1, 2]).

Proposition 3.1 Let a € (0,7) and B € [(), g] There exist €,C > 0 such that for all
eigenpair (X, V) of £4,p satisfying A < sq 5 = inf 0ess(L£a,3) we have:

| VT x <
Ca
Qu s (V37 < O,



Remark 3.2 As we can notice in Proposition 3.1 the constants C' and € a priori depend
on o. We will improve these estimates in the next section.

It is also well-known that the eigenfunctions are in H (Cq) since C, is Lipschitzian and

convex (see for instance [14]). In fact by using the methods of [9] (see especially Chapter 6,
Section 18 to determine the behavior of the singularities exponents) we can establish the

following proposition (by using the elliptic estimates related to the Neumann Laplacian
on Cq).

Proposition 3.3 For all k > 3 there exists ag > 0 such that for all o € (0,p), any
eigenfuntion belongs to HY (Cy).

loc

Then by using the localization estimates of Proposition 3.1 and a standard bootstrap
argument, we infer:

Proposition 3.4 For all k > 3 there exists ag > 0 such that for all a € (0, ap), 5 € [0, g],
there exist e > 0 and C' > 0 such that for all eigenpairs (X, 1) such that X < sq g, 1 belongs
to H*(C,) and:

e e ey < CllI-

3.2 Refined estimates of Agmon

The following propositions provide an improvement of the localization estimates satisfied
by the eigenfunctions attached to the low lying eigenvalues: we distinguish between the
cases € [0,7/2) and = 7/2.

Proposition 3.5 Let Cy > 0. For all 8 € [O, g), there exist ag > 0, g > 0 and C' > 0
such that for any o € (0,09) and for all eigenpair (X, 1) of £q 5 satisfying A < Coa, we
have:

| o ax < (3.1)
Ca
Proof: Thanks to a change of gauge £a is unitarily equivalent to the Neumann

realization of:
L4 = D2 + (Dy + zsin 8)* + (D, + z cos 8)°.

The associated quadratic form is:
0a(0) = [ 1D + (D, + zsin 80P + |(D, +cos §)uf? dwdy d
Ca

Let us introduce a smooth cut-off function y such that y = 1 near 0 and let us also
consider, for R > 1 and g9 > 0:

Dp(z) = eoal/?y (R7'2) |z].
The Agmon identity gives:
Q4 (€™ 9) = A 9| + | VD Re® 2y
There exist g > 0 and Cy > 0 such that for a € (0,a9), R > 1 and gy € (0,1), we have:

Q4 (e*7y) < Coalle® .



We introduce a partition of unity with respect to z:
X1(2) +x3(2) = 1,
where x1(z) =1for 0 <z <1 and xi(z) =0 for z > 2. For j = 1,2 and v > 0, we let:
Xin(2) = x; (v 2),
so that:
XAl < Oy
The “IMS” formula provides:
Q€ x15%) + Q4 (€% x20) — CP 72|92 < Coalle® 0|2, (3.2)

We want to write a lower bound for £ A(eq’R X2,4¥). Integrating by slices we have for all
u € Dom(Q,):

Qi(u) > / / (D, + zsin B)ul* + |(Dy + x cos B)ul* dzdy | dz
A z>0 {Vz2+y?<ztan 5} Y
> D,a|* + (D, + xzcos B)al? dzdy | dz 3.3
/. (/{ iy DA, )il (3.3
Q
> cosﬂ/ | zy/cos Btan — / ul?dz dy dz,
z>0 < 2> {Vz2+y?<ztan §} ’ ‘

where we have used the change of gauge (for fixed z) @ = ¢**5" 8y and we denote by u(p)
the lowest eigenvalue of the magnetic Neumann Laplacian D2 + (D, + x)? on the disk of
center (0,0) and radius p. By using a basic perturbation theory argument for small p (see
[10, Proposition 1.5.2]) and a semiclassical behaviour for large p (see [10, Section 8.1]) we
infer the existence of ¢ > 0 such that for all p > 0:

p(p) > cmin(p? 1). (3.4)
We infer:
QA(eq)sz;ﬂ/J) > / ccos fmin(z2a? cos 8,1) / |e¢RX27.Y¢|2 dz dydz.
z>0 {Vz2+y?<ztan 5}

