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Convergence of conforming approximations for inviscid
incompressible Bingham fluid flows and related problems

F. Bouchut, R. Eymard and A. Prignet*

September 9, 2013

Abstract

We study approximations by conforming methods of the solution to the variational in-
equality (Oru,v — u) + ¥(v) — ¥(u) > (f,v — u), which arises in the context of inviscid
incompressible Bingham fluid flows and of the total variation flow problem. We propose a
general framework involving total variation functionals, that enables to prove convergence
of space, or time-space approximations, for steady or transient problems. We consider time
implicit, or time implicit regularized (linearized or not) algorithms, and prove their conver-
gence for general total variation functionals. Comparison with analytical solutions show the
accuracy of the methods.

KEYWORDS. Total variation flow, Bingham fluids, conforming approximations, regularization
method, convergence

1 Introduction

A series of practical physical and engineering problems involve the flows of the so-called incom-
pressible “Bingham fluids”. For such flows within a domain Q@ c R, N = 2 or 3, the relation
between the stress tensor o(t,z) (seen as a N x N matrix), the pressure p(t,z) and the velocity
u(t,z) € RN is given by (see for example [12] and references therein)

K
= —pl — +2v | D 1.1
= ot + (g 20 P )

where k > 0 and v > 0 are given physical coefficients (v is called the viscosity of the fluid), I
is the N x N identity matrix, and where

1
(Du)ij = 5(8iuj~|—8jui), i,j=1,...,N, (1.2)

denoting by 9; the partial derivative with respect to the i-th coordinate of a point z € €2, and

N

|Dul? =) (Du);. (1.3)

1,7=1
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Since the case of Bingham fluids with negligible viscosity arises in practice [23], our motiva-
tion is to provide here numerical methods which remain available in the case when v is small.
Therefore, this paper is focused on approximate methods allowing for the limit case v = 0. The
incompressibility condition for the fluid reads

N
divu = Z@iui =0. (1.4)
i=1
Assuming a constant density p = 1 for the fluid and neglecting the nonlinear convection term,
the momentum conservation equation is given by

N
6tui—28jaz-j:fi, i:1,...,N, (1.5)
j=1

where f has values in RY. An initial condition

is considered, as well as boundary conditions. For simplicity, we assume here homogeneous
Neumann boundary conditions, which can be written

N
> oymn;=00n09, i=1,...,N, (1.7)
j=1

where n is the outward normal unit vector on the boundary 92 of .

In order to provide a formal variational formulation, let us define a set E of regular functions
v : Q — RY such that dive = 0. We then multiply (1.5) by v;, sum over i = 1,..., N and
integrate on ). We get, after an integration by parts in space accounting for the homogeneous
Neumann boundary conditions and for the relation divv = 0,

VUGE,/ <8tu-v—|—<ﬁ—|—21/>Du:Dv>dx:/f-vdx, (1.8)
Q | Dul Q

where we denote by
N

Du:Dv=Y (Du);;(Dv). (1.9)
i,j=1

In (1.8) and (1.5), the ratio Du/|Du| is not always defined. The physical understanding of this
term indicates that it should be interpreted when Du = 0 as “any trace-free symmetric matrix
with norm less or equal to one”. In the mathematical language such quantity is called “multi-
valued”. This fundamental difficulty makes the approximation of the problem (1.8) already a
complex challenge for v > 0, and has motivated a large literature, see [12, 15, 16] and references
therein.
Since our motivation is to provide discretization methods also available in the case v = 0, a first
step is to rewrite (1.8) under a form which provides a well-posed continuous formulation. We
then follow [12], writing a variational inequality giving a rigorous sense to this problem. Let us
define, for u,v € F and = € ,

A(u,v)(z) = Du(z) : Dv(x) and a(u)(z) = (A(u,u)(z))">. (1.10)



Then from the Cauchy-Schwarz inequality one has
A(u,v) + A(u,u) = A(u,u 4+ v) < a(u)a(u + v),

which gives

Let us also note that

Then, denoting
Pv) = /Q(/-i a(v) +v A(v,v))de, (1.11)

the formulation (1.8) implies

Vv e B, /&gu‘vdx—i-w(u—i-v)—w(u)z/f‘vdx. (1.12)
Q Q
Reciprocally, letting v = 6w in the previous inequality, we note that
Alu+ 0w, u + w) — A(u,u) = 0(24(u, w) + 0A(w, w)),

and
2A(u, w) + 0A(w, w)

a(u + 6w) + a(u)

We then formally recover (1.8) from (1.12) by dividing by 6, letting 8 > 0 tend to 0 and letting
f < 0 tend to 0. We conclude that (1.12) is more general than (1.8) since it can be written in
cases when a(u)(z) = 0 occurs for some x € Q. The formulation (1.12) can indeed be understood
as saying that the linear form v — [(f — dyu) - v dx belongs to the subdifferential of the convex
functional ¢ at u. The term in (1.8) appears in fact as the formal differential of the functional
.

Note that all the theoretical background of [12] relies on the viscous term, and strongly depends
on the assumption v > 0, while here we want to also handle the case v = 0. We would like to
extend the definition of 1(v) to all functions v € L2(2)", thus we write for v € E

a(u+0w) —a(u) =6

/ |Dv|dx = sup / Dv : pdz, (1.13)
@ PE(CHN?, o]l oo () <179
1/2
(/ \DU\de) = sup / Dv : pduz, (1.14)
@ PE(CHON?, ol 2y <174

where C}(€Q) is the set of C1(2) functions with compact support in €. Integrating by parts, we
thus extend the definition of ¥(v) to all functions v € L*(Q)" by defining

’u)GVN,N wEWN,N

2
Y() =k sup (v,w)+v ( sup <v,w>> € [0, o0], (1.15)



where (-, -) denotes the L?(Q)" scalar product, and where

N N
2/ NN 1 N? 1 9 )
VN = {w € L ()", dp e (C’c (Q)) , Wy = 2218]-(%]‘ + ©ji), 4'21 p;; <1lin Q},
j= ij=
(1.16)
N2 1 N N
WyN=qwE LQ(Q)N7E|QO IS (Ccl(Q)) , W = 7283»(% + @ji);/ Z (p?jdx <15,.
2 j=1 Q=1
(1.17)

We consider the space H of all functions v € L*(Q)" such that divv = 0. Then the functional
1 may be defined by (1.15) as a mapping from H to [0, 00|, and we may define the set B of all
functions v € H such that ¢ (v) < co. Indeed, the finiteness of the first term in (1.15) means
that Duv is a finite measure on €2, while the finiteness of the second term (if v > 0) means that
Dv € L*(9).

The problem is then to find, for a given T" > 0, a function u such that

T
uwe L?(0,T; H), / P(u(t))dt < oo, du e L*(0,T; H), u(0) = u’ and
0
T

Vo € LX(0,T; H),/O (<atu(t),v(t) —u(t)) + Yu(t) — w(u(t)))dt (1.18)
T
> [ 40.010) - u(opet
0

For such nonlinear monotone variational inequalities in a Hilbert space, involving a convex
lower semi-continuous functional (which is precisely the case for the function 1 defined above
and valued in | — 0o, 00]), the theory of [6] applies, giving the existence and uniqueness of the
solution.

This theory has been used in several works, applied to the total variation flow, and we refer to
[22] for a general exposition on the subject. The total variation flow problem is a scalar problem
which consists in looking for the solution u : £ — R to the problem

Vu
Ou—div| — | = 1.19

tu v ( |V'U,‘ ) f7 ( )
with Neumann boundary condition (Vu/|Vu|)-n = 0 on 092. Indeed, this problem may also be
written under the form of inequality (1.18), denoting by H the space L?(f2), and introducing
the BV seminorm defined by

Y(v) = sup (v, w), (1.20)

weVN

where (-, -) denotes the L?(Q) scalar product and where

N
Vy = {w € L*(Q),3p € (Ccl(ﬂ))N ,w = div o, ngf <1lin Q} . (1.21)
i=1

The total variation problem is however more “regular” than the inviscid Bingham problem, since
it is also monotone in L'(), as proved in [1]. The theory of monotone problems in Banach spaces
is provided in [9, 2, 3]. This L' monotonicity (implying the almost everywhere monotonicity,



via the well-known Crandall-Tartar lemma [10]) enables to use the Kruzkov entropies, as for
hyperbolic scalar conservation laws, and therefore to include a transport term. This is done in
[4], including convergence results for numerical approximations.

The Bingham problem does not have this L' structure. Nevertheless, there is a very strong
result in [20], that states that in two-dimensions, the Bingham evolution problem has a smooth
solution, without viscosity, and including advection.

It is worth noticing that the form of inequality (1.18) includes both linear problems and nonlinear
problems such as the p—Laplacian, which shows that it is quite general. Therefore it presents
some interest to give general lines for its approximation.

This paper is devoted to the approximation by conforming methods of the solution to (1.18) in
the general case of a convex lower semi-continuous (1.s.c. for short) functional on a Hilbert space.
It is then applied to the framework of general total variation functionals, which includes the
particular cases of the inviscid Bingham problem and of the total variation flow problem. In this
situation we use a regularization procedure and time implicit or linearized implicit integration.
Our results generalize the ones of [13, 14|, obtained for the total variation flow, and for more
regular data. Our analysis of the linearized implicit scheme, which is the one applied in practice
for Bingham flows (see [19, 21]), seems to be new.

The paper is organized as follows. In Section 2, we first recall some properties of the steady
problem, following [6], and we propose sufficient conditions for a convergent approximation in a
finite dimensional subspace, provided that some interpolation conditions be satisfied (Subsection
2.1). We then provide in Subsection 2.2 the analysis of the regularization method, applied to
general total variation functionals. We turn to the transient problem in Section 3: we first state
some basic properties in Subsection 3.1, and we then prove the convergence of a time-space
conforming approximation of fully implicit type in Subsection 3.2. We provide in Subsection
3.3 the proof of convergence for the implicit regularization method for general total variation
functionals, and treat the linearized algorithm in Subsection 3.4. We finally propose in Section
4 the study of numerical convergence in the particular case of the total variation flow. In a
first subsection, we show that the problem to be solved in a finite dimensional space is itself
approximated in the steady case. In a second subsection we consider the transient case, for which
we show the convergence of the implicit method, where the use of a linearization is studied in
the case of the regularized problem. Our results extend the ones of [13, 14], since they apply
without further hypotheses on the regularity of the continuous solution. A short conclusion is
finally given in Section 5.

2 Approximation of the steady problem

2.1 General framework

As stated in the introduction of this paper, we focus on the approximation of a steady version
of the problem (1.18), using the framework of [6].

Let H be a Hilbert space, with scalar product (-,-) and norm || - ||. Let ¢ : H —] — 00, 0] be a
convex, lower semi-continuous function such that the set B = {v € H,¥(v) < oo} (the domain
of 1) is not empty. Classical results in this situation can be found for example in [7].

We first recall the following standard lemma in convex analysis.



