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One-dimensional Gagliardo-Nirenberg-Sobolev inequalities:
Remarks on duality and flows

Jean Dolbeault, Maria J. Esteban, Ari Laptev and Michael Loss

ABSTRACT

This paper is devoted to one-dimensional interpolation Gagliardo-Nirenberg-Sobolev inequalities.
We study how various notions of duality, transport and monotonicity of functionals along flows
defined by some nonlinear diffusion equations apply.

We start by reducing the inequality to a much simpler dual variational problem using mass
transportation theory. Our second main result is devoted to the construction of a Lyapunov
functional associated with a nonlinear diffusion equation, that provides an alternative proof of
the inequality. The key observation is that the inequality on the line is equivalent to Sobolev’s
inequality on the sphere, at least when the dimension is an integer, or to the critical interpolation
inequality for the ultraspherical operator in the general case. The time derivative of the functional
along the flow is itself very interesting. It explains the machinery of some rigidity estimates for
nonlinear elliptic equations and shows how eigenvalues of a linearized problem enter in the
computations. Notions of gradient flows are then discussed for various notions of distances.

Throughout this paper we shall deal with two classes of inequalities corresponding either to
p>2or to 1< p<2 The algebraic part in the computations is very similar in both cases,
although the case 1 < p < 2 is definitely less standard.

1. Introduction

When studying sharp functional inequalities, and the corresponding best constants and
optimizers, one has essentially three strategies at hand:

(a) To use a direct variational method where one establishes the existence of optimizers. Then
by analyzing the solutions of the corresponding Euler-Lagrange equations, one can sometimes
obtain explicit values for the optimizers and for the best constants.

(b) Tt is an old idea that flows on function spaces and sharp functional inequalities are
intimately related. Sharp inequalities are used to study qualitative and quantitative properties
of flows such as decay rates of the solutions in certain norms. A famous example is Nash’s
inequality that provides exact decay rates for heat kernels [40] [22]. Conversely, flows can be
used to prove sharp inequalities and identify the optimizers. A famous example is the derivation
of the logarithmic Sobolev inequality by D. Bakry and M. Emery using the heat flow [6] [7]
[5]. In that case, the flow relates an arbitrary initial datum to an optimizer of the inequality.
The monotonicity of an appropriate functional along the flow provides a priori estimates that,
in case of critical points, can be related with older methods for proving rigidity results in
nonlinear elliptic equations. See [27] and references therein for more details.

(¢) Another way to look at these problems is to use the mass transportation theory. One does
not transport a function to an optimizer but instead one transports an arbitrary function to
another one leading to a new variational problem. This dual variational problem can be easier
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to deal with than the original one. A well-known example of this method has been given by
D. Cordero-Erausquin, B. Nazaret and C. Villani in [21] (also see [3] for a simpler proof). With
this approach, they obtained proofs of some of the Gagliardo-Nirenberg-Sobolev inequalities.

In this paper we will focus on another family of one-dimensional Gagliardo-Nirenberg-Sobolev
inequalities that can be written as

£l < Can @) 1 Wa 1 FlLa 1 e (2,00), (L1)
1 lle) < Con) I W IF1L0, i pe(1,2), (1.2)

with 6 = % and 1 = 3;—5. See [34] [33] [47] for the original papers. The threshold case
corresponding to the limit as p — 2 is the logarithmic Sobolev inequality

9 /112
9 u 1 9 2 |lu ||L2(]R)
u®log | —=5— | do < = [Jullfzg log | — —5— | » (1.3)
J]R (H“H%z(m)) 2 ) me ||“||%2(R)
derived in [36].

Among Gagliardo-Nirenberg-Sobolev inequalities, there are only a few cases for which best
constants are explicit and optimal functions can be simply characterized. Let us mention Nash’s
inequality (see [17]) and some interpolation inequalities on the sphere (see [I3] [@]). A family
for which such issues are known is

I laaqrey < Kan(a, ) 1518 gy 11272 gy -

if g€ (1,00) when d =1 or 2, and ¢ € (l,d;fQ] when d > 3, and

1 llors ey < Ken (@ d) 11 | F 1500

if ¢ € (0, 1), with appropriate values of 6. See [37,[23]. Again the logarithmic Sobolev inequality
appears as the threshold case corresponding to the limit ¢ — 1. These inequalities have two
important properties:

- There is a nonlinear flow (a fast diffusion flow if ¢ > 1 and a porous media flow if ¢ < 1)
which is associated to them. This flow can be considered as a gradient flow of an entropy
functional with respect to Wasserstein’s distance, as was noticed in [42].

- A duality argument based on mass transportation methods allows to relate these
inequalities with much simpler ones, as was observed in [21] [3].

The purpose of our paper is to study the analogue of these properties in case of (ILI]) and (2.
We will apply the methods described in (a), (b) and (c). Method (a) is rather standard (the
proof is given in the appendix for completeness) while (b) and (c), although not extremely
complicated, are less straightforward. As far as we know, neither (b) nor (¢) have been applied
vet to (I) and (T2). Method (a) relies on compactness arguments, method (b) relies on a
priori estimates related to a global flow and method (c) requires the existence of a transport
map.

Let us denote by L3(R) the space of the functions {G € L'(R) : [, Gly|* dy < oo} and
define

(EE2)77=2 if pe (2,00) (1.4)

257 if pe(1,2)

Based on mass transportation theory, method (c) allows to relate the minimization problem
associated with (L)) and (I2) to a dual variational problem as follows.
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THEOREM 1.1. The following inequalities hold: if p € (2,00), we have

G g 17035 1A
3p-2
sup Je ! o, Hig%f)\{o} o i = (1)
i - p cH! =
GELI N0} ([, G [y|2 dy)*72 2 (Jo G dy)®—= IfIEr e
and if p € (1,2), we obtain
2
G5 d Tdli=: IS I
sup f Y =c inf LZ(R P & (R)- (1.6)
GELLEND} ([, Glyl? dy) TP ([, G dy) TP FEENMO g

All variational problems in Theorem [[.T] have explicit extremal functions. The maximization
problems is rather straightforward and yields an efficient method for computing Cen(p) in
both of the cases corresponding to (L) and ([Z6). The proof of Theorem [Tl will be given in
Sections 2] and

Next we shall focus on the method (b). In this spirit, let us define on H!(R) the functional

4
Flo] = [0z ) + -27 [0]F2ry = CllvlIEs ) (1.7)

where C is such that Flv,] = 0, with
() = (coshx)_ﬁ .

1
Notice that v,(z) = (1 — z(z)?) 72 if z(z) := tanhx, for any = € R. Next, consider the flow
associated with the nonlinear evolution equation
1-Z /12
VT2 2
- [+ _p 20 + p |U | v
Nl 2 v p2

Then F is monotone non-increasing along the flow defined by (LS).

