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Introduction to 1-summability
and resurgence

David Sauzin

Abstract

This text is about the mathematical use of certain divergent power series.

The first part is an introduction to l-summability. The definitions rely on the formal
Borel transform and the Laplace transform along an arbitrary direction of the complex plane.
Given an arc of directions, if a power series is 1-summable in that arc, then one can attach
to it a Borel-Laplace sum, i.e. a holomorphic function defined in a large enough sector and
asymptotic to that power series in Gevrey sense.

The second part is an introduction to Ecalle’s resurgence theory. A power series is said
to be resurgent when its Borel transform is convergent and has good analytic continuation
properties: there may be singularities but they must be isolated. The analysis of these
singularities, through the so-called alien calculus, allows one to compare the various Borel-
Laplace sums attached to the same resurgent 1-summable series. In the context of analytic
difference-or-differential equations, this sheds light on the Stokes phenomenon.

A few elementary or classical examples are given a thorough treatment (the Euler se-
ries, the Stirling series, a less known example by Poincaré). Special attention is devoted
to non-linear operations: l-summable series as well as resurgent series are shown to form
algebras which are stable by composition. As an application, the resurgent approach to the
classification of tangent-to-identity germs of holomorphic diffeomorphisms in the simplest
case is included. An example of a class of non-linear differential equations giving rise to
resurgent solutions is also presented. The exposition is as self-contained as can be, requiring
only some familiarity with holomorphic functions of one complex variable.



Contents

UNTRODUCTION 4
4
|2 An example by Poincaré 5
[THE DIFFERENTIAL ALGEBRA C[[z7'|]; AND THE FORMAL BOREL TRANSFORM| 6
[3 The differential algebra (C[[z"']],9)| 6

4 The formal Borel transform and the space of 1-Gevrey formal series C[[z"']]y| 9

[5 The convolution in C|/(]| and in C{(}| 10
[THE BOREL-LAPLACE SUMMATION ALONG RT] 13
|6 The Laplace transform| 13
|7 The fine Borel-Laplace summation| 14
8 The FEuler series| 17
U-SUMMABLE FORMAL SERIES IN AN ARC OF DIRECTIONS 18
|9 Varying the direction of summation| 18
(10 Return to the Euler series| 23
|11 The Stirling series| 25
{12 Return to Poincaré’s example| 30
|13 Non-linear operations with 1-summable formal series| 33
(FORMAL TANGENT-TO-IDENTITY DIFFEOMORPHISMS| 37
|14 Germs of holomorphic diffeomorphisms| 37
[15 Formal diffeomorphisms| 38
[16 Inversion in the group 9| 39
17 The group of 1-summable formal diffeomorphisms in an arc of directions| 41




[I'HE ALGEBRA OF RESURGENT FUNCTIONS| 43

|18 Resurgent functions, resurgent formal series| 43
|19 Analytic continuation of a convolution product: the easy case] 47
|20 Analytic continuation of a convolution product: an example| 49
|21 Analytic continuation of a convolution product: the general case| 50
|22 Non-linear operations with resurgent formal series| 58
[SIMPLE SINGULARITIES| 59
|23 Singular points| 60
|24 The Riemann surface of the logarithm| 61
|25 The formalism of singularities| 62
|26 Simple singularities at the originl 67
[ALIEN CALCULUS FOR SIMPLE RESURGENT FUNCTIONS| 70
|27 Simple {)-resurgent functions and alien operators| 70
[28 The alien operators A and A, 78
29 The symbolic Stokes automorphism for a direction d| 82
130 The operators A, are derivations| 92
131 A glance at a class of non-linear differential equations| 101

[l HE RESURGENT VIEWPOINT ON HOLOMORPHIC TANGENT-TO-IDENTITY GERMS 109

|32 Simple {)-resurgent tangent-to-identity diffeomorphisms| 109
133 Simple parabolic germs with vanishing resiter| 110
[34 Resurgence and summability of the iterators| 111
[35 Fatou coordinates of a simple parabolic germ| 115
[36 The horn maps and the analytic classification| 119

137 The Bridge Equation and the action of the symbolic Stokes automorphism| 121




This text grew out of a course given in a CIMPA school in Lima in 2008 and further courses
taught at the Scuola Normale Superiore di Pisa between 2008 and 2010. We tried to make it as
self-contained as possible, so that it can be used with undergraduate students, assuming only on
their part some familiarity with holomorphic functions of one complex variable. The first part of
the text (Sections is an introduction to 1-summability. The second part (Sections
is an introduction to Ecalle’s resurgence theory.

Throughout the text, we use the notations

N=1{0,1,2,...}, N'={1,2,3,..}

for the set of non-negative integers and the set of positive integers.

INTRODUCTION

1 Prologue

1.1 At the beginning of the second volume of his New methods of celestial mechanics [Po94],
H. Poincaré dedicates two pages to elucidating “a kind of misunderstanding between geometers
and astronomers about the meaning of the word convergence”. He proposes a simple example,

namely the two series
1000™ n!
2. D g L

He says that, for geometers (i.e. mathematicians), the first one is convergent because the term
for n = 1.000.000 is much smaller than the term for n = 999.999, whereas the second one
is divergent because the general term is unbounded (indeed, the (n + 1)-th term is obtained
from the nth one by multiplying either by 1000/n or by n/1000). On the contrary, according
to Poincaré, astronomers will consider the first series as divergent because the general term is
an increasing function of n for n < 1000, and they will consider the second one as convergent
because the first 1000 terms decrease rapidly.

He then proposes to reconcile both points of view by clarifying the role that divergent series
(in the sense of geometers) can play in the approximation of certain functions. He mentions the
example of the classical Stirling series, for which the absolute value of the general term is first
a decreasing function of n and then an increasing function; this is a divergent series and still,
Poincaré says, “when stopping at the least term one gets a representation of Euler’s gamma
function, with greater accuracy if the argument is larger”. This is the origin of the modern
theory of asymptotic expansionsﬂ

1.2 In this text we shall focus on formal series given as power series expansions, like the Stirling
series for instance, rather than on numerical series. Thus, we would rather present Poincaré’s
simple example in the form of two formal series

1000 n
ZTt and Zlooont’ (2)

n>0 ’ n>0

In fact, Poincaré’s observations go even beyond this, in direction of least term summation for Gevrey series,
but we shall not discuss the details of all this in the present article; the interested reader may consult [Ra93]|,
[Ral2a], [Ral2b].



the first of which has infinite radius of convergence, while the second has zero radius of con-
vergence. For us, divergent series will usually mean a formal power series with zero radius of
convergence.

Our first aim in this text is to discuss the Borel-Laplace summation process as a way of
obtaining a function from a (possibly divergent) formal series, the relation between the original
formal series and this function being a particular case of asymptotic expansion of Gevrey type.
For instance, this will be illustrated on Euler’s gamma function and the Stirling series (see
Section . But we shall also describe in this example and others the phenomenon for which
J. Ecalle coined the name resurgence at the beginning of the 1980s and give a brief introduction
to this beautiful theory.

2 An example by Poincaré

Before stating the basic definitions and introducing the tools with which we shall work, we want
to give an example of a divergent formal series (;E(t) arising in connection with a holomorphic
function ¢(t) (later on, we shall come back to this example and see how the general theory
helps to understand it). Up to changes in the notation this example is taken from Poincaré’s
discussion of divergent series, still at the beginning of [Po94].

Fix w € C with 0 < |w| < 1 and consider the series of functions of the complex variable ¢

k
w
o) = o), ot) = (3)
k>0
This series is uniformly convergent in any compact subset of U = C*\ { -1, —%, —%, . }, as is

easily checked, thus its sum ¢ is holomorphic in U.

We can even check that ¢ is meromorphic in C* with a simple pole at every point of the

form —% with £ € N*: Indeed, C* can be written as the union of the open sets

Oy ={teC| |t > 1/N}

for all N > 1; for each N, the finite sum ¢¢ + ¢1 + - - - + ¢ is meromorphic in Qy with simple

poles at —1, —%, ey —ﬁ, on the other hand the functions ¢, are holomorphic in Q2 for all
b > N1 with o) < 9 < (L0 L YTl e the unif
wi —_ — - ——, whence the uniform convergence
= ’ RIS 5e 1k =\ N+t ko &

and the holomorphy in Qx of pn1+dnro+- - follow, and consequently the meromorphy of ¢.
We now show how this function ¢ gives rise to a divergent formal series when ¢ approaches 0.
For each k£ € N, we have a convergent Taylor expansion at the origin

or(t) = Z(—l)”wkk"t” for |t| small enough.
n>0
Since for each n € N the numerical series
by =Y K"wh (4)
k>0
is convergent, one could be tempted to recombine the (convergent) Taylor expansions of the ¢p’s

as o(t)“=" Z (Z(—l)”wkk"t”) “=" Z(—l)” <Z k”wk) t", which amounts to considering

k n n k



the well-defined formal series 3
B(t) = (=1)"but" (5)
n>0

as a Taylor expansion at 0 for ¢(¢). But it turns out that this formal series is divergent!

Indeed, the coefficients b,, can be considered as functions of the complex variable w = e,
for w in the unit disc or, equivalently, for Re s < 0; we have by = (1 —w)™! = (1 —e*)~! and
by, = (w%)n by = (%)n bp. Now, if <]3(t) had nonzero radius of convergence, there would exist
A, B > 0 such that |b,| < AB™ and the formal series

F(Q) =) (-1)"bn2; (6)

would have infinite radius of convergence, whereas, recognizing the Taylor formula of by with
respect to the variable s, we see that F(¢) = Z(—l)"% (d%)nbo = (1 —e*%)~! has a finite
radius of convergence (F'(¢) is in fact the Taylor expansion at 0 of a meromorphic function with
poles on s + 27iZ, thus this radius of convergence is dist(s, 27iZ)).

Now the question is to understand the relation between the divergent formal series gg(t) and
the function ¢(t) we started from. We shall see in this course that the Borel-Laplace summation
is a way of going from ¢(t) to ¢(t), that @(t) is the asymptotic expansion of ¢(t) as |t| — 0 in
a very precise sense and we shall explain what resurgence means in this example.

Remark 2.1. We can already observe that the moduli of the coefficients b, satisfy
|bn| < AB"nl, n €N, (7)

for appropriate constants A and B (independent of n). Such inequalities are called 1-Gevrey
estimates for the formal series ¢(t) = 3. b,t™. For the specific example of the coefficients @,
inequalities can be obtained by reverting the last piece of reasoning: since the meromorphic
function F(¢) is holomorphic for |¢| < d = dist(s, 27iZ) and b, = (—1)"F(0), the Cauchy
inequalities yield with any B > 1/d.

Remark 2.2. The function ¢ we started with is not holomorphic (nor meromorphic) in any
neighbourhood of 0, because of the accumulation at the origin of the sequence of simple poles
—1/k; it would thus have been quite surprising to find a positive radius of convergence for ¢.

THE DIFFERENTIAL ALGEBRA C[[z71]];

AND THE FORMAL BOREL TRANSFORM

3 The differential algebra (C[[z"']],0)

3.1 It will be convenient for us to set z = 1/t in order to “work at co” rather than at the
origin. At the level of formal expansions, this simply means that we shall deal with expansions
involving non-positive integer powers of the indeterminate. We denote by

Cllz") = {gp(z) = anz ", with any ag,ay,... € c}

n>0



the set of all these formal series. This is a complex vector space, and also an algebra when we
take into account the Cauchy product:

(Z anz_") (Z bnz_") = Z cnz ", Cp = Z apby.
n>0 n>0

n>0 p+q=n

The natural derivation B

0=— 8

P (8)
makes it a differential algebra; this simply means that we have singled out a C-linear map which
satisfies the Leibniz rule

) = (00 + @(9v),  ¢,1 € Cllz"]]. (9)

2

d
If we return to the variable ¢ and define D = —t“—, we obviously get an isomorphism of

differential algebras between (C[[z71]],0) and (C[[t]], D) by mapping > anz™" to > ant™.
3.2 The standard valuation (or ‘order’) on C[[z~!]] is the map

val: C[[z7']] = NU {oc0} (10)

defined by val(0) = co and val(¢) = min{n € N | a,, # 0} for ¢ = > apz™" # 0.
For v € N, we shall use the notation

Z_VC[[Z_l]] = { Z anz” ", with any a,,a,41,... € (C}. (11)

n>v

This is precisely the set of all ¢ € C[[z7!]] such that val(p) > v. In particular, from the
viewpoint of the ring structure, J = 2~1C[[z7!]] is the maximal ideal of C[[z~!]]; its elements
will often be referred to as “formal series without constant term”.
Observe that
val(d¢p) > val(p) + 1, o € C[[z7Y], (12)

with equality if and only if ¢ € z~1C[[z71]].

3.3 It is an exercise to check that the formula

dp, ) =279 o4 eC[z7]), (13)

defines a distance and that C[[z7!]] then becomes a complete metric space. The topology
induced by this distance is called the Krull topology or the topology of the formal convergence
(or the J-adic topology). It provides a simple way of using the language of topology to describe
certain algebraic properties.

We leave it to the reader to check that a sequence (yp)pen of formal series is a Cauchy
sequence if and only if, for each n € N, the sequence of the nth coefficients is stationary: there
exists an integer p, such that coeff, (¢,) is the same complex number o, for all p > p,. The

limit lim ¢, is then simply g anpz . (This property of formal convergence of (¢,) has no
pP—00
n>0

relation with any topology on the field of coefficients, except with the discrete one).
In practice, we shall use the fact that a series of formal series ) ¢, is formally convergent

if and only if there is a sequence of integers v, — such that ¢, € 27 C[[z71]] for all p.
p—00



Each coefficient of the sum ¢ = )" ¢, is then given by a finite sum: the coefficient of z="

is coeff, () = Z coeff,, (¢p), where M,, = {p| v, < n}.
pEMy,

in ¢

Exercise 3.1. Check that, as claimed above, defines a distance which makes C[[z71]] a
complete metric space; check that the subspace C[z7!] of polynomial formal series is dense.
Show that, for the Krull topology, C[[z!]] is a topological ring (i.e. addition and multiplication
are continuous) but not a topological C-algebra (the scalar multiplication is not). Show that 0
is a contraction for the distance ([13)).

3.4 As an illustration of the use of the Krull topology, let us define the composition operators
by means of formally convergent series.

Given ¢, x € C[[z"!]], we observe that val(8P¢) > val(¢)+p (by repeated use of (12))), hence
val(x? OPp) > val(¢) + p and the series

, 1
po(id+x) = X"y (14)
p=0 V"

is formally convergent. Moreover
val (p o (id+yx)) = val(y). (15)

We leave it as an exercise for the reader to check that, for fixed x, the operator ©: ¢ —
o (id+y) is a continuous automorphism of algebra (i.e. a C-linear invertible map, continuous
for the Krull topology, such that ©(py) = (O¢)(O)).

A particular case is the shift operator

Te: Cllz Y = Cl7M), @(2) = (2 +¢) (16)

with any ¢ € C (the operator T, is even a differential algebra automorphism, i.e. an automor-
phism of algebra which commutes with the differential 9).
The counterpart of these operators in C[[t]] via the change of indeterminate ¢t = 27! is

(t) — o(3 jct) for the shift operator and, more generally for the composition with id +Y,

¢ +— ¢poF with F(t) = #%’ G(t) = x(t71). See Sections for more on the composition

of formal series at oo (in particular for associativity).

Exercise 3.2 (Substitution into a power series). Check that, for any ¢(z) € 2~ 1C[[z71]],

the formula
H(t) =Y hpt’ = Hop(z) =Y hy(p(2))"
p=>0 p>0

defines a homomorphism of algebras from C[[t]] to C[[z}]], i.e. a linear map © such that ©1 = 1
and @(HlHQ) = (@Hl)(@Hg) for all Hl,HQ.

Exercise 3.3. Put the Krull topology on C[[t]] and use it to define the composition operator
Cr: ¢+ ¢poF for any F € tC[[t]]; check that CF is an algebra endomorphism of C[[t]]. Prove
that any algebra endomorphim © of CJ[¢]] is of this form. (Hint: justify that ¢ € tC|[t]] <—
Va € C*, a+ ¢ invertible = Va € C*, a + ©¢ invertible; deduce that F' := Ot € tC[[t]];
then, for any ¢ € C[[t] and k € N, show that val(©¢ — Cr¢) > k by writing ¢ = P + t*¢ with
a polynomial P and conclude.)



4 The formal Borel transform and the space of 1-Gevrey formal
series C[[z71]];

4.1 We now define a map on the space 2 !C[[z7!]] of formal series without constant term
(recall the notation (11))):

Definition 4.1. The formal Borel transform is the linear map B: z~'C[[z7!]] — C[[¢]] defined

by
) 00 o A 00 Cn
B:gpzZanz” H@zZana.
n=0 n=0

In other words, we simply shift the powers by one unit and divide the nth coefficient by n!.
Changing the name of the indeterminate from z (or z~!) into ¢ is only a matter of convention,
however we strongly advise against keeping the same symbol.

The motivation for introducing B will appear in Sections [6] and [7] with the use of the Laplace
transform.

The map B is obviously a linear isomorphism between the spaces z~'C[[z~!]] and CJ[[¢]].
Let us see what happens with the convergent formal series of the first of these spaces. We say
that $(z) € C[[z7}]] is convergent at oo (or simply ‘convergent’) if the associated formal series
d(t) = ¢(1/2) € C[[t]] has positive radius of convergence. The set of convergent formal series
at oo is denoted C{z~!}; the ones without constant term form a subspace denoted z~1C{z71}.

Lemma 4.2. Let p € z7'C[[z7Y]]. Then @ € 2~ C{z71} if and only if its formal Borel transfom
@ = B has infinite radius of convergence and defines an entire function of bounded exponential
type, i.e. there exist A, ¢ > 0 such that |$(C)| < Ael¢l for all ¢ € C.

Proof. Let p(z) = >, ~0anz "1, This formal series is convergent if and only if there exist
A, ¢ > 0 such that, for all n € N, |a,| < Ac™

If it is so, then |a,("/n!| < Ale¢|™ n!, whence the conclusion follows.

Conversely, suppose ¢ = B@ sums to an entire function satisfying |¢(¢)] < Ae¢l for all
¢ € C and fix n € N. We have a,, = @(”)(O) and, applying the Cauchy inequality with a circle
CO,R)={CeC||¢|=R}, we get

l!AecR

n! R
n| = 55 =
lan| < max || <
) Rr

R"™ c(o,R

Choosing R =n and using n! =1 x 2 x --- x n < n", we obtain |a,| < A(e®)"™, which concludes
the proof. n

The most basic example is the geometric series
Xe(2) =2 1=z )y 1 =T (271 (17)

convergent for |z| > |c|, where ¢ € C is fixed. Its formal Borel transform is the exponential
series

Re(C) = e, (18)

4.2 In fact, we shall be more interested in formal series of C[[¢]] having positive but not
necessarily infinite radius of convergence. They will correspond to power expansions in z7!
satisfying Gevrey estimates similar to the ones encountered in Remark



Definition 4.3. We call 1-Gevrey formal series any formal series ¢(2) = 3, g anz™" € Cllz7Y]
for which there exist A, B > 0 such that |a,| < AB™n! for all n > 0. 1-Gevrey formal series
make up a vector space denoted by C[[z71]];.

Lemma 4.4. Let ¢ € 27 1C[[z7!]] and ¢ = B@ € C[[¢]]. Then p € C{¢} (i.e. the formal series
@(¢) has positive radius of convergence) if and only if ¢ € C[[z~]]1.

Proof. Obvious. O

In other words, a formal series without constant term is 1-Gevrey if and only if its formal
Borel transform is convergent. The space of 1-Gevrey formal series without constant term will
be denoted 2z 'C[[z!]]; = B~ (C{¢}), thus

Cllz"' i =Cao=z"'Cllz" "] (19)

4.3 We leave it to the reader to check the following elementary properties:
Lemma 4.5. If p € 27 'C[[z7 Y]] and » = By € C[[(]], then

o 9p €27 2Cl[z7"]] and B(9g) = —C&(0),

o T.¢ € z7'C[[z7Y]] and B(T.3) = e~“p(¢) for any c € C,

o B(z7'@) = [5 (¢1)d¢r,

dp
d¢’

In the third property, the integration in the right-hand side is to be interpreted termwise. The
second property can be used to deduce from the fact that, according to , Xe = T-¢(X0)
and Yo = 2! has Borel tranform = 1.

Since ﬁT_l is invertible in C[[¢]] and in C{(}, the second property implies

o if g € 27 *C[[z7"] then B(z¢) =

Corollary 4.6. Given i) € z2C[[z7]], with Borel transform () € CC[[¢]], the equation

¢(z+1) —¢(2) = ¢(2)
admits a unique solution ¢ in 2~ C[[z]], whose Borel transform is given by

P0) = = (C).

e

If (2) is 1-Geurey, then so is the solution @(z).

5 The convolution in C[[¢]] and in C{(}

5.1 The convolution product, denoted by the symbol *, is defined as the push-forward by B of
the Cauchy product:

Definition 5.1. Given two formal series @, € C[[¢]], their convolution product is ¢ % ¢ =
B(30), where ¢ = B-1p, = B4,

10



At the level of coefficients, we thus have

Cn+1

5 ¢ ¢ — .
SO:ZG"H’ @ZJ:ana — gp*w:chm with ¢, = Z apby.  (20)
n>0

n>0 n>0 p+g=n

The convolution product is bilinear, commutative and associative in CJ[[(]] (because the
Cauchy product is bilinear, commutative and associative in z7!C[[z7!]]). It has no unit in
CJ[¢]] (since the Cauchy product, when restricted to z~'C[[z7!]], has no unit). One remedy
consists in adjoining a unit: consider the vector space C x C[[(]], in which we denote the
element (1,0) by d; we can write this space as Cé & C[[(]] if we identify the subspace {0} x C[[(]]
with CJ[[¢]]. Defining the product by

(ad + @) % (b0 + ) = abd + arh + bp + ¢ * 1,

we extend the convolution law of C[[¢]] and get a unital algebra Cé & C[[¢]] in which C[[(]] is
embedded; by setting

Bl =9,
we extend B as an algebra isomorphism between C[[z~!]] and Cé @ C[[¢]]. The formula
0: ad +¢(Q) = —CR(C) (21)

defines a derivation of Cd @ C[[¢]] and the extended B appears as an isomorphism of differential
algebras

B: (C[l="11},0) = (Cs & CI[¢]], 9)
(simple consequence of the first property in Lemma . It induces a linear isomorphism
B: Cl[lz""]li = Cs & C{¢} (22)

(in view of and Lemma , which is in fact an algebra isomorphism: we shall see in
Lemma [5.3| that C§ @ C{(} is a subalgebra of C§ & C[[(]], and hence C[[z~!]]; is a subalgebra
of C[[z71]].

Remark 5.2. For ¢ € C, the formula
T.: ad + ¢(¢) = ad + e “¢(C) (23)

defines a differential algebra automorphism of (Cd & CJ[[¢]], 5), which is the counterpart of the
operator T, via the extended Borel transform.

5.2 When particularized to convergent formal series of the indeterminate (, the convolution
can be given a more analytic description:

Lemma 5.3. Consider two convergent formal series gb,zﬂ € C{¢}. Let R > 0 be smaller than
the radius of convergence of each of them and denote by ® and ¥ the holomorphic functions

defined by ¢ and 1 in the disc D(0,R) = {¢ € C||¢| < R}. Then the formula

¢
B W(() = /0 SV — )G (24)

defines a function ® x ¥ holomorphic in D(0, R) which is the sum of the formal series g?)*qﬁ (the
radius of convergence of which is thus at least R).

11



Proof. By assumption, the power series
B CTL R B Cn
= Zanm and () = ang
n>0 n>0
sum to ®(¢) and ¥(¢) for any ¢ in D(0, R).

Formula (24 defines a function holomorphic in D(0, R), since ® x ¥(() = fol F(s,¢)ds with

(5,6) = F(s,¢) = ¢®(s¢)¥((1 - s)) (25)

continuous in s, holomorphic in ¢ and bounded in [0,1] x D(0, R") for any R’ < R.
Now, manipulating F'(s, () as a product of absolutely convergent series, we write

Fis.0) = 3 a5 (=) 5~y enes

1,420 n>0
. o 1 - .
With Fo(s) = Zp+q N pbqij @ q,s) ; the elementary identity [, %1;(1 q!s)q ds = m yields
Jo Fu(s)ds = o with en =371 apbg, hence
- Cn—i—l
@ * W(() _ch(nﬂ),

for any ¢ € D(0, R); recognizing in the right-hand side the formal series ¢ * 9 (cf. .
conclude that this formal series has radius of convergence > R and sums to ® * \I! D

For instance, since Bz~! = 1, the left-hand side in the third property of Lemma can be
written (1% ¢)(¢) and, if ¢(z) € 27 'C[[z7!]]1, the integral foc $(¢1) d¢; in the right-hand side
can now be given its usual analytical meaning: it is the antiderivative of ¢ which vanishes at 0.

We usually make no difference between a convergent formal series ¢ and the holomorphic
function @ that it defines in a neighbourhood of the origin; for instance we usually denote them
by the same symbol and consider that the convolution law defined by the integral coincides
with the restriction to C{(} of the convolution law of C][[(]]. However, as we shall see from
Section |18 onward, things get more complicated when we consider the analytic continuation in
the large of such holomorphic functions. Think for instance of a convergent ¢(¢) which is the
Taylor expansion at 0 of a function holomorphic in C \ €2, where Q is a discrete subset of C*
(e.g. a function which is meromorphic in C and regular at 0): in this case ¢ has an analytic
continuation in C\ © whereas, as a rule, its antiderivative 1 % ¢ has only a multiple-valued
continuation there. . .

5.3 We end this section with an example which is simple (because it deals with explicit entire
functions of ¢) but useful:

Lemma 5.4. Let p,q € N and c € C. Then
+q+1
(ged) . <Qec<) _ P« (26)
p! q! (p+q+ 1)

Proof. One could compute the convolution integral e.g. by induction on ¢, but one can also
notice that g: e is the formal Borel transform of T_.27P~! (by virtue of the second property in

Lemmau therefore the left-hand side of (26]) is the Borel transform of (7.2 P~1)(T_.2~971) =
T_,z7P=472, O
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THE BOREL-LAPLACE SUMMATION ALONG R™T

6 The Laplace transform

The Laplace transform of a function ¢: Rt — C is the function £°¢ defined by the formula,

+00
(@) = [ a0 1)
Here we assume ¢ continuous (or at least locally integrable on R** and integrable on [0,1]) and

[B(Q)] < Ae™s,  (>1, (28)

for some constants A > 0 and ¢y € R, so that the above integral makes sense for any complex
number z in the half-plane
I, ={2z€C|Rez>cp}.

Standard theorems ensure that £°p is holomorphic in Il (because [e™*¢| = e=¢%¢# < e=€1€ for
any z € Il.,, hence, for any ¢; > cg, we can find ®: RT — R* integrable and independent of z
such that [e*¢(¢)| < ®(¢) and deduce that £°¢ is holomorphic on II,).

Lemma 6.1. For anyn € N, .CO(%)(Z) =z7""1 on .

Proof. The function EO(Q) is holomorphic in Il for any ¢y > 0, thus in IIy. The reader can

n!
check by induction on n that f0+°° e *s"ds = n! and deduce the result for z > 0 by the change
of variable ¢ = s/z, and then for z € IIy by analytic continuation. O

In fact, for any complex number v such that fev > 0, EO(%D(;; ) = z7% for z € Illy, where I'

is Euler’s gamma function (see Section [L1)).
We leave it to the reader to check

Lemma 6.2. Let ¢ as above, ¢ = L@ and ¢ € C. Then each of the functions —(p(C), e=<@(C)
or 1xp(¢) = foc &(C1)d¢r satisfies estimates of the form and

. d
b ﬁo(_ccp) = £7

o L%(e™p) = p(z +0),
o LO1x9)=2""p(2),
e if moreover ¢ is continuously derivable on R™ with Ccll—? satisfying estimates of the form ,

then L0 @?) = 20(2) — $(0).

Remark 6.3. Assume that ¢: RT — C is bounded and locally integrable. Then L%} is
holomorphic in {Rez > 0}. If one assumes moreover that £ extends holomorphically to a
neighbourhood of {Re z > 0}, then the limit of fOT $(¢)d¢ as T — oo exists and equals (£°4)(0);
see [Zag97] for a proof of this statement and its application to a remarkably short proof of the
Prime Number Theorem (less than three pages!).
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7 The fine Borel-Laplace summation

7.1 We shall be particularly interested in the Laplace transforms of functions that are analytic
in a neighbourhood of RT and that we view as analytic continuations of holomorphic germs
at 0.

Definition 7.1. We call half-strip any set of the form S5 = {¢ € C | dist({,R") < § } with a
§ > 0. For ¢y € R, we denote by N, (RT) the set consisting of all convergent formal series 4(C)
defining a holomorphic function near 0 which extends analytically to a half-strip Ss with

1B < Aell, ¢ e S,

where A is a positive constant (we use the same symbol ¢ to denote the function in Ss and the
power series which is its Taylor expansion at 0). We also set

NERY) = [ Nep(®Y)
coER
(increasing union).
Theorem 7.2. Let ¢ € Noy(RY), ¢g > 0. Set a, == @™M(0) for every n € N and ¢ = L.
Then for any c1 > cq there exist L, M > 0 such that
lo(2) —apz ™! —a1z72 — - —an_127 Y| < LMV N1z 7V z€Il,,, NeN. (29)

Proof. Without loss of generality we can assume ¢y > 0. Let d, A > 0 be as in Definition [7.1}
We first apply the Cauchy inequalities in the discs D((,d) of radius 0 centred on the points
¢ eRT:

|
PO < 55 sup [pl <mls A, CeRY, neN, (30)
D(¢,6)

where A’ = Ae%. In particular, the coefficient ay = $(™)(0) satisfies
lay| < NN A (31)

for any N € N. Let us introduce the function
<N
R(Q) = 2(¢) — a0 = a1¢ =+ — a5

which belongs to N, (R") (because ¢y > 0) and has Laplace transform

LOR(2) = p(2) —agz ™t —ayz 2 — - —anyz V7L
Since 0 = R(0) = R/'(0) = = RN)(0), the last property in Lemma implies LOR(z) =
2 1LOR(2) = 27 2L°R" (2 ) = ... = 27 N-ILORWWHD) (%) and, taking into account RN*+D =
W+ we end up with
o(z) —agz ™t — - — aN,lz*N =anz N4 2NN (),

For z € Il,,, |£9%(e%¢)(2)| < gt = < 01 o » thus inequality (30) implies that 1L0p(N4D) ()] <
(N + Dlg N Al < N‘(2/5) 6(0 —7- Together with ( (31), this yields the conclusion with
=2/6 and L= A’(l + 5tersa)- O
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7.2 Here we see the link between the Laplace transform of analytic functions and the formal
Borel transform: the Taylor series at 0 of $(¢) is ) an%, thus the finite sum which is subtracted
from ¢(2) in the left-hand side of is nothing but a partial sum of the formal series ¢(z) =
Bl =Y a,z "t € 27 ICl[z7]1.

The connection between the formal series ¢ and the function ¢ which is expressed by
is a particular case of a kind of asymptotic expansion, called 1-Gevrey asymptotic expansion.
Let us make this more precise:

Definition 7.3. Given ¥ C C* unbounded, a function ¢: ¥ — C and a formal series QNS(z) =
Ym0z € Clz71]], we say that ¢ admits ¢ as uniform asymptotic expansion in 9 if there
exists a sequence of positive numbers (Ky)yen such that

o(z) —co — 2t — = cN_lz_(N_l)’ < KN\Z|_N, z€9, NeN. (32)

‘We then use the notation .
d(z) ~ ¢(z) uniformly for z € 2.

If there exist L, M > 0 such that holds with the sequence Ky = LMY N!, then we say
that ¢ admits ¢ as uniform 1-Gevrey asymptotic expansion in & and we use the notation

#(2) ~1 ¢(z) uniformly for z € 2.

The reader is referred to [Lod13| for more on asymptotic expansions. As for now, we content
ourselves with observing that, given ¢ and Z,

— there can be at most one formal series ¢ such that d(z) ~ qNS(z) uniformly for z € Z;
— if ¢(2) ~1 ¢(2) uniformly for z € 2, then ¢ € C[[z"1]];.

(Indeed, if holds, then the coefficients of ¢ are inductively determined by

N-1
ev = lim Npn(z). pn(E)=0(2) - 3 enz "
\z|g>goo n=0
2€9

because |pn(2) — ez V| < Kny127 V71 and it follows that |cy| < Ky.)
Theorem can be rephrased as:

If € Ngo(RY) with cg > 0, then the function ¢ = L@ (which is holomorphic
in M., ) and the formal series ¢ :== B~1¢ (which belong to 2~ C[[z71]]1) satisfy

o(z) ~1 @(z)  uniformly for z € 11, (33)

for any c1 > co.

7.3 Theorem can be exploited as a tool for “resummation”: if it is the formal series
@(z) € 271C[[z71]]1 which is given in the first place, we may apply the formal Borel transform
to get (¢) € C{(}; if it turns out that ¢ belongs to the subspace N (R") of C{(}, then we
can apply the Laplace transform and get a holomorphic function ¢(z) which admits @¢(z) as
1-Gevrey asymptotic expansion. This process, which allows us to go from the formal series ¢(z)
to the function ¢ = LB, is called fine Borel-Laplace summation (in the direction of R).
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The above proof of Theorem is taken from [Mal95], in which the reader will also find a
converse statement (see also Nevanlinna’s theorem in [Lod13]): given ¢ € 271C[[z7!]], the mere
existence of a holomorphic function ¢ which admits ¢ as uniform 1-Gevrey asymptotic expan-
sion in a half-plane of the form II., entails that By € N (R™); moreover, such a holomorphic
function ¢ is then unique (we skip the proof of these facts). In this situation, the holomor-
phic function ¢(z) can be viewed as a kind of sum of ¢(z), although this formal series may be
divergent, and the formal series ¢ itself is said to be fine-summable in the direction of RT.

If we start with a convergent formal series, say $(z) € z~*C{z~!} supposed to be convergent
for |z| > cp, then the reader can check that Bg € N, (RT) for any ¢; > ¢, thus ¢(z) is fine-
summable and £°B¢ is holomorphic in the half-plane I1.,. We shall see in Section |§| that £°Bp
is nothing but the restriction to Il., of the ordinary sum of @(z).

7.4 The formal series without constant term that are fine-summable in the direction of R
clearly form a linear subspace of z7'C[[z!]];. To cover the case where there is a non-zero
constant term, we make use of the convolution unit ¢ = B1 introduced in Section |5} We extend
the Laplace transform by setting £ := 1 and, more generally,

L%%ad+ @) =a+ L
for a complex number a and a function ¢.

Definition 7.4. A formal series of C[[z~!]] is said to be fine-summable in the direction of RT
if it can be written in the form ¢o(z) = a + ¢(2) with a € C and ¢ € B~ (N (RT)), i.e. if its
formal Borel transform Bpg = a 6 +@(¢) belongs to the subspace C§®N (RT) of CSdC[[C]]. Its
Borel sum is then defined as the function £°(ad + (), which is holomorphic in a half-plane II.
(choosing ¢ € R large enough).

The operator of Borel-Laplace summation in the direction of R is defined as the composition
0= £ 0 B acting on all such formal series @g(z).

Clearly, as a consequence of Theorem and Definition [7.4] we have

Corollary 7.5. If ¢g € C[[z7Y]] is fine-summable in the direction of RT, then there exists ¢ > 0
such that the function .#°@q is holomorphic in 11, and satisfies

SOVP0(2) ~1 Po(z)  uniformly for z € T...

Remark 7.6. Beware that II. is usually not the maximal domain of holomorphy of the Borel
sum .#°@g: it often happens that this function admits analytic continuation in a much larger
domain and, in that case, II. may or may not be the maximal domain of validity of the uniform
1-Gevrey asymptotic expansion property.

7.5 We now indicate a simple result of stability under convolution:

Theorem 7.7. The space N(R™) is a subspace of C{(} stable by convolution. Moreover, if
co €R and $, 1 € Ny (RT), then @ * 1 € N, (RT) for every ¢y > ¢y and

LO(@ # 1)) = (L) (L) (34)

in the half-plane Il .
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Corollary 7.8. The space CH B~ (N(R+)) of all fine-summable formal series in the direction
of RT is a subalgebra of C[[z1]] which contains the convergent formal series. The operator of
Borel-Laplace summation ./ satisfies

% @?) B %(5’0%50)» S Pz +0)) = (o) (= + ) (35)

Bovo) = (°F0) (o) (36)
for any c € C and fine-summable formal series @g, o.

Later, we shall see that Borel-Laplace summation is also compatible with the non-linear
operation of composition of formal series.