Lemma 2.1 A functional ¢ is convex, lower semi-continuous with non-empty domain B, and
first order positively homogeneous (i.e. for all A € R, v € B, yp(\v) = |A| ¥(v)) if and only if
there exists a non empty set V.C H such that

YweV, —weV, (2.1)
and
Vv € H, ¥(v) = sup(w,v). (2.2)
weVvV

In this case, B is a subspace of H, and v satisfies ¥(u +v) < (u) + ¢(v).

Proof. It is given in [8] or [18, theorem 3.1.1], but for completeness we give it shortly. Since
the “if” part is obvious, consider 1 convex, lower semi-continuous with non-empty domain, and
first order positively homogeneous. Then applying the homogeneity property to some vy € B
and A = 0 yields that ¢(0) = 0. We deduce that ¢(Av) = |A| ¥(v) for all A € R and v € H, with
the convention that 0 x oo = 0. In particular, ¢(—v) = ¥(v). Applying the Fenchel-Moreau
theorem we have that 1 is the supremum of all affine functions upper dominated by . Consider
such an affine function v — p + (w,v) with p € R and w € H. We have

() > p+ (w,v) forallve H. (2.3)
Applying this inequality to Av, using the homogeneity and letting A — oo yields that
Y(v) > (w,v) forallv e H. (2.4)

Applying this to —v gives then that ¥ (v) > |[(w,v)| > 0. Since (2.3) applied to v = 0 gives
< 0, we deduce that the linear function v — (w,v), which is upper dominated by v by (2.4),
is greater than the affine function v — p+ (w, v). Therefore, 1) is also the supremum of all linear
functions upper dominated by 1. In other words, (2.2) holds with

V={weH, YveH (wv)<pw)}. (2.5)
It is easy to check finally that 0 € V and that (2.1) holds. O

Let us notice that the examples provided in the introduction of this paper (without viscosity)
fall into the class given by Lemma 2.1.

We recall that, according to the convexity of 1, the property of lower semi-continuity also holds
for the weak topology of H, which implies that, for any sequence (vy,),en of elements of B that
weakly converges to v € H, and such that there exists C' € R with ¢(v,) < C for all n € N,
then ¢ (v) < li%inf¢(vn), which implies that v € B.

Let a > 0 and f € H be given. The aim of this section is to approximate the solution to the
following problem: find u such that

u € B, 26
Vo e B, alu,v—u)+ ) — () > (fv—u). (2:6)

Note that (2.6) may also be written as
au+ 0Y(u) 3 f, (2.7)



with introducing the subdifferential of the function v at wu,
O(u) = {w e H, Vo € H, ¥(v) > d(u) + (w0 — uw)}. (2.5)
Then according to [6] we have the following result.

Lemma 2.2 There is existence and uniqueness of the solution u to the problem (2.6), which
moreover satisfies

u = argmin J(v), (2.9)
veDB
where J : B — R is defined by
a
J(v) = S vl* + $(v) = {f,v), Yo € B. (2.10)

Corollary 2.3 There exists ug € B such that 0y (ug) is not empty.

Proof. Take o = 1 and f = 0. Then the solution u obtained by Lemma 2.2 satisfies (2.7),
which implies that 9y (u) is not empty. O

Remark 2.4 In the case when 1) is first order positively homogeneous (the case of Lemma 2.1),
then w € B is solution to the problem (2.6) if and only if

ue H
Vo e H, alu,v)+ ) > (f0), (2.11)
and
allul|* + 1(u) = (f,u). (2.12)

It indeed suffices to let v =0 and v = 2u in (2.6) for obtaining (2.12), which also shows that
u € B. This characterization is used in the examples for exhibiting an analytical solution.

Remark 2.5 If we have two solutions u; and ug to (2.6) associated to two different right-hand
sides f1 and fo, then one has |[ug —u1|| < ||fo — fill/a. This is obtained by taking v = ug in the
formulation (2.6) for uy, taking v = uy in the formulation (2.6) for uz, and adding the results.
This contraction property is in the heart of the theory of monotone operators (here O is the
monotone operator in (2.7)).

Let us now introduce a reduction argument. Take ug € B such that 09 (ug) is not empty, and
pick some w € 0¢(up). Then one has ¥(v) > ¥(up) + (w,v — ug) for all v € H. Therefore,
setting for v € H

’(Z(U) = ¢(U + UO) - ¢(u0) - <w’ U>’ (2'13)

the functional @Z : H —] — 00,00] is convex and lower semi-continuous, and satisfies 1; >0,
and (0) = 0 (implying 0 € B = {v € H,v¢(v) < oo}). For a € R (chosen later) and for v € H,
define then

Jw)=Jw+wu) —a= %Hv—i—uon—l—w(v—i-uo)— (f,v+up) — a.



Then the minimum of J is obtained at the point & = u — ug, where u is the solution to the
problem (2.6). Setting f = f — w — augp, we have

T(0) = S0l + 9(v) = (F.v) + w(uo) + (Fuo = fruo) — a

thus choosing a = 9 (uo) + (Suo — f, uo), the problem is to find the minimum of

~ a ~ ~
J() = S ll* +¥() = (f,v).
Therefore, u is the solution to the problem
i€ B,
Yo e B, alu,v—u) +p)—y@) = (f,v—u).

Indeed, (2.14) can also be deduced directly from (2.6). We conclude that we may assume,
without loss of generality, that ¢» > 0 and ¢ (0) = 0. This is done in the following Hypothesis.

(2.14)

Hypothesis 2.6 We consider the following assumptions:
1. H is a Hilbert space,
2. ¢ : H =] —o00,00] is convex and lower semi-continuous,
3. YP(v) >0 for allv e H, and 1(0) =
Note that the third assumption ensures that if f = 0, the solution to (2.6) is u = 0.
Assuming Hypothesis 2.6 (that implies 0 € B = {v € H,¢(v) < oc}), let H be a closed subspace

of H and let B = HN B. Note that 0 € B (in the examples, B is a subspace of H and Hisa
finite dimensional subspace of H). We define the approximate problem as: find % such that

i€ B,
Yo e B, afiv—a)+y) — @) > (f,v—a).

It is then immediate to get the existence and uniqueness of u solution to (2.15).

(2.15)

Lemma 2.7 Under Hypothesis 2.6, let « > 0 and f € H be given. Let H be a closed subspace
of H and let B = HN B. Then there exists one and only one solution to the problem (2.15),
which moreover satisfies
u = argmin J(v), (2.16)
vEB

where J is defined by (2.10).

Proof. It suffices to consider f the orthogonal projection of f on H. Then (2.15) is identical
to (2.6) replacing v by its restriction to H and f by f, since <f, v) = (f,v) for all v € H.
Therefore, Lemma 2.2 gives the existence and uniqueness of the solution to (2.15). O

The scheme (2.15) leads to the resolution of a convex minimization problem in a finite dimen-
sional space. There are many numerical methods well-suited to that (gradient or conjugate gra-
dient methods for example). We analyze a different type of method, the regularization method,
in the particular case of total variation functionals in Subsection 2.2, based on the particular
form of the function . Let us however give the following error estimate result for the scheme
(2.15) in the general case.



Lemma 2.8 Under Hypothesis 2.6, let « > 0 and f € H be given and let u € B be the solution
to the problem (2.6). Let H be a closed subspace of H, let B = H N B and let u € B be the
solution to (2.15). Then

7 1/2
lu —af <2 (g) : (2.17)
and - »
| (u) — (@) < 6]l /] (5) , (2.18)
with
Ruy = inf (|17 o = ull + ((0) —(w) ). (2.19)
veB

where we denote for all x € R, 7 = max(0, ).

Proof. Let us first observe that u satisfies, setting v = 0 in (2.15) and using that 1(0) = 0,
allal® + ¢ (@) < (f,3),
which gives, according to the Young inequality,
o9 I 1 9
— < — . 2.2
P + (@) < 511 (2.20)

Since 1 > 0 this shows that
1
ul| < = . 2.21
jall < 211l (221)

We similarly write, from taking v =0 in (2.6),
1
lull < =111l (2.22)

From (2.15), we get for any v € B

a(u, u —u) +P(u) — () + R(v) = (f,u—u),

with
R(v) = a(u,v — u) + (v) — ¢Y(u) + (f,u — v). (2.23)
Hence, taking the infimum, we get
afu, u — ) + p(u) — P(u) + inf R(v) > (f,u—u), (2.24)
vEB

while from (2.23) and (2.19) we have

inf R(v) < 2R, . (2.25)
veEB

We have also, letting v = 0 in (2.23) and using that ¥(0) =0, ¢» > 0 and (2.21)-(2.22),

inf R(v) < R(0) < > || (2.26)
vEB «



Taking v = u in (2.6), we get

afu, u—u) + () —¢(u) = (f,u—u). (2.27)
Adding the inequalities (2.24) and (2.27) yields
allu —a|* < inf R(v), (2.28)
vEB

which provides (2.17), using (2.25). We deduce also that the right-hand side of (2.28) is non-
negative. We then write, again using (2.24) and (2.21),

P(u) — P(u) < 2[|f[l[|u — ull + inf R(v),
vEB

and similarly from (2.27)
P(u) = P(u) < afu,u—u) + (f;u—u) <2 fl[lu - ul]
We deduce, with (2.28) and (2.26), that

[¥(u) = @) < 2| fllllu—all + inf R(v)

< /inf R(v) <2||f|| +  /inf R(v))
vEB o veEB

which leads to (2.18) using (2.25). O

We deduce the following convergence result for the approximation method.

~

Corollary 2.9 Unffier H/ypothesz’s 2.6, let (Hp)nen be a sequence of closed subspaces of H, and
let, for alln € N, B, = H, N B. We assume that

lim inf (Jw— o] + (w(w) - (@) ") =0, ¥ e B. (2.29)
n—=% weB,

Let, for allm € N, u, € En be the unique solution u to (2.15) with B= En Then, U, converges
in H to the unique solution u € B to the problem (2.6) as n tends to oo and ¥ (uy) converges to

Y(u).
2.2 Total variation functionals

In this subsection we apply the framework of the previous section to the case of functionals 1 of
total variation type, generalizing (1.20), or (1.15) with » = 0, in the introduction of this paper.

Hypothesis 2.10 We assume Hypothesis 2.6. Moreover, we assume that there exists a subspace
H, C H, an open set Q@ C RN with N > 1, a nonnegative Borel measure p on 0 such that



w(Q) < oo, and a symmetric bilinear mapping A : Hy x Hy — LL(Q) such that A(u,u)(xz) >0
for u a.e. x € Q, for allu € Hy, and

Vu € Hy, ¢(u) = /Qa(u)(a:)du, (2.30)

denoting by a(u)(z) = (A(u,u)(x))/? for p a.e. x € Q. In particular, < is finite on Hy, i.e.
H, CB.

The two examples we are interested in obviously satisfy these conditions, with the following
choices.

Example 2.11 (Total variation flow) The Hilbert space is taken H = L*(Q), with Q a
bounded open set in RN | 4 is as in (1.20), (1.21), B = L>(Q)NBV(Q), u is the Lebesgue measure
on Q, Hy is any space such that C*(Q) C Hy C HY(Q), and A(u,v)(z) = Vu(x) - Vo(z).

