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Abstract

The main purpose of this paper is providing a systematic study and classification of non-scalar
kernels for Reproducing Kernel Hilbert Spaces (RKHS), to be used in the analysis of deformation
in shape spaces endowed with metrics induced by the action of groups of diffeomorphisms. After
providing an introduction to matrix-valued kernels and their relevant differential properties, we explore
extensively those, that we call TRI kernels, that induce a metric on the corresponding Hilbert spaces of
vector fields that is both translation- and rotation-invariant. These are analyzed in an effective manner
in the Fourier domain, where the characterization of RKHS of curl-free and divergence-free vector fields
is particularly natural. A simple technique for constructing generic matrix-valued kernels from scalar
kernels is also developed. We accompany the exposition of the theory with several examples, and
provide numerical results that show the dynamics induced by different choices of TRI kernels on the
manifold of labeled landmark points.
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Dedicated to David Mumford on the occasion of his T5th birthday.

1 Introduction

Recent years have seen the rapid development of acquisition techniques for medical data, such as magnetic
resonance imaging, that allow the identification and very detailed visualization of anatomical structures
in vivo and the quantitative description of their shape. The key challenge for researchers is to devise
statistical methods that assess normal and abnormal variations of such shapes across subjects, with the
goal of gaining understanding of several pathologies and ultimately providing practitioners with shape-
based diagnostic tools. The problems of comparing geometrical objects of the same nature, establishing
correspondences that are anatomically justified, and quantifying deformation (i.e. computing distances
between shapes, so to be able perform, for example, shape classification) are central in addressing all of
the above issues. The emerging discipline of computational anatomy thus lies at the interface of geometry,
imaging science, statistics, and numerical analysis.

Group action approach. It was Ulf Grenander [29] that introduced the notion of group action in
this field. The main idea is to compare anatomical objects through the estimation and the analysis of a
deformation of their entire space where such objects are located. The theoretical model thus consists in
defining (i) the mathematical space of the observed objects (e.g. the images, surfaces, curves, point sets—
in one word, the shapes), (ii) an appropriate group of transformations, and (iii) a group action on the
objects. This approach stems from the observation that the visual comparison of medical images coming
from different individuals suggests the existence of an underlying deformation of the ambient space.

The formulation of precise registration algorithms requires rigorous mathematical modeling of the
deformations of such space. Rigid or affine transformations alone are insufficient to describe the com-
plexity of the observed deformations, and it is in fact appropriate to consider functional spaces of infinite
dimensions. In the diffeomorphic approach introduced in [17, 2I] the transformations are obtained by the
temporal integration of a family of vector fields; this was partly inspired by Vladimir Arnold’s seminal
paper [2], in which it was proven that incompressible fluid dynamics can be characterized as geodesic flow
in the group of volume preserving diffeomorphisms, with respect to the kinetic energy metric (i.e. the L?
norm of the fluid velocity). A rigorous mathematical foundation for this new model and the construction
of invariant metrics for the groups of diffecomorphisms was established by Alain Trouvé [56]: in this ap-
proach one chooses a Hilbert space V' of vector fields whose norm || - ||y, defines the cost of infinitesimal



deformations, and time-dependent diffeomorphisms ; are obtained by the integration of a family of vector
fields v(t,-) : R — R% in V, t € [0,1], via the equation dyp;(x) = v(t,¢(x)), with @o(z) = x. Given
two shapes (geometric objects or images), among all diffeomorphisms that perform the registration, the
one that is generated by a time-dependent vector field that minimizes the kinetic energy fol v (t,)|2-dt
is chosen, and the square root of the minimal energy is in fact a distance between the two shapes.

This framework, often referred to as Large Deformation Diffeomorphic Metric Mapping (LDDMM),
has received considerable interest and is now popular in the fields of computational anatomy, morphome-
try, and shape analysis. The method may be applied for performing registration and computing distances
in different kinds of “shape spaces”, such as the manifolds curves [26], 4], surfaces [60], images [6, 142} [43],
vector fields [14], diffusion tensor images [I3], measures [25] 27], and labeled feature points, or land-
marks [28] 33| 38, [43]. We should note that in this context the formulation of the registration problem
requires the vector fields to be L' or L? in the time parameter ¢; these and other notions, that deviate
from the classical theory of dynamical systems, have been expanded in a book by Laurent Younes [58].

David Mumford, to whom this work is dedicated, and his collaborators have given considerable con-
tributions to the understanding of the differential geometry of shape spaces endowed with a Riemannian
metric, including several instances of metrics induced by the action of groups of diffeomorphisms. The
knowledge of such geometry (and in particular, of curvature) is fundamental as it allows one to infer, for
example, about the uniqueness of geodesics between shapes, the existence of conjugate points, and the
well-posedness of the problem of computing the intrinsic (or Karcher’s) mean of a database of shapes.
See, for example, the papers [38, 39, 40}, 4], 44, [59] and references therein.

Reproducing Kernel Hilbert Spaces. In LDDMM the Hilbert space of vector fields V has a repro-
ducing kernel, whose choice uniquely determines the model in use and the properties of the deformation
maps; moreover, from a computational point of view, the most demanding operations in registration algo-
rithms usually consist in convolutions of data points with these kernels or their derivatives. For example,
when dealing with the shape manifold £ (R%) of N labeled landmarks in R? (typically, d = 2 or 3), the
registration constraints are described in terms of the displacements of such points. The mathematical
object of interest is the reproducing kernel K : R? x R — R%*? of the space V of deformation fields. One
can in fact show that the vector fields that minimize the kinetic energy for such registration constraints

are sums of spline functions centered on the landmark trajectories z4(t), a =1,...,N, t € [0,1], i.e.
N
o(t2) =3 K(zza®)aalt),  zeRL te(0,1], (1)
a=1

and that the associated cost of the infinitesimal deformation for vector fields of this type (i.e. their norm
in the Hilbert space V) is also expressed in terms of the reproducing kernel, as follows:

N

lot I = D aalt) - K (zalt), ap(t)) (), t€[0,1];
a,b=1

the vectors oy : [0,1] = R%, a =1,..., N, are called momenta, in analogy with analytical mechanics [3],
and they completely parametrize the search space of an optimal (i.e. energy-minimizing) solution.

In this framework it is therefore natural to consider the kernel as the starting point for modeling the
linear deformation space V' and the group of diffeomorphisms that it generates. The theory of Reproducing
Kernel Hilbert Spaces (RKHS) was developed starting in the in the 1940s, mostly by Aronszajn [4] [5]
and Schwartz [53], who built on previous studies by Bergman [7, 8], Bochner [9], Schoenberg [50, [51], and
others. Such theory is mostly used in complex and functional analysis, and in more recent years it has found
numerous applications and developments in statistics and machine learning [52]. Reproducing kernels are
also used as spline functions for performing data interpolation [57]; their interest in this framework stems
from the fact that functions expressed in terms of kernels solve the minimal norm interpolation problem
in the corresponding Hilbert space. Kernels are also commonly used to interpolate data with values in
the Euclidean space R? (again, mostly with d = 2 or 3), such as vector fields in fluid dynamics [10]

The kernels that are most commonly used in applications are either scalar-valued functions or (in the
case of RKHS of R%valued functions) they are given by a scalar-valued function multiplied by the d x d



identity matrix. However, employing kernels that are truly non-scalar allows one to obtain desirable
properties of the vector fields that are not achievable otherwise. To our knowledge a systematic study and
classification of such kernels have not yet taken place. Here we focus our attention on kernels that induce
translation- and rotation-invariant norms in the corresponding RKHS, since this a common requirement
for the interpolation of geometric data. We shall examine in detail the ties between the properties of the
kernels and the corresponding deformation spaces, with the goal of providing a large class of kernels that
may be used to perform shape analysis. In particular, matrix-valued kernels that induce divergence-free
vector fields are desirable in analyzing volume-preserving transformations; however, it is the case that
curl-free and divergence-free vector fields are only achievable with non-scalar reproducing kernels.

Additional related work. As we said, it was Laurent Schwartz in his seminal work [53] that built
the foundations of the theory of (non-scalar) reproducing kernels. Much more recently, Carmeli et al. [I5]
derived regularity results of vector-valued RKHS and analyzed some of their properties from the point of
view of the machine learning community. De Vito et al. [18] extend Mercer’s theorem to matrix-valued
measurable kernels, whereas Micchelli and Pontil [37] use such kernels for learning vector-valued functions.
Cachier and Ayache [12] consider a class of matrix-valued kernels that generalize thin-plate splines for the
interpolation of dense and sparse vector fields, precisely for the purposes of image registration. The work
by Dodu and Rabut [20] is related to ours in that it introduces a class of irrotational and divergence-
free kernels that minimize Beppo Levi seminorms, for the interpolation of vector fields in two and three
dimensions; our study is restricted to the case of positive definite kernels but is more general in that
it characterizes the entire class of kernels that induce translation- and rotation-invariant norms. Last,
but not least, we should certainly mention a very recent paper by Mumford and Michor [46], where
they study an approximation to Euler’s equation with EPDiff, i.e. the geodesic equation in the group
of diffeomorphisms [45], by choosing kernels that are Green’s functions of a specific class of differential
operators. The latter depend on two positive parameters, and their limit behavior yields precisely Euler’s
equation for fluid flow; such kernels, as well as their limit cases, fall within our study.