We choose v = 661(COS B)~1/2a=1/2. On the support of X2,y We have z > 7. It follows:
Qa (PR x24) > ccos fmin(ega, 1)[[eRx2,,9 .
For « such that o < 6(2), we have:
Qa (P xa1) = cagy® cos BlleRxa 4|12

We deduce that there exist ¢ > 0, C' > 0 and Cy > 0 such that for all g5 € (0,1) there
exists ap > 0 such that for all R > 1 and « € (0, ap):

(g cos B — O)allxzqe® 9[|* < Coallx1e® 9|,
Since cos 8 > 0 and ¢ > 0, if we choose ¢y small enough, this implies:
X2 0)1* < Cllxa e l* < ).

It remains to take the limit R — +o0. n



Remark 3.6 Proposition 3.5 is a refinement of [7, Proposition 4.1] (see also [7, Remark
4.2]) and provides the optimal length scale z ~ o~ /? (or equivalently t ~ 1) for all
RS [0, g) (in the sense that it exactly corresponds to the rescaling used in the construction
of quasimodes).

In order to analyze the case 8 = 5 we will need the following two lemmas the proof of
which can be adapted from [10, Sections 1.5 and 8.1]. The main point in these lemmas is
the uniformity with respect to the geometric constants. The first one is a consequence of
perturbation theory.

Lemma 3.7 Let 0 < §p < 1. There exist pg > 0 and co > 0 such that for p € (0,pp) and
d € (d0,91) we have:

(3, p) > cop’,
where p1(6, p) denotes the first eigenvalue of the Neumann Laplacian with constant mag-
netic field of intensity 1 on the ellipse &, = {(u,v) eR?:u? 4+ 6v? < p2}.

The second lemma is a consequence of semiclassical analysis with semiclassical parameter
h=p2

Lemma 3.8 Let 0 < §g < 1. There exist p1 > 0 and ¢y > 0 such that for p > p1 and
d € (d0,01) we have:
H1 (57 P) 2> cCl.

Proposition 3.9 Let Cy > 0 and 8 = 5. There exist ag > 0, g9 > 0 and C' > 0 such that
for any a € (0,a0) and for all eigenpair (X, 1) of £, 5 satisfying A < Coor, we have:

/ o200 212l |y (x) 2 dx < C|p]|?. (3.5)

@

Proof: The structure of the proof is the same as for Proposition 3.5. The only problem
is to replace the inequalities (3.3) (since it degenerates when 3 = 7) and (3.4) (since there
is no more reason to consider a magnetic operator on a disk). The main idea to get around
the absence of magnetic field in the direction of the cone is to integrate the quadratic form
by slices which are not orthogonal to the axis of the cone (see again (3.3)): this leads to
consider a Laplacian with a constant (and non trivial) magnetic field on ellipses.

For that purpose, we introduce the following rotation (see Figure 2):

T=uU, Y=COSWUv—Ssnww, 2z =snwov-+ coswuw, (3.6)

where w € (0, g) is fixed and independent from «. The (u,v,w)-coordinates of B are
(0, cosw, —sinw). Let us describe the ellipses obtained for fixed w. The cone C, is deter-
mined by the following inequality:

%+ y2 < tan? (%) 22

which becomes:

2
9 _ Cosw sinw (1 + tan?2 (%)) < p2 9
A Sa <U cos? w — tan? (%) sin? w w) = Hoow”

where:
2 2

daw = COS™ W — tan? (%) sin“ w,



———

Figure 2: Rotation of the cone

tan? (
R, = >

Y cos?w — tan

%) 3.7
OFE 0

Let ag € (0 (arctan(l/tan w)), we notice that

0 < &g := cos® w — tan? (%) sin?w < daw < cos?

w =: 01, Va € (0, ap).
With Lemmas 3.7 and 3.8, we infer, in the same way as after (3.3) a

3) and (3.4), the existence
of ap > 0 and ¢, > 0 such that for all & € (0,0) and 1 € Dom (Q4)":

Q) > / ¢9 sinw min(sin w Ri,wuﬂ, 1) / 10| du dv dw,
w>0 £

Sav,wsRayw

where 1, denotes the function v after rotation and translation (to get a centered ellipse).
Then, the proof goes along the same lines as in the proof of Proposition 3.5 after (3.4). We
can express w in terms of the original coordinates w = z cosw — ysinw and |y| < ztan (%)
so that z > v implies:

w >y (cosw — tan (%)) > ’)/cosw

2 b
as soon as « is small enough. Moreover we deduce from (3.7) that ng > tan? () /61.
These considerations are sufficient to conclude as in the proof of Proposition 3.5. [

From Propositions 3.5 and 3.9, we can deduce the following corollary.