Proof of Theorem [7.], Suppose ¢, veN (RT), with ¢ holomorphic in a half-strip Ss in which
16()] < A’ el and o) holomorphlc in a half-strip Sy in which [(¢)| < A” el Let § =
min{¥’, 4"} and CO = max{co, s

We write x(¢ fo ds with F(s,() = (@(s()vﬁ((l - s)() and argue as in the proof
of Lemma F is contlnuous in s and holomorphic in ¢ for (s, () € [0, 1] x S5, with

|F(s, )| < |¢]A ! A" oC081C1+cg (1=5) (] < A/A//‘€|eCO|C| (37)

In particular F' is bounded in [0, 1] x C for any compact subset C' of Sy, thus x is holomorphic
in S5. Inequality implies |¢(¢)] < A’A”|¢|eldl = O(eclm) for any ¢; > ¢, hence Y €
N, (RT). The identity follows from Fubini’s theorem. O

Proof of Corollary[7.8, Let ¢o = a6 + @ and ¢y = b + ¢ with a,b € C and @, € z~'C[[z7]].
We already mentioned the fact that if ¢ € 27 !C{z~!} then ¢ is fine-summable, thus (g is
fine-summable in that case.

Suppose ¢, € B~ (N (R1)). Property (35) follows from Lemmas 4.5 and [6.2] since the
constant a is killed by 4 1, and left invariant by 7T.. Since Gotho = ab + av) + b(p + gmﬂ has formal

Borel transform abd + ay) + bo+ = 1, Theorem n implies that Goip € C® B~ (/\f (R+)) and,
since . 0(qb) = ab, property follows by linearity from Lemma and Theorem applied
to B x B. O

8 The Euler series

The Euler series ®F(t) = > onso(—=1)"n!t" 1 is a classical example of divergent formal series.

We write it “at co” as
FP(z) =) (=1)"nlz7"N (38)
n>0
Clearly, its Borel transform is the geometric series
PO =D (1) = (39)

n>0

which is convergent in the unit disc and sums to a meromorphic function. The divergence
of ¢F(z) is reflected in the non-entireness of ¢F, which has a pole at —1 (cf. Lemma |4.2)).
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Observe that ®F (t) can be obtained as the unique formal solution to a differential equation,

the so-called Euler equation: )
,d® -
t T + o =t

With our change of variable z = 1/, the Euler equation becomes —9¢ + ¢ = z~!; applying the

formal Borel transform to the equation itself is an efficient way of checking the formula for ¢E(():

a formal series without constant term ¢ is solution if and only if its Borel transform ¢ satisfies

(¢+1)@(¢) =1 (cf. Lemmal[d.5]) and, since 1+ is invertible in the ring C[[(]], the only possibility

is GE(C) = (1+0).

Formula (39)) shows that ¢F(() is holomorphic and bounded in a neighbourhood of R in C,
hence ¥ € ANp(RT). The Euler series is thus fine-summable in the direction of R* and has a
Borel sum ¢F = £B@E holomorphic in the half-plane IIg = { Rez > 0}. The first part of
shows that this function ¢ is a solution of the Euler equation in the variable z.

Remark 8.1. The series ®F(t) appears in Euler’s famous 1760 article De seriebus divergentibus,
in which Euler introduces it as a tool in one of his methods to study the divergent numerical
series

I—11421 =3+

which he calls Wallis’ series—see [Bar79] and [Ral2a]. Following Euler, we may adopt ¢F(1) ~
0.59634736 . . . as the numerical value to be assigned this divergent series.

The discussion of this example continues in Section in particular, we shall see how Borel
sums can be defined in other half-planes than the ones bisected by R™ and that ¢F admits an
analytic continuation outside Iy (cf. Remark [7.6)).

1-SUMMABLE FORMAL SERIES IN AN ARC OF DIRECTIONS

9 Varying the direction of summation

9.1 Let # € R. By ¢?’R* we mean the oriented half-line which can be parametrised as { £, ¢ €
R*}. Correspondingly, we define the Laplace transform of a function ¢: ¢?R*t — C by the
formula

0 - _ oo —z€elf 4 0y .i0
(£%%)(z) = /0 e~ (e ) de, (10)

with obvious adaptations of the assumptions we had at the beginning of Section [6] in particular
1p(0)] < Aell for ¢ € €1, +00), so that £} is a well-defined function holomorphic in a
half-plane

I? ={ze€C|Re(ze") > cp}.

Since (z,w) = Re(zw) defines the standard real scalar product on C ~ R & iR, we see that Hgo
is the half-plane bisected by the half-line e R+ obtained from II., = H(C)O by the rotation of
angle —6.

The operator £? is the Laplace transform in the direction 6; the reader can check that it
satisfies properties analogous to those explained in Sections |§| and [7] for £°.
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Definition 9.1. A formal series $o(z) € C[[z7!]] is said to be fine-summable in the direction 0
if it can be written g = a+@ with a € C and ¢ € B~ (N (e’ RT)), where the space N (e’RT) is
defined by replacing S5 with S¢ := {¢ € C | dist(¢,e? RT) < ¢ } in Definition 7.1 (see Figure
on p.[69).

The Laplace transform £% is well-defined in NV (e?RT); we extend it as a linear map on
Cé @ N(YRT) by setting £%5 := 1 and define the Borel-Laplace summation operator as the
composition

S =r%B (41)
acting on all fine-summable formal series in the direction §. There is an analogue of Corollary[7.5}

If o € C[[z7Y]] is fine-summable in the direction 6, then there exists ¢ > 0 such that
the function #%@q is holomorphic in TI? and satisfies

5”950(2) ~1 ¢o(z)  uniformly for z € Hg.

There is also an analogue of Corollary [7.8} the product of two fine-summable formal series is
fine-summable and .#? satisfies properties analogous to and .

9.2 The case of a function ¢ holomorphic in a sector is of particular interest, we thus give a
new definition in the spirit of Definitions and replacing half-strips by sectors:

Definition 9.2. Let I be an open interval of R and v: I — R a locally bounded functionE|
For any locally bounded function a: I — R*, we denote by N'(I,~, a) the set consisting of all
convergent formal series ¢(() defining a holomorphic function near 0 which extends analytically
to the open sector {£e | € >0, 6 € I'} and satisfies

() < (@)D £>0,0¢el

We denote by N (I,7) the set of all ¢(¢) for which there exists a locally bounded function «
such that ¢ € N(I,7,a). We denote by N(I) the set of all $(¢) for which there exists a locally
bounded function v such that ¢ € N (I,7).

For example, in view of (39), the Borel transform @$E(() of the Euler series belongs to
N(I,0,«) with I = (—m, ) and

1 if 6] <7w/2
1/|sin6| else.

Clearly, if ¢ € N'(I,) and 6 € I, then z + (L£%p)(2) is defined and holomorphic in H%)-

Lemma 9.3. Let v and I be as in Definition[9.3. Then, for every 0 € I, there exists a number
c = c(0) such that N(I,7) C N.(? RT); one can choose ¢ to be the supremum of v on an
arbitrary neighbourhood of 6.

2A function v: I — R is said to be locally bounded if any point # of I admits a neighbourhood on which 7 is
bounded. Equivalently, the function is bounded on any compact subinterval of I.
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The proof is left as an exercise.

Lemma 9.3 shows that a ¢ belonging to N (I, ) is the Borel transform of a formal series ¢(2)
which is fine-summable in any direction § € I; for each @ € I, we get a function £%¢ holomorphic
in the half-plane H(,’;(o), with the property of uniform 1-Gevrey asymptotic expansion

L9p(2) ~1 ¢(2) uniformly for z € HZ,(Q),

where 7/(0) > 0 is large enough to be larger than a local bound of . We now show that these
various functions match, at least if the length of I is less than 7, so that we can glue them and
define a Borel sum of ¢(z) holomorphic in the union of all the half-planes Hj‘;(a).

Lemma 9.4. Suppose ¢ € N(I,~) with v and I as in Definition and suppose

01,05 €1, 0<by—01 <m.
Then Hil(ﬁl) N H:Q(QQ) is a non-empty sector in restriction to which the functions £LO¢ and £%2¢
coincide.

Proof. The non-emptiness of the intersection of the half-planes Hel(ol) and HZQ(QQ) is an elementary

geometric fact which follows from the assumption 0 < 0y — 1 < m: this set is the sector
2 ={z+re?|r>0, 0€ (-6, —35,—0,+73)}, where {z,} is the intersection of the lines
e71% (y(61) +iR) and e 71%2((6,) +iR).

Let a: I — R be a locally bounded function such that ¢ € N (1,7, ). Let ¢ = SUp|g, 6,] ¥
and A = supy, g,) @ (both ¢ and A are finite by the local boundedness assumption). By the
identity theorem for holomorphic functions, it is sufficient to check that £ and £%¢ coincide
on the set 71 = Hglﬂ N Hgil, since 2, is a non-empty sector contained in .

Let z € 2;. We have Re(ze'?) > ¢+ 1 for all § € [01,6] (simple geometric property, or
property of the superlevel sets of the cosine function) thus, for any ¢ € C*,

arg( € [01,62] = [e™*p(¢)| < Al (42)
The two Laplace transforms can be written
Rein

o) = [ e poa = g [T e p0a G-

but, for each R > 0, the Cauchy theorem implies

Reieg Rei€1 )
( / - / )e%(odc: / e Hp(Q)dC,  C={Re’|0¢c01,0,])
0 0 C

and, by , this difference has a modulus < AR(f—6;)e™*, hence it tends to 0 as R — co. [

9.3 Lemma allows us to glue toghether the various Laplace transforms:

Definition 9.5. For I open interval of R of length |I| < 7 and v: I — R locally bounded, we
define

9(1,’7) = U ery(e)a
oel
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Figure 1: 1-summability in an arc of directions. Left: ¢(¢) € N(I,~) is holomorphic in the
union of a disc and a sector. Right: the domain 2(I,v) where £!$(z) is holomorphic.

which is an open subset of C (see Figure , and, for any ¢ € N(I,~), we define a function £/
holomorphic in Z(1,) by

L1¢(z) = £2%@(2) with 6 € I such that z € Hg(e)
for any z € 2(1,7).

Observe that, for a given z € Z(I,~), there are infinitely many possible choices for , which
all give the same result by virtue of Lemma P(I,7) is a “sectorial neighbourhood of c0”
centred on the ray argz = —0* with aperture 7w + |I|, where 6* denotes the midpoint of I, in
the sense that, for every € > 0, it contains a sector bisected by the half-line of direction —8*
with opening 7 + || — & (see [CNP93]).

We extend the definition of the linear map £’ to C6 ® N(I,~) by setting £ == 1.

Definition 9.6. Given an open interval I, we say that a formal series $o(z) € C[[z7!]] is 1-
summable in the directions of I if Bpg € Cd @ N (I). The Borel-Laplace summation operator is
defined as the composition

ST =rloB (43)

acting on all such formal series, which produces functions holomorphic in sectorial neighbour-
hoods of oo of the form Z(I,~), with locally bounded functions v: I — R.

There is an analogue of Corollary[7.8} the product of two formal series which are 1-summable
in the directions of [ is itself 1-summable in these directions, as a consequence of Lemmal9.3]and
of the stability under multiplication of fine-summable series, and the properties and
hold for the summation operator ./ too.

As for the property of asymptotic expansion, it takes the following form: if @g(z) is 1-
summable in the directions of I, then there exists v: I — R locally bounded such that

J relatively compact subinterval of I = 1@ (2) ~1 Ppo(z) uniformly for z € 2(J, V)
(use Theorem and Lemma . We introduce the notation

S Bo(2) ~1 Go(z) for 2 € D(I,7) (44)
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for this property, thus dropping the adverb “uniformly”. Indeed we cannot claim that .#7¢
admits @g as uniform 1-Gevrey asymptotic expansion for z € Z(I,~) (this might simply be
wrong for any locally bounded function v: I — R): uniform estimates are guaranteed only
when restricting to relatively compact subintervals.

The reader may check that the above definition of 1-summability in an arc of directions [
coincides with the definition of k-summability in the directions of I given in [Lod13] when k£ = 1.

Remark 9.7. Suppose that @o(z) € B~ (Cd®N(I,7)), so that the Borel sum ¢g(z) = .7 3(2)
is holomorphic in (1, ) with the asymptotic property . Of course it may happen that @ is
1-summable in the directions of an interval which is larger than I, in which case there will be an
analytic continuation for ¢y with 1-Gevrey asymptotic expansion in a sectorial neighbourhood
of oo of aperture larger than = + |I|. But even if it is not so it may happen that ¢y admits
analytic continuation outside Z(1,7).

An interesting phenomenon which may occur in that case is the so-called Stokes phenomenon:
the asymptotic behaviour at oo of the analytic continuation of ¢y may be totally different of
what it was in the directions of (1, ), typically one may encounter oscillatory behaviour along
the limiting directions —6* & 1 (7 + |I|) (where 6* is the midpoint of I) and exponential growth
beyond these directions. Examples can be found in Section [10| (Euler series: Remark and
Exercise and § (exponential of the Stirling series).

9.4 What if |I| > 7?7 First observe that, if |I| > 27, then N (I) coincides with the set of entire
functions of bounded exponential type and the corresponding formal series in z are precisely
the convergent ones by Lemma,

I|>2r = B '(CsaN())=C{z"}.

This case will be dealt with in § We thus suppose 7 < |I| < 27.

For ¢ € N'(I,7), we can still define a family of holomorphic functions g := £%% holomorphic
on my = Hf/(e) (0 € I), with the property that 0 < 0 —0; <™ = mg, Ny, # 0 and vy, = o,
on Ty, N my,, but the trouble is that also for m < 6 — 01 < 27 is the intersection of half-planes
g, M Ty, non-empty and then nothing guarantees that gy, and ¢y, match on my, N my,.

The remedy consists in lifting the half-planes mp and their union Z(I,~) to the Riemann
surface of the logarithm C = {re® | r > 0, t € R} (see Section [24] for the definition of C
and the notation e which represents a point “above” the complex number el’). For this, we

suppose () > 0, so that my is the set of all complex numbers z = re® with r > () and
7(6) 7(6)

te ( — 60 — arccos -, —0 + arccos T) (and adding any integer multiple of 27 to t yields the

same z). We set

7o ={z=re"cC|r>~(0),tc (—G—arccos@7—0+arccos@) 1 2(1,7) = Uﬁg
oel

(this time r !’ and rel(t+2mm) are regarded as different points of @) and consider ¢y = L} as

holomorphic in 7p. By gluing the various ¢y’s we now get a function which is holomorphic in
2(I,7) c C and which we denote by £!.

The overlap between the half-planes 7y, and 7, for 62 — 61 > 7 is no longer a problem since
their lifts 79, and 7y, do not intersect (they do not lie in the same sheet of @) and £$ may
behave differently on them[]

3Notice that N'(I,7) = N(2r +1,7), but the functions £°¢ and L7 must now be considered as different:
they are a priori defined in domains 7y and 7g4+2- which do not intersect in C. Besides, it may happen that Cegb

admit an analytic continuation in a part of 7942, which does not coincide with [,9+2”<p.
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Therefore, one can extend Definition[9.6 to the case of an interval I of length > m and define
1-summability in the directions of I and the summation operator .1 the same way, except that
the Borel sum #'¢q of a 1-summable formal series ¢y is now a function holomorphic in an
open subset of the Riemann surface of the logarithm C.

9.5 As already announced, the Borel sum of a convergent formal series coincides with its
ordinary sum:

Lemma 9.8. Suppose ¢y € C{z7'} and call ¢o(z) the holomorphic function it defines for |z|
large enough. Then (g is 1-summable in the directions of any interval I and .#'@q coincides
with ©@0-

Proof. Let ¢o = a+@ witha € C and $(2) = Y anz "1, 50 o(2) = a+ > a2z~ "1 for |2| large
enough. By Lemma[L.2] $ = B¢ is a convergent formal series summing to an entire function and
there exists ¢ > 0 such that ¢ € N, (e’ Rt) for all § € R. Lemmal9.4 allows us to glue together
the Laplace transforms £7(: we get one function ¢, holomorphic in (Jper I1% = {|2] > ¢}, with
the asymptotic expansion property ¢.(z) ~1 ¢(z) uniformly for { |z| > ¢; } for any ¢; > c.

The function ®,: t — @,(1/t) is thus holomorphic in the punctured disc {0 < |t| < 1/c}.
Inequality with N = 0 shows that ®, is bounded, thus the origin is a removable singularity
and @, is holomorphic at t = 0. Now inequality with N = 1,2, ... shows that >_ a,t"! is
the Taylor expansion at 0 of ®.(t), hence a + ¢.(1/t) = ¢o(1/t). O

10 Return to the Euler series

As already mentioned (right after Definition [0.2)), $F € N(I,0) with I = (—m, 7). We can thus
extend the domain of analyticity of E = LY@E | a priori holomorphic in 79 = {Rez > 0}, by
gluing the Laplace transforms £/GF, —m < 6 < =, each of which is holomorphic in the open
half-plane 7y bisected by the ray of direction —# and having the origin on its boundary. But if
we take no precaution this yields a multiple-valued function: there are two possible values for
Re z < 0, according as one uses 6 close to w or to —.

A first way of presenting the situation consists in considering the subinterval J* = (0, 7),
the Borel sum ¢ = .#7" @E holomorphic in 2(J+,0) = C\ iR* which extends analytically ¢F
there, and J~ = (—7,0), = = .7 @E analytic continuation of ¢ in 2(J~,0) = C\iR~. See
the first two parts of Figure

The intersection of the domains C \ iR* and C \ iR~ has two connected components, the
half-planes { Rez > 0} and { Rez < 0}; both functions p* and ¢~ coincide with ©® on the
former, whereas a simple adaptation of the proof of Lemma [9.4] involving Cauchy’s residue
theorem yields

Rez <0 = ¢ (2) —p (2)=2mie". (45)

(This corresponds to the cohomological viewpoint presented in [Lod13]: (¢T,¢~) defines a
0-cochain.)
Another way of putting it is to declare that ¢F = #Z@F is a holomorphic function on

P(1,0)={2€C| - <argz < 3T}
(cf. Section and to rewrite as

3 .
g <argz < ?ﬂ — B(ze ) — pB(2) = 2mie”. (46)
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Figure 2: Borel sums of the Euler series. Left and middle: pT extends ©F in the cut plane
2(J*,0). Right: pt(2) — 2mie® extends ¢, = @|(Re <0y i the cut plane 2(JT,0).

Remark 10.1. [Stokes phenomenon for pE.] Let us consider the restriction ¢, of the above
function ¢~ to the left half-plane { Rez < 0}. Using we can write it as ¢ (z) — 27wie?,
where ¢ is holomorphic in an open sector bisected by iR ™, namely the cut plane 27 = C\iR™,
and the other term is an entire function: this provides the analytic continuation of ¢, through
the cut iR~ to the whole of 7. See the third part of Figure

Observe that ot ~1 @F in 27, in particular it tends to 0 at co along the directions contained
in 27, while the exponential e* oscillates along iR~ and is exponentially growing in the right
half-plane: we see that, for ¢~ , the asymptotic behaviour encoded by @¥ in the left half-plane
breaks when we cross the limiting direction iR™; the asymptotic behaviour of the analytic
continuation is oscillatory on iR~ (up to a correction which tends to 0) and after the crossing
we find exponential growth.

A similar analysis can be performed with ¢} cpl (Re 2<0} when one crosses iR™, writing it

as ¢~ (z) + 2wie®. This is a manifestation of the Stokes phenomenon evoked in Remark (9.7 .

Exercise 10.1. Use (46]) to prove that ¥ is the restriction to @(I 0) of a function which is
holomorphic in the Whole of C. (Hlnt Show that the formula z € C — ¢(2) == pB(ze 2mm) —
2mime® if m € Z and arg z € (2rm — 2, 2wm + 2F) makes sense.) In which sectors of C is the
Euler series asymptotic to this funct10n7

Exercise 10.2. What kind of singularity has ¢¥(z) when |z| — 07 (Hint: Find an elementary
function L(z) such that L(ze ™) — L(z) = —2mie® and consider pF + L.)

Observe that the Euler equation —3% 4 ¢ = 2 ~1 is a non-homogeneous linear differential

equation; the solutions of the associated homogeneous equation are the functions Ae®, A € C.
By virtue of the general properties of the summation operator .#?, any Borel sum of @E is an
analytic solution of the Euler equation. In particular, the Borel sums ¢+ and ¢~ are solutions
each in its own domain of definition; on formula we can check that their restrictions to
{Re z < 0} differ by a solution of the homogeneous equation, as should be. In fact, any two
branches of the analytic continuation of ©¥ differ by an integer multiple of 27ie®. Among all
the solutions of the Euler equation, pF can be characterised as the only one which tends to 0

when z — 0o along a ray of direction € (—%, 7) (whereas, in the directions of (%, 2F), this is no

2072
longer a distinctive property of ¢E: all the solutions tend to 0 in those directions!).

Exercise 10.3. How can one use the so-called method of “variation of constants” to find directly
an integral formula for the solution ¢¥ of the Euler equation?
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11 The Stirling series

The Stirling series is a classical example of divergent formal series, which is connected to Fuler’s
gamma function. The latter is the holomorphic function defined by the formula

['(z) = /O o e tdt (47)

for any z € C with ez > 0 (so as to ensure the convergence of the integral). Integrating by
parts, one gets the functional equation

[(z+1) =20(2). (48)
This equation provides the analytic continuation of I' for z € C\ (—=N) in the form

I'(z+mn)

F(z):z(z—i—l)---(z—i-n—l)

(49)

with any non-negative integer n > — Re z; thus I' is meromorphic in C with simple poles at the
non-positive integers. Since I'(1) = 1, the functional equation also shows that

I'(n+1)=nl, n € N. (50)
Our starting point will be Stirling’s formula for the restriction of I' to the positive real axis:

Lemma 11.1.

1
TN e }
(%) 2" D(r) —— L. (51)

Proof. This is an exercise in real analysis (and, as such, the following proof has nothing to do

with the rest of the text!). In view of the functional equation, it is sufficient to prove that the

function ( ) N -
INz+1 T~ t
f@)=— 2= | S

— a:—‘,—%efx rTe—T $1/2

X

tends to V2w as * — 400. The idea is that the main contribution in this integral arises for ¢
. T ,—t 2 + 2
close to x and that, for t = z + s with s — 0, £ ~ exp(—3-) and f_,;o exp(—5) w‘f‘fZ =

) zxefw
—+o00

J” \/Eexp(—%) d¢, which converges to

/ o e €2d¢ =or (52)

o0

as  — +00. We now provide estimates to convert this into rigorous arguments.
We shall always assume x > 1. The change of variable t = z + £{\/x yields

“+oo
f(=) :/ 9@ de, with g(x, &) = (xlog (1+ 55) —gﬁ)1{5>_ﬁ}. (53)

— 0o
Integrating 5 = 1 - 17, =1 =0+ %, we et log(l+7) =7~ [T §f =7 = 7°/2+ [T 547
for any 7 > —1, whence
&/Vz odo §2 &/ o2 do
’ - -5 54
g(x, &) :c/o o 2—1—33/0 Y (54)



for any £ > —y/x. Since fOT "lid; = O(73) as 7 — 0, the last part of shows that

g(z,8) T) —£2/2  for each € € R.

We shall use the first part of to show that
(i) for —/z < £ <0, g(z,€) < —€2/2, whence 98 < Gy () == /2,
(i) for 0 < & < /x, g(z,€) < —€2/4, whence 94 < Gy(€) == e=6°/4,
(iit) for & > /x, g(x,€) < —€/2, whence 98 < G3(¢) = e I€1/2,

This is sufficient to conclude by means of Lebesgue’s dominated convergence theorem, since this
will yield e9®€) < G1(€) + G2(€) + G3(€) for all z > 1 and € € R and the function G + G2 + G

is independent of z and integrable on R, thus implies f(z) m / ;oo xll}r_{loo e9(%:8) d¢
and yields the final result.

— Proof of : Assume —/r < £ < 0. Changing o into —o and integrating the inequality
12 > 0 over o € [O, |§|/\/5], we get g(z,&) = —x O‘W‘/E% < —[¢)?/2.

— Proof of : Assume 0 < £ < /x, observe that 5; > g for0<o< ¢/+/z and integrate.

— Proof of : Assume ¢ > /z > 1. Noticing that Tre 2 % for o > 1, we get fé/ﬁ% >
15/\/551’_% > %, hence g(xz,§) < —%5\/5 < —g.
O
Observe that the left-hand side of extends to a holomorphic function in a cut plane:
1
V2T
1

(using the principal branch of the logarithm (116]) to define 227 = e(z=2)Log 2. i fact, A has a
meromorphic continuation to the Riemann surface of the logarithm C defined in Section .

Az) = ——22 %7 T(z), 2€C\R~ (55)

Theorem 11.2. Let I = (—%,%). The above function X\ can be written e”"'B where f(z) €
27 1C[[z7Y]] is a divergent odd formal series which is 1-summable in the directions of I, whose
formal Borel transform belongs to N'(I,0) and is explicitly given by

¢ ¢

AlQ) = ¢ < coth

5 2—1), ceC\(ATuUAT) (56)

where A is the half-line +27i[1, +00), and whose Borel sum #!fi is holomorphic in the cut
plane 2(1,0) =C\ R™.

It is the formal series fi(z), the asymptotic expansion of log A(z), that is usually called the
Stirling series.

Exercise 11.1. Compute the Taylor expansion of the right-hand side of in terms of the

1
Bernoulli numbers Bs;, defined by ﬁ =1- 5( + ,; (2;];!(% (so By =1/6, By = —1/30,
Bg = 1/42, etc.). Deduce that -
. Boy, okl 1 g I 3 L 5
_ _ LIS B . o 57
ZOEDY %2k — 1) 2 “360° Tieo” T (57)
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We shall see in § that one can pass from [ to its exponential and get an improvement
of in the form of

Corollary 11.3 (Refined Stirling formula). The formal series \(z) == e*) is 1-summable in

the directions of (=%, %) and its Borel sum is the function X, with

Az) = \/%z%_zez D(z) ~1 Az) =1+ Z:gnz_"_1 uniformly for |z| > ¢ and argz € (=, 3)
n>0

(58)
for any ¢ > 0 and B € (0,7), with rationals go, g1, 92, - .. computable in terms of the Bernoulli
numbers:

9o = 3 B2

g1 = §B3

92 = 35B5 + B4

93 = 55,83 + 5;B2B4

91 = 535585 + & B3By + 5 Bs

Inserting the numerical values of the Bernoulli numbersﬂ we get
-z 2= /5~ 1,.-1 1,2 139 -3 571 4 163879 ,—5
[(z) ~pe72272 27r<1+ 2% T 258% T T 513407 T 24ss320° T 2090188807 +) (59)
uniformly in the domain specified in .

Proof of Theorem[11.4. a) We first consider \(z) = \/%x%ﬂ”ex I'(z) for > 0. The functional
equation yields
Mz +1) = (1+2 )2 %eA(z).
Formula shows that, for x > 0, I'(z) > 0 thus also A(z) > 0 and we can define
p(x) = log A(z), x> 0. (60)
This function is a particular solution of the linear difference equation

p(x+1) — p(z) = (), (61)

where 9(z) = log ((1+ mfl)_%_xe) =1—(3+az)log(l+z71).

b) Using the principal branch of the logarithm (116)), holomorphic in C \ R™, we see that v is
the restriction to (0, +00) of a function which is holomorphic in C\ [-1,0]:

P(z) = —%Log(l +2 ) +z(z7 —Log(1+271).

4 and extending the notation “~1” used in or by writing F(z) ~1 G(z)@o(z) whenever F(z)/G(z) ~1
@o(z)
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We observe that 1) is holomorphic at co (i.e. t — 1(1/t) is holomorphic at the origin); moreover
Y¥(z) = O(272) and its Taylor series at oo is

7 Lz -1, 7 o 7 (G Y

VU(z) = zL(2) + 2(27' + L(2)) € 27 °C{z" '}, L(z) = — Z —

2
n>1

With a view to applying Corollary we compute the Borel transform ¢ = Bi: using ﬁ(( ) =
- 2@1(—()"—1/71! = ("(e™¢ — 1) and the last property in Lemma we get

d -

L) + d—c(l +L)=-¢CM e —1) ¢ 1) = el

c) Corollary shows that the difference equation $(z+1) —@(z) = 1(2) has a unique solution
in z~1C[[z7!]], whose Borel transform is

¢
24 %C‘l - C_lie—ec — = <1 + g(; + e<1_1>> = (<),

where [i(¢) is defined by . The formal series [i(¢) is convergent and defines an even holo-
morphic function which extends analytically to C\ (AT U A7) (in fact, it even extends mero-
morphically to C, with simple poles on 27i Z*).

d) Let us check that 4 € N(1,0) with I = (=%, F). For 6y € (0,75), we shall bound |f] in the
sector ¥ = {&el? | € >0, 6 € [0, 0] }. Let & := min{r, 27 cosfy}, so that ¥ does not intersect

the discs D(+27i,¢). Since € > 0, the number

A(e) ==sup {‘ COthg

,cec\ D(27rim,5)}
meZ

is finite, because ¢ coth% is 2mi-periodic, continuous in the closed set { | Sm (| < 7 }\ D(0,¢)
and tends to +1 as Re ( — *o0; A is in fact a decreasing function of e. For ¢ € ¥\ D(0,1), we
have [(¢)| < 3[¢|71A(e) + [¢|7% < A(e) + 1. Since i is holomorphic in the disc D(0,27), the
number B := sup{|i(¢)|, ¢ € D(0,1)} is finite too, and we end up with

()] < max{A(e) +1,B}, (€3,
whence we can conclude i € N(I,0, o) with a(#) = max { A(e(6))+1, B}, e(#) = min{r, 27| cos 6|}
e) On the one hand, we have a solution x — u(x) of equation (61)): pu(z + 1) — p(z) = ¥(x);
this solution is defined for x > 0 and Stirling’s formula implies that p(x) tends to 0 as
T — +o00.

On the other hand, we have a formal solution fi(z) to the equation fi(z + 1) — fi(2)

which is 1-summable, with a Borel sum p*(2) = #!fi(2) holomorphic in 2(I,0) = C\ R~.
The property for the summation operator .#/ implies that

pt(z+1) = ut(2) = 7 1P(2), ze C\R™.

But ¢ is the convergent Taylor expansion of ¥ at co, .#!4 is nothing but the analytic contin-
uation of (g 4o0). The restriction of pt to (0,400) is thus a solution to the same difference
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equation . Moreover, the 1-Gevrey asymptotic property implies that ™ (x) tends to 0 as
T — +0o0.

The difference z — A(x) == put(x) — p(x) thus satisfies A(x +1) — A(x) = 0 and it tends
to 0 as  — 400, hence A = 0. O

Remark 11.4. Our chain of reasoning consisted in considering log A(p,1o0) and obtaining its
analytic continuation to C\ R~ in the form .7/ ji. As a by-product, we deduce that the holomor-
phic function A\ does not vanish on C\ R~ (being the exponential of a holomorphic function),
hence the function I' itself does not vanish on C\ R, nor does its meromorphic continuation
anywhere in the complex plane in view of .

The formal series fi(z) is odd because fi(¢) is even and the Borel transform B shifts the
powers by one unit. This does not imply that .#/fi is odd! The direct consequence of the
oddness of fi is rather the following: fi is 1-summable in the directions of J = (7, 37”) and the
Borel sums pt = /i and u~ = .77 i are related by

+(_Z)7 ZGC\R+a

because a change of variable in the Laplace integral yields £%/(z) = —£%*™fi(—z). The func-
tion p~ is in fact another solution of the difference equation .

Exercise 11.2. — With the notations of Remark prove that

1 :
+ 2mimz Cx
_ E = , <0
M (Z) M (Z) me Y1

m>1

by means of a residue computation (taking advantage of the existence of a meromorphic
continuation to C for fi(¢), with simple poles on 27iZ*, according to ([56))).

— Deduce that, when we increase arg z above 7 or diminish it below —, the function p*(z) has
a multiple-valued analytic continuation with logarithmic singularities at negative integers.

— Deduce that A(z) = (I—Tllz))\(—z) for m 2z < 0, thus the restriction (g, .<0) extends
meromorphically to C \ RT with simple poles at the negative integers.

— Compute the residue of this meromorphic continuation at a negative integer —k and check
that the result is consistent with formula and the fact that the residue of the simple

pole of I" at —k is (—1)’“/1{:!. (Answer: —m;%)

— Repeat the previous computations with Sm z > 0. Does one obtain the same meromorphic
continuation to C\ R* for Ajygm 2017 (Answer: no! But why?)

— Prove the reflection formula -

T(:)D(1 - 2) = (62)

sin(mz)’
Exercise 11.3. Using , write a functional equation for the logarithmic derivative 1(z) =
I'(2)/T'(z). Is there any solution of this equation in C[[z71]]? Using the principal branch of
the logarithm and taking for granted that x(z) := 1¥(z) — Logz tends to 0 as z tends
to 400 along the real axis, show that y(z) is the Borel sum of a 1-summable formal series (to
be computed explicitly).
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12 Return to Poincaré’s example

In Section (2] ' we saw Poincaré’s example of a meromorphic function ¢(t) of C* giving rise to
a divergent formal series (Z)( ) (formulas (3)) and ( . There, w = e® was a parameter, with
|lw| < 1, i.e. Res < 0, and we had

wk ~
o= 1 =D at’

k>0 n>0

with well-defined coefficients a,, = (—1)"b,, depending on s.
To investigate the relationship between ¢(t) and ¢(t), we now set

k
_ _ w ~ 1%, — —n—
W) =20 =3 PP =210 = e (63)
k>0 n>0
(to place ourselves at oo and get rid of the constant term) so that ¢ is a meromorphic function
of C with simple poles at non-positive integers and @¥(z) € z~!C[[z!]]. The formal Borel
transform @F(¢) of @F(z) was already computed under the name F'(¢) (cf. formula (6) and the

paragraph which contains it):
1
SPlAY —
(p (C)i 1_63_4"
The natural questions are now: Is ¢P l-summable in any arc of directions and is ©F its Borel
sum? We shall see that the answers are affirmative, with the help of a difference equation:

(64)

Lemma 12.1. The function ©F of satisfies the functional equation

() —wp(z +1) = 27 (65)

For any z9 € C\ R, the restriction of ©F to the half-line 29 + R™ is the only bounded solution
of on this half-line.

k+1

Proof. We easily see that weP(z +1) = 3 25— = ¢P(2) — 27! for any z € C\ (=N). The
boundedness of ¢F on the half-lines stems from the fact that, for z € 29 + RT and k € N,
|z 4+ k| > |Sm(z+ k)| = |Smz| and, if Smzg = 0, |24+ k| > 29 > 0, hence, in all cases,

‘z—l—k‘ < A(z0)|w|* with A(z9) > 0 independent of z.

As for the uniqueness: suppose 1 and @9 are bounded functions on 2o+R™ which solve ,
then 1 :== @3 — 1 is a bounded solution of the equation ¥ (z) — wiy(z + 1) = 0, which implies
P(z) = wP(z +n) for any z € 2o + RT and n € N; we get ¢(2) = 0 by taking the limit as
n — oo. O

But equation (65)), written in the form ¢ — wTip = z~!, can also be considered in C[[z]].
Lemma 12.2. The formal series p¥ of is the unique solution of in C[[z71]].

Proof. 1t is clear that the constant term of any formal solution of must vanish. We thus
consider a formal series ¢(2) € 27 !C[[z71]]. Let us denote its formal Borel transform by ¢(¢) €
C[[¢]]; in view of the second property of Lemma @ is solution of if and only if (1 —
we ¢)@(¢) = 1. There is a unique solution because 1 —we~¢ is invertible in C[[¢]] (recall that
w # 1 by assumption) and its Borel transform is (1 —we~¢)~!, which according to coincides
with ¢ (¢) (recall that w = e®). O
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Figure 3: Borel-Laplace summation for Poincaré’s example.

Theorem 12.3. The formal series @V is 1-summable in the directions of I = (=5,%) and
fine-summable in the directions %, with @¥ € N'(I,0) N No(iRT) N No(—iR™). Its Borel sum
F1pP coincides with the function o in P(1,0) = C\ R™.

Let wi, = s — 27ik for k € Z. Then, for each k € Z, the formal series Q¥ is 1-summable
in the directions of J = (argwy, argwiy1) C (5, 2F), with ¢P € N(Jy,7), (0) = cosf, thus
P(Jk,7) is a sectorial neighbourhood of 0o containing the real half-line (—o00,1) (see Figure|[3).
The Borel sum of @¥ in the directions of Jy is a solution of equation which differs from P

by

e—wkz e—w;H_lz

PP (2) = S @P(2) = 2mi——5 o = —2mi—— .

(66)

Remark 12.4. As a consequence of , we rediscover the fact that ¢ not only is holomorphic
in C\ R~ but also extends to a meromorphic function of C, with simple poles at non-positive
integers (because we can express it as the sum of 27rilfe%;m, meromorphic on C, and .#70@P,
holomorphic in a sectorial neighbourhood of co which contains R™). Similarly, each function
k@GP is meromorphic in C, with simple poles at the positive integers.

In the course of the proof of formula , it will be clear that its right-hand side is ex-
ponentially flat at co in the appropriate directions, as one might expect since it has 1-Gevrey
asymptotic expansion reduced to 0. This right-hand side is of the form v(z) = e **x(z) with
a 1-periodic function y; it is easy to check that this is the general form of the solution of the
homogeneous difference equation 9 (z) — wiy(z + 1) = 0.