Paper organization. In Section [2| we introduce notation and definitions for Reproducing Kernel
Hilbert Spaces of vector-valued functions, state and prove existence and uniqueness theorems for such
spaces, and investigate relevant differential properties of the corresponding matrix-valued kernels. Sec-
tion [3| explores the characterization of what we call TRI kernels, i.e. those that induce a translation- and
rotation-invariant metric on the corresponding RKHS: this is also performed in the Fourier domain, and
constitutes the core of the present contribution; in fact, it turns out that the characterization of kernels
Hilbert spaces of curl-free or divergence-free vector fields is described in a more natural manner in the
Fourier domain than it is in the spatial domain. Section [4] details methods for building TRI kernels from
the more commonly used scalar kernels, which is of course crucial for applications; in fact, we show that
all matrix-valued kernels may be obtained with such constructive procedures. Section [5| develops the
equations of the dynamics induced by the LDDMM approach on the manifold of landmark points, such
as , and presents some numerical results for specific choices of TRI kernels. We summarize conclusions
and describe directions of potential future research developments in Section [(f We would like to point
out that the length of our paper is justified by our desire to make it self-contained, exhaustive, and acces-
sible the largest possible audience—in the hope to attract more researchers (mathematicians, engineers,
statisticians, and computer scientists) to this interdisciplinary field.

2 Reproducing Kernel Hilbert Spaces of vector-valued functions

In the classical setting, the elements of Reproducing Kernel Hilbert Spaces are scalar-valued functions [4,
5, [57]. Such theory can be extended to vector-valued functions [15] 30} 53] and has recently been adapted
to the study of shape and deformation [58]. Here we provide a summary of notions and results that are
relevant precisely for this purpose, also extending some known ones to the vector-valued case.

Notation. If S is a subset of a vector space then span(S) denotes the set of finite linear combinations
of elements of S. If (X, |- |lx), (Y,|| - |ly) are two normed spaces with X continuously embedded in Y
(i.e. X CY and there there is a constant C' > 0 such that ||z]y < C||z|x for all z € X) we write X — Y.
If (H,(-,)g) is an inner product space and U is a subspace of H we indicate its orthogonal complement



with UL, If H is a Hilbert space its dual space is written as H*; if a sequence {u,} in H converges weakly
to some u € H, i.e. (up,—u,h)g — 0 for all h € H, we write u, — u in H. The dot product of two vectors
a,b € R? is denoted with (a,b)ga or a-b. Vectors a € R? are treated as column vectors, and T indicates
the transpose of a vector or a matrix.

Definition 2.1. Let (H,(-,-)y) be a Hilbert space of R%-valued functions defined on a set Q. We call H a
Reproducing Kernel Hilbert Space (RKHS) if the evaluation functionals 03 : u v « - u(x) are linear and

continuous for all x € Q and o € R?; that is, if 6¢ € H*.

By the Riesz Representation Theorem [24], in Reproducing Kernel Hilbert Spaces, for all z €
and o € RY, there exists a unique function K2(-) € H such that

<K§,u>H =a-u(x) (2)
for all w € H. Such function is called the representer of the evaluation functional 4%, and relation is
referred to as the reproducing property of K&. The map o — K&(+) is linear in «, i.e. Kgo‘+b’6 = aK$+bK£
for all z € Q, a,3 € R and a,b € R, by the uniqueness of the representer. So for any pair of points
x,y € Q there exists a matrix K(y,z) € R such that K¢(y) = K(y,z)a for all a € R?% the matrix-
valued function K : Q x Q — R%*4 is called the reproducing kernel, or simply the kernel, of the space H.

By the reproducing property we have, for any pair of points z,y € €2 and any pair of vectors
o, B € RY, that (K¢, K})y = o+ K}/ (v) = a - K(2,y)8 but also (K, K2)y = 8- K2 (y) = B+ K(y,z)a =
a- K(y,z)T, so that the symmetry K(z,y) = K(y,x) holds for all z,y € Q.

Definition 2.2. A Reproducing Kernel Hilbert Space is called non-degenerate when it has the following
pmpert%: for any N € N and any distinct points x1,...,xn € Q, if the vectors o, ...,ay € R? are such
that Y "1 oq - u(xq) =0 for allu € H, then oy =--- = ay = 0.

Non-degeneracy establishes a certain richness of functions in Reproducing Kernel Hilbert Spaces.
Rather obviously, we will call a RKHS degenerate if it is not non-degenarate.

Definition 2.3. A generic matriz-valued function K : Q x Q — R js positive definite if for abitrary

N €N, vectors a,...,an € R? and points x1,...,xN € Q, it is the case that
N
Z aq - K(xq,xp)ap > 0. (3)
a,b=1

Moreover, K is strictly positive definite if for abitrary N € N, vectors a1, ...,an € R, and distinct points
T1,...,oNn € Q) the above inequality holds, with equality if and only if oy = --- = ay = 0.

Proposition 2.4. The kernel K of a RKHS is a positive definite matriz-valued function. Moreover, the
RKHS is non-degenerate if and only if its kernel is strictly positive definite.

Proof. By the reproducing property of the representer function we have

N ) N M M M
o< | w, = (oK oK) = 30 (KK, = Y e Klrw o

i=a a=1 b=1 H a,b=1 a,b=1
Assuming that the RKHS is non-degenerate, if for zy,...,zxy € Q (distinct), ay,...,ay € R? we have
130 Kool = Y0 @a- K (2a, 2p)p, = 0, then >N K¢+ =0, i.e. N K¢, u)g = 0 for all uw € H; this
is equivalent to ) " aq-u(x,) = 0 for all u € H, therefore a1 = --- = ay = 0 by Deﬁnition On the other
hand, assuming that the kernel K is strictly positive definite, if at least one of the vectors a, ..., ay € R?
is non-zero take u := ) Kgo, with distinct points z1,...,2x € €; it is the case that ) o, - u(z,) =
Za,b aq - K(24,2p)ap > 0 by strict positive definiteness. d



Example. Consider a finite dimensional space H of R%valued functions with a given inner product (-, ).
We may assume without loss of generality that H = span{ fi, ..., far} with (fi, f;) & = dj, where §;; is Kro-
necker’s delta. The reproducing kernel of H is the matrix-valued function K (z,y) = Zz‘:l,...,M fi(z) fi(y)T.
It is in fact the case that all finite-dimensional functions spaces are degenerate. To see this, fix arbitrar-
ily N € N and the distinct points x1,...,xy € €. Define:

aq fi(z1)
a=|:|eR¥ and fi(®)=| : |eRY i=1,... M,

an fz(xN)

all intended as column vectors. Having EZ]\L 1o - u(x;) = 0 for all w € H is equivalent to o being
orthogonal to U := span{fi(x),..., fu(x)}, ie. a € UL. But dimU < M, therefore we must have that
dim U+ > max{Nd — M,0}. Whence, if N was chosen large enough, a is not necessarily zero.

We have seen above that Reproducing Kernel Hilbert Spaces have a unique reproducing kernel. The
next definition of “kernel” is justified by the theorem that immediately follows.

Definition 2.5. A positive definite function K : Qx Q — RY? such that K (y,z) = K (z,y)T for allz,y €
Q 1is called a positive kernel, or simply a kernel, of dimension d. If, in addition, K is a strictly positive
definite function, then we shall call it a strictly positive kernel of dimension d.

Theorem 2.6. Given a positive kernel K : Q x Q — R¥™? of dimension d, there exists a unique RKHS
of Re-valued functions defined on Q that has K as its reproducing kernel.

Proof. For arbitrary € Q and a € R? we define the function K2(-) := K(-,x)a and the linear space
Hp :=span{K2 |z € Q,a € R}. We also define the inner product (K2, K;f)HO =a- K(z,y)B. In order
to extend it to all of Hy by bilinearity it is sufficient to show that if

n n'
f= Z Kyl = Z Kj{ (i.e. there are two different representations of f € Hy)
i=1 i=1

then for all ¢ = Ki € Hy we have (f,g)m, = Z?:1<K§j,K5>HO = Z?;(K;;,Kg}[{(). To see this
take m :==n+n', v, ;= a; for 1 <i <nand = —a,forn+1<i< n—;n’; now observe that
since Y37 ) K2' = 0 we also have 37" (K2, K}y, = 371 75 - K (25, 9)8 = (S8 K2 ()8 = 0.