Example 2.12 (Inviscid Bingham flow) The Hilbert space is taken H = {u € L*(Q)V, divu =
0} with Q a bounded open set in RN, ¢ is as in (1.15), (1.16) with v = 0, B = {u €
L2(Q)N, divu = 0, Du € M(Q)}, where Du = (Vu + (Vu)t)/2, M(Q) is the space of fi-
nite measures over €2, p is k times the Lebesgue measure on ), Hy is any space such that
{ue C®Q)N, divu =0} Cc Hy C {u € H{(Q)V, divu = 0}, and A(u,v)(z) = Du(x) : Dv(z).

We next analyze the algorithm by regularization for computing an approximate solution to (2.16)
(which converges to the continuous solution according to Corollary 2.9).

Lemma 2.13 Under Hypothesis 2.10, let o > 0 and f € H. Let H be a finite dimensional
subspace of Hy. Then, for e > 0, there exists one and only one function u. € H solution to

Uz € ﬁ[,
~ A(TUg,v)(x) (2.31)
Yv e H, , —|—/ ————du = (f,v).
vet olient | @@ =Y
Moreover, denoting by u € H the unique solution to (2.16), we have
Q
. —al < /e (2.32)

and
(i) — v@)| < 20712 4 @) (2.33)

The estimates (2.32), (2.33) provide, with Corollary 2.9, the convergence of (), to u under
the conditions (2.29) and ¢ — 0. Note that since H,, C Hj, it is necessary for having (2.29) that
the following condition holds:

weB, inf (Hw — ol + (d(w) — w(v))+> ~0. (2.34)

This condition is proved to hold true for the total variation flow and for the Bingham flow in
the appendix. Then to recover (2.29) from (2.34), it suffices to require that

lim inf (Hw — o] + ((w) — 1/1(@))+) — 0, Vv e H, (2.35)
Hy,

n—oo we

11



which is easily fulfilled.
Proof of Lemma 2.13. Let us begin with the proof of uniqueness. Consider two elements uq
and ug of H satisfying (2.31). Subtracting (2.31) with u; and wug, and taking v = u; — ug leads

to
A(uy,up —ug)(z)  Alug,u; — uz)(x) B
o=+ [ (S e )0

We have according to the Cauchy-Schwarz inequality A(u1,u2)(x) < a(u1)(z)a(uz)(z) for p a.e.
x € Q. Since s — s/(e + s) is strictly increasing from [0, 00) to [0, 1), omitting for simplicity the

argument xr we get (u) ()
alul alu2
0= e+a(u) et a(u2)> (G(M) ~ a(UQ)>
A(ur,uy —ug)  A(ug,uy — U2)>

e+ a(uy) €+ a(ug)

Using this information in (2.36) we obtain

afluy — ug|* 0,

which concludes the proof of uniqueness. Turning to the existence proof, we consider the operator
T : H — H defined for u € H by

Yo e H, (T(u),v) = / Al 0)(@) o (2.37)

o &+ a(u)(z)

Since A is bilinear and H is finite dimensional, the restriction of A to HxHis continuous, with
values in LL (©). Therefore, the operator T' is continuous from H to itself. Then, we have that
any solution to (2.31), in which a factor A € [0, 1] is introduced in front of the integral, satisfies
the estimate

Qg a(te)(z)? 1 2
5”“5” +>\/Q{H_a(ﬁ€)(x)dll§ £||f|| : (2.38)

Since, for A = 0, the problem is a finite dimensional invertible linear problem, we get by a
standard topological degree argument that there exists at least one solution to the problem for
A = 1. Let us now turn to the proof of (2.32). We remark that, for u,v € H; and p a.e. z € Q,
omitting for simplicity the argument x, applying the Cauchy-Schwarz inequality and (5.6),

A(u,v —u) < a(u)a(v) — a(u)?

< — . 2.39
e+a(u) — e+ a(u) < eta(v) —a(u) (2:39)

Using (2.31) where we replace v by v — ., we get
Vv e H, (2.40)

iz, v — ) + p(Q)e + (V) — (@) > (f.v— ).

Letting v = u (the solution to (2.16)) in (2.40), we obtain

P(Ue) — (@) < (alie — f,U — Ue) + p(Q)e. (2.41)
Then, taking v = . in (2.15) we get
() = P(ue) < {ou — f,u: —u). (2.42)

12



Adding the two inequalities, we then get (2.32). Let us now turn to the proof of (2.33). Setting
v =0 in (2.40), we get
all@:|? + () < p(Q)e + (f, ),
which implies, since (f, @) < i”f“2 + %||17€||2,
[l |* < 2au()e + (|11 < (£l + v/ 2an(Q)e)*.
This leads with (2.41) to
P(ue) —p(u) < [ FII+ v2au()e)|[ue —ull + n(Q)e.
Similarly, using (2.21) in (2.42) yields
Y(u) —p(u:) < 2| f|l|a: — .
Using (2.32), we finally get (2.33). O

The last step is to approximate the solution u. to the regularized problem (2.31), since it is
nonlinear. For given initial u(®) € H (and fixed £ > 0), we now define the sequence (u*)),cxy by

uk+1) € fI,

~ A(u*tD ) (x)
Vv € H, (k+1)’ / B S A S
v alu v) + o = 1 a(a)(z)

G (o) (2.43)

We have the following result.

Lemma 2.14 Under Hypothesis 2.10, let « > 0 and f € H. Let H be a finite dimensional
subspace of Hy, and let u® e H and e > 0 be given. Then there exist a unique sequence

(u*))ren defined by (2.43). Moreover, as k — oo, u\F) converges to 1., the unique solution to
(2.31), and ¥(u®)) converges to 1(T.).

Proof. The estimate

(k+1) 2 1

obtained by letting v = u(**1) in (2.43) and applying the Young inequality, shows that with a
null right-hand side, the square linear system to be solved has the unique solution 0. Hence it
is invertible, showing the existence and uniqueness of the sequence (u(k)) kEN-
We then let v = v*+1) — 4 *) in (2.43). Since the Cauchy-Schwarz inequality implies, u a.e. in
Q,

a<u(k+1))

£ + a(u®)

A<u(k+1)7u(k+1) _ u(k))

e + a(uk)

I

(a(u(k+1)) — a(u(k))> <
we get from (5.4) proved in Lemma 5.1 that

(%
= ()2 4 D — w2 — [u®)?

(a(u®*V)(z) — a(u®))(z))*
+/Q (FE ((I(U(k+l))(£ﬂ)) — F. (a(u(k))(x)) + 20 + a(u®) (@) dp (2.45)

< () - u).
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Therefore, summing the above inequality for k = 0,...,m and applying the Young inequality
to the right-hand side, we get

« m Ui
S (D2 4+ 37 JuD — u® 2 — ul©)?)

k=0

i /Q (FE (a(u<m+1))(w)) — I (“(“(0))(@) (2.46)
m u(k—i—l) —a u(k) x 2
2 )U ( x»)w

(f.

L1
2

+a(u®)(z)
1 Q (m
< AP+ )2 - (°)>-

This proves on one hand that ¢[[u™+Y|2 + [, F.(a(u™*Y)(z))dp remains bounded indepen-
dently of m, and using (5.3) proved in Lemma 5.1, we get that 1)(u(™*1) remains bounded.
This proves on the other hand that the two series in the left-hand side of the above inequality
converge, and therefore that

[u*) —u®| =0, as k — oco. (2.47)

We next observe that v — ||a(v)|| £2(e) 18 a semi-norm on Hj. Since H has finite dimension, this

implies that there exist a constant M such that
Yoe H, |a()lrz@ < Mol (2.48)
Writing
la@®) — a(@®)| 2 0) < lla(®) —u®)| 12 (9) < MulFT) — ], (2.49)

we get that a(u**t1)) — a(u®) = 0 in Lz(Q) Using again that the dimension of H is finite,
we deduce from (2.44) that there exists a subsequence of (u(®)).en, again denoted (u®)en,
strongly convergent in the finite dimensional vector space to some element u € H. This implies
that (a(u®))ren converges in L2(Q) to a(u), and that ¥(u®) tends to 1 (u). Using (2.47), we
may then pass to the limit in (2.43) for this extracted subsequence, and we get that the limit u
satisfies (2.31). Since the solution to (2.31) is unique, we get that the whole sequence (u'®),en
converges to this solution. O

Lemma 2.15 With the assumptions of Lemma 2.14, assume further that
Vo € H, [la(v)| @) < oo (2.50)

Then the convergence of u'¥) to U as k — oo is asymptotically geometric with ratio arbitrarily
close to R
lla(te)| Lee ()

— 2.51
= @)l e (251)
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Proof. With the assumption (2.50), v — ||a(v)HLzo(Q) is a semi-norm on H, which is finite

dimensional. Thus there exists a constant CATY such that

voedl, lla@)lzw < Gl

(2.52)

It implies that a(u®)) — a(@;) in L3°(Q). Then, take successively v = ulk+2) — (1) in (2.43),

and in (2.43) with k£ incremented of 1. The difference yields

A(u(k+2)7 wlkt2) u(k+1))<m)

(k+2) _ , (k+1))2 d
A(u(k-i-l) wlkt2) u(k+1))(:£)
—/ : dp = 0.
Q e+ a(u®)(z)

We deduce omitting the = that

BH2) gy (k+1))2

a”u(k+2) _u(k+1)H2+/ a(u( du

o e+a(ulkth)
_ /QA(u(k+1)7u(k+2) _ u(k—i—l))( 1 1 )du

e+aw®) e+ a(ultD)
< / a(u(k+1))a<u(k+2) _u(k:-i-l))
Q

dp
‘2

|a(u(k+1)) - a(u(k))’
(e + a(u®))(e + a(uk+))
1 a(u®+2) — u(k+1))2 ‘a(u(kJrl)) — a(u(k))
< 2 /Q ( e + a(utk+D) + a(u(k+1))2 (e + a(u®))2(e + a(u+D))

and therefore that

(k+2) _ , (k+1))2
2auu(k+2)_u(k+1)”2+/ a(u u(F+D) s

o e+ a(ulkth)

k k)\2
< / a(uF+1))2 a(ut ) — oK) dp.
o (e + a(u®))2(e + a(u®+D))

Now, since a(u®)) — a(i.) in L2 (82), for given n > 0 there exist some ko such that

a(u(k+1)>2
(e + a(u®)) (e + a(utk+D))

where r is the left-hand side of (2.51). Then, for £ > k¢ one has

Vk > ko, pa.e. in

(k+2) _ ,, (k+1)\2
2a|]u(k+2)u(k+1)|]2+/ CL(U U ) dy

Q €+ a(u(k+l))

(k+1) _ (Ic))?
< 9 [ a(u u d

which implies that for k > kg

k+1 k)\2 ko+1 ko)\2
/ a(u( + ) — u( )) dlu S (r + n)Q(k—k())/ a(u( 0+ ) — u( 0)) d
Q

e+ a(u®) o &+ a(ulko))
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Plugging this in (2.57) we deduce that for k > ko,
[u 2 — BV < O 4 ), (2.59)

where C' does not depend on k. If r + 1 < 1 we finally write for & > kg
lu® = < 3 [[u®F =™ < O + )t (2.60)
k'=k

which proves the claim. O

3 Transient problem

3.1 Continuous framework

Assuming Hypothesis 2.6 (we again notice that the assumptions ¢ > 0 and v (0) = 0 bring no
restriction to generality in Problem (3.3) below), let T > 0 be given. The space L?(0,T; H)
is defined as the Hilbert space of all measurable, almost everywhere defined functions u (in
the so-called “Bochner integral” sense, recalled for example in [11]) from (0,7") to H such that
l220 707 = Jo lu(®)]|?dt < 0o, The set By is defined as

T
Br = {u € L*(0,T; H); / Y(u(t))dt < oo} : (3.1)
0
For any u € L}, (0,T; H), we denote by d,u € L] _(0,T; H) the time weak derivative of u when
it exists, that is u € Llloc(O,T; H) is such that

T T
v € C1(0,TY), /0 o (tu(t)dt = — /0 o (1)Bpult)dt.