(1.8)

UV =

THEOREM 1.2. Let p € (2,00). Assume that vo € H'(R) is positive, such that ||vo||r»®) =

lve]|Le(r) and the limits limg o0 vOEx; exist. If v is a solution of (L)) with initial datum vy,

then we have

dt]:[ v(t)] <0 and tlilglof[v(t)] =0.

Moreover, 4 Fv(t)] = 0 if and only if, for some z¢ € R, vy(z) = v.(x — z¢) for any x € R.

This result deserves a few comments. First of all by proper scaling it yields a proof of (L3)).
Further it shows that up to translations, multiplication by a constant and scalings, the
function v, is the unique optimal function for ([IIJ), and again allows to compute Can(p).
Indeed we have shown that

4 .
lvollE @y + T [vollE2 @y — Cllvollnm) = Jim Flo(t)] =0 (1.9)

for an arbitrary function vy satisfying the assumptions of Theorem [[L2] but the technical
conditions on vy can easily be removed at the level of the inequality by a density argument.
At first sight, (L)) may look complicated. The interpolation 1nequahty (T3 turns out to be
equivalent to Sobolev’s inequality on the d-dimensional sphere if d = p2 is an integer, and to
the critical interpolation inequality for the ultraspherical operator in the general case. These

considerations will be detailed in Section [l



Page 4 of 20 J. DOLBEAULT, M. ESTEBAN, A. LAPTEV & M. LOSS

For completion, let us mention that a rigidity result is associated with Theorem A
statement will be given in Section Bl Although the rigidity result can be obtained directly, the
flow approach is simpler to state, at least in the original variables, and provides a clear scheme.

In the case 1 < p < 2, a result similar to Theorem [[2] can be proved. In that case the global
attractor is defined as

v, () = (cos :c)ﬁ ifrel:=(-%%) and wv.(z)=0 otherwise.

Then the functional
_4
(2-p)

defined for any v € HY(R) N LP(R), where again C is chosen such that F[v,] =0, is non-
increasing along the flow defined by

Flol = 1V IE2) + CllolEoq) = lvllE2q (1.10)

1-Z 2 /12 2
v v”Jr—pyv’JrEMJr—v , (1.11)

V14192 2—p 2 v 2—p

where y(z) = tanz. More precisely, we have a result that goes exactly as Theorem and,
up to necessary adaptations due to the fact that optimal functions are compactly supported,
there are similar consequences that we will not list here.

Ve =

THEOREM 1.3. Let p € (1,2). Assume that vy € H'(I) is positive, such that ||vo||re(r) =
[vellLe(ry and the limits lim, 4= ng% exist. If v is a solution of (LII) with initial datum vy,
then we have

GFHOI0 and Jim Flu(o)] =0,

Moreover, %}'[v(t)] = 0 if and only if, for some xg € R, vo(x) = vi(x — x0) for any z € I.

As a consequence of the above theorem, for every vy satisfying the assumptions stated in the
above theorem, we have that

4
looll2ry + Cllvollzscry — [PEDE lvollf2r) > tliglo]-'[v(t)] =0. (1.12)

This paper is organized as follows. Theorem [[[Tlis proved in Section 2l by implementing the
strategy defined in (c¢). Optimality is checked in Section

In Section [l we prove inequalities (L)) and (L2) following the strategy defined in (b). The
flow is easiest to construct after changes of variables which reduce the problem to critical
interpolation inequalities involving the ultraspherical operator in case of (L) and a similar
change of variables in case of ([Z). More details are given in Section @, e.g., on the set of
minimizers of the energy functionals, and some rigidity results are then stated in Section

In Section [f] we study some fast diffusion flows related to the difference of the left- and right-
hand sides of inequalities (L) and ([2)), showing that sometimes these are gradient flows with
respect to well-chosen distances introduced in [28] and [29]. For further developments also
see [18].

The Appendix [A] contains some auxiliary computations that are useful for flows and rigidity
results, and common to (L)) and (L2). In Appendix [B] for completeness we give a sketch of
the method (a) applied to inequalities (L)) and (T2)).
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2. A duality approach using mass transportation methods

In this section we establish inequalities which relate the two sides of (L)) and (L6G). We also
investigate the threshold case corresponding to p = 2.

2.1. Gagliardo-Nirenberg-Sobolev inequalities with p > 2

LEMMA 2.1. For any p € (2,00), we have

TN ||f||23(5+?
G d .
sup LR Y <c inf L2(R) L2(R) '

< ¢ 1n
GeLl(JR)\{O} (_f G|y|2 dy)“’ z (J‘RGdy)sp 2 feH(R)\{0} HfHIig(le)

Proof.  On the line, let F' and G be two probability densities and define the convex map ¢
such that

F(z) = G(¢'(2) ¢"(x) VzeR.
);

Let us consider the change of variables y = ¢'(z), so that dy = ¢” (x) dz and compute, for some
0 € (0,1) to be fixed later, the integral

J ¢ dy:J G (@) ¢ (@) dw:J F(z)” (¢ ()"~ da.
R R R

According to Holder’s inequality, for any « € (0, 6),

LR F(x)? (¢"(2))' 70 dax = JR Fo—ape (p"1=0 da < <JR F'=% d:v)a <JRFlae " dx) o :

Consider now the last integral and integrate by parts:

J F12e o dx:fLJ Fie ' dx:fLJ FToo~ 5 ¢’.F%_1F’ de .
If we choose « such that
a 1_1
1—-6 p 27

then we have
A
JFl 930"dx———J VF ' - ( )dm.
R

We deduce from the Cauchy-Schwarz inequality that
1
a 2 1\’
J F1i-e 4,0// dISﬂ(J F|30/|2 dl‘) (J' ‘(F;)
R 1—-0 \Ur R

j Flg'P dx:J Glyl dy.
R R

2 3
dx) .

We also have

With f:=F %, we have found that

(I gnj 5;— <) (L) (]

If we make the choices p > 2 and

1—-6

2 =
dac)

fl
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then we have shown that

LOD () () (LT o)™
([o Gly dy) =~ L0 ® ®
with
g P2 4 L= +2)
3p—2 p(Bp-2)

Taking into account the homogeneity, this establishes (LH), where the infimum is now taken
over all non-trivial functions f in H'(R) and the supremum is taken over all non-trivial non-
negative integrable functions with finite second moment. The computation is valid for any
p € (2,00). O

The generalization of our method to higher dimensions d > 2 would involve the replace-
ment of J"RF“;:Q) ¢" dz by [pa Fai-o (det Hess(go))l/d dx in order to use the fact that
(det Hess(cp))l/ 4 < 1 A by the arithmetic-geometric inequality. The reader is invited to check
that the system