It is immediate to verify that the inner product (-, -) g, is symmetric; also, if u € Hyp then it is the case
that (u,u)p, > 0 by the positive definiteness of K. By construction (K¢, u)p, = o - u(zx) for all u € Hy,
so by the Cauchy-Schwarz inequality we have |a-u(x)| < || K| g, vl g, for all w € Hy, x € Q and o € RY;
whence if (u,u) g, = 0 then u = 0. Therefore Hy is an inner product space.

Now one can follow the standard procedure for the completion of metric spaces [49] with some modi-
fications. Letting C be the set of Cauchy sequences in Hg, one first partitions it into equivalence classes
(we call {un},{vn} € C equivalent and write {un} ~ {vn} if limy oo ||un — vpnllH, =0). We denote
with H, := C/~ the set of equivalence classes, and with [{u,,}] the generic element of H.. Then one defines
the inner product between U,V € H, as (U, V), = lim, oo (Un, Un) H,, Where {u,} € U and {v,} € V.
The map ¢ : Hy — H, given by p(u) = [{u,u,u,...}] is an isometry, and ¢(Hy) is in fact dense in H,.
Any Cauchy sequence in ¢(Hg) converges to some U € H, (in fact if {p(uy)} is Cauchy in H, then by
isometry {uy} is Cauchy in Hy, therefore {u,} belongs to some U € H.; one can prove that ¢(u,) — U
in H.). Together with the density of ¢(Hp) in H,, this can be used to show that H, is complete. As we
mentioned above, this procedure was rather standard; what follows is specific to our setting.

It is in fact the case that any Cauchy sequence in Hy converges pointwise to some function  — R
To see this, if {u,} € C then by the Cauchy-Schwarz inequality |(up, (z) —un(2)) | = [(Um —un, K$) m,| <
ltm — unllo /o - K(z,z)a for all x € Q, a € RY, and m,n € N. Whence {u,(x)} is Cauchy in R? for
all z € Q and there exists a function u : Q — R? such that u,, — u pointwise.



On the other hand Cauchy sequences in Hy from distinct equivalence classes converge, pointwise,
to distinct functions. In fact, if {u,}, {v,} € C converge pointwise to the same u : Q — R then the
sequence {hy}, with h, := u, — vy, is also Cauchy in Hy and it converges to 0 pointwise. Therefore, since
(Pny KO iy = hn(z) - a for all 2 € Q and o € R?, we have that h,, — 0 in Hy. By the Cauchy property
of {h,} there exists an integer M such that ||hn||}, — 2(hn, har) iy < e — haslly, < e for all n > M.
But we have lim(hy, har) i, = 0 by weak convergence, whence ||hy |3, = [[un — vn||3;, < 2€ for sufficiently
large n. So it is the case that {u,} ~ {v,}.

This suggests that we may realize the completion Hy as follows: we associate to each equivalence class
in C/~ of Cauchy sequences in Hy the function u : 2 — R? to which they converge pointwise, and let H
be the space of such functions. If {u,},{v,} € C and u,, — u, v,, — v pointwise, we say that u = lim,, u,
in H and set (u,v) g = limy,,— o0 (Un, vn) H,, S0 H is isometric to H.. By construction the function space H
is complete, Hy is embedded in H, and H = H,. Moreover K is a reproducing kernel for H, since
if {u,} € C and u, — u € H pointwise then (K¢, u)y = lim, (K$, up) g, = lim, a - up(z) = a - u(x), for
all z € Q and o € R%.

Finally, assume that H7 is another RKHS with the same kernel K. So it must be the case that Hy C H1,
and the inner products (-, )y and (-,-)g, must coincide on Hy. If {u,} € C is such that u,, — v € H
pointwise, by the completeness of H; there exists v € H; with u, — v in Hy, and |[(u(z) —v(z)) - af =
limy, |(un () —v(z)) - af = lim, [(u, — v, K g, | < limy, [|un, — o) g, | KS]| g, = 0, for all € Q and a € RY,
so it is the case that uw = v. Therefore H C Hy. Also (-,-)g, = (-, on H, whence H is a closed subset
of H and Hy = H @ H*. If u € Hj is orthogonal to H then a - u(z) = (u, K)y, = 0 for all x € Q
and o € R?, whence u = 0. In conclusion H = H;. ]

Corollary 2.7. Let H be a RKHS of Re-valued functions that are defined on S, with reproducing kernel K .
It is the case that H = Hg, where Hy = span{K (-, z)a |z € Q,a € R?}.

Corollary 2.8. Let H be a RKHS, and {u,} a sequence in H. If u, — w in H then it converges
pointwise to u. On the other hand, if {u,} is bounded in H and it converges pointwise to some function u,
then v € H and u, — u in H.

Proof. Let x € Q and a € R? be arbitrary. If u,, — w in H then lim, o - u,(z) = lim, (K2, u,)g =
(Kg,u)g = a-u(z). Vice versa, if {u,} is bounded in H then it has a subsequence {uy )} that
converges weakly to some w € H; however, a-w(z) = (K¢, w)g = limy, (K7, tyn)) g = limy, a - uy ) () =
a - u(z), whence u = w and v € H. Now, we have lim, (K%, u,)g = lim, a - uy(z) = a - u(z) =
(K&, u) g, so limp,{(un, ho)g = (u,ho)g for all hg € Hy. If M := sup,, ||u, — ul|lg then, since H = Hy,
for arbitrary ¢ > 0 and h € H we can choose hy € Hy such that ||h — ho|| < ¢/M, and we have
[(un, — u, h) | < [{un — u, ho) | + [|un — ul|| ||k — hollmr < 2¢ for sufficiently large n. O

Proposition 2.9 (Kernel of separable RKHS). Let H be a separable RKHS, K its kernel and {u;};en an
orthonormal basis of H. Then K(z,y) = lim,—c0 Y iy wi(z) ui(y)T pointwise, for all z,y € Q.

Proof. For all y € Q and a € R% we have Ky = limy, Z?:1<K;j,ui> pgu; (limit in H and therefore
pointwise), whence K (x,y)a = limy oo Y i1 (K, i) mui(w) = limp oo D iy - ui(y) ui(x). O

We now introduce notions of regularity of R%-valued functions in RKHS, for which we assume that €
is an open, connected subset of R™. Denote with Cy(£2,R?) the space of continuous functions v : Q — R¢
that vanish at infinity (i.e. such that for every € > 0 the set {z € Q : ||u(x)|ga > €} is compact) which is
Banach with the norm ||ul/o := sup,cq ||u(x)||ge. For any integer s > 0 we define

Cs(Q,RY) = {ue C3(Q,RY) = 9Pu € Co(Q,RY) for |p| < s},

where C*(2,RY) is the space of functions that are continuously differentiable s times. (We have used
multi-index notation [23] for partial derivatives 9P = 9" ob? ... 0h: ie. if p = (p1,...,pm) then we set



|p| == p1 + ... + pm. Also, we have used s instead of the more customary k to avoid confusion with a
symbol that we will use later for kernels). The space C§(£2, R?) is Banach with the W*° (Sobolev) norm

lulls,oo := > sup [[07u(@)]|ga,

Ip|<s veQ

and C§(,RY) — Cg_l(Q,Rd) for any s > 1. Also, C(,R%) and C*(Q,R%), respectively, have the
topology induced by the convergence with respect to norms || - |oc and || - ||s,c0 On compact sets.

Definition 2.10. Let s > 0 be an integer. A Hilbert space H of R%-valued functions defined on a set
is called s-admissible if H — C§(Q,R?).

Given a s-admissible space H, for a fixed point z € © and a fixed vector @ € R? the evaluation
functional 6% : H — R : w+— « - u(zx) is obviosuly linear in u but also bounded: in fact, for all v € H,

10z ()] = la - u@)] < [laflgaflu(@)llre < l[llgallullse < Cllallrallulz;

we have used the Cauchy-Schwarz inequality, the definition of || - |[s00, and Definition 2.10[ Therefore
if H is a s-admissible Hilbert space then it is also a Reproducing Kernel Hilbert Space, and admits a
reproducing kernel such that K(-,z)a € C5(,R?) for all x € Q, a € R%.

Remark. By the symmetry K(z,y) = K(y,z)” it is the case that if K is continuous (respectively,
differentiable) in one of the two variables then it is continuous (differentiable) in the other one too.

If kernel K : Q x Q — R%*? is smooth enough and p = (p1,...,pm) and ¢ = (p1,...,pm) are multi-
indices, we indicate with Y93 K (-,-) the partial derivative of K where 9P and 97 are taken with respect
to the first and second sets of variables of K (-,-), respectively.

Theorem 2.11. Let H be a RKHS with kernel K : QxQ — R™ 4 and s > 0 be an integer. The following
two statements are equivalent:

A, H — C3(Q,R%);

B. the function OVOLK exists for all multi-indices p with 0 < |p| < s, it is continuous in each of the
two variables (separately), and it is locally bounded.

Under the above assumptions, the following also holds:

c. forallz € Q, a € RY, and multi-index p such that 0 < |p| < s, we have YK (-, z)a € H and
<8§K(~,5L’)a,u>H =« - 0Pu(x), for alluw € H. (4)

If, furthermore, we have K (-,z)a € C§(Q,R?) for all x € Q and o € RY, then H — C§(Q,RY).