We recall that C*°([0,7]; H) is dense in the Hilbert spaces L?(0,7; H) and in H'(0,T; H) :=
{u € L?(0,T; H); Oyu € L*(0,T; H)}, and that H'(0,T; H) C C°([0,T]; H) (see [11]). We also
recall that, for all u,v € H'(0,T; H), we have for any t,ts € [0, 7]

/ 2<8tu(t),v(t)>dt + / 2(u(t),ékv(zt))dt = (u(t2),v(t2)) — (u(t1),v(t1)). (3.2)

t1 t1
Let f € L?(0,T; H) and u° € B be given. We look in this section for a function u such that

uw e HY(0,T; H) N B,

u(0) = u’,
T T
/ (Bru(t), v(t) — u(t))dt + / ((o(t)) — (u(e)) )t (3.3)
OT 0
> / (f(t),v(t) — u(t))dt, Yv € Br.
0
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Let us remark that the inequality (3.3) implies

/ S(Gyu(t), o(t) — u(t))dt + / (wlwe) — vu())ar -
t1t2 t1 3.4
> / (f(t),v(t) — u(t))dt, Vv € By, t,, Vt1 <12 € [0, T,

t1

where B, +, denotes the set of all v € L?(t1,t9; H) such that fttf P(v(t))dt < oco. It indeed
suffices, for a given 0 € By, 4,, to define v(t) = 0(t) for a.e. ¢ €]t1,t2[ and v(t) = u(t) for a.e.
t €]0, t1][U]t2, T'[, and then use this v € Br as test function in (3.3). Then, since the restriction of
v € By to any interval |¢1, t2] belongs to By, +,, we conclude that the inequality (3.3) is equivalent

to
(Opu(t), v(t) — u(t)) + (v(t)) — P(u(t))

> (1), 0(t) — u(t)), for ae. t€0,T[, Vo€ Br. (3:5)

One can derive even a stronger formulation. Let E CJ]0,T[ a set such that meas(]0, T[\E) = 0
and for allt € F, as t1,ts >t with 0 <t] <t <ty <T,

" (u(s))ds — w(u(t)),

t1

@) - £s).u()ds - Ouult) — £(0) u(v),

t1

to
]1 (uu(s) — f(s))ds — Byu(t) — f(t) weakly in H,
t1

where the bar integral denotes the average, i.e. the integral normalized by the volume. Dividing
(3.4) by tg — t1, passing to the limit as t;,ty — ¢ for all ¢ € E' and taking v equal to a constant
element of B, we get

(Ocu(t),v —u(t)) + P (v) — P (u(t))

> (F(t),0 —u(t)), Vo€ B,  for ae. ¢ €]0,T]. (3.6)

This strong formulation is therefore equivalent to (3.5) and to (3.3). It may also be written as
Oru(t) + 0v(u(t)) > f(t) for a.e. t €]0,T7, (3.7)

with the subdifferential defined in (2.8). However, in this paper we shall not use this formulation.

The study of existence and uniqueness for Problem (3.3) is given in [22, Theorem 20], following
[6], in the case when f = 0, using the semi-group approach and the Yosida regularization.
Since we focus on the approximation of this problem, we indeed recover the existence through
the convergence of a semi-discrete (in time) approximation. A convergence result is however
established for general time-space approximations.

The following lemma is classical. We recall its short proof.

Lemma 3.1 Under Hypothesis 2.6, let T > 0 be given, and f € L*(0,T;H). If u; and us
are two solutions to Problem (3.3), with possibly different initial data, then ||ua(t) — ui(t)| is
nonincreasing in [0,T]. In particular, there exists at most one solution to Problem (3.3) with a
given initial data u® € B.
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Proof. Let u; and us be two solutions to Problem (3.3), with possibly different intial data.
Choosing, for given t; < to € [0,T], v = ug (respectively v = wup) in (3.4) with v = uy
(respectively u = ug), and adding the two obtained inequalities, we get

/ * Bytuy (£) — Byunlt). wa(t) — wr (£))dt > 0.

t1

Taking into account (3.2), it yields

—_

%Huz(tz) —u(t2)]1* < S llua(tr) — ua(tr)|%,

\)

which proves the claim. O

Lemma 3.2 Under Hypothesis 2.6, let T > 0 be given, f € L*(0,T; H) and u® € B. Then any
solution u to Problem (3.3) verifies the a priori estimates

lu@)ll < 1l + 2Vl fll 20,20, for allt € [0,T], (3.8)

/ P(u(t))dt < = (HUOH + 2V fll 20,711 )2- (3.9)

Proof. We take v = 0 in (3.4), which gives for all t; < t3 € [0, 7]

to
()] + /¢ D)t < 3 fu(t)|? + /<f<t>,u<t>>dt. (3.10)

t1

In particular this implies by taking ¢; = 0 that for all ¢ € [0, T,

t 1/2
()1 < [l + 201 F 1| 20,7, ) </0 ||U(5)H2d5> : (3.11)

Defining (¢ fo |lu(s)||?ds, it satisfies the differential inequality ¢ (t) < [|u®(|? + 2||f||\/(),
which 1mphes that

d ( e () ) _
at \ w0l + 20 £/ (®) ) ~

Taking into account that ¢(0) = 0, we deduce that

e(t)

<t
[l + 2[ fllv/ee(t)
t) = 2t £V (t) — ¢ <0,

ie.

which yields
1/2
P8 < HIf ]+ (N2 + t]a)2) .
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Plugging this into (3.11) we obtain

lu(®)1? < a1 + 2 £ (tHfH + (B + ta)?)
< ullf® + 4¢l|FII* + 2v/El[u®ll] £ (3.12)
< (Il + 2V £1)°,

1/2)

which proves (3.8). Finally, coming back to (3.10) we easily get (3.9). O

Remark 3.3 A generalization of the previous result is as follows. Under Hypothesis 2.6, let
T > 0 be given, f1, fo € L?(0,T; H) and ud,u§ € B. Then two solutions uy, uz to the Problem
(3.3) with respective data verify

luz(t) = wr (O] < l|uf — |l + 2Vl f2 = fill L2y, Wt € [0, 7). (3.13)

This is obtained by taking as test function v = ug for the formulation associated to uy, taking
v = uy as test function for the formulation associated to us, adding the results and arguing as
above by a Gronwall lemma.

Remark 3.4 The lemmas 3.1 and 3.2 indeed only use that v° € H, and not that u° € B.
However, in order to get an estimate on dyu, the property (u®) < oo is needed, as we shall see
below.

3.2 Time-space implicit approximation

In this subsection we consider the space approximation (2.15), but applied to the transient prob-
lem of the previous subsection. We thus consider the following approximate method. Assuming
Hypothesis 2.6, let H be a closed subspace of H, and let B = Hn B. We first approximate
u® € B by some

= E, satisfying (2°) < G, ¥(u’) < G, (3.14)

for some constant G > 0. We then take n € N*, we define the timestep 7 = 1'/n, the sequence
(f¥)k=1,..n of elements of H and the function f,(t) by

1 k‘l‘
E_ — t)dt, Vk=1,...,n,
f pn /(kl)r f(t) (3.15)

fat) = fF, for ae. t €](k — V)7, k7], Vk=1,...,n.

n is then defined by

-----

i€ B, (3.16)
(DX, w — %) + (w) — (@) > (ff,w—-a*), Vw e B, Vk=1,...,n, '
where (Dku)kzlw,n is expressed in terms of @* and @*~! by
E_ ~k—1
Dr=""" k=1, n (3.17)
T
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The existence and uniqueness of (W*)g=1_._, solution to (3.16) is obvious since this problem has
the same form as (2.15) with a = 1/7 and f = f* +2*~1 /7. Let us denote by

u(t) = @* and Dyu(t) = D*u, vt € |(k — 1)1, k7], VE=1,...,n

7(0) = 20, (3.18)

hence u(t) is defined for all ¢ € [0,T]. We have the following estimates on u and Dyu.

Lemma 3.5 Under Hypothesis 2.6, let T' > 0, f € LQ(O T;H) and u° € B be given. Let H be
a closed subspace of H, and let B=HNB. Let @° € B be such that (8.14) holds. Let n € N*,
T =T/n, and let uw and Diu be defined by (3.15)-(3.18). Then, for Cy given by (3.25), there
holds

Y(u(t)) < Cq/2, YVt € 10,77, (3.19)
HDta”%Q(O,T;H) < Cy, (3.20)
()|l < /2| + (T C2)'/2, vt € (0,77, (3.21)
and
|lu(te) — u(ty)] < (02)1/2(|t2 —t1| + 7')1/2, Vi1, te € [0,T7. (3.22)

Proof. Let us first remark that, according to the Cauchy-Schwarz inequality,

1 kT
1< [ sl

k—1)T

which leads to

n

S AP < U oz (3.23)

k=1

Setting w = ¥~ in (3.16), we get

~ ~fo— ~ ~fo— T T ~
Tl DRl + (@) — (@) < (ff a0 = at ) < SIFP + SlDMalP, (3.24)
which gives, summing for k =1,...,m for a given m=1,...,n,
(™) + *HDtUHLQ o.mrsin) S V(@) + HfHLz(OTH)

<G+ *||f||L2 (0T3H)"
This gives (3.19) and (3.20) with
Co = 2G + [|f 11320 romry- (3.25)

We then write

m
ﬂm:ﬂOJrZTDka, Ym=1,...,n,
k=1
which implies, using the Cauchy-Schwarz inequality and (3.20)

m
@ =@ < 32 D4l < (| Dilago i) < (T C2)Y2, (3.26)
k=1
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This leads to (3.21). Finally, let ¢; < t2 € [0,7] and k1,k2 = 0,...,n such that (k1 —1)7 <t; <
ki7T and (k2 — 1)7 < to < ko7, which implies that (ks — 1 — k1)7 < t2 — t;. We have

1/2
kz kQ
la(tz) —a(t) < Y 7ID"al < | (ke =ki)r Y DMl |
k=k1+1 k=k1+1
which provides (3.22), using (3.20). O

We may now prove the following convergence result.