Corollary 3.10 Let Cy > 0 and 8 € [ ”] For all k € N there exist ag > 0, C > 0 such
that for all eigenpairs (X, ) of Lo g such that X < Cy, we have:

19l < Cllwll,  Qap(t™e) < CllwI?, 1" D] < Cllwll, [ D] < Cally].

4 Commutators and (¢, p)-averaging

This section is devoted to the approximation of the eigenfunctions by their averages with
respect to 6. In order to simplify the analysis let us rewrite L, g, acting on L2(P, dft) in
the following form

'For a given w, we get an ellipse E5e v Ra., Which is subject to a magnetic field of intensity sinw, or
equivalently (after dilation) an ellipse &5 R., ,/amw Which is subject to a magnetic field of intensity 1.

10



Notation 4.1 We will write:

Log=L1+ Ly+ L3,

with
L1 = t3Dy— At (Dy — Ay),
1 2
Ly = ——5——(Dp+ A A )
2 Zsin® (ap) (Do + Ap1 + Ap2)
1
—————Dsi D
Ls a?t?sin(ayp) ¥ sin(ap) Dy
where
Ay =tpcosf sinfj, (4.1)
t? t2 in(2
Ag = % sin?(ay) cos 3, Ago = Tw <1 — Sm;@i@) sin 3 sin6. (4.2)

We will use the corresponding quadratic forms:

- / PP, Q) = / PaPdi, Qi) = / Py dj,
P P P

where Py, Py and Ps are defined by:

1
(Do + Ap1 + Ap2), P;=—D,.

P =D; — Ay, P, = o

tsin(avp)
Let us recall the so-called “IMS” formula (see [8]).

Lemma 4.2 Let us consider a smooth and real function a. As soon as each term is well
defined, we have:

3
R(Log1, aath) = Qu p(ath) — Z a, P,

We will also need a commutator formula in the spirit of [21, Section 4.2] (see also [20]
where the same commutators method appears).

Lemma 4.3 Let vy be an eigenfunction for L, g associated with the eigenvalue X. As soon
as each term is well defined, we have the following relation

3 3
May|* = Qa,s(ay)) +Z (P, [Py, a”]ay) +Z a, Py, Pj(av)),
Jj=1 j=1

where a is an unbounded operator.

Proof: Formally, we may write:

w

(Lot a*ap) =Y (Pyp, Pya*ar)).

J=1



Then, we have:

3 3
Y (P Piatay) = Y (Py,a*Pja) + (Py, [P, a']ai)
j=1 =1
3
= > (aPy, Pap) + (P, [Py, a*|ay)).
j=1

We infer:

Mw

3 3
(P, Pia*ayy) = Qap(a)) + Y ([a, Pilv, Pjayy) + Y (Py, [Py, a*]aw)).
Jj=1 j=1

Jj=1

Remark 4.4 For instance we can apply Lemma 4.3 to a = tD; and a = tsin(ap)D;
thanks to Proposition 3.4.
4.1 G-averaging of t*y

Lemma 4.5 Let £k > 0 and Cy > 0. There exist ag > 0 and C > 0 such that for all
a € (0,a0) and all eigenpair (X\,v) of Lo g such that A < Cy:

1t — 59, || < Ca' 2|y,

with
2T

Pt ) = % ; »(t,0,p)do.

Proof: Let us apply Lemma 4.2 with a = t*"!sin(ayp). We get:

Qo (t**! sin(ap)y) = At sin(ap)y | *+([[Pr, 4" sin(aw) [y | *+(|[P3, t*+! sin(ag)]y 2.