Proof. We shall prove that (A=-B& C) and (B=>A & C); in particular, this will imply that (A < B).

e (A=B&C). We will prove by induction on |p| that for all multi-indices p with 0 < |p| < s, the
function 05K (-, z)a, with fixed z € Q and @ € RY, is in H and holds, and that the function 0705 K
exists and is continuous in each of its two variables (its local boundedness is proven separately). If |p| =0
then K (-, z)a = K(-,x)a € H and (4]) is simply the reproducing property ; also, since H C C*(Q, R%)
we have that 005K (-,x) = K(-,z) is continuous in its first variable: the continuity in the second one
derives from the symmetry K(z,y) = K(y,2)’, z,y € Q.

We now fix |p| and assume that for any multi-index r with 0 < |r| < [p| we have that 0] 05 K exists and
it is continuous in each of its two variables; also, 05K (-,z)a € H and (05K (-, x)a, u)g = a - 0"u(x), for
all uw € H. For fixed |p| take p = (p1,...,pm) and ¢ =p+ep = (p1,...,p¢+ 1,...,pp) for some arbitrary
index ¢ € {1,...,m}. Forany z € Q and a € R? we have that K(-,z)a € H C C*(£2,R%); by the symmetry
K(z,y) = K(y,2)T we also have that K(z,-)a is in C*(Q,R?). Whence if we take a sequence {¢,,} in R
with |e,| — 0, the sequence A, () := (BK(-,z + ener)a — 5K (-, z)a) /e, € H converges pointwise to
IIK (-, ). For allu € H we have (A, u) g = o (0Pu(x+ene0) —0Pu(x)) /en, which converges to a-0%u(x)
because H C C*(Q,RY). Therefore, for a fixed u € H, we have sup,, |(A,,u) x| < 0o, so by the Uniform
Boundedness Principle [24] the sequence [|A, ||z is bounded. Together with the pointwise convergence
of A,,, by Corollary this implies that:



(i) 03K (-,x)a € H. Since H C C*(Q,R%), 0]0JK (-, ) exists and it is continuous in its first variable;
by the symmetry K (z,y) = K(y,x)" it is also continuous in the second variable.

(ii) for all u € H the sequence (A, u)y converges to (IJK (-, z)a,u)y. But we saw above that it also
converges to « - 9%u(x), whence (MK (-, z)a,u) g = o - 0%u(x).

By the arbitrariness of £ € {1,...,m}, this concludes the induction argument. To prove local bound-
edness of OMOYK for an arbitrary multi-index p with 0 < |p| < s, fix a compact subset D C Q. For an
arbitrary o € R? consider the maps {A, : H — R :u — (5 K(-,2)a,u)y |z € D} C H*, parameterized
by z € D. For a fixed u € H we have sup,¢p |Azu| = sup,cp [(O5 K (-, x)a, u) | = sup,ep |a-0Pu(z)] < oo,
by the continuity of 9Pu. So sup,cp |[Azl|%+ = sup,ep a-0705 K (2, z)a < 0o, again by the Uniform Bound-
edness Principle; that is, the map z — « - Y05 K (x, z)« is locally bounded. Therefore 8705 K is locally
bounded, since for all z,y € Q and o, € R? we have

o RBK (x,y)B = (5K (-, x)a, BK () 3) ; < |BE (. x)a , |08K (98],
= \/a - RWK (x,)a \/5 N0y K (y,y)P.

e (B= A& C). Similarly, we will prove by induction on |p| that for all multi-indices p with 0 < [p| < s
we have that H ¢ CPI(Q,R?), that the function VK (-, z)a, with fixed z € Q and @ € R, is in H and
that holds (the continuity of the inclusion, H <« C*(£2,R?%), will be proven separately). If [p| = 0
then 95K (-, x)a = K(-,z)a € H and is simply the reproducing property . To prove the continuity
of the functions in H, fix 2o € @ € R™ and let {x,} be a sequence in Q with z,, — z¢. Let a € R? be
arbitrary and define v, := K (-, z,)a € H. It is the case that (i) ||v,||% = - K (2n, Tn)a is bounded, by the
local boundedness of K, and (ii) v,(y) = K (y, 2n)a — K (y,zo)a, for all y € Q, by the continuity of K in
each of its variables. Since vy, is bounded and it converges pointwise, by Corollary[2.§it converges weakly to
the same function: for any v € H we have (K (-,xn)o,u)g — (K (-, zo)a, u) i, that is a-u(x,) — a-u(zg).
Therefore H C C(2,R?) by the arbitrariness of u.

We now fix |p| and assume that H C CIP/(Q,R?%) and that for any multi-index  with 0 < |r| < |p| we
have 05K (-,z)o € H and (O"K (-, z)o, u)g = « - 0"u(zx), for all uw € H. So, for fixed |p|, assume that
p=(p1,...,pm)and ¢ = pt+ep = (p1,...,pe+1,...,pm), forsome ¢ € {1,...,m}. Take an arbitrary u € H
and a sequence {e,} in R, with |e,,| — 0. By (@), for all z € Q and a € R? we have

U =«

OPu(z + eneg) — OPu(x) _ <8§K(-, T+ epep)a — BK (-, 1) u> (5)
U

€n €n

For fixed z € Q and a € R? the sequence of functions A,(-) = (BK(-,x + ener)a — BK(,x)a)/en
converges pointwise to 93K (-, ). Once again by , we have that

1
&

1A% = {a -NEK (x + enep, @+ eneg)a — 2a - OVK (x, 2 + epeg)a + o - 8?85]((:(:@)04},

which converges to « - 0J04K (z,x)a as n — oo, with g as above. Therefore A, is bounded in H.
By Corollary it converges weakly in H to 03K (-,z)c, which must be an element of H. Whence
¥y, = (A, u) g converges, i.e. the derivative 9%u(x) exists and a - 0%u(z) = (03K (-, z)o, u) .

To prove the continuity of 9%u, we proceed as in the case |p| = 0. Fix zp € Q@ C R™ and let {x,} be
a sequence in Q with z, — zg. Let a € R% be arbitrary and define w,, := OIK (-,zn)a € H. Tt is the
case that (i) ||w,||% = « - J04K (v, xn)c is a bounded sequence, by the local boundedness of K, and
(i) wn(y) = 03K (y, zn)a — K (y,x0)a, for all y € Q, by the continuity of 93K in each of its variables.
By Corollary wy, converges weakly to 9JK (-, x)a, i.e. for all u € H we have (0K (-, zn)o,u)y —
(O§K (-, z0)a, u) g, or o - Qlu(zy) — a - %u(zg); whence d%u € C(Q,RY). By the arbitrariness of u and
the index ¢ we have H ¢ CPI*1(Q,R%). This concludes the induction.

Consider now the map ¢ : H — C*(Q,R%) : v + v, let {v,} be a sequence in H and assume
that (v,,v,) — (u,v) in H x C*(,R%). Since v, — u in H it converges to it pointwise (by Corol-
lary and since v, — v in C*(Q,RY) it also converges to it pointwise: whence u = v. Therefore the



graph of ¢ is a closed subspace of H x C*(Q,R?), and by the Closed Graph Theorem [24] the map ¢ is
bounded. We conclude that the inclusion is continuous, i.e. H — C*(Q,R9).

e We have thus proven that (A < B). We now introduce the further assumption that K¢ € C5(Q,R%).
Let {u,} be a sequence in Hy that converges, in the H norm, to an arbitrary u € H; therefore u,, — u
in H. For any multi-index p such that 0 < [p| < s we have (K (-, z)o,un)y — (O5K(-,z)o,u)py
ie. - OPuy(r) — a- OPu(x). Therefore u, — u in the topology of C*(Q,RY); but C5(Q,RY) is closed
in C*(Q,R%), therefore u € C§(2, R?). In conclusion, H — C§(2, R%). O

Example. An example of non-degenerate, s-admissible RKHS that is used in applications [58] is the
Sobolev space of vector fields H := W%2(R¢, R?) = H(R?, R?%) with the inner product:

(u, ) g == /Rd Lu(z) - v(z) de = /Rdi) (f) 0¥y " OPu- 0Pv da. (6)

Ipl=3

In (6) the differential operator L := (1 —0?A)* (where o > 0 is a scaling factor, £ > 0 is an integer, and A
is the Laplace operator) is applied to each component of the vector field u = (u!,...,u); if £ > s + d/2
then H — Cg(R% R?) by the Sobolev Embedding Theorem [24], i.e. H is s-admissible. Regarding its

reproducing kernel, first note that for any u € H and x, @ € R¢ we must have

a-u(z) = (K, uyg = | Kg(y)- Lu(y) dy =/ (K(y,x)a) Luly)dy = - | K(z,y) Lu(y) dy,
Rd R4 R4

therefore u(x) = [pa K(2,y) Lu(y) dy for all w € H. Since L is applied to each component of the vector
field u (i.e. the differential operator does not mix the components of ) it must be the case that K(z,y) =
G(z,y)lg, where G is the Green’s function of L and I is the d x d identity matrix. As reported in [31],
since L = (1 — 02A)¢ we have that K(z,y)a = k(|2 — y||ge)4, with

d

k(r) = C(o,d,0) (£>K_§K (f) r>0 (7)
- g,da, o g,% o ) -
where C(o,d,l) := (2”%‘%5 ) ad)fl and K, with v = ¢ — d/2, is a modified Bessel function [I]
of order v (this should not be confused with the symbol K that we use for kernels). Kernels of the
type K(z,y) = k(||lx — y||)Iy with k& given by are in fact referred to as Bessel kernels.