Theorem 3.6 Under Hypothesis 2.6, let T > 0, f € L/(\ :H) and u® € B be given. Let

~

(H Jnen+ be a sequence of closed subspaces of H, and let B, = H, N B. We assume that

lim inf (Hw Y ) 0, Y € B. (3.27)

n—o0 weBy,
For all n € N*, let 02 satisfy
0 e By, @ —u|—=0asn—o00, G:= supw(ﬁ%) < 00, (3.28)
which is possible according to (3.27). Let 7 =T/n, let U, and Diiiy be defined by (3.15)-(5.18)
where H has to be replaced by H, and @° = =Y. Then Uy,(t) weakly converges in H to u(t) as

n — oo, uniformly with respect to t € [0,T], and u is solution to Problem (3.3). Moreover, u
satisfies

1
V(ult) < SO, ¥t € [0.7], (3.29)
HatuH%?((),T;H) < Oy, (3.30)
[u(tz) — u(tr)|| < (C2)'/?|ta — 1] /2, Vi1, ts € [0, T, (3.31)

where Cy = 2G + ||f”2L2(0,T;H)'

Remark 3.7 Letting H" = H and u) = u® for all n € N* (semi-discretization in time),
Theorem 3.6 provides the existence of a solution to Problem (3.3), and allows for taking G =
P(u®) and Cy = 2¢(u®) + HfH%Q(O,T;H) in (3.29)-(3.31), since the solution is unique.

Remark 3.8 Theorem 3.11 shows indeed stronger convergence properties.

Proof of Theorem 3.6. Applying Lemma 3.5, we get that the hypotheses of the Ascoli-
type Lemma 5.3 (provided in appendix) are fulfilled, from which we deduce that there exists
u € C°[0,T]; H) and of a subsequence of (U, )nen+, again denoted (T )nen+, such that i, (t)
converges to u(t) weakly in H, uniformly for ¢ € [0,7]. Note that, according to (3.28), we have
u(0) = u®. Using (3.19) and the lower semi-continuity of 1, we get that (3.29) holds, and in
particular that u(¢) € B and u € Bp. Next, (3.31) comes directly from (5.10). Then, according
to (3.20), we have that (D@, )nen is bounded in the Hilbert space L?(0,T; H). Hence extract-
ing a subsequence, D, weakly converges in L?(0,7; H) to some w € L?(0,T; H) satisfying

HwH%Q(O’T;H) < (Oy. We then have, for a given ¢ € C1(]0,TY),

n

T kT n
—/O Un(t)g (t)dt = = ah ¢ (t)dt =Y " D" o((k — 1)7).
= k=1
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Passing to the limit weakly in H in the above relation gives

T T
- [ ue = [ woea,
0 0

which shows that dyu = w € L?. This concludes the proof that w € H'(0,7T; H) with the
estimate (3.30).
Let us finally prove that this function u verifies (3.3). Take v € By, and for n € N*, consider

vn(t) = argngin(”w —v(@®)|? + (PY(w) — w(v(t))ﬁ), for a.e. t €]0,T7. (3.32)
weB,

Indeed, the existence of v, (t) is given by Lemma 2.7, for the lower semi-continuous function
w — (P(w) —P(v(t)))T. Since 0 € By, v,(t) verifies

lvn () = v(@)I* + (Y (va(t)) = L (v()" < [l(®)]]?, for ae. ¢ €]0,T].

Then, according to (3.27) (which is still valid if we put a square on the first term), we have
that |lv,(t) — v(®)]|? + (Y (vu(t)) — ¥ (v(t)))T — 0 for a.e. t €]0,T[. Therefore, by dominated
convergence, we get that

(1w = ol + [ (0o - v(oie)) ar) =o. (3.33)

Forn e N*, k =1,...,n, for a.e. t €](k — 1)1, k7|, we let w = v,(t) in (3.16). We integrate on
|(k—1)7, k7] and sum on k = 1,...,n. We obtain, using (3.15),

T T
/0 T(Dtun(t),vn(t) — Up(t))dt + /O <1/J(vn(t)) - w(un(t)))dt

(3.34)
> / (), vn(t) — T (1)),
0

We then notice that

/T<Dtan(t),ﬁn(t)>dt = Zn:@k —akt gk
0

According to the weak convergence of 4, (T) to u(T) in H, we have ||u(T)|| < liminf,_, ||2n(T)],

thus using that 19 — u?,

T 1 1
hmsup/ (Dyin(t), —un(t))dt < §Huoll2 - §HU(T)H2-
0

n—oo

But using the weak convergence of Dy, to dyu in L?(0,T; H) and (3.33), we have
T T
lim [ (Dyin(t), vn(t))dt = / (Duult), v(t))dt.
0

n—o0 0
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According to Lemma 5.5 given in the appendix, (3.33) implies that (v, (t)) — ¥(v(t)) in
L'(0,T). Thus using Fatou’s lemma and the lower semi-continuity of ),

fimsup | (500 = @ (0) )t < / * (w00(0) = w(u) ).

n—oo

Using the density of C1([0,T]; H) in L?*(0,T; H), we get the convergence of f,, to f strongly in
L%(0,T; H). Therefore we can then pass to the limit in (3.34), and get

1 T
@I+ [ (w(o0) = vtu(e))a

4 O 1 012
| @t omar+ gt - 5

T
> /0 (), () — u(®)dt.
Since . . |
/0 (@ut), (t))dt = (T ~ 5[]

we obtain that u satisfies (3.3). According to the uniqueness of the solution to (3.3), we conclude
that the whole sequence converges. O

The next lemma states an error estimate for this approximate method.

Lemma 3.9 Under Hypothesis 2.6, let T >0, f € L*(0,T; H) and u° € B be given, and let u
denote the unique solution of Problem (3.3). Let H be a closed subspace of H, and let B = HNB.
For a given n € N*, let T = T'/n, let uw and Dyu be defined by (3.14)-(3.18). Then, there exists
an absolute constant Cy > 0 such that

() = u(t)|2 < Co(Cor + Tl fo = FIa0 0y + 170 =P + Ra), Ve € [0.T],  (3.35)

and

T
/0 (@) — b (u(t))|dt

(3.36)
~ R N\ 1/2
< R+ Co(TC) 2 (Cor + Tl = oy + 17— 02 + )
where f,(t) is defined by (3.15), Cy is defined by (3.25), and
Ro= k(@612 420 flaoan) o - ulsoran
'UGLQ(O,T;H)QBT (337)

+ [ (w00 - viaton) o).

Remark 3.10 The estimate (3.35) extends [14, Theorem 3] to the case of time dependent right-
hand side. We use in (3.35) the continuity properties of the functions with respect to t.

Proof of Lemma 3.9. The assumptions enable to apply Lemma 3.5, thus we have the
estimates (3.19)-(3.22). As in the proof of Lemma 2.8, we consider, for a given v € L2(0,T; H) N
Br, the test function w = v(t) in (3.16), for a.e. t €](k — 1)1, kr[. This gives that

(Dya(t), v(t) — QL)) + V(b)) — (@) = (fu(t), v(t) — G(t)), for ae. t €]0,T[.  (3.38)
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For a given time ty € [0,7T], we integrate the previous inequality on |0, ¢2[, and obtain

A (D) o) ot + [ (vtate - wiae)ar + .
> /0 (Falt), ult) — (1)),
with " "
R, = /0 (Dgit) = fult),v(t) — u(t))dt + /0 (wle(e)) — v(u())dt.
We then get, according to (3.23) and (3.20),

J’_

T
Ry < (G2 + Ifl 20 ) v = ll2ozim) + /0 (V) = wlu@)) at

Taking u as test function in (3.4) with t; = 0, we get

/ RCCRURECEE | (vtao) - v )ar
> [T - uo),
0

The sum of (3.39) and (3.41) gives

to

/0 (Dya(t) — u(t), u(t) — A(L)dt + Ry > /0 (al) — (), u(t) — G(8))dt,

We now introduce the function @(t) defined by

t—(k—1 kTt —t
( )Tak+ T

a(t) - T T

L vt e [(k— V) kr), Ve =1,...,n,

so that
owu(t) = Dyu(t), for a.e. t €]0,T],

which yields

| Do)~ o) ut) - wenar = 513~ 0| - Jtea) - (eI
0

This leads to 1
ﬂo ul[|* — HU(tQ) — u(ts)|?

+/ (Dyii(t) — Byu(t), i(t) — G(t)dt + Ry,

/ a()dt.

We have for ¢t €|(k — 1)7, k7]

() —a(t) =

P ) = R () — e - 1),

T T
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and thus using (3.22),
a(t) —a(t)|| < (2Com)Y2, vt € [0,T].

We also have
[u(t) —a)| < Tl Dyu(t)]], vt € [0,T].

Using the estimates (3.20), (3.30), we thus get

1, .. 1, .. ~ 1
7 lultz) - u(ta)|” < 5 llultz) - ta)lI? + 5 llaltz) - u(ta)||?
1
S 027' + 5”@0 — UOH2 + 2(02)1/27'(02)1/2 + Rn

to 1/2
= Pl ( [t - u<t>||2dt>

Since this holds for all ¢t3 € [0,7], with the Gronwall argument of Lemma 3.2 we deduce that
for all t € [0,T]

1, . 1
L) = u®)? < 2(3Cor + S8 = oI + Ra) + 8T = FI2(0:1)

which shows (3.35) with (3.40), since v € L2(0,T; H) N By is arbitrary. We next deduce from

~

(3.38) that for all v € L2(0,T; H) N By and a.e. t €]0,T],

b(u(t)) = ¢((t)) < (Dea(t) = fa(t), u(t) —u(t))
+l[Deu(t) = fa(®)lllo(E) — w®)]]-

We symmetrically deduce from (3.5) in which we take @ as test function, that for a.e. t €]0, T
P(u(t)) —o(u(t)) < (Qpu(t) — f(1), ult) — u(t)).
This leads to
[0 (@) — $(u(t)]
< (II(%U(t)H + ([ D) ]| + [ fn (@) + Hf(t)H) [a(t) — u(®)]|
D)~ Fa@)lo(e) — ()| + ($(o(0) — vu(e))) "

Integrating this relation on |0, T, using (3.35), the Cauchy-Schwarz inequality and taking the
infimum on v € L?(0,7T; H) N By provides (3.36). O

With Lemma 3.9, we now deduce the following convergence result for the approximate method.

Theorem 3.11 Under the hypotheses of Theorem 3.6, uy,(t) converges strongly in H to u(t) € B
as n tends to oo, uniformly in t € [0,T], and 1 (T,) converges in L*(]0,T]) to 1 (u).

