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Abstract

We present new estimates on the two-dimensional Ginzburg-Landau energy of a type-II
superconductor in an applied magnetic field varying between the second and third critical
fields. In this regime, superconductivity is restricted to a thin layer along the boundary
of the sample. We provide new energy lower bounds, proving that the Ginzburg-Landau
energy is determined to leading order by the minimization of a simplified 1D functional in
the direction perpendicular to the boundary. Estimates relating the density of the Ginzburg-
Landau order parameter to that of the 1D problem follow. In the particular case of a disc
sample, a refinement of our method leads to a pointwise estimate on the Ginzburg-Landau
order parameter, thereby proving a strong form of uniformity of the surface superconductivity
layer, related to a conjecture by Xing-Bin Pan.
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1 Introduction

The Ginzburg-Landau (GL) theory of superconductivity was first introduced in the '50s [GL] as a
phenomenological, macroscopic model. It was later justified by Gorkov [Gor] as emerging from the
microscopic Bardeen-Cooper-Schrieffer (BCS) theory [BCS| (a rigorous mathematical derivation
has been achieved only very recently [FHSS]). It has been widely used in the physics literature
(see the monographs [Lé, [Ti]) and has proved very successful, e.g., in predicting the response of
superconducting materials to an external magnetic field. We recall for instance the prediction by
Abrikoso] of vortex lattices [Abr] and the first discussion by Saint-James and de Gennes [STAG]
of the surface superconductivity phenomenon that shall concern us here.

The phenomenological quantities associated with the superconductor are an order parameter
U, such that |¥|? measures the relative density of superconducting Cooper pairs, and an induced
magnetic field h, which must be distinguished from the external or applied magnetic field. For
a superconductor confined to an infinite cylinder of smooth cross section  C R?, the GL free
energy is given in appropriate units by the functional (here we follow the convention of [FH2],
other choices are possible, see, e.g., [SS])

GOL[w, A] = /er {|(v +ikoA) U — k202 + LWl 4 (ko)? [curl A — 1|2} , (1.1)

with U : R? — C the order parameter and koA : R? — R? the induced magnetic vector potential.
The induced magnetic field is then h = ko curlA, with k > 0 a physical parameter (penetration
depth) characteristic of the material, and ko measures the intensity of the external magnetic
field, that we assume to be constant throughout the sample. We shall be concerned with type-II
superconductors, characterized by x > 1/4/2, and more precisely with the limit x — oo (extreme
type-II).

The state of the superconductor is obtained by minimizing the GL free energy with respect
to the pair (¥, A). A crucial property to be taken into account in the minimization is the gauge
invariance of (1)), namely the fact that the energy does not change when the replacements

U e 7% A 5 A+ Ve (1.2)

are simultaneously performed, for some (say smooth) function ¢ : R?> — R. One important
consequence is that the only physically meaningful quantities are the gauge invariant ones, such
as the induced field h = ko curlA or the density of Cooper pairs |¥|?.

The modulus of the order parameter |¥| varies between 0 and 1: the vanishing of ¥ in a
certain region or point implies a loss of the superconductivity there due to the absence of Cooper
pairs, whereas if || = 1 somewhere all the electrons are arranged in Cooper pairs and thus
superconducting. The cases || = 1 and |¥| = 0 everywhere in  correspond to the so-called
perfectly superconducting and normal states, known to be preferred for small and large applied
field respectively. When |¥| is not identically 0 nor 1, for intermediate values of the applied field,
one says that the system is in a mized state.

Several remarkable phenomena occur in between the two extreme regimes where the supercon-
ducting or normal state dominate. We describe them in order of increased applied field, that is, in
the units of (I1I), in order of increasing ko (recall that this description is valid in the regime x > 1):

INoteworthily Ginzburg, Landau and Abrikosov were all awarded a Nobel prize in physics for their findings about
superconductivity.



CORREGGI, ROUGERIE — Surface Superconductivity 3

e The sample stays in the superconducting state until the first critical field
H. =Cqlogk

is reached, where Cg only depends on the domain 2. Then vortices, i.e., isolated zeros of ¥
with non-trivial winding number (phase circulation), start to appear in the GL minimizer and
their number increases with the increase of the external field ko. They arrange themselves on
a triangular lattice, the famous Abrikosov lattice, that survives until a second critical value

of the field is reached.
e When the second critical field
Hey = K2, (1.3)

is crossed, superconductivity is lost in the bulk of the sample and survives only in a thin
layer at the boundary 0€2. More precisely the GL order parameter is exponentially decaying
far from the boundary and well separated from 0 only up to distances of order (ko) ~'/? from
9. This is the surface superconductivity regime: see [S_el_al) for an early observation of this
phenomenon and [N ef al] for more recent experimental data.

e Surface superconductivity survives until a third critical field
He3 =07"'x* +0(1), (1.4)

is reached, where 1/2 < ©¢ < 1 (more precisely Oy !~ 1.6946) is a sample-independent
number (see Section [A]). Above H.s there is a total loss of superconductivity everywhere
and the normal state becomes the global minimizer of the GL energy. Sample-dependent
corrections to the estimate (4] are also known.

The above is of course a vague description and a large mathematical literature, including the
present contribution, has been devoted to backing the above heuristics with rigorous results (see
[BBH2, [FH2, [SS| for reviews and references). On the experimental side, we mention the
direct imaging of the Abrikosov lattices (see, e.g., [H ef al) and more recently of the surface

superconductivity state [N et all.

In this paper we investigate the behavior of the superconducting sample between the second
and third critical fields, which in our units translates into the assumption

o=bk (1.5)
for some fixed parameter b satisfying the conditions
1<b<O; (1.6)

From now on we introduce more convenient units to deal with the surface superconductivity phe-
nomenon: we define the small parameter

_ 1 _ 1
T ok b2k

and study the asymptotics € — 0 of the minimization of the functional (III), which in the new
units reads

Get W, A Z/er{’(V—i—ig)\If

We shall denote

<1 (1.7)

2

1
2be2

b
— — (2]9)? = |¥[") +€—4|cur1A—1|2}. (1.8)

GL ._ : GL
E& T (\I/,glen@GL ge [\Pa A]a (19)
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Wit}E

2 = {(V,A) € H'(;C) x H' (4 R?)}, (1.10)

and denote by (UG AGL) a minimizing pair (known to exist by standard methods [FH2, SS]).
Minimizers of the GL functional solve the GL variational equationsﬁ

2
(VA ) et = gk (w1 e,

in Q (1.11)
GL) _ /2 GL* AL\ [, GL ’
curl (curlA ) =< [\If (V + 16—2) 14 } ,
with the boundary conditions
) 'A_GL) wCL _
v (v G ’ on 09, (1.12)
curlACGL =1,

where v is the outward unit normal to the boundary.

Note that in our new choice of units we have replaced the two parameters x,c with the pair
€,b, where only the first one is infinitesimal throughout the region between H.o and H.3. The
strict inequalities we impose on the fixed parameter b in (L)) are in fact crucial in our analysis:
we shall not deal with the limiting cases where b — O Lor b — 1 as a function of e. The former
corresponds to applied fields extremely close to H.s, a regime already thoroughly covered in the
literature (see [FH2l Chapters 13 and 14] and references therein). The latter corresponds to the
transition from boundary to bulk behavior where our methods do not apply (see [FK| [Kad for
recent results).

Several important facts about type-II superconductors in the surface superconductivity regime
e—=0,1<b< 0Oy ! have been proved rigorously in recent years. We start by mentioning the

energy asymptotics of [Pan]:

GL _
ESt =

where Ej, < 0 is some constant independent of &, |02 the length of the boundary of Q and b satisfies
the conditions (ILG). The definition of F}, given in [Pan| is somewhat complicated (see Section 2.3))
and further research has been devoted to obtaining a simplified expression. First, [FHI] considered
the case where b — Oy ' as a function of ¢ at a suitable rate and identified the constant FEj in this
case (see also [LP]). In [AH], on the other hand, it is proved that if b is sufficiently close to @0_1
(independently of €), the following holds:

|09 5P

GL _
EZ" = .

+0(1), (1.14)

where E}P is obtained by minimizing the functional

+oo
a2t = [ a{ast e s ar s - g er - 1) (115)

both with respect to the function f and the real number . All the previous results are reproduced
in [FH2] Theorem 14.1.1]. It was later proved in [FHP] that (LI4) holds at least for 1.25 < b <
©y', which is an improvement over [AH], but does not cover the full surface superconductivity

regime (LG)).

2Sometimes the minimization domain is defined in a slightly different way by picking divergence-free magnetic
fields A, i.e., such that V- A =01in Q and v - A = 0 on 0Q2. The gauge invariance of the functional immediately
implies that the two minimization domains are in fact equivalent.

33 -] stands for the imaginary part.
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The idea behind (I.T4)) is that, up to a suitable choice of gauge, any minimizing order parameter
WEL for ([T has the structure

WGL@ﬁ:zjb(g)exp(gdaog) (1.16)

where (fo, ap) is a minimizing pair for (LI5) and (&, ) =(tangent coordinate, normal coordinate)
are boundary coordinates defined in a tubular neighborhood of 92 (see Section LT]). Of course the
only physically relevant quantities are gauge invariant and thus the actual result, proven in [AH],

can be stated as )
1w = |0 (2)[7)

which says that the density of superconducting electrons in the sample is essentially confined to
the boundary on a length scale e = 1/y/ko. Moreover it can be approximated by the function

L2(9) < Hf02 (Zal)Hm(sz)v (1.17)

‘ fo (g) ’2 which only depends on the normal coordinate. The result of [AH] is not stated exactly
as above, but following their methods and those of [FHP], it is possible to see that ((LIT) holds for
1.25<b< Oy

Two main questions are left open in the aforementioned contributions:
1. Does (LI4)) hold in the full surface superconductivity regime (LG)?

2. Can (LI7) be strengthened to a better norm, e.g., is the GL matter density [#S%|? close to
the simplified 1D density ‘ fo (181) ‘2 in L°° norm, at least close to the boundary of the sample?

These are respectively advertised as Open Problems number 2 and 4 in the list of [FH2, Page 267].
Both questions are important from a physical point of view. An affirmative answer to Question 1
would rigorously confirm that surface superconductivity is essentially a 1D phenomenon in the
direction normal to the boundary. Question 2 is a strengthened version of a conjecture due to X.B.
Pan [Pan, Conjecture 1]: it asks whether the surface superconducting layer is uniform in some
sense, in particular by ruling out normal inclusions (vanishing of the order parameter) like isolated
vortices close to the boundary of the sample.

The goal of the present paper is to provide a method for bounding below the GL energy that
allows us to answer Question 1 in the affirmative. In the particular case where the domain €2 is a
disc, a refined version of the method and some specific technical efforts also give a positive answer
to Question 2.

Our new estimates follow from a quite different approach than that in [AH| [FHP]. They are
inspired by our earlier works on the related Gross-Pitaevskii (GP) theory of trapped rotating
superfluids [CPRY2l [CPRY3] (see [CPRY4, [CPRY?5] for short presentations and [RI] for an earlier
approach). These were concerned with the occurrence or absence of vortices in the bulk of rotating
Bose-Einstein condensates, in particular in the giant vortex regime where the wave-function of the
condensate is concentrated in a thin annulus.

The main physical insight behind our new results on the GL functional is roughly speaking
that the only possible way for (ILI4) to fail would be that vortices are nucleated inside the surface
superconductivity layer. Although this is a physically quite unreasonable possibility in view of the
accumulated knowledge on type-II superconductors, it is not ruled out by any previous mathemat-
ical result. The method we adapt from our earlier works confirms that nucleating vortices is not
favorable, which allows us to prove ([LI4) in the whole surface superconductivity regime.

A sketch of the method will be given in Subsection 23] after we state our main results rigor-
ously: first, our affirmative answer to Question 1 for general domains in Subsection B.Il then our
investigation of Question 2 for disc samples in Subsection The rest of the paper is devoted to
the proofs of our main results.
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Notation: In the whole paper, C will denote a generic positive constant whose value may change
from line to line. The notation O(d) and o(d) will as usual denote quantities whose absolute value
is respectively bounded by C§ or a function f(§) — 0 in the relevant limit at hand (most often,
e — 0). We will write O(§°°) for a quantity which is a O(6%) for any & € RT when § — 0, e.g.,
an exponentially small quantity. We will use a ~ b, a < b and a « b when a/b — 1, a/b — 0
and a/b — C # 0,1 respectively. We sometimes use f ~ g for two functions f and ¢ in heuristic
statements, when we do not wish to be precise about the norm in which f and g are close nor
about the errors involved.