The proof of Theorem [12.3] makes use of

Lemma 12.5. Let o € (0,—Re s) and 6 > 0. Then there exist A= A(c) >0 and B = B(d) >0
such that, for any ¢ € C,

Re¢> -0 = [$7(Q)] <4, (67)

dist(C,s +2mZ) > 6 = |¢P(¢)] < Be¥es. (68)
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Lemma[12.5 implies Theorem[12.3 Inequality implies that
oP € N(I,0) N Np(iRT) N Ny (—iR™),

whence the first summability statements follow. Lemma and the property for the
summation operator .1 imply that 3P is a solution of ; this solution is bounded on the
half-line [1, +00), because of the property (in fact it tends to 0 on any half-line of the form
zp + R™), thus it coincides with ¢F by virtue of Lemma m
Since Re ¢ = y(arg )|¢|, inequality implies that
@P € N(Jkafwak)

with ag: 0 € Ji — B(0x(0)), 6x(0) = min { dist(wg, e’RT), dist(wy11,eRT)}, whence the 1-
summability in the directions of Jy follows. Again, the Borel sum is a solution of the difference
equation , a priori defined and holomorphic in Z(Ji,~y), which is the union of the half-planes
Hz(e) for @ € Ji; one can check that each of these half-planes has the point 1 on its boundary

and that the intersection 2 of Z(J,v) with C \ R™ is connected. Thus, to conclude, it is
/2

sufficient to prove for z belonging to one of the open subdomains ;" := ng)  NIL " or
9] = Hz(e) 41

Without loss of generality we can suppose § # 7. If 0 € (5, 7), we proceed as follows: for
any integer £ < k, the horizontal line through the midpoint of (wy,we_1) cuts the half-lines R+
and iR in the points Rye'’ and iRy sin 6, where R, is a positive real number which tends to
+o0 as £ — oo (see Figure . Thus, for z € .@fr, we have

N H;W/Q, with an arbitrary 6 € Ji (none of them is empty).

iR@Sine

PP(2) = L7PE0() = fim | TR,
Rgeie

S = L0¢(z) = fim | eGP dC.

Formula shows that ¢F is meromorphic, with simple poles at the points wy,, m € Z, and
residue = 1 at each of these poles. Cauchy’s Residue Theorem implies that, for each ¢ < k,

iRy sin @ Ryelf ) . k .
(/0 _/0 > e PP ¢ = 27r1mZ:€e‘”mz + /Le e eP(¢) d¢, (69)

where Ly is the line segment [Ry el iRy sin 0]. As in the proof of Lemma we have
argC € [5,0] = le72¢| < [V O)+1) — o= Re =[]

(we have used 1 > 4(8) + 1), thus ¢ € Ly = |e *¢P(¢)] < B(r)e ¥l < B(w)e Fesing,
Hence the integral in the right-hand side of tends to 0 and we are left with the geometric
series e”rF 4TI = TR YT ) e 212 (since —wymz = —wpz — 2mi(k — m)z), which

yields .

If 0 € (m, 37“), we rather take £ > k +1 and z € ; and end up with

P(y) — #IeGP () = 7100_ oo e #SHP _
PP (2) — FHG(2) (/0 / > PP () A

o0
—2mi § e*szz—zme*wkZE e?minz

m=k—+1 n>1

which yields the same formula. O
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Proof of Lemma[12.5 In view of (64), for Re > —o we have [e*~¢| < e7+R¢% < 1 and inequal-
ity thus holds with A = (1 — e t%es)~1,

Formula can be rewritten as ¥ ({) = ege_ces. Let Cs5 .= {¢ € C | dist(¢,s +2miZ) > }
and F(¢) == |e¢ —e®|. The function F is 2mi-periodic and does not vanish on Cj; since F(¢) tends
to +00 as fe ( — +oo0 and to |w| as Re { = —oo, we can find R > 0 such that F({) > |w|/2 for
|Re (| > R, while M :=min{ F({) | ¢ € Cs, | Re (| < R, |Sm (| < 7} is a well-defined positive
number by compactness; follows with B = max{2/|w|,1/M}. O

13 Non-linear operations with 1-summable formal series

13.1 The stability under multiplication of the space of 1-summable formal series associated with
an interval I was already mentioned (right after Definition , but it is often useful to have
more quantitative information on what happens in the variable ¢, which amounts to controlling
better the convolution products.

Lemma 13.1. Suppose that § € R and we are given locally integrable functions $1, po: e RT —
C and ®1,Dy: Rt — Rt such that

250 < @;(I¢l), ¢ ee’RF

for j =1,2 and 1, ®o are integrable on [0,1]. Then the convolution products s = @1 * P2 and
®3 = &1 x Py defined by formula satisfy

1@3(¢)] < @3([¢]), ¢ e YRT.

Proof. Write ¢3(() as fol ¢1(sQ)p2((1 — 5)¢)¢ ds and P3(¢) as fol Py (s&)P2((1—5)¢)&ds. O

Lemma 13.2. Suppose A is an open subset of C which is star-shaped with respect to 0 (i.e. it
is non-empty and, for every ( € A, the line segment [0, (] is included in A). Suppose @1 and P2
are holomorphic in A. Then their convolution product (which is well defined since 0 € A) is
also holomorphic in A.

Proof. The function (s,¢) — $1(s¢)p2((1 — s)¢) is continuous in s, holomorphic in ¢ and
bounded in [0, 1] x K for any compact subset K of A. O

13.2 As an application, we show that 1-summability is compatible with the composition oper-
ator associated with a 1-summable formal series and with substitution into a convergent power
expansion:

Theorem 13.3. Suppose I is an open interval of R, @o(z) = a+@(z) and o(z) are 1-summable
Jormal series in the directions of I, with a € C and ¢(z) € 2z~ 'C[[z7]], and H(t) € C{t}. Then
the formal series 1o o (id+@o) and H o ¢ are 1-summable in the directions of I and

(o o (i[d+@0)) = (o) o (id+770),  S(Ho@)=Ho S, (70)

More precisely, if Bg € N(I,~,a) and Bipg € C6 & N(I,~) with a,v: I — R locally bounded,
a >0, and p is a positive number smaller than the radius of convergence of H, then

B(to o (id+@0)) € C5 & N (I,m), 7 =7+ la| +Va, (71)
B(Hop)eCdaN(,v2), Yo =4+ p la, (72)
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zeI(Im) = z+ L %) € 21,7y,  2€P) = Lo <p  (73)
and the identities in hold in P(vy1,I) and D (vy2,I) respectively.

Proof. By assumption, ¢ = By € N(I,7,a). The properties are easily obtained as a
consequence of

zell’ — o) =£%(2) and |£94(2)] < ——L——
() ¢(z) ¢(z) 1£7¢(2)] 50 -0

for any 6 € I and j = 1,2. }
Let ¥o(2) = b+ () and H = ¢ + h(t) with b,c € C and (z) € z~'C[[z7}]], h(t) € tC{t},
so that

(id +o), (75)

o o (id+@o) = b+ A, Ai=1o
ho. (76)

Hog=c+j,

=

We recall that A and ji are defined by the formally convergent series of formal series

A=Y 0@, =Y e (77)

k>0 k>1

where we use the notation h(t) = >~ hxt".
Correspondingly, in we have formally convergent series of formal series in C[[(]]: for instance,
the Borel transform of i is

i=" hp@™, where ¢*F =g x g€ (FTICI(]]. (78)
k=1 k factors

But the series in the right-hand side of can be viewed as a series of holomorphic functions,
since ¢ is holomorphic in the union of a disc D(0, R) and of the sector ¥ = {¢el? | ¢ >0, 6 € T }:
the open set D(0, R)UX is star-shaped with respect to 0, thus Lemma applies and each $**
is holomorphic in D(0, R) UX.. We shall prove the normal convergence of this series of functions
in each compact subset of D(0, R) UX and provide appropriate bounds.

Choosing R > 0 smaller than the radius of convergence of ¢, we have

|P(Q)] < A, ¢ € D(0, R),
B(Q)] < @o(€) = a(8) S, (ev,

with a positive number A, using the notations { = || and # = arg( in the second case. The
computation of @;k(f) is easy, since ®y can be viewed as the restriction to RT of the Borel

o) (271); Lemma thus yields

transform of «/(0)T

k—1
6401 < A, CeDO.R) (79)
k—
50| < BH(©) = al0)f IEW%, (e (80)

These inequalities, together with the fact that there exists B > 0 such that |hy| < Bp~™* for
all £ > 1 (because p is smaller than the radius of convergence of H), imply that the series of
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functions > hy@** is uniformly convergent in every compact subset of D(0, R) U Y; the sum
of this series is a holomorphic function whose Taylor coefficients at 0 coincide with those of fi,
hence /1(¢) € C{¢} and & extends analytically to D(0, R) U X.

Inequalities also show that, for ¢ € X3,

Mew(e)e

(k— 1)
hence ()] < a(8)Bp~texp ((v(0) + p~t(0))E), ie. i € N(I,7 + p~'a). The dominated

|hip**(C)] < (8)Bp~!

convergence theorem shows that, for each # € [ and z € H32(9), L%(2) coincides with the

convergent sum of the series S hy(L90*%)(2) = 3 hs, (Legb(z))k, which is h(L£%(z)), whence
Fi(z) = h(1¢(2)). i

We now move on to the case of A. Without loss of generality we can suppose that a = 0, i.e.
that there is no translation term in @g, since A = (Tv) o (id +¢), thus it will be sufficient to

apply the translationless case of and to T, € B~ (N(I,v+ |a])): the identity

for 1 will yield .71 ((Tan) o(id +¢)) = (LT ) o(id +713) = (LT)o(id +a)o(id +1p) =

(1) o (id+a+.71@). )
When a = 0, in view of and the first property in Lemma the formal series A :=

BX € C[[¢]] is given by the formally convergent series of formal series
~ N . 1 o s
=> Xk = g((*C)kiﬁ) * .
k>0 '

We now view the right-hand side as a series of holomorphic functions. Diminishing R if necessary
so as to make it smaller than the radius of convergence of ¢ and taking o I — R locally
bounded such that ) € N (I,~,a’), we can find A’ > 0 such that

() < 4, ¢€ DO, R),
Q) < W(6) =’ (), Cex.
Lemma and [13.2] m show that the yj’s are holomorphic in D(0, R) U X and satisfy
A’gk r gh1 gk £k

|>A(k’(<‘)| k! (k— 1) (2]{)!, C € D(OaR)v (81)
k 2k
(01 < (G%0) * 9350) = /00" O @ e (52)

(we used (| , and (| . The series Y \x is thus uniformly convergent in the compact
subsets of D(O R) U X and sums to a holomorphic function, whose Taylor series at 0 is A.
Hence we can view \ as a holomorphlc function and the last inequalities imply that |)\( )| <

9) cosh (y/a( f)e7 08 < o/ (0)e VAN for ¢ € X This yields A € N(I,y + a) and,
since L% = %((%)kﬁezﬂ) (Lp)k (use the first property in Lemma and the identity
for £%), the dominated convergence theorem yields 7'\ = (.#1¢)) o (id +.71¢). O

Exercise 13.1. Prove the following multivariate version of the result on substitution in a
convergent series: suppose that r > 1, H(t1,...,t.) € C{t1,...,t.}, I is an open interval of R
and @1(2),..., P (2) € 271C[[z7!]] are 1-summable in the directions of I; then the formal series

X(z) = H(¢1(2),....¢0(2))
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is 1-summable in the directions of I and .#!y = Ho (S 1¢1,...,.715,).

13.3 Proof of Corollary - As a consequence of Theorem using H (t) = e!, we obtain
the 1-summability in the directions of I = (-3, ) of the exponentlal X of the Stlrhng series fi,

whence the refined Stirling formula (58) for A = ¢”'# = .1,

Exercise 13.2. We just obtained that

['(z) ~1 T LY, 27r<1 + ngz_k_l) uniformly for |z| > ¢ and argz € (=0, )
k>0

for any ¢ > 0 and 3 € (0, 7) (with the extended notation of footnote [4). Show that

1 o7y 1)Ftl g k1 ;
o) 1 \/T < + k§>0 > uniformly for |z| > ¢ and arg z € (-3, )

for the same values of ¢ and 3.

Remark 13.4. Since n! = nI'(n) by (50) and ( ., we get

1 V2mn (1 L1 18 5TL 163879 )
' en 12n ' 288n2  51840n3  2488320nt ' 20901888017

1 en 1 1 139 571 163879

n " w2 (1 T 12 T 28302 T 5184007 24883200 20901888010 )

uniformly for n € N*. See [DeAQ9] for a direct proof.

Remark 13.5. In accordance with Remark we observe a kind of Stokes phenomenon for
the function A: it is a priori holomorphic in the cut plane C \ R™, or equivalently in the sector
{—m < argz < 7} of the Riemann surface of the logarithm C, but Exercise h gives the
‘reflection formula’ A(z) = m for —m < argz < 0, which yields a meromorphic
continuation for A in the larger sector { —27 < argz < 7} (with the points ke™'", k € N*, as
only poles); the asymptotic property A(z) ~1 A(z) is valid in the directions of (—m, ) but not
in those of (—27, —7]: the ray e ""R™ is singular and the reflection formula implies that, in the
directions of (—=2m, —7), A(z) ~ —e®™* which is exponentially small (and e 2™2\(z) ~; —A(z)
there).

In fact, iterating the reflection formula we find a meromorphic continuation to the whole
of C, with a ‘monodromy relation’ \(z) = —e**\(z¢e®™) (with the notations of Section .
Outside the singular rays, the asymptotic behaviour is given by

)\(Z) — (_1)1’),67271'11’1,2 )\(zngWin) ~1 (_1)n6727rinz 5\(2)

uniformly for |z| large enough and 27n — 8 < argz < 2mn + (3, with arbitrary n € Z and
B € (0, 7). Except in the initial sector of definition (n = 0), we thus find exponential decay and
growth alternating at each crossing of a singular ray e Vi"R+ or of a ray e™R* on which
the behaviour is oscillatory, according to the sign of n Im z (since |e~2mn?| = 2™ Sm =),

The last properties can also be deduced from formula ([55)).

13.4 We leave it to the reader to adapt the results of this section to fine-summable formal
series in a direction 6.
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FORMAL TANGENT-TO-IDENTITY DIFFEOMORPHISMS

14 Germs of holomorphic diffeomorphisms

A holomorphic local diffeomorphism around 0 is a holomorphic map F': U — C, where U is an
open neighbourhood of 0 in C, such that F(0) =0 and F’(0) # 0. The local inversion theorem
shows that there is an open neighbourhood V' of 0 contained in U such that F'(V') is open and F
induces a biholomorphism from V to F(V)). When we are not too much interested in the precise
domains U or V but are ready to replace them by smaller neighrbouhoods of 0, we may consider
the germ of F' at 0. This means that we consider the equivalence class of F' for the following
equivalence relation: two holomorphic local diffeomorphisms are equivalent if there exists an
open neighbourhood of 0 on which their restrictions coincide.

It is easy to see that a germ of holomorphic diffeomorphism at 0 can be identified with the
Taylor series at 0 of any of its representatives. Moreover, our equivalence relation is compatible
with the composition and the inversion of holomorphic local diffeomorphisms. Consequently,
the germs of holomorphic diffeomorphisms at 0 make up a (nonabelian) group, isomorphic to

{F(t) € tC{t} | F'(0) £ 0} = {F(t) =Y et e C{t} | o1 # o}.

n>1

The coefficient ¢; = F’(0) is called the “multiplier” of F. Obviously, for two germs of holo-
morphic diffeomorphisms F and G, (F o G)'(0) = F'(0)G’(0). Therefore, the germs F of
holomorphic diffeomorphisms at 0 such that F’(0) = 1 make up a subgroup; such germs are
said to be “tangent-to-identity”.

Germs of holomorphic diffeomorphisms can also be considered at co: via the inversion ¢ —
z = 1/t, a germ F(t) at 0 is conjugate to f(z) = 1/F(1/z). From now on, we focus on the
tangent-to-identity case

Ft)y=t—ot> =2+ ...=t(l—ot—1t>+---) e C{t}  (o,7 €C). (83)
This amounts to considering germs of holomorphic diffeomorphisms at oo of the form
f(2)=z(1—0cz =722 4. ) l=z240+(t+0%)z +... €id+C{z1}. (84)

For such a germ f, there exists ¢ > 0 large enough and a representative which is an injective
holomorphic function in {|z| > ¢}. We use the notations

¢ =id +C{z" '}
for the group of tangent-to-identity germs of holomorphic diffeomorphisms at oo, and
&, =id+o + 27 'C{z7"}

when we want to keep track of the coefficient ¢ in . Notice that, if f; € ¥4,, and f2 € 9,,,
then fl o f2 S go’r&-o‘g-

37



15 Formal diffeomorphisms

Even if we are interested in properties of the group ¢, or even of a single element of ¢, it is
useful (as we shall see in Sections to drop the convergence requirement and consider the
larger set

4 =id+C[[z71]].

This is the set of formal tangent-to-identity diffeomorphisms at oo, which we view as a complete
metric space by means of the distance

d(f,h) = 27 vl f=id+@, h=id+¥, @, % € C[[z71]],

as we did for C[[z~!]] in § Notice that & appears as a dense subset of 4. We also use the

notation
Gy =id+o+2'Clle ] ={fz) =2+0+¢(2) | ge'C[z7 )|} c¥

for any o € C. Via the inversion z — 1/z, the elements of & are conjugate to formal tangent-
to-identity diffeomorphisms at 0, i.e. formal series of the form but without the convergence
condition (the corresponding F(t) is in C[[t]] but not necessarily in C{t}); the elements of ¥,
are conjugate to formal series of the form F(t) =t — ot? + --- € C[[t]], by the formal analogue

of .

Theorem 15.1. The set 4 is a nonabelian topological group for the composition law

foh:=1id+x + @o (id +%), f=id+@, h=id 4y, @, X € C[[z7Y], (85)
with @ o (id+X) defined by (14). The subset
Gy =id+2"1C[[z 7Y
s a subgroup of 9.

Notice that the definition of the composition law in ¢ can also be written

. 1 - -
fohzzgf(kﬁkf, h=id+¥, (86)
E>0

with the convention 8°f = f =id+@, 8f = 1+ 8¢ and OFf = 9% for k > 2.

Proof of Theorem[15.1. The composition (85) is a continuous map 4 x 4 — 4 because, for
f /5 h, h* € 4, formula implies

foh*—foﬁ:(ﬁ*—B)/Olafo((l—t)hﬂiz*)dt (87)

(where Of o ((1 —t)h + tfz*) is a formal series whose coefficients depend polynomially on ¢ and

integration is meant coefficient-wise); this is a formal series of valuation > val(h* —h), by virtue
of (15), hence the difference

Froht = foh=(f— fok + fok — foh
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is a formal series of valuation > min { val(f* — f),val(h* — h)} (using again (15)), i.e.
d(foh, f*oh*) <max{d(f, f*),d(h,h*)}.

The subset % is clearly stable by composition.

The composition law of gf when restricted to ¢, boils down to the composition of holomor-
phic germs which is associative (¢ is a group) and ¥ is a dense subset of % thus composition
is associative in ¢ too. It is not commutative in ¢ since it is not commutative in ¢. The
element id is clearly a unit for composition in ¢ thus we only need to show that there is a
well-defined continuous inverse map h e — h°-Y € & and that this map leaves %, invariant.

We first show that every element h € ¢ has a unique left inverse & (B) Given h = id +¥,
the equation f oh=id is equivalent to the fixed-point equation

1
f=%(f), € (f) ::id—(foﬁ—f):id—f(/o Of o (id +tx) dt (88)

(we have used to get the last expression of ¢). The map €: 4 — 9 is a contraction of
our complete metric space, because the difference

1
¢ - 2(f) = % /0 O — f)o (id +13) dt (89)

has valuation > val(f* — f) +1 (because of (15)): val (0 (f*=f)o(id +tx)) = val (a(f* - f)) >
val(f* — f) +1 for each t), hence d(¢ f), (f*)) < 1d(f, f*). The Banach fixed-point theorem
implies that there is a unique solution f =Y (fz), obtained as the limit of the Cauchy sequence
Zn(h) =% o0---0%(0) as n — oc.

n times

We observe that, if b € %, then €(¥) C %, thus Z,(h) € % for each n > 0 and clearly
Z(h) € 9 in that case.

The fact that each element has a unique left inverse implies that each element is invertible:
given h € ¢, its left inverse f = (l~z) is also a right inverse because h* == Z(f) satisfies
W= Tto(foh) = (o f)oh=h ie hof—id

Finally, we check that . is continuous. For h, h* € ¢, we denote by €', ¢ the corresponding
maps defined by (88)). For any f, f*, the difference ¢ (f ) % f ) f o~h foh has valuation
> val(h* — h) (as already deduced from . while val (¢*(f*) ) =€*(f)) = val(f*— f)+1 (as
already deduced from (89)), hence d(%( ), ¢ f*)) < max {d( (h, h*) ,3d(f, f*) } It follows by
induction that d(Z,(h), Zu(h*)) = d(€(Lu-1(h)), € (ZLn-1(h7))) < d(h, h¥) for every n > 1,
hence d(-Z(h),.Z(h*)) < d(h,h*). O

(7
h,

Notice that % = { f € 4 | d(id, f) < 1= {fed|d(d, f) <1} is a closed ball as well as
an open ball, thus it is both closed and open for the Krull topology of 9.

16 Inversion in the group g

There is an explicit formula for the inverse of an element of ¢, which is a particular case of the
Lagrange reversion formula (adapted to our framework):
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Theorem 16.1. For any X € C[[z7Y]], the inverse of h = id+X can be written as the formally
convergent series of formal series

(id +%)°CY =id + Z ak L(hy. (90)
k>1 :
The proof of Theorem will make use of
Lemma 16.2. Let ¥ € C[[z7Y]] and n > 1. Then, for any ¢ € C[[z"]],
S0t @ o (o1)
=0

Proof of Lemma[16.3. Let us call H, the left-hand side of (91). We have Hip = 3% —
9°(x) = 0. It is thus sufficient to prove the recursive formula

Hy19p = —0H, (X)) + X OH b — n(0X) Hpth.

To this end, we use the convention (_"1) = (nil) = 0 and compute

oM (%) = 3 (1) (Z)abz“ o ()]
k=—1
n+1

k=0

(shifting the summation index to get the last expression), while

n+1

XOHuh =3 (-1)" (Z)%a[xn—’“ 0" (X))
k=0

The Leibniz rule yields

— OH, (V) + X OHnih = nf [(k " 1) + <Z>}>2”+1‘k 0" (X))

k=0
n+1 n n
k ~n—kiac\an—1l/ck. 7
0 et -m () e () oo @
The expression in the former bracket is ("H) hence the first sum is nothing but H,411);
the expression in the latter bracket is n times ("k 1) + (Z_}) = ( ), hence the second sum is
n(O%) Hat. O

Proof of Theorem[16.1. Let h=id+ye¥. Lemma shows that the right-hand side of
defines a left inverse for h. Indeed, denoting by f = id +¢ this right-hand side, we have

o . i i ‘ ) . 71k‘~ . 1 -~
foh—id=x+¢@o(id+x)=x+ Z (k:'f)' XealHE 1(Xk):ZﬁH"
>0,k>1 n>1 "



with H, = S (~1)* (R)x"0"~1(x*), the last sum running over all pairs of non-negative integers
(k,£) such that k + ¢ = n (absorbing the first ¥ in H; and taking care of k = 0 according as
n =1 or n > 2; formal summability legitimates our Fubini-like manipulation), then Lemmam
with ¢ = 1 says that H,, = 0 for every n > 1. O

Exercise 16.1 (Lagrange reversion formula). Prove that, with the same convention as

in £9). k
s z —1 ko7 =
FohotD = f-|-z( k!) N (%Fof),  h=id+x.
k>1

(Hint: Use Lemmawith Y =09(f —id) = -1+ 9f.)

Exercise 16.2. Let h =id +x € ¢, i.e. with y € C{z7'}. We can thus choose ¢y, M > 0 such
that |y(z)| < M for |z| > co. Show that h°(=1)(2) is convergent for |z| > co + M. (Hint: Given
§ > M, use the Cauchy inequalities to bound |9*~1(x*)(2)| for |z| > co + 6.)

17 The group of 1-summable formal diffeomorphisms in an arc
of directions

Among all formal tangent-to-identity diffeomorphisms, we now distinguish those which are 1-
summable in an arc of directions.

Definition 17.1. Let I be an open interval of R. Let v,a: I — R be locally bounded functions
with a > 0. For any o € C we define

gf(‘[”%a) = {led—’_@() | P € Bil(cé@/\/([”%a)) }7 gZU(Ivaa) = g;(lvf}/aa)mgdv
g;(IvIY) = {led‘FSbO | 950 € B_I(C(SEBN(I”Y)) }a gZO'(I?’Y) = gf(lvfy)mgﬁd,
G(I)={f=id+@y | o € BT (CsaN(])) }, <. (I)=91)N%Y,

We extend the definition of the Borel summation operator ./ to ¢(I) by setting
f=id+@oe9(I,y) = Sf2)=2+71%), 2€2(,).

For |I| > 2w, g (I) coincides with the group ¢ of holomorphic tangent-to-identity diffeomor-
phisms and .7/ is the ordinary summation operator for Taylor series at oo, but

Il<2r = 9591 <9

For f € 9 (I), the function . { f is holomorphic in a sectorial neighbourhood of co (but not in
a full neighbourhood of oo if f ¢ ¢); we shall see that it defines an injective transformation in
a domain of the form Z(I,~). We first study composition and inversion in ¢(I).

Theorem 17.2. Let I be an open interval of R and v,a: I — R be locally bounded functions
with « > 0. Let o,7 € C and f € 9,(I,v,), g € 9-(1,7). Then go f € Ypir(I,m1) with
1 =+ |o| + Ve, the function 1 f maps 2(I,v1) in 2(1,) and

SNGof)=(L"1g) o (L1]) on 2(I,m).

Proof. Apply Theorem m to ¢g = f —id and 1[10 = g —id. O
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Theorem 17.3. Let f € 4,(I,v,a). Then h = f°CY e G (I,~v* a) with v* = v+ |o| +2\/a
and

AF(2(1,m)) € 2(1,7), (#Thyo [ =id on 2(I,m), (92)

FTh(D(1,7)) € 2(1,7), (L) o s Th=id on D(I,7), (93)

with 1 = v + 2|o| + (1 +V2)y/a and 2 = v + |o| + (1 + V2)Va.
Moreover, .71 f is injective on @( Y+ 1+ \/5)\/5)

Proof. We first assume f € %(I, v,a). By , we have h = id +x with ¥ given by a formally
convergent series in z~1C[[z71]]:

~ ~ ~ (_1)kak71 ~k
X = E Xk> Xk = 707 (%)
E>1 ’

Correspondingly, By is given by a formally convergent series in C[[(]]:

(beware that the last expression involves multiplication by —CZ—T, not convolution!). We argue
as in the proof of Theorem and view X as a series of holomorphic functions in the union of
a disc D(0, R) and a sector ¥ in which ¢ itself is holomorphic; inequalities and yield

52 (k—1)
% <AF > D 4
|Xk(<)| k"(k ) K CE (OaR)v (9 )
k 52(]671) )¢
% < a(f)f—2——-—¢" b
O] < ) @@ e (95)
where £ = |(] and § = arg(. The series of holomorphic functions > \j is thus uniformly

convergent in every compact subset of D(0, R) UX and its sum is a holomorphic function whose
Taylor series at 0 is x. Therefore x € C{(} extends analytically to D(0, R) UX; moreover, since

1 1 22(k 1)
RG—D1 = & =) (©9) yields

. (0)F (26)*¢D

ROIED = T OE < (9 VO +21/al6))¢
kZZI ko(2(k—1))!

for ¢ € ¥. Hence h € (I, + 2y/a, @) when o = 0.

In the general case, we observe that f (id +0) o § with § == (id —0) o f € % (1,7, @), thus
7°Y =id+x € %I, v+ 2v/a,a) and h = U = oV o (id —0) = id —o + T_,¥, which
1mphes he9(I,v+2y/a+|o|,a) by the second property in Lemma

Since ho f = foh = id, we can apply Theorem and get (yjﬁ) o Z1f = id and
(A1 f) o.Th = id in appropriate domains; in fact, by analytic continuation, these identities
will hold in any domain Z(I,v + 01), resp. Z(I,~ + 62), such that

AL,y +6) c 2(1,7%),  Lh(2(1,7+6)) C 2(1,7).
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Writing f = id +0 4+ ¢ with By € N(I,~,«), with the help of one can easily show that
01 =1 — v and &9 = 9 — v satisfy this.

For the injectivity statement, we write again f = (id +0) 0 g and apply the previous result to
G € %(I,7,q). The function .’§ maps 2 = .@(I, 7+(1+ﬂ)\/5) in the domain .@(I, 7+2\/a),
on which .7 (3°(=1) is well-defined, and .#!(§°(-1)0.%!§ = id on 2, therefore . is injective
on 2, and so is the function .7/ f = o + .#13. O

Corollary 17.4. For any open interval I, 9(I) and %o(I) are subgroups of 4.

Exercise 17.1. Consider the set id +C[[z7!]]; of 1-Gevrey tangent-to-identity formal diffeo-
morphisms, so that

(1) S id+C[=""])) S 9.

Show that id +C[[z~!]]; is a subgroup of ¢. (Hint: View C[[z~']]; as B~ (Co @ C{¢}) and
imitate the previous chain of reasoning.)

We shall see in Section [34] how 1-summable formal diffeomorphisms occur in the study of a
holomorphic germ f € 4.

THE ALGEBRA OF RESURGENT FUNCTIONS

18 Resurgent functions, resurgent formal series

Among 1-Gevrey formal series, we have distinguished the subspace of those which are 1-
summable in a given arc of directions and studied it in Sections [JHI7] We shall now study
another subspace of C[[z7!]];, which consists of “resurgent formal series”. As in the case of
1-summability, we make use of the algebra isomorphism

B: Cllz71 = Cé & C{¢}

and give the definition not directly in terms of the formal series themselveﬂ but rather in terms
of their formal Borel transforms, for which, beyond convergence near the origin, we shall require
a certain property of analytic continuation.

For any R > 0 and (p € C we use the notations

D(¢o,R) ={Ce€C||¢—Cl <R}, (96)
Dp = D(0,R), D% =Dg\ {0}. (97)

Definition 18.1. Let £ be a non-empty closed discrete subset of C, let ¢(¢) € C{(} be a
holomorphic germ at the origin. We say that ¢ is an Q-continuable germ if there exists R > 0
not larger than the radius of convergence of ¢ such that D}, N Q = () and ¢ admits analytic
continuation along any path of C\ € originating from any point of D}. See Figure {4, We use
the notation

Fo = { all Q-continuable germs } ¢ C{¢}.

5See [LRI1] for another point of view.
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Figure 4: Q-continuability. Any path v starting in D}, and contained in C\ £ must be a path
of analytic continuation for ¢ € Zq.

We call Q-resurgent function any element of C¢§ & @Q, i.e. any element of Cd @ C{(} of the
form a d + ¢ with a = a complex number and ¢ = an 2-continuable germ.

We call Q-resurgent formal series any $o(z) € C[[z7!]]1 whose formal Borel transform is an
Q-resurgent function, i.e. any @y belonging to

Ko =B (Cs® %) C Cllz" 1.

Remark 18.2. In the above definition, “path” means a continuous function v: J — C\ Q,
where J is a compact interval of R; without loss of generality, all our paths will be assumed
piecewise continuously differentiable. As is often the case with analytic continuation and Cauchy
integrals, the precise parametrisation of v will usually not matter, in the sense that we shall
get the same result from two paths v: [a,b] — C\ Q and +": [a/,'] — C\ Q which only
differ by a change of parametrisation (y =~ oo with o: [a,b] — [d/, V'] piecewise continuously
differentiable, increasing and mapping a to a’ and b to b').

Our definitions are particular cases of Ecalle’s definition of “continuability without a cut” (or
“endless continuability”) for germs, and “resurgence” for formal series (we prescribe in advance
the possible location of the singularities of the analytic continuation of ¢, whereas the theory
is developed in Vol. 3 of [Eca81] without this restriction). Here we stick to the simplest cases;
typical examples with which we shall work are € = 7Z or 27iZ.

Remark 18.3. Let p(2) := min {|w|, w € Q\ {0}}. Any ¢ € Zq is a holomorphic germ at 0
with radius of convergence > p(§2) and one can always take R = p(2) in Definition In
fact, given an arbitrary (o € D,(q), we have

¢ germ of holomorphic function of D,q) admitting analytic continuation

P EHg —
along any path v: [0,1] — C such that y(0) = ¢y and v((0,1]) C C\ ©
(even if () = 0 and 0 € Q: there is no need to avoid 0 at the beginning of the path, when we
still are in the disc of convergence of ¢).

Example 18.1. Trivially, any entire function of C defines an 2-continuable germ; as a conse-
quence, .

(C{Zfl} C Zq.
Other elementary examples of (2-continuable germs are the functions which are holomorphic in
C\ Q and regular at 0, like — with m € N* and w € Q\ {0}.

(e
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Lemma 18.4. — The Euler series ¢¥(z) defined by belongs to @{,1}.

- Given w = e® with Re s < 0, the series p¥(z) of Poincaré’s example belongs to %o with
Q:=s+2miZ.

— The Stirling series i(z) of Theorem (explicitly given by ) belongs to Roriz.

Proof. The Borel transforms of all these series have a meromorphic continuation:
— Euler: ¢E(¢) = (1+ C)’l by .
— Poincaré: ¢P () = 1—%*( by (64).

— Stirling: f(¢) = ¢~2 <% coth% - 1) by (56).
O

Exercise 18.2. Any {0}-continuable germ defines an entire function of C. (Hint: view C as
the union of a disc and two cut planes.)

Exercise 18.3. Give an example of a holomorphic germ at 0 which is not 2-continuable for
any non-empty closed discrete subset 2 of C.

But in all the previous examples the Borel transform was single-valued, whereas the interest
of Definition [18.1] is to authorize multiple-valuedness when following the analytic continuation.
For instance, the exponential of the Stirling series A = e/, which gives rise to the refined Stirling
formula , has a Borel transform with a multiple-valued analytic continuation and belongs
to <%5)27ri 7, although this is more difficult to check (see Sections and . We now give
elementary examples which illustrate multiple-valued analytic continuation.

Notation 18.5. If ¢ is a holomorphic germ at y(a) which admits an analytic continuation
along 7, we denote by cont, ¢ the resulting holomorphic germ at the endpoint ~(b).

Example 18.4. Consider ¢(¢) =, <4 %: this is a holomorphic germ belonging to @{1} but
its analytic continuation is not single-valued. Indeed, the disc of convergence of ¢ is D and, for
any ¢ € Dy, ¢(¢) = foc 1d—_5£ = —Log (1 — ¢) with the notation for the principal branch of
the logarithm, hence the analytic continuation of ¢ along a path « originating from 0, avoiding 1
and ending at a point (; is the holomorphic germ at (; explicitly given by

¢
cont, () = / 1d_£§ +/ 1d_££ (¢ close enough to (1),
v 1

which yields a multiple-valued function in C \ {1} (two paths from 0 to {; do not give rise to
the same analytic continuation near (; unless they are homotopic in C\ {1}). The germ ¢ is
Q-continuable if and only if 1 € Q.

Example 18.5. A related example of {0, 1}-continuable germ with mutivalued analytic contin-
uation is given by ano % = —%Log (1—(), for which there is a principal branch holomorphic
in the cut plane C\ [1,400) and all the other branches have a simple pole at 0. This germ is

Q-continuable if and only if {0,1} C Q.
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Example 18.6. If w € 2\ {0} and ¢ € C{¢} extends analytically to C\ 2, then, for any branch
of the logarithm Zog, the formula ¢(¢) = z@(()ﬁog(g — w) defines a germ of R with non-
trivial monodromy around w: the branches of the analytic continuation of ¢ differ by integer
multiples of Qwiq/}.

Example 18.7. If w € C* and m € N*, then (jfog (¢ — w))m € @{w} for any branch of the
logarithm; if moreover w # —1, then (Zog (¢ — w))_m € ,@?{%wﬂ}.

Example 18.8. Given « € C, the incomplete Gamma function is defined for z > 0 by

+oo
(e, 2) ::/ ettt dt
z

and it extends to a holomorphic function in C\ R™ (notice that I'(a, 2) — I'(«) if Rea > 0).

z—0

The change of variable t = z(({ + 1) in the integral yields the formula
D(a2) = e 2% @a)(2), @alQ)i= 1+, (98)

where I = (-7, 5) and we use the principal branch of the logarithm (116|) to define the holo-
morphic function (1 4+ €)' as el@~Dog(14C) " The germ @, is always {—1}-resurgent; it has
multiple-valued analytic continuation if o & Z. Hence

Z_aezr(av Z) ~1 ‘/Ba(z) = Z(Oé - 1)(Oé — 2) s (Oz - n)z—n—l’ (99)

n>0

which is always a 1-summable and {—1}-resurgent formal series (a polynomial in 2! if o € N*,
a divergent formal series otherwise).