0—« 2 @ 1 n 1
1—d(1-60) p’ dl1-0) p 2
has no solutions («, #) such that 6 € (0,1) if d > 2.
2.2. Gagliardo-Nirenberg-Sobolev inequalities with 1 < p < 2
LEMMA 2.2. For any p € (1,2), we have
2-p 2p
[ GT7 dy . 1/l 2y 111y
sup p —— < ¢ Hlng P .
GeLL(R)\{0} (J‘RG|y|2 dy)2(4—p) (J‘RGdy)zM—p) fFeH(R)\{0} ”f”E;(p]R)

Proof.  We start as above by writing

0 1-0
J' G? dy < (J Fl=% dac) (J F15 dac)
R R R
« 0 « e 1 1 1=0
= (J' Fl=% dx) (——J Fro 2y . F271F/ dx)
R 1-0Jr
) 0 90 , 1-0
- -5 e S e B
= (J'RF 0 dx) ( 17(9J']RF T2 (\/F) dx) .

and choose o and 6 such that

the r.h.s. can be estimated as

(rs) (2] ra)”

2 2— 2—

2p ip 2(4—fm 2(4—fP)
<o (j Iz dx) (j P dx) (j Flo? d:c) |
R R R
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using a Cauchy-Schwarz inequality. We also have [ F'|¢/ |2 do = [z G ly|? dy as in the proof
of Lemma [ZJ] Taking into account the homogeneity, this establishes ([Z6]) where the infimum
is now taken over all non-trivial functions f in LP(R) whose derivatives are square integrable
and the supremum is taken over all non-trivial non-negative integrable functions with finite
second moment. The computation is valid for any p € (1, 2). O

The generalization of our method to higher dimensions d > 2 would involve the replace-
ment of [, FT0-® " dz by [p, FT09 (det Hess())"/? dz in order to use the fact that
(det Hess(go))l/ 4 < 1 Ay by the arithmetic-geometric inequality. The reader is invited to check
that the system

b _p @
1—d(1-0) 2° d(1-0)

has no solutions («, 0) such that 0 € (0,1) if d > 2.

2.3.  The threshold case: logarithmic Sobolev inequality

We can consider the limit p — 2 in (LH). If we take the logarithm of both sides of the
inequality, multiply by ﬁ and pass to the limit as p — 2, we find that

B 2J']RCv'logG dy

flogJ yQGdy+31ogJ Gdy—1
IRGdy ]R|| R

Ji [ tog |72 de (4).
(&

§logJ f’2dxflogJ fI?de—2
]R| | ]R|| IR|f|2d$

Hence we recover the following well-known fact.

LEMMA 2.3.
3
sup log IGIIEs () B Jr G log G dy B
GeLy(®)\{0} 27 [ lyI? G dy 1GllLr ()

2 11 2 log|f|? d
< o log | = I ||2L2(]R) _ZIR|f| c;g|f| €L
feH(R)\{0} me ||f||L2(]R) ||f||L2(R)

A similar computation can be done based on ([L6). For a direct approach based on mass trans-
portation, in any dimension, we may refer to the result established by D. Cordero-Erausquin

in [20].

3. Optimality and best constants

A careful investigation of the equality cases in all inequalities used in the computations
of Section 2] shows that inequalities in Lemmata 211 and can be made equalities for
optimal functions as was done, for instance, in [21]]. In this section, we directly investigate the
cases of optimality in (LX) and (6], prove the equalities in Theorem [Tl and compute the
values of the corresponding constants Can(p).
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3.1. Duality in the Gagliardo-Nirenberg-Sobolev inequalities: case p > 2.

Let us compute

2(p—2) 2(p+2)
11l 3” ) HfH L2(R)
Ci(p) :==c, _inf P® (3.1)
feH! (R)\{0} Tole
||f||Lp<R>
The infimum is achieved by
1
faulz) = —— VzeR,
(coshx)?—2

which solves the equation

—(=22f"+4f=2pf"1=0
See Appendix [Bl for more details. With the formulae

T kgl
o | e

+2 ’
r (2 fp*Z) )
d Pde = ————
o Jyﬂ|éx r—2)(p+2) Jr

one can check that the r.h.s. in (A can be computed and amounts to

b:ijmz
R

_pF2 o
(p+ 2)3;;—2 |23(£—§)

4T (p— 2)d
On the other hand, the supremum in ([LH) is achieved by

Ci(p) =

Gi(y) = ERRN Vy eR,
with s )
p—
S 2(p-2)°
Using the function
o= | s = VTR
r (1+92) I'(q)

it is easy to observe that

h(q) 22 2(qg—1)
G*d th, JG* Qd: and J'Gj'pzd :7i'[,q7
LR y = h(q) . ly|* dy 503 : V=0, 3 (q)

and recover that the Lh.s. in ([CH) also amounts to Cy (p). With Lemma [ZT], this completes the
proof of Theorem [Tl when p > 2. This also shows that the best constant in (I]) is

Ci(p) > SO
C ===
ox(p) < c(p)
with Cy(p) and c(p) given by (B and (L4]) respectively.

3.2. Second case in the Gagliardo-Nirenberg-Sobolev inequalities: case 1 < p < 2.

Let us compute

Hf'HLz(R) ||f||LP(]R)
Colp) = inf 3.2
2(p) =6 Feri( {0} 32)

115,
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The infimum is achieved by
fulx) = (cosx)ﬁ Vze [-3,5], filx)=0 VzeR\[-3, 3],
which solves the equation
—@-p?f-Af+2pfrTt=0.
With the formulae

ﬁr(%X J

()

4
JQZ:J'fEdI: fdxz—J f2dx
R R

p+2

112 _ 4 2
and Jle*| dx = —(2717) ) JRf* dx ,

one can check that the r.h.s. in (C6l) can be computed and amounts to
__6-p __2-p 2-p
Co(p) =4(2+p) 20w (2—p) 2G» J5 7.
On the other hand, the supremum in (@) is achieved by

G*(y) = m VyeR,
with
g=22P
2-p
Using the function h(q) as in the first case, h(2=2) = Jo and the relations

p

2—

h(q) 252 2(q—1)
G. dy=h(q), JG* 2dy = and JGf”zdzihq,
| coav=r@. | cppay-52 R e 0

we recover that the Lh.s. in () also amounts to Ca(p). With Lemma [Z2] this completes the
proof of Theorem [T when p < 2. This also shows that the best constant in (L2) is
4—p
Ca(p) | **7
Can(p) = ( :
Pr= e
with Ca(p) and c(p) given by (B2) and (4]) respectively.

3.3. Consistency with the logarithmic Sobolev inequality.
The reader is invited to check that for p = 2, we have lim,_,o, Ci(p) = lim,_2_ Ca(p) =1

and
Ci(p) —1 1-C
4 lim %:Hlog(h):zl i =<2
p—24 p—2 p—2_ 2—-p

This is consistent with the fact that we have equality in Lemma and can actually write

COROLLARY 3.1.

el G logG d
sup log ” HLIQ(R) -2 [pGlosGdy 1
GeLLR)\{0} 27 [ lyl? G dy Gl ®)

2 f/ 2 2 1 2 d
= inf log _””w o Jel/] zglfl ol _,
FEHL(R)\{0} Te ||f||L2(R) ||f||L2(R)
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The reader is invited to check that equality is realized by

_lwl?
G@%ﬂﬂ@?=iﬁ;7 r €R.