Acknowledgments: Part of this research has been carried out at the Erwin Schrodinger Institute
in Vienna and at the Institut Henri Poincaré in Paris. We acknowledge stimulating discussions
with Sgren Fournais. M.C. was supported by the European Research Council under the Euro-
pean Community Seventh Framework Program (FP7/2007-2013 Grant Agreement CoMBos No.
239694). This research also received support from the ANR (Project Mathostaq ANR-13-JS01-
0005-01).

2 Main Results

2.1 General domains: leading order of the energy

Here we present the results we may prove for any smooth domain €2. Minimizing the 1D functional
(CIH) with respect to f we obtain an energy Ej?, and a minimizer fo . Then, minimizing Eg?,
with respect to a gives a minimal energy ELP and a minimizer cg. We denote fo := fo.q, for short.
The intuition behind (CI4) is that ¥S behaves to leading order as (II6) in a suitable gauge. We
use again the notation (£,7) for the tangential and normal components of boundary coordinates

(see [FH2, Appendix F]). Our main result for general domains is the following answer to Question
1 and extension of (LIT):

Theorem 2.1 (Leading order of the energy and density for general domains).
Let Q C R? be any smooth simply connected domain. For any fivzed 1 < b < 90—17 in the limit
e — 0, it holds

1D
por = U 4 o), (21)

ISP = 18 (D) 2y = 2 < (D] 2 - (22)

The estimate (Z2)) confirms that the density of Cooper pairs is roughly constant in the direction
parallel to the boundary of the sample, while the profile in the perpendicular direction is to leading
order independent of the sample 2. Note that we are making a slight abuse of notation in this
estimate since the boundary coordinates are not defined in the whole sample. This is harmless
since both |[UEL|2 and 12 (g) are exponentially decaying at distances larger than Ce from the
boundary. This remark also indicates that

2 1/2

/5 (g)HLZ(Q) o el/?,
because the area of the boundary layer is roughly proportional to €. This vindicates the second
inequality in (2:2]).
Remark 2.1 (Limiting cases)
As already mentioned we choose not to address the limiting cases b — 1 or b — O ! for sim-
plicity. In the former case, a bulk term should appear in addition to the boundary term (21),
as demonstrated in [FK]. Probably our method may give a simplified expression of the boundary
term obtained in this reference (see Subsection [Z3]). When b — © ! the analysis is complicated

by the fact that fo — 0, so that the leading order of ESL is no longer of order ¢! [FH2, Theorem
14.1.1]. O
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2.2 The case of the disc: refined energy estimates and Pan’s conjecture

Although the proof of Theorem[ZTlsuggests that normal inclusions, i.e., regions where the supercon-
ductivity is lost (isolated vortices for example), are not favorable in the surface superconductivity
layer, the precision of the energy estimate is not sufficient to rigorously conclude that none occur.
In fact the error term in (2 is still comparable with the energetic cost for [¥'SE| to vanish close to
the boundary in a ball of radius €, as follows from the optimal estimate |V|¥SE|| oc 71, In order
to obtain an equivalent of (I7) in L norm, it is thus necessary to expand the energy further.

An important difficulty is then that one of the terms entering the O(1) remainder in (2T
involves the curvature of the domain Q. It is clearly (see below) not smaller than a constant,
and must thus be evaluated to go beyond (2I). One case where we are able to do this is when
the curvature is a constant k, i.e., the domain is a disc. In this case one may evaluate the O(1)
remainder in ([2)) by using the following refined functional:

(t+a — $ekt?)?

D colloge| )
& (1) ::/0 at (1—5kt){|6tf| e

poger-mb e
where ¢y is a constant that has to be chosen large enough (see Subsection ET] for its role in the
proof). Note that (IIH) is simply the above functional with k& = 0, ¢ = 0, that is with curvature
terms neglected. As before, minimizing with respect to both f and «, we obtain an energy EiD, a
function fi and an optimal ay € R. Contrarily to the corresponding quantities in the k = 0 case,
these do depend on e. The following theorem contains the refined estimates in which we use (2.3)).
We denote by (r, %) the polar coordinates.

Theorem 2.2 (Refined energy and density estimates in the disc case).
Let Q be a disc of radius R =k~'. For any 1 < b < @0_1 there exists a co > 0 such that, as e — 0,

it holds
2rE liD
€

ESL = + O(ellogel), (2.4)

H|\I/GL|2 _ f}? (Rfr

- )HL2(Q) = O(e%?|loge|'/?). (2.5)

Remark 2.2 (Limits and orders of magnitude)

It is clear from ([23) that the k-dependent terms contribute to EiP at order e, so that the error
term in (24]) is much smaller than these curvature dependent effects. Note also that the error we
make in the density asymptotics ([Z3]) is much smaller than the difference between fo and f (of
order € as a simple estimate reveals). In particular (Z25) does not hold if fj is replaced by fo. O

A density estimate so strong as (23] turns out to be incompatible with any significant local
discrepancies between |WL|2 and f7 (%) We thus rule out normal inclusions in some boundary
layer that we now define:

A ={reQ: fi (BL) >} C {r >R— %5\/|logfy€|}, (2.6)

where bl stands for “boundary layer” and 0 < 7. < 1 is any quantity such that

ve > /6] loge|4/3. (2.7)

The inclusion in 26]) follows from ([B.26]) below and ensures we are really considering a significant
boundary layer: recall that the physically relevant region has a thickness roughly of order ¢.

Theorem 2.3 (Uniform density estimates in the disc case).
Let Q be a disc of radius R =k~'. Foranyl <b < 90_1 there exists a co > 0 such that, as € — 0,
it holds

€

T @] = fi (B2 e (4, = OO 226 Toge) < 1. (2.8)
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In particular at the boundary OS2 we have
|[WEE (R, 9)| = fiu(0)] = O/ loge*), (2.9)
uniformly in ¥ € [0, 27].

Remark 2.3 (Optimal density fr and Pan’s conjecture)
For example, if we choose 7. = |loge|~2, we obtain

WO (r)| — fi (B=2)] < CeY4 log e,

for any r such that » > R — Celog|logz|. One should note that the error term in (Z8) is much
larger than the difference between fi and fy, so we could as well use fp in the statement of the
theorem. However the use of the optimal density fj remains crucial to reproduce the energy of the
GL minimizer up to corrections o(1) (see Proposition B.12)). The particular case (Z3]) proves the
original form of Pan’s conjecture [Pan, Conjecture 1] in the case of disc samples. O

The above result provides information about the behavior of the modulus of ¥S* on the bound-

ary, and, thanks to the positivity of fi (in particular at ¢ = 0), the phase and thus the winding
number (phase circulation) of WG at the boundary are well defined. In the next theorem we give
an estimate of deg(VUEL, 90), where, if By is a ball of radius R, we define

\ v

2w deg (¥, 0BgR) := —i/ d¢ uaT <—> , (2.10)
oBr ¥ 0|

0, standing for the tangential derivative along the boundary. We thus complete the analysis of the

boundary behavior of WS by discussing its phase.

Theorem 2.4 (Winding number of V¢ on the boundary of disc samples).

Let Q be a disc of radius R = k™'. For any 1 < b < @al as ¢ — 0, any GL minimizer UG
satisfies

_ lonl
€

deg (TCL,00) + O34 loge|?). (2.11)
Remark 2.4 (Boundary behavior of WS and interpretation of the winding number)

The combination of Theorem 2.4l with the modulus convergence stated in (2.9) is compatible with
a behavior of the type

TOL(R, 0) ~ fr(0)e! L 3

although the estimates are not precise enough to derive the exact shape of the phase factor. As
is well-known, the winding number counts the number of phase singularities, i.e., vortices of WG
inside . The above result thus suggests that there are a number of order e~! vortices in the
sample, although these are made undetectable in practice by the exponential decay of WL in this
region. O

Remark 2.5 (Lack of continuity of WGI as a function of b, )

As noted in [AH], the continuity of WG as a function of the parameters of the functional does not
seem compatible with the existence and quantization of the winding number (ZI0) that follows
from (29). Indeed, the phase circulation is a topological, discrete quantity that cannot vary
continuously. While in [AH] this argument was used to cast doubt on the possibility for ([Z9) to
hold, we on the contrary use their argument to suggest that W& does not depend continuously on
b and €. O

We end this section by a comment about general domains. We do believe that the analogues
of 23 and ([ZII]) continue to hold for any smooth Q C R?. The estimates of Theorem 2.2 clearly
fail however since the curvature of the domain is not constant in this case. We still think that our
method can ultimately allow to generalize Theorems and 241 to general smooth domains, but
important new ingredients are also required. This will be the subject of a future work.
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2.3 Heuristic considerations and sketch of the method

The starting point of our analysis is a reduction of the problem to an effective one posed in a
small boundary layer and a mapping to boundary coordinates. This involves a clever choice of
gauge, decay estimates for the GL order parameter (mostly the so-called Agmon estimates) and
a replacement of the induced vector potential by the external one. This part of the analysis is
borrowed from the aforementioned references and we have virtually nothing new to say about it.
The main steps will be recalled later for the convenience of the reader, an exhaustive reference
on these methods being [FH2]. In this section we outline the main steps of our approach beyond
these classical reductions, starting from a functional that is commonly used in the literature as
an intermediate between the full GL energy and the 1D functional (LIH). This will illustrate
the arguments we shall use in the proofs of our main results, in particular give a pretty complete
picture of the main ingredients for the results of Subsection 21l The estimates leading to the
results of Subsection [Z2 are based on the same kind of considerations, applied to more complicated
functionals however and with significant additional technical difficulties.

After the reductions we have just mentioned, the leading order of the functional is given by a
model on a half-plane, with a fixed vector potential parallel to the boundaryﬁ:

L +oo
wll = [ as [T afi(v - ite) ol + glutt - 2o} (212)

Here the coordinate ¢ corresponds to the direction normal to the boundary of the original sample,
s to the tangential coordinate. Length units have been multiplied by e~! so that 2L = 199 Note
that the only large parameter of this functional is the length L. The parameter b is the original
one and thus satisfies (LLG). Since the domain

Dy :=[-L,L] xRt

corresponds to the unfolded boundary layer (with neglected curvature), one must impose periodicity
of 1 in the s-direction. This is not so important when L is large, and in this section we shall only
assume periodicity of |¢| in the s variable. We denote Ehp(L) the minimum of &, under this
condition and recall that the constant Ej, obtained by X.B. Pan [Pan| in (LI3) is in fact given by
the large L limit of (2L) ™! B,y (L).

We will argue that Ey, = 2LESP where ESP is defined at the beginning of Subsection 211 The
upper bound Ey, < 2LELP is immediate, using 9(s,t) = fo(t)e "% as a trial state. The strategy
we borrow from [CPRY2, [CPRY3] yields the lower bound Ey, > 2LE}P. The main steps are as
follows:

1. When b < 6 1 fo is strictly positive everywhere in RT. To any 1) we may thus associate a
v by setting '
U(s,t) = fo(t)e " “%u(s,t). (2.13)

Using the variational equation for fj it is not difficult to see that

Enp] = 2LELP + & [v], (2.14)
Eofv] = /D dsdt f3(t) { Vol = 2(t + ag)es - j(v) + %f@(t) (1—Jo?)? } (2.15)
with e, the unit vector in the s-direction and
jlw) = % (vVv* —v*Vo)

the superconducting current associated with v. This kind of energy decoupling, originating in
[LM], has been used repeatedly in the literature (see [CRI[CRY] [R2] and references therein).

4The subscript hp stands for “half-plane”. Sometimes this is referred to as a functional on a half-cylinder.



CORREGGI, ROUGERIE — Surface Superconductivity 10

2. In view of ([2.14), we need to prove a lower bound to the reduced functional &. Here our
strategy differs markedly from the spectral approach of [AH, [FHP]. We first note that the
field 2(t + a) f2(t)es is divergence-free and may thus be written as V- Fy with a certain Fp,
that we can clearly choose as

t

Folt,s) = Folt) = 2 / dn (n+ a0) 2 (),

by fixing Fy(0) = 0. Then it follows from the definition of o and fy that Fy(4+00) = 0 (this
is the Feynman-Hellmann principle applied to the functional 562). Using Stokes’ formula on
the term involving j(v) in (ZI8]) we thus have

ol = [ dsat { O IV + Fooyuto) + 55800 (1~ o)°}.

where
p(v) = curl j(v)

is the vorticity associated to v. We also use the periodicity of |i| here.