Proof. We can apply Lemma 3.9 with G = sup,, 1 (42). Let us prove that the right-hand sides
of (3.35) and (3.36) tend to 0 as n — oco. It is clear that 7 — 0 as n — co. We recall that by
density of C1([0,T]; H) in L?(0,T; H), we have the strong convergence of f,, to f in L2(0,T; H).
Therefore it only remains to prove that

nt (o=l + [ (v00) - va@) @) =0 @

veL2(0,T;H,)NBr
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as n — oo. Let us prove this property for all u € C°([0,T]; H) such that u(t) € B for all
t € [0,7]. Given n > 0, consider an integer M € N* and for i = 1,..., M the intervals
I = [(i = 1)T/M,iT'/M]. Then K; = u(l;) is a compact subset of H. Since 1) is lower semi-
continuous, it attains its lower bound over each K;. In other words, there exists t; € I; such
that

Dlu(t)) = P(ut)), Vte I (3.44)

Since w is uniformly continuous, one can choose M € N* such that
|lu(t;) —u(®)|| <n, Ytel;, Yi=1,...,M. (3.45)

Then applying the property (3.27) to u( ;) for all ¢ = 1,..., M, we find ny such that for all
n > nq, we can find w; € B fori=1,..., M satisfying

+
i = u(ta)l| + ($(w) = lu(t)) <n
Define then the function v by
o(t) = wi, Yt €] —V)T/M,iT/M], Yi=1,..., M,

and v(0) = wy. Then v € L2(0,T; Hy,) N Br,

.
sup o(t) —u®l <20, sup (o) — p(u(t) <.

te[0,T] t€[0,T]

which concludes the proof of (3.43). O

3.3 Total variation functionals, regularized implicit approximations

We now take a functional 1 of the type considered in Subsection 2.2, as stated in Hypothesis
2.10, and we modify the scheme (3.14)-(3.18) by including a regularization procedure with
parameter € > 0. We assume that H is a finite dimensional subspace of Hy, that 10 € H is an
approximation of u® € B. For a given n € N*, we define 7 = T'/n and the sequence (4¥)x—1, »
by

ke H,

[N A(af, w)(z) . 5
(D", >+/Q€+a(ﬁ’§)(x)du_ (ffw), Vvwe H, Vk=1,...,n

again using (3.17) (with index ) and (3.15). This scheme is called the regularized implicit
algorithm. At each timestep, a problem of the form (2.31) with o = 1/7, f = f* + @*~!/7 has
to be solved, and the fixed point method (2. 43) can be used. Note that, according to Lemma
2.13, there exists one and only one family (@%)g—1 ., defined by (3.46).

(3.46)

Theorem 3.12 Under Hypothesis 2.10, let T > 0, f € L?(0,T; H) and u° € B be given. Let H
be a finite dimensional subspace of Hy, and let B=H. Lete >0 be given, and, for n € N* let
T =T/n, let u. be defined by (3.14), (3.15), (3.46), and (3.17), (3.18) with indices € everywhere,
and let U be defined by (3.14)-(3.18), with @2 = u°. Then it holds

() — )2 < 2eu(QT, ¥t € (0,7, (3.47)
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and
T
/0 (T (1)) — (@) |dt < ep()T + (2GY2 + 3| £ p20.7;m0)) (2ep(Q)T?) 2. (3.48)

Remark 3.13 By Lemma 3.9 and the triangle inequality, we get estimates on ||us(t) — u(t)||
and on [ | (te(t)) — 1 (u(t))|dt. These are improvements with respect to [13, Theorem 1.7] since
Theorem 3.12 does not include terms in 1/e (thus the limit € — 0 is possible), and no additional
reqularity is required on the solution. Moreover, under assumptions (3.27), (3.28), Theorem
3.11 gives also the convergence of u. to u as e — 0 and n — oo.

Proof of Theorem 3.12. Using (5.6) (in the same way as in (2.39)), we get from (3.46)
(5,0 — %) < (D¥Ee, 0 — B5) + 0(v) — (@) + p(), Vo € I, (3.49)
We then let v = @, and we add the result to (3.16), with w = u*. We thus obtain
(DF (@, — 1), 0" — %) < ep(Q).

Multiplying by 7, using (a — b)a = 1(a® + (a — b)? — b?) and summing on k = 1,...,m for
m=1,...,n, we get

Lm
Sz —am|* < Slfad = al|l* + en(Q)T,

N =

which proves (3.47).
We then have, taking w = u¥ — u*~! in (3.46), for k = 1,...,n, and omitting (z),

A(ﬂk ak _akfl)
Dk/\ 2 / er Ye _ € du = k Dk/\ ]
TH UEH + Q e—l—a(ulg) M T<f 9 uE)

We now use the Cauchy-Schwarz inequality, which implies

a(af)(a(@f) —a(@t™")) < A, uf —at™),

3 3 87 E

and we use (5.5). This leads to
-~ ~ ~fe— ~ T T ~
AIDkaP + [ (Fu(a() - Fa(a@ ™)) dp < rir D4 < DI+ D IDMG

Hence, taking the sum on k = 1,...,n, using fQ F.(a(@?))dp < fQ 10)du = p(u?d) < G, we get
that, for Cy = 2G + Hf||L2 (0.7:17)> One has

HDta&HiQ(O,T;H) S CQ. (350)
We get, as above from (3.49) with v = ¥, and (3.16) with w = @¥, that
(L) — P ()] < ep(@) + (75, T — @) + max (|(D¥a., @k - @), [(Dva, @ — 7))
Writing the corresponding inequality for all ¢ € [0, 7] and integrating the result on [0, 7], using

the Cauchy-Schwarz inequality, (3.47), (3.20) and (3.50), we get (3.48).
U
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3.4 Total variation functionals, regularized linearized implicit approxima-
tions

As in Subsection 3.3, we again take a functional v of the type considered in Subsection 2.2, as
stated in Hypothesis 2.10, we again modify the scheme (3.14)-(3.18) by including a regularization
procedure with parameter € > 0. We assume that H is a finite dimensional subspace of Hi, that

a0 € H is an approximation of u’ € B. For a given n € N*, we define 7 = T'/n and the sequence
(Ak

U”)g=1,..n by
a* e O,

k
(DX, w) +/Q€i(Z(A;U)1()())du (f¥w), Vvwe H, Yk=1,...,n
using (3.17) and (3.15). Note that the main difference with Subsection 3.3 is that Problem (3.51)
has been linearized with respect to @¥, the denominator being evaluated at @*~!, corresponding
to the previous time step. This is what we call the regularized linearized 1mplicit algorithm.
The great advantage of the approximation (3.51) with respect to (3.46) is that at each time
step it suffices to solve a linear system. Then the limitation that € must not be too small in
Lemma 2.15 (otherwise the convergence of the iterative method is very slow) is replaced here by

a restriction saying that the time step must be much smaller than €. Moreover, the assumption
(3.27) (or equivalently (2.34), (2.35)) has to be slightly strengthened.

(3.51)

Theorem 3.14 Under Hypothesis 2.10, let T > 0, fAG L?(0,T; H) and u® € B be given, and let
u denote the unique solution of Problem (5.3). Let (Hp)nen+ be a sequence of finite dimensional
subspaces of Hi. We assume that

inf (Hw — ol + (Y(w) — ¢(v))+) —0, Yo e B, (3.52)

and that - b
lim in£n<|]w —of + (/Q(a(w _ v)(m))2du(x)) ) — 0, Vv € H,. (3.53)

For allm € N*, let 7, = T/n, let @° € H,, be such that

@2 —u®| =0, asn — oo, sup (12 < oo. (3.54)
n

Let (en)nen+ be a sequence of positive numbers converging to 0, such that

T—n—>0 as n — oo. (3.55)
€n

Let Uy, and Dy, be defined by u° . (3.17), (3.18), (3.15), and (3.51) where H has to be
replaced by Hy, T by 7, and e by En. Then Un(t) converges in H to u(t) € B as n tends to oo,
uniformly in t € [0,T], and ¢ (Uy,) converges in L*(]0,T|) to v (u).

Proof Let us first notice that (3.52) and (3 53) imply (2 34) and (2.35), because |¢(w)—1(v)| =
| [o(al a(v))du| < [y a(w —v)dp < (W(Q) [ a(w — v)2du)'/?, and thus also imply (3.27).
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We denote by G' > 0 a constant such that (%) < G. We have, taking w = @* — %! in (3.51),

n
fork=1,...,n

A@k, ok — av1)(x)
2| DR + / ’ dp = 7, (f*, D*7).
|| DV ) enta@ @) M (f*, D"u)

We again use (5.4) proved in Lemma 5.1. This leads, omitting (z), to

a(@®) — a(ukF1
'mukaP+—A;(fhcuaﬂ);fen@@ﬁ‘5)+'(§a3+aéﬁ ) an
<l 4, 04) < U+ D

Hence, taking the sumon k = 1,...,n, using (5.3) and [, Fx, (a(@®))dp < [, a(@))dp = (@) <
G, we get the existence of Uy > 0, only depending on || f[| 1207,z and G, Such that

Z/ e’ dp < Cy (3.56)
2(en + a(u ’\k ) -7
IDetinl72 (0,7, 11) < Co (3.57)
Y(un(t)) < Co 4 e,u(2), ¥t € 10,7, (3.58)
()l < ll@nll + (TC2)'?, Vi € [0, T, (3.59)
and

[tn (t2) — Tn(t1) ]| < (C2)2([t2 — ta] + 70) /2, Vit1,t2 € [0, 7). (3.60)
Another a priori estimate is needed in further computations. We let w = 7, (3 51), for
k=1,...,n, and we take the sum on &k = 1,...,n. We obtain, using the 1nequahty 50 %b2 <

(a - ba,

~n 2 ~0 (2 ~Fk
Slan? - H|+Zm/ +ww1®<;m k).
We then apply (3.59) and (3.23). We obtain
1
ZT"/ Ak 0y ————dp < @7+ (1 f 2o TG 4+ (TC2)?) < Gy, (3.61)
En + a(u 2
for some constant Cy. For a given element v, € L?(0,T; f-\In) N Br, we let w = v,(t) — @* in

(3.51), for a.e. t €](k — 1)1, kmp[ and k = 1,...,n. This gives that

(@*, vn () — @*)

En + a(akfl) dp = <f 7vn(t) u >7

~ N A
(D", v, (t) — ¥ + /
Q
which provides, according to the Cauchy-Schwarz inequality,

a(@*) (a(vn(t) — a(@*))

e+ a(@ 1)

(DFG, v, (t) — %) + /Q dp > (f*, va(t) — ).

Then, for a given ty €]0,7T], we take m = 1,...,n so that (m — 1)7, < ta < mm,, we integrate
the previous equation on |(k — 1)7,,, k7,[, sum on k = 1,...,m — 1, and also sum the integral
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over |(m — 1)7p, to] for k = m. This leads, using (5.7) with ¢ = a(a*~1)(z), d = a(@*)(x) and
e = al(va(t))(2), to

/0 CFa(8), 0 () — T ()t

+enp(NT + TV + T2,

kT ~k—1
" (vn(t))a(@) — a(@ )]
dpdt
/ -1 / En + a uk 1) Heb

—a(@ )]
=7 du.
n =T Z/ En +(1 uk 1) H

We have, according to the Cauchy-Schwarz inequality and to (3.56),

(Tygl))Z Ha Un H 2 2( Z / at ) du
L2(0,T;L2(9)) e +au’“ I

< 202;!\ (Un)HL?(O,T;Lﬁ(Q))'

with

and

We then have similarly, using (3.56) and (3.61),

o) < (Tnz/a +a(@ )(T"Z/ en +af kkl;)) d“)

< 27,C1Cs.