We have just seen an example of a RKHS with a “scalar” kernel, in that K is given by a scalar-valued
function multiplied by the identity matrix. In the next section we shall explore a large class of (non-scalar)
reproducing kernels, study their properties, and provide some significant examples.

3 Translation- and rotation-invariant metrics in RKHS

In the current and following sections we shall restrict our attention to RKHS whose kernel induces an
inner product that is translation- and rotation-invariant; we shall call these TRI kernels. In this case it
is natural to assume that Q = R? so that the representer functions K<(-) are in fact vector fields in RY.
From now on, unless otherwise explicitly specified, we shall assume that d > 2.

3.1 TRI kernels

In Q = R? we indicate the generic translation with 7 : z —  + ¢, for some fixed t € R%, and the generic
rotation with p : z +— Rz, for some fixed R € O(R?) (the orthogonal group).

Theorem 3.1 (translation invariance). Let H be a RKHS with kernel K : Q x Q — R The map
w— woT is an isometry in H for any translation T if and only if there exists a function k : R — R4xd
such that K(z,y) = k(z —y) for all z,y € R%.



Proof. Assume first that u — w o 7 is an isometry for all translations 7 : x — x +t. Let f := K¢ and
g = Kg; their product is (f,g)g = a - K(z,y)8, while (for,gom)y = (K(,z + t)a, K(-,y + t)B)g =
a- K(x +t,y+t)B. So it must be the case that K(z,y) = K(z +t,y +t) for all , y and t € R? in
particular K (z,y) = K(z —y,0) = k(z — y) for all z,y € R?, where k(z) := K(z,0), z € R%

Conversely if K(z,y) = k(z —y) for all z,5 € R? then it is the case that (KJCH,KyH)H = a-
Kz+ty+t)b=a-kiz+t—y—t)f=a-k(z—y)f =a- K(z,y)f = (Kfj‘,K5>H for all t € Q.
Letting Ho = span{K%|z,a € R?} we have proven that the linear map 7 : Hy — Hp : u + uo T,
with 7 : ¢ — z 4+ ¢, is an isometry in Hy for arbitrary translations 7. This can be extended to an
isometry T in H as follows. If uw € H, let {u,} be a Cauchy sequence such that u, — u in H and
therefore pointwise; T is an isometry whence {T'u,} is also Cauchy in Hy, therefore it converges to some
element of H which we call Tu. If {u,}, {v,} are Cauchy in Hy and respectively converge to u,v € H then
(Tu, Tv)g = limy, (Tuy, Tvp) gy = limg, (U, vp) g, = (u,v)g, so T : H — H is also an isometry. Finally,
o Tu(z) = (K, Tu)g = limy (K2, Tup) gy = limy @ - Tup(z) = limp o - up(z +t) = a - u(z +t), for
all z, o € R, therefore Tu = wo 7. This completes the proof. O

We call a kernel with the properties described in Theorem [3.1] translation invariant; with a small abuse
of terminology we shall also call k “kernel”. We introduce the following matrices in R?*%:

x.TT a;a;T
Ii= y=ls———,  zeR\{0}, (8)
P oE =]

which are, respectively, the projection operators onto vector x and onto the plane that is perpendicular
to x (we indicate with Iz the d x d identity matrix). In we have indicated with ||z| the Euclidean
norm of a point in = € R?, as we shall do, for simplicity, throughout the rest of the paper. The following
lemma does not require k to be the kernel of a RKHS.

Lemma 3.2. Let k : R — R4 pe q generic matriz-valued function. The following are equivalent:

i. for any point x € R? and rotation R € O(R?) it is the case that k(—z) = k(z)T and
k(Rz) = Rk(z)R™; (9)

ii. there exist a scalar kg € R such that k(0) = koly and two scalar functions kI k- : RT — R such
that for all x € R, 2 # 0, one can write

k(z) = Kl (||z)) Pr} + k* (lal]) Prz- (10)

Proof. (i.=-ii.) By choosing R = —I; in () we have k(z) = k(—=z) for all z € R%; combining the latter
with k(—x) = k(z)7T yields the symmetry k(z) = k(x)”. So k() can be diagonalized, i.e. there exist ma-
trices U(z) € O(R?) and X(z) = diag(o1(z),...,04(x)) such that k(x)U(x) = U(z)X(z). Since k(0)R =
Rk(0) for all R € OR?) by (9), we have k(0) = X(0) (diagonal matrix). If R € O(R?) is such
that Re; = e; (for fixed indices ¢ # j) then 0;(0)e; = k(0)e; = k(0)Re; = Rk(0)e; = Roi(0)e; = 04(0)e;,
i.e. 0;(0) = 0;(0) (all eigenvalues are the same). So k(0) = koI, for some kg € R.

Now fix z € R? = # 0, and R € O(R?) such that Rz = z and dim{v € R*|Rv = v} = 1.
By (9) we have k(z)R = Rk(z) for such choice of R, so Rk(z)z = k(z)Rz = k(z)z, i.e. both k(z)z
and x are eigenvectors of R with eigenvalue 1. Whence they k(z)z = M (z)z for some scalar Al (z).
Therefore Al(z) is an eigenvalue of k(z); without loss of generality we assume that oi(z) = A ().
We now claim that o;(z) = oj(z) for 4,5 > 2. Denoting the orthonormal columns of U(z), i.e. the
eigenvectors of k(z), with ui(z),...,uq(z), for any pair of indices 7,5 > 2 with i # j there exists a
matrix R € O(R?) such that z = Rz and u;(z) = Ru;(z). By (9), k(Rz)Ru;(z) = Rk(Rxz)uj(z), whence
k(Rz)ui(x) = Rk(Rx)uj(z), i.e. o5(x)ui(x) = Roj(x )u](x) =0 (a:) ui(x); therefore o;(z) = oj(z). So
there is a scalar A*(z) such that k(z)3 = A (x)@ for all vectors 3 L .

We claim that Al and A\t only depend on [|z||. For all z € R? and R € O(R?) we have, by (9),
that k(Rz)Rz = Rk(z)x, whence Ml(Rz)Rz = RM(x)z, i.e. M(Rz) = Al(2) for all  and R, which
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implies that Al(z) = El(||z||) for some kll : Rt — R. Similarly for any o € R we have, again by ),
that k(Rz)Ra = Rk(v)a; if @ L z then also Ra | Rz, whence A (Rr)Ra = RA(z)a and in fact
M(Rz) = M (z) for all z and R. This again implies that A-(z) = k*(||z||) for some k- : RT — R.

(ii. =1i.) The implication is obvious in the case z = 0. When z # 0, for any R € O(R?) it is the case
that PrU{x = RPrl B! and Pry, = RPr;R™!, and we conclude immediately. O

Definition 3.3. When a matriz-valued function k : R — R¥™? may be written in the form , we
call the functions kll kL : RT — R the coefficients of k.

Corollary 3.4. If the function k : R — R4 js such that holds, then for x # 0 the eigenvalues
of k(z) are kI (||z||), with multiplicity 1 and eigenvector x, and k*(||z||), with multiplicity d — 1.

Theorem 3.5 (rotation invariance). Let H be a RKHS with a translation-invariant reproducing kernel,
i.e. K(x,y) =k(x —vy) for all z,y € R%. The map v — pv o p~' is an isometry in H for any rotation p :
z — Rz, with R € O(RY), if and only if (9) holds for all R € O(R?).