3. It is not difficult to prove that Fj is negative, so that we may bound below
Qo] = [ dsat (530907 + Fa(oln(w)]).
Dp,

We now make the simple but crucial observation that the vorticity is locally controlled by

the kinetic energy density:
|u(v)| < [Vol?, (2.16)

so that we have
Eolv] > / dsdt (f3(t) + Fo(t)) |Vo)?. (2.17)
Dp

4. In view of (2I4]) and 217, the sought-after lower bound follows if we manage to prove that
the cost function
Ko(t) == fE(t) + Fo(t) >0 (2.18)

for any ¢t € RT. This is the crucial step and we prove in Subsection below that this is
indeed the case under condition (L) (in fact b =1 is also allowed).

Steps 1 to 3 are general and follow [CPRY2. [CPRY3], Step 1 having also been used previously
in this context [AH]. Tt is in Step 4 that the specificities of surface superconductivity physics enter,
in the form of the properties of the 1D functional (ILIH). In particular the proof relies on the
effective potential appearing in the 1D functional being quadraticﬁ, on the optimality of fy and aqg
and of course on the 1D aspect of the problem. A noteworthy point is that our main ingredient,
the lower bound to the cost function [IX), holds in the regime (IZ8) (actually for 1 <b < ;")
and only therdd. The method is thus sharp in this respect.

As we mentioned earlier, the main insight is to notice that only the formation of vortices could
lower &y[v] to make it negative. Indeed the only potentially negative term in (215 is that involving
the superconducting current j(v), that we may rewrite using the vorticity. Thinking of v in the form
pet?. j(v) = p?V corresponds to a velocity field, which justifies the name “vorticity” for u(v) (as
in fluid mechanics). A reasonable guess is to suppose that on average p = |v| ~ 1, which favors the

5A closer inspection shows that the crucial point is that 0 (t + )2 = ¢ (t + «)?.
6In fact for b > Oy @IF) is trivially true since fo = 0, but then (ZI3) does not make sense, so the method
fails altogether.
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last term of ([@38]). Then, heuristically, 1(v) may be non-trivial only if the phase ¢ has singularities,
i.e., vortices. These could a priori lower the energy by sitting where F{y is minimum but inequalities
[ZI6) and (ZI]) together show that the kinetic energy cost of such vortices would always dominate
the gain. Note that although we think in terms of vortices for the sake of heuristics, we do not

need to apply any sophisticated vortex ball method as in [CPRYT] [CR] [CRY] [R2] to bound &
from below.

The rest of the paper contains the proofs of our main results, for which we will have to present
variants of the above strategy to accommodate various technical aspects of the problem. We start
in Section Bl by analyzing the 1D functionals (LT3 and ([Z3]). In particular we define the associated
cost functions and prove their positivity properties, which are the main new technical ingredients
of the present contribution. Section M contains a sketch of the now standard procedure of reducing
the GL functional to a small boundary layer and replacing the magnetic vector potential. We also
conclude there the proof of our Theorem 2.1] about general domains. In Section Bl we restrict the
setting to disc samples and prove the results of Subsection An Appendix gathers technical
estimates that we use here and there.

3 Analysis of Effective One-dimensional Problems

As will be discussed in more details below, once the usual standard reduction to the boundary layer
and appropriate change of gauge have been performed, we are left with the following functional

2 |(aS + iaé(svt)> 1/}|2

A= / dsdt (1 — ek(s)t) {|3t1/1|2 + m

1 2 4
-gng|—wu},<&U

where we have set

ac(s,t) == —t + Sek(s)t* + ed., (3.2)
and 1
=0 _ |70 - GL
0 := = L?QJ , Y : 27 /., dr curlA~", (3.3)

| - | standing for the integer part. The coordinates s and et correspond respectively to the
tangential and normal coordinates in a tubular neighborhood of 0%,

A = {(s,t) € [0, @] x [0,00|10g6|]}

with ¢ a constant independent of . The function k(s) is the curvature of 9 as a function of es.
The connection between (1)) and (3] will be investigated in Section @ In the present section
we are concerned with the study of effective functionals obtained when plugging some physically
relevant ansétze in ([B.J) and/or neglecting some lower order terms. The analysis of these model
functionals provide the main technical ingredients of the proofs of our main results.

For general domains we first neglect the terms involving the curvature k(s) in (3. Indeed,
they all come multiplied by an e factor and will thus contribute only to the subleading order of the
energy. Setting artificially k(s) = 0 (that is, approximating the original domain by a half-plane),
making the ansatz

(s, 1) = f(t)e o0 (3.4)

and integrating over the s variable, we obtain the 1D functional (times @)

st = [ aflout e a2 - g (- ) (35)
0, . 0 t 2b ) .
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which is known to play a crucial role in the surface superconducting regime [AH [FH2] [FHP]. We
have also set € = 0 so that the integration domain is now the full half-line.

The improvement of our results when the domain is a disc comes from the simple observation
that in this case it is not necessary to drop the curvature terms to obtain a 1D functional out of
the ansatz ([B4). Indeed, taking the curvature to be a constant k(s) = k and plugging (3.4]) in

1), we obtain

(t+ a — sekt?)?

D colloge| )
Eivalf] :/O dt(lskt){|8tf| + 1= eki)?

Poger-ml 6o
after integration over the s variable and extraction of the factor |09|/e. This functional includes
subleading corrections of order ¢ but retains the 1D character of ([B.H) (which is just (B.0) with
k =0) and is thus amenable to a similar, although technically more involved, treatment.

For the refinements in the disc case it is important that we retain the definition of (3] on an
interval and not the full half-line, since the functional makes sense only for ekt < 1. In addition
the tuning of the value of ¢q is going to play a role in the proof. The differences in the treatment
of the problems on the half-line and on a large interval are not very important until we introduce
the cost functions in Subsections and [33] so we only make remarks in this direction. The
exponential decay [B26) of f o however guarantees that once k is set equal to 0 in ([B.6)), all the
discrepancies with (B3] are just of order O(e*). it is easy to see that, with ¢y large enough, one
may freely use one or the other convention.

We now set some notation that is going to be used in the rest of the paper. We denote by fi o
the minimizer of [B8), with E", the corresponding ground state energy, i.e.,

ER = inf  ED[f1=ER fral, 3.7
ko fegll(lg) k,a[f] k,a[fk, ] (3.7)

with
I, :=[0,t.], te == co|logel. (3.8)

We will optimize E;% with respect to a € R, thereby obtaining an optimal 1D energy that we
denote

EP =min E;7. 3.9
po=minEg (3.9)
Any minimizing « will be denoted oy, and the minimizer of E;%k := &P, achieving Eé%k = EiP

will be written fj for short. We use the same conventions for the half-plane case, simply setting
k = 0. For shortness we shall also denote by

(3.10)

t+a—%5kt2 2
1—cekt ’

Violt) = (

the potential appearing in (3.6). Note that the potential V4 , is a translated harmonic potential
in I. up to corrections of order ¢|loge|?:

Viea(t) = (t+ @) + O(e|loge]?) = V.o (t) + O(e|loge[?). (3.11)

As before we shall drop the « subscript when « is taken to be aj, obtaining the potentials Vj
and Vj.

In this section we study the above functionals and in particular prove the desired positivity
properties of the associated cost functions (defined below). We start in Subsection Bl by providing
elementary properties common to both functionals. The results for the functional (8:5) have already
been proved elsewhere (see [FH2l Section 14.2] and references therein) and we recover them as a
particular case (k = 0, ¢ = 0) of our study of ([B0) for arbitrary k. We proceed to discuss the
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positivity of the cost function associated to the half-plane functional (B and the disc functional
() in Subsection and respectively. Again, the half-plane case is actually contained in
the disc case, but we provide a simpler proof containing the main ideas when k£ = 0. The proof
of Theorem [2.1] uses only this case and the refined analysis of Subsection will be used only in
Section

3.1 Preliminary analysis of the effective functionals
We start by discussing elementary properties of the minimization of 5,12:
Proposition 3.1 (Minimization of 5,%7%).

For any given a € R, k > 0 and € small enough, there exists a minimizer fi o to 5,13, unique up
to sign, which we choose to be non-negative. It solves the variational equation

kot TS aktfkaJFVka()fka*—( f;m) Jra (3.12)
with boundary conditions f ,(0) = f; ,(co|loge|) = 0. Moreover fy o satisfies the estimate
[ feall poo(ry <1 (3.13)
1

and it is monotonically decreasing for t > max [O, —a+ - Cel|. In addition Eé% is a smooth
function of @« € R and

:__/ dt (1 — ekt) fi (). (3.14)

Remark 3.1 (Half-plane case k = 0)
Strictly speaking in the case k = 0, ¢ = 0 there is no boundary condition at oo, so the only
condition satisfied by fo o is f ,(0) = 0. In addition the variational equation ([B.I2]) turns into

O a (t + a) 0,00 = % (1 - fOQ,a) fO,aa (315)

which is familiar from preceding works on this problem (see in particular [FHP] for a refined
analysis). O

Proof. Uniqueness and non-negativity of the minimizer are straightforward consequences of the
strict convexity of the functional in p := f2. Note however that fi , = 0 is in fact the minimizer
in a certain range of the parameters (see below). The variational equation for fy . is the Euler-
Lagrange equation for the functional Ség and the boundary conditions simply follow from the
choice of the minimization domain H*(I).

The upper bound on sup;_ fr,. is a simple consequence of the maximum principle (see, e.g.,
[FH2| Proof of Proposition 10.3.1]), while the monotonicity for ¢ larger than —a+ \}5 —Ce (assuming
that the expression is positive) can be easily obtained by integrating the variational equation (Z12)
in [t, co|logel], which yields

colloge|
(A=ckt)fia® = [ dn (= ek) [H0 = f20) = Vea®)] Fro (3.16)

thanks to Neumann boundary conditions. For ¢t > —a+ ﬁ —Ce, Vk@(t) > % so that the integrand
and therefore the whole expression are negative. O
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As already mentioned in the proof of Proposition 3.1l above, the minimizer fj o can as well be
identically zero: all the properties (B12)-(B.I3]) are indeed satisfied by the trivial function f =0,
in which case the energy itself would be E}” =0 by @I4). We thus have to single out the proper
conditions on « and b guaranteeing that the minimizer fk,o is non-trivial, which are of crucial
importance since the regime fy = 0 corresponds to applied magnetic fields above Hs.

We introduce a linear operator associated with £ éz, whose spectral analysis allows to investigate
the existence of a non-trivial minimizer fj o: we denote by pu.(k, ) the ground state energy of the
Schrodinger operator

Hk,a = *8152 - 1_8/;ktat + Vk,a(t)v (317)

with Neumann boundary conditions in 7 = L?(I., (1 — ekt)dt), i.e.,

e (k, o) = (u| Hyo [4) 4 - (3.18)

inf
uweL?(Ie),llull =1
Several properties of this Schrodinger operator are collected in the Appendix (see Section [AT]).

The main result about the non-triviality of fi ., which is the analogue of [FH2, Proposition
14.2.2], is the following:

Proposition 3.2 (Existence of a non-trivial minimizer f ).
For any given € small enough, o € R and k > 0, the minimizer fj o is non-trivial, i.e., fr o # 0,
if and only if

bt > (k). (3.19)

In particular if the condition is satisfied, fi o is the unique positive ground state (not normalized)
of the Schrodinger operator

Hyo— 4 (1-12,) (3.20)
with Neumann boundary conditions.

Proof. The result can be proved exactly as in [FH2| Proposition 14.2.2]. Indeed using the same
cut-off function yx, one can conclude that fi o = 0, if b=! < p.(k, ). The opposite implication
follows from the existence of a positive normalized ground state ¢y  of Hy : picking a¢y . for
some sufficiently small a as a trial state, we obtain

aZ a4 4
Exoladr.al = (adk.ol Hr.o ladra) — % + 55 | 6r.ally

2
<o [k 0) — 2+ 5 onalll] <0=ER00L (321)
because p.(k,a) — % < 0 by assumption. This rules out the possibility of the minimizer being
identically zero. O

We also give a criterion in terms of ;°%¢(«), the lowest eigenvalue of the a-shifted 1D harmonic
oscillator on the half-line with Neumann boundary conditions:

HEC := —07 + (t + a)?, (3.22)

acting on L2(R*,dt). This criterion is more convenient because it does not depend on e. It follows
from a comparison between p.(k, a) and p°¢(a) that we provide in the Appendix, Section [A]

Corollary 3.1 (Existence of a non-trivial minimizer f; ., continued).