Fo and Zq clearly are linear subspaces of C{¢} and C[[z"']];. We end this section with
elementary stability properties:

Lemma 18.6. Let Q be any non-empty closed discrete subset of C. Let B € %qo. Then
multiplication by B leaves Zq invariant. In particular, for any c € C,

G(Q) € Zo = —(p(() € Hqa and e “P(C) € Zo.

The operator d% too leaves #q invariant.
As a consequence, X, is stable by & = % and T.. Moreover, if 1 € %o Nz 2C[[z"]], then
2 € Kq and the solution in 2 'C[[zY]] of the difference equation

G(z+1) — ¢(2) = ¢(2)
belongs to Royomize -

Proof. Exercise (use the fact that multiplication by B commutes with analytic continuation:
the analytic continuation of B¢ along a path v of C\ € starting in ]D);(Q) exists and equals

B(¢) cont ¢(¢); then use Lemma 1), and Corollary . O
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19 Analytic continuation of a convolution product: the easy
case

Lemma was dealing with the multiplication of two germs of C{(}, however we saw in
Section [5| that the natural product in this space is convolution. The question of the stability
of Zq under convolution is much subtler. Let us begin with an easy case, which is already of
interest:

Lemma 19.1. Let ) be any non- empty closed discrete subset of(C and suppose B is an entire
function of C. Then, for any ¢ € Z?Q, the convolution product Bx @ belongs to %Q, its analytic
continuation along a path v of C\ Q starting from a point (o € D,y and ending at a point 1
is the holomorphic germ at (1 explicitly given by

¢
cont, / B —6)p ﬁm+/’<<—®@@ﬁw+/“3@—sm¢ﬁm (100)

1

for € close enough to (1. As a consequence,
Bo S C{Z_l}, P € @Q == Bo(ﬁo € @Q (101)

Remark 19.2. Formulas such as require a word of caution: the value of B (C=¢) is
unambiguously defined whatever ¢ and £ are, but in the notation “4(£)” it is understood that
we are using the appropriate branch of the possibily multiple-valued function ¢; in such a
formula, what branch we are using is clear from the context:

— ¢ is unambiguously defined in its disc of convergence Dy (centred at 0) and the first integral
thus makes sense for {y € Dy;

— in the second integral £ is moving along v which is a path of analytic continuation for ¢, we
thus consider the analytic continuation of ¢ along the piece of v between its origin and &;

— in the third integral, “¢” is to be understood as cont. ¢, the germ at (; resulting form the
analytic continuation of ¢ along ~y, this integral then makes sense for any ¢ at a distance
from ¢; less than the radius of convergence of cont, ¢.

Using a parametrisation y: [0,1] — C\ €, with v(0) = {o and (1) = (3, and introducing
the truncated paths 75 == 7)o,4 for any s € [0, 1], the interpretation of the last two integrals

in is
1
/ B(¢ ~ €)p(6) d¢ = /0 B(¢ = ¥(s))(conty, §)(v(s))7'(s) ds, (102)

¢ . <.
/ B(¢ = ¢§)@(§) dg ¢=/ B(¢ — &)(cont, p)(£) d€. (103)

Proof of Lemma . The property (101] - ) directly follows from the first statement: write By =
a+ B and @y = b—l—gp with a,b € C and A, $ € 2~ 'C[[z7']] and apply Lemmato B.

To prove the first statement, we use a parametrisation v: [0,1] — C\ © and the truncated
paths s := 70,5 We shall check that, for each ¢ € [0, 1], the formula

. ¢ .
B(¢ = £)@(§)dg +/ B(¢ = §)@(§) dg (104)

v(t)

G .
&@%:A B(C— €)p(€) de +

Yt
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Figure 5: Integration paths for the convolution in the easy case.

7

(with the above conventions for the interpretation of “¢(£)” in the integrals) defines a holomor-
phic germ at y(t) which is the analytic continuation of B x ¢ along ;.

The holomorphic dependence of the integrals upon the parameter ¢ is such that ¢ —
Jo° B(C—€)¢(€) d§+f% B(¢—&)p(&) d¢ is an entire function of ¢ and ¢ +— ff(t) B(¢—¢&)p(¢) d¢
is holomorphic for ¢ in the disc of convergence D, of cont,, ¢ (centred at y(t)), we thus have a
family of analytic elements (x¢, Dy), t € [0, 1], along the path ~.

For t small enough, the truncated path 7 is contained in Dy; then, for ( € Dy, the Cauchy
theorem implies that {;(¢) coincides with A % ¢(¢) = fOC B(¢ — &)@(&) d¢ (since the rectilinear
path [0, ] is homotopic in Dy to the concatenation of [0, (o], ¢ and [y(t),(]).

For every t € [0, 1], there exists € > 0 such that ’y((t —e,t+¢e)NJo, 1]) C Dy; by compactness,
we can thus find N € N* and 0 =ty < t; < --- <ty =1 so that 7([tj,tj+1]) C Dy, for every j.
The proof will thus be complete if we check that, for any ¢ < ' in [0, 1],

v([t,¥']) €Dy = X¢=x¢in DyN Dy.
This follows from the observation that, under the hypothesis 'y([t, t’ ]) C Dy,
s€[t,t]and £ € DyN Dy = conts, $(£) = conty, H(€),
thus, when computing Yy (¢) with ¢ € Dy N Dy, the third integral in is

¢ ¢
| Bc—geonts, @le)de = [ B¢~ eont, 9(6)d¢
y(t") y(t")
and, interpreting the second integral of as in , we get

t ()
Q)= 3u(O) = [ B¢ = (s) (conts, D)) (s)ds+ [ B¢ - )(cont, 9)(€)de

t ()

4 @)

= [ B~ (s))(conts, @) (v(s))7(s)ds + / B(C — €)(contn, ¢)(€)d€ = 0

t (@)
(see Figure [5)). O

Remark 19.3. Lemma [19.1| can be used to prove the -resurgence of certain formal series
solutions of non-linear functional equations—see Section (with Q = 27iZ) and [Saul0), §8]
(with Q = Z).
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20 Analytic continuation of a convolution product: an example

We now wish to consider the convolution of two 2-continuable holomorphic germs at 0 without
assuming that any of them extends to an entire function. A first example will convince us that
there is no hope to get stability under convolution if we do not impose that ) be stable under
addition.

Let wy,ws € C* and

Their convolution product is

¢ 1 :
WO =200 = [ ey de I < min{Juil fual)

The formula

1 ! ( Lo, )
(E—w)((—€E—ws) (—wi—wra \E—wi (—E&—wo

shows that, for any ¢ # w1 + ws of modulus < min {\w1|, |w2|}, one can write

1

C(—wi —w

d¢

§—wj

¢

() (O + 1), L) = | (105)
(with the help of the change of variable { — ¢ — £ in the case of Ls).

Removing the half-lines w;[1,400) from C, we obtain a cut plane A in which x has a

meromorphic continuation (since [0, (] avoids the points w; and wy for all { € A). We can in

fact follow the meromorphic continuation of x along any path which avoids wy and wo, because

Li(¢) = —/OCM 1d_5§ — Log (1 - é) € Ry

(cf. example . We used the words “meromorphic continuation” and not “analytic con-
tinuation” because of the factor C—w}—wz' The conclusion is thus only ¥ € %o, with Q =
{w1,wa, w1 + wa}.

—If w = w; +ws € A, the principal branch of x (i.e. its meromorphic continuation to A) has
a removable singularity at w, because (L + La)(w) = 3 gfil +Jy 55752 = 0 in that case (by the
change of variable £ — w — £ in one of the integrals). This is consistent with Lemma (the
set A is clearly star-shaped with respect to 0). But it is easy to see that this does not happen
for all the branches of x: when considering all the paths v going from 0 to w and avoiding w;

and wsy, we have
dg

9
£ —wj

j=1,2

conty L;(w) —/ ,2,
~

hence % (conty L1 (w) + conty La(w)) is the sum of the winding numbers around w; and ws of

the loop obtained by concatenating v and the line segment [w,0]; elementary geometry shows

that this sum of winding numbers can take any integer value, but whenever this value is non-zero

the corresponding branch of y does have a pole at w.

— The case w ¢ A is slightly different. Then we can write w; = r; e with 71,79 > 0 and
consider the path = which follows the segment [0, w] except that it circumvents w; and wa by
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Figure 6: Convolution of aligned poles.

small half-circles travelled anti-clockwise (notice that w; and wy may coincide)—see the left part
of Figure [0} an easy computation yields

Slde | fodg [
L = - = =
cont, Ly (w) /_T1 ¢ + . + s

where I'y is the half-circle from —1 to 1 with radius 1 travelled anti- clockwise (see the right
part of Figure |6), hence cont,, L1(w) = In 12 + im, similarly cont,, La(w) = In {L + im, therefore
cont, Ly (w) + conty, Lo(w) = 27i is non- zero and this again yields a branch of X with a pole
at w (and infinitely many others by using other paths than 7).

In all cases, there are paths from 0 to w; 4+ we which avoid w; and we and which are not
paths of analytic continuation for y. This example thus shows that @{wl w2} 18 not stable under
convolution: it contains ¢ and 1[1 but not ¢ * 1[1

Now, whenever € is not stable under addition, one can find wi,ws € Q such that w; +wsy ¢ Q
and the previous example then yields ¢, U € o with D * w ¢ Zq,.

21 Analytic continuation of a convolution product: the general
case

21.1 The main result of this section is

Theorem 21.1. Let 2 be a non-empty closed discrete subset of C. Then the space Hq is stable
under convolution if and only if Q is stable under addition.

The necessary and sufficient condition on 2 is satisfied by the typical examples Z or 2wiZ,
but also by N*, Z+iZ, N*+iN or {m+n+/2 | m,n € N*} for instance. An immediate consequence
of Theorem 21.1] is

Corollary 21.2. Let Q be a non-empty closed discrete subset of C. Then the space Zq of
Q-resurgent formal series is a subalgebra of C[[z71]] if and only if Q is stable under addition.

The necessity of the condition on  was proved in Section [20] In the rest of this section we
shall prove that the condition is sufficient. However we shall restrict ourselves to the case where
0 € , because this will allow us to give a simpler proof. The reader is referred to [Saul3| for
the proof in the general case.

21.2 We thus fix 2 closed, discrete, containing 0 and stable under addition. We begin with a
new definition (see Figure [7)):

50



Figure 7: Symmetric Q-homotopy (H, = initial path, H, = final path, v = endpoint path I'g).

Definition 21.3. A continuous map H: I xJ — C, where I = [0, 1] and J is a compact interval
of R, is called a symmetric Q2-homotopy if, for each t € J,

s el Hy(s) = H(s,t)
defines a path which satisfies
i) Hy(0) =0,

i) Hy((0,1]) cC\ Q,

i11) Hy(1) — He(s) = Hy(1 — s) for every s € I.
We then call endpoint path of H the path

Tp:teJ— Hy(l).

Writing J = [a, b], we call H, (resp. Hp) the initial path of H (resp. its final path).

The first two conditions imply that each path H; is a path of analytic continuation for any
pE @Q, in view of Remark

We shall use the notation Hy, for the truncated paths (Hy)joq, s € I, t € J (analogously
to what we did when commenting Lemma . Here is a technical statement we shall use:

Lemma 21.4. For a symmetric Q-homotopy H defined on I x J, there exists § > 0 such that,
for any ¢ € Zq and (s,t) € I X J, the radius of convergence of the holomorphic germ contp, , ¢
at Hy(s) is at least 0.

Proof. Let p = p(Q2) (cf. Remark [18.3)). Consider
U:={(s,t) eI xJ|H([0,s] x {t}) CD,p}, K:=1IxJ\U.

Writing K = {(s,t) € I x J | 3s' € [0, ] s.t. H(s',t) € C\ D5 }, we see that K is a compact
subset of I x J which is contained in (0, 1] x J. Thus H(K) is a compact subset of C \ €2, and
¢ == min { dist (H(K),Q),p/2} > 0. Now, for any s and ¢,

— either (s,t) € U, then the truncated path Hy lies in D, /5, hence cont, © is a holomorphic
germ at Hy(s) with radius of convergence > §;
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— or (s,t) € K, and then dist(H¢(s),§?) > 0, which yields the same conclusion for the germ
contp, P.

O

The third condition in Definition 21.3] means that each path H; is symmetric with respect
to its midpoint 1 H;(1). Here is the motivation behind this requirement:

Lemma 21.5. Let v: [0,1] — C\ Q be a path such that v(0) € D, (c¢f. Remark . If
there exists a symmetric Q2-homotopy whose endpoint path coincides with v and whose initial
path is contained in D, q), then any convolution product 4,5*1/3 with @, 1& € %o, can be analytically
continued along .

Proof. We assume that v = I'y with a symmetric {-homotopy H defined on I x J. Let
0, € Zq and, for t € J, consider the formula

. < .
Xi(€) = /H @) (¢ — &) dE + /(t) P(E)h(¢ =€) dg (106)

(vecall that v(t) = H¢(1)). We shall check that {; is a well-defined holomorphic germ at v(¢)
and that it provides the analytic continuation of ¢ * 1 along ~.

a) The idea is that when £ moves along Hy, £ = Hy(s) with s € I, we can use for “¢(§)” the
analytic continuation of ¢ along the truncated path Hy; correspondingly, if ¢ is close to (%),
then ¢ — ¢ is close to v(t) — & = Hy(1) — Hy(s) = Hy(1 — s), thus for “d(¢ — €)” we can use
the analytic continuation of 1/3 along Hyi_s. In other words, setting ¢ = ~(t) + o, we wish to

interpret as
1 ~
Xe(v(t) +0) = /0 (contpr, , §)(Hy(s))(cont,, ) (Hi(1 = s) + o) Hy(s) ds
1
+ / (cont gy, @) (v(t) + ua)lﬁ((l —u)o)odu (107)
0

(in the last integral, we have performed the change variable & = y(t) + uo; it is the germ of ¥
at the origin that we use there).

Lemma provides 0 > 0 such that, by regular dependence of the integrals upon the
parameter o, the right-hand side of is holomorphic for |o| < §. We thus have a family of
analytic elements (x¢, Dy), t € J, with D, :={( e C||( —~(t)| <d}.

b) For ¢ small enough, the path H; is contained in D,(q) which is open and simply connected;
then, for || small enough, the line segment [0, (] and the concatenation of H; and [y(t), (] are
homotopic in D,q), hence the Cauchy theorem implies X¢(¢) = ¢ * 1(().

c) By uniform continuity, there exists € > 0 such that, for any ¢o,t € J,
[t —to] <e = |Hi(s) — Hy(s)| <d/2 forallsel. (108)

To complete the proof, we check that, for any tg,¢ in J such that tg < t < ty + €, we have
Xto = Xt in D(y(to),0/2) (which is contained in Dy, N Dy).
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Let to,t € J be such that to < t < to + ¢ and let ¢ € D(y(to),0/2). By Lemma
and (|108]), we have for every s € T

contp, @(Hy(s)) = conty, | @(Hy(s)),
contp,, zﬂ(( - Ht(s)) = conty, |, @(C - Ht(s))

(for the latter identity, write (—Hy(s) = Hy(1—s)+(—~(t) = Hy, (1—8)+—(to)+Hy, (s)—He(s),
thus this point belongs to D(Hy(1—s),8)ND(Hy,(1—s),4)). Moreover, [v(t),¢] C D(y(to),8/2)
by convexity, hence conty, ¢ = conty, ¢ on this line segment, and we can write

1
2(0) = /0 (contu, . &) (Hu(s))(cont,, . $)(C — Hils)) Hy(s) ds
¢ R
+ / (contrr,, $)(E)DC — €) de.
y(t)

We then get x4,(¢) = x¢(¢) from the Cauchy theorem by means of the homotopy induced by H
between the concatenation of Hy, and [y(to), (] and the concatenation of H; and [y(¢),¢]. O

Remark 21.6. With the notation of Definition when the initial path H, is a line segment
contained in D,q), the final path Hj, is what Ecalle calls a “symmetrically contractible path”

in [Eca81]. The proof of Lemma shows that the analytic continuation of ( % ¢ until the
endpoint Hy(1) = ' (b) can be computed by the usual integral taken over Hy:

cont (¢ % §)(¢) = /H HODC—OdE, 4 =T C=~(b) (109)

(with appropriate interpretation, as in ([107))). However, it usually cannot be computed as the
same integral over v = I'y itself, even when the latter integral is well-defined).

21.3 In view of Lemma the proof of Theorem will be complete if we prove the
following purely geometric result:

Lemma 21.7. For any path v: I = [0,1] — C\ Q such that v(0) € D7 ), there eists a
symmetric 2-homotopy H on I x I whose endpoint path is v and whose initial path is a line
segment, i.e. 'y =~ and Hy(s) = s7(0).

Proof. Assume that v is given as in the hypothesis of Lemma We are looking for a
symmetric 2-homotopy whose initial path is imposed: it must be

s € I~ Hy(s) == sv(0),
which satisfies the three requirements of Definition 21.3]at ¢ = 0:
(i) Ho(0) =0,
(ii) Ho((0,1]) c C\ Q,

(iii) Ho(1) — Ho(s) = Ho(1 — s) for every s € I.
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The idea is to define a family of maps (¥¢);c[o,1) so that
Hy(s) = W(Ho(s)), sel, (110)

yield the desired homotopy. For that, it is sufficient that (¢,() € [0, 1] x C +— ¥4({) be continu-
ously differentiable (for the structure of real two-dimensional vector space of C), ¥y = id and,
for each t € [0, 1],

(i) @4(0) =0,
(ii") v, (C\Q) CcC\Q,
(iii") We(7(0) — ) = Te(v(0)) — We(C) for all ¢ € C,

(iv’) @e(7(0)) = (1)
In fact, the properties (i’)—(iv’) ensure that any initial path Hj satisfying (i)—(iii) and ending
at v(0) produces through a symmetric {-homotopy whose endpoint path is v. Conse-
quently, we may assume without loss of generality that v is C! on [0,1] (then, if 7 is only
piecewise C!, we just need to concatenate the symmetric Q-homotopies associated with the
various pieces).

The maps ¥; will be generated by the flow of a non-autonomous vector field X ({, t) associated
with ~ that we now define. We view (C,| - |) as a real 2-dimensional Banach space and pickﬂ a
C! function n: C — [0, 1] such that

{CeCln(()=0}=1.
Observe that D(¢,t) == n(¢) + n(y(t) — ¢) defines a C* function of (¢, ¢) which satisfies
D(¢C,t) >0 forall ¢ €C andt € [0,1]

because ) is stable under addition; indeed, D((,t) = 0 would imply ¢ € Q and 7(t) — ¢ € Q,
hence 7(¢) € €2, which would contradict our assumptions. Therefore, the formula

n(¢) /
Q) +n(H -0 ©) (1)
defines a non-autonomous vector field, which is continuous in (¢,t) on C x [0,1], C! in ¢ and
has its partial derivatives continuous in (¢,t). The Cauchy-Lipschitz theorem on the existence
and uniqueness of solutions to differential equations applies to % = X(¢,t): for every ¢ € C
and to € [0, 1] there is a unique solution t — ®:¢({) such that ®-to(¢) = (. The fact that the
vector field X is bounded implies that ®%(() is defined for all ¢ € [0, 1] and the classical theory
guarantees that (tg,t,¢) — ®'!(¢) is C' on [0,1] x [0,1] x C.

Let us set Uy := ®% for ¢ € [0, 1] and check that this family of maps satisfies (i’)—(iv’). We
have

X((,t) =

X(w,t) =0 forall we Q, (112)
X(v(t) = ¢ t) =9"(t) = X(¢,t) forall(eC (113)
for all t € [0, 1] (by the very definition of X). Therefore

6 For instance pick a C' function @po: R — [0,1] such that {x € R | @o(x) = 1} = {0} and wo(z) = 0 for
N2
|z| > 1, and a bijection w: N — €; then set dx := dist (w(k), 2\ {w(k)}) > 0 and o(¢) =, <p0(4lc_5%): for
k
each ¢ € C there is at most one non-zero term in this series (because k # ¢, |( —w(k)| < 6x/2 and |( —w(€)| < d¢/2
would imply |w(k) — w(£)| < (8 + 8¢)/2, which would contradict |w(k) — w(€)| > 6k and d;), thus o is C*, takes
its values in [0, 1] and satisfies { ¢ € C | 0(¢) = 1} = Q, therefore n :== 1 — ¢ will do.
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U, (0) since 0 € €, and from the non-autonomous flow property ®*? o ®%* = id (hence
U;(¢) = w implies { = 40 (w) = w);

e (iv’) follows from the fact that X (y(¢),t) = +/(¢), by (112) and (113) with ¢ = 0, using
again that 0 € Q, hence t — 7(¢) is a solution of X;

e (i’) and (ii’) follow from (112)) which yields ®%(w) = w for every ty and ¢, whence
=0
=w

e (iii") follows from (113): for any solution ¢ — ((t), the curve ¢t — &(t) = ~y(t) — ((t)
satisfies £(0) = v(0) — ¢(0) and &'(t) = /(t) — X(¢(t),t) = X (£(¢),t), hence it is a
solution: £(t) = W ((0) — ¢(0)).

As explained above, formula ([110f) thus produces the desired symmetric 2-homotopy. O

21.4 Note on this section: The presentation we adopted is influenced by [CNP93] (the example
of Section 20]is taken from this book). Lemma[21.7], which is the key to the proof of Theorem 21.1]
and which essentially relies on the use of the flow of the non-autonomous vector field , arose
as an attempt to understand a related but more complicated (somewhat obscure!) construction
which can be found in an appendix of [CNP93|]. See [Eca81] and [Oul0Q] for other approaches
to the stability under convolution of the space of resurgent functions.

For the proof of Lemma according to [Eca81] and [CNP93], one can visualize the
realization of a given path v as the enpoint path I'y of a symmetric Q-homotopy as follows:
Let a point ¢ = y(t) move along 7 (as t varies from 0 to 1) and remain connected to 0 by an
extensible thread, with moving nails pointing downwards at each point of ( — €2, while fixed
nails point upwards at each point of Q (imagine for instance that the first nails are fastened
to a moving rule and the last ones to a fixed rule). As ¢ varies, the thread is progressively
stretched but it has to meander between the nails. The path H; used as integration path for
cont (¢ * $)(v(1)) in formula is given by the thread in its final form, when ¢ has reached
the extremity of ; the paths H; correspond to the thread at intermediary stages. See Figure
(or Figure 5 of [Sau06]). The point is that none of the moving nails ( — ' € { — Q will ever
collide with a fixed nail w” €  because we assumed that v avoids {w’ + w"} C Q.

21.5 Asymmetric version of the result. Theorem [21.1]admits a useful generalization, concerning
the convolution product of two resurgent germs which do not belong to the same space of -
continuable germs:

Theorem 21.8. Let Q1 and Qo be non-empty closed discrete subsets of C. Let
Q=0 UQU (21 + Q),
where Q1 + Qo == {w) +wa | w1 € Y1, wa € Qo }. If Q is closed and discrete, then
@6@(}1 and 1&6@92 = 95*12)6@9

We shall content ourselves with giving hints about the proof when both €y and 9 are
assumed to contain 0, in which case
Q=01+

since both ©; and g are contained in 1 + Q9 (the general case is obtained by adapting the
arguments of [Saul3|). Assuming this, we generalize Definition and Lemma
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Path Intermediate paths H

Ht Ht/ Htll

~

Figure 8: From ~ to the integration path H; used for cont. (¢ *v)(v(1)).

Definition 21.9. A continuous map H: I xJ — C, where I = [0,1] and J is a compact interval
of R, is called an (1, Q9)-homotopy if, for each ¢t € J, the paths s € I — Hy(s) := H(s,t) and
s€lw H/(s) = Hi (1) — H(1 — s) satisfy

i) Hy(0) =0,
i) Hy((0,1]) Cc C\ O,
i) Hy((0,1]) € C\ Q.
We then call t € J — H(1) the endpoint path of H.

Lemma 21.10. Let v: [0,1] — C\ Q be a path such that v(0) € D,q,) N Dyq,). Suppose
that there exists an (21,€9)-homotopy whose endpoint path coincides w}'th v and szech that
Ho(I) C Dyq,) and Hi(I) C Dyq,). Then any convolution product ¢ x v with ¢ € %q, and

~

zﬁ € Zq, can be analytically continued along .

Idea of the proof of Lemma[21.10, Mimick the proof of Lemma [2I.5] replacing the right-hand
side of (107]) with

1
/0 (contp, @)(Ht(s))(contH:‘lis V) (H; (1 —5) + o) Hj(s)ds

1 ~
+ / (contr, @)(1(t) + uo)d((1 — w)o)o du
0

and showing that this expression is the value at «y(¢) + o of a holomorphic germ, which is
cont.y (P * ). O

To conclude the proof of Theorem [21.8] it is thus sufficient to show
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Lemma 21.11. For any path v: [0,1] — C such that v(0) € D%y N0 q,) and 7((0,1])
C\ Q, there exists an (Q1,Q2)-homotopy H on I x [0, 1] whose endpoint path is v and such that
Ho(s) = s7(0).

Indeed, if this lemma holds true, then all such paths « will be, by virtue of Lemma [21.10
paths of analytic continuation for our convolution products ¢ * ¢, which is the content of
Theorem 1.8

Idea of the proof of Lemma[21.11 Tt is sufficient to construct a family of maps (¥y)yc[,1) such
that (¢,¢) € [0,1] x C — ¥4(¢) € C be continuously differentiable (for the structure of real
two-dimensional vector space of C), ¥y = id and, for each t € [0, 1],

(i) ¥(0) =0,
(it") T(C\ Q1) C C\ Yy,
(iii’) the map ¢ € C— U (() = y(t) — V4(¢) satisfies ¥;(C\ Q2) C C\ Qo,
)

(iv)) W (v(0)) = ().
Indeed, the formula Hy(s) := W;(s7(0)) then yields the desired homotopy, with H; (s) = ¥ ((1—

$)7(0)).
As in the proof of Lemma the maps W¥; will be generated by the flow of a non-
autonomous vector field associated with v. We view (C,| - |) as a real 2-dimensional Banach

space and pick C! functions 71,72: C — [0, 1] such that
{CeClni(Q)=0}=19;, j=12

Observe that D((,t) == n1(¢) + n2(y(t) — ¢) defines a C* function of (¢, ¢) which satisfies
D((,t) >0 forall(eCandte]l0,1],

since D((,t) = 0 would imply ¢ € 2y and ~(t) — { € Qa, hence v(t) € Q1 + Qo, which would
contradict our assumptions. Therefore, the formula

(<)
m(¢) +nm2(v(t) — ¢

X(Ct) = )7’(15) (114)
defines a non-autonomous vector field and the Cauchy-Lipschitz theorem applies to % = X(¢,t):
for every ¢ € C and ty € [0,1] there is a unique solution ¢t € [0,1] ~ ®'2*(¢) such that
30" (¢) = ¢; the flow map (to,t,¢) — @2 (¢) is C' on [0,1] x [0,1] x C.

Setting W, := @g&t for t € [0,1], one can check that this family of maps satisfies (i’)—(iv’) by
mimicking the arguments in the proof of Lemma and using the fact that the corresponding
family of maps (¥}) in (iii’) can be obtained from the identity

() = 25 (Q) = 25 (4(0) =€),
where we denote by (to,t,() — <I>t°’ (¢) the flow map of the non-autonomous vector field

772(0
m (v(t) =€) + m2(¢)

X*(C,t) =~(t) = X (v(t) = ¢, t) = v ().
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22 Non-linear operations with resurgent formal series

From now on, we give ourselves a non-empty closed discrete subset {2 of C which is stable under
addition.

We already mentioned the stability of P, under certain linear difference/differential opera-
tors in Lemma Now, with our assumption that €2 is stable under addition, we can obtain
the stability of Q-resurgent formal series under the non-linear operations which were studied
in Sections and However this requires quantitative estimates for iterated convolutions
whose proof is beyond the scope of the present text, we thus quote without proof the following

Lemma 22.1. Let v be a path of C\ starting from a point (o € D) and ending at a point (i .

Let R > 0 be such that D(C1, R) C C\ Q. Then there exist a positive number L and a set ¢ of
paths parametrized by [0,1] and contained in Dr, \ Q such that, for every ¢ € %q, the number

¢l = sup|conts ¢ (5(1))]
FE€

is finite, and there exist A,B > 0 such that, for every k > 1 and @,@ZAJ € L@?g, the iterated

convolution products
*k

=Qk-oxQ
—_———
k factors

@
and 1& x @*F (which admit analytic continuation along v, according to Theorem satisfy

BF
o)

[eonty (O] < A= (Il

k
)

R BE .
[eonty (4 x &) ()] < A [[$ll (12

for every ¢ € D((1, R).
The proof can be found in [Saul4|. Taking this result for granted, we can show

Theorem 22.2. Suppose that 3(z),10(z),X(z) € Zq and that X(z) has no constant term. Let
H(t) € C{t}. Then

Yo (id+@) € Zo,  Hoxe . (115)
Proof. We can write ¢ = a+ @1, Y = b+, where a,b € C and p1 and 1 have no constant term.
With notations similar to those of the proof of Theorem [13.3] we write the first formal series
in as b+ A(z) and the second one as ¢+ i(z), where ¢ = H(0). Since A = (Tytb) o (id +¢1),
where T, is Q-resurgent (by Lemma and has no constant term, we see that it is sufficient
to deal with the case a = b = 0; from now on we thus suppose ¢ = @ and 1/; = 1/;1. Then

s 1 - . -
A=do(id+g) =) @D  p=) i’
E>0 E>1

where H(t) = ¢+ 55 hit* with |hi| < CDF for some C, D > 0 independent of k, and the
corresponding formal Borel transforms are

A= L (COR) « e, =

k>0 k>1
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These can be viewed as formally convergent series of elements of C[[(]], in which each term
belongs to 7 (by virtue of Theorem . They define holomorphic germs in D) because
they can also be seen as normally convergent series of holomorphic functions in any compact
disc contained in D, (by virtue of inequalities and )

To conclude, it is sufficient to check that, given a path v: [0,1] — C\ Q starting in D, q),

for every t € [0,1] and R; > 0 such that D(v(t), R;) C C\ € the series of holomorphic functions

1 7 ~k %
Z o conty (((—C)kﬂ)) * @ k) and th contny, ()

are normally convergent on D('y(t), Rt) (indeed, this will provide families of analytic elements
which analytically continue A and ). This follows from Lemma m O

Example 22.1. In view of Lemma since 27iZ is stable under addition, this implies that
the exponential of the Stirling series A = e/ is 2mi Z-resurgent.

Recall that 4 = id +C[[z~"]] is the topological group of formal tangent-to-identity diffeo-
morphisms at co studied in Section

Definition 22.3. We call Q-resurgent tangent-to-identity diffeomorphism any f = id+¢ € 4
where ¢ is an ()-resurgent formal series. We use the notations

GRES(Q) = {f=id+¢ | geZa},  9EFS(Q)=94RBSQ)N¥Y, for o € C.

Observe that QZRES(Q) is not a closed subset of ¢ for the topology which was introduced in
Section in fact it is dense, since it contains the subset & of holomorphic tangent-to-identity
germs of diffeomorphisms at oo, which itself is dense in ¢.

Theorem 22.4. The set GRFS(Q) is a subgroup of 4, the set G35(Q) is a subgroup of .

Proof. The stability under group composition stems from Theorem since (id 4+1))o(id +¢) =
id +¢ + ¢ o (id +9).
For the stability under group inversion, we only need to prove
h=id+y e "5 (Q) = hr°CY e gRES(Q).

It is sufficient to prove this when x has no constant term, i.e. when he %RES(Q), since we can
always write b = (id+x1) o (id +a) with a formal series Y1 = T_q(—a + X) € Zq which has
no constant term (taking a = constant term of Y and using Lemma and then h°(-1) =
(id +x1)°Y — a.

We thus assume that x = x1 € P has no constant term and apply the Lagrange reversion
formula to h=id +x. We get ro(-1) = id — with the Borel transform of ¢ given by

k—1
~ C ~xk

k'X’

k>1

formally convergent series in C[[(]], in which each term belongs to Zq. The holomorphy of @ in
D) and its analytic continuation along the paths of C \ © are obtained by invoking inequali-
ties and Lemma similarly to what we did at the end of the proof of Theorem O

SIMPLE SINGULARITIES
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23 Singular points

When the analytic continuation of a holomorphic germ <,A0(C) has singularities (i.e. & does not
extend to an entire function), its inverse formal Borel transform ¢ = B~1{ is a divergent formal
series, and the location and the nature of the singularities in the (-plane influence the growth
of the coefficients of . By analysing carefully the singularities of &, one may hope to be able
to deduce subtler information on ¢ and, if Borel-Laplace summation is possible, on its Borel
sums.

Therefore, we shall now develop a theory which allows one to study and manipulate singu-
larities (in the case of isolated singular points).

First, recall the definition of a singular point in complex analysis: given f holomorphic in
an open subset U of C, a boundary point w of U is said to be a singular point of f if one cannot
find an open neighbourhood V' of w, a function g holomorphic in V', and an open subset U’ of U
such that w € OU" and fiyiny = gjunv-

Thus this notion refers to the imposssibility of extending locally the function: even when
restricting to a smaller domain U’ to which w is adherent, we cannot find an analytic continuation
in a full neighbourhood of w. Think of the example of the principal branch of logarithm: it can
be defined as the holomorphic function

¢
Logg“::/ldf for (e U=C\R". (116)

Then, for w < 0, one cannot find a holomorphic extension of f = Log from U to any larger open
set containing w (not even a continuous extension!), however such a point w is not singular: if
we first restrict, say, to the upper half-plane U’ := {Sm > 0}, then we can easily find an
analytic continuation of Log |y to U’ UV, where V' is the disc D(w, |w|): define g by

w0-([+[)%

with any path v: [0,1] — C such that v(0) = 1, ¥((0,1)) C U’ and 7(1) = w. In fact, for
the function f = Log, the only singular point is 0, there is no other local obstacle to analytic
continuation, even though there is no holomorphic extension of this function to C*.

If wis an isolatedﬂ singular point for a holomorphic function f, we can wonder what kind
of singularity occurs at this point. There are certainly many ways for a point to be singular:
maybe the function near w looks like log(¢{ — w) (for an appropriate branch of the logarithm),
or like a pole ﬁ, and the reader can imagine many other singular behaviours (square-root

branching (¢ — w)'/2, powers of logarithm (log(C — w))m, iterated logarithms log (log(( — w)),
etc.). The singularity of f at w will be defined as an equivalence class modulo regular functions
in Section 25| Of course, by translating the variable, we can always assume w = 0. Observe
that, in this text, we make a distinction between singular points and singularities (the former
being the locations of the latter).

As a preliminary, we need to introduce a few notations in relation with the Riemann surface
of the logarithm.

7 As a rule, all the singular points that we shall encounter in resurgence theory will be isolated even when the
same holomorphic function f is considered in various domains U (i.e. no “natural boundary” will show up). This
does not mean that our functions will extend in punctured dics centred on the singular points, because there may
be “monodromy”: leaving the original domain of definition U’ on one side of w or the other may lead to different
analytic continuations.
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24 The Riemann surface of the logarithm

The Riemann surface of the logarithm C can be defined topologically (without any reference to
the logarithm!) as the universal cover of C* with base point at 1. This means that we consider
the set & of all pathsﬁ ~v: [0,1] — C* with v(0) = 1, we put on & the equivalence relation ~
of “homotopy with fixed endpoints”, i.e

v~7 <= 3JH:[0,1] x [0,1] — C* continuous, such that H(0,-) = o, H(1,-) =,
H(s,0) = 70(0) and H(s,1) = (1) for each s € [0, 1],
and we define C as the set of all equivalence classes,
C=P)~.

Observe that, if v ~ =9, then (1) = ~p(1): the endpoint (1) does not depend on  but
only on its equivalence class [y]. We thus get a map

m: C=C*  7w(¢) =~(1) for any v € & such that [7] = ¢

(recall that the other endpoint is the same for all paths v € &2: v(0) = 1).

Among all the representatives of an equivalence class ¢ € C, there is a canonical one: there
exists a unique pair (r,0) € (0,+00) x R such that ¢ is represented by the concatenation of the
paths ¢ € [0,1] — € and ¢ € [0,1] — (14 t(r —1))e!’. In that situation, we use the notations

so that we can write m(re?) = rel®. Heuristically, one may think of § — ¢ as of a non-periodic
exponential: it keeps track of the number of turns around the origin, not only of the angle
modulo 27.

There is a simple way of defining a Riemann surface structure on C. One first defines a
Hausdorff topology on C by taking as a basis {D ((,R)|¢eC, 0<R< Q) }, where D(¢,R)
is the set of the equivalence classes of all paths v obtained as concatenation of a representative
of ¢ and a line segment starting from 7(¢) and contained in D(7(¢), R) (cf. notation (96)).
(Exercise: check that this is legitimate, i.e. that { D(¢,R } is a collection of subsets of C which
meets the necessary conditions for being the basis of a topology, and check that the resulting
topology satisfies the Hausdorff separation axiom.) It is easy to check that, for each basis
element, the projection 7 induces a homeomorphism 7 z: D(¢, R) — D(n(¢), R) and that, for
each pair of basis elements with non-empty intersection, the transition map m¢ g/ o wa}l% is the
identity map on D(w(¢), R) N D(n({'), R') C C, hence we get an atlas {m¢ g} which defines a
Riemann surface structure on (f:, i.e. a 1-dimensional complex manifold structure (because the
identity map is holomorphic!).