Proof. Assume that v +— pv o p~! is an isometry in H for any rotation p : x — Rz, with R € O(R?). For

fixed z,y,, 8 € R and R € O(RY), let f := R‘lKgg‘ oR and g := Kg € H; then we have that
<f7 g>H = <R_1K(R : ,R.CE)ROJ, K( ' 7y)/8>H = ﬁTR_lK(Ryv R.Q?)RO(,

by the reproducing property of the second factor. But for all o, 8 € R¢ this must be equal to

—

(RfoR™',Rgo R™\)y = (K(-,Rz)Ra, RK(R™ -, )B),. & (Ra)" RK (R 'Rz, y)

=o' K(z,y)8 = BT K(z,y) o = BT K(y,2)a

in () we have used the reproducing property of the first factor. Whence we have R~!K(Ry, Rz)R =
K(y,z) for all z,y € R and R € O(R?), and () follows from translation invariance (Proposition

Now assume that @ holds for all R € O(R%). Take take f := K¢ and g := Kg, for arbitrary points x, y
and and vectors a, 3. For any R € O(R?) we have (RfoR™!)(-) = Rk(R™!-—z)a = Rk(R™!(-— Rz))a =
k(- — Rz)Ra by (9)), and a similar expression holds for Rg o R™!; therefore

(Rf o R™',Rgo R™"), = (k(- — Rz)Ro, k(- — Ry)RB),, = BT R"k(R(y — z))Rov

= BTRTRK(y — v)a = 7k(y — w)a = (k(- —2)a,k(- = 1)) = (£.9)

where we have used (9 in (++). Whence rotations are isometries Hy = span{K¢ |z, € R?}. An argument
that is in all similar to the last part of the proof of Theorem [3.1] can be employed to prove that rotations
p:x+— Rr, with R € O(R?), are in fact isometries on all of H = H. O

Note that by “rotations” we intend all the elements of O(R?) and not just the special orthogonal
group SO(R?), therefore we also include, for example, all permutations of the coordinates and reflections.
By Definition , translation-invariant kernels K (x,y) = k(z —y) have the property that k(—z) = k(x)”
for all z € R? whence they may be written in the form .

Definition 3.6 (TRI kernels). The kernels of RKHS with translation- and rotation-invariant inner prod-
ucts, that may therefore be written in the form , are called TRI kernels.

Not all matrix-valued functions k of the form are positive definite, i.e. kernels. In the next section
we will characterize the functions (k”,kl) that give rise to TRI kernels, and later in the paper we shall
provide a method to construct such coefficients. Introducing the auxiliary function

LK) k()

k(r) , r >0, (11)

r2
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we may write the generic element of a function k = (k% )i,j=1,....a of the type as follows, for x # O:

xiad
2

If k(0) = koly we may define kll and &+ at zero by setting kll(0) = k1 (0) = ko; in fact when k is continuous
we have that lim,_ g+ kll () = lim,_ g+ k*(r) = ko, thus this choice is justified.

The result that follows states a simple property of TRI kernels, which is in fact an immediate gener-
alization of a well known property of scalar-valued positive definite functions.

Proposition 3.7. Let H be a RKHS with a TRI kernel k. Its coefficients kll, k* and the number ko,
introduced in Lemma have the properties: ko > 0, ko > |kI(r)| and ko > |k (r)| for all ¥ > 0. If H
1s non-degenerate then such inequalities are strict.

Proof. By Proposition when expression holds it is the case that for all N € N, points x1,...,zn €
R? and vectors oy, ...,any € R? we must have

kY(2) = [KI(llz])) — & (ll2])] + k2l 67 = k(llall) 'a? + k-(ll2]) 67, @i =1,....d.  (12)

N
2 > {El(lwa — )l Prl(@a — 2p)an + k(20 — z6])ad Pri(za — zp)an} + koY [laa|® > 0.
1<a<b<N a=1

For now we shall not assume the non-degeneracy of H. By choosing N = 1 we have ko||a1]|? > 0 for
all oy € R? therefore kg > 0. We now fix N = 2. If we take a1 = ap L (x1 — x2) then the above
expression yields 2[k"(||z1 — x2) + ko] ||a1||? > 0 for all 21 # 22 and ay, so that kg > —k*(r) for all r > 0;
similarly, if we take a1 = —as L (z1 — 29) then we get 2[—k™(||lz1 — 22||) + ko]||c1||? > O for all 1 # x5
and a1, which implies kg > k*(r) for all » > 0. Combining the two results yields kg > |k*(r)|. To prove
that kg > |kl (r)| one follows an analogous argument, by choosing a; = ay parallel to (z; — x3) first,
and a; = —ap parallel to (z; — x9) later. It is immediate to see that when H is non-degenerate the
inequalities (>) become strict (>). O

Remark. So far in this section we have not made any assumption of regularity. For now we shall limit
ourselves to observing that if H is a RKHS with a translation-invariant kernel k and we also have H —
C*(Q,R%), then by Theorem it is the case that k € C?%(Q, R¥*9); that is, the kernel is “twice as
smooth” as the functions of the space that H is embedded into. Also, since 3K (-, z)a = (—1)190%k(-—z)a
and OPOIK (-, x)a = (—1)14lgP+9k(- — x)a, property (@) implies that

o PHk(z — y)B = (_1)\pl<3pk(. — z)a, 0K (- — y)@H, (13)

for all z,y, a, 3 € R? and multi-indices p and ¢ with 0 < |p| < s and 0 < |q| < s.

3.2 Characterization of TRI kernels

We shall now find conditions on &l and &+ for a function k for the type to be positive definite, whence
a kernel. The following auxiliary result does not require k to be of the type .

Theorem 3.8 (Bochner). Consider a matriz-valued function k € L*(R? R¥*?) whose Fourier transform Kk
is also in L' (R, R¥9). Then K(x,y) := k(x —vy) is positive definite if and only if k(§) is a self-adjoint
positive definite matriz for all £ € R,

The classical version of the above theorem holds for d = 1 and states that a function is positive definite
if and only if its Fourier transform is nonnegative [9]. The proof of Theorem is reported in Appendix ,
and the result can be extended to L? functions with the usual density arguments [55].

In the particular case kll = k- =: k we have the class of kernels that are simply referred to as scalar:
k(z) = k(||z||)I4, x € R In such case positive definiteness (Definition is obviously equivalent to the

following: for abitrary N € N, zq,...,zx € R* and rq,...,rn € R, we have
N
> rars k(|lza — ) > 0; (14)
a,b=1

12



whence the scalar-valued function k(|| - ||) must be positive definite; to apply Bochner’s theorem we must
compute its Fourier transform. We shall employ the next proposition (see Appendix for a simple proof).

Theorem 3.9. If f € LYRY) is a radial Jfunction, i.e. f(x) = g(||z||) for some g : RT — R, then so is its
Fourier transform f. It is in fact that case that f( ) = G(||l€]]) with

2 o0
Glo) ==, / () Ju2mor)dr, 0> 0,
0

d
where p = 5~ 1.

We remind the reader that the Hankel transform [111, 148, [54] of order v of a function f : RT — R is
defined as H, [ = Jo rf(r) Ju(or)dr, where J, is the Bessel function of the first kind [1] of order v
(references [19 22 47] provide tables of Hankel transforms); in Appendix [A| we list relevant properties
of J, that we will be using throughout the rest of the paper. Here we note that if the function f : R — R
is radial, i.e. f(z) = g(||z]|) for some g : RT™ — R, then

Pdy = o(S41 - P rdtdr
L rapde = o(s™Y) [ gty etlar,

0

where o(S™) is the surface area of the unit n-sphere; therefore f € LP(R?) if and only if g € LP(RT, r?71),
i.e. g is p*P-power integrable with respect to the measure 74 1dr.
An immediate consequence of the above proposition and of Bochner’s theorem is that a scalar kernel
k(:) = k(|| - |NIg € L' (R4, R¥*9) is positive definite if and only if the function
27

h(o) := Q“/o Pk (r) I, (2mr) dr, defined for p > 0, (15)

is nonnegative, where we have set p := 4 — 1. Also, we will have that K(¢) = h(||¢])q, with & € RY,
We should note that if k is in L'(R¢, R%*?) then the function A is (uniformly) continuous and vanishes

at infinity, by the well-known properties of Fourier transforms [24], [55]. Also, by applying the Hankel’s
integral formula in Appendix |A] to , it is immediate to verify that

2

— o h(o) J,(2mor) dr, r >0, 16
rk s
0

k(r) =
i.e. the map LY(R*,7971) — Co(R*) : k +— h given by formula is in fact an involution (it is equal
to its inverse, when inversion makes sense); here we have used the symbol Cy(R™) to indicate the set of
real-valued continuous functions defined on R that vanish at +oco.

Examples. At the end of Section [2] we already saw the example of (scalar) Bessel kernels, i.e. of the
type k(z) = k(||z)L4 with & given by (7)) for the Sobolev space H*(RY, R); in this case the functlon (15))
is given by h(0) = (1 +4021%0?)~*. This can be easily seen by observing that since k(|| -||) is the Green’s
function of the differential operator L = (1 — ¢2A)’, then its Fourier transform h(| - ||) must be given
by 1/L; here L(&) = (1 + 40272||€||?)¢, € € RY, is the Fourier transform of L, intended as a distribution.
For fixed o > 0, other popular examples are given by:

172

Gaussian kernels: k(r) = exp( §7>, h(o) = (27702)M+1 exp(— 2m0” 2) (17)
o
1 o (O \H
Cauchy kernels: k(r) = m, h(o) = 2mo (E) K,(2no0), (18)

where K, is a modified Bessel function of order y; in the above expressions p = % — 1. The functions h in
cases and are computed using [47, §1.5.9] and |47, §1.4.13]. Note that in all cases we have h > 0.
We refer the reader to [58] for further examples and techniques to build scalar kernels.
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To generalize the above result we first compute the Fourier transform of matrix-valued functions k of
the type , that are not necessarily kernels. First note that for all R € O(R?Y) we have

E(Rf) = /Rd k(z) e 2B gy — /Rd k(Ry) e 2™ dy o /Rd Rk(y)RT e 2™ ¢ dy = RE(f)RT;

in (%) we have used the property @D, which therefore also holds for k. Whence we may write k as

k() = KUl Pry + BH(lE Pre, € € BRI\ {0}, (19)

for some functions All, At : Rt — R, by Lemma When k € L'(R% R¥9) is of the type we
have that the coefficients kll, kL are in Ll(R+,rd_ ) whereas, once again by the properties of Fourier
transforms, the functions Al and h* are continuous and vanish at infinity.