Let 1 <b<0Oy" and a;(k,b),@;(k,b), i = 1,2, be defined as in (AIB). Then for any o € (@2, )
the minimizer fi o is non-trivial. In the case k = 0 the minimizer is non trivial if and only if
b*l > MOSC(Q).
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Proof. The result is obtained by a direct combination of Corollary [A] (see in particular (AIT))
with the above Proposition [3.2l The part about the & = 0 case is contained in [FH2|, Proposition
14.2]. O

We can now show the existence of an optimal phase a minimizing E,i% with respect to a € R,
for any b € (1,0;):

Lemma 3.1 (Optimal phase «y).
Foranyl<b< @al, k > 0 and € small enough, there exists at least one oy minimizing E,i%

inf EpR =ER = EP. (3.23)

Setting fi := fr,a, we have that fi, > 0 everywhere and

t+ oy — Lekt?
dt—— 27" £2(1) = 0. 3.24
| a2 (3:24)

€

Proof. The existence of a minimizer is basically a consequence of Corollary [A 1l for any b €
(1,05"), one can find four negative values a;(k,b) and @, (k,b), i = 1,2, such that (recall that
a; < ay)

E,i% = 0, foraé€ (—o0,q]orac€ [@,0),

E,i,% < 0, forace(@,a,).

Obviously this implies the existence of a minimizer . In addition Eé% is a smooth function of
« in the interval (@7, @) and studying its derivative with respect to « yields (Feynman-Hellmann
principle)

t4a— Lekt?
aElD _ dt 2777 f2 t 2
0 k,a /IE 1 — ekt fk,a( )7 (3 5)

so that at ag (B:224) must hold true. O

In the rest of the paper we are going to use several times, in particular when estimating the
cost function, the following pointwise bounds, whose somewhat technical proofs are discussed in
the Appendix (Section [A2]) together with other useful estimates. A similar result appeared in
[FHPL Theorem 3.1], although the constants involved in the estimate there are not uniform in e,
unlike those involved in the bounds below. Note that the pointwise estimates are formulated only
for b € (1,0;') and o € (@2, ;) defined in (AI6), where we already know that the minimizer is
not identically zero.

Proposition 3.3 (Pointwise estimates for fi ).
Forany 1 <b< @51, a € (@a,ay), k>0 and e < 1, there exist two positive constants ¢,C > 0
independent of € such that

c exp{ —3(t+ \/5)2} < fra(t) <C exp{—% (t+ a)2} : (3.26)

foranyt e I..

We end this section by introducing the potential function associated with f:

n+ ay — 5ekn?

Ty (3.27)

Fu(t) =2 / dy (1 — k) f2(n)

The motivation for introducing these objects will become clearer in Section[Hl (see also the heuristic
discussion in Subsection 23]). We collect some of their properties in the following lemma.
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Lemma 3.2 (Properties of the potential function F}).
For any1 < b < Oy, k>0 and ¢ sufficiently small, let F}, be the function defined in 27). Then
we have

Fk(t> <0, wml, Fk(O) = Fk(ts> =0. (3'28)
In the case k = e = 0, the equation Fy(t.) = 0 should be read as lim;_, o Fy(t) = 0.

Proof. We observe that Fj(t.) = 0 is simply ([B24]), the first order condition for ayj being a
minimizer of E}? . The fact that F}(0) = 0 immediately follows from the definition.

On the other hand L

t+ap — zekt” ,

— = (¢ 2
a0} (329)

and thanks to the negativity of a and positivity of fx, we obtain that F},(¢) < 0 in a neighborhood
of the origin. Moreover F}, can vanish (again by strict positivity of fi) only at a single point tj
where t; + o, — ekt = 0, i.e.,

F(t)=2

tr = lax| + O(e),
which has then to be a minimum point for Fj,. For t > t, Fi(t) is increasing but since Fj(t-) = 0,
it also remains negative for any t € I.. O
3.2 The cost function in the half-plane case

The cost function that will naturally appear in our investigation of (B]) for general domains is

t

Ko(t) = f(t) + Fo(t) = fg(t) + 2/0 dn (1+ ao) £ (n)- (3.30)

The result we aim at is the following:

Proposition 3.4 (Positivity of the cost function in the half-plane case).
Let Ko(t) be the function defined in B30). For any 1 < b < Oy, it holds

Ko(t) >0, foranyteRT. (3.31)

Remark 3.2 (Extreme regime b — ©;')
A simpler computation can be performed in the case where b converges to © ! In this case it is
known (see [FHP] for further details) that fj is approximately proportional to the first eigenfunction
of the harmonic oscillator [3.22)), with ag = —/Op, the minimizer of the oscillator ground state
energy (see (A12)). Replacing fy by this function and following the steps below, one obtains a
similar result with a simpler proof, since the nonlinearity in ([FI5) can be neglected. This can give
an idea of the mechanism at work, but is certainly not sufficient for the proof of our main results
in the whole regime (L.0]).

O

The first step in the proof of Proposition B4l is an alternative expression for the potential
function Fjy:

Lemma 3.3 (Alternative expression of Fp).
For any t € R, it holds

Folt) = ~J§2(0) + (¢ + 00)* F3(0) — 3 73(0) + o Fa(0). (3.32)
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Proof. We first write

/dn(n+ao)f0() /dnfo() ) (1 + )’

and integrate by parts to obtain

Fo(t) = —adfo(0)2 + (t + o) folt)? — 2 /0 dn (n+ a0)? fo(n) £ (n),

which turns into
Fo) = a3 310) + ¢ + oo 5300 =2 [ an (£ o) + 3o - 3300 S0

after using the variational equation [IF) to replace the (17 + ag)® fo(n) term in the integral. We
then use the trivial identities

1 ! 1 i 1
[ =310 [ary =512, [ arr =10,

and deduce (using the Neumann boundary condition satisfied by f at the origin)

12

Fo(t) = —f5 (1) + (¢ + a0)” f3(1) = £5(0) + £ S3() — 0§ £5(0) + £ 1(0) — 5 £3(0)-
To obtain the final formula, we recall that (this is (324) for £ =0 and £ = 0)

—+oo
Fo(+o0) = 2 / dy (n+ ao) f2(m) = 0,

so that, by the decay of fo and f{ at +00, which can be obtained combining the pointwise estimates
of Proposition B3 with (A29)), we deduce

a3 f3(0) + 13(0) = £ 40) = Tim [+ a0)2R3(0) + 13(0) — HAAW)] =0,
and the proof is complete. |

We now complete the

Proof of Proposition [3-] Lemma [33] tells us that

Kolt) = (1= ) 00— 2200+ (0 a0)* £30) + 5310 (3.33)

Using the Neumann boundary condition, the decay of fy and its derivative and the assumption
b > 1, we have

Ko(0) = (1 3 ) 120) + 030 + 55 £5(0) 0

and
lim Ko(t) =0,

t— o0

so if Ko became negative somewhere in R™, it should have a global minimum at some point ¢y > 0.
Let us then compute the derivative of Ky: by the definition ([B3.30)

Ko(t) = 2fo(t) fo(t) + 2 (t + o) f5 (2),
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so that at any critical point tg of Ky we must have

fo(to) = — (t + a) fo(to)

because [ is strictly positive. Plugging this into ([333)) we find that at any critical point ¢g of Ky,
it also holds

Kofto) = (1 7 ) ft0) + 38t

which is clearly positive when b > 1. We thus conclude that the minimum of Ky must be positive,
which ends the proof. O

3.3 The cost function in the disc case

We now investigate the properties of the cost function associated with ([B.6). The argument is
essentially a perturbation of the one we gave before for the case k£ = 0, but, due to the presence
of a non-zero curvature k, the positivity property we are after is harder to prove. Actually we are
only able to prove the desired result in some subregion of I. given by

I ={tel : fi(t)>|logel’ fu(ts)} (3.34)
which is an interval in the ¢ variable, i.e.,
Ire =10, t.c], (3.35)
for some tj, . < t.. Indeed, exploiting the upper bound [B20) on fj, it can easily be seen that
fr(te) = O(e™), (3.36)

so that the equality f(t) = |loge|? fx(te) can only be satisfied by some t > 1, i.e., by Proposi-
tion 3] in the region where fj is monotonically decreasing. Therefore ¢ . is unique and the lower
bound ([B26]) also implies

cexp {*(Ek,s + \/5)2} < C|logel’ exp {* (e + O‘k)Q} ’

which yields
tke > te — Clog|loge| = ¢olloge] (1 -0 (M)) : (3.37)

[log e

For further convenience we also introduce the constant . explicitly given by

Be = [Viulte) — 3 (1= fi(te))] fR (ko) (3.38)
We do not emphasize its dependence on k in the notation. Note that by the decay 28], we
immediately have
0<B.=0(™).
Now we introduce the cost function whose lower estimate is our main ingredient and prove its
positivity in [j, .:
Ki(t) = (1 —do) f7(t) + Fi(1)
t 1.7..2
N+ ar — 5¢kn
— (- d) g 2 [ an T2 ), (3.39)
0 —¢ekn
where d. is a parameter satisfying
0<d. <Clloge|™, ase—0, (3.40)

that will be adjusted in the sequel of the paper and help us in proving Theorem 23l To get to the
main point, one can simply think of the case d. = 0, which is sufficient for the energy estimate of
Theorem
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Proposition 3.5 (Positivity of the cost function in the disc case).
For any d. € RT satisfying B40), 1 < b < 0y, k > 0 and ¢ sufficiently small, let Ky(t) be the
function defined in B39) and Ii . the interval B34). Then one has

Ki(t) >0, foranyt€ .. (3.41)

The proof of this lower bound is rather technical because our main results require that the
complement of the region where the positivity property holds be one where the density fj is
extremely small. Indeed, note that using Proposition B3] fi is O(e>°) outside of I_;m, and we do
use this fact later in the paper. If we were allowed to work in a region where a stronger lower
bound to fi holds (say |loge| to some negative power), the proof would be essentially identical to
that of Proposition 3.4l with some additional naive bounds.

Proof of Proposition[30 We are going to prove that for any ¢ € I. one has

t 1 2
n+ ar — sekn _
s +2 [ an T ) > [logel £ ()~ . (3.42)

Therefore inside I; . we obtain

Ki(t) > |loge|~* (1 — de| logel®) f2(t) — 6. > |logel* (1 — da|logl?) F2(t.) — B
> [logel® (1— O(|loge| ™)) f2(t) > 0. (3.43)

In the last line we have made use of the simple bound 8. < C|loge|?fZ(t.) that follows directly
from the definition [338) and Proposition B3} Note also that by assumption [F40) d.|loge|® <
Clloge|! <« 1.

In order to prove (B:42) we set

N+ o — 3

R(t) = (1 |loge|*)f2(t) +2 / dy 20 + B (3.44)

1—en
and prove that K is positive in I.. For this purpose we note that, by F28),
K(0) = (1—loge| ) ff(0)+ B >0,  K(t.) = (1—|loge| ) fZ(t-) + 8- >0,  (3.45)

so that, if it becomes negative for some ¢, it must be 0 <t < t.. Let us then compute the derivative
of K to find its minimum points:

t+ ap — %5/@’1&2

ey {0} (3.46)

K'(t) = 2(1 — [loge| ) fiu(t) fr(t) +2
Let tg be a point where K reaches its global minimum and let assume that it is in the interior
of I., otherwise there is nothing to prove. Then it must be K’(ty) = 0, i.e., thanks to the strict
positivity of f,
to + o — 5ektd

B 3\ gt — _
(1 —|loge|™) fi.(to) 1 —ekto

fr(to), (3.47)
and thus (recall (B.I0))
(1~ [loge|*) /i (to) = Vi(to) S (to). (3.48)
On the other hand using the identity
t+ g — Shet?  2ekVi(t)

"(t) =2 A4
Vil®) 1—ckt + 1—ckt’ (3-49)




CORREGGI, ROUGERIE — Surface Superconductivity 20

in combination with the variational equation (B12), we get

t + — Llopp? t t Vi
2/0 dn %ﬁf(n) = Vi f2], 2/0 dn Vi () fi(n) fi(n) — 26’@/0 dn %ﬁf(n)
t 1
= V2 = 35 (272 = 1], = () + 2k /0 L (2 = Vi) . (3:50)

Hence
f((t) = (1= [loge| ™) fi(t) + [Vk(n)f,f _ QLb (2f,? _ ffcl)]to B ;22(1?)
ot td 1 ,2 v )
o /0 nm(k - k(n)fk)JrﬁE.