Now, why do we call C the Riemann surface of the logarithm? This is not so apparent
in the presentation that was adopted here, but in fact the above construction is related to a
more general one, in which one starts with an arbitrary open connected subset U of C and
a holomorphic function f on U, and one constructs (by quotienting a certain set of paths) a
Riemann surface in which U is embedded and on which f has a holomorphic extension. We
shall not give the details, but content ourselves with checking the last property for U = C\ R~

8In this section, “path” means any continuous C-valued map defined on a real interval.
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and f = Log defined by , defining a holomorphic function .Z: C — C and explaining why
it deserves to be considered as a holomorphic extension of the logarithm.

We first observe that U := 7~ (U) is an open subset of C with infinitely many connected
components,

Un={r? €C|r>0,2rm—7m<0<2mm+r}, m € Z.
By restriction, the projection 7 induces a biholomorphism
o : (?0 =S U

(it does so for any m € Z but, quite arbitrarily, we choose m = 0 here). The principal sheet of
the Riemann surface of the logarithm is defined to be the set Uy C C, which is identified to the
cut plane U C C by means of 7.

On the other hand, since the function £ — 1/ is holomorphic on C*, the Cauchy theorem
guarantees that, for any v € &2, the integral f7 % depends only on the equivalence class [v], we
thus get a function

_ [ 4

= L
This function is holomorphic on the whole of C, because its expression in any chart domain

D(¢o, R) is

Z: C—C, 2([) :

Q) q¢
20=2+ [ F
w(60) &
which is a holomorphic function of 7(¢).
Now, since any ¢ € Uy can be represented by a line segment starting from 1, we have

aiﬂ‘ﬁo = Log o .

In other words, if we identify U and Uy by means of my, we can view .Z as a holomorphic
extension of Log to the whole of C.

The function . is usually denoted log. Notice that .Z(rel?) = Inr +i6 for all r > 0 and
0 € R, and that .2 = log is a biholomorphism C — C (with our notations: .2~ (z+iy) = e® e'¥).
Notice also that there is a natural multiplication (ry e, ry €1%) = 717y el(91462) in C, inherited
from the addition in C.

25 The formalism of singularities

We are interested in holomorphic functions f for which the origin is locally the only singular
point in the following sense:

Definition 25.1. We say that a function f has spiral continuation around 0 if it is holomorphic
in an open disc D to which 0 is adherent and, for every L > 0, there exists p > 0 such that f
can be analytically continued along any path of length < L starting from D N D7 and staying
in D% (recall the notation (97)). See Figure @

In the following we shall need to single out one of the connected components of 7=!(D) in C,
but there is no canonical choice in general. (If one of the connected components is contained in
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Figure 9: The function f is holomorphic in D and has spiral continuation around 0.

the principal sheet of C, we may be tempted to choose this one, but this does not happen when
the centre of D has negative real part and we do not want to eliminate a priori this case.) We
thus choose ¢y € C such that 7((p) is the centre of D, then the connected component of 7~ (D)
which contains o is a domain D of the form D(y, Ry) (notation of the previous section) and
this will be the connected component that we single out.

~ v
Since 7 induces a biholomorphism D — D, we can identify f with f = f ow viewed as

~ i
a holomorphic function on D. Now, the spiral continuation property implies that f extends
analytically to a domain of the form

V(h)={¢=re? |0<r<h(),cR}cC,

with a continuous function h: R — (0, +00), but in fact the precise function h is of no interest
to uslfl We are thus led to

Definition 25.2. We define the space ANA of all singular germs as follows: on the set of all
pairs (}’, h), where h: R — (0, +00) is continuous and ]v“: V(h) — C is holomorphic, we put the

equivalence relation

(}1,h1) ~ (}2’h2) Aty }1 E};Q on V(h1) N V(ha),

and we define ANA as the quotient set.

Heuristically, one may think of a singular germ as of a “germ of holomorphic function at
the origin of C” (except that C has no origin!). We shall usually make no notational difference
between an element of ANA and any of its representatives. As explained above, the formula

Vv Vv
f = fom allows one to identify a singular germ f with a function f which has spiral continuation

9 Observe that there is a countable infinity of choices for (o (all the possible “lifts” of the centre of D in (f:)
Vv
thus, a priori, infinitely many different functions f associated with the same function f; they are all of the form

JVC(C e?™™) 'm € 7, where ]V‘(C) is one of them, so that if JV‘ is holomorphic in a domain of the form V(h) then each
of them is holomorphic in a domain of this form.
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around 0; however, one must be aware that this presupposes an identification, by means of m,
between a simply connected domain D of C* (e.g. an open disc) and a subset D of a domain of
the form V(h) (and, given D, there are countably many choices for D).

Example 25.1. Suppose that f is holomorphic in the punctured disc D7, for some p > 0; in
particular, it is holomorphic in D = D(4, ) and we can apply the above construction. Then,

for whatever choice of a connected component of 7~(D) in C, we obtain the same ]vc =fom
holomorphic in V(h) with a constant function h(6) = p. The corresponding element of ANA
identifies itself with the Laurent series of f at 0, which is of the form

S anC" = S(1/¢) + R(Q), (117)

nez

with R(C) = }_,5¢an(" of radius of convergence > p and S(§) = >, ya—n&" of infinite
radius of convergence. Heuristically, the “singularity of f” is encoded by the sole term S(1/();
Definition will formalize the idea of discarding the regular term R(().

Example 25.2. Suppose that f is of the form f(¢) = $(¢)Log(, where & is holomorphic in the
disc D, for some p > 0, and we are using the principal branch of the logarithm. Then we may
define jv”(C) = &(W(C)) log ¢ for ¢ € V(h) with a constant function h(f) = p; this corresponds to
the situation described above with D = D(4, £) and D = the connected component of 7= 1(D)
which is contained in the principal sheet of C (choosing some other connected component for D

would have resulted in adding to the above }" an integer multiple of 27i ngow). The corresponding
element of ANA identifies itself with

(Z ancn) log .

n>0
where 3, - a,C" is the Taylor series of @ at 0 (which has radius of convergence > p).

Example 25.3. For a € C* we define “the principal branch of (*” as elosC for ¢ € C\R™. If
we choose D and D as in Example [25.2] then the corresponding singular germ is

. 1
Ca — ¥ ogC,

which extends holomorphically to the whole of C. One can easily check that 0 is a singular
point for (¢ if and only if o &€ N.

Exercise 25.4. Consider a power series ), ., a,&" with finite radius of convergence R > 0
and denote by ®(&) its sum for £ € Dg. Prove that there exists p > 0 such that

f(¢) = ®(¢Log()

is holomorphic in the half-disc D, N {Re( > 0} and that 0 is a singular point. Prove that f has
\
spiral continuation around 0. Consider any function f associated with f as above; prove that

one cannot find a constant function h such that }’ is holomorphic in V(h).

64



Exercise 25.5. Let o € C* and .
fal€) = Ca_(a
(notation of Example. Prove that f, has spiral continuation around 0 if and only if o & iR.
y
Suppose that « is not real nor pure imaginary and consider any function f, associated with f,

Vv
as above; prove that one cannot find a constant function h such that f, is holomorphic in V(h).

The set ANA is clearly a linear space which contains C{(}, in the sense that there is a
natural injective linear map C{¢} < ANA (particular case of Example with f holomorphic
in a disc D,). We can thus form the quotient space:

Definition 25.3. We call singularities the elements of the space SING := ANA /C{(}. The
canonical projection is denoted by sing, and we use the notation

ANA — SING
sing:

JY? = }:Singo(}(@)~

\ v v
Any representative f of a singularity f is called a major of f.

The idea is that singular germs like log ¢ and log ¢ + ﬁ have the same singular behaviour
near 0: they are different majors for the same singularity (at the origin). Similarly, in Exam-

ple [25.1} the singularity sing, (}“(C )) coincides with singy, (S (1/¢ )) The simplest case is that of
a simple pole or a pole of higher order, for which we introduce the notation

. 1 . —1)k!
5 = sing (%C), 5®) = sing, ((2mg)k+1> for k > 0. (118)

oo
The singularity of Example [25.1 can thus be written 27i Z (_kll)ka_k_lé(k).
k=0

Remark 25.4. In Example [25.2) a singular germ Jv” was defined from f({) = @(C)ngg‘, with
®(¢) € C{¢}, by identifying the cut plane U = C\ R~ with the principal sheet Uy of C, and we
can now regard Jv” as a major. Choosing some other branch of the logarithm or identiying U with
some other sheet U, would yield another major for the same singularity, because this modifies
the major by an integer multiple of 27rigA0(C ) which is regular at 0. The notation

1ogg> (119)

bA . A
=

{ = sing (@(C) 5

is sometimes used in this situation. Things are different if we replace ¢ by the Laurent series

of a function which is holomorphic in a punctured disc D7 and not regular at 0; for instance,

if we denote by Zog( a branch of the logarithm in the half-plane V = {Re( < 0}, the

1
function ﬁ.fogc defines a singular germ, hence a singularity, for any choice of a connected
mi

component V of 7 1(V) in C, but we change the singularity by an integer multiple of 27i ¢ if
we change the branch of the logarithm or the connected component V.
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Example 25.6. Let us define

gafl
(1— e 279)[(q)

}U = singo(}a), f,(g) = forc e C\ Z (120)

(notation of Example [25.3]). For k& € N, in view of the poles of the Gamma function (cf. ),
we have (1 —e~ 2™\ () — 2mi(—1)*/k!, which suggests to extend the definition by setting
o——

v —1)*E! v
I—k(C) = éﬂ'ic)kH’ I—k:

we could have noticed as well that the reflection formula yields vg = Lemr(1-0)Co L,
Id h iced 1l that the reflection f la (62f) yields I,(C Q}U r ¢t

which yields the same i _r when 0 = —k). If n € N*, there is no limit for I - as 0 — n, however
o—1 _ /n—1
I - can also be represented by the equivalent major (1<_ e—%iS)F @) which tends to the limit
y "' log¢
I =
n(Q) (n—1)! 27’
theref t 1, = si (Cnl 1Ogc)\?\fth t a family of singularities (I,)
erefore we se =sing, | ——— . We thus get a family of singularities (/. .
v n S0\ tn — 1) 2ni & y ol sig oeC
Observe that . ;
singg(C71) = (1 — e ) D(0)l,, o eC, (121)

with the convention (1 — e~ 2™%)I'(¢) = 27i(—1)*/k! if ¢ = —k € —N (and this singularity is 0
if and only if 0 = n € N¥).

We shall not investigate deeply the structure of the space SING, but let us mention that
there is a natural algebra structure on it: one can define a commutative associative product % on
SING, for which 6 is a unit, and which is compatible with the convolution law of C{(} defined
by Lemma [5.3]in the sense that

log ¢
27

log ¢
2mi

) = singy (4 ) () ) (122)

2mi

singy (P(Q) 522 ) ¥ singg ((C)
for any 3?9,1?1 € C{¢}. See [Eca81], [Sau06l §3.1-3.2] for the details. The differentiation operator
d% passes to the quotient and the notation is motivated by the relation %) = (d%)ké.
Let us also mention that 6*) can be considered as the Borel transform of z* for k € N, and
more generally I o as the Borel transform of 277 for any ¢ € C: there is in fact a version of
the formal Borel transform operator with values in SING, which is defined on a class of formal
objects much broader than formal expansions involving only integer powers of z.

Vv A .
There is a well-defined monodrom operator f(¢) € ANA — f(Ce ™) € ANA (recall that

multiplication is well-defined in C), and the variation map }"(C ) — JVC(C ) — ]‘“(C e~2™) obviously
passes to the quotient:

0The operator }(C ) € ANA — }'(( e ?™) € ANA reflects analytic continuation along a clockwise loop around
the origin for any function f holomorphic in a disc D C C* and such that f = f o7 on one of the connected
components of 7! (D).
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Vv

Definition 25.5. The linear map induced by the variation map ;"(C) = f(() — ]VC(C e~ ™) is
denoted by
SING — ANA

var:
v

f=singo(f) = f(¢) = f(C) = f(Ce™™).
The germ ]A” = Var} is called the minor of the singularity ]v‘

A simple but important example is

var (Singo ((?)(ologC)> = QD(C% (123)

27

for any @ holomorphic in a punctured disc D7. Another example is provided by the singular
germ of ¢(* (notation of Example we get var (singy(¢%)) = (1 — e~2™%) singy(¢*), hence

o—1

(o)

v
varl, =

for all 0 € C\ (—N),

but var [ _x =varé®) =0 for k € N. Clearly, the kernel of the linear map var consists of the
singularities defined by the convergent Laurent series ), a,¢" of Example

26 Simple singularities at the origin

26.1 We retain from the previous section that, starting with a function f that admits spiral
continuation around 0, by identifying a part of the domain of f with a subset of C, we get

a function ]Y’ holomorphic in a domain of C of the form V(h) and then a singular germ, still

denoted by ]v” (by forgetting about the precise function h); we then capture the singularity of f
at 0 by modding out by the regular germs.

The space SING of all singularities is huge. In this text, we shall almost exclusively deal
with singularities of a special kind:

Definition 26.1. We call simple singularity any singularity of the form

log C)

¢ = ad +sing (@(C) P

with @ € C and $(¢) € C{¢}. The subspace of all simple singularities is denoted by SINGS™P.
We say that a function f has a simple singularity at 0 if it has spiral continuation around 0 and,
for any ch01ce of a domain D C C which projects injectively onto a part of the domain of f, the

formula f =fo Tp defines the major of a simple singularity.

In other words, SING*™P is the range of the C-linear map

log ¢
27

and a function f defined in an open disc D to which 0 is adherent has a simple singularity at 0
if and only if it can be written in the form

_a n, o Log(
£6) = gz + O

ad+3(C) €CS® T} — ad + sing, (&(g) ) e SING, (124)

+ R(¢), ¢eD, (125)
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where a € C, $(¢) € C{¢}, Log( is any branch of the logarithm in D, and R(¢) € C{¢}. Notice
that we need not worry about the choice of the connected component D of 7—!(D) in this case:
the various singular germs defined from f differ from one another by an integer multiple of
and thus define the same singularity (cf. Remark .

The map is injective (exercisdzb; it thus induces a C-linear isomorphism

Cé @ C{¢} = SINGS™P, (126)

which is also an algebra isomorphism if one takes into account the algebra structure on the space
of singularities which was alluded to earlier (in view of (122])). This is why we shall identify
sing (&(C)%) with ¢ and use the notation

2mi
singg (£(¢)) =@ =ad+@(¢) € Co@ C{(} ~ SING™™ (127)

in the situation described by (125]), instead of the notation a§ + *® which is sometimes used in
other texts. (Observe that there is an abuse of notation in the left-hand side of (127)): we should

have specified a major ]V‘ holomorphic in a subset of C and written sing (}(C )), but there is no

ambiguity here, as explained above.) The germ & is the minor of the singularity (c,AO = var Q)
and the complex number a is called the constant term of ¢.

26.2 The convolution algebra Cé @ C{(} was studied in Section [5| as the Borel image of the
algebra C[[z~!]]1 of 1-Gevrey formal series. Then, in Section[9} we defined its subalgebras CJ &
N(e?R*) and C §@N (I), Borel images of the subalgebras consisting of formal series 1-summable
in a direction 6 or in the directions of an open interval I, and studied the corresponding Laplace
operators.

It is interesting to notice that the Laplace transform of a simple singularity ¢ = a6+ (//\D(C ) €
C6 @ N (e?RT) can be defined in terms of a major of ¢: we choose ¢(¢) = the right-hand side
of with R(¢) = 0, or any major ¢ of ¢ for which there exist 6, > 0 such that this major
extends analytically to

{¢eC|0-3F <arg( <0+ Fand[¢| <4} USsUS;,

where S5 and S % are the connected components of 7! (Sg\Dg) C C which contain €' and e/(®—27)
(see Figure , and satisfies

PO < Al ¢eS5uS;
for some positive constant A; then, for 0 < ¢ < § and

z € gfia{zo eC | Rezo > v and arg zg € (-5,

)}

o

we have

(FB 1)) = a+ (L) (2) = /F e XH(0) d, (128)

with an integration contour I'y . which comes from infinity along l(0=27) [e, +00), encircles the
origin by following counterclokwise the circle of radius e, and go back to infinity along e[, +00)
(a kind of “Hankel contour”—see Figure . The proof is left as an exerciseB

11
Use (|123)).
12Use ([123) for ¢ € €®[¢, +00) and then the dominated convergence theorem for & — 0.
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Figure 10: Laplace transform of a major. Left: the domain of C where ¢ must be holomorphic
and its projection Sg in C. Right: the contour I'y. for ¢ (above) and the domain where z
belongs (below).
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The right-hand side of is the “Laplace transform of majors”. It shows why the notation
©=cb+ Q) is consistent with the notations used in the context of 1-summability and suggests
far-reaching extensions of 1-summability theory, which however we shall not pursue in this text
(the interested reader may consult [Eca81] or [Sau06l §3.2]).

ALIEN CALCULUS FOR SIMPLE RESURGENT FUNCTIONS

27 Simple (2-resurgent functions and alien operators

We now leave aside the summability issues and come back to resurgent functions. Let 2 be a
non-empty closed discrete subset of C (for the moment we do not require it to be stable under
addition). From now on, we shall always consider Q-resurgent functions as simple singularities

(taking advantage of (126]) and (127])):
CodHq C Co@®C{C} ~ SINGS™P,

where the germs of Hq are characterized by Q-continuability.

More generally, at least when 0 € €2, we define the space SINGq of Q-resurgent singularities
as the space of all ¢ € SING whose minors ¢ = var » € ANA are Q-continuable in the following
sense: denoting by V(h) C C a domain where & defines a holomorphic function, ® admits
analytic continuation along any path 4 of C starting in V(h) such that 7 o 4 is contained
in C\ Q. We then have the following diagram:

C 6@ Bq = SINGS™P N SING, —> Cd @ C{¢} = SINGS™P - SING

e e

C{z7'} © Z0 Cllz~"h

Definition 27.1. Suppose that w € Q, 7 is a path of C\ € starting at a point (y € DZ(Q) and
ending at a point (; such that there exists an open disc D C C\ Q centred at ¢; to which w
is adherent, and £ € C satisfies m(€) = —w + (1. We then define a linear map, called the alien
operator associated with (w,~,§),

AVE: Co @ Ro — SING

by the formula

Vv

\ ~
AL (ad +§) =singy (f(Q)),  f(¢) = conty p(w +7(¢)) for ¢ € D(E),  (129)
where D(¢) € C is the connected component of 7! (—w + D) which contains £. See Figure

This means that we follow the analytic continuation of ® along v and get a function cont o
which is holomorphic in the disc D centred at (y, of which w € 90D is possibly a singular point;
we then translate this picture and get a function

¢+ f(¢) = conty P(w + ()
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Figure 11: The alien operator Agvf measures the singularity at w for the analytic continuation
along ~v of an {)-continuable germ.

which is holomorphic in the disc —w + D centred at —w + {3 = 7(£), of which 0 € 9(—w + D)
is possibly a singular point; the function f has spiral continuation around 0 because § is Q-
continuable: choosing ¢ > 0 small enough so that D(w,e) N = {w} (which is possible since €2
is discrete), we see that cont, @ can be continued analytically along any path starting from (;
and staying in D(w,e)U D, hence ]Y‘" is holomorphic in V(h)U D with h(f) = ¢ and formula (129))

makes sense.

Remark 27.2. It is clear that the operator Ag’f does not change if v is replaced with a path
which is homotopic (in C\ 2, with fixed endpoints) to 7, nor if the endpoints of v are modified
in a continuous way (keeping satisfied the assumptions of Definition provided that £ is
modified accordingly. On the other hand, modifying ¢ while keeping v unchanged results in an
elementary modification of the result, in line with footnote [ on p.

In a nutshell, the idea is to measure the singularity at w for the analytic continuation along -y
of the minor . Of course, if w is not a singular point for cont,, @, then Al’g ¢ = 0. In fact, the
intersection of the kernels of all the operators A)¢ is C§ @ ¢(C), where 0(C) is the set of all
entire functions. In particular,

BlpeC{zl} = Af¢=0

Example 27.1. We had $,(¢) == (1+¢)*! with a € C in Example in connection with the
incomplete Gamma function. Here we can take any  containing —1 and we have AJ* Do =0
whenever w # —1, since —1 is the only possible singular point of a branch of the analytic
continuation of ¢. For w = —1, the value of ij $, depends on v and £. If « is contained in

the interval (—1,0), then we find f(¢) = $o(—1+¢) = the principal branch of ¢*~! and, if we
choose € in the principal sheet of C, then

A G, = (1 — e 2™ (a) ],
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which is 0 if and only if o € N* (cf. (121))). If v turns N times around —1, keeping the same
2miNo. 2mim

endpoints for v and the same £, then this result is multiplied by e ; if we multiply £ by e ,
then the result is multiplied by e=2™%  (In both cases the result is unchanged if o € Z.)

Example 27.2. Let $(¢) = %Log(l + () (variant of Example [18.5) and Q = {—1,0}; we shall
describe the logarithmic singularity which arises at —1 and the simple pole at 0 for every branch

of the analytic continuation of ». Consider first a path v contained in the interval (—1,0) and

ending at (1 = —%. For any £ projecting onto 0 + (1 = —%, we find Ag’g =0 (no singularity

at the origin for the principal branch), while for £ projecting onto 1+ ¢; = %,

i . 1 . 2mi
§:%§2mm — A'l’fsgzsmgo (_1+C(—2771m—|—10g()) :_1—C
(using the notation (127)). If v turns N times around —1, then the analytic continuation of ¢

is augmented by 2”2N , which is regular at —1 but singular at 0, hence AZ’f @ still coincides with

— 121”4 (the logarithmic singularity at —1 is the same for every branch) but

) 2miN
5 — _% Q27r1m — Ag,{ (//\7 _ Singo ( 1

¢

Exercise 27.3. Consider $(¢) = —%Log (1 — () as in Example [18.5) with = {0,1}, and a

> — (271)2N.

path 7 contained in (0, 1) and ending at (; = % Prove that .AY’g p=— 1247:14 for any £ projecting
onto —1 —i— (1= —%. Compute Ag’§$ for « turning NV times around 1 and £ projecting onto

Examples and (but not Example if o ¢ N) are particular cases of

Definition 27.3. We call simple Q-resurgent function any Q-resurgent function ¢ such that, for
all (w,,§) as in Definition AZ’5 ¢ is a simple singularity. The set of all simple Q-resurgent
functions is denoted by _

ComAY™,

where @Smp is the set of all simple Q2-resurgent functions without constant term. We call simple
Q-resurgent series any element of

A" =B (Co @ ZZ™) C Ho.
Lemma 27.4. Let w,~,& be as in Definition[27.1. Then
peCovZg — AP eSING ,.q

peCooa™ = AIfPeCioz™™,

Moreover, in the last case, Azj’g ¢ does not depend on the choice of € in 7Y (—w+(1); denoting

it by A), @, we thus define an operator A): C8§ @ @gmp —-Cod 3??5_1?}:9

Proof of Lemma[27.4. Let ¢ € Co® Ao and JJ = AV¢ ¢ € SING, 1?1 = vamz € ANA. With the
notations of Definition and ¢ as in the paragraph which follows it, we consider the path +/
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obtained by concatenating v and a loop of D(w, ) UD that starts and ends at ¢; and encircles w
A Vv
clockwise. We then have ¥ = f — é, with

v

f(¢) = cont, $(w +7(¢)) and §(¢) = cont., ng(w +m(¢)) for ¢ € D,

where D is the connected component of 7~1(D) which contains £. 3
For any path A of C which starts at ¢ and whose projection A := 7 o X is contained in

C\ (—w + ), the analytic continuation of ]vf and § along \ exists and is given by

M A A
cont; f(¢) = contr <p(w + w(()), cont; 4(¢) = conty go(w + W(C)),

where T is obtained by concatenating v and w+ A, and I'” by concatenating 7' and w+ \. Hence
the analytic continuation of 1?1 along any such path A exists, and this is sufficient to ensure that
QZ € SINGq, which was the first statement to be proved.

If we suppose ¢ € C§ @ngp’ then qz € SING®™P_ and the second statement follows from Ex-
ample and Remark @ changing £ amounts to adding to Jvc an integer multiple of 12 which
is now assumed to be regular at the origin, and hence does not modify sing, (JVC(C)) Putting

these facts together, we obtain AY€ ¢ € SING_,,qNSINGS™ = C§ @ %’sm o independent
of €. O

In other words, an Q-resurgent function ¢ is simple if and only if all the branches of the
analytic continuation of the minor ¢ = var ¢ have only simple singularities; the relation A ¢ =

ad+ fp(g) then means

cont, P(w + ¢) =

oz +HOTES 4 RO (130)

for ¢ close enough to 0, where Zog( is any branch of the logarithm and R({) € C{(}.

Notation 27.5. We just defined an operator AY: C4§ @%Slmp —C§ @%smp "o+ We shall denote
by the same symbol the counterpart of this operator in spaces of formal series:

A’Y
C6 @ %Slmp s C5 EB %SIS+Q

2 T B 2 T B
s Al
z" —— B,

Definition 27.6. Let w € 2. We call alien operator at w any linear combination of composite
operators of the form

A’Yr .0 A’YZ

wwrl W2 —W1

71
o ATt
simp

(viewed as operators Cd @ %Smp —~Cép A ~wiq O, equivalently, %Slmp — %Slmp o) With any

r>1, wi,...,we—1 € Q, bemg any path of C\ (—wj—1 + ) starting in ]D)p( 1) and

ending in a disc D; C D\ (—w;—1 + Q) to which w; — wj—1 is adherent, with the conventlons
wo = 0 and w, = w, so that A" %Slmp 40~ %Slm o 1s well defined.

Wi —Wj
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Clearly Co® 0(C) cCo® @3“’ (since an entire function has no singularity at all!), hence
C{z"1 c ™,

and of course all alien operators act trivially on such resurgent functions. Another easy example
of simple Q-resurgent function is provided by any meromorphic function ¢ of ¢ which is regular
at 0 and whose poles are all simple and located in 2. In this case A, & does not depend on ~:
its value is 2ric,,d, where ¢, is the residuum of ¢ at w

Example 27.4. By looking at the proof of Lemma [18.4] we see that we have meromorphic
Borel transforms for the formal series associated with the names of Euler, Poincaré and Stirling,
hence

simp simp ~ Zsimp
%{ 1} € Aoz [i € Boriges
and we can compute
. ) 1
AT OF = 2rié, .A;LZWC PP = 274, Al o= Eé’
for k € Z, m € Z* with any ~ (and correspondingly A”, ¢¥ = A7 , . &P 27ri, Al = %)

A less elementary example is A = e; we saw that \ € ﬁgmz in Example [2 we shall see in
Section that it belongs to %S "> and that any alien operator maps A to a multiple of \.

Here is a variant of Lemma adapted to the case of simple resurgent functions:

Lemma 27.7. Let Q) be any non-empty closed discrete subset of C.

simp

- If B s an entire function, then multiplication by B leaves %’ mvariant, with

App=ab+9() = ALBY) = Bw)ad + Blw+ Od(C)- (131)

— As a consequence, for any ¢ € C, the operators d and T, (deﬁned by (21) and ( .) leave
Cd @%Slmp invariant or, equivalently, %Slmp is stable by 0 = d— and Tc, one has

Bo € H" = AL(0P0) = (~w+ D) ALpo and AL(Tego) = € “To(Alo).  (132)
~ If¢ € 272C{z""}, then the solution in z~'C[[z~']] of the difference equation
$(z+1) = 3(2) = P(2)
belongs to %’;ﬁlz*, with A), p = —27ri1?1(w) d for all (w,v) with w € 2wi Z*.

A
Proof. Suppose that Acho = a0 + ¥(¢). Since multiplication by B commutes with analytic
continuation, the relation ((130]) implies

A é(w)a

cont,, (B)(w +¢) = (w +¢) conty, p(w +¢) = omic .,fog(

+ B(w+ O(Q) + R*(Q)

2 23312 B ¢ ¢y, nence A3(BE) = Bljad + Bl + (0.

with R*(¢) = R(¢) +a
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Suppose now that ¢y € @gmp has Borel transform ¢y = ad + ¢ with a € C and $ as above.
According to and (23), we have Oy = —CP(¢) and Topg = o d +e~%H(C); we see that both
of them belong to Cé ® .@Smp by applying the first statement with B (¢) = —Core , and

AL(0%) = —wad + (—w — O(C) = (—w + D). ALdg
A(Tupo) = e ad + e~ HIY () = e To( AL o),

which is equivalent to (132)).

For the last statement, we use Corollary according to which » = 1%1?) with B €)= e*<171

and 12({ ) € CO(C): the function ¢ is meromorphic on C and all its poles are simple and located
in Q = 27i Z*, therefore it is a simple Q-resurgent function and we get the values of A} by
computing the residues of (cf. the paragraph just before Example . O

Exercise 27.5. Given s € C with Res > 1, the Hurwitz zeta functioﬂ is defined as

00 1 B
C(s,z):kzow, ze€ C\R

(using the principal branch of (z + k)® for each k). Show that, for s € N with s > 2,

1 1 N [(s+2%k—1 Boy
“H(,) . i
Ps (Z) (8—1)2’5_1 +225+;< s—1 )(5+2k—1)25+2k_1

(where the Bernoulli numbers By are defined in Exercise [L1.1]) is a simple 27iZ*-resurgent
formal series which is 1-summable in the directions of I = (-3, ), with

((s,2) = (L) (2) ~1 PH(2).
Hint: Use Lemma and prove that (s, z) coincides with the Laplace transform of

-1
AH CS
= 133
Remark 27.8. If s € C\N has e s > 1, then ([133)) is not regular at the origin but still provides
an example of 27iZ-continuable minor (in the sense of the definition given in the paragraph
just before Definition [27.1]). In fact, there is an extension of 1-summability theory in which the
Laplace transform of @ in the directions of (=2, T) is still defined and coincides with (s, z)

(see [Eca81], [Sau06, §3.2]). 272

We end this section with a look at the action of alien operators on convolution products in
the “easy case” considered in Section

Theorem 27.9. Suppose that éo eCo @@gmp with B = var éo entire. Then, for any w € 2,
all the alien operators C6 & %" — Cd @ #™'Y(, commute with the operator of convolution

w4+
v
with BO .

3 Notice that ¢(s,1) is the Riemann zeta value ¢(s).
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Proof. 1t suffices to show that, for any v C C\ Q starting at a point (p € DZ(Q) and ending at
the centre ¢; of a disc D € C\ Q to which w is adherent, and for any ¢, € C6 ® ,@gmp,

AZ(BO * SVOO) = By * (AZ Svoo)'

We can write
v A v A v A
Bo=bi+ B, @yg=ci+p, Al oy=ad+ 1.

Then éo * Qg = bpy + B+ B+ @ and .AZ,(IYBO * o) = bAY oo + Al(é % $), hence we just need
to prove that AZ,(JEA? % ) = B AY &, ie. that

AN AN A

AZ,(ZA?*L,AD):aB+B*¢.

According to Lemma [19.1], we have

A A SN A A A wtC A
cont(B#) (w¢) = /0 Blot¢-6)3(©)de+ / Bluot+¢—6)p(e) de+ / BlwtC-6)3(¢)de

Y

for ( € —w + D, where it is understood that gAO(f ) represents the value at £ of the appropriate
branch of the analytic continuation of { (which is cont & for the third integral). The standard
theorem about an integral depending holomorphically on a parameter ensures that the sum
R;(¢) of the first two integrals extends to an entire function of ¢. Let A := —w + D (a disc to
which 0 is adherent). Performing the change of variable & — w + £ in the third integral, we get

NA ¢ A A
cont (B * o) (w + ¢) = R1(C) +/ y B(¢ — &) cont, p(w + &) dE, ¢ eA.

Now, according to (130)), we can write
cont, P(w + &) = S(&) + R2(€), £ € AND;,

_a A, Logé
Ry(€) € C{¢}, and p > 0 is smaller than the radii of convergence of 1) and Ry. Let us pick
o€ AND7 and set

ZLog& being a branch of the logarithm holomorphic in A,

o

R(O) = Ri(O) + / B(¢ — &) cont, B+ €) de,

—w+(1

so that
A A ¢ A A
cont (B * ©)(w + ) = R(C) —I—/ B(¢ — &) conty p(w + &) dE, C€eA.

We see that R({) extends to an entire function of ¢ and, for ¢ € AN D7, the last integral can
be written

¢ A ¢ A
/ B¢ — &) conty $lw+ &) de = F(O) + Ra(Q),  F(Q) = / B(C - €)5(6) de,
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with R3(() defined by an integral involving R (&) and thus extending holomorphically for ¢ € D,,.

The only possibly singular term in cont%é %) (w+C) is thus f(¢), which is seen to admit analytic
continuation along every path I' starting from o and contained in D7; indeed,

contr £(¢) = /F B¢ — €)s(6) de. (134)

In particular, f has spiral continuation around 0. We now show that it defines a simple singu-

larity, which is none other than aé + B 12

Let us first compute the difference g :== f* — f, where we denote by f* the branch of the
analytic continuation of f obtained by starting from A ND7, turning anticlockwise around 0
and coming back to AN D7. We have

JAN
o0 = [ Be-os©ae  ceanm;
¢
where C¢ is the circular path t € [0,27] — (e, For any € € (0,1), by the Cauchy theorem,

C A A A
9() = / Ble—oi i+ /C B(C - 6)5(€) de,
13 e

because ST — S = @AD Keeping ( fixed, we let € tend to 0: the first integral clearly tends to

B @Ab((: ) and the second one can be written

B-9 b on LogE
of, Do dr [ Ble-ouT as=
A SN A wIne + Zog( +it,
aB(C)—i—/O B(¢ —eCe™)p(eCe™) = ieC e dt

(because the analytic continuation of Zog is explicitly known), which tends to aB (¢) since the
last integral is bounded in modulus by Ce (C’ + |In 5|) with appropriate constants C,C’. We
thus obtain

9(¢) = aB(C) + B x(C).

Since this function is regular at the origin and holomorphic in ID,,, we can reformulate this result
on fT — f by saying that the function

ZLog(

27

¢ e AND, = h(¢) = f(¢) —9(C)

*

»» 1.e. it can be represented

extends analytically to a (single-valued) function holomorphic in D

by a Laurent series (117]).

We conclude by showing that the above function h is in fact regular at the origin. For

that, it is sufficient to check that, in DI*UI’ it is bounded by C (C’ + In \%I) with appropriate

constants C,C" (indeed, this will imply ¢h(C) C—0> 0, thus the origin will be a removable
ﬁ

*
lo|

0 <u:=]|¢|/|o] <1and 0 < v < 2m, hence it can be reached by starting from ¢ and following the

singularity for h). Observe that every point of D | can be written in the form ¢ = cue®¥ with
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concatenation I'¢ of the circular path ¢ € [0, v] — oe' and the line segment ¢ € [0, 1] — o€’z (t)
with z(t) =1 —¢t(1 — u) > 0, hence

(contr B)(¢) = (contr, £)(C) — 5 =9(C) contr, Zog)(C)

A 1 )
= B(C—f)s(f)dg—T -9(¢)(ZLogo + Inu + iv)
r. i
(using (134]) for the first term). The result follows from the existence of a constant M > 0 such

that |£A3] < M on Dy, |g| < M on D, and |S(§)| < M/|{] for £ € D, because the first term in
the above representation of h(¢) has modulus <

v AN . . . 1 . . .
/ B(¢ — ge™)S(oe)oie dt + / é(( — oez(t))S(oez(t))oea! (t) dt| < M?v + M?In 1
0 0

u

O]

28 The alien operators A and A,

We still denote by €2 a non-empty closed discrete subset of C. We now define various families of
alien operators acting on simple 2-resurgent functions, among which the most important will

be (Af)wea oy and (Aw)weofo0}-

28.1 Definition of A"

w,e?

Al and A,

Definition 28.1. Let w € Q\ {0}. We denote by < the total order on [0,w] induced by
t€]0,1] = tw € [0,w] and write

[0,w] N Q= {wo,w1, ..., Wr—1,Wr}, O=w)<w1 <+ <wp—1 W =w (135)

(with r € N* depending on w and ). With any € = (¢1,...,&,_1) € {+, —}""! we associate an
alien operator at w . .

AL RGP — AT (136)
defined as Aff,g = A], for any path v chosen as follows: we pick § > 0 small enough so that the
closed discs D; :== D(wj,6), j = 0,1,...r, are pairwise disjoint and satisfy D; N Q = {w,}, and
we take a path 7 connecting |0, w[N Dy and |0, w[N D, by following the line segment |0, w[ except
that, for 1 < j < r — 1, the subsegment |0,w[N D; is replaced by one of the two half-circles

which are the connected components of |0, w[NdD;: the path v must circumvent w; to the right
if £; = +, to the left if ; = —. See Figure 12}

Observe that the notation (136) is justified by the fact that, in view of Remark the
operator AS’E does not depend on ¢ nor on the endpoints of ~.