Since [Pi,a] = —i(k + 1)t*sin(ayp) and [Ps,a] = —it* cos(ay), we deduce, using Corol-
lary 3.10, that:
Qup(t" ! sin(ap)y) < Ca[|$]]* + |t* cos(ag)y . (43)
We notice that:
1P sintag)i)|P = 25 [ HD(sin(ae) di
= ;2 /Pt%\ iacos(a@)@b%—sin(agp)D@zﬂF di
> ||tF cos(ap)p||? + %% (/77 —iat®* cos(cup)ip sin(ap) Dy dﬂ) .
We infer that:
123 (% sin(ap)) |2 — [[¢ cos(ap)pp||* = —CI|t* | [[¢* Dyp|. (4.4)

It follows from (4.3), (4.4) and Corollary 3.10 that:

Qa(t* ! sin(ap)p) < Calle?.

12



We deduce that :

/ (Do + A + Ag2) () dji < Call|,
P

and we get:

1 - -
5 /P D (tF )2 dji — 2 /P (A1 + Ag2)t"y|? dfi < Cal[y||>.

Using Corollary 3.10, we obtain

/P (Aga + Ag2)t*u|? dit < Ca? /P PEH2 4 < Ca?|lo|2

Therefore we have:
Dy (t*)||* < Call*. (4.5)

Let us consider D3 on L?((0,27), df) (with periodic boundary conditions). The first
eigenvalue is simple and equal to 0 and the associated eigenspace is generated by 1. The
function t*1) — tky p is orthogonal to 1. Then, due to the min-max principle, we have

1Do (") |1 > enllthy — t¥, 1%,

with ¢; > 0. This last inequality combined with (4.5) completes the proof. ]

4.2 #-averaging of D
4.2.1 Estimate of tDy

Lemma 4.6 Let Cy > 0. There exist ag > 0 and C > 0 such that for all a € (0, ap) and
all eigenpair (X, 1)) of La g such that X < Cy:

Qo s(tDyp) < C|[¥|%.

Proof: Let a = tDy. We have a* = tD; + % Since 3/i commutes with Pj, we have
immediately
[Pj’a*} = [PJ'?a]'
Lemma 4.3 provides:
3 3
Qo 5(tDyp) = A[tDyp||* =Y “(Pjab, [Py, tDiJary) — > ([tDy, Pjleb, Pj(ay))).
j=1 j=1
Let us compute [Pj,tD;]. We have:
1 1 2
[PlytDt] — ;(Dt+At) - EP1+EAta
(PotD)] = — (Dy— Ags) = 2P 2 (Aps+ Ags)
LT 0 sin(a) 0 0.2 =57 T sin(ay) o1 0.2/
1
[Ps,tDy] = ng.

We infer with Corollary 3.10:
Qus(tDi) < Cl9II” + [Pl (| Pragpll + [[24catp) + ([ Pr(a) || (I[Pl + [[24:00])
+Paol (P2l + )

(A + AMWH) 2Py | P

2
tsin(ap)
2

| Paay| (IIPW” * Htsul(aso)

13



The estimates of Corollary 3.10 imply:

Qas(tDw) < ClII* + Cllv | (1Pragpl| + || Poard | + || Psaz)-

It follows that for all € > 0, we have:

C
Qap(tD) < ClIYI* + 5 (7 [¥]1* + e Qa p(tDi9)) -

For ¢ = %, we get:

1 ~
§Qw@mw$cww

4.2.2 f¢-averaging of Dy
This subsection concerns the approximation of Dy by its average with respect to 6.

Lemma 4.7 Let Cy > 0. There ezist ag > 0 and C > 0 such that for all a € (0, ap) and
all eigenpair (X, 1) of La g such that X < Cy, we have:

IDyp — Dy || < Cal/2||3p)].