We then follow the proof of (3.35) in Lemma 3.9, and we obtain the existence of an absolute
constant Cy such that

[ (t) — u(®)]®

< Co (CzTn + T fn — f||%2(o,T;H) + [lap —u®* + ﬁU(UN) (3.62)

n

1/2
Tn
rean@T+ (022 ) fatwn) sz + <0102rn>1/2),
for all ¢ € [0,T), where f,(t) is defined by (3.15) and Ry (vy,) is defined by

N T
Ru(vn) = (G + 1 f 20 on = ull 20 75m) + /O (lon(t)) — w(u(t))) " d.

Let now n > 0. As in the proof of Theorem 3.11, we can take M € N* such that for some
t; € I = [(i — 1)T/M,iT/M], one has (3.44) and (3.45). Then since u(t;) € B, one can use
(3.52), and find ¢; € H; such that

i — ulta)|l + (i) — D(ut:) ™ <n.
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Define then
o(t) =p; for all t €](i — 1)T/M,iT/M], i=1,..., M, ©(0) = ¢1.

Applying (3.53), one can find for all i = 1,..., M some v¢, € H,, such that

) ) 1/2
i, — oull + ( [atei- w)2du> 0, as o,

This implies in particular that ¢ (v) — ¥(¢;) = [(a(v) — a(p;))du — 0. Define v, by

o (t) = 0!, for all t €](i — )T/M,iT/M), i=1,....,M,  v,(0) = v,

-
Then

sup sup /a(vn(t))Qdu < 00.
n te[0,T]

Therefore, passing to the limit in (3.62) as n — oo, we get

limsup sup [[n(t) — u(t)|* < CoRu(p) < Ch,
n—oo  te(0,T)

where C' depends only on G, || f|[z2(0,7,m), T This being true for all > 0, we conclude that

limsup sup ||u,(t) — u(t)Hg =0,
n—oo  te[0,T]

showing the convergence of the scheme. The proof that v(@,) converges in L*(]0,T[) to v (u)
uses a similar procedure, following the proof of (3.36) in Lemma 3.9. O

Remark 3.15 Even if the implicit linearized algorithm (3.51) looks very simple in its imple-
mentation, it must be said that this simplicity hides indeed a very slow rate of convergence,
obtained as (1/e)"/* in a weak sense. This is much slower than the rate of Theorem 3.12 and
Remark 3.13 (estimates (3.35), (3.36), (3.47), (3.48)). However, for solving (3.46), which is a
nonlinear problem on a’;, we have to use the iteration procedure (2.43) at each time step, which
can be written

al;(j) c f]’

~k(j) _ k-1 A ~k(5) R
<uv U)) + / (ua/\k(;zfl))(x) d/'L = <fk7w>7 Vw € H7 VJ € N*a (363)
T Qe+ a(ue )(x)
O =k,
for k = 1,....n. This can be extremely costly. In practice a strateqy which is intermediate

between the two algorithms is to perform only a few iterations in (3.63) (a single iteration
corresponding to the regularized linearized implicit method (3.51)). Then the ratio accuracy
versus cost is improved.
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4 Numerical examples

4.1 Steady case

We consider the framework of Section 2.2, and the total variation flow of example 2.11. We take

2 =]0,1[ and oo = 1. We consider the function f defined by

F@) = 1000 (z — %)(% )@ g), v € [0,1].

Let us consider 0 < z1 < x9 < x3 < x4 < 1 (see Figure 1) such that

o (f(s) = flz1))ds =1,
f(x2) = f(x3),
Jow (f(s) = f(x2))ds =0,

S (F(s) = f(aa))ds = —1.

One can check that there exists a solution to these equations which is such that x; ~ 0.0781928,
T9 =~ 0.1309924, x3 ~ 0.7134521 and x4 ~ 0.9501621. We then define the function u by

u(z) = f(x1), Vo € [0, 1]
u(z) = f(x), Ya € [x1,z9]
u(z) = f(z2) = f(x3), Yz € [12, 73]
u(z) = f(x), Vo € [x3,24]
u(x) = f(xq), Vo € [x4,1].

We can then prove, using Remark 2.4, that this function u is the exact solution to (2.6) in this

case. Indeed, on one hand we have

1 1
2 ! == S)u(s)ds
/O(u(s> + |u (s)l)ds—/0 F(s)u(s)d

since f is decreasing on [z, z2] and on [z3, x4], which leads to

/01 W/ (s)|ds = f(a1) — f(za),
and since 1
/0 (f(s)u(s) —u(s)®)ds
- /om1 (f(s) = f(@1)) f(21)ds + /xjg(f(s) — f(x2)) f(x2)ds
+ [ 06 - 1) saas

T4
= f(ﬂﬁl) = [(z4).
Defining p(z) =[5 (f u(s))ds, we get that
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which leads to
1 1 1
o € H(]0,1]), /0 W/(s)|ds > —/0 ()0 (5)ds :/0 (F(s) — u(s))v(s)ds.

Gathering the two above equations, we get that u € H'(]0,1]) is such that

1
1 —u\s U/S - U/S S
Vo € H'(]0, 1), /0 (zf<s><v<s> () + [0/ ()] = |/ (s)] )
> [0 —u(s)as

which implies (2.6).

Let us now check that the numerical method considered in Lemmas 2.13 and 2.14 well approxi-
mates the function wu.

We consider that H is spanned by the P! finite element basis, using a constant space step
h = 1/2000. We take ¢ = 1079 in (2.43), and k = 10000 iterations of the algorithm (2.43), that
provide [Ju® — u*=Y || /(max(u) — min(u)) ~ 0.00002. We get that ||u® — ul|oo/(max(u) —
min(u)) ~ 0.007, which is acceptable in this case. This is confirmed by Figure 1, where the
three functions, u, u*) and f are drawn.

40
I
20 z3 Ty

B T

-1007]

-1207]

-1407]

-160 T T T T T T T T T T T T T T T T T
Figure 1: Approximate solution (blue), exact solution (black) and right-hand side (red).

4.2 Transient case

We again consider the total variation flow of example 2.11 with Q =]0,1[. We consider the
framework of subsection 3.4, we let f = 0 and

WO (z) = 1000 (z — %)(% ) — %), vz € [0, 1].
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We consider the following data in the scheme (3.51): H is the P! finite element approximation
with constant space step equal to h = 1/200, 7 = 0.001, ¢ = 0.01. We show in Figure 2 the
approximate solution at different times. It is then possible to check that Figure 2 provides an

40 Ty t {E5(t

-100

-1207]

-1407]

-160 T T T T T T T T T T T T T T T T T T

Figure 2: Initial solution (blue) and approximate solutions at times 0.1 (green), 0.2 (red), 0.3
(magenta), 0.4 (black), 0.5 (blue), 0.6 (green), 0.7 (red). The vertical lines are approximate
values at the same times of z;(t), it =1,...,6.

accurate approximation of the analytical solution of the problem, at least for small times. Let
us give the ordinary differential equations leading to the definition of this analytical solution.
We denote by 31 = (76 — 1/916)/180 ~ 0.2540806 and 32 = (76 + 1/916)/180 ~ 0.5903638 the
two roots of the equation Vu’(x) = 0. The analytical solution is given for ¢ sufficiently small
by 0 < z1(t) < z2(t) < x3(t) < w4(t) < x5(t) < we(t) < 1 (see Figure 2) such that, for all ¢ > 0
small enough such that x3(t) < z4(t),

21(0) = 0 and 9 (u®(z1(t))) = —1/21(t),
22(0) = 23(0) = y1, u

O(2a(t))
O (u (5 gz ) = ?/ z3(t) — aa(t)), (4.1)

34



Note that the above system is not well posed at t = 0, since (u°)’(y1) = (u")’(y2) = 0. We then
define the function u(t,z) by

u(t,z) = ul(x1(t)), Yz € [0,21(t)],

u(t,z) = ul(x), Vr € [z1(t), z2(t)],
u(t,z) = ul(z2(t)) = u¥(z3(t)), Va € [za(t), z3(t)],
u(t,z) = ul(x), Va € [x3(t), x4(t)],
u<t7 .’L’) = U,O(x4(t)) ( (t>)7 Va € [$4(t), 1‘5(t)],
u(t,x) = uo(:v), Va € [x5(t), z6(t)],
u(t,z) = ul(x6(t)), Vr € [z6(t), 1].

The function u verifies, for ¢ small enough such that z3(t) < z4(t),

1
/0 (&eu(t,x)u(t z) + |VU(t,1:)|)d$

= —u®(1 (£) 2 + w0 (@1 (1)) — uO(wa(t)) + 2u° (o (1)) 2AF=22
Fu0(@4(8) — u(ma(1)) — 200 (1) EE=20)
+ul(@5(t) — uP(a(t)) + ul (gt Di’x G

=0.
We then denote

p(t,x) = /OI Oru(t, s)ds

We remark that p(t,1) =1 —2+2 —1=0 and it is easy to check that —1 < pu(t,z) <1 for all
x € [0, 1]. Therefore we have

vv e H(]0,1[), /01|v/(x)]dx2/01,u(tx / Opu(t, z)v

Gathering the above equations, we get that w is such that
1
Vo € H()0, 1), / (atu(t,x)(v(x) —u(t,z)) + |Vo(z)| - \Vu(t,a;)|)dx >0,
0

which proves that u is the analytical solution of the problem. Therefore, in order to assess the
accuracy of the numerical scheme, we have plotted on Figure 2 vertical lines at approximations
of abscissae z;(t), i = 1,...,6, t = 0.1,0.2,0.3,0.4,0.5,0.6,0.7, obtained using the following
algorithms:

T2 =y, T3 —~> Y1, t2—0, t3—>0

while to < T and t3 < T
if to < t3 then
o — T — o
to — to — o (UO)I(SL‘Q) (Zlig — 1‘2)/2
else
r3 — T3+ o
t3 — t3 + o (UO)/(aZg) (xg — .%‘2)/2

561—)0, t1—>0

while t1 < T

r1 — 21+ &

ty =t — o (u®)(21) x4
endwhile

endif
endwhile
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The approximation of x¢ is similar to that of x1, and that of x4 and x5 is similar to that of xo and
x3. We then numerically check that these algorithms provide accurate approximations of (4.1)
(in particular, u®(xo(t)) remains close to u’(x3(t)), and u’(x4(t)) remains close to u®(ws5(t)),
setting dr = 107%).

5 Conclusion

We have introduced numerical approximations by conforming methods and regularization, for a
general class of steady or time-dependent variational problems that include the total variation
flow and the inviscid Bingham flow. We have proved their convergence, generalizing the results
of [13, 14], and shown the accuracy of the approximation for the total variation flow problem
on a one-dimensional analytic solution.

In general, the lack of viscosity generates a big loss of accuracy in the regions where the multi-
valued aspect of these systems takes effect. This point appears in our error estimates in Lemma
2.15, where the number of iterations may be very large if ¢ is small, and in Theorem 3.14, where
the rate of convergence is very weak, in (7/¢)'/4. The practical aspects of the method for inviscid
incompressible Bingham fluid flows are evaluated in [21, 19]. A related work is [5], using the
augmented Lagrangian method.