Hence we recover not only the logarithmic Sobolev inequality in Weissler’s form [46], but also
the fact that the equality case is achieved by Gaussian functions.

4. Gagliardo-Nirenberg-Sobolev inequalities, monotonicity and flows

This section is devoted to the proof of Theorems and [[L3] and their consequences.

4.1. Inequality (9] (case p > 2) and the ultraspherical operator

In this section we reduce the inequality (L3) on the line to a weighted problem on the interval
(—1,1). For p > 2, Gagliardo-Nirenberg-Sobolev inequalities on the line indeed are equivalent
to critical interpolation inequalities for the ultraspherical operator (see [12]; these inequalities
correspond to the well-known inequalities on the sphere [13] [9] [26] when the dimension is an
integer).

In order to make our strategy easier to understand, the proofs have been divided in a series of
statements. Some of them go beyond what is required for the proofs of the results in Section [I

e The inequality ([L9) on the line is equivalent to the critical problem for the ultraspherical
operator.

Recall that inequality (C9) is given by

JR W2 da + ﬁ JR 02 dz > C <JR o]? d:c> " (4.1)

z(xz) = tanhz, v, =(1-— zz)ﬁ and  v(x) = v (x) f(z(x)),

With

so that, as seen in Section Bl equality is achieved for f = 1, i.e. with

C—Zip(J v |pdx)1_%
(p—-22\Je' " 7

and, if we let v(z) := 1 — 22, the above inequality is equivalent to

2
1 1 1 2
2p 2 2p !
f'I?vdv +7J fl7dv Zi([ fpdzz> 4.2
NG e R e 4.2
where dv, denotes the probability measure dv,(z) := é = dz, (p ==/ %ﬁ)) Integra-
tion by parts leads to s
1 1 2p
f'Pvdv,=—| f(Lf)dv, where Lf:=vf'— " zf".
P P P 2
-1 -1 -

If we set
2p 2d

d=— <= = —.
D2 P=4=9
the operator £ is the ultraspherical operator. Thus, we see that the inequality (1] on the
line is equivalent to a problem that involves the d-ultraspherical operator.
When d is an integer, it is known that the inequality for the ultraspherical operator ([£2]) is
equivalent to an inequality on the d-dimensional sphere (see for instance [26] and references
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therein). We are now interested in the monotonicity of the functional

- 1 o 2]) 1 ) B 2p ( 1 » );2:
fr Rt = J—1|f| Vde+(p_2)2 J—1|f| W (p—2) J—1|f| W

along a well-chosen nonlinear flow.
e There exists a nonlinear flow along which our functional is monotone non-increasing.

With the above notations, the problem is reduced to the computation on the d-dimensional
sphere in the ultraspherical setting. Here we adapt the strategy of [26] and [27]. We recall (see
Proposition [AT]in Appendix [Al with a =1 and b = % — 1) that

Jil (Lu)? dv, = Jl

1
[u"|> v? du, + dJ |u'|* v du,
-1 —1

and

1 72 1 /14 1 12,1
|| d J' Wt s d—lj WP u”
L dvy = —— dv, — 2 dv,, .
J71( w) oV =g e v duy i3, u v° dv,

On (—1,1), let us consider the flow

7|2
up = u?2P <£u+/<; ] 1/)

u

and notice that

d 1 1 3
EJ uPP dl/pzﬂp(ﬁ;fﬁ(pr)f1)J’71uﬁ(p D 2v dy,,

-1

o 1/(6p) , . \
so that u = (f_l uPP dup) is preserved if k=08 (p—2)+ 1. With 8= T @ lengthy

6
computation shows that

1 d [t d

- = By |2 28 _ =28

55 dtJ1<|(u)| V+p_2(u u )) dvy
/|2

1 2 1
u )( || ) d %—1J "2
= - Lu+(B—1)—v)|(Lut+r—vrv)|dv,+ —— —— u'|“ v dy,
J_1< B-1)~ " R _1| | p

! "2 .2 d—1 ! //|“/|2 2
= — 71|U, | 14 de‘f' 2m(/€+/3—1) 71U TV de

/|4
2

(n+ﬂ1)”11 2 dy,

1
:—J’ u
-1

The choice of the change of variables f = u” was motivated by the fact that the last term in
the above identities is two-homogeneous in u, thus making the completion of the square rather
simple. It is also a natural extension of the case that can be carried out with a linear flow (see
[26], and [7] for a much earlier result in this direction). In the above computations p = 6 seems
to be out of reach, but as we see below, this case can also be treated by writing the flow in the
original variables.

d
B [K(ﬂlH d+2

2

p+2 [u?
n_pE2 P v?dv,. (4.3)

76—p u

e There is no restriction on the range of the exponents.
With f = u”, the problem can be rewritten in the setting of the ultraspherical operator using
the flow
f?

fi=fl"2 £f+g(1722)7 ,
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and we notice that there is no more singularity when p = 6 since

d o 20 (" e, <1 , )
& U 7+ gt | VP = (] 91 an
p If]?

) 17— "

J pot -2
We get the flow on the line by undoing the change of variables: the function wv(t,z) =
ve(x) f(t, z(x)) solves

/Ul_% 1 2p / pl’Ull2 2
“t%m[v T2ttt e, +p2“}’

2
2
Ve dyy,.

and we find that

Z[J|uFdx+z—f§PJ%dex—c(Ldmpmoﬁl
L= ()

e There exists a one-dimensional family of minimizers for F.

g 2

72
| dx .

2
RN 3 Ciu ;
2 v p—2

A function f is in the constant energy manifold, i.e., F[f(t)] does not depend on ¢, if and
only if (f' f~P/?)" =0, that is, f(z) = (a + bz)_ﬁ. However, none of the elements of that
manifold, except the one corresponding to a =1 and b = 0, are left invariant under the action
of the flow and the coefficients a and b obey to the system of ordinary differential equations

@:,2_pb2 and @: 2p

———ab.
at  p—2 at ~ p—2°
The reader is invited to check that on the line, such functions are given by
1
v(t,x) = VY (t,x) € R?,

cosh(z + x(t))ﬁ
with a(t) = cosh(z(t)) and b(t) = sinh(z(t)). A straightforward but painful computation
provides an explicit expression for ¢ +— x(t).

e The inequality on the line can be reinterpreted using the stereographic projection and the
Emden-Fowler transformation.