Proof:  Taking a = tsin(ayp)Dy, we have a* = tsin(ap)D; + 2 sin(ap) = a+ 2 sin(ap).
Applying Lemma 4.3, we have the relation

3 3
Magl* = Qap(avy) + Y (Py, [P, a*)(ayh)) + Y ([a, Pileb, Pj(aph)). (4.6)
Jj=1 j=1

Now we have to compute the commutators [Pj,a] and [P;,sinagp]. For j # 3, we have
[P;,sin ap] = 0. Moreover we have:

* . sin(a
[P1,a] = [P1,a"] = sin(ag)[P1,tDy] = (z ?) (P +24,),
" . sin(ayp) 2
Pya) =[P = Py, tDy) = Pr— ——— (41 + A
Prdl =P = sin(ag)PeD] = 0 (o E a4 Ang)).
[Ps,a] = —isinapPs —icos(ap)Dy,
3
[Ps,a*] = [Ps,a]+ —[Ps,sinayp| = —isinapP; —icos(ap)Dy — ;s
i

The expressions of the commutators, Corollary 3.10 and Lemma 4.6 imply

[(P11, [P1, a*lay) + ([a, P1]y, Pi(ai))]
< Ca? (| Py||||(Py + 240Dy || + ||(Py + 240 | PitDyy )
< Ca?|lyl?, (4.7)

[(Pat), [Pa, a”awp) + ([a, Po]y), Pa(ay)))]
2(14971 + A972)
tsin(ap)

2(Ag1 + Ag2)
tsm a 1/}
®)
< Cal|Ps(a)||* + Cally[*. (4.8)

< ca?u | (.- 0|+ catpaniy | (. -
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We have

(P39, [P3, a*]ap)| < Co|| Psypl|[| Papp| + Cal| Psip|[[[ De(tDep)[| + Carl| Py ||| Deab -
Corollary 3.10 and Lemma 4.6 provide

|(Psv), [P3, a*]ay)| < Cally*. (4.9)
Then, we have a last commutator term to analyze:
([a, P3|, Psat) = (isin(ap)P3), Psa) 4 (i cos(ap) D), Psai).

We notice that:

(i cos(ap) Dy, P3(tsin apDy )Y = (i cos(aup) Dyah, sin(ap) Pst Dyap) — || cos o Dyap||2.
We deduce (with Corollary 3.10 and Lemma 4.6)

([, PyJab, Psass)) + || cos awDepl?| < Callll[PstDeb] + Call Db Pt Dy
< Cally|?. (4.10)

Using (4.6) and the estimates (4.7), (4.8), (4.9) and (4.10), we get

3
Q;(tsin(ay) Dytp) — || cos(ap) Dyyh||* < Carl|]*.
=1

J

Let us estimate

Qs(tsin(ap)Dyth) — || cos apDyap||* = a_2/ | D, sin(ap) Dyap|* dji — || cos ap Dyap ||
P

2

> / R (—i cos(ay) sin(ap) Dy Dy, Det)) dji,
@ Jp

Therefore, we infer, with Corollary 3.10:
Q3(tsin(ayp) D) — || cos ap D> > —C|| Dy ||| Dp Dep|| = —carl|y|*.

We deduce that:
Qs (tsin(ap) Dyyp) < Cally||?

and thus:
/ (Ds + Ag. + Ag2) Dyt dii < Cafl?.
P

The conclusion goes along the same lines as in the proof of Lemma 4.5 (by using also
Corollary 3.10). =

5 Reduction to an axisymmetric electro-magnetic Laplacian

Lemma 5.1 There ezist ag > 0 and C > 0 such that for all a € (0, ) and all eigenpair
(AN ) of Lo such that X < Cp:

It — t,]| < Callyl].
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Proof: We have:
Qas(t*9) < Clly|?
so that: )
Q3(t*9) = D (t)|* < Qa p(t*) < CIYII,

and thus
1Dy (t0) |1 < Co?[|eh]*.

We conclude the proof by the min-max principle applied to ti — tEp which is orthogonal
to the constant functions. ]

Let us introduce an appropriate subspace of dimension N > 1. Let us consider the family
of functions (¢0qj)j=1,....n such that 1), ; is a normalized eigenfunction of £, g associated
with A;(a, 8) and such that the family is orthogonal for the L? scalar product. We set:

En(a) = span tq,;.
j=1o.N

The following proposition reduces the analysis to a model operator which is axisymmetric.

Proposition 5.2 There exist C > 0 and oy > 0 such that for any o € (0,0) and all
Y € En(a), we have

Qu,s(¥) = (1 - a)Q0Fe (v) — Ca'2|[0|?, (5.1)

where:
Q) =

o1 . - _
DR dig [ cost(a)e sind g i | (Dot Ao,y A Py

12 sin? ()

The next two sections are devoted to the proof of Proposition 5.2.