Definition 28.2. For any w € Q\ {0}, we define two particular alien operators at w

+ . gsimp Zsimp
AS, Ay: P s g
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Figure 12: An example of path + used in the definition of A’ _, here with & = (—, 4+, —).

w,e?

by the formulas

Ay= Y MA;{E, (137)

A+ — AQ
w - w,( !
EE{_['_,_}T‘—l

ey t)?

where r = r(w,2) is defined by (135)) and p(e) and g(e) represent the number of symbols ‘4’
and ‘=’ in the tuple € (so that p(e) + q(e) =7 — 1).

We thus have (still with notation (135)), for r = 1,2, 3:

Q Q
A:-)_l = Awlz()’ Awl - Awlr()’
1 1
+ _ 40 _ Q Q
Ay = Ay (+): Buwy = 5 Auy () T5 Adn ()
1 1 1 1
+ _ A _ Q Q Q Q
Aws - Aw37(+,+)7 Auy = 3 Aw37(+7+) +6 Aw3,(+,*) +6 ‘Aws,(*ﬂr) +§ ‘Aws,(*,*) )

Of course, the operators A, A, .,4875 can all be considered as operators C¢d @ %@gmp —-Co

Zsimp
%)ﬂwﬂ as well.

Remark 28.3. Later on, in Sections we shall assume that (2 is an additive subgroup
of C, so —w+ Q = Q and AI,AOJ,AS’E are operators from %" to itself; we shall see in

Section that, in that case, @Smp is a subalgebra of R (which is itself a subalgebra of
C[[z71]] by Corollary [21.2)) of which each A, is a derivation (i.e. it satisfies the Leibniz rule).
For that reason the operators A, are called “alien derivations”.

Observe that, given r > 1, there are r possibilities for the value of p = p(e) and, for each p,
there are (7;1) tuples € such that p(e) = p; since in the definition of A, the coefficient in front

-1
of A _is the inverse of r (T (©) ), it follows that the sum of all these 2”71 coefficients is 1. The
K p 5

resurgent function A, (cd + @) can thus be viewed as an average of the singularities at w of the
branches of the minor  obtained by following the 2" ! “most direct” paths from 0 to w. The
reason for this precise choice of coefficients will appear later (Theorem [29.1)).
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As a consequence, when the minor ¢ is meromorphic, both A, (¢d+ @) and A} (¢d+ () coin-
cide with 2mic,d, where ¢, is the residuum of ¢ at w (cf. the remark just before Example .
For instance, for the resurgent series associated with the names of Euler, Poincaré, Stirling and
Hurwitz,

. . . . o1 . (2mim)s~!
A_10P =2, Agponi@® =27,  Agnimft = g Aorim@t = QWI(F(S)),

for kK € Z and Re s < 0 in the case of Poincaré, m € Z* for Stirling, and s € N with s > 2 for
Hurwitz, in view of Example and Exercise
We note for later use an immediate consequence of formula (132)) of Lemma

(138)

Lemma 28.4. Let ¢ € @gmp and c € C. Then

AF0¢ = (—w+ 0)AT o, ALOP = (—w + 9)Aup, (139)
AT, ¢ = e “T.A}, AT p=e “T.A,Q, (140)

where 0 = % and T, is defined by .

28.2 Dependence upon ()

Lemma 28.5. Suppose that we are given w € C* and Q1,Qs closed discrete such that w €
Q1N Q. Then there are two operators “A} 7 defined by -, an operator ,%’Slmp — ,%’Slgl+ﬂl

and an operator ,%) P _, 7S bt they act the same way on %Sinp N %;gnp. The same is

—w+Qs?
true of “Ay”.

The point is that the sets ]0,w][ N Q; and |0,w[ N Q2 may differ, but their difference is
constituted of points which are artificial singularities for the minor of any ¢ € %Slmp N %S’lmp
in the sense that no branch of its analytic continuation is singular at any of these points. So
Lemma claims that, in the above situation, we get the same resurgent series for A g

whether computlng it in %Slm Lo, orin L o

Proof. Let Q= Qy, Q*:=Q UQy and ¢ € @Siﬂp N %%i;np. As in (135)), we write
10,w[NQ={w1 <+ <wr_1}, 10,w[NQ* ={w] <+ <wi i},

with 1 <7 < s. Given ¢* € {+,—}*"1, we have Af};* ® = Agsgé with € == ETQ, i.e. the tuple
e € {+,—}""! is obtained from &* by deleting the symbols g; corresponding to the fictitious
singular points w? € Q* \ €.

In view of formula 1137#), when £* = (+,...,+) we get the same resurgent series for A} @
whether computing it in Z°F . or in %Slf +q» Which yields the desired conclusion by exchanging
the roles of 2 and €s.

We now compute Ay, in %Slf +o+ Dby applying formula 1- and grouping together the
tuples €* that have the same restriction &: with the notation ¢ := s — r, we get

> 3 MAQ = Y ¥ <C>p Jra)((e)er)!AQ 5
e€{+,—}rteref{4,—}re! (r+e)! 7 ce{+,—}—1 c=a+b a (r+o) ’
w1thz-:|Q—z-:

w—l—Q*
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which yields the desired result because
S (¢)tata v
L \e (r+c)! 7!

for any non-negative integers p, g, with » = p 4+ ¢ + 1, as is easily checked by rewriting this
identity as

Z (p+a)(g+b)! (r+eo)!

Ip ! 17

S, o blqg! clr!
and observmg that the generating series ) p;,r;)!X“ = (1-X) 7P~ ! satisfies (1—-X) P~ 11—
X))t =(1-X)"L O

Remark 28.6. Given w € C*, we thus can compute A @ or A, as soon as there exists  so
that w € Q and ¢ € %Slmp and the result does not depend on Q. We thus have in fact a family
of operators AL, A, %Slmp — %SIS ", indexed by the closed discrete sets 2 which contain w,

and there is no need that the notation for these operators depend explicitly on Q.

28.3 The operators A} as a system of generators

Theorem 28.7. Let Q) be a non-empty closed discrete subset of C and let w € Q. Any alien
operator at w can be expressed as a linear combination of composite operators of the form

AL = A" o AS L o AF (141)

Myee5Ts Ns—MNs—1 n2—"n

with s > 1, n1,...,Ms—1 € Q, s = w, m # 0 and n; # njy1 for 1 < j < s, with the conven-
tion Af = Al for s =1 (viewing A}, . as an operator C5 @ A — Cs @ %)STJFQ or,
equivalently, ,@Slmp — ,@Slmp o)

Observe that the composition (|1 is well defined because, with the convention 7y = 0, the
operator An —p,_, Maps %Slmp +0 mto %3121 " o- We shall not give the proof of this theorem,

but let us 1ndlcate a few examples. with the notation ([135)),

Q + Q + + +
‘Aw27( A602 ? ‘sz, A Aw2 —w1 Awl
Q + Q - + + + Q + + +
./4“)37 + +) Aw3, AUJS, ,+) = A A(.U3 w1 O Awl, AUJS, _’_7 ) A A(.U3 wa [e) sz,
Q _ + + + + + + + +
AUJS» - —) - A A0-13 w1 © A Aws —w2 © A + Aw:a w2 0 sz w1 Awl'

Remark 28.8. One can omit the ‘+’ in Theorem [28.7, i.e. the family {A,} is a system of
generators as well. This will follow from the relation (143]) of next section.

Exercise 28.1. Suppose that 1 <s <7 — 1 and €,e* € {+, —}"! assume the form
e =a(—)b, e* = a(+)b, with a € {+, —}*71,

ie. (e1,...,66-1) = (e],...s€5_1) =a, 65 = —, €5 = +, (€541, -+ 6r—1) = (€54qs-- -1 65_1) = b.
Prove that
“AST € *Awr e* AQ Ags,a

Wr—ws,b

with the notation (135)). Deduce the formulas given in example just above.
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Remark 28.9. There is also a strong “freeness” statement for the operators Af{ : consider an
arbitrary finite set F of finite sequences n of elements of ), so that each n € F is of the form
(M, ... ,7]5) for some s € N, with n; # 0 and n; # 1,41 for 1 < j < s, with the convention 1 = 0)

and A = Id for s = 0; then, for any non-trivial family (¢ )n cF of simple 2-resurgent series,
GeR™ Y PN AlG
ner

is a non-trivial linear map: one can construct a simple 2-resurgent series which is not annihilated
by this operator. There is a similar statement for the family {A,}. See [Eca81l, Vol. 3] or adapt
[Saul0), §12].

29 The symbolic Stokes automorphism for a direction d

29.1 Exponential-logarithm correspondence between {A]} and {A,}

For any w € C*, we denote by < the total order on [0,w] induced by t € [0,1] — tw € [0, w].
Theorem 29.1. Let 2 be a non-empty closed discrete subset of C. Then, for any w € Q\ {0},

— (=Dt
seN* (M1,--ms—1)€X(5,w,02)
AL = % Z Ay 1 00 Bppy 0 Ay (143)

sEN*  (n1,...,ms—1)ES(s,w,Q)
where X(s,w, Q) is the set of all increasing sequences (N1,...,ns—1) of |0,w[NQ
0<m < <ns—1 < w,

with the convention that the composite operator A+ . e A;; iy © A+ is reduced to A}

when s = 1 (in which case (1, w Q) is reduced to the empty sequence) and similarly for the
composite operator appearing in (143).
With the notation (135, this means

Ay, = AL
Ay, = AL —1AF oAl

wa—w1

Ay = AL — L (AL 0 AL + AL

w3 —w1 w3 —w2

+ 1A+ + +
© Aw2) AWS —w © AUJQ —w1 AM
+
Awl =A,,
A:’J_Q = Ay, + AUJ2*W1 oAy,

AI3 = AWS + % (AWS—M o Awl + Aw3—w2 © AW?) + %Aw:&—wz © Awg—wl © Awl

We shall obtain Theorem [29.1] in next section as a consequence of Theorem which is in
fact an equivalent formulation in term of series of homogeneous operators in a graded vector
space.
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29.2 The symbolic Stokes automorphism and the symbolic Stokes infinitesi-
mal generator

From now on, we fix Q and a ray d = {te! | t > 0}, with some 6 € R, and denote by < the total
order on d induced by t — tel?. We shall be interested in the operators A and A, with w € d.
Without loss of generality we can suppose that the set 2 Nd is infinite and contains 0; indeed, if
it is not the case, then we can enrich Q and replace it say with Q* := QU {N el | N € N}, and
avail ourselves of Remark m observing that %A’Smp < Z#3™ and that any relation proved
for the alien operators in the larger space induces a relation in the smaller, with Auf* and A
annihilating the smaller space when w* € Q* \ Q.
We can thus write 2 Nd as an increasing sequence

QNd={wn}tmen, wWo=0=<wi <wp=<--- (144)
For each w = w,, € QN d, we define

AN ~

e F£,(9) as the space of all functions ¢ which are holomorphic at w, which can be analyt-
ically continued along any path of C \ Q starting close enough to w, and whose analytic
continuation has at worse simple singularities;

AN
° lv?w (Q) as the vector space Cd,, ® F, (), where each 4, is a distinct symbo analogous
to the convolution unit ¢;

i Vv

e E,(9,d) as the space of all functions f holomorphic on the line segment |wyy,, Wy, +1[ which
can be analytically continued along any path of C\ Q starting from this segment and
whose analytic continuation has at worse simple singularities.

We shall often use abridged notations éw or Ew. Observe that there is a linear isomorphism
csaA™, = E
Tw! —wtQ Y (145)
ad+¢ = ad,+¢v, ¢ (C) = @(¢ —w),

and a linear map

Vv v
Ey, — FEu,,

m

g M v v . M
fm Tonn® ¢ = singg (f(wm+1 +())-

The idea is that an element of éw(Q) is nothing but a simple 2-resurgent singularity “based

Vv
at w” and that any element of E, (2, d) has a well-defined simple singularity “at wy,+1”, i.e. we

could have written &]VC = sing,, ., (]VC(C )) with an obvious extension of Definition [25.3

We also define a “minor” operator u and two “lateral continuation” operators er and /_
by the formulas

v Vv 4 Y
N . Ew — Ew Z . EUJ — Ewm+1
: ~ ~ +- i i
0w+ & = Dumwmiil f = cont,, f

”

0 be understood as a “the translate of § from 0 to w”, or “the simple singularity at w represented by m
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where 74, resp. v_, is any path which connects |wy,, Wm+1[ and Jw 41, wm+2] staying in a neigh-
bourhood of |wy,, w42 whose intersection with € is reduced to {wpm+1} and circumventing wy,+1
to the right, resp. to the left.
v Vv
Having done so for every w € Q Nd, we now “gather” the vector spaces F, or E, and
consider the completed graded vector spaces

A A

E@Qd) =@ E,Q)., EQd=E E.d

weNd weNd

\ \
(we shall often use the abridged notations E or E). This means that, for instance, E is the

cartesian product of all spaces Ew, but with additive notation for its elements: they are infinite
series Y Y
o= Z ¥ € F, ¢¥ € E,, for each w € QNd. (146)
weNd

Vv Vv
This way E,,, — E can be considered as the subspace of homogeneous elements of degree m for

V.
cach m. Beware that ¢ € E may have infinitely many non-zero homogeneous components ¢“—

\4
this is the difference with the direct sum{!® EB E,.

weNd
We get homogeneous maps

e
't
<
1
<

v v . V v
w: E— E o: K- F,

by setting, for instance,

LY )= X L

wend wend

The maps 2+, {_ and & are 1-homogeneous, in the sense that for each m they map homoge-
neous elements of degree m to homogeneous elements of degree m+1, while u is 0-homogeneous.
Notice that . .

po o=y — f_. (147)

[ v v
For each r € N*, let us define two r-homogeneous operators AN, A ESE by the formulas

T

. ero1 : pe)lg(e)!l o o y
At = ogol, ~opu, A, = g ()T!()O’O b ,0---0 L op, (148)
EE{J’_v—}T_l

with notations similar to those of ((137)).

\4
15 One can define translation-invariant distances which make E and E complete metric spaces as follows: let
V.
ord: £ — NU{oo} be the “order function” associated with the decomposition in homogeneous components, i.e.
Vv Vv
ordp = min{m € N | $“™ # 0} if ¢ # 0 and ord0 = oo, and let dist(¢,,P,) = 27 4P2=%1) and similarly

v
for E. This allows one to consider a series of homogeneous components as the limit of the sequence of its partial
sums; we thus can say that a series like (146]) is convergent for the topology of the formal convergence (or “formally
convergent”). Compare with Section
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Theorem 29.2. (i) For each m € N and r € N*, the diagrams

. A;/L»mw‘»r_w'm e e Awm+r_wm ~ e
Coax”)? . q Cop %—er +0 Cooz™”)’ o CéaZ”.0. 1o
Twm i . l Twm+7‘ Twm l i 7—"Jrn«l»'r
v A;‘F v v AT v
Ewm (Q) d) Ewm+r (Q7 d) Ewm (Q7 d) Ewm+r (Q7 d)
commaugte.

i) The formulas At :=1d + L AT and A, = . Ar define two operators
d reN d reN

AL, Ay E(Q,d) - E(Q,d),
the first of which has a well-defined logarithm which coincides with the second, i.e.

Y A=Y W( > &), (149)

reN* seN* reN*

(iii) The operator A, has a well-defined exponential which coincides with AT, ie.

d+ > Al = Z;( 3 AT>S. (150)

reN* seN reN*

Proof of Theorem[29.3. (i) Put together (137), (145]) and (148).

(ii) The fact that A : E — E and its logarithm are well-defined series of operators stems
from the r-homogeneity of A,Jf for every r > 1, which ensures formal convergence.
The right-hand side of ((149)) can be written
_1\s—1 e (] _Sfl.o P P s .
Z %AZ...AZ: Z (12 O_g_’:llﬂo_g:ﬂ.,,ﬂo-gfuzz 0B,

Ty, Ts 21
s>1 s>1

where we have omitted the composition symbol “o” to lighten notations, made use of ((148]),
and availed ourselves of ([147)) to introduce the (r — 1)-homogeneous operators

s—1 e o L) o L] L) o
B, = 3 GO M by — 28 (e — 1),
mi+--+ms+s=r
mi,...,ms >0, s>1
with the convention B; = Id. It is an exercise in non-commutative algebra to check that
p(e)lq(e)! - y
Br — Z . és .. EEI
ee{+,—}1

(viewed as an identity between polynomials in two non-commutative variables EJ’_ and E_),
hence (48] shows that B, = A, and we are done.
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(iii) Clearly equivalent to (ii).
O

Definition 29.3. — The elements of EE(Q, d) are called Q-resurgent symbols with support in d.
— The operator A; is called the symbolic Stokes automorphism for the direction d.
— The operator A is called the symbolic Stokes infinitesimal generator for the direction d.

The connection between A; and the Stokes phenomenon will be explained in next section.
This operator is clearly a linear invertible map, but there is a further reason why it deserves
the name “automorphism”: we shall see in Section that, when Q is stable under addition,
there is a natural algebra structure for which A;; is an algebra automorphism.

Theorem implies Theorem [29.1. Given Q and a ray d, Theorem [29.2(i) says that

AHZ@W = Twpmir © A ot ! Afe = Twmr © Af © T_rrlb (151)

Wm+r —Wm wWm? T|Ewm Wim4r—Wm w

v
for every m and r. By restricting the identity (149) to Fy and extracting homogeneous compo-
nents we get the identity

A _ (=1t AT oo AT At
Mg, =2 =5 2. BLp. oo lng o Alg
sEN* Pt rs=r ! s—1 !
for each r € N*, which is equivalent, by (151)), to
_ (=1°~t + o AT +
Awr - Z s Z Aw,«fwrl_b._,_rsil © © Awrl_,_mfwrl © Awrl' (152)

sEN* riteetrs=r

Given w € Q\ {0}, we can apply this with the ray {tw | ¢ > 0}: the notations (135 and ((144))
agree for 1 < m < r, with r € N* defined by w = w,; the identity (152) is then seen to be
equivalent to (142)) by the change of indices

T]]. — w?”17 772 — WT‘1+T27 cee T]s,]_ — w’r‘1+~-+7”3_1'
The identity (143]) is obtained the same way from ([150)). O

Exercise 29.1. Show that, for each r € N*, the r~-homogeneous component of

Ay =exp(—Ay) = (AF) ™

is AT =—0o Kﬁil o, giving rise to the family of operators A = — AS (o) WE Q\ {0}.

r

29.3 Relation with the Laplace transform and the Stokes phenomenon

We keep the notations of the previous section, in particular d = {tel | t+ > 0} with § € R
fixed. With a view to use Borel-Laplace summation, we suppose that [ is an open interval of
length < 7 which contains €, such that the sector {¢ el | € >0, 0 € I} intersects Q only
along d:

Qﬂ{{ewl!ﬁZO, HIEI}Z{Wm}mGNCd, w=0=<w; <wy <---
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We then set
I ={0tcI|o" <0}, I"={0"€l|0 >0}

(mark the somewhat odd convention: the idea is that the directions of I are to the right of d,
and those of I~ to the left) and

IT={0"€l|0" <0—¢}, I7={0"€l|0”>0+¢€}

for 0 < e < min {5, dist(0,0I)}.

Let us give ourselves a locally bounded function v: I UI~ — R. Recall that in Section
we have defined the spaces N (I*,), consisting of holomorphic germs at 0 which extend ana-
lytlcally to the sector { & elf™ | € > 0, 6* € I'}, with at most exponential growth along each ray
R¥el?™ as prescribed by y(ﬁi) and that according to Section [9.3] the Laplace transform gives
rise to two operators £ and £I~ defined on C6 ® N(IT,7) and Céd e N(I~,7), producing
functions holomorphic in the domains Z(I1,~) or 2(1~,7).

The domains Z(I",v) and Z(I~,~) are sectorial neighbourhoods of co which overlap: their
intersection is a sectorial neighbourhood of oo centred on the ray argz = —6, with aper-
ture m. For a formal series ¢ such that B¢ € Cé @ (N(IT,7) N N(I™,7)), the Borel sums
71 +cﬁ = [! +Bg5 and .1 ¢ = £I” By may differ, but their difference is exponentially small
on 2(IT,y)N 2(I,7). We shall investigate more precisely this difference when B¢ satisfies
further assumptions.

To get uniform estimates, we shall restrict to a domain of the form (I, v+e)NZ (I, v+e),
which is a sectorial neighbourhood of co of aperture m — 2¢ centred on the ray argz = —6.

m

Notation 29.4. For each m € N, we set ]E%(Q,d,m) = éwj (©) and denote by [-],, the

canonical projection

Y a¥ e B(Qd) s (@], = Y % € B(Q,d,m).
weand =0

For each w € 2N d, we set

EM(Q) = (<c 5@ (5 AN (T, ) NN (I ))) c E.(9Q).

m
We also define B (Q,d,m) = @ ELY C ]E%(Q,d,m), on which we define the “Laplace
7=0
operators” £ and £~ by
m m
_ : + _ + * 1 g
o = Z@wi +— L5 holomorphic in Z(I+,v), L7P(z Ze CIELT (1, @) (2).
7=0 7=0

Theorem 29.5. Consider m € N and real numbers p and € such that |wp,| < p < |wm+1] and 0 <
v v

€ < min{%,dist(@, 8[)}. Then, for any ® € EI’V(Q,d, m) such that [A;@]m € EI’V(Q,d,m),

one has

LYB(2) = LT[AT @], (2) + O(e P Re(2)) (153)
uniformly for z € D(IF,v+e)ND(I7,v+e).
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st

L~ Wi+ (o

Figure 13: From the Stokes phenomenon to the symbolic Stokes automorphism.

Proof It is sufﬁment to prove it for each homogeneous component of ¢, so we can assume
=ady, +¢ € E ’7(9), with 0 < j < m. Given z € 2(I},v+¢)NPD(I7,v +€), we choose

9+ eIt and 6~ € I~ so that ¢ — e —*C is exponentially decreasing on the rays R*e”. Then

LE®(2) can be written ae™“i? —|—f w; oo e™*¢(¢) d¢ (by the very definition of 7,,;). Decomposing
the integration path as indicated on Figure we get

LYB(2) =ae™i* + /wj [n+ -+ - /Cp)e—z%(odc

e —z¢ yr—1 —z¢ gm—j—1
DY [ e i e dcr [ e il e de,
r=1 T

P

where the contour C, consists of the negatively oriented half-line [p e el x0) followed by the
positively oriented half-line [pe'?, e 107 o0). We recognize in the m — j terms of the sum in the
right-hand side the Laplace integral of majors (cf. Section applied to the homogeneous

components of [A*@]m; all these integrals are convergent by virtue of our hypothesis that
(A} D], € Bh (2, d, m), and also the last term in the right-hand side is seen to be a convergent
integral which yields an O(e —pRe(e? #)) error term. O

Observe that the meaning of (153]) for ® = ¢ € ]Ev?(l)”(Q), ie g€ @Smp AN, y)NN (I, 7),
is
£9+ £9 @+ e—w1z£9 Aw1()0< ) N e—me[’G’ A;}i-m@(z) + O(e—p%@(eﬂz)).
The idea is that the action of the symbolic Stokes automorphlsm yields the exponentially small
corrections needed to pass from the Borel sum ot ¢ to the Borel sum £7 ¢. It is sometimes
possible to pass to the limit m — oo and to get rid of any error term, in Wthh case one could
be tempted to write

“LT=L" oAl (154)
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Example 29.2. The simplest example of all is again provided by the Euler series, for which
there is only one singular ray, d = R™. Taking any {2 C R™ containing —1, we have

At GF = @F +2mid_, (155)

(in view of (I38)). If we set I := (5, 7) and I~ := (m, 2F), then the functions ¢ = LT@E and
o~ = L¢P coincide with those of Section Recall that one can take v = 0 in this case, so p*
is holomorphic in Z(I*,0) (at least) and the intersection 2(I+,0) N 2(I~,0) is the half-plane
{Rez < 0}, on which Theorem implies

ot = + 2mie,
which is consistent with formula .

Example 29.3. Similarly, for Poincaré’s example with parameter s € C of negative real part,
according to Section , the singular rays are dj, = Rtel%s k € Z, with w, = s + 27ik and
Or = argwy € (3, 37”) We take any () contained the union of these rays and containing
s+ 2miZ. For fixed k, we can set [T := J,_; = (argwk Largwy), I~ = Jp = (argwg, arg wi4+1),
and (@) = cosf. Then, according to Theorem the Borel sums £Lt¢P = .#/+-13P and

L¢P = .77k @GP are well defined. In view of ( -, we have
Ay PP = @F +2midy,, hence LTQF =L7¢P 4 2miem
by Theorem m which is consistent with .

Example 29.4. The asymptotic expansion ¢H(z) of the Hurwitz zeta function was studied in
Exercise For s > 2 integer, with I = (-3, 5), we have

pH(2) =) (e + k) =7 GH(z)
keN
for z € 2(1,0) = C\ R™. With the help of the difference equation ¢(z) — p(z +1) = 27%, it is
an exercise to check that
p () == (z-k)

keN*

coincides with the Borel sum ./ @H defined on 2(J,0) = C\R*, with J = (%, 3%) or (—3F, - 7).
In this case, we can take ) = 27iZ* and we have two singular rays, iR and iR, for each of which

the symbolic Stokes automorphism yields infinitely many non-trivial homogeneous components:

indeed, according to (138)),

) M o~ . . 271 e
AIRJr SDSH = QDS + F(S) Z (27’[‘17’)7,)8 1627rim7 AﬂR SOE = 905 + F(S) Z (_QWIm)S 15727rim-
m=1 m=1

Applying Theorem [29.5 with I* = (0,5) and I~ = (§,m), or with I* = (—m,~F) and I~ =
(=%,0), for each m € N we get

i y N
Smz<0 = o (2)=p (2)+ Fz;l) Z(Qﬂij)sflef%uz + O(efZﬂ(er%)"‘mz‘), (156)
j=1
2 . m
Smz>0 = ¢ (2)= I‘(Zl Z —2mij)5e?™% 1 O(e —2m(m+t3 )“‘mz‘) (157)

—_

]:
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(and the constants implied in these estimates are uniform provided one restricts oneself to
|z] > € and |argz £iF| < § — ¢). In this case we see that we can pass to the limit m — oo
because the finite sums involved in f are the partial sums of convergent series. In
fact this could be guessed in advance: since ' and ¢~ satisfy the same difference equation
©(z) —p(z+1) = z=%, their difference yields 1-periodic functions holomorphic in the half-planes
{Qm z < 0} and {Im z > 0}, which thus have convergent Fourier series of the formm

(" =~ {Smz<0} = Z Ape 2T, (" —¢~ )[{Sm =0} = Z Be?™mz,
m>0 m>0

but the finite sums in (156)—(157)) are nothing but the partial sums of these series (up to sign for
the second). So, in this case, the symbolic Stokes automorphism delivers the Fourier coefficients
of the diffence between the two Borel sums:

o0
I?(Tg) Z (27Tim)sfle*2”imz for Smz < 0,
SGein =g
keZ 1'2‘(7;;1) Z (_1)8(27_‘_im)371627rimz for Smz > 0.
m=1

Example 29.5. The case of the Stirling series i studied in Section is somewhat similar,
with (138) yielding

N 1 L 1
A?ﬁ%+,u =p+ Z E d2rim, AIJ]EQ—,U/ =M= Z E 0_2xim- (158)
meN* meN*
Here we get
o . .
Smz<0 = pt(z)=p (2)+ Z Lem2mimz — = (2) — log(1 — e 2™%), (159)
m=1
e . .
Smz>0 = p (2)=p"(2) - Z Le2mmz — | (2) + log(1 — ™) (160)

(compare with Exercise [11.2)).

29.4 Extension of the inverse Borel transform to ()-resurgent symbols
In the previous section, we have defined the Laplace operators £ and £~ on
v T v v
E(Q,d,m) C E(Q,d,m) C E(Q,d),
i.e. the Q-resurgent symbols to which they can be applied are subjected to two constraints:

finitely many non-trivial homogeneous components, with at most exponential growth at infinity

for their minors. There is a natural way to define on the whole of lv?(Q,d) a formal Laplace
operator, which is an extension of the inverse Borel transform B~ on C§ @ ﬁgmp. Indeed,
replacing the function e*% = £L%§,, by a symbol e %%, we define

E,(Q)=e g7 for weQnd,  E(Q.d) = E.(Q), (161)

16 See Section
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i.e. we take the completed graded vector space obtained as cartesian product of the spaces

92’5_?539, representing its elements by formal expressions of the form ® = Y weand e_“’zéw(z),

where each @w(z) is a formal series and e™“# is just a symbol meant to distinguish the various
homogeneous components. We thus have for each w € Q2 Nd a linear isomorphism

ot P(2) € B e P(2) € Ey(9),
which allow us to define
B, =m,0Bo7: E ()5 é‘w(Q)

The map By can be identified with the Borel transform B acting on simple (2-resurgent series;
putting together the maps B, w € Q2 Nd, we get a linear isomorphism

B: BE(Q,d) = E(Q,d),

which we can consider as the Borel transform acting on “Q2-resurgent transseries in the di-
rection d”, and whose inverse can be considered as the formal Laplace transform acting on
Q-resurgent symbols in the direction d.

Observe that, if e “*3(z) € E,(Q) is such that ¢(z) is 1-summable in the directions of
It U T, then B(e™“*@) € ELY(Q) and

£iB(e—wz¢) — e—wzylisa.

Beware that in the above identity, e 7 is a symbol in the left-hand side, whereas it is a function
in the right-hand side.
Via B, the operators A;{ and A, give rise to operators which we denote with the same
symbols: . .
AT Ay E(Q,d) = E(Q,d),

so that we can e.g. rephrase ((155)) as
AL @GP = @F 4 2mie? (162)

or (158) as
1 ; 1 .
A;{]}—%Jﬂa =0+ Z E e—27r1mz’ A;}—Rfﬂ =0 Z Ee%rlmz. (163)
meN* meN*

In Section we shall see that, if €2 is stable under addition, then lv?(Q,d) and thus also
E(Q,d) have algebra structures, for which it is legitimate to write

. 1 . . 1 .
o log(l - e—27r12;) — Z - e—27r1mz’ log(l o e27r1,z) - _ Z - e27r1mz. (164)
m

m
meN* meN*

Remark 29.6. One can always extend the definition of 0 = % to E(Q,d) by setting

pEATR, = A(eP) = e (~w + D).

(When © is stable under addition @ will be a derivation of the algebra E(£, d), which will thus
be a differential algebra.)
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On the other hand, writing as usual Q@ Nd = {0 = wy < w1 < w2 < ---}, we see that the
homogeneous components of A;{ and A, acting on E(Q,d) (Borel counterparts of the opera-

tors A:r, A, E — B defined by (T48)) act as follows on E,,(Q) for each w = w,, € QN d:

B A:-(efwnga) — efwm-!—rzA:}—err_wm@?
peRT o = (165)

Ar (e7“m%p) = e “mTTEAL Lo, P

Formula (139) then says
Afop=0A%e, Adp=0A4
for every ¢ € E(Q,d), whence A} 09 =090A} and Ajod =00 A,

30 The operators A, are derivations

We now investigate the way the operators A,, and A} act on a product of two terms (convolution
product or Cauchy product, according as one works with formal series or their Borel transforms).
Let €' and Q" be non-empty closed discrete subsets of C such that

Q=0uQ"u @+ (166)
is also closed and discrete. Recall that, according to Theorem [21.§
G € Ry and Y € By = U € Rq.
30.1 Generalized Leibniz rule for the operators A

We begin with the operators A .
Theorem 30.1. Let ¢ € @g,mp and ) € B Then RS @Smp and, for every w € Q\ {0},

AL (@0) = (A @) + > (ALe) ALY+ g(Afd). (167)

/ UJH

w=
w' e N)0,w[, w” Q" Nj0,w|

Proof. a) The fact that $i € ,@Smp follows from the proof of formula (167)) and Theorem m
we omit the details.

b) To prove formula (167]), we define
Yo ={nel0w|neQuUuQorw-—neQu’}

and write Bg = ad + ¢, B = bd + 9, with a,b € C, p € ZY™, b € B,

BAY G = ay 6+ ¢y, ay €C, @y € AP, neS,U{wr  (168)
BAY 0 =bund+tun,  boy €C, by e BP0 me{0}UT,.  (169)

Since BAT (p0)) = bAY G + aAt ) + A (¢ + 1)), formula (T67) is equivalent to

Af@xd) = D (agd+ @) (bo—nd +duy), (170)
ne{0,w}U,,
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with the convention ag = 0, o9 = ¢ and by = 0, @20 = 1&

Consider a neighbourhood of [0, w] of the form Us = { ¢ € C | dist (C, [O,w]) <} withd >0
small enough so that Us \ [0,w] does not meet Q. Let u = we™ with 0 < a < T, a small
enough so that u € Us and the line segment ¢ := [0, u| can be considered as a path issuing from 0
circumventing to the right all the points of ]0,w|[U Q. We must show that conty(¢ % ) (w + ¢)
has a simple singularity at 0 and compute this singularity.

c) We shall show that, when all the numbers a,, and b,,_, vanish,

F(¢) = cont( z&)(w+c>:< 3 ¢n*z&w—n>$°g.<+R<c>, (171)

27
ne{0,w}U,,

where Zog( is a branch of the logarithm and R(¢) € C{¢}. This is sufficient to conclude,
because in the general case we can write

~ ~

A5 2k s » X .
and, by Theorem m the anti-derivatives ¢* and ¢/* satisfy
AYG = ay+ 1% @y AL T =buy+ Lxdu,

instead of - thus we can apply . ) to them and get

. - - Z
conty(Q" ") (w+() = ( Z anbwnC‘HLnC*@Z’wn"‘bwﬁc*@njLC*@”*ﬁ)‘“77) 2(;314
ne{0,w}UL,,
+ R(C),

whence, by differentiating twice, a formula whose interpretation is precisely (170) (because
(éi—C(C x A))/¢ and (¢ x A)/¢? are regular at 0 for whatever regular germ A).

d) From ow on, we thus suppose that all the numbers a, and b,_, vanish. Our aim is to
prove . We observe that D" := {( € D(w,d) | Sm(¢/w) <0}isa half disc such that for all

Ce DJr the line segment [0, ¢] does not meet 2\ {0}, hence conty(@ 1)) (¢ fo P(EYP(C—&)de

for such points. We know by Section [21] that f has spiral continuation around 0. Followmg the

ideas of Section we choose a determination of argw and lift the half-disc —w + D™ to the

Riemann surface of logarithm by setting Dt = {¢=relc Clr<é, argw—m <0 < argw .
\A

Vv
This way we can write f = f om, where f is a representative of a singular germ, explicitly
defined on D% by

cebt = fO= [ $@iw+a(0) - with b = 0w+ (172)

tr(o)
Vv
The analytic continuation of f in
D ={(=re’eC|r<d argw—3r<f<argw—m}

is given by

(eb = 0= / HED(w +7(C) - €) de, (173)
7(¢)



Figure 14: Integration paths for ¢ 1[1 Left: Ly for argw — 2w < arg( < argw — .
Right: £y and L) for argw — 37 < arg ¢ < argw — 2m. (Case when X, has two elements.)

where the symmetrically contractible path Ly is obtained by following the principles ex-

pounded in Section 21 (cf. particularly (109))); this is illustrated in Figure
We first show that

ceDt = FO-fCe™ = S Gyt (174)

ne{0,w}U,,

The point is that ¥, is symmetric with respect to its midpoint ¢, thus of the form {n; < ---n,_1}
with n,_; = w — 7, for each j, and when ( travels along a small circle around w, the “moving
nail” ¢ —n; turns around the “fixed nail” 7,_;, to use the language of Section 2T.4, Thus, for
¢ € DT, we can decompose the difference of paths lr(¢) — Lr(¢) as on Figure |15 and get

Fo- e =( [ ot [+, Joleppte+ m(c) - ),

nEXy

where 7 goes from ¢ e~?™ to ¢ by turning anticlockwise around 0, whereas I' goes from ¢ e=2™
to ¢ the same way but then comes back to ¢ e 2™ (see Figure . With an appropriate change

of variable in each of these integrals, this can be rewritten as

HO - fee ™) = /

~

P(r(C) — E)(w+ €)de + / o+ E(r(C) — €)de

Y

+ 3 [ o+ dw -+ @) - ) e
neEXy r

In the first two integrals, since

~

Do +6) = 5 DO LoE+ RQ), 9w +8) = 5 4u(6) Logé + R'(0),

27

with R' and R” regular at 0, and we can diminish § so that ¢ and 7(¢) — ¢ stay in a neigh-
bourhood of 0 where @, 1, R', ¢,, R’ and 1 are holomorphic, the Cauchy theorem cancels
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Figure 15: Computation of the variation of the singularity at w of ¢ 1&

the contribution of R’ and R”, while the contribution of the logarithms can be computed by
collapsing v onto the line segment [( e~ 2™ 0] followed by [0, (], hence the sum of the first two
integrals is ¢ * 1, + p,, * . Similarly, by collapsing I' as indicated on Figure

[ o+ 0w —n+7(0) = a6 = 5 [ @+ € (humy(7(0) = ) L08E + Rury(6))

(with some regular germ R,,_,) is seen to coincide with f o(n+ g)zpw n(m(¢) — &) d&, which is
itself seen to coincide with ¢, * ww,n (¢) by arguing as above. So is proved.

e) We now observe that, since g({) = ]V“(C) — }(Cg_%i) is a regular germ at 0,
ZLog(

2mi

R(C) = f(¢) —9(¢)

extends analytically to a (single-valued) function holomorphic in a punctured disc, i.e. it can
be represented by a Laurent series . But R({) can be bounded by C(C’ + In IC\) with
appropriate constants C,C’ (using f to bound the analytic continuation of f), thus
the origin is a removable singularity for R, which is thus regular at 0. The proof of is now
complete. ]

30.2 Action of the symbolic Stokes automorphism on a product

Theorem can be rephrased in terms of the symbolic Stokes automorphism A of Sec-
tion u Let us fix a ray d = {tel’ | t > 0}, with total order < defined as previously. Wlthout
loss of generality we can assume that both ' Nd and 2" Nd are infinite and contain 0. With
the convention A(J{ := 1Id, formula can be rewritten

Ag(gv) = > (ALR)NALY),  oeQnd (175)

o=oc'+o"

o’'eQ'nd,a"e’'nd
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For every w’ € ' Nd and W’ € Q" Nd we have commutative diagrams

CoeR™ 0 —— CoaZ™, Co@B™ o —— Coaz™
Tw/ \L i Tw’ Tw// i i Tw”
Eg(,d) = E(Q,d) Egr(Q,d) = En(Q,d)

A

A
hence E(QY,d) = @ E () and E(Q",d) = @ E (") can be viewed as subspaces

w'eQnd w"eQ'Nd
N
of é(Q, d) = @ ﬁw(Q) We shall often abbreviate the notations, writing for instance
weQnd

V/ v V// v
E = B, E"— FE.