Definition 3.10. We call the functions hll, bt : Rt — R in the coeflicients of k.

The above definition is in line with Definition [3.3} while this may be a bit redundant, we want to
associate the symbols (kll, k1) with k and (hll, A1) with its Fourier transform k. The coefficients of k are
expressed in terms of those of k by the following result, which generalize formula .

Theorem 3.11. Consider a function k € L'(RY, R¥%) of the type . Its Fourier transform k is a
matriz-valued function of the form , where hl,ht : RY — R are the scalar functions:

o) =2 [ ot ko), meryar = 228 [T W) = )y oy dr, (200
ht (o) :Z /0 rt L kL (7)., (2mor) dr + Q:H /0 (K (r) — k() Ty (2mor) dr, (20b)

d
both defined for o > 0, where p := 5~ 1.
Proof. Define k as in . The Fourier transform of the generic element of k is

Eﬂ(g)—/ kﬂ(x)e%m'fdx—/ l;:(HwH)mja:Ze2”ix’€da:+5j€/ kJ‘(Ha:H)e*%ixfd:c
Rd Rd Rd

1 8 ;
- _WWF(@ + 8 FLE),  ceRr? (21)

where F,F+ : R? — C are, respectively, the Fourier transforms of k(|| - ||) and k(|| - ||). It is con-

venient at this point to introduce the auxiliary Bessel-type function J,(z) := z7"J,(z), which has the
property d%J,,(z) = —zJy+1(2) (see [1} §9.1.30]). By Theoremwe have

F(§) = H?Hr“ /0 - rH e (r) T (27 ||€]) dr = (2m)P T /0 - P2 e (r) T, (2mr||€]]) dr,  so that

OF u+2€7j

75 =) h P22k (r) T (2mr||€]]) dr = —(2m)P 3¢ / R T (2] di

€11 Jo 0

Therefore the second partial derivatives of F are given by:

OPF : P gl (o,
e ©) =~ [k T Crlel) dr = ey S [ R T, el dr
— =" (2mp S [P R) Ty el dr o+ (2R [ Ta(mr €] i,
0 0

14



which, inserting J,(z) = 27" J,(z), may be rewritten as

- 00 3 ¢jel 00
OF ¢y - _git 21 [k ar+ o EE [ ke, aenriel an
0 0

ogtogs e 1€l= N1l
Computing F via Proposition and inserting it into equation finally yields:
~ gt . gigt , gigt
(&) = C(ll¢| )L +D([€)o7 = (CUEl) + DAIED ) 775 + DUEN (07 = 755 ) (22
Djgge *+ PUED* = (el + DUUED) e + PUED(P* - jgpa) )
with C'(p) = —ZZ/O i3 l;:(r)JM+2(27rrg) dr, and D() := h*(p), i.e. expression (20b). Finally,
() 27 (% ey — ity 2D _
Clo)+D(o) = = [ (W) = k()| T5 e (2mre) = Ju(2wro) | dr
2 [ 1 o
E ; 7““+1]<7J'(7’)J“(27TQ7“) dr + pres /0 rH (k”(r) — k‘L(T))Ju_;,_l(QW‘QT) dr
2

S gl 2u+ 1 (% i H
=2/ AT kN () (2mor) dr— o (kN (r) — k= (r)) Jug1(2mor) dr = h'(p),
where in (x*) we have used the property , reported in Appendix of Bessel functions of the first
kind. Rewriting equation in matrix form using definitions completes the proof. O

Corollary 3.12. Under the assumptions of Theorem by Bochner’s theorem we have that k is positive
definite, i.e. it is a kernel, if and only if Kl and h* are nonnegative functions.

As we said above, formulae and generalize : in fact the three coincide when kll = &+,
i.e. for scalar kernels, in which case we also have hll = ht. By the form of equation , we have that,
for a fixed ¢ € R%\ {0}, the numbers Al (||¢]|) and hL(||¢||) are the eigenvalues of the matrix k(¢); the
former has multiplicity 1 and eigenvector &, while the latter has multiplicity equal to d — 1. Note that
while the Fourier transform of a kernel k may be written in the form it is not a “kernel”, in that it is
not positive definite itself (but just the Fourier transform of a matrix-valued positive definite function).

The two functions Al and At may be expressed in terms of Hankel transforms, as it is the case for
formula in the scalar case. In fact in the examples that we shall work out we will write:

2T 2w
() = 22 gl Loy 4T ol
h(o0) = o 1 (2me),  and k(o) = o 1 (2mo), (23)
where:
H(g) = [ ) oy dr = T8 [ ) g o) i, (2a)
0 o 0
H(p) ::/ rP L (r) T (or) dr—l—z/ 2k (r) T (or) dr. (24b)
0 0

The following proposition, proven in Appendix [B| ensures that for any given TRI kernel k we have
that as long as either hll or h™ are strictly positive somewhere (i.e. we are not dealing with the trivial
case k = 0) the corresponding RKHS is in fact non-degenerate (see Definition [2.2)).

Proposition 3.13. Let k € L'(RY, R¥*%) be a TRI kernel such that ke LY R R4, Then k is strictly
positive definite if and only if there exists mo > 0 such that either hll (1) > 0 or h'(ro) > 0.

A non-example: Gaussian kl and k+. One may ask whether we can construct a positive definite
translation- and rotation-invariant kernel k of the type (10) with kl(r) = exp(—cir?) and k+(r) =
exp(—cor?), where ¢; > 0 and ¢ > 0. The answer is that a kernel of this type is positive definite if an
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only if ¢; = 2, which makes it of the form k(z) = exp(—ci||z||)Is, € R?, i.e. scalar and of the type (I7).
To see this, we compute All, b+ and impose their nonnegativity.
We shall use the following Hankel transforms [47, §1.5.9 & §1.5.10]:

00 v 2
/0 T,zﬂrlefcﬁ(]y(gr) dr = o) exp(—%), for R > —1 and e > 0, (25)
00 1 2 21/71 Q2
/ e g, (or) dr = p fy(z/, 4—6), for v > 0 and Re > 0, (26)
0

where y(v,z) = [J e "t~ !dt, Rv > 0, is the lower incomplete gamma function [1, §6.5.2]. Therefore
when kll(r) = exp(—c17?) and k*(r) = exp(—cor?) the expressions (24a)) and (24D]) become
; 2\ 2Eat)) 2 2
0= s () TBE o, £) (o1, )
(0) O sz U ptlgs)—ret o)y

Eren(- L)+ b L) (w1 £))
S — —= )+ = 1,—) — 1,— )¢,
AT +gu+2 v+ e ) + 1

Using formulae (23) and introducing for later convenience the upper incomplete gamma function I'(v, x) :=
D(v) —y(v,x) = [ e 't 1dt, Rv > 0 (see [1, §6.5.3]), we finally get:

H* (o) =

H“rl 2 2 2 +1 7T2 2 7T2 2
o) = T exn (=) — i {T (e + 1) T (e 1. 55
h' (o) e exp( —— Dt g2 L(p+1, 02 D(p+1, B4 (27a)
L B qHtl 7r292 1 7r2g2 7r2g2
h (9)—75+1 exp( - - )+2W+1Q2M+2{F(ﬂ+1, . )—F(;Hrl,—q )} (27b)

We first consider the case d = 2 (i.e. u = 0) since it is particularly simple. In fact I'(1,z) = e~* and
elementary manipulations lead to the following expressions for Al and ht:
2 7202

) (=" 5)] h0) = Flaea)

1 p/2r? 2o
h”(@) - F(Q; 61;02) = W[<?Q2 + 1) exp(— o

i.e. each is obtained from the other by exchanging ¢; and cs. The condition Rl > 0 is equivalent to

2

2i92 +1>exp (ﬂw292> for all o > 0. (28)
C1 C1C2

This is certainly true if ¢; > ¢ (in which case the graph of the function on the right-hand side of the
above inequality is a Gaussian); in fact this is also necessary for to hold, since if ¢; < ¢o then such
condition breaks down for large values of p. Similarly, At > 0 if and only if ¢o > ¢1, so the functions Al
and h* are both nonnegative if and only if ¢; = co.