Inequality (2] (in ultraspherical coordinates) is

1 2p 1 2p 1 2
112 2
[ 1 i, + NRZE e <L|f|” dup> |

where dv, denotes the probability measure dv,(z) := o vr? dz, G ==/ FE 3T2)) and
2(p—2)
_ 2p o 2d
) P=a"e
Since @3—2)2 = %d (d — 2), the above inequality can be rewritten as

A 1 1 2
gz L v [ (e an)”

2 1+
1472 1—2"

Assume that

flz)=(1—2)"%u(r) with z=1—
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When d is an integer, this first change of variables corresponds precisely to the stereographic
projection. Then by direct computation we find that

L[ [ = g L et
- v dv Vp = —— — ul*r r,
d(d—2) )4 N Prd(d=-2) ¢ o

1 1 oo
J |fIP dv, = —J' |ulP rd=ldr,
-1 G Jo

so that the inequality becomes

o0 1 _2 o0 3
J' |u'|> r4=tdr > = d(d - 2) C; v (J' |u|P 4=t dr)
0 4 0

Let u(r) := r'~% v(z) with = = logr. This second change of variables is the Emden-Fowler
transformation. Then we get

1 1 2 g
J /|2 dm+1(d—2)2J' of? de > Jd(d-2)¢ 7 (J of? dx)
R R R

Recalling how p and d are related, this means

4 2p 1-2 D
UIQdI+7J v)? de > ———= "(J' v”dx)
J P e g [ o ez 2 67 ([
Collecting the two changes of variables, what has been done amounts to the change of variables
z(x) = tanhx, v, = v7?  and v(x) = ve(x) f(2(x)).

This explains why the problem on the line is equivalent to the critical problem on the sphere
(when d is an integer) or why the problem on the line is equivalent to the critical problem for
the ultraspherical operator.

4.2, Inequality (LI2) (Casel <p < 2)

The computations for p > 2 and p < 2 are similar. This is what occurs in the construction
of a nonlinear flow. For the convenience of the reader, we also subdivide this section in a series
of claims.

e The interpolation inequality is equivalent to a weighted interpolation inequality on the line.
The Gagliardo-Nirenberg-Sobolev inequality on the line with p € (1,2) is equivalent to

4 2p v
v’defiJ defoiJ’ v,.ﬂ’dx—C(J’ v”dx)
Jo P o= o | e EEE <
Vo € H'(R)NLP(R) such that J' [v|? dach [ve]P dx.  (4.4)
R R

Following the computations of Section B2l we have

C—27p<J |v.|P d:v>112i
2-p)?2 \Je '

Assume that v is supported in the interval (=7, 5). With {(y) =1+ y2, so that for any x €
m T
(=%, %)
1
y(@) = tanz, v, =€(y) T and o(@) = .(2) f(y()).
the inequality is equivalent to

2 2p p g 2p 2
[ e+ 2 ([ 1) = 2 | 1P dey, (4.5)
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2+p
where d¢,, denotes the probability measure d¢,(y) := % € 755 dy with G = \/EFI(“Ei (2#—:]))) Let
P 2—p

us define

=TT

Notice that C = ( E Cp . Inequality (@A) is equivalent to the inequality (£4) and is
therefore optimal. We are mterested in the monotonicity of the functional

2p ; 2p 2
P Flf= [ 1P e+ o ([ i dg)) " - it | 1o ae
along a well-chosen nonlinear flow. We will first establish two identities.

e There are also two key identities in the case p € (1,2).

As a preliminary observation, we can observe that

d 2p
« —9 A A
{dx,ﬁ]u Y u 2_pu,

so that we immediately get
J (Lu)? de, = —J e (L) de,
R R
fJ Eu' (L)) dfpr Eu' 2yu” —
R R
= | stewywag, - | ewyur-
R
_ 12 2 2p 712
*LR'“' & dy+ 5 | i g,

u') dép

2p
u') d€
— ) dép

|u|4 p+2 [ WPu
€ de, - (p—1>JR € de,,

since

u'[Pu 1 1 _,p
[ M e g, = 2| (uirwy et ay

114 /2
s
and hence
Ju' )P 2—p) [ [P 2—p [ [ 24
d N
ot veae =10 ] €y - Ty )

Notice that these two identities enter in the general framework which is described in
Appendix [A] with £(y) =1+9y% a=1and b= —QE—p. Since they are not as standard as the
ones corresponding to the ultraspherical operator, we have given a specific proof.

e There exists a nonlinear flow along which our functional is monotone non-increasing.

On R, let us consider the flow

22 ju'?
ut—u5<ﬁ + Kk — §>,
U



INTERPOLATION, DUALITY AND FLOWS Page 15 of

and notice that

%JRuﬁp dé, = ﬂp(/‘&*ﬂ(p72) _ 1)L{uﬁ(p72) |Ul|2§d§p,

so that u = (IR uPP d§p)1/(ﬁp) is preserved if k = 8 (p —2) + 1. Using the above estimates, a
straightforward computation shows that

d
7 7 (0P~ ol (=) g

__ _ w>( Iu’l2) __2p K1

u

_ 12 ¢2 p+2 o //|u/|2 2
== | e dg ¢ s e - | v e
P u/4
- [’f(ﬁ—l)‘Fm(ﬁ-Fﬁ—l)} JR |u2| £ dg, .
With
4
B_H’
we get
d 2p _ p+2 |u)? 2
a B2 ¢ 28 —28 — _9p n DT LU
dtJR('(“)'E a7 )) =20 JR“ ipou | &
e The flow can be rewritten in original variables.
With f = u”, the problem can be rewritten using the flow
avi
fi=rotlerpelth)
and we find that
a [ e 2p J . J
— &, — d C P
dt lJR|f| f gp (2_p)2 ]R|f| £P+ R|f| fp
2
o P 7|2
_ 72LRfl s f”f 5 |ff| 52 dé’p

We get the flow on (—%,%) by undoing the change of variables: the function v(t,z) =
v () f(t,y(z)) solves

2p p|v'|2 2
_ 1 = ! L B
vy = 2{1}4— pyv+21}+2 v,
and we find that

™

5 PR 5 z
% J W2 da WJ jo]? da + C (J lof? dm)
1
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4.3. Consequences: monotonicity of the functionals associated to the Gagliardo-Nirenberg-
Sobolev inequalities along the flows

With the results of Sections 1] and [£2] the proofs of Theorems and are rather
straightforward and left to the reader.

5. Rigidity results

In the case of compact manifolds with positive Ricci curvature, rigidity results were
established (for instance in [13] B5]) before the role of flows in the monotonicity of the
functionals associated to the inequalities was clarified (see in particular [24] 45| [27]). However,
such results are of interest by themselves.