The convolution law ((C ) @%Slfig,) ((C 5 @@fﬁ? +Q,,) —Cé EB%SIELP )40 induces a bilinear
map * defined by

oo, Y ) €E x E" > oy € B, (176)

w'eQ'nd w"eQ'Nd w'eVnd, w"eQ’Nd

where . .,
(go,w) S E:u/ X EZ)// — p=x ¢ = T 4w (7’ ;P * 7’ " @ZJ) S Ew SR (177)

Theorem 30.2. With the above notations and definitions,
(@,0) € E'(Q,d) x B"(Q",d) = AF(®*T)=(AFD)« (AJD). (178)

Proof. Tt is sufficient to prove (178)) for (®, V) = (p,v) € é’;, X ﬁ:’},,, with (w',w"”) € Q' x Q.
Recall that

+ + -1 +. + -1
Ad Y= Z TnlA’V]'—w’Tw/ Ps Ad 1/} - Z Tn” An”—w”Tw” . (179)
n/twlynleglnd n//tw//7n//69//nd

Let w = +w”, so that px ¢ € lv?w. We have

Aj(pxd)= > mA N exw) = Y mA () * (1Y)

n=w,neNd nr-w,ne2Nd

by definition of A} and . For each 7, applying (I75) to 0 = n —w, 7' € Cé & %Slfﬂl,,
o w cCdo %Slrrl,,+9,/, we get

A (o) * (1o0)) = > (ALT ) = (AL 70).
n—w=o'+o"

o' e(—w'+Q)Nd, o’ e(—w"+2")Nd

With the change of indices (¢/,0”) — (7', 1) = (W' + o', w"” + ¢”), this yields

Af(pxp)= Yo mAh_ e« (AL T).

neQnd n=n'+n"
n=w n'eQ’'nd,n"€N’nd
UJ,<’V]/7 w//<n//

96



By Fubini, this is

Al (p*t) = > Ty (AF 7 @) x (AL, _ 7)) = (AF ) = (AFY)
HIEQ,ﬂd,n”EQ”ﬂd
w/jnl7w//j7’1//
by definition of * and (179). Hence (178) is proved. O

Remark 30.3. When () is stable under addition, one can take Q' = Q” = Q. In that case,

v
the operation * makes E(),d) an algebra and Theorem [30.2 implies that Az{ is an algebra
automorphism. At a heuristical level, this could be guessed from (154]), since both £+ and £~
take convolution products to pointwise products.

Remark 30.4. Via the linear isomorphism B: E (Q2,d) Ny (€2, d) of Section the bilinear
map * gives rise to a bilinear map «: E(Q,d) x E (Q” d) —>~E(Q d) which, for homogeneous
components, is simply e~ ?3(z). e’ 21/1( ) = e~ W2 5(2)4)(2). This justifies (T64).

30.3 Leibniz rule for the symbolic Stokes infinitesimal generator and the
operators A,

From A; we now wish to move on to its logarithm A ;, which will give us access to the way
the operators A, act on products. We begin with a purely algebraic result, according to which,
roughly speaking, “the logarithm of an automorphism is a derivation”.

Lemma 30.5. Suppose that E is a vector space over Q, on which we have a translation-invariant
distance d which makes it a complete metric space, and thatT: E — E is a Q-linear contraction,
s—1
so that D ==log(Id+T1) = _ -, (712 7% is well defined.
Suppose that E' and E" are T-invariant closed subspaces and that *: E' x E" — E is
Q-bilinear, with d(® * ¥,0) < Cd(®,0)d(¥,0) for some C > 0, and

(B, W) € B' x E" = (Id+T)(® V) = (Id+T)®) * (1d+T)T). (180)

Then
(®,0) € E'xE" — D(® W) = (D®)*x V¥ + & x (D). (181)

Proof. By (180), T cI) * \If = (T®)* ¥ + ®x (TY) + (TP) * (TV). Denoting by N(s',s",s)
the coefficient of XS Y*" in the polynomial (X4+Y + XY)* € Z[X,Y] for any §',s",s € N, we
obtain by induction
T5(@+0)= Y  N(s,8", s)(TD)« (T*D)
s',s"eN

for every s € N, whence

D@xw)= > S EUT N 8" s)(T0) « (T0).

s',s""eN seN

The result follows from the fact that, for every s',s” € N, the number > %N(s’, s s) is

the coefficient of X*'Y*" in the formal series 3 #(X—FY—FXY)S =log(1+X+Y+XY) =
log(1 + X) +log(1 +Y) € Q[[X,Y]]. O

The main result of this section follows easily:
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Theorem 30.6. Under the assumption (166)), one has for every direction d
(@,0) € B'(V,d) x B"(Q,d) = Ay (®+T)=(A;3)+T+dx(A,D) (182)
and, for every w € Q\ {0},

(B, 0) € B2 s o — AL(FD) = (Aud)D + G(ALD). (183)

Proof. The requirements of Lemma |30.5| are satisfied by T := A; —1d and the distance on E
indicated in footnote since log AT = A o> this yields (182)).
% ~ v
One gets (183)) by evaluating (181) with ® = 70Bg € Ej and ¥ = 7oBy € E{j, and extracting

the homogeneous component 7, A, (B@ * Bz/?) € éw. O

30.4 The subalgebra of simple (2-resurgent functions

We now suppose that €2 is stable under addition, so that, by Corollary R is a subalgebra
of C[[z7 Y]]y and C§ @ Zq is a subalgebra of the convolution algebra CJ§ @ C{(}. Taking
Q' = Q" = Q in Theorem we get

Corollary 30.7. If Q2 is stable under addition, then %?Smp 1s a subalgebra 0]‘1@79 and C 5@@;2“@
is a subalgebra of Co @ .

As anticipated in Remark [30.3] there is also for each ray d an algebra structure on ]EVC(Q, d)
given by the operation * defined in , for which the symbolic Stokes automorphism A:{
is an algebra automorphism; the symbolic Stokes infinitesimal generator A, now appears as a
derivation, in view of formula of Theorem W (for that reason A, is sometimes called
“directional alien derivation”).

Remark 30.8. In particular, for each w € Q and ® € E(Q,d), we have e “*® € E(Q,d),
AT (e ¥*®) = e Y AT D, Ay(e D) = e FA,P (184)
(because e~ is fixed by A} and annihilated by A,).

As indicated in formula of Theorem the homogeneous components A, of A,
inherit the Leibniz rule, however it is only if —w + Q C Q that A,: @gmp — @Smp is a
derivation of the algebra Z5™P, and this is the case for all w € ©\ {0} when Q is an additive
subgroup of C. As anticipated in Remark the operators A, are called “alien derivations”
for that reason.

Let us investigate farther the rules of “alien calculus” for non-linear operations.

Theorem 30.9. Suppose that Q is stable under addition. Suppose that $(z),(z), X(2) € .@Smp
and that x(z) has no constant term. Let H(t) € C{t}. Then

Yo (id+@) € ZY™, HoxeB™
and, for any w € Q\ {0}, (Au) o (id+@) € Z°P, and
Ay (o (id+@)) = (9Y) o ([d+@) - Au@ + e % - (Auh) o (id +¢), (185)
Au(Hox) = (5 oX) - Awx (186)
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The proof requires the following technical statement.

Lemma 30.10. Let U = {re? € C |0 <r <R, €I}, whereI is an open interval of R
of length > 4w and R > 0. Suppose that, for each k € N, we are given a function ¢, which is
holomorphic in U and is the major of a simple singularity aj, 6 + Or, and that the series > O,
converges normally on every compact subset of U.

Then the numerical series Y ay is absolutely convergent, the series of functions Zngk con-
verges normally on every compact subset of Dp, and the function ¢ = Y okeN Op, which is

holomorphic in U, is the magjor of the simple singularity (ZkeN ak)(S + D ken Dy
Proof of Lemma [30.10. Pick 0y such that [0y, 00 + 47| C I and let J := [0y + 27,0y + 4x]. For
any R’ < R, writing QA%(W(C)) = 0u(C) — ¢(Ce ™) for ¢ € U with arg¢ € J and [¢| < R, we
get the normal convergence of SAOk: on Dpr.

Now, for each k, fk(C) = () — P (7€) 198 i a major of ay, § and is holomorphic in U; its

2mi

monodromy is trivial, thus ik = Lyom with Lj, holomorphic in D},. For any circle C' centred at 0,
contained in Dg and positively oriented, we have ap = [, Ly(¢) d¢. The normal convergence
of 3¢ and ZQA% implies that of > L, hence the absolute convergence of > ar. Moreover,
for every n € N*, [, Li(¢)¢"™"d¢ = 0, hence L := Y, Ly, satisfies [, L(¢)¢~™d¢ = 0, whence
singy (L(C)) = (Xew @)

We conclude by observing that ¢(¢) = L(7(¢)) + (X ey @r(7(C))) log¢ O

27

Proof of Theorem[30.9. We proceed as in the proof of Theorem 22.2, writing ¢ = a + &1,
1 = b+, where a,b € C and ¢; and 1)1 have no constant term, and H(t) = Zkzo hit®. Thus

po(id+@) =b+ A with Xi=Tyhro(id+¢1), Hox=ho+j with fi==» hx*. (187)
E>1

Both A and [ are naturally defined as formally convergent series of formal series without constant
term: )
A=) "N with A = E(a’me)@’f, f=jk with i = hpx".
k>0 E>1
By Lemma [28.4] and Theorem [30.1} each Borel transform

. 1 St s . »
Ak = H((—C)ke Soh1) x B3, fix = hpX™*

belongs to @Smp, and we have checked in the proof of Theorem that their sums A\ and i
belong to Rq, with their analytic continuations along the paths of C\ Q given by the sums of
the analytic continuations of the functions M\ or i1- The argument was based on Lemma
we use it again to control the behaviour of cont, A and cont., fi near an arbitrary w € Q, for a
path v: [0,1] — C\ Q starting close to 0 and ending close to w. Choosing a lift £ of y(1) — w
in C, we shall then apply Lemma to the functions ¢y (¢) defined by cont., e (w+m(¢)) or
cont fi (w + 7(C)) for ¢ € C close to €.

Without loss of generality, we can suppose that |y(1) —w| = R/2 with R > 0 small enough so
that D(w, R) N = {0}. Let us extend v by a circle travelled twice, setting () == w + (y(1) —
w)egm(t_l) for t € [1,3]. For every ¢t € [1,3] and R; < R/2, we can apply Lemma lﬁ' and get

the normal convergence of > conty,, A, and > conty i, i On D(W(t), Rt). Now Lemma 30.10

shows that cont, A and cont, i have simple singularities at w. Hence 5\, JIgs ngp.
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A similar argument shows that (A1) o (id+¢) € %Slﬁig

Lemma [30.10| also shows that A )\ = Zkzo Ay)\e and AL = Ek>1 A jfip. By means
of (I83), we compute easily A,jix = khpX* 'A,X, whence Ay fi = (— o X) A,X, which
yields ([186]) since (187]) shows that A, i = A, (H o x). By means of and ((183)), we

compute

k e~ aw
k|(ak a¢1) w@l, Bk: = k!

Ay, = Ag + By, Ap = ((—w + 0)F T, A ) F,

S kso Ak = (0Tath1) o ([ +¢1) - Aygr = (991) 0 (Id+@) - Ay = (99) o (id +@) - Ay@, and

_ L —aw k' ~k'+K"
ZBk_ Z Ilk/l[ a TAwwl)

kZO k/ k//>0
70,0.1 k' 1 ! p ) ‘ ?
- Z k/l ]f Z kN (ak T Auﬂh) = exp(—aw — wpr) - (TaAuyhn) © (id +¢1)
k>0 k>0
= P (Authr) 0 (id+3) = e % (Au)) o (id +),
which yields (I85) since (I87) shows that Ay = A, (¢ o (id +¢)). .

Example 30.1. As promised in Example we can now study the exponential of the Stirling
series [i € %’gﬂz* Since 2wiZ* is not stable under addition, we need to take at least Q = 27iZ

to ensure \ = exp ji € %5 SImP - Formulas and (186)) yield

Agrimh= —X,  meZ" (188)

1
m
In view of Remark this implies that any alien operator maps \toa multiple of A. This
clearly shows that the analytic continuation of the Borel transform B(S\ — 1) is multiple-valued,
since e.g. with m = 41 says that the singularity at £2ni of the principal branch has a
non-trivial minor. Let us show that

A+

2mim

A f = —1,4+1,42.+3....
)\:{ orm = —L, 4L, 42,49, (189)

0 form=-2,-3,...

(notice that the last formula implies that the analytic continuation of B(X — 1) from the line
segment (—2mi,27i) to (—2xi, —4wi) obtained by circumventing —27i to the right is free of
singularity in the rest of iR™: it extends analytically to C\ [—27i, +icc), but that this is not
the case of the analytic continuation to the left!)

Formula could probably be obtained from the relation A%lmu = by repeated use
of , but 1t is simpler to use and (| -, and even better to perform the computation
at the level of the symbolic Stokes automorphism and its infinitesimal generator. This time, we
manipulate the multiplicative counterpart of Ai&i and A, obtained through B as indicated
in Section [29.4] and Remark [30.4] writing for instance

. 1 L s _ 1 o - o
Agsr = Z —e 2MmI) — _log(l—e 2™\, Ap A= — Z — e?™Mmz) — Jog(1—e?™#)\.

m
meN* meEN*
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By exponentiating in E(Q, iR™") or E(Q, iR™), with the help of (184]), we get

Ab A= -7 Ix =D e ?mm) AL X=(1-e")A=A-e"N (190)
meN

One gets by extracting the homogeneous components of these identities.

The Stokes phenomenon for the two Borel sums A(z) can be described as follows: with
I'=(-%,%), we have AT =\ = I\ holomorphic in C \R™, and with J = (F, 37“), we have
A= I holomorphic in C \ RT; by adapting the chain of reasoning of Example one
can deduce from that

Imz<0 = A(2)=(1—e2™)" 1\ (2), Smz>0 = A (2) = (1 —¥)AT(2)

(one can also content oneself with exponentiating (159)—(160])), getting thus access to the ex-
ponentially small discrepancies between both Borel sums.
Observe that it follows that A* admits a multiple-valued meromorphic continuation which

gives rise to a function meromorphic in the whole of C: for instance, since A
’ {Sm z>0}

with (1 — e?™*)~1\~ it can be meromorphically continued to C \ R~ and its anticlockwise
continuation to {Imz < 0} is given by (1 — e?™2)~1)\ which coincides with (1 —

. . {Sm z<0}’
e?mz)=1(1 — e_QWIZ))\EngO}, and can thus be anticlockwise continued to {Sm z > 0}: we find

coincides

)\+(§27riz) — (1 _ e27l'iz)71(1 . 6727r12))\+(z) — _ef27riz)\+(z)

(compare with Remark [13.5)). Since 273t7 = o(—3H2)logz gets multiplied by —e?™* after one

anticlockwise turn around 0, we can deduce that the product 27 e_zz_%+z)\+(z) is single-
valued, not a surprise in view of : this product function is none other than Euler’s gamma
function, which is known to be meromorphic in the whole complex plane!

31 A glance at a class of non-linear differential equations

We give here a brief account of some results based on Ecalle’s works that one can find in [Saul0].
Our purpose is to illustrate alien calculus on the example of the simple Z-resurgent series which
appear when dealing with a non-linear generalization of the Euler equation. In this section, we
omit most of the proofs but try to acquaint the reader with concrete computations with alien
operators.

31.1 Let us give ourselves

B(z,y) =Y ba(2)y" € C{z"",y}, with by(2) = 1+ O(z7?%) and by(2) = O(z™") if n # 1,
neN
and consider the differential equation

do _

= B(2,0) = bo(2) + hi(2)6 + ba()F + -+ (191)

(one recovers the Euler equation for B(z,y) = —z~' 4 y). Observe that if #(z) € z7'C[[z7Y]
then B(z,¢(z)) is given by a formally convergent series, so (191)) makes sense.
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Theorem 31.1. Equation (I91)) admits a unique formal solution ¢y € z~*C[[z"]]. This formal
series is 1-summable in the directions of (—m, ) and

bo(z) € L@%iijlp, where Z* = {-1,-2,-3,...}.

Its Borel sum y(_”’”)(;;p is a particular solution of Equation (1191), defined and holomorphic in
a domain of the form 2 ((—m,x),v) C C.

We omit the proof, which can be found in [Saul0]. Let us only give a hint on why one must
take Q = Z*. Writing B(z,y) —y = Y. an(2)y", we have a,(z) € 271C{z7!} for all n € N,

thus (191)) can be rewritten % —¢= > and™, which via B is equivalent to

~ —

Po(C) = 15 ¢

The Borel transforms a, are entire functions, thus it is only the division by 1 + ¢ which is
responsible for the appearance of singularities in the Borel plane: a pole at —1 in the first place,
but also, because of repeated convolutions, a simple singularity at —1 rather than only a simple
pole and other simple singularities at all points of the additive semigroup generated by —1.

(o + a1 % ¢+ ag * ™2 +--+).

31.2 The next question is: what about the Stokes phenomenon forﬁo and the action of the alien
operators? Let us first show how, taking for granted that ¢ € %Zin P one can by elementary

alien calculus see that Aydg = 0 for w # —1 and compute A_;dg up to a multiplicative factor.
We just need to enrich our “alien toolbox” with two lemmas.

Notation 31.2. Since 9 = % increases the standard valuation by at least one unit (cf. (12)), the
operator u+0: C[[z71]] — C[[z!]] is invertible for any p € C* and its inverse (u+9)~! is given
by the formally convergent series of operators 2p>0 pP~1(—0)P (and its Borel counterpart is
just division by g — ¢). For g = 0, we define ! as the unique operator 9~1: z72C[[z7!]] —

2z71C[[z7Y]] such that 9 0 0~ on z72C[[z~}]] (its Borel counterpart is division by —¢).

Lemma 31.3. Let ) be any non-empty closed discrete subset of C. Let ¢ € @gmp and p € Q.
If = 0 we assume @ € z2C[[z7]]; if u # 0 we assume A, @ € z72C[[z71]]. Then (p+0)~1p €
Q?;mp and

we\{0,p} = Au(p+0)'o=(n-—w+0) A,
while, if p # 0, there exists C € C such that

A +0)'g=C+ 070,

Lemma 31.4. Let B(z,y) € C{z"',y}. Suppose that Q is stable under addition and $(z) €
Xy has no constant term. Then B(z,§(z)) € %g"" and, for every w € Q\ {0},

AuB(z,8(2)) = 0yB(2,4(2)) - Au.

The proofs of Lemmas and are left to the reader.

Let us come back to the solution ¢g of . For w € Z* | we derive a differential equation
for ¢ = Ao by writing on the one hand A,d,¢y = 0.0 — wip (by (139)) and, on the other
hand, A, (B(z, <Z~>0)) = 0,B(z, ggo) -1 by Lemma, , thus alien differentiating Equation
yields B

% = (w+9yB(z,¢0)) - . (192)
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Since w + 9, B(z, do) = w + 1 4+ O(272), it is immediate that the only solution of this equation
in z7!C[[z71]] is 0 when w # —1. This proves

w# -1 = Aydy=0.

For w = —1, Equation (192)) reads

d

—d} = B9 (193)
with f1(2) == —1 + 8,B(z, do(2)) € 927;;”1’ (still by Lemma [31.4). Since f1(z) = O(z72),
Lemma [31.3|implies & := 915, € .@;ﬁnp (beware that we must replace Z* with Z_ = {0} UZ*
because a priori only the principal branch of & = —= Bl(g‘ ) is regular at 0). Then

¢y = =14 O(z71) ¢ @;ﬁnp
is a non-trivial solution of (193)). This implies that
A 1o = Cy,

with a certain C € C.

31.3 We go on with the computation of the alien derivatives of d~>1. Let
Bo(e) = 2B (=, d(2) € FE,

so that A_;3 CBadhi(z) and AyBy = 0 for w # —1 (by Lemmam Computing Ay, (071 51)
by Lemma nd then Ay by (186 -, we get

A_1¢1 = 2Chs, by = %le (14 9) (Botr) € %ng{u (194)

and Awggl =0 for w # —1. .
By the same kind of computation, we get at the next step A,¢ps =0 for w ¢ {—1,1},

7 7 7 1 a7 1 a2 7 T sim
A_1¢2 = 3C¢3, ¢3 = §¢2 (14 9) N (B2o1) + 6¢1 2+ 0)"H(B30F + 2B20) € %" (1.2}
with 53 = BSB (z, (]30(2')). A new undetermined constant appears for w = 1: Lemma yields
a €' € C such that Ay (1 + )~ (fa¢1) = C' + A1 (Ba1) = C', hence (194) implies

Ay = C'¢3.

We see that Equation (191)) generates not only the formal solution <;~50 but also a sequence
of resurgent series (an)nzl, in which ¢ was constructed as the unique solution of the lin-
ear homogeneous differential equation whose constant term is 1; the other series in
the sequence can be characterized by linear non-homogeneous equations: alien differentiat-
ing (|1 , we get (1 —|— 8) 1 =A_10yY = A_ (61¢) B1A_19Y + Cﬁg¢1’¢, thus 8( 1¢1) =
(—1+ Bl) _1d1 + Cﬁggbl, and it is not a surprise that ¢ is the unique formal solution of

Dpa = (—1+ P1)ga + %Bz@g% (195)
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Similarly, d~>3 is the unique formal solution of
- A - 1~ -
093 = (=2 + B1)gs + Bad1ds + < Badi. (196)

31.4 The previous calculations can be put into perspective with the notion of formal integral,
i.e. a formal object which solves Equation (191)) and is more general than a formal series like ¢g.
Indeed, both sides of (191)) can be evaluated on an expression of the form

u) = Z U e hn(2) = do(2) + uetdy(z) + ut ey (2) + ... (197)

neN

if (QBn)neN is any sequence of formal series such that gZO has no constant term, simply by treat-
ing ¢(z,u) as a formal series in u whose coefficients are transseries of a particular form and
writing

neN
B(Z,(ZB(Z,U)) = Z ¢0 Z Z (ZSO )) Z un1+--~+nre(n1+-~-+nr)zén1 o -(ZNS,W.
r>1 rl Ny, np 21

This is equivalent to setting Y (z,y) = Y neN Y"dn(z), so that ¢(z,u) = Y(z,ue?), and to
considering the equation . 3 .
9.Y +y0,Y = B(z,Y(2,y)). (198)

for an unknown double series Y € C[[z~!, y]] without constant term.
For an expression ((197)), Equation (191]) is thus equivalent to the sequence of equations

9% = B(z, ¢0) (Eo)
(1+0)d1 — 9y B(2,60) - 61 =0 (Ey)
(n+8)dn — 9, B( -y 1o 0B S budn, fornz2. (B

r>2 N1y p>1

nit+-+ny=n

Of course (Ey) is identical to Equation (191)) for a formal series without constant term. The
reader may check that Equation (E7) coincides with (193)), (E2) with (195)) and (Fs3) with (196])).

Theorem 31.5. Equation (191) admits a unique solution of the form (197) for which the
constant term of ¢o is 0 and the constant term of ¢1 is 1, called “Formal Integral”. The
coefficients ¢, of the formal integral are 1-summable in the directions of (—m,0) and (0,7), and

on(z) € )01 o1y MEN. (199)

The dependence on n in the exponential bounds for the Borel transforms gZA)n 1s controlled well
enough to ensure the existence of locally bounded functions v and R > 0 on (—m,0)U (0, 7) such
that, for I = (—m,0) or (0,m),

Yi(zy) =)y on(2)

neN

104



is holomorphic in
92(1,7,R) = {(z,y) € Cx C| 30 € I such that Re(z ') > ~(0) and |y| < R(0) }.
Correspondingly, the function

B (2,u) = (et (2)
neN
is holomorphic in { (z,u) € Z(1,7) x C| (z,ue*) € Z(I,v,R) }.
The Borel sums qﬁ(*“’o)mzo and ¢(0’”)|u:0 both coincide with the particular solution of Equa-
tion mentioned in Theorem [31.1, For I = (—m,0) or (0,7) and for each u € C*, the
function ¢'(.,u) is a solution of holomorphic in {z € Z(1,7) | Rez < In WRI }.

The reader is once more referred to [Saul0] for the proof.

Observe that when we see the formal integral qg(z, u) as a solution of , we must think
of u as of an indeterminate, the same way as z (or rather z71) is an indeterminate when we
manipulate ordinary formal series; after Borel-Laplace summation of each QNS,L, we get holomor-
phic functions of the variable z € 2(I,7), coefficients of a formal expression 3 u"e"*.71 ¢, (2);
Theorem says that, for each z € Z(1,~), this expression is a convergent formal series,
Taylor expansion of the function obtained by substituting the indeterminate v with a wvariable
u € Do e (with R’ > 0 small enough depending on z).

If we think of z as of the main variable, the interpretation of the indeterminate/variable u is
that of a free parameter in the solution of a first-order differential equation: é(z, u) appears as
a formal 1-parameter family of formal solutions, ¢(-™% and ¢(®™ as two 1-parameter families
of analytic solutions.

As for the Borel sum Y7/(z,y), it is an analytic solution of Equation in its domain
P(I,v,R); this means that the vector ﬁel Xp = % + B(z,Y)aa—Y is the direct image of
N = % + ya% by the diffeormophism

ol (z,y) — (2,Y) = (z, Yl(z,y)).

We may consider N as a normal form for Xz and ©™0 and 07 as two sectorial normal-
izations.

The results of the alien calculations of Sections|[31.2H31.3|are contained in following statement
(extracted from Section 10 of [Saul0]):

Theorem 31.6. There are uniquely determined complex numbers C_1,C1,Co, ... such that, for
each n € N,
Ao =0 form>2, (200)
Aflﬁg)n = (TL + 1)071§Z~5n+1, (201)
Ambn = (n—m)Cop_m for1<m<n-—1. (202)

Equivalently, letting act the alien derivation A, on an expression like ¢(z,u) or Y(z,y) by
declaring that it commutes with multiplication by u, €* or y, on has

. d¢ - oY

Apd = Cpu™tt emz—qZS or ApY =Cpy™tt—, form=—1 orm > 2. (203)
ou oy

17 If we change the variable z into = := —z~ ', the vector field X5 becomes xZ% + B(Z,Y)aa—y7 which has a

saddle-node singularity at (0, 0).
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Equation (203)) (either for é or for }7) was baptized “Bridge Equation” by Ecalle, in view
of the bridge it establishes between ordinary differential calculus (involving 9, or 9y) and alien
calculus (when dealing with the solution of an analytic equation like ¢ or Y).

Proof of Theorem[31.6, Differentiating (198)) with respect to y, we get
(0: +y9,)0,Y = (—1+0yB(z, }N/))ay?-

Alien differentiating ((198)), we get (in view of (139)))
(0> + Y0y ARY = (m+8,B(2,Y))AnY.

Now 9,Y =1+ O(z~1,y) is invertible and we can consider ¥ := (9,Y)"'A,,Y € C[[z~1,y]], for
which we get (9, + y0y,)x = (m + 1)X, and this implies the existence of a unique Cy, € C such
that Y = C,,y™*!. This yields the second part of (203)), from which the first part follows, and

also (200)—(202]) by expanding the formula. O

31.5 The Stokes phenomenon for ¢(z,u) takes the form of two connection formulas, one for
Re z < 0, the other for Rez > 0, between the two families of solutions ¢(~™% and ¢(®7). For
Re z < 0, it is obtained by analyzing the action of AE,, the symbolic Stokes automorphism for
the direction R™. _

Let  := Z*. Since ¢, € @Zlfg (by (199)), the formal integral é can be considered as an
Q-resurgent symbol with support in R™ at the price of a slight extension of the definition: we
must allow our resurgent symbols to depend on the indeterminate u, so we replace with

E(Q,d) = { Z e Py (2,u) | Gu(z,u) € B—yalu] }

we(QU{oH)Nd

(thus restricting ourselves to a polynomial dependence on u for each homogeneous component).
Then ¢(z,u) = Y onen u” e"?¢n(z) € E(Q,R). According to (200), only one homogeneous
component of Ap_ needs to be taken into account, and yields Ap_ d(z,u) = *A_14(z,u),
whence, by @

Mg d(z,u) = S (n+ DO urem™ 50,41 (2) = €1 22 (2, ).

ou
n>0

It follows that . . .
AL ¢(z,u) = d(z,u+Cq) =Y (u+C1)"e"dy(2)

n>0

and one ends up with

Theorem 31.7. For z € 2((—m,0),7) N 2((0,7),7) with Rez < 0,

¢OT(z,u) = o0 (zu+ Ca), YO (2,9) = VT 2y 4+ Oy ).
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31.6 For Rez > 0, we need to inquire about the action of A++, however the action of this
operator is not defined on the space of resurgent symbols with support in R™. Luckily, we can
view @(z,u) as a member of the space F(Z,R™) = Fy D F; D Fy O -- -, where

F, = { Zu”+pe"z@n(z,u) | &n(z,u) € Zyllu]] and

neN
Ay,

T

-Amlsbn:()forml,...,mr21withm1+---+mr>n}

for each p € N. One can check that the operator Ay, = Zmzl e M*A,, is well defined on
F(Z,R*) and maps F}, in F,, 1, with

Ags (D w2y (z,0)) = 3w (z0), a2, u) = D 0 @ (2, 0),

n>0 n>0 m>1

therefore its exponential is well defined and coincides with AI'RE .
In the case of the formal integral ¢(z,u), thanks to (202)), we find

Apyd(z,u) = Z nCpu™t™me" ¢, = € (2, u)

n>0,m>1

0
with a new operator € = Cumt—.
P mz>:1 m ou

One can check that F(Z,R™) is an algebra and its multiplication maps Fj, x F, to Fpiq.
Since % is a derivation which maps ﬁ’p to Fp+17 its exponential exp % is well defined and is
an automorphism (same argument as for Lemma . Reasoning as in Exercise one can
see that there exists &(u) € uC[[u]] such that exp % coincides with the composition operator
associated with (z,u) — (z,&(u)):

o(z,u) € F(Z,Rf) = (exp¥)@(z,u) = gé(z,ﬁ(u)).

In fact, there is an explicit formula

u) = u+ Z (Z Z %Bml,..v,mrcm1 T Cmr>um+1

m>1 ~r>1 mq,...my>1
mi+-+mer=m

with the notations 5, = 1 and Bm,,...m, = (m1 +1)(m1 +ma+1)---(m1 + - +my—1 + 1).
‘We thus obtain

A (z,u) = §(2,€(u)). (204)

Theorem 31.8. The series {(u) has positive radius of convergence and, for z € 9((—7r, 0), ’y) N
2((0,7),7) with Rez > 0,

0Tz u) = 00T (2, 6(w),  YETO(2y) = YO (2 6(ye ™) ).

Sketch of proof. Let I = [e,m — €], J := [—7 + &, —¢], and consider the diffeomorphism 6 :=
[6(0’“)]7106(*“’0) in{ze2(I,v)N2(J,v) | Rez >0} x{|ly| < R'} with R' > 0 small enough.
It is of the form 6(z,y) = (2, x(z,y)) with x*(2,0) = 0. The direct image of N = & + ya%
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by 6 is N, this implies that Y™ = NxT, whence - x*(z,ue?) is independent of z and can be

ue*

written £ with Et(u) € C{u}. Thus xT(z,y) = T (ye ?) e?, ie.

u

YJ(z,y) = YI(z,er(ye*z) ez).

To conclude, it is thus sufficient to prove that the Taylor series of £T(u) is £(u). This can be
done using (204)), by arguing as in the proof of Theorem [29.5] O

Exercise 31.1 (Analytic invariants). Assume we are given two equations of the form
and, correspondingly, two vector fields Xp, = % + Bl(z,Y)élY and Xp, = % + Ba(2,Y) 59
with the same assumptions as previously on Bj, Bo € C{z~! y}. Prove that there exists a
formal series Y(z,y) € C[[z™',y]] such that the formula 6(z,y) := (2, X(2,y)) defines a formal
diffeomorphism which conjugates Xp, and Xp,. Prove that Xp, and Xp, are analytically
conjugate, i.e. X(z,y) € C{z71,y}, if and only both equations give rise to the same sequence
(C_1,C1,Cy,...), or, equivalently, to the same pair (C_l,g(u)) (the latter pair is called the
“Martinet-Ramis modulus”).

Exercise 31.2. Study the particular case where B is of the form B(z,y) = bo(2) + (1+b1(2))y,

with by € 27 1C{z1}, by € 2-2C{z"'}. Prove in particular that the Borel transform of by e =9 1
is an entire function whose value at —1 is —%C_l and that C,, = 0 for m # —1 in that case.

Remark 31.9. The numbers Cy,, m € {—1} UN*  which encode such a subtle analytic in-
formation, are usually impossible to compute in closed form. An exception is the case of the
“canonical Riccati equations”, for which B(z,y) =y — 5= (B_ + B y*)2~!, with B_, B, € C.

2mi
One finds Cp, = 0 for m ¢ {—1,1} and
C_1=B_o(B_B"), Ci=-B,o(B_B")

with o(b) = bl%sin%. See [Saul()] for the references.
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THE RESURGENT VIEWPOINT ON HOLOMORPHIC

TANGENT-TO-IDENTITY GERMS

The last part of this text is concerned with germs of holomorphic tangent-to-identity dif-
feomorphisms. The main topics are the description of the local dynamics (describing the local
structure of the orbits of the discrete dynamical system induced by a given germ) and the de-
scription of the conjugacy classes (attaching to a given germ quantities which characterize its
analytic conjugacy class). We shall give a fairly complete account of the results in the simplest
case, limiting ourselves to germs at oo of the form

f(2)=z2+1+0(z"2) (205)

(corresponding to germs at 0 of the form F(t) = ¢t —t* +¢* + O(¢*) by (83)—(84)). The reader is
referred to [Eca81, Vol. 2], [Mil06], [Lor05], [Sau06], [DS13a], [DS13b] for more general studies.

It turns out that formal tangent-to-identity diffeomorphisms play a prominent role, particu-
larly those which are 1-summable and 27wiZ-resurgent. So the ground was prepared in Sections
and in Theorem In fact, because of the restriction , all the resurgent functions
which will appear will be simple; we thus begin with a preliminary section.

32 Simple -resurgent tangent-to-identity diffeomorphisms

Let us give ourselves a non-empty closed discrete subset 2 of C which is stable under addition.
Recall that, according to Section Q-resurgent tangent-to-identity diffeomorphisms form a
group ¥RES (Q) for composition (subgroup of the group ¢ =id +C[[z71]] of all formal tangent-
to-identity diffeomorphisms at 0o).

Definition 32.1. We call simple Q-resurgent tangent-to-identity diffeomorphism any f=id+¢ €
GRES where ¢ is a simple Q-resurgent series. We use the notations

G = {[=id g | g e ZA™). GETP(Q) = GUP(Q) NG, for o € C.