5.1 A preliminary reduction

By definition we can write:

Qap(¥) = | Pyll* + /7> (Do + Ag,1 + Ag2)0|* dfu + || Py,

t2 sin? (o)

But we have:

1 N
/P m’(ﬂ% + Ag 1 + Ago)Y|* dfi

1 1
>(1— ———|(Dp + A 2da - _1/ —|A 2dj.
> (1=0) [ el (Do+ Aol i — 07! [ s Aot 0

Since |Ag2|(tsinap) ™! < Cat, we infer thanks to Corollary 3.10:
/ Dyt Ayt Ap)oP
12 sin2(a4p) 6 6,1 0,2 H
1 -
> (1) [ g I(Do+ Au)uf di - ol
P t?sin”(ay)
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It follows that:
Qu (1) > (1 — a)QR(v) — Cally||?, (5.2)

where the reduced quadratic form Q:f% is given by:

Ars(®) = 1Pro|* + /P (Do + Ao )0 dfi + (| Py

12 sin? ()

5.2 Averaging of P¢

Let us estimate the difference:
1D = A = (Ds = Ae)s I
We have:
(D2 = Ayl = 1(D: = Aeyes, I
< Dy (¢ — — A(y — D;— A Dy— A dp
< [ 1D =) = 46 = )| (1D = 40w + (D1 = Ay ) i
< 1De( = ¥y) = A = )| (I(De = Al + 11D = Ayl )
< (1D = )l + 14u = v I) (Collll + 1Degyll + Ayl ) -

We have:

Dbyl < [1Dedbl] < Cllwlls Ayl < [ty < [lE0]] < Cllo]l-

By Lemmas 4.5 and 4.7, we infer:
[1(D: = A2 = I1(D: = Adyg, || < a2 (5.3)
Then, we can compute:
1Dy — A, |12 = /P Dy, 2 dfi + /P 2% sin § cos? 0], .

Since f027r cos?0df = 3 027r df, we deduce:

_ 1 . _
||(Dt—At)¢9|]2:/7)]Dt¢92du+2/7>t24p231n26]1/)9|2d,u. (5.4)

We have:
1Dy 2 = D] < Cail,  [litosin B |12 = llkesin ul2| < Cal2ljyl%. (5.5)

We deduce from (5.3), (5.4) and (5.5):
1 . _
D= Al = [ 1D aii+ g [ #e2sin® 80P - Cat
By Lemma 5.1 we have:

Jtpsin Bull? ~ [[tsin u_|2| < € /p b = )| ([l + 1t |) dit < Callw|

17



We infer:

_ 1 . .
D= g0l = [ DR a5 [ e sin o, 2 aii— Cal 2

We deduce:
~ clax . ~
1D = A0uiP > [ 1D dn+ S5 [ #sin? gy P dn - ot
with
f1/2 ©?sinapdp 1
c(a) = = 172 . ) +0(a?).
fo sin ap dy

Finally we deduce:

1D = 0wl = [ 1D an G0 [ sin giuf?a - cat 2o

With (5.2), we infer:

Qu (1) > (1 — a) Q%™ (v) — Ca'?|p| %,

where we have used that:
[ #sin 1ol i = [ 12 costap)sin® 5o di + O(e?) o
P P
This concludes the proof of Proposition 5.2.

5.3 Proof of Theorem 1.2

From Proposition 5.2 and from the min-max principle we deduce:

Proposition 5.3 Let N > 1. There exist ag > 0 such that for all o € (0, ap):
Av(a, f) = (1 = )P (a, B) - Ca'/?, (5.6)

where )\]T/Odel(oé, B) is the N-th eigenvalue of the Friedrichs extension on L2(P, dji) associ-
ated with Qg‘%de' which is denoted by Eg‘%de' :

sin? 3 cos?(ap)

21 v

LG =t Dit* Dy +
2

2
t
+ —=———1D +7S1H20é Cos +
tzsinz(aap)< "7 20 (o) B)

The operator aﬁg‘oﬁde' is the expression in the coordinates (¢, 6, ¢) of the Neumann electro-