Plugging ([3.47) into the above expression, we obtain

min K (1) = K (to) = [1  § + /() ~ |log el + (1~ cromoag=mye ) Vilto) | fE(to)
/2

— [V&(0) — L + L £2(0)] £2(0) + 25k/0 dn T jskn [ k

However the Lh.s. of (8E0) above vanishes when ¢ = t., thanks to ([B.24]), and thus

—Vin)fE| + 8. (3.51)

0= [Vif? - & (22 — 1)) + 2¢k /0 Cdn ﬁ (52 = Vil s?). (3.52)

Such an identity can be used in (B5I)), yielding

te 1
K(to) > [1 =+ + % f2(to) — Clloge|~] fi(to) + 2€k/ dn 1= chy
to

(Vk(ﬁ)fg* ,;2). (3.53)

The first term on the r.h.s. of B53) is clearly positive thanks to the condition b > 1. Therefore
to prove [B42)) and thus the result, it remains to study the last term of [B53). We are going to
show that

| i (s - 72) = ~crio), (354)

for some finite constant C. This in turn implies the lower bound ([B:42): owing to the condition
b > 1, we have ~
K(to) > [1— 1 + 55 [2(to) — Cloge| ™' — Ce] fi(to) > 0, (3.55)
if ¢ is sufficiently small.
Let us then focus on [B.54): the key ingredient is the analysis of the function

t+ ap — %kstQ

2 ) = (1 logel )0 + AWS(D),  (356)

g(t) = (1= [loge| %) fi.(t) +

which appears in B40), i.e., K'(t) = 2f,(t)g(t). Computing ¢'(t) using the variational equation

B.I2), we get

—|loge|=3
gt = {1 — ﬁ(()tg)q—?) T fgt} g(t) + [1 — O(|loge| Vi (t) — % (1 f,f(t))] Fi(t)
= [1 - I?c(fg)el3 1 Ek[—;kt] 9(t) + (1 =3 = O(loge| ™) fu(®)

[ A(t) ek

t 3.57
1|10g€|3+15kt} 9(t),  (357)
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by the positivity of fx, the condition b > 1 and the bound Vj(t) < O(|loge|?) in I.. On the other
hand at the outer boundary

g(te) = A(te) fr(te) > 0, (3.58)
which in particular implies that ¢ty < t.. We now distinguish two cases: if ¢y < 2|ay|, then the
pointwise bounds ([B:26) implies that f(to) > C > 0 and therefore

K(ty) > C — O(e]logel®) > 0

by a simple estimate of the last term in ([B:53]), so we are done.

From now on we may thus assume to > 2|ay|. Then A(t) > 0 for any t > ¢y and t( is in
the region where f; is monotonically decreasing (see Proposition B]). We then have g(to) = 0
by B41) and ¢'(tp) > 0 by [BET). But again by [B57), as soon as g gets positive, its derivative
becomes positive too. Therefore g remains increasing and positive up to the boundary.

Using this information on g we estimate

t t
€ 1 2 = 1 _
d Vi f2 — 17| = d Afe — f1 1 341
/to Ty [ it } /to nlidm[ fr— fi] [g + [oge| ~* i ]

te 1 te
>10€*3/d Afr. — fr ’>—10€*3/d
> |loge] " nl_dm[ Jr = fil fi = —|loge| " nl_dm

Vifii = Afefi] s (3.59)

where we have used that, for any n > ¢y,

fim) <0, gn) = fr.(n) + A(n) fx(n) > 0.
On the other hand we have the bound

te 1
d Viff < Cllogel®f2(t
/to nlfskn kfie < Cllogel” fi (o),

again by monotonicity of fr We can then compute

B 1 sy L [AM) SR (M) 1t 1 2ek A(n)
/t0 dny 7€knA(77)fk(77)fk(77) =3 {17;]{77]% - §/to dng e (1 +7 skn) fi(n)

> —A(to) f2(to) = CFi(to)(t — to) > —Cllogel fi (to)-
Putting together the above bounds with (3359]), we obtain ([F54) and thus the final result. O

te

4 Energy Estimate for General Domains

In this section we prove our main result for general domains, Theorem [ZIl We start in Subsection
AT by a standard restriction to a thin boundary layer that we will also use in the disc case. We
will be a little bit sketchy since only the refinement we will need for the disc case presents some
novelty.

Actually, the upper bound corresponding to (ZI]) has already been proven in [AH]. The reader
may easily check that nothing in the arguments therein requires any restriction on b beyond (L6l),
as far as the energy upper bound in concerned. For shortness we state the result now, without

proof:

|09 Eg
9

ECt < +0(1). (4.1)

The method of proof, described in details in [FH2| Section 14.4.2], will anyway be employed in
Section [ to obtain a refined bound in the case of the disc. Our main contribution here is to
provide, in Subsection I2] a lower bound matching (@I)) in the whole regime (L6]), which will be
given by the combination of (I3)) with (£31)). The cornerstone of our new method is an energy
splitting combined with the use of the cost function studied in Subsection
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4.1 Restriction to the boundary layer and replacement of the vector
potential

The first step in the proof of the lower bound is a restriction of the domain to a thin layer at
the boundary of the sample together with a replacement of the minimizing vector potential AGL
with some explicit vector potential. Such a replacement (described in full details in [FHI, Sections
14.4.1 & Appendix F]) can be made by exploiting some known elliptic estimates on solutions to
the GL equations.

We first introduce appropriate boundary coordinates: for any smooth simply connected domain
Q, we denote by v(&) : R\ (|0Q|Z) — 0N a counterclockwise parametrization of the boundary 0
such that |y/(£)| = 1. The unit vector directed along the inward normal to the boundary at a
point v(£) will be denoted by v(€). The curvature k(¢) is then defined through the identity

7" (€) = k(v (©).
Then we introduce the boundary layer where the whole analysis will be performed:
Ao = {r € Q| dist(r, Q) < coe|loge|}, (4.2)

and in such a region we can also introduce tubular coordinates (£,7) such that, for any given
r € A, n = dist(r,0Q), i.e.,
r(&,m) =~'(§) + v (6), (4.3)

which can obviously be realized as a diffeomorphism for € small enough. Hence the boundary layer
becomes in the new coordinates (§,7)

A= {(&n) | € €10,]09]), T € [0, coe| logel]} - (4.4)

The energy in the boundary layer is given by the reduced GL functional

= (05 + iac(s, 1) ¥’

Gy == / dsdt (1 — ek(s)t) {latwf + m

1 2 4
~gg R =i}, 4s)

where we have rescaled coordinates € =: es, 7 =: et and set k(s) := k(es). Moreover we define

A= {(s,) € |0,1221] x [0, col loge]] } (4.6)
ac(s,t) == —t + Sek(s)t* + &d., (4.7
and )
=20 _ |20 - GL
0c := =2 L?QJ , Y : 0] /er curl A, (4.8)

| - | standing for the integer part. Note that the three sets A, A, and A. describe in fact the same
domain but in different coordinates.

As discussed above we manage to use all the information contained in this functional only in the
case where the domain € is a disc, i.e., the curvature k(s) is constant. For general domains we make
a further simplification by dropping all the terms involving k(s), which leads to the introduction
of the functional

Falp] = / dsdt{|6tw|2+|<as+mo(s,t>>w|2—%[2|w|2—|w|4}}, (4.9)

€
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where
ap(s,t) == —t + &d.. (4.10)

Note the similarity with the half-plane functional of Subsection
In the disc case we need to keep the (constant) curvature term and therefore we consider the
functional

Galv] = [ dsde(1—ch) {wf n

€

_1 ; 2 1 2 4
g 0 dac(s, )~ (2P~ 1]}
(4.11)

which differs from G. given in (@3 only because of the constant curvature k(s) = k, so that with
a little abuse of notation we keep denoting

ae(s,t) := —t + Sekt® + &d.. (4.12)

The link between the functionals in boundary coordinates and the original GL functional is
given by the following

Proposition 4.1 (Replacement of the vector potential and restriction to A.).
For any smooth simply connected domain Q and 1 < b < @51, in the limit ¢ — 0, one has the

lower bound
ESY > Fa ] - C, (4.13)

where (s, t) € H'(A.) vanishes at the inner boundary of A,

€

P(s,collogel) =0, for any s € [0, @] . (4.14)
In the disc (constant curvature) case the energy lower bound reads
ES" > Ga [¢] - Ce*|logel, (4.15)
with (s, t) = WL (r(es,et)) in A..

Proof. The first part of the result, i.e., the restriction to the boundary layer is in fact already
proven in details in [FHI, Section 14.4]: the combination of a suitable partition of unity together
with standard Agmon estimates on the decay of ¥ far from the boundary yield

AGL
ESLz/ dr{‘(V—H’—Q)\IH
A 3

Here U, is given in terms of WEL in the form ¥y = f;UCL for some radial 0 < f; < 1 with support
containing the set A, defined by ([@2]) and contained in

2

— %52 2|02 — |0y ] } + O(e™). (4.16)

{r € Q| dist(r,09) < Ce|loge|}

for a possibly large constant C. Note that such an estimate requires that the constant ¢y occurring
in the definition ([@2]) of the boundary layer be chosen large enough. However the choice of the
support of f; remains to any other extent arbitrary and one can clearly pick f1 in such a way that
it vanishes at the inner boundary of A, implying (£I4). On the other hand, in the disc case, we
can stick to the choice made in [FHIL Section 14.4], e.g., f1 = 1 in A. and going smoothly to 0
outside of it.

The second step is then the replacement of the magnetic vector potential AGY and a si-
multaneous change of coordinates r — (s,t). This is done by a change of gauge: we set

Uy (r) = (s, t) exp{ide(s,t)}, where

Pe(s,1) := 1/0 dnuv(es) - ACY(r(es,en)) + % /OS dé~'(e€) - ACE(r(e€,0)) — ed.s. (4.17)

3
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The function ¢ is clearly single-valued since, for any given ¢, (s + nlaa—m, t) = ¢:(s,t) + 2mn. for
some integer number n. € Z. Moreover, by gauge invariance,

AGL
/~ dr (V—i—i = )‘111
A

2

:/ dsdt (1 - <k(s)t) { ||
A

t o @ e} @

with

~'(e5)ACE (r(es, et)) ~'(e5)ACL (r(es, et))

a-(s,t) = (1 — ek(s)t) — 050 = (1 — ek(s)t)

€ €
1 t ! . AGL O
1 [ayo. [vles) A% (x(es,eq))] - LELAEO) 45 4
0
since the normal component of the new vector potential vanishes:
v(es) - ASY(r(es, et
(es) - A (r(esict) o
€
Hence we also have
a-(s,0) = &d.,
Orac(s,t) = —(1—ck(s)t) (curlAGL) (r(es,et)) = —(1 —ek(s)t)(1 + f(s,t)). (4.20)
Here we have set
(curlAY) (r(es, et)) =: 1+ f(s,1), (4.21)

for some smooth function f such that f(s,0) = 0, thanks to the boundary condition (IZ).
Therefore

e (s,1) = e6. — / dy (1 ek(s)n) (1 + f(5.1)). (4.22)

Hence in order to complete the replacement, we only have to replace a. with a. given by (&1,
which amounts to estimating the last term in [@22]). We start from the simple inequality

llae — aEHLOO(_AE) < C|loge| HfHLOO(.AE) ;
but as shown in [FHIL Proof of Lemma F.1.1] one can also prove that
£ (s,1)] < Cet||[Veurl AT o 4 -
This in turn yields || f||pe4.) < Ce?|loge| and
lae = acll o a,) = O(e*|loge[?), (4.23)
via the inequality [FHIl Eq. (11.51)]

chrlAGL = O(e). (4.24)

R )
In the disc case (k(s) = k constant), the bound [FHIL Eq. (10.21)]

v <1, (4.25)
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in combination with [@23]) is sufficient to obtain the result [IH):

1 2 1 BT
/AE dsdt T ‘(as—i—me)z/}‘ —/Asdsdt 1—skt}(88+ma)w}

1 N ~ 1 N ~
— —QS/AE dsdt T [(88—1—2%)1/1} (ag—ae)w—/AE detmms_aaEW‘Q

1 o2 (1 1 -
> s [, at g oviagdf - (1) [ ot g e acf i

ACH ’ L 6 4 712
> =0 drg|(V+i = Uyl =C g—i—l e°|loge| dsdt (1 — ekt)||
Ag €

4 4
>C[§+€|1ogs| /
5

2

5 4
o o] o[£ Ol
A g

> ] > —Ce?|loge|®.  (4.26)
0 A

In the estimates above we reconstructed the GL kinetic energy by means of (@IS, used the
inequality (Agmon estimate [FH2, Eq. (12.9)], A is a fixed constant)

. AGL 2
/dr eXp{AdlstE(r,asz)} { |\I/GL‘2+€2 <V+i >\IJGL }
Q

&-2
g/ dr [UOL° = 0(e), (4.27)
dist(r,00Q)<e

and finally optimized over . Note that here we have used the assumption b > 1 to apply [FH2,
Theorem 12.2.1]; (21 is wrong without this assumption.
For general domains a rougher estimate is even sufficient:

1 2 1 2
dsdt ’ .+ id ’f dsdt ‘ i ‘
/AE st ——— (0, + i) /A st = | (@, + iac) §

> —Ce®|loge|? / dsdt |05 + |ac| [¢]] > —Ce>/?|loge|*/? [HastmAE) Il Lo ar

Ae

> —Ce?|loge|*?, (4.28)

thanks again to the Agmon estimate (£27)), which after rescaling becomes

/ dsdt (1 — ek(s)t) et {|\IJGL(I‘(55, et))|?