We define A, : g;Simp(Q) — @S_IS_EQ for any w € €2 by setting

A, (1d+@) = ALQ.
_ Recall that, in Section of was defined as the invertible formal series 1 + 9 for any
f=id+p €Y. Clearly f € 5MP(Q) = Of € ¥5MP(Q)).
Theorem 32.2. The set QZSiinp(Q) is a subgroup of gRES(Q), the set g%simp(ﬂ) 8 a subgroup
of YRES(Q). For any f,§ € 95™P(Q) and w € Q, we have

Au(io f)=09) o f-Auf+e U (Ag)0 ], (206)
h=70Y = Agh=—e“®d) (A Foh-Oh. (207)

Proof. The stability under group composition stems from Theorem since (id —HZ))o(id +¢) =

id+@+vo (id+¢@). The stability under group inversion is proved from Lagrange reversion for-

mula as in the proof of Theorem adapting the arguments of the proof of Theorem
Formula (206 results from , and formula follows by choosing g = fo(-1). O
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33 Simple parabolic germs with vanishing resiter

We now come to the heart of the matter, giving ourselves a germ F'(t) € C{t} of holomorphic
tangent-to-identity diffeomorphism at 0 and the corresponding germ f(z) == 1/F(1/z) € ¢4
at oo.

The germ F gives rise to a discrete dynamical system F: U — C, where U is an open
neighbourhood of 0 on which a representative of F' is holomorphic. This means that for any
to € U we can define a finite or infinite forward orbit {t, = F°"(ty) | 0 < n < N}, where
N € N* U {oo} is characterized by t; = F(tg) € U, ..., tn—1 = F(ty—2) € U and ty =
F(tn—1) ¢ U (so that apriori ¢t y4+1 cannot be defined), and similarly a finite or infinite backward
orbit {t_p, = F°C™ () |0 <n < M} with M € N* U {co}.

We are interested in the local structure of the orbits starting close to 0, so the domain U
does not matter. Moreover, the qualitative study of a such a dynamical system is insensitive to
analytic changes of coordinate: we say that G is analytically conjugate to F' if there exists an
invertible H € tC{t} such that G = H°=Yo FoH; the germ G is then itself tangent-to-identity
and it should be considered as equivalent to F' from the dynamical point of view (because H
maps the orbits of F' to those of G). The description of the analytic conjugacy classes is thus
dynamically relevant.

We suppose that F is non-degenerate in the sense that F"(0) # 0. Observe that G =
H"DoFoH = G"(0) = H'(0)F"(0), thus we can rescale the variable w so as to make
the second derivative equal to —2, i.e. we assume from now on F(t) =t —t2 + (p + 1)t + O(t?)
with a certain p € C, and correspondingly

f(2)=z24+1—pz ' +0(:z"%) 9. (208)

Such a germ F or f is called a simple parabolic germ.

Once we have done that, we should only consider tangent-to-identity changes of coordinate G,
so as to maintain the condition F”(0) = —2. In the variable z, this means that we shall study
the ¥-conjugacy class { h°(=1 o foh|he¥} C%.

As already alluded to, the G- conjugacy class of f in % plays a role in the problem, i.e.
we must also consider the formal conjugacy equivalence relation. The point is that it may
happen that two holomorphic germs f and g are formally conjugate (there exists h € 4 such
that f o h=ho g) without being analytically conjugate (there exists no h € ¢ with the same
property): the ¢-conjugacy classes we are interested in form a finer partition of % than the
&-conjugacy classes.

It turns out that the number p in is invariant by formal conjugacy and that two germs
with the same p are always formally conjugate (we omit the proof). This number is called
“resiter”.

We suppose further that the resiter p is 0, i.e. we limit ourselves to the most elementary
formal conjugacy class. This implies that our f is of the form and formally conjugate to
fo(z) == z + 1, the most elementary simple parabolic germ with vanishing resiter, which may
be considered as a formal normal form for all simple parabolic germs with vanishing resiter.
The corresponding normal form at 0 is Fy(t) = t . The orbits of the normal form are easily
computed: we have f§" = id+n and Fy"(t) = 1+ ; for all n € Z, thus the backward and
forward orbits of a point ¢y # 0 are infinite and contained either in R (if ¢ty € R) or in a circle
passing through 0 centred at a point of iR*.

In particular, all the forward orbits of Fy converge to 0 and all its backward orbits converge
in negative time to 0. If the formal conjugacy between F' and Fy happens to be convergent,
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then such qualitative properties of the dynamics automatically hold for the orbits of F' itself (at
least for those which start close enough to 0). We shall see that in general the picture is more
complex. . .
34 Resurgence and summability of the iterators
Notation 34.1. Given § € ¢, the operator of composition with § is denoted by

Cy: ¢ €Cll="Y] = $og e Cll=""].

The operator Ciq _; — Id induces an invertible map z~'C[[z7!]] — 272C[[z!]] with Borel coun-
terpart 9(¢) € C[[¢]] = (e — 1)¢(¢) € ¢C[[¢]]; we denote by

E: 2°C[lz" Y] = 27 'Cllz7Y)),  E: ¢C[K)) - ClK))

its inverse and the Borel counterpart of its inverse, hence (E@)(¢) = e<1_1 &(Q) (ct. Corollary .
We also set
for=id+1 €%, (209)

The operator E will allow us to give a very explicit proof of the existence of a formal
conjugacy between a diffeomorphism with vanishing resiter and the normal form (209)).

Lemma 34.2. Given a simple parabolic germ with vanishing resiter f € ¢4, there is a unique
Uy € % such that
Oy 0 f = fo 0 . (210)

It can be written as a formally convergent series

U, = id+ Z Dhes @ = (EB)*Eb € 27 *71C[[z7Y]] for each k € N, (211)

with a holomorphic germ b := f o fg(_l) —id € 272C{z7 '} and an operator B = Ciq 4p — 1d.
The solutions in & of the conjugacy equation v o f = fyo ¥ are the formal diffeomorphisms
U = Uy + ¢ with arbitrary c € C.

Proof. The conjugacy equation can be written 0 o f = ¥ + 1 or, equivalently (composing with
fg(fl) = id—1), 0o (id+b) = o (id—1) + 1. Searching for a formal solution in the form
¥ =id +¢ with ¢ € C[[z71]], we get b+ p o (id+b) = $ o (id —1), i.e.

(Cia—1 —1d)@ = B +b. (212)

We have val ((Cia—1 — Id)@) > val(¢) + 1 for the standard valuation (10), and val(Bg) >
val(¢) + 3 (because B can be written as the formally convergent series if operators ) -, %brﬁ"’
with val(b) > 2 and val(0p) > val(@) + 1), thus the difference between any two formal solutions
of is a constant. If we specify ¢ € z7'C[[z}]], then is equivalent to

¢ = EB + Eb,

where val(EB@) > val(@) + 2, thus the formal series ¢y of (211]) have valuation at least 2k + 1
and yield the unique formal solution without constant term in the form ¢ = >, - P O
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Definition 34.3. The unique formal diffeomorphism v, € % such that 0, o f = fp oD, is called

(=1

the “iterator” of f. Its inverse @, = Uy € %, is called the “inverse iterator” of f.

We illustrate this in the following commutative diagram, including the parabolic germ at 0
defined by F(t) :==1/f(1/t):

Observe that
f o, =14 0 fo, (213)

which can be viewed as a difference equation: @.(z + 1) = f(u.(z)).

Theorem 34.4. Suppose that f € % has vanishing resiter. Then its iterator v, and ils inverse
interator @, belong to 9y "7 (2mZ) N G(I1) N G(I7) with It == (=Z,%) and I~ = (%,3)
(notations of Definitions and .

Moreover, the iterator can be written v, = id +¢ with a simple 2wiZ-resurgent series ¢ whose
Borel transform satifies the following: for any path v issuing from 0 and then avoiding 2mwiZ
and ending at a point (. € iR, or for v = {0} and (. = 0, there exist locally bounded functions
a,B: ITUI~ — RT such that

’cont7 (¢ + teia)‘ <a(0) e’ forallt>0and e ITUI™ (214)

(see Figure[16a).

Since ¢ = ¥, — id is given by Lemma [34.2] in the form of the formally convergent series
Zkzo P, the statement can be proved by controlling the formal Borel transforms .

Lemma 34.5. For each k € N we have ¢y, :== B(¢y) € ?Z’;l:i%’

Lemma 34.6. Suppose that) < e <nm <7,0< K <1 and D is a closed disc of radius € centred
at 2wim with m € Z*, and let

Of p={CeC|Re¢ > —7, dist (¢,271Z") > e} \{u¢ € Clu € [1,+00), £( € D} (215)

(see Figure b). Then there exist A, M, R > 0 such that, for any naturally parametrised path
v: 0,0 = QF 5 with

s€0,e] = [y(s)|=s, s>e = [y(s)| > ¢, s€[0,4] = |y(s)| > ks, (216)
one has

Me)*
(M) ef for every k > 0. (217)
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Co Hte®?

Figure 16: Resurgence of the iterator (Theorem . Left: A path of analytic continuation
for ¢. Right: The domain QjT p of Lemma

Lemmas and imply Theorem 344 According to notation (97), we denote by Dy or Dy

the open disc centred at 0 of radius 27 or 1. Lemma [34.6] implies that the series of holomor-
phic functions ) @ converges normally in any compact subset of Dy, (using paths v of the
form [0, ¢]) and that its sum, which is ¢, extends analytically along any naturally parametrised
path v which starts as the line segment [0, 1] and then stays in C\ 27iZ: indeed, taking ¢, x small
enough and 7, m large enough, we see that Lemma [34.6[applies to v and the neighbouring paths,
so that yields the normal convergence of )~ ., conty ¢r(v(t) + ¢) = conty 4(y(t) + ¢) for
all t and ¢ with |¢| small enough. Therefore ¢ is 27iZ-resurgent and, combining Lemma m
with the estimates (217)), we also get ¢ € @;ﬁ; by Lemma

This establishes 7. € 45" (27iZ), whence @, € 9> (27iZ) by Theorem

For the part of relative to T, we give ourselves an arbitrary n > 1 and set 6, = 5
IF = [=5 4 0n, § — 0p]. Given v with endpoint ¢, € iR, we first replace an initial portion of
with a line segment of length 1 (unless v stays in Dy, in which case the modification of the
arguments which follow is trivial) and switch to its natural parametrisation 7: [0,¢] — C. We
then choose €, and k,, small enough:

£, < min {1, minh, dist (v([0,4), 2miZ*), dist (G, 27iZ) cos 5n},

: ) [GeteEion |
nn<m1n{r[1(r)1’1£r]1 . ,Ithl(I)l T ,
and 7 and m,, large enough:
: 1
7 > —min Re, my > — (en + max|Sm 1),

2T

so that Lemma applies to the concatenation of paths T’ := v + [Cs, (4 + t€lf] for each t > 0
and 6 € IT; since T has length ¢ + t, (217) yields

t>0and el = ‘conty (G + teig)’ = ‘contp (T(0+ t))! < Ay oMot Ba)(E4)
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where A,,, M,, and R,, depend on n and -~ but not on ¢ or §. We thus take
at(0) = et ®) max{ A, |n>1st. 0}, BY0) =max{M,+R,|n>1st.60cl}
for any 6 € I, and get

t>0and eI’ = ‘contvgﬁ((:* —}-tei(’)‘ < at(0) PO,

The part of relative to I~ follows from the fact that ¢~ ({) = ¢(—() satisfies all the
properties we just obtained for ¢((), since it is the formal Borel transform of ¢~ (z) := —@p(—2z)
which solves the equation Cig _1¢~ = Ciq - ¢~ + b, associated with the simple parabolic germ
[R)=—fY=2)=2z+1+b"(2+1).

This establishes (214), which yields (in_the particular case v = {0}) . € G(It)NG(I7),
whence i, € %(IT) N%(I~) by Theorem O

Proof of Lemma[34.8 Since b(z) € 272C{¢}, its formal Borel transform is an entire func-
tion b(¢) vanishing at 0, hence
b(¢)

Zsimp
o_1° Romiz,

Po(C) =

(cf. Lemma [27.7]). .
We proceed by induction on k& and assume k£ > 1 and @1 € %;?Zp . By Theorem we

get Ciq 1pPr—1 € e@;iﬁg, thus Bog 1 € «@7;:?;, thus (since B(Bpr—1)(¢) € ¢C{¢})

1

= eci—lB(ngkil)(C) c QQWiZ7

¢k(0)

but is it true that all the singularities of all the branches of the analytic continuation of ¢y are
simple?
By repeated use of (185)), we get

Au, Doy Cig syt = e @FH0bC WAL - Ay Pra
for every s > 1 and wy,...,ws € 2wiZ*, hence
Ay, Doy Bor1 = By D+ Doy @1 with By, . = e @1 Fwslboy, o 1d.

Now, for any ¢ € C[[z7]], we have B, .4 = e~ @it tw)b By 4 (e=(wittws)b _ 1)y ¢
272C[[z71Y]], thus each of the simple 27iZ-resurgent series A, - - - A, B@r_1 has valuation > 2.
By Remark the same is true of AY Bpy_1 for every w € 2miZ and every v starting close
to 0 and ending close to w: we have

Log ¢

conty, B(B-1)(w + ) = $(0) 5

+ R(C)

with ¢ € ¢C{¢} and R € C{¢} depending on k, w, 7, hence ¥(¢) = fc(_ol € C{¢} and (since

L
conty G(w + ) = ﬁ +%(0) ;’f’r CLRYC), with ¢ = 27iR(0) and R*(¢) € C{C).
Therefore ¢y has only simple singularities. O
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Proof of Lemma[34.6. The set QF_ is such that we can find My, L > 0 so that

¢
el —1

CEQETD =

' < Mge M, (218)

On the other hand, we can find C' > L and Ry > 0 such that the entire function b satisfies

’C’2k_1

Rolcl for all *
(2k_1)!e orall (e Cand ke N

16(¢)| < C|¢|efoldl for all ¢ € C, hence |b**(¢)| < C*

by Lemma [I3.1}

Let us give ourselves a naturally parametrised path v: [0,¢] — Q+T p satisfying

For any 2miZ-resurgent series 1) with formal Borel transform 1/1, we have By € Zoriz, by Theo-
rem the proof of which shows that By = B (qu) can be expressed as an integral transform

= fOC K (&, ¢)ih(€) d€ for ¢ close to 0, with kernel function

K60 =Y Tl )

k!
k>1

The estimates available for b** show that K is holomorphic in C x C, we can thus adapt the
arguments of the “easy” Lemma and get

cont. BIZJ(’}/(S)) = /0 K(v(o),7(s)) cont“/}(fy(a))fy’(a) do  for all s € [0,4].
The crude estimate
K (6, Q)1 < Clelex KT for all (6,0) e Cx C,

with arbitrary p > 1, will allow us to bound inductively cont, ¢ = cont,, Eé@k,l.
Indeed, the meromorphic function ¢y = ﬁ satisfies (217 with A := MyC and any R > Ry.

Suppose now that a 2wiZ-resurgent function 1& satisfies

. C
’contwj)(w(s))‘ < e (s) for all s € [0, 4], with R:== Ro+pu, p:= —

K
and a certain positive continuous function V. Since |y(o)| < ¢ and |y(s) —y(0)| < s — 0, we
obtain

‘cont Bw ‘ <Cs ol tR)s / U(o)do for all s € 0,/],

0
whence ‘COIlt EBl/} (s) ‘ M eF * [3 ¥(o)do with M := CMO by (218), using |y(s)| > ks.
We thus get |conty ¢ (v(s))| < Aeft Rs (Ms)? ) by induction on k. O

35 Fatou coordinates of a simple parabolic germ

35.1 For every R > 0 and 0 € (0,7/2), we define

Zgyé::{reiee(C\r>R, 0] <m—0}, 2;275::{7"e196(C]7“>R, 0 —7m| <m—0}.
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Definition 35.1. A pair of Fatou coordinates at oo is a pair (v, v™) of injective holomorphic
maps
+. vt - y-
v .2R75—>(C, v .2375—>C,

with some R > 0 and 0 € (0,7/2), such that
vtof=foov", wTof=foouvT,

We still assume that f € ¢ has vanishing resiter, with iterator 0, and inverse iterator .

We still use the notations [T = (—=%,%) and I~ = (%, 3F).

Theorem 35.2. There exists locally bounded functions B,61: I™ UI~ — (0,+00) such that
B < B and

e 7, € %(I+,ﬁ) ﬁ%([‘,ﬁ) and vF = ST, s injective on 2(I%,8) (notation of Defini-
tion ;
e i, € %(I*,Bl) ﬂ%([ﬂﬂl) and uf = ST, s injective on 2(I%, B1), with

u*i(_@(fi7ﬁ1)) C 2(I*,8) and viouf =id on 2(I%, ).

Moreover, the pairs of Fatou coordinates at oo are the pairs (v + ¢, vy + ¢7) with arbitrary
+ —
c,c eC.

Remark 35.3. We may consider (v, v, ) as a normalized pair of Fatou coordinates. Being
obtained as Borel sums of a 1-summable formal diffeomorphism, they admit a 1-Gevrey asymp-
totic expansion, and the same is true of the inverse Fatou coordinates uj and u,. The first
use of Borel-Laplace summation for obtaining Fatou coordinates is in [Eca81]. The asymptotic
property without the Gevrey qualification can be found in earlier works by G. Birkhoff, G. Szek-
eres, T. Kimura and J. Ecalle—see [Lor05] and [Lod13] for the references; see [LY12] for a recent
independent proof and an application to numerical computations.

Proof of Theorem[35.3. The case v = {0} of Theorem yields locally bounded functions
a,B: ITUI~ — RT such that o, € %(Ii,ﬁ,a) (notation of Definition . In view of
Theorem we can replace 3 by a larger function so that v is injective on 2(I*,3). We
apply again Theorem setting

B < B =B+2Va < Bi=F+1+V2)Va,

we get U, € f%([jE B*), hence @, € %(Ii, f1), and all the desired properties follow.
By Lemma we have f = . = f; replacing the above function g by a larger one if
necessary so as to take into account the domain of definition of f, Theorem shows that

ST (5,0 f) =vEo fand ST (foiiy) = fouE. In view of ([210) and (213), this yields
vEof=foouvE,  fouf=ufofy (219)
We see that for any § € (0, 7/2) there exists R > 0 such that Eﬁé C 9(I%*, B), therefore (v, vy)

is a pair of Fatou coordinates.
Suppose now that v* is holomorphic and injective on Eﬁ s5- Replacing the above function 3

by a larger one if necessary, we may suppose > R, then 2(J*,5) C EE& with J* =
(=2 +6,5—0), J = (% +6,3 — ). By Theorem we have uf (2(J*, 81)) € 2(J*, B),
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thus Pt = vFo u is holomorphic and injective on Z(J ,51). In view of , the equation

o f = fyowvt is equivalent to fyo @+ = dF o fy, i.e. T = id +¥* with U* 1-periodic.
If \I/jE is a constant ¢*, then we find v* = vF + ¢*. In general, the periodicity of ¥* allows
one to extend analytically ®* to the whole of C and we get an injective entire function; the
Casorati-Weierstrass theorem shows that such a function must be of the form az + ¢, hence U+
is constant. ]

35.2 Here are a few dynamical consequences of Theorem The domain 2% := 2(I", 1)
is invariant by the normal form fy = id+1, while 9~ = .@( , 51) is invariant by the backward

dynamics fg D _iq —1, hence
Pt = uf(27) is invariant by f, P~ :=u (27) is invariant by oY, (220)
and the conjugacy relations f = u} o foouvt, fo-0 =u o fo )6 v, yield
e P = [z2) =uf (v](2)+n), e P = () =u; (v, (2) — n)

for every n € N. We thus see that all the forward orbits of f which start in £ and all the
backward orbits of f which start in &~ are infinite and converge to the fixed point at co (we
could even describe the asymptotics with respect to the discrete time n)—see Figure

All this can be transferred to the variable ¢ = 1/z and we get for the dynamics of F' a
version of what is usually called the “Leau-Fatou flower theorem”: we define the attracting and
repelling “petals” by

t={teC*|1/te T}, P ={teC*|1/te 27},

whose union is a punctured neighbourhood of 0, and we see that all the forward orbits of F
which start in P+ and all the backward orbits of F' which start in P~ are infinite and converge
to 0 (see Figure . Notice that P™ and P~ overlap, giving rise to two families of bi-infinite
orbits which are positively and negatively asymptotic to the fixed point.

We can also define Fatou coordinates and inverse Fatou coordinates at 0 as well as their
formal counterparts by

V@) =l (1), US(z) =1/uf(2),  Vi(t) = 0.(1/), Ui(z) = 1/a(2),
so that
te Pt = VI(F(@) =V,h(t) +1, z€ 9T = F(US(2) =Uf(z+1), (221)
teP™ =V, (FPUV®) =V, () -1, :€92 = FUVU(2)=U (2 -1).  (222)
Observe that, with the notation 9.(z) = z 4+ Y, axz~ ¥, we have
VD) ~ Valt) = ¢+ > ot

whereas iy (2) = z 4 1(2) with ¢(z) = D k>l brz~* € 271C[[z71]] implies

t 1

Ud(z) = 27 Y1+ 2719(2)) T € 27 IC[[z7 Y]]
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Pt vl

z=1/t

@4—

Figure 17: The dynamics in the attracting petal viewed in three coordinates.
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By Theorems and we see that U, is a simple 2riZ-resurgent series, which is 1-summable
in the directions of I and I~, with

Ut = 2170,

35.3 Of course it may happen that one of the formal series @y, @y, Vi, U, and thus all of them
be convergent. But this is the exception rather than the rule.
There is a case in which one easily proves that all of them are divergent.

Lemma 35.4. If F(t) or F°1(t) extends to an entire function, then the formal series Uy, s,
Vi, Uy are divergent.

Proof. Suppose that F' is entire. The function U_ (z), intially defined and holomorphic in 2,
which contains a left half-plane {Rez < —c}, can be analytically continued by repeated use
of (222)): for any n € N*, the formula

U (2)=F(U, (1)) =---=F"™(U; (z—n))

yields its analytic continuation in {Re(z) < —c + n}, hence U, extends to an entire function.
If U, had positive radius of convergence, then we would get U, ~1 U, in a full neighbourhood
of co by Lemma in particular U (z) would tend to 0 as |z| — oo and thus be uniformly
bounded; then the entire function U, would be constant by Liouville’s theorem, which is im-
possible because U, (z) = 2~ + O(z72).

If it is F°(-1 that extends to an entire function, then U extends to an entire function by
virtue of and one can argue similarly to prove that U, is divergent. O

36 The horn maps and the analytic classification

In (220) we have defined 2+ and £~ so that v] induces a biholomorphism 2+ = 9+ and u;
induces a biholomorphism 2~ =5 22~. We can thus define a holomorphic function

hi=vlou;: 27N () (PT) = 2T Nvf(27), suchthat ho fo= fooh (223)

(the fact that h conjugates fy with itself stems from (219))).
Let us define, for any R > 0 and § € (0,7/2),

”//Ileg::{rei9|r>R, s<O<m—0}, Vpy={re’|r>R r+d5<0<2r—5}

Since v} and u, are close to identity near oo, there exists R > 0 such that the domain of
definition of h has a connected component which contains “//Igfr /4 and a connected component

which contains “//}13?7‘;“/ 4> 50 that in fact formula (223)) defines a function h"P and a function hlow,

Lemma 36.1. There exists o > 0 such that the function h'"P extends analytically to the upper
half-plane {Im z > o} and the function h'°% extends analytically to the lower half-plane {Sm z <
—o}. The functions h"?—id and hl°% —id are 1-periodic and admit convergent Fourier expansions

+00 +oo
WP(z)—z= > A e HV(z)—z= > Ape M (224)
m=1 m=1
with A, = O(eN™) for every A\ > 270
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Proof. The conjugacy relation h"™/1°% o fo = fy o h"/1°% implies that h"™/1°% is of the form

id +PUP/1o% with a 1-periodic holomorphic function P"P/1ow. ”//}gfr//lzw — C. By 1-periodicity,

PUP/1oV extends analytically to an upper/lower half-plane and can be written as y(e

with x holomorphic in the punctured disc D%, .. The asymptotic behaviour of v;" and u; at oo

in 2((—%, %), 51) shows that RP/1o% (2} = 2+ 0(1), hence x(Z) Py 0. Thus x is holomorphic
%

:t27riz)
)

in Doy, and vanishes at 0; its Taylor expansions yields the Fourier series of PP/1ow, ]

Definition 36.2. We call (h"P, h1°%) the pair of lifted horn maps of f. We call the coefficients
of the sequence (A;,;)mez+ the Ecalle-Voronin invariants of f.

Theorem 36.3. Two simple parabolic germs at co with vanishing resiter, f and g, are ana-
lytically conjugate if and only if there exists ¢ € C such that their pairs of lifted horn maps
(h;p, hlfow) and (hg®, hP™) are related by

hyP(2) = h;p(z +c¢)—c hlgow(z) = hlj?w(z +c¢)—c, (225)
or, equivalently,
Ap(g) = e 2MmeA, (f)  for every m € 7. (226)

Proof. We denote by vy, vf, ug, u}jf the iterator of f, its Borel sums and their inverses, and
similarly v, vgi, Ug, ugi for g.

Suppose that f and g are analytically conjugate, so there exists h € 4 (convergent!) such
that goh = ho f. It follows that vy o D og = fyo v o h°(=1 hence there exists ¢ € C
such that vy o Re-b = Vg + ¢ by Lemma Let 7 :=id 4+c. We have 7, = 1o vy o RO
and Gy = ho iy o7, whence v} = 1o vy o R and u, =ho up oT by Theorem and

g
.. . _ _ _ . lo _ up/lo .
Lemma This implies v; ou, =T Lovfousor,ie. h;p/ W o pup/low oT, as desired.

Suppose now that there exists ¢ € C satisfying (225). We rewrite this relation as

hiP — 7L o pUP o

low _ _—1 low
9 7 ) hy" =717 ohy" oT,

with 7 = id +c. This implies

+ -+ _ up low
Tovy ou, =vyoup ot on VpsUVRs

with, say, 6 = 3w/4 and R large enough. Therefore

+ + - — up low
ufoTovg _ufOTovg ODVR,7K/4U7//7W/4-

Toro v and u; o7 ow, can be glued to form a function h

This indicates that the functions u 9

holomorphic in punctured neighbourhood of co; the asymptotic behaviour then shows that h is
holomorphic at oo, with Taylor series @y o 7 o v5. The conjugacy relations @, = g o g4 o fg (1)
and Tovpo f = fooT ot imply igoTovso f=gotyoTovys, hence f and g are analytically
conjugate by h. ]

Theorem is just one part of Ecalle-Voronin’s classification result in the case of simple
parabolic germs with vanishing resiter. The other part of the result (more difficult) says that
any pair of Fourier series of the form (Zm>1 A_,,e>mimz Yot Ame_%imz), where the first
(resp. second) one is holomorphic in an upper (resp. lower) half-plane, can be obtained as
(RYP —id, hl" —id) for a simple parabolic germ f with vanishing resiter.
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37 The Bridge Equation and the action of the symbolic Stokes
automorphism

37.1 Let us give ourselves a simple parabolic germ at co with vanishing resiter, f. So far, we
have only exploited the summability statement contained in Theorem and we have see that
a deep information on the analytic conjugacy class of f is encoded by the discrepancy between
the Borel sums v;” and v, i.e. by the lifted horn maps. Let us now see how the analysis of this
discrepancy lends itself to alien calculus, i.e. to the study of the singularities in the Borel plane.
We first use the operators A, of Sections with w € 2miZ*. They are derivations of the
algebra %57, and they induce operators A,,: ¥, P — 72,70 defined by A, (id+¢) = A,p.

Theorem 37.1. There exists a sequence of complex numbers (Cy,)y,ecoriz+ such that
Ay = Cplie, Ayl = —C, e« (id) (227)
for each w € 2miZ*.

Proof. Let us apply A, to both sides of the conjugacy equation (213): by Theorem since
A, f and A, fo vanish, we get

(Of) 0ty - Aulix = (Auiix) © fo

(we also used the fact that e “(fo=id) = 1 since w € 27iZ*). By applying 0 to (213)), we also
get
(Of) 0 Uy - Oy = (OUy) © fo.

Since dii. = 1 + O(z~2), this implies that the formal series C' = %“’Tf‘;* € C[[z71Y]] satisfies
C =Co fy. Writing C o fo — C = dC + %826 + --- and reasoning on the valuation of dC, we
see that C' must be constant.

We have (At )0 Uy - 00y = é(aa*) 0Dy - Oy = Cﬁ(ﬁ* o0l,) = C’, hence Formula yields
Ao = —C e~ w(ba—id), O

The first equation in (227)) is called “the Bridge Equation for simple parabolic germs”: like
Equation (203)), it yields a bridge between ordinary differential calculus (here involving 9) and
alien calculus (when dealing with the solution @ of the conjugacy equation (213)).

37.2 From the operators A,, we can go the operators AJ by means of formula (142)) of Theo-
rem according to which, if one sets €2 := 27iN* or ) :== —27iN*, then

A$ZZ$ Z Ay, 0---0A,, 04, forwel. (228)

s>1 WlyeerywWs €Q
w1+t Fws=w

We also define

A=Y b Y Ay 00l 0A, forwe. (229)

5>1 W1,eneywWs €
w1t tws=w

The latter family of operators is related to Exercise [29.1} they correspond to the homogeneous
components of exp(—A,,.) the same way the operators A correspond to the homogeneous

components of exp(A . )—see formulas (165)(232).
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Corollary 37.2. Let 2 = 2wiN* or ) := —27iN*. For each w € €, define

St = - Z é Z LPiyrwsCuoy = Cuogy S = Z (_13#:_1 Z Loy ws Cuoy o Cuog

s>1 W15, wWs EQ s>1 W1yeen,ws EQ
Wit Fws=w w1t Fws=w

with Ty, =1 and Ty, o, =wi(wi +w2)-- (w1 + - +ws—1). Then
AYG, = STe T ATp, = § emw(®Tid) (230)

Proof. Let ¢ = @, — id, so that the second equation in (227) reads A,p = —C,e “%. By
repeated use of formula (186) of Theorem we get A, Ap, @ = wiC, e “IPA, G =
—w1C,,, C,, e~ W1 Hw2)@ A Ay Ay, @ = ..., etc. The general formula is

Ay, D@ =Ty w.,Coy - Cl, ef(w1+...+ws)¢v’
whence the conclusion follows with the help of (228)—(229)). O

In fact, in view of Remark the above proof shows that, for every w € 27iZ and
for every path  which starts close to 0 and ends close to w, there exists S, € C such that
A v, = S) e w(0x—id)

37.3 We now wish to compute the action of the symbolic Stokes automorphism A?ﬁgi on Uy
and to describe the Stokes phenomenon in the spirit of Section so as to recover the horn
maps of Section [36] We shall make use of the spaces

AN
E* = E(Qﬂ'iZ,iRi) = @ ngZ%%
weX27iN

introduced in Section since 27iZ is an additive subgroup of C, these spaces are differential

algebras,

B >Sim —27iz [ — ZSim Tiz d
B =gtlle ™), BT =amgple™), o=,

on which are defined the directional alien derivation A, and the symbolic Stokes automorphism
Aiﬁﬂéi = exp(Ag+). According to Remark both operators commute with the differential 0.
So does the “inverse symbolic Stokes automorphism” A;,, = exp(—A.).

We find it convenient to modify slightly the notation for their homogeneous components:
from now on, we set

2 men pedin B oo
we2miZ, mel, ¢€ Aoy = o)
Ai:(ef%rlmz(ﬁ) — ei(zmerw)zAf(ﬁ,

so that

Api = Z A, on ET, Ap- = Z A, onE-,

we2miN* wE—2miN*

A, =exp(£Aps) =1d+ Y AL AL —exp(xap)=1d+ Y AL (232)
we2riN* we—2miN*
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simp

We may consider v, as an element of id +'%727riZ C id+E*. We thus set Aw id == 0 and

Af id := 0 so that the previous operators induce

AL _: id+E~ — E~.

+
AﬂR+’ A iR—

iR+

A

et MdH+EY S BT Ap AL

iR—?

This way (227) yields A, = —C,, e~“" and (230)) yields Af@* = Ste “" and we can write

+ ~ ~ § : + —wd + ~ ~ E +  —wis
AiR+U* = Uk + Sw € UJ’U*, AIR, Vg = VU + Sw € wo .
we2miN* w€—2miN*

Theorem 37.3. We have

2+ Y STet = hlv(a), AL T =BV o gy, (233)
we2miN*

s DD Syer = (hv)e (), A= () Vog,  (234)
we2miN*

ct Y Sfem = (Pt l(e), A b= (PP Vod,,  (235)
weE—27iN*

2+ Y. Sye = hP(2), Ag By = AP o b, (236)
we—2miN*

In particular the Ecalle- Voronin invariants (Am)mez~ of Lemma are given by

Ay = S

A, =5~ Foms M €N, (237)

2wim>
Remark 37.4. The “exponential-like” formulas which define (S¥),corin: from (Cy,)weonin: in
Corollary H are clearly invertible, and similarly (C,,)we_2xin: = (SF)wearin: is invertible. It
follows that the coefficients C,, of the Bridge Equation are analytic conjugacy invariants
too. However there is an important difference between the C’s and the S’s: Theorem [37.3
implies that there exists A > 0 such that Si. = O(e*™]), but there are in general no estimates

2mwim

of the same kind for the coefficients Coyip, of the Bridge Equation.

Proof. Let I := (0,7) and 6 := %, so that I = (0,%) and I~ = (5, n) with the notations of
Section [29.3| Let us pick R > 0 large enough so that AV is defined by vy o (v;)°(=1 in ”1/1°W/4
(cf. (223))

For any m € N, we deduce from the relation A;& L0 =T+ ).

+ —wv*
we2miN* S that

2 —27rij17
[A RJFU* m = Ux + 27r1] .

with notation [29.4 - Each term e~2™/% ig 27T1Z—resurgent and l-summable in the directions
of I*, with Borel sums . I* (e2mij0x) = o 2mijui , hence Theorem implies that

41/}%{0;1:/4 = ] ( _|_ Z SQmJ —27rijv*_(z) + O(e—p|%mz|)
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for any p € (2mm, 2mw(m + 1)). It follows that
7/]%07\7;//4 — hlow =2+ 23271-1] —2rijz + O(e—p|%mz|)

for any p € (27Tm, 2m(m + 1)), whence (233)) follows.

Formula is obtained by the same chain of reasoning, using a variant of Theorem m
relating .~ 0, and S +[AIR+ Os)m-

Formulas and are obtained the same way, using I = (—m,—%) and I~ =
(=%,0), but this time yﬁ@*:v; and .1 o, = vf. O

37.4 We conclude by computing the action of the symbolic Stokes automorphism Ai%i ON Us.
Definition 37.5. The derivation of E+

Dig+ = Cr+(2)0, where C+(z) = Z Cpe %,
weE2miN*

is called the “formal Stokes vector field” of f.

Such a derivation Djp+ has a well-defined exponential, for the same reason by which A; had
one according to Theorem iii): it increases homogeneity by at least one unit.

Lemma 37.6. For any ¢ € %);1;?;;

exp (Cig+(2)0 )gi) $oP with Pgr+(z) =z + Z S, e “*
weE2miN*
exp (— C’iRi(z)(?)q; =doQpr with Qr:(z) =2+ Z She vz,
weE2miN*
Proof. Let ) = 27wiN* or Q = —27iN* and, accordingly, C = Cig+ or C = Cig-, D = D+ or
D = Dg-. We have C = 5. C,, e 1%, DC = 3 (—w)C,, C,, e~ @1192)2 D20 = | etc. The

general formula is
D7TIC= (=1 Y Tuyw,Cuy o Cy e ez g >,
W1yeen,ws EQ
We thus set, for every w € €,
_1)s—1ys
Sult) =Y T 3 TuywCuy - Cu, € CIH

s>1 W1 yene s €S
w1t Fws=w

(observe that S, (t) is a polynomial of degree < m if w = £27wim), so that S,(1) = S, and
Su(=1) =S}, and

Gil2) = 3 5710 = 3 sufe) e € (™).

s>1 7 weN

We leave it to the reader to check by induction the combinatorial identity

s _ s! a1 R .
Do= >, PO (DO, s 2]
n>1, s1,...,8n,>1
1t on—s
for any (73 € ‘@?;i:ilgv whence exp(tD)& =+ Y on>1 %(Gt)nafﬁ ¢ (id 4+Gy). O
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In view of Theorem [37.3] we get

Corollary 37.7.
exp (Cig-(2)0)d = o b, exp(— Cig+(2)0)d = o h™
for every ¢~) € %7;;?3;
Since the Bridge Equation can be rephrased as
Aps iy = Cip= Oty
and the operators A, and Dijgp+ commute, we obtain

Corollary 37.8.

exp(tAp= )Usx = exp(tCig+0)ty, teC.
In particular
AL @, =1, 0 hYP, A iy = iy 0 (REP)°),
AL i = i o (W), Ay il = s 0 WOV
Expanding the last equation, we get
we2mN* = Afa, = Yoo LsE S0

n>1, wi,...,wn>1
w1+t Fwn=w

We leave it to the reader to compute the formula for Af @, when w € 27iN*, and the formulas
for Affu* when w € —27iN*,
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