5.1. The case of a superlinear elliptic equation.
With the notations of Section 1] consider the equation

S LfNf= (5.1)

where f: R — Ry and p > 2. Note that this equation is the Euler-Lagrange equation of the
functional (7). If u is such that f = u”, then we notice that the equation can be rewritten as

|u/|2 A ukf
Lu+(B—1) v Bqu 3 0,
with K = 8 (p — 2) + 1. As in [26], we notice that
! = ! k=172 b K ' k=112
J_l (Lu)u dupz—ﬁj_lu |o'|* dv, and J_lTu Vdup:J_lu || dv,,

so that
1 |u/|2
J (Eu—l—/@—V) u™ dv, =0.
—1 u

Hence, by [3) we know that

1 112 /12
_ || W® A
Ole <£u+/<a ” 1/> <£u+(ﬂl) oV Bu) dv,

2p /<;1>J'1 o J’1
= —— - A— u'|*v dv, + u
<p—2 B 71| | Pl

THEOREM b5.1. Let p € (2,00),p # 6. Assume that f is a positive solution of the

equation (B)). If A < @3—2)2, then f is constant.

2

//7174“2 |ul|2 1/2 dl/p.

6—p u

This proves

5.2. The case of a sublinear elliptic equation.
With the notations of Section 2] consider the equation
—Lf=Af+f1=0 (5.2)

for f:(—1,1) = R4 and p € (1,2). Note that this equation is the Euler-Lagrange equation
of the functional (CIQ). If u is such that f = u”, then we notice that the equation can be

rewritten as
u'|? A
] £+ —-u—

Lut(B—1) : “7;:0,
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with kK = 8 (p — 2) + 1. Exactly as in Section 51l we notice that

JR(EU) u® dé, = —k J

R

/2
’U,K71 |u/|2£ dfp and J | | Iig dfp J ’U,K71 |u/|2£ dfp ,
R R

/12
J <£u+/<;| v §> utdé, =0.
R u
Hence, we know that

O:J (£u+/<;| u'f? ) (ﬁqu(ﬂ )' /|25+3u> d¢,
R B

_(2p sl "2
<2—p+)\ 3 >J}R|u| §d§p+JRu

THEOREM 5.2. Let 1 < p < 2 and f a positive solution of the equation (B2)). If A <
then f is constant.

so that

2
y_p+2 P

2
dé, .
6—p u & dy

This proves

(2— p)Q’

6. Further considerations on flows

This section is devoted to the study of various flows associated with () and (LH). As we
shall see below, fast diffusion flows with several different exponents are naturally associated with
left-hand sides, while the heat flow appears as a gradient flow if we introduce an appropriate

notion of distance in (LA for p € (2,3) and in ({6 for p € (1, 2).

6.1. Fast diffusion flows.

The Lh.s. in (X)) is monotone increasing under the action of the flow associated to the fast
diffusion flow
G = o(t) 8567’” +0y(yG) (t,y) e RT xR, (6.1)
where
p+2
3p—2"~
and o(t) is adjusted at every t >0 so that < g G(t.y)|y|* dy =0. The growth rate is

dt
determined by the Gagliardo-Nirenberg-Sobolev inequality

1 3p-2
2m—-1  6—p

lullizemy < C(a) [/l lulliets@ with a:= ; (6.2)

which introduces the restriction
2<p<6 <= ac(l,0) <= me(3,1).

See [31],[32] for related considerations.
We can also use a more standard framework (see [23] 19]) as follows. For any m € (0, 1),
consider the usual fast diffusion equation in self-similar variables

G = 856”” +0, - (yG) (t,y) eRT xR
for some m € (0,1) and define the generalized entropy by

1
F1]G] ::mJ G"dy+ - J Glyl* dy.
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The equation preserves the mass M := LR G dy and the entropy converges with an exponential
rate towards its asymptotic value which is given by the Barenblatt profile

_1

Gooly) = (CH+ 52 yP) ™ VyeR
with same mass as the solution, i.e. with C such that IR Goo dy = M. Since

)\m—l " )\—2 ) )
1JRG dy+TJRG|y| dy if Gi(y) = AG(\y),

an optimization with respect to the parameter A > 0 shows that

Fi1lGy] =

m —

sz~ 1- ) () ([ wea) "

which again shows that the Lh.s. in (L) (raised to the appropriate exponent and multiplied
by some well-defined constant) is the optimal value of F.

Similarly, the Lh.s. in (L6) is monotone increasing under the action of the flow associated
to the fast diffusion flow (6.I]) with

2
m=——,
4—p
and o(t) is again adjusted at every ¢ > 0 so that % r G(t,y) ly|* dy = 0. The growth rate is
determined by ([G.2) with a = qu = % — 1, p € (1,2). Alternatively, we can also consider the

entropy functional F as above.

6.2. Gradient flows, entropies and distances.
6.2.1. Casep € (1,2). Let us start with a simple computation based on the heat equation
dp=Ap zeR: t>0.

Since the dimension plays no role, we can simply assume that d > 1. Under appropriate
assumptions on the initial datum, the mass M of a non-negative solution is preserved along
the evolution: & [L, p(t,x) dz = 0. A standard computation (see for instance [28]) shows that

d

1
= Lw plde = —4 qT JRd IVp?/2)2 da . (6.3)

With f = p?/2, p=2/q € (1,2) and the Gagliardo-Nirenberg-Sobolev inequality
1951 oy 1715 ey = Can (0 ) [f ey ¥ € HURY),

d(2—q)

2d—q(d—2)° we find that

where 0 =

1

d q—1 (Can(p,d) s J 2
— Ide < —4 1
dt J}de da q ( M0 de d ’

which gives an explicit algebraic rate of decay of the entropy f}Rd pldr.

We will now introduce a notion of distance as in [29], which is well-adapted to our setting.
We refer to [29] for a rigorous approach and consider the problem at formal level only. First
of all one can consider the system

op+V-w=0
Ohw = Aw

so that

—1
%J'Rd plde =—4 qT J;M P 2Vp-wdz. (6.4)
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Let a = 2 — ¢ and define the action functional as

2
Aqlp, w) ::J' Jwl® dx.
re P
We recall that « € (0,1) if and only if ¢ € (1,2) or, equivalently p = 2/q € (1,2). The above
flow reduces to the heat flow if w = —Vp. If po and p; are two probability densities, we can

define a distance d, between py and p; by

1
di(po,pl) = inf {J' Aulps,ws]ds @ (ps,ws) is admissible} ,
0

where an admissible path connecting pg to p; is a pair (ps, ws) parametrized by a coordinate
s ranging between 0 and 1, so that the endpoint densities are ps—o = pp and ps—1 = p1, Ws i8S
vector field and (ps, ws) satisfies a continuity equation:
Osps +V -ws =0.
We can also define a notion of instant velocity at point s € (0, 1) along a path (ps)o<s<1 by
-2 .
los| = inf {A[ps, w] : Osps + V- w =0} .

Consider now a given path (pt, wt)tso. Using (@) and a Cauchy-Schwarz inequality, we

know that

d
_EJ pldr < q(q—1)v/Aalpe, Vo Aalpe, we]
Rd

so that

d .
5 | e < aa= ) VAT Vol .