€

+ \(vs,t iAot \pGL(r(Es,gt))f} — 0(e). (4.29)

Note that, since ¢(s,t) = (f1¥L) (r(es, t)), one would also need to control the terms involving
the gradient of f;. However thanks to the freedom in the choice of the support of f; as well as its
smoothness, we can always assume that such terms are smaller or at most of the same order as
those we estimated above.

To complete the proof for general domains, it remains to estimate the errors due to the curvature
terms dropped in (£3]), but one can easily realize that such terms are all bounded by quantities of
the form

9

/ dsdm(s)t{|w|2 + |w|2}‘ < 05/ dsdtt{|V1/}|2 + |w|2} = 0(1), (4.30)

€ £

again by ([{29). O
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4.2 Lower bound in the boundary layer

We now provide our main new argument in the case of general domains, namely we bound the
rescaled functional F 4_ from below:

Proposition 4.2 (Lower bound to F.4_).
For any 1 <b< @al, e small enough and v € H'(A.) satisfying the boundary condition (EI4),

it holds
|09 E&D
> —.

3

Fa ] (4.31)

A crucial ingredient of the proof of the above result is the following lemma. We are going to

use the notation '
(iu, Osu) := 5 (udsu™ — u*Osu) (4.32)

for the s-component of the superconducting current associated with w.

Lemma 4.1 (Energy splitting for general domains).
Under the assumptions of Proposition define u(s,t) by setting

P(s,t) = u(s,t)fo(t) exp {—i (ap + &) s} . (4.33)

Then one has

+ Eolul, (4.34)

09| EP
Faly) = 22

where

£oft] ::/ dsdt £2(1) { Ol + |9uul? — 20t + ao) (i, ott) + %fﬁ(t) (1 |u?)? } (4.35)

£

Proof. Note first that since 1 < b < O L. fo is strictly positive everywhere, so that ([Z33) makes
sense. Because of the phase factor, u needs not be periodic in the s variable, contrarily to v, but
this will be of no concern to us since it is sufficient for the rest of the argument that |u| is periodic.
We have

/ dsdt |0p]? = / dsdt { £310:ul® + fo0: foOe|ul® + [ul|0: fol*} ,
AE ‘AE

and an integration by parts in ¢ shows that

/ dsdt foatf03t|u|2:*/ dsdt |U|2|3tf0|2*/ dsdt foluld; fo-
-AE 'AE

€

Indeed the boundary terms vanish because of the Neumann boundary condition satisfied by fq
at ¢ = 0 and the Dirichlet condition satisfied by u at ¢t = ¢g|loge|, inherited from ([@I4)). Then
inserting the variational equation (BI0]), we obtain

1
[ astvial = [ asar ol + [ asat flul® (~Vaso + 30 (1= 7))
A, A. Ae
On the other hand, by the definition of Vy(t) = (ap + t)? and (@I0),

/ dsdt |(9s + iag) ¥)* = / dsdt { f§10sul® + Vo fF|ul® — 2(t + ao) (iu, dsu) } .

€ €

Hence, combining all the above equalities with the k = 0, e = 0 version of ([B.I4) and recalling that
we work on a rectangle whose length in the s direction is |0€2| /e, we obtain the desired formula. [
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We can now conclude the

Proof of Proposition [{-2 In this proof ¢ denotes the GL order parameter after the gauge choice,
localization to the boundary and change of coordinates we have described up to now. We define u
as in ([A33)) and start from (£34), so that we only have to bound &[u] from below.

We integrate by parts the momentum term (second term of (B.I3])), using the potential function

Fy(t) defined in B27), i.e.,
Fo(t) = 2/0 dn (n+ o) f5 (1)

, which satisfies F;(0) = 0 and
Fy(t) =2 (t + o) f (t)-

This gives

— 2/ dsdt f2(t) (t + o) (iu, Osu) = —/ dsdt 9; Fy(t) (iu, Osu)

= / dsdt Fo(t)at (iU7 85U) (436)

£

by integrating by parts in the ¢ variable. Boundary terms vanish because Fy = 0 and v = 0
respectively at t = 0 and ¢t = ¢o| loge].
A further integration by parts in s then yields that for each fixed ¢
27 27
= = log]
/ ds 0 (iu, Osu) = / ds [i0udsu” —i0u" Osu] + [udsu™ + u* Oyl ©
0 0

27

— / ’ ds [i0pudsu™ — i0pu™ Osu] .
0

The boundary terms vanish because, since v is periodic in the s variable (by continuity of the GL
order parameter), so is ud;u*, as one can easily check. We may then write

9 / dsdt F2(t) (¢ + ao) (i, gu) — / dsdt Fy(£)d, (i, ) > —2 / dsdt | Fo(t)] 0] |05l

€ £ £

2/ dsdt Fo(t) [|9,f® +10u?] . (4.37)
Ae

where we have used the inequality ab < (a? + b?)/2 and the fact that Fy(t) is negative for any
(s,t) € A. (see Lemma [3.2)).
Inserting the above lower bound in ([@38]), we get

Eolu] > / dsdt Ko(t) [|8,5u|2 + |85u|2] + i/ dsdtfg (1— |u|2)2, (4.38)
A 2b J 4.

where Ky(t) is the cost function defined in [30). By Proposition B Ky is positive in A, and
we can thus drop the first term as far as a lower bound is concerned, obtaining

1
Eolu] > —/ dsdtfi (1—[u?)* >0, (4.39)
26 /4.

which leads to (Z3T). O
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Note that putting (@I)), EI3), (£33), E34) and [@39) together, we obtain as a by-product
1 2 2\ 2 1 4 2\2
— [ dsdt (f§ — [¥]?)" = = [ dsdtfy (1—|u]*)” =0O(1), (4.40)
2b J 4. 2b J 4,
which is essentially (Z2]). Indeed, once expressed in the original variables, this yields the estimate

H|\I,GL|2 B |f0 (?)H — 0(e?),

L2(A:)

but using the usual decay estimates, one easily sees that the region Q\ A. contributes a O(£>) to
the integral, and also that (recall (3:26))

2

lfo (&[]

> Cel/2.
L2(A.)

5 Surface Behavior for Disc Samples

The refinements we obtain in the disc case are based primarily on the fact that, the curvature
being constant, the effective problem obtained from the ansatz [34]) stays 1D even when considering
subleading corrections to the energy. This allows us to go one term further in the energy expansion,
which is the content of Theorem 2.2] whose proof is provided in Subsections 5.1 and As a by-
product we obtain a refined control of crucial terms in the reduced energy of any minimizer, that
lead to the proof of Theorem 23] once combined with appropriate gradient estimates. Indeed,
estimates for general domains in (22]) are still compatible with small normal inclusions in the
boundary layer. The refinements we obtain in the case of the disc rule out such inclusions once
combined with some natural bounds on the gradient of the order parameter, proven in [Alm].

Theorem is proven by comparing appropriate upper and lower bounds to the GL energy.
The upper bound is discussed in Proposition[5.J] whereas the lower bound is obtained by combining
(#I3) in Proposition 1] with the result of Proposition [1.2] below.

5.1 Energy upper bound

The upper bound part of the proof of Theorem is as usual the easiest one to get, since it
suffices to provide a suitable trial configuration (Wtyial, Atrial) € 26L to test the GL energy. We
already know that, according to the magnetic field replacement and restriction to the boundary
layer discussed in Subsection 1] the vector potential Ay, should be equal or close enough to the
one associated with the applied field. Additionally the order parameter Wi, should be essentially
supported in the boundary layer A.. Moreover, as suggested by our heuristic analysis, the modulus
of Wiyia1 should be given by the 1D profile minimizing (3.6 with « equal to the optimal phase ay,.
Finally the winding number of Wi, should be approximated by the optimal value «y (actually
%& after the proper rescaling), so that the phase of Wy, should have the form i%&ﬂ. Now this
last requirement is the only non-trivial one to meet, since the trial function Wy, must be a single-
valued function. Unfortunately in general <+ is not an integer and therefore not an allowed phase.
To overcome this problem we prove the following

Lemma 5.1 (Optimal integer phase).
For any k > 0 and € small enough, let o, € R and E,iD be defined as in [B23) and set

L %
ak-_&-\‘EJ. (5-1)
Then one has
EP < &2 [fi] = EP + O(?|loge)). (5.2)



CORREGGI, ROUGERIE — Surface Superconductivity 29

Proof. The inequality E;” < E s trivial. Exploiting the optimality of oy (B:24) as well as the
bound (BI3), one obtains the opposite inequality (recall that fr = fi o, ):

te
kak[fk] +/0 dt (1 —ekt)™ {O‘k*akﬁLQ(ak*ak)(tf—5kt2)}f2

te
= EP + (&, — ak)Q/ dt (1 —ekt) ™1 f2 = O(?|logel), (5.3)
0

since (ay — ag)? = O(e?). O

Proposition 5.1 (Energy upper bound for disc samples).
Let Q be a disc of radius R =k~ > 0. For any 1 <b < 90—1 and ¢ sufficiently small, we have the

upper bound

27 R E,°
ESL < ka + Celloge|. (5.4)

Proof. We denote radial coordinates by (r, ) and define our trial order parameter as

SRS F )GXP{—Z (20}, i A
Hualr) = { Ju(te)x(r)exp {—i || ¥}, otherwise, (55)

€

with y a smooth cut-off function such that x(1 —et.) = 1 and going to zero exponentially fast for
smaller . The trial magnetic field on the other hand has to be close to the minimizing one and
we then pick

Atrial(r) = —% (1 — r2) ey (5.6)

as our trial vector potential. Now, thanks to the exponential smallness of fi(t.) in &, we can always
choose the cut-off y in such a way that the contribution to the GL energy coming from outside A,
is itself O(¢°°). Hence a rather straightforward computation yields

G [Weriat, Arial] = Ga. [fr(t) exp {—idns}] + O(€™), (5.7)
with G_ standing for the functional EII)), where a. has been replaced with
—t+ 3et® (5.8)

Then it is trivial to verify that

G [fu(t) exp {—idus}] =

D
2R Egg, 1] _ 2R EP + Celloge] (5.9)
[— E ’ .

3

thanks to Lemma [5.1] above. |

5.2 Energy lower bound

Our starting point is the inequality (@I5), which allows to restrict the GL energy to the (rescaled)
boundary layer A.. In this section we present a refined analysis of the functional G4_, which leads
to the following main result:

Proposition 5.2 (Lower bound to G4_).
Let Q be a disc of radius R = k' > 0. For any 1 < b < @al, ¢o large enough and (s, t) =
WCL(r(es, et)), we have, in the limit € — 0,

1D
G, 0] > T2 1 0(e), (5.10)
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As for general domains the first step towards the proof of the above result is an improved energy
splitting associating G4, with a reduced energy functional where f; appears as a weight. Recall
the definition of the superconducting current given in (&32).

Lemma 5.2 (Energy splitting for disc samples).
Under the assumptions of Proposition 2.2, define u(s,t) by setting

P(s,t) = fr(t) u(s,t) exp{—i (g +&d:) s}, (5.11)
where 6. is defined in B3). Then one has the identity
2R E}P
Galv] = == + &lul, (5.12)
where
1
- _ 2 2, 1 2
Exlu] == /E dsdt (1 — ekt) fk(t){ |Ovul” + A= ki)’ [Osu

— 204, (1) (i, Osu) + %bfg(t) (1- |u|2)2 } (5.13)

t+ ap — %5/@’1&2
o) = =7 pne

Proof. Note that (EI1) makes sense in view of Corollary B and the assumption 1 < b < O
The proof is essentially identical to that of Lemma [l Note that, as in Lemma [Z]] u needs not
be periodic in the s variable, since in general £ + . is not an integer number. However this does
not matter in the proof of (5I2]) and for later purposes (see the proof of Proposition[5.2) we stress
that, unlike u itself, u*dyu is periodic in s with period 2?”