Appendix
Lemma 5.1 Let ¢ > 0 be given and let F. : RT — R™ be defined by
s e+z
Vz € RY, FE(Z):/O 5+Sds:z—alog (5.1)
Then the following properties hold:
VzeRT, 0<F.(2) <z, (5.2)
VzeRT, F.(2) > (2—¢)(1—1log2), (5.3)
d —c)? d
deRY F.(d) - F, ( < — 4
VC, € ’ E( ) E(C)+ 2(€+C) — €+C( C)’ (5 )
and J
Ve,d € R F.(d) — Fe(c) < £+d(d_c)' (5.5)
Finally, one has
Ve,deRT,d—c—e < d— 5.6
cdeR d-c-cs o) (5:5)
and
+ ’d_ C‘
Ve,d,e € RT, (e—d)<e—d+e+——(e+d). (5.7)
eE+tc €E+c

Proof. The first property (5.2) is obvious from the integral definition of F.. We then observe

that
E+z

zlog2 —elog >0, Vz € [g,00),

g
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which implies (5.3). We then set, for ¢,d € Ry, ®.(d) = €%C(d —c) — gg;ﬁ?j — fcd%. We

have ®.(c) = 0, and ®.(d) = % - a«%d’ whose sign is that of d — ¢. Hence ®.(d) > 0, which

proves (5.4). We then set, for ¢,d € Ry, ®,(d) = &%d(d —c)— fcd j%. We have ®.(c) = 0, and
& (d) = ﬁ(d — ¢), whose sign is that of d — ¢. Hence ®.(d) > 0, which proves (5.5).
Finally, the proof of (5.6) is obtained by developing the expressions, as well as that of (5.7),
which results from (5.6) and from

d d d d—c |d — ¢

—d)— ——(e—d) = —d) <
es—H:(e d) a—l—d(e d) 5+d5—|—c(e d>_€+c

(e +d).

O

Remark 5.2 One can perform the same analysis if € + a(u) is replaced by +/e? + a(u)? in
(2.31). Then F.(z) = Ve?+ 22 —¢.

We now state and prove the following compactness result for the sake of completeness.

Lemma 5.3 (Weak version of Ascoli’s theorem) Let T > 0 be given and let H be a Hilbert
space. Let (up)nen be a sequence of functions from [0,T] to H, such that there exists Coo > 0
with

lun(t)|| < Coo, VR €N, Vt €[0,T]. (5.8)

We also assume that there exists a sequence (Ty)neny with 7, > 0 and 7, — 0 as n — oo, and a
constant Coy > 0 such that

[t (t2) — tn(t1)[| < C3/2(ta — t1] + 1) V2, ¥n €N, Vi1, 5 € [0, 7). (5.9)

Then there exists u € C°([0,T); H) and a subsequence of (up)nen, again denoted (un)nen, such
that, for all t € [0,T], un(t) converges to u(t) for the weak topology of H, and for all v € H,
(un(t),v) converges uniformly with respect to t € [0,T] to (u(t),v).

Proof. The proof follows that of Ascoli’s theorem. Let (t,),cn be a dense sequence in [0, 7. In
view of (5.8), for each p € N, we may extract from (w, (t,))nen a subsequence which is convergent
to some element of H for the weak topology of H. Using the diagonal method, we can find a
strictly increasing function ¢ : N — N, such that (ug(,)(tp))nen is weakly convergent in H for
all p € N. For any t € [0,7] and v € H, we then prove that the sequence ({uy(n)(t),v))nen is a
Cauchy sequence. Indeed, let € > 0 be given. We choose p € N such that |t —¢,| < 2. Since
({tp(n) (tp), v))nen is a Cauchy sequence, we can find ng € N such that, for k,l > no,

| (i) (tp) — gy (tp), v)| < e,
and such that 7,), 7o) < 2. We then get, using (5.9),
1/2
‘(uap(k) (t) — Uyp(1) (t)v U>‘ < C2/ HUH ((’t - tp’ + Ttp(k))l/Z + (‘t - tp| + Tw(l))l/z) +e,

which gives
1/2
[y () — gy (), 0)] < (2 226, % |Jo]| + 1)e.
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This proves that the sequence ((uy(n)(t),v))nen converges. It is clear that its limit is a linear
function of v. Since, from (5.8), we have

|<ugo(n) (t)v ’U>’ < COOH’UHa

we get by Riesz’ theorem the existence of u(t) € H such that (u,(,)(t))nen converges to u(t) for
the weak topology of H. From (5.9), we have

tn(t2) — un(t1),0)] < C*(t2 — ta] + 1) V2]l0l], ¥ € N, W1, € [0,T), V0 € H
Passing to the limit n — oo in the above equation, we get
[(u(ta) = ultr), v)] < C%|ts = t1[V2 0], Wt 15 € [0,T], % € H,

thus
utz) — u(tr)|| < Co/?[ts — t1]"/2, Vi, 80 € [0, T), (5.10)

showing that u € C°([0,T]; H). Finally, fix v € H, and let € > 0. Then there is a finite P € N
such that [0,7] C Ug):l]tp — % t, + %[, Then there exists n; such that for all n > n; one has
Tn < e?and forallp=1,...,P,

(un(ty) — ulty), v)] < <.

Then for a time ¢ € [0,77], one can find p < P such that [t —¢,| < €% It follows that

[(un(t) = u(t), v)] < [un(t) = unlty), v)| + [{u(t) = ulty),v)| +¢
< 2(C) 20| ([t — tyl +70)"/? +e (5.11)
<

(2 212C5 "% o] + 1)e,

which proves the uniform convergence with respect to t. O

We have the following approximation properties, partly stated in [17] and [22] without full proof.

Lemma 5.4 Let Q C RY, with N > 1, be an open bounded set, such that there exists a point
O € Q with Q strictly star-shaped with respect to O. Then

Vu € L*(Q) N BV(Q), egg@ (||U - U||%2(Q) + ‘ Vvl L1) — [ul By (o) D =0, (5.12)

and
vu € L2(Q)N with Du € M(Q), divu =0,

inf (”U — uH%Q(Q) + ‘ Dol L) — |Dul ) D =0.

veC>® ()N, divv=0

(5.13)

Proof. Here, M(f2) denotes the space of finite measures over 2, and Du = (Vu + (Vu)!)/2.
We only prove (5.12), since (5.13) is obtained very similarly, replacing (1.20), (1.21) by (1.15),
(1.16) with v = 0. Let us assume, without restricting the generality, that the point O is the
origin of RY. Let u € L?(2) N BV (£2) be given, and let n € N be given. We define Q,, by

1
Q={zeRY, ——a2€Q}CQ.
==
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Since (Q is strictly star-shaped with respect to O, one has 9Q, N 9 = ). Since 2 is bounded,
we have that a, = id(aﬁn,aﬁ) > 0. Moreover, a, — 0 as n — oo. For a mollifier p €
C°(B(0,1),R") with integral equal to 1, we define the function p, by p,(z) = L%Np(ain) We

then consider the function u, € C°°(Q,) defined by
up(x) = /Qu(y)pn($ —y)dy, Vx € Q,.
Let ¢ € CH(Q,)YN, with |¢(z)| < 1, for all z € Q,,. We have

/Qun()dlvcp z)da // ) pn(x — y)dy div o(z)dz
=y

pn(z —y) div p(z)dedy

n

A u(y) div on (y)dy,

where ,, denotes the function defined by

on(y) = / pn(z — y)p(x)dz, Yy € Q.

n

We have ¢, € CH(Q)Y, with |¢,(y)| < 1 for all y € Q. Therefore, because of the characterization
(1.20), (1.21) of the BV seminorm,

/QU(Z/) div n(y)dy < |ulpy(q)-
Since this holds for all ¢ € C1(Q,)Y with |o(z)| < 1, we get

[un|Bv (9. < lulBy ),

and therefore lim sup,,_, [un|pv(0,) < |u|pv (). Reciprocally, let ¢ € CHQ)N, with |p(z)] < 1,
for all z € Q. Since, for all n € N, we have that d(99,,9Q) < %Hd(O, 09), there exists ng € N
such that, for all n > ng, ¢ € C}(Q,)". For such an n, one has

/Q un(z) div p(z)dz < |un|py(a,)-
Since this holds for all n > ny and since u,, converges to u in L?, one gets
/Qu(af) div p(z)dx < linrgioréf [un| BV (Qn)-
Since this holds for all p € CH(Q)Y, with |o(z)| < 1, we may take the supremum in the above

inequality, which yields
lul gy (o) < liminf |u,| gy (q,)-
n—oo

Hence we conclude, gathering these results, that

JimJun|py(a,) = [ulpv (@) (5.14)
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Let us now define, for n € N,
Up(z) = un<(1 ——

Then @, € C*®(Q). Let p € CHQ)N, with |p(z)| < 1, for all z € . We have

x)dive(z)dr = [ u,((1— ! )z ) div p(x)dz
0] 1 n—+ 2
Y

)x), Vo € Q.

v [ ) dive( L) dy
=N o, " -
Denoting ¢, the function defined by
son(y)zso(l ) Yy € Qy,
- TH
we have ¢, € CL(2,)" with |p,(y)| < 1 for all y € Q,, and div p,(y) = idiv ().
n—+2 n+2
Hence .
[ divods = [ () diven(o)dy
Q (1- {Lﬁ) n
< WWHBV(%)'
We then get that
[unlpv () £ 157 unlBV(Qa)-
(I-75)
We show in a similar way the converse inequality, thus
~ 1
‘un‘BV(Q) = WWMBV(QH)-
(I-75)
With (5.14) we conclude that
im[un|py ) = lulBv@)
Since 1, converges as well to u in L?, this concludes the proof of (5.12). O
Lemma 5.5 Let H be a Hilbert space, with norm | - ||, and let ¥ satisfy Hypothesz’s 2.6. Let
T > 0 be given, and let By be defined as By = {v € L*(0,T; H); fo ))dt < oo} Let
v € By, and let, for all n € N, v, € Bp such that
T +
lim (o, — vl 20zm =0,  lim (@b(vn(t)) - w(v(t))> dt = 0.
n—oo n—o0 0

Then ) (v,) — ¥(v) — 0 in L*(]0,T]).

Proof. We first extract a subsequence of (v,) such that, for a.e. t €]0,T[, v,(t) — v(t) in H.
Using the lower semi-continuity of ¢ and Fatou’s lemma,

T T T T
/0 P(v) §/0 lim inf ¢ (v,) < liminf/o P(vy) < limsup/0 P(vp).
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But since

/OT (o) — /OTw(U) < /OT (ZD(Un) - z/1(’u))+ Lo

we deduce that lim sup fOT1/J(vn) < fOT ¥ (v), and fOT¢(vn) — fOT ¥ (v). Then

T T T
/0 6(0n) — $()] = 2 / ((0m) — ()" / (1) — () — 0.

We can argue in this way for all subsequences of (vy,), thus we conclude that the whole sequence
converges. 0
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