-2
if the path is optimal for our notion of distance, i.e. [pt| = An[pt, wt]. On the other hand,
wy = —Vp, defines an admissible path along the heat flow and in that case we know from (G.3])

that
d

*ﬁj pidr =q(q—1)Aulpi, Vpil.
]Rd

If (pt)e>o0 is the gradient flow of fRd p? dx with respect to d,, then on the one hand we have

d
q(q—1)Aalpt, V] < *EJ pi dz,
]Rd

and on the other hand, using w; = —Vp; as a test function in the definition of | P.t|7 we find
-2
that |p:] < Auxlpt, Vpi], thus showing that

= A, [pt; th] .

This is the desired result: the heat equation is the gradient flow of fRd p?dx with respect to
do if g=2/pand a =2 —q.

.2
|Pt|

6.2.2. Case p > 2. One can consider the system
op+V-w=0
Ohw = Aw

so that

d

y 1 p
— 2dr=—- -2 272Vp-wdx.
tJdPQ i p(p )Jdpz p-wdx
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Since
2

J p%_2 Vp - wdzx
Rd

< Adlpul | 9 Vol do,
]Rd

with o = 3 — p, it is rather straightforward to see that the equation
Oip = Np*~2

is such that

d P 1 |Vp
- Sdr=—~p(p—2)(4—
o JRd p? dx 3P (r—2)(4-p) Lw ;

| 2

dx,

and hence can be interpreted as the gradient flow of p+— j]Rd pZ dx with respect to the
distance d, and optimal descent direction given by w = —Vp?>~?/2 if 2 < p < 3. Recall that
conservation of mass holds only if 2 — £ > 1 — é, which is an additional restriction on the range
of p.

6.2.3. Comments The above gradient flow approaches are formal but can be fully justified.
See [4] and [29]. Difficulties lie in the fact that paths have to be defined on a space of
measures (vector valued measures in case of w) and various regularizations are needed, as
well as reparametrizations of the paths. This approach can also be carried out in self-similar
variables (the heat equation has then to be replaced by a Fokker-Planck equation) and provides
exponential rates of convergence in relative entropy with respect to the stationary solution, or
with respect to the invariant measure if one works in the setting of the Ornstein-Uhlenbeck
equation. The gradient flow structure of the equation with respect to some appropriate notion
of distance has been studied in [28], [30] and the equivalent of McCann’s condition for geodesic
convexity of the corresponding functional has been established in [I8]. The precise connection
of Gagliardo-Nirenberg-Sobolev inequalities with W. Beckner’s interpolation inequalities [8],
[28] in case of a Gaussian measure and M. Agueh’s computations in [I] 2] is still to be done.

As a final remark in this section, let us observe that it is crucial for our approach that
the action functional (p,w) — Ay[p,w] is convex. An elementary computation shows that
this implies that « is in the interval [0, 1], where for o« =1 (that is, ¢ =1 and p = 2), the
distance dy corresponds to the usual Wasserstein distance according to the Benamou-Brenier
characterization in [10], while for « = 0 (that is, ¢ = 2 and p = 1), the distance dy corresponds
to the usual H™! notion of distance. If we now consider the case p > 3, the functional A, is
no longer convex and, although at a formal level the computations are still the same, it is
no longer possible to define a meaningful notion of distance. It is therefore an open question
to understand whether there is a notion of gradient flow which is naturally associated to the
Gagliardo-Nirenberg-Sobolev inequalities with p > 3 or not.

7. Concluding remarks

Well-chosen entropy functionals are exponentially decreasing under the action of the flow
defined by the fast diffusion equation and the optimal rate of decay is given by the best
constant in a special family of Gagliardo-Nirenberg inequalities: see for instance [19] 23], [25]
[T4], [15]. Moreover, self-similar solutions, the so-called Barenblatt functions, are extremal for
the inequalities (see [23] [37]). An explanation for this fact has been given in [42] by F. Otto:
the fast diffusion equation is the gradient flow of the entropy with respect to the Wasserstein
distance while the entropy (at least in some range of the exponent) is displacement convex.
This has been exploited by D. Cordero-Erausquin, B. Nazaret and C. Villani in [42] in order
to provide a proof of the Gagliardo-Nirenberg inequalities associated with fast diffusion using
mass transportation techniques. Such a method heavily relies on the explicit knowledge of the
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Barenblatt functions, as well as the reformulation that was given in [3]. A striking point of
the method of [42] is a nice duality which relates the Gagliardo-Nirenberg inequalities with a
much simpler expression, which again has the Barenblatt functions as optimal functions.

Not so many interpolation inequalities have explicitly known optimal functions. Among
Gagliardo-Nirenberg inequalities, the other well-known families are Nash’s inequalities and
the family which corresponds to the one-dimensional case. This was observed long ago and
M. Agueh has investigated in [I], 2] how Barenblatt functions are transformed into optimal
functions for the inequalities. We refer to these two papers for an expression of the explicit
transport map ¢ in case of optimal functions. In this paper we have focused our attention on
the one-dimensional Gagliardo-Nirenberg inequalities and established duality results which are
analogues to the ones in [42]: see Section 2l A remarkable fact is that the dual functional is
associated in both cases with an entropy corresponding to a fast diffusion equation.

In [28] [29] [30], some interpolation inequalities associated with p < 2 have been studied.
We have adapted the methods that can be found there to establish that for some appropriate
notion of distance, which is not anymore the Wasserstein distance, a notion of gradient flow is
associated with the Gagliardo-Nirenberg-Sobolev inequalities.

Now let us summarize some aspects of the present paper before listing intriguing issues
concerning flows. We have studied the Gagliardo-Nirenberg-Sobolev interpolation inequalities
(TI) and (2) using the three strategies mentioned in the introduction:

(a) The direct variational approach has been carried out in Appendix [B] for completeness.

(b) The flow method has been studied in Sectiondl and summarized in Theorems[[2]and 3}
the corresponding rigidity results are stated in Section

(¢) The duality by mass transportation is the subject of Section [ Optimality has been
checked in Section

There is a natural notion of flow associated with the dual problem obtained by mass
transportation, which is of fast diffusion type; this flow can be seen as a gradient flow with
respect to Wasserstein’s distance. There is a also notion of gradient flow for a well-chosen notion
of distance (which is not, in general, Wasserstein’s distance), that is studied in Section [6:2 and
for which optimal rates of decay are given by our Gagliardo-Nirenberg-Sobolev inequalities,
but the connection with the mass transportation of Section [2is still to be clarified.