The key point is again the computation of the ¢t-component of the kinetic energy, which proceeds
as follows:

(5.14)

/dsdt (1—5kt)|8tw|2:/ dsdt (1 —ckt) { 210l + fudefidh luf* + a0 fi” )
Ae

€

= / dsdt (1 — ekt) f2|0pul? 7/ dsdt fi|u|?0; (1 — ekt) 0y f)

€ €

:/ dsdt (1 — ekt) f2|0ul? +/ dsdt (1 —ckt) fZlul* (=Vife + +fu (1= f2)), (5.15)
= AE

where we have used the Neumann boundary conditions satisfied by fi at both boundaries of the
interval I. and the variational equation (BI2) for o = «y; rewritten as

—0; (1 — ekt) D fir) + (1 — ekt) fu (Vis — 2 fu (1 — f2)) = 0.

The computation of the other terms in the functional is trivial and there only remains to group
them properly, use (BI4]) and the definition (3I0) to conclude. O

We may now complete the proof of the lower bound (EI0). By Lemma B2l it suffices to
bound from below the energy Ex[u] given by (&13). In comparison with the corresponding step in
Subsection 2] we face the technical difficulty that we do not know that the relevant cost function
is positive in the whole domain but only in

Apei={(s,t) € Ac, t < Ty} (5.16)

where . is defined at the beginning of Section B3 and satisfies (3.37). The complementary region
A\ Ay < is dealt with by more “brute force” estimates, showing that its final contribution to the
energy is at most O(e>).



CORREGGI, ROUGERIE — Surface Superconductivity 31

Proof of Proposition[5.2. In this proof 1 and u are defined starting from a GL minimizer as in the
statement of Proposition (.22l We again start by rewriting the momentum term (second term of
(E13)). The potential function Fy(t) defined in ([B27) satisfies

DL (t) = 2(1 — kt)bi(8) (1),

and Fj(0) = Fi(t:) = 0, so that

o / dsdt (1— ekt) F2()be(t) (i, Osu) = / dsdt Fy(t)0) (iu, yu) (5.17)

€

As before, a further integration by parts in the s yields for each fixed ¢t (here we are using the
s-periodicity of u*du)

27 27

/ " ds O (iu, Osu) = / T ds [0rudsu™ — i0yu* dsu] . (5.18)

0 0
We can thus easily estimate inside Ay .
/ dsdt Fy(t)ds (iu, 0su) > —2 / dsdt | Fy(t)] |00l |9sul
Ak’g Ak,a

z/A dsdt (1= ekt) Fy(t) [|Ohul” + =tz [0suf] L (5.19)
k,e

where we have used the inequality ab < %(6a2 +0710?) and the fact that Fj(t) is negative for any
(s,t) € Ac (see Lemmal[3.2)). Combining the above lower bound with (E.I7) and dropping the part
of the kinetic energy located in A, \ Ay ., we get

Exlu] > /A dsdt (1 — ekt) K(t) [ |Opul” + e |8Su|2}

+/A g dsdt F(t)0; (iu,@su)ers/ dsdt (1 — ekt) f? [|8tu|2+m|asu|2}
€ k,e

e

1
+— [ dsdt (1—ckt) f (1= [u?)?, (5.20)
2 /4.

where Ky (t) is the cost function defined in ([3.39), for some given d., satisfying (3.40).
By Proposition B3] K}, is positive inside Ay . and we can thus drop the first term from the
lower bound. The main point is now to control the second term. For this purpose we act as in

(ETI9) to write

/ dsdt Fy(t)0) (iu, dyu) > 2 / dsdt Fy(t) |0vul [Osul (5.21)
As\Ak,a AE\Ak,E

Then we notice that fi, is decreasing in A, \ A ., so that we can estimate

t 17,2
N+ ap — 5€kn
|Fi(t)| = —Fi(t) = / dy ———— Eljn fi(n) < Cllogel? fi(t), (5.22)
te

because Fj, vanishes at the boundaries of I. and I. \ I;. has a measure O(|loge|) by (B31).
Moreover, thanks to the bound (A228), we also have

|0su| < £ (1) 10s0(s, 1), (5.23)
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[Ovul < Fi72 (@) LA 1, )] + [ 1 (0 100 (s, 8)] < CF7H () [[og el (s, )] + [0 (s, 1], (5.24)

and therefore

/ dsdt Fy(t)0) (iu, Dsu) > —C|log5|2/ dsdt [|logel*[w] + [V[] [Vl (5.25)
As\Ak,a As\Ak,a

Now, since (s, t) = WG (r(es,et)), r(s,t) standing for the diffeomorphism given by the change
into rescaled boundary coordinates, we may use the Agmon estimate ([@2T). It implies, for some
finite constant A > 0,

/ dsdt |Vip|? < e At / dr exp {M} [VTCL|? = O+ loge[2H8)  (5.26)
-Aa\jk,s A

€

for some finite 5 > 0, since . = co|loge| — C'log|loge| by B37) and therefore
e~ Ale — ECUA| log 5|ﬁ.

Note that the Agmon estimate actually gives

/AE dr exp{@} ’(V +iA€—2L) \IIGLF =07 h).

The Lh.s. of such an expression can however be bounded by

A(l=r) GL|2 1z 1 A(l—r) GL|2 |,j,GL|? b
/Asdrexp{T}’V\I/ ’ -2 /Asdrexp{T}‘A H\If ‘ :

Therefore, since |ASY| = O(1 — r) inside A., we can conclude that

1
/~ dr eXp{@} ‘V\IIGL‘Q < = /~ dr exp{@} ‘AGL‘2 ’\IIGL‘Q +Ce!
€ 'AE
= O(elogel?), (5.27)
which is the bound used in (B20]). In a similar way we can also bound

/ dsdt |ip)* < g2~ At / dr exp {4} ’\IIGL‘Q = O(e7 04 logel?). (5.28)
As\Ak,z A

k,e

Hence putting together (5:25), (526]) and (B.28]) and using the Cauchy-Schwarz inequality, we have
proved

/ dsdt Fy,(t)9; (iu, gu) > —Ce oA | loge[*5,
-AE\Ak,E
Thus, going back to ([E.20) and dropping the positive terms

Eru] > —Ce oo Joge|*HF,

Taking co large enough, this can be made smaller than any power of €, so in combination with

EID) it yields (I0). O

We note that to obtain the energy lower bound we have dropped some positive terms (second
line of (B20))), so the proof above actually provides a control of these terms, which is the content
of
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Corollary 5.1 (Reduced energy bound).
Under the assumptions of Proposition[5.2 and for any de such that 0 < d. < Clloge|=™* ase — 0,

dg/ dsdt (1 —ekt) f? [ |0pul® + T |asu|2]
1
+ 2_b/ dsdt (1 —cekt) fir (1— |u|2)2 = Ofe|logel). (5.29)
-Aa

Note that 28] follows from the above in the same way as ([Z2)) followed from ([@Z0). In the
next subsection we show how to deduce our other results about the GL order parameter from
Corollary B.11

5.3 Uniform estimates on the density |¥¢L|?

Before proceeding let us define Ay, as the region Ap; (see (Z8) for its definition) in the scaled
boundary variables (s,t)

Abl = {(Sat) cA fk(t> > 'Ys}- (5'30)

Corollary 511 clearly says that, roughly speaking, |u| can not differ too much from 1 inside Ap;
where the density f7 is large enough. In order to extract from this fact a pointwise estimate of |u]
that will lead to (2.8]), another ingredient is needed:

Lemma 5.3 (Gradient bound for |ul).
Let Q be a disc of radius R=k~' > 0. Forany1 <b< 961 and € sufficiently small, we have

C|logel?

Viul(s, 1)) < =5

(5.31)

for any (s,t) € A..
Proof. From the definitions of 1) and u in Proposition 5.2l and Lemma [5.2] we immediately have
VIul(s, ) < 2O 1@ [0 (s, )] + Fi (@) [ Vs [9(s, 1)
< Cfi (@) [logel’ + [V [u(s,0ll] . (5.32)

where we have used (A28). The result is then a consequence of [Alml, Theorem 2.1] or [AH, Eq.
(4.9)] in combination with the diamagnetic inequality (see, e.g., [LL]), which yield

VUS| < (Va5 ) v =0T = Vet =00).  (533)

O

Proof of Theorem[2.3. The argument has been used many times in the literature since its first
appearance in [BBH]. For contradiction, suppose that there is a point (sg, ) € Ap such that

11— Ju(so, to)l| = o, (5.34)
where s ,
e'/*loge|
o= 2 <, (5.35)
Ve

by the assumptions on 7. (Z71). Then by (E3T)

[Vlul(s,t)] < CrZ | logel® (5.36)
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inside Ap,. There would therefore exist a ball B,. (s0,t0) centered at (so,to) of radius
Qe = O(7€| 10g€|7308)7 (5'37)
such that
11— u(s,b)]| > 30e, (5.38)

for any (s,t) € B,.(s0,t0) NAp1. Hence we could bound from below the potential energy appearing

in (529) as follow
/ dsdt (1— et)f2 (1— [uf?)? > / dsdt (1 — et) £ (1 - [uf?)’

e By (s0sto)

> Ov2pto? = Cellogel?, (5.39)

g QE g
which would contradict the upper bound (29). Hence for any (s,t) € Ay
11— lu(s,t)]| < 0. = O(e/*77?[loge ). (5.40)

It is then straightforward to deduce the final result by simply translating the above bound into
one on WEL (recall (510))). O

5.4 Circulation estimate

The main point for the proof of the circulation estimate is a bound on the circulation of u at the

boundary, which is contained in next

Lemma 5.4 (Circulation of u on 99).

Let Q be a disc of radius R=k~' > 0. Forany1 <b< @0_1 and € sufficiently small,

LX)

’ T ds (iu(s,0), dsu(s,0)) | = O(|loge[?). (5.41)
0

Proof. The idea of the proof is the same as [CPRY3, Lemma 3.5]. We use a cut-off function
to estimate the circulation integral in terms of a volume integral over a thin layer around the
boundary. The width of such a layer is to some extent arbitrary but for later purposes it must
be o(1) in the rescaled normal coordinate ¢. For the sake of clarity we fix from the outset such a
width equal to |loge| .
Let x(t) be a smooth cut-off function satisfying the properties
supp(x) C [0,]loge[ ™), x <1, x(0)=1,  x(|loge[™") =0, (5.42)
|0ix| = O([logel). (5.43)
Then we can write by means of integration by parts

[8€2] [8€2]

! . B = [loge| ™" ) .
/o ds (iu(s,0),0su(s,0)) = /0 ds/0 dt {0 x (tu, Osu) + xO4 (iu, Osu)} . (5.44)

Hence we can bound the modulus of the r.h.s. of the above expression as

[09]

/05 ds (iu(s,0),dsu(s,0))

1o

Ql 1
: | log
g/ ds/ dt{C’|log5||u||Vu|+2|Vu|2}
0 0

0 |log | 2
gc[g+(1+ : )nwnmm, (5.45)

7Actually the entire ball By, (s0,%0) might not be contained in Ae, if the point is close to the boundary, but in
this case one can arrange this set in such a way that at least half the ball is included.
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where we have used Cauchy-Schwarz inequality and the estimate (E.40) and introduced a variational
parameter 0 to optimize over. Then it suffices to exploit the pointwise lower bound (B26]) together
with the estimate (29 proven in Corollary [B.1] which yields

IVul2e ) = Oellogel?), (5.46)

where we have chosen d. = |loge|? to meet the condition ([B40), and pick § = ¢|loge|® to get the
final result. O

We can now address the proof of the winding number estimate:

Proof of Theorem[2.7] We first note that thanks to the definition of ¢ we have 9(s,0) =
VGL(R, es), where we have used polar coordinates r = (r,9) for WG, Hence the decomposi-
tion (BIT)) together with the strict positivity of f;(0) by ([B20) and the estimate of |u| (E40)
imply that WG does not vanish on 9Q and its winding number is thus well defined. Note that
the positivity of fx(0) requires the condition 1 < b < @51. Moreover fi(0) is separated from 0
independently of £ again by (.20, so that (5.40) holds true with ~. = const.