1

—————D,si D,.
a?t? sin(aw) osin(ap)D;

magnetic Laplacian on L?(C,) with magnetic field (0, 0, cos 8) and electric potential V,, g(x) =
27%a?sin? B|z|2. This operator on L2(C,) reads:

2 2
(Dx - yczsﬂ) + (Dy + xcgsﬁ) +D? + 274 a?sin® Bz,

We notice that the magnetic field and the electric potential are axisymmetric so that we
are reduced to exactly the same analysis as in [7]. In particular we can prove that the
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eigenfunctions of Em"de' associated to the first eigenvalues do not depend on # as soon as
« is small enough and satisfy estimates of the same kind as in Corollary 3.10. Therefore
the spectral analysis of ngde' is reduced to the one of

2

.92 2
t
sin” feos(a9) o 4 T 02 (ap) cos® B +

t~2Dyt?>D
t t + o 1o

————— D, si D,.
a2t sin(agp) o sin(a) Dy

After an averaging argument with respect to ¢ we infer the following proposition:

Proposition 5.4 Let n > 1. There exist ag > 0 such that for all o € (0, )

4 1
ATl (@, B) = <o/ 1+ sin? 8+ 0(?),

Jointly with (5.6) and Proposition 2.1 this proves Theorem 1.2.

A Spherical magnetic coordinates
In dilated spherical coordinates (¢,6, ¢) € P such that
(x,y,2) = D(t,0,p) = ail/Q(t cos @ sin ayp, tsinfsinap, tcosay),

the magnetic potential reads

a~1/2¢

A(t,0,p) = (cos aip sin f—sin @ sin a cos B, cos sinagp cos 5, — cos f sin ayp sinB)T.

The Jacobian matrix associated with ® is

cosfsinap —tsinfsinap « tcosbcosayp
B(t,0,0) =a V2 | sinfsinap tcosfsinap «a tsinbcoswp

COos ap 0 —a tsinap
We can compute
t cos fsin awp tsin 6 sin ap t cos aup
(D®)"H(t,0, ) = /%7 | —sinf(sinap)™!  cos O(sin agp) 0
% cos  cos ap é sin 6 cos ap —é sin avp

Consequently, the metric becomes

1 0 0
G= (Do) T(Dd) ' =a |0 t3(sinap)™2 0
0 0 (at)~2

The change of variables leads to define the new magnetic potential

A(t.6.9) = TDOA(LY,9)
/2
= al- 9 (0,sin* agp cos f — cosayp sinay sind sinf,cosd sinf) (A.1)

t2 1
= 04_15 <0,sin2 ap cos S — §sin2a<p sinf sin 3, cos 6 sinﬁ) . (A.2)
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Let ¢ be a function in the form domain H} (Co) of the Schrédinger operator (—iV + A)?
and ¥ (t,0,9) = a~V/*p(x,y, z) (where o~ /* is a normalization coefficient). The change
of variables on the norm and quadratic form reads

61y = [ 196000 sinap dedo e

/ [(—=iV + Ay (x,y, 2)|* dzdy dz
Ca
- / (G(~iV1pp + AV, (Vg + A)D) t2sinapdtdf de
P

- 1 . t2sin® o cos 2 sin 2cp sinf sin _|?
:a/ (yat¢\2+2w‘<—zag+ AL - B)?/)
P

t2 sin 20 4o

2
+ (—i&p + 7%cos@ sin 5> )

2
22 ) t? sin v dt df dep.
o

B Model operators

Proposition B.1 Let $,, be defined on L?(Ry,t>dt) by

1, 5 9 w?
Ny = —t—28tt 8t+t + th

The eigenpairs of $., are (14,§4),>1 given by
)
@ =dn—24+V1+4w2,  §.(t) = PY(t?) e /2

with PY a polynomial function of degree n — 1.
Corollary B.2 For ¢ > 0 the eigenpairs of the operator

~ 1

H= _ﬁattzat + ct?,
defined on L2(R,t2dt) are given by

[n — 61/2(4n o 1)’ fn(t) — Cl/4f9L(Cl/4t) — 61/4P3(Cl/4t) e_cl/QtQ/Q‘
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