Method (b) is in a sense surprising. We select a special optimal function and exhibit another
nonlinear diffusion flow, which is not translation invariant, that forces the solution with any
initial datum to converge for large times to the special optimal function we have chosen. The
non-negativity of the associated functional is equivalent to the Gagliardo-Nirenberg-Sobolev
inequality and the striking property of the flow is that our functional is monotonously non-
increasing. The functional is invariant under translations, and any solution corresponding to
a translation of the optimal function returns to the initially chosen optimal function, keeping
the functional at its minimal level. This is explained by conformal invariance on the sphere
and is anything but trivial. This phenomenon, namely that the functional is invariant under
translations (which is the same as conformal invariance in other variables) but nevertheless non-
increasing under the flow that converges to a single function is at the heart of the competing
symmetry approach by E. Carlen and M. Loss in [16]. How this last flow is connected with the
other ones is also an open question. At least the computation that shows why the functional
decays along the flow clarifies a bunch of existing computations for proving rigidity results
for nonlinear elliptic equations written on d-dimensional spheres and for the ultraspherical
operator.
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Appendix A. Two useful identities

On the real interval €, let us consider the measure duy, = ° dz for some positive function v
on 2. We consider the space L?(Q, dup) endowed with the scalar product

(i f2) = L Fu fo .

On L2(Q, duy), we define the self-adjoint operator

b
L:abf = I/a f// + aj (Va)/ f/

which satisfies the identity
(1 Lab f2) = fj P fo® duy
Q

This identity determines the domain of L,,. We will now establish two useful identities.

PROPOSITION A.1. Assume that a and b are two reals numbers with a # 0 and consider a
smooth positive function u which is compactly supported in £2. With the above notations, we
have

a+b
J (L:abu)Q dub:J |u//|2 d‘LLQaer* J 2 (I/a)// |’LL/|2 d,LLb
Q Q Q
and
w'? a+bJ W't a+2bJ w WP
dup = ——— 3 duy, — @ duy, .
Jﬂ(ﬁab“) P TR L B PR

Proof. As a preliminary observation, we can observe that

a+b
a

(Va)// f/ ,

{%,ﬁab] f — (Va)/ f//+

so that we immediately get

J (L:ab U)2 dﬂb = 7J’ l/a ’U,/ (L:ab ’U,)/ dﬂb
Q Q
:—J v (Lapu)) dub—J atb
Q Q a
_ J' (Va u/)/ A dﬂb _ J'
Q Q
+b
_ J' |u//|2 dMQa-i-b o a J 2 (Va)// |Ul|2 d/-//b )
Q Q

On the other hand, using an integration by parts, we notice that

Va U;I |:(Va)/ U;” + (Va)l/ ul:| d/.//b

a+b
a

Va u/ |:(Va)l ull + (Va)/l U;I:| d/.//b

u’ 2 1 V2a
J u// | | VQa dﬂb — _J (|ul|2ul)/ T dﬂb
Q u Q u

3
L[ |t 5, 2a+b (|
[ L d _ ay/ . a d
3JQ u? v Hb Ja JQ u (V ) v Ghb,

thus proving that

WP’ 3a J o a J u']*
EE dpp = — S, ——— 2 dp, .
JQ o W, = - o ST A e | S v e
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Using the definition of L,y , we have
/|2 b 112
[ean ot | e )
Q u Q a u
thus concluding the proof. O

From a practical point of view, we will apply Proposition [A]] either to Q = (—1,1) and
v(z):=1—22 orto Q=R and v(z):=1+ 22

Appendix B. The direct variational approach

For completeness, let us give a statement on optimality in (II)) and (C2) according to the
approach (a) of the introduction. Let us start with the case p € (2,00). We recall that the
inequality (II]) can be written as

CD 1 lLr@ < Can(®) 1 T2 1fllizEk VFeH (R).

with 0 = p2_—172. By standard results of the concentration-compactness method (see for instance
[38] [39]), there exists an optimal function f for (LI)). Because of the homogeneity, | f||Lr(r)
can be chosen arbitrarily and then, up to a scaling, it is straightforward to check that f can
be chosen in order to solve

— (=2 f"+4f = 2p|f"f=0. (B.1)
A special solution is given by
1
fult) = ———— VaxeR.
(coshz)?—2

PROPOSITION B.1. Assume that p € (2,00). For any optimal function f in (III), there
exists (A, 1, xo) € R x (0,00) X R such that

f@) =X fu(p(z—20)) VzeR.

Proof. Because of the scaling invariance and the homogeneity in (1)), it is enough to prove
that f, is the unique solution of (B)). Since f € H!(R), we also know that f and f’ are
exponentially decaying as |x| — +o0o. By multiplying (B)) by f’ and integrating from —oo to
x, we find that

B/ = 5 (p— 2717 P + 21 — 21517
does not depend on x. On the other hand, taking into account the limits as |z| — +o0, we
know that E[f] = 0. Let o € R be such that |f(z¢)| = maxg |f|. Up to translation, we may
assume that 2o = 0, so that f/(0) =0 and 0 = E[f] =2 (|f(0)|> — |f(0)[?), thus proving that
f(0) = £1. By the Cauchy-Lipschitz theorem, there exists therefore a unique solution f to (B
which attains its maximum at = 0 and hence we get that f = f,. O

Now let us consider the case p € (1,2) and turn our attention to (LZ). We recall that the
inequality (L2) can be written as

@2 [fllez@) < Can@) 1112w ||f||i;(nR) vfeH(R),

with n = 3;—5. By standard results of the concentration-compactness method again, there exists
an optimal function f for (L2). Because of the homogeneity, || f||1»&) can be chosen arbitrarily
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and then, up to a scaling, it is straightforward to check that f can be chosen in order to solve
—(2-p)?f" —4f+ 2p|fP2f=0. (B.2)
A special solution is given by
2 m T T T
fo(@) = (cosz)>> Vaxe[-5,5], fula)=0 VzeR\[-5,3].

Moreover by the compact support principle (see [11] and [43] [44] for more recent develop-
ments), we know that any solution of (B:2)) in H!(R) has compact support.

PROPOSITION B.2. Assume that p € (1,2). For any optimal function f in (I2), there exists
(A, 1, 9) € R x (0,00) x R such that

f@)=Afu(p(z—z0)) VazeR.

Proof. Because of the homogeneity and of the scale invariance, finding an optimal function
for (L2 is equivalent to minimizing the functional

p+2
6—p

£ U= [ 1P s | 15 e (J I dx)

for some appropriately chosen positive constant C. A unique value of C can indeed be found
and computed in terms of Can(p) so that the minimum of G is achieved and equal to 0. Let
f be the minimizer and assume that f =3, f; where (f;);>1 is a family of functions with
disjoint compact supports made of bounded intervals. Assume that the number of intervals is
larger than 1. Since 2X2 < 1, by concavity we get that

6—p
Zg[fi] <g[fl=0
i>1
a contradiction. This proves that the support of f is made of a single interval. Then the proof
goes as in the case p > 2. By considering E[f] = 1 (2 —p)? |f/|* — 2|f[* + 2|f[? which again
does not depend on x, we get that at its maximum (assumed to be achieved at x = 0), we have

f(0) = £1 and conclude again using a uniqueness argument deduced from the Cauchy-Lipschitz
theorem that f = f.. O

(© 2013 by the authors. This paper may be reproduced, in its entirety, for non-commercial purposes.
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