We thus have

2w GL GL
2m deg (\PGL,QQ) = fz'/ 49 | (R,ﬂ”aﬁ <|\II (ga 3) >
0 )

YEL(R, V) VL (R, 9))|
B _i/zf ds |u(8’0)|ei(ak+86£)sa (u(s,o)e—i(ak—kaés)s)
0 ’LL(S,O) ° |u(570)|
2 (o + &3) Va0 ePY) / [u(s,0)] , ( u(s.0)
=1 1 — , 4
. ( + O(e/*|loge| )) i ; ds 2(.0) 0s (.00 ) (5.47)
where we have made use of (540), i.e.,

lu(s,0)| = 1+ O(e*/*]loge?). (5.48)

Now to complete the proof it remains to bound the second term on the r.h.s. of (&4T), but again

by (8), we get

[ o (o) | = (o etpge) | [ as o000 |

and therefore Lemma [5.4] provides the result. O

A Appendix
A.1 The one-dimensional Schrodinger operator Hj,
We start by stating standard results about the ground state of the operator Hy, o defined in (317):

Proposition A.1 (Ground state of Hy ).
For any given o € R, k > 0 and € small enough, the operator Hy, ., is positive and self-adjoint in

H = L*(I., (1 — ekt)dt).
Its normalized ground state ¢y, i.e., the lowest eigenstate solving

Hk,ad)k,a = ,Us(kv O‘)d)k,av (A1>
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s unique up to the multiplication by a constant phase factor, which can be chosen in such a way
that it is real and strictly positive. Moreover ¢ o € C(I.) and it satisfies the following bounds

18 all s,y = Ollogel?), (A.2)

Pha(t) < Cexp {37}, (A.3)

for some finite constant C.

Proof. The first part of the Proposition can be proven by exploiting standard techniques of operator
theory. The bound on the derivative of ¢y . can be obtained by simply integrating the eigenvalue
equation:

/O dn 8, [(1 — ekn) ¢}, o (n)] :/O dn (1 —ekn) (Vi,a(n) — pe(k, @) dr.a(n),

which yields by a trivial application of Cauchy-Schwarz inequality and normalization of ¢y

t 1/2
!O—EMWkJQIS[llmﬂﬁa@4 T ek Vi, (A.4)

and thus (A2), via the trivial bound pu.(k,a) = O(]loge|?), which can be easily obtained by
evaluating the energy of a normalized constant function.

The decay estimate (A.3)) is proven by exploiting the resolvent of the harmonic oscillator H¢ :=
—0? + 12 on the real line, i.e., for any A\ > —1,

P2A—1/2

I 2
osc =1 gy I 2 2 2 g4/
(Ho + X)) (1) = 2\/7?/0 dv exp{ s (B + ) + kym}. (A.5)

1—12

To this purpose we first regularize ¢, in order to associate it with a function in the domain of
H°¢. A simple way to do that is multiply ¢ o by a smooth function x. < 1 with the following
properties

0, ift=0,co|loge|,
Yelt) i= ol loe| (A.6)
1, fore” <t <c¢p|loge| —e7,

for some v > 1. As a straightforward consequence (;3 ‘= Xe®k,o 1S approximately normalized, i.e.,
¢ |l =1+ o0(1), and satisfies the following differential equation in I,

— ¢+ (t+0)d = pe(k, )¢+ [(t+ )" = Via(®)] 6 — 125xe0k0 — 2K 0 — X Pra- (AT)
Calling ®(¢) the r.h.s. of the above expression, we can apply the resolvent of H to get

b(t) = /}R dt’ (Ho) ™' (4,8 + a)®(t). (A.8)

Moreover exploiting the bound on ¢{, and choosing x. smooth enough, e.g., so that |x.| . <

O(e™7) etc., we can apply Cauchy-Schwarz inequality to extract an upper bound to ¢ of the form
(A3)), which immediately translates into an estimate for ¢ via (AG]). O

Most of the properties of the ground state energy and wave function of Hj, o, are obtained by a
comparison with the shifted harmonic oscillator on the half-line with Neumann conditions at the
boundary ¢ = 0:

HC := —07 + (t + a)?, (A.9)
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acting on L?(R*,dt) (notice the different measure). We denote by 1°¢(«) its ground state energy
and refer to [FH2, Chapter 3.2] for a detailed analysis of its properties, that we briefly recall here:

o (—00) = p*°(0) = 1, p(a) <1, for a <0, (A.10)

¢ (+00) = +o0, u(a) > 1, for a > 0. (A.11)
Moreover 1 («) is monotonically increasing for o« > 0, whereas it admits a unique minimum at
—v/ 0Oy given by
: osc — osc —
min p”* (o) = p (f\/GO) =0 < 1. (A.12)

a€cR

Proposition A.2 (Ground state energy p.(k,«)).
For any given o € R, k > 0 and € small enough, u.(k,a) is smooth function of o and

pe(k, @) — p™(a) = O(e[ log e ). (A.13)

Proof. Tt is easy to verify that Hy . is an analytic family of operators of type (A) [RS4] Definition
at p. 16]: the difference Hy o — H,, with

Hy = =02+ 1220, + (t+a)®, (A.14)
is indeed a bounded operator with norm (see below)
[ He,o — I:IaH = O(elloge[*)

and therefore Hy, o — ﬁa is ﬁa—bounded. On the other hand ﬁa is an analytic family of operators
in the sense of Kato since it is precisely the shifted harmonic operator on L?(I, (1 — ekt)dt). In
conclusion p.(k, @) is an isolated non-degenerate eigenvalue of Hy, o, and thus it must be a smooth
(in fact analytic) function of «.

The estimate of the difference u.(k, @) — p°°(a) is a consequence of the estimate ([BI1), which
implies the operator inequality B

| Hy.o — Holl < Cellogel?
and therefore
pe(k, o) = po(er) = O(e] log e,

where po(a) stands for the ground state energy of H,,. However since H,, coincides with the shifted

harmonic oscillator on L?(I., (1 — ekt)dt), some simple upper and lower bounds allow to conclude
that

po(@) — p*(a) = O(e[logel),

which in turn yields the result.

O
Corollary A.1 (Ground state energy pu.(k,«), continued).
For any k > 0 and € small enough
OilrelFR,ug(k, a) = Oy + O(e|loge[?), (A.15)
and for any b satisfying 1 < b < @al, there exist
— o0 < ay(k,b) <@y(k,b) < ay(k,b) < ay(k,b) <0, (A.16)

with @; — a; = 0(1), i = 1,2, and ay — @1 > C(k,b) > 0, so that

bt > pe(ky @), for any o € (@1, ),
b < pe(k, ), for any o € (—o0, 4] or a € [@a, 0). (A.17)
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Proof. All the results are simple consequence of (AI3]) combined with the properties of p°¢(c)
proven in [FH2, Chapter 3.2]. Note that a priori the equation b=! = u.(k, a) might have more
that two solutions, unlike the equation b=! = ;°¢(«), which is the reason why in general o; # @;.
The existence of the interval (@, ay) of size O(1) where b=! > . (k, «) is however implied by the
properties of p°%¢(«). O

A.2 Technical estimates of the one-dimensional density profiles

We prove in this section the pointwise upper and lower bounds to the density fj o minimizing the
1D functional &Y.

Proof of Proposition [Z3. Although similar arguments are used very often in literature (see, e.g.,
[CPRY3]), we discuss them in details for the sake of completeness. Throughout the proof we use
the conditions b € (1,0 1) and a € (@, q;), which guarantee the positivity of fi o via Corollary
B1

Both bounds are essentially consequences of the maximum principle but, in order to make any
comparison possible, we first have to extend the density fi  to a smooth function f on the whole
semi-axis R, in such a way that a differential inequality is still satisfied, namely

" P Veaf > (1 - O]

In other words f must be a weak supersolution to the variational equation BI2). This is of course
doable in several ways but for the sake of clarity we propose here an explicit C?-continuation of
fi,at it suffices to set for some a > 0 and any ¢ > ¢,

F(t) = (f(t) +a(t — o)) exp {4 (t 1)}, (A.18)

and notice that

f(ts) = fk,a(ta)a f/(ta) :Ozf];,a(ta),

thanks to Neumann boundary conditions. Moreover it is easy to verify that by picking

0 =1 [Vealte) = (1= f20t)) +1] fralte), (A.19)

one also has

f”(tE) - lg,a(tE)a

ie., f e C*RH).
Let us now discuss the lower bound. We introduce the function

w(t) == fr.a(0) exp {fg (t+ ﬁ)Q} : (A.20)

and note that

w(0) < fra(0),  lim w(t) = lim f(t) = 0. (A.21)
Moreover setting )
u(t) = w(t) = f(1), (A.22)

we have
—u + [(tJr \/5)2 — l}u
P fla+ [Vea®) = (t4+V2) + 1= 31— f2,)] fuar it € 02)

) o i ' (A.23)
{*(t +V2)" + (¢~ 1) + PSR } f ifE > fe.
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Now for ¢ < t. we exploit next Lemma [A.]] which combined with the fact that fj o is decreasing

for t > max[0, —a+ ﬁ +0O(e)] (Proposition B.1]) yields that f; , < Cfy o for some finite C. Indeed

for finite ¢, (A.28)) should be used in combination with (3.28)), implying |f; ,| < C" < Cfgq. For
t > max[0, —a + \/LE + O(e)], fi.o is negative and the inequality holds true with any positive
constant. Hence we get for ¢ € [0,.] (recall that oo < 0)

P flat [Veal®) = (t+v2) 4+ 1= 20 = £2)] fra
< [—2(\/5 —a)t—2+a>+1+ (’)(5)} Jra <0, (A.24)
while for t > t.

2a[1 — 2(t — t.)]
fralte) +a(t—t)°

(V2 (-t <2(V2—t )t — 1412+ WVea(te)

<22 (1+0O(|loge|™")) <0, (A.25)

where we have used that 0 < a < £ [Vi o (te) + 1] fra(te) by (AI9).
Putting together (A24) and (A25]) with (A23]), we obtain

—u <=+ V) - 1fu < - (A.26)

Hence u is subharmonic where u > 0, but then in that region u should reach its maximum value
at the boundary, where u = 0 (recall that u < 0 at ¢ = 0, 00). Therefore the region must be empty
and u < 0 everywhere. To conclude the proof is then sufficient to use the strict positivity of fi o
at the origin, since it is the ground state of a 1D Schrédinger operatOIﬁ.

For the upper bound proof we proceed in the same way by showing that

W () :=ceXp{_%<t+a)2}

is a supersolution for a large enough constant C'. Denoting again by U(t) the difference W (t)— f(t),
one has (making use of ([A2]))

~U">-[(t+a)?®-1]U > -1, (A.27)

if £ > |a| + /2. Now if the constant C' is taken so that u(|a|+v/2) > 0, which can always be done
since fro < 1, then by a superharmonicity argument one can conclude that U > 0 in the whole
region t > |a|+ /2. The estimate then easily extends to the region ¢ < |a|+ /2, where W > 1. [

We conclude the section with a technical estimate on the derivative of fj o:

Lemma A.1 (Gradient bounds for f ).
For any b € (1, @al), a € (@g,ay), k> 0 and e sufficiently small, there exists a finite constant C
such that

1, forte 0,|0¢|+%},

[fha®)] <C ; )
|logel? fra(t), forte |a|+%,co|log5|}.

(A.28)

80ne should actually show that there exists a constant C' > 0 independent of ¢ such that fr,a(0) > C. This is
not a straightforward consequence of fj , being a ground state, since its value at the origin might depend on e.
However a pointwise estimate of the difference between f , and the minimizer of 5&3 with e = 0 can be easily
derived, showing that the two functions differ by o(1). This in turn yields the desired estimate. We omit further
details for the sake of brevity.
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In the case k = 0, = 0 the above estimates become

1, 0Tt€|:0,04+l},
|fo.a()] <C J ol + 35 (A.29)
’ t(t+a)foa(t), fort>lal+ %
* b
Proof. The result can be easily obtained by integrating the variational equation ([BI2):
B 1715ktat |:(1 - Ekt)fllg,a} + Vk,afk,oz = %(1 - f]ia)fk,a,
which alternatively yields (thanks to Neumann boundary conditions)
t
— (1= cht) ff () = / ay (1= ekn) |10 f2,) = Via ()] fia: (A.30)
0
te
(1= 2kt) alt) = [ dn (1= eho) [0 = £2.) = Vial)] S (A.31)
t

By taking the absolute value of the first identity for any finite ¢ and exploiting that |fx o| < 1, we
get the first inequality. On the other hand for ¢ > |a|+ \%, Vi,a > % so that the r.h.s. of the second
identity is negative, which in particular implies that fy o is decreasing there, i.e., fi o (7) < fr.a(t)
for any n > t. Taking again the absolute value of both sides and estimating roughly 7 in the
integral with its maximum value, i.e., t., we then obtain the second estimate.

The result in the case k = 0 and € = 0 can be obtained exactly in the same way. O
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