To prove that this is also true in higher dimensions (d > 2, or u > 0) we rewrite as follows:

+1 2 2 1/c
w“ﬂ exp(_ﬂ - ) -2 1W“+1/ 1 The (™0 qr
e 1

hl(o) = - 5 /
Cc2

which is obviously nonnegative if ¢; > ¢o. The latter condition is in fact also necessary for the nonneg-
ativity of hll. To see this, we use the asymptotic expansion of the upper incomplete gamma function [I,
§6.5.31]:

v—1 (w—-1)(v-2)

T ’ ~ V1 —x|:1
(v,x) ~ 2" e + . + 2

+ '-], as r — 0o,

so that for any ¢ > 0 it is the case that

1 7T2Q2 ﬂ-u-i-l 7.‘.292 c 02
WF(M—'_]" c >N2Q2C,LL exp(_7>|:1+[£7r27‘92+,u(,u—1)ﬂ_404+:|, as g — o0
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Figure 1: Domains D7 and Dy of positive definiteness for the kernels in Examples [T and

(incidentally, note that if the dimension d is even then p is integer and the asymptotic expansion on the
right-hand side has a finite number of terms), so (27a)) can be expanded at infinity as follows:

2 2

| w202 2 wp c1
wlo) ~ (2 N - <_ ) [ 1 1 }
(@) ~ (2p+1) 20% xp c1 2u+1 ¢ - +M7r292 *

ct cy—c c
—iexp(ﬂﬂ292>[1+u;2+~--}}, as 0 — oo.
Co C1C9 =0

One can see that if ¢; < ¢y then the second exponential function diverges faster than o2, implying that Al
is negative for large values of o. Therefore Al > 0 if and only if ¢; > ¢,. Manipulating in a similar
manner proves that A~ > 0 if and only if ¢co > ¢1. In conclusion, a kernel k with Gaussian kland &t is
positive definite if and only if ¢; = c9, i.e. if and only if it is scalar.

Example 1. We now try a different route and verify for which values of (a,b) € R? the functions

Kl(ry = be and kL (r) = (b — ar?) e r>0, (29)
with ¢ > 0, define a positive deﬁm’te k of the type , ie. a TRI~kernel. In other words we assume that
the function is given by k(r) = aexp(—cr?), so that both k and kl are Gaussians with the same

variance, but different values at » = 0 (on the other hand kl and kL must have the same value at 0 by
Proposition . In this example we have that

o) = g o v 1 esn(-5).

Hl(g):(ZCQ)l;H[b (2u+1) +42Q]6Xp<—iz).

In order to obtain the above expressions we have used the Hankel transform:
[e%s) 3 5 Qu 5 92
/0 rit3e= 1, (or) dr = (2cyTs [4e(p+1) — 0] exp<—4—c), for ®u > —2 and Re > 0,

which is computed by inserting in the left-hand side the relation J,(2) = 2(p + 1)J,41(2)/2 — Jut2(2)
(see (75)) and applying twice, with v = u+ 1 and v = u + 2 respectively. By we get:

W) = Tt b= it D) exp(~ L),
ht(0) = Z:;l [b — (2u+ 1)2 + 027;2@2} exp(—ﬂ292>.
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Figure 2: Graphs of kll, kL, hll, bt for Example [1] and the vector field z — k(z)a, with a = e (shown).

So hl > 0 if and only if b — (21 + 1)& > 0, and h' > 0 if and only if 95 0> > —[b — (2u + 1) &]
for all p. Whence hll and ht are simultaneously nonnegative, i.e. k is positive definite, if and only if the
pair (a,b) is in

Dy :={(a,b) e R?|b> (d—1)&,a >0}

(since 2p + 1 = d — 1) which is the wedge-shaped domain shown in Figure [Ifa). Note that the slope of
the slanted boundary depends on the dimension d. The vertical boundary (a = 0) corresponds to scalar
kernels, while the meaning of the other one shall be explored in later sections.

The graphs kll, k%, hll and ' (symmetrized with respect to r = 0 for clarity) are shown in Figure
ford=2,a=1.5and b=c=1. Note that Al > 0 and At > 0. The same figure shows the corresponding
vector field z — k(z)a, € R?, with k given by and a = e; € R?, also shown in the figure (the
importance of vector fields of the type x +— k(x)«a is apparent from equation , on which we shall return
later in Section . For a = ey the two “vortices” of the 2-dimensional vector field x — k(z)a are located
at points (0, iM); whence for positive definite k their mutual distance is at least m

Example 2. We now modify the previous example and switch the roles of kll and k1. In other words we
want to find conditions on (a,b) € R? such that the functions

2

El(r) = (b= ar?) e’ and kt(ry=be ", r>0, (30)

with ¢ > 0, define a positive definite k of the type , i.e. a TRI kernel. This means we assume

that ];;(r) = —ae ", hence both k and k' are Gaussian, with the same variance. Calculations that are
similar to those of the previous example lead to the following expressions for Al and A+

utl 2 2 2
Iy =T ( _4 . 2) (_W 4 )
hi(e) = —mr\b— g, + ¢ ) exp )

0= G (0 55 e ()

The above are simultaneously nonnegative p, i.e. k is a TRI kernel, if and only if (a,b) is in

Dy = {(a,b) € R2|b2 5e, 0> O}
which is the wedge-shaped domain shown in Figure (b) The vertical boundary (a = 0) again corresponds

to scalar kernels, while the meaning of the other boundary (whose slope this time does not depend on the
dimension d of the domain) will be explored later.
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Figure 3: Graphs of kll, kL, hll, bt for Example [2| and the vector field z — k(z)a, with a = e (shown).

The graphs of the functions El, kL, nll and h+ (again, symmetrized with respecto to r = 0) are shown
in Figure|3|for d = 2, a = 1.5 and b = ¢ = 1, as well as the corresponding vector field z — k(z)a, z € R?,
with o = e; € R2. For such « the apparent “sink” and “source” of the vector field (where it is equal to
zero) are respectively located at points (£4/b/a,0).

3.3 Inversion formulae

Let M be the functional that maps the coefficients (kll, k1) of a matrix-valued function k € L*(R¢, R4*9)
of the type (10) to the coefficients (hll, A1) of its Fourier transform. That is,

M : LYRT, 7771 x LYRY, 471 — Co(RT) x Co(RT) = (kI k1) — (Al nh), (31)

where (hll, h1) are expressed in terms of (kll, k1) precisely by formulae and . Once again, the
symbol Cy(R™) indicates the set of real-valued continuous functions defined on R that vanish at +oo.
The map M is linear and by the proposition that follows it is in fact an involution, i.e. M~' = M, in the
sense that is specified by the following proposition (this generalizes the fact that is an involution).

Proposition 3.14. Let k € L' (R, R%*%) be of the type , and also assume k € LY (R4, R*D), Then
the functions (kI k) can be computed from (bl h) as follows:

kl(r) = %T /Ooo " il (o) 7 (2mor) do — 2:;13 /OOO " (hl(0) — h*(0)) Jus1(2mor) do, (32a)
K (r) = i% /OOO @ W (0)Ju(2mor) do + WIH /Ooo o"(h(0) = I (0)) Jus1(2mor) de; (32b)

that is, (kIl, k) are obtained from (W, k') by applying once again formulae (20a]) and (20D).

Proof. The claim may be proven by direct computation, i.e. by manipulating formulae — and by
inverting Hankel transforms (using formula in Appendix. However, one can simply observe that the
Fourier transform, when restricted to functions that are symmetric in their argument, i.e. k(z) = k(—=z) for
all z (and TRI kernels belong to this class), is an involution. The map M computes the functions (hH , hL),

which provide the eigenvalues of k in terms of those of k, therefore it must be itself an involution. O

The above proposition allows one to construct positive kernels by choosing nonnegative functions Al
and A+ in L'(RT,r?1) and applying the inversion formulae and . This involves computing
Hankel transforms, which may be done either by employing tables of transforms [19, 22} [47], or numerically.
However, in Section 4] we shall illustrate a very simple, constructive method for building arbitrary TRI
kernels from scalar kernels.
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Remark: L' vs. L?. While it is well known that the Fourier transform is an isometry between L? and
itself, we have assumed that the kernels are in L' (and that, sometimes, so are their Fourier transforms)
to be able to use and manipulate the integral formulas in the definitions and proofs. We should note
that one could employ the usual argument that L! is dense in L? [55] and extend the results, mutatis
mutandis, to square integrable kernels. However, for computational convenience, we will keep assuming
that the kernels are in L' when Fourier transforms are needed throughout the rest of the paper.

3.4 Divergence-free and Curl-free kernels

In this section we explore some properties of the vector fields x — k(z)a generated by the kernels k of
RKHS. In particular we shall compute the functions div(k(-)a)) and curl(k(-)a), and relate them to the
coefficients hll and k' of the Fourier transform of the kernel k.

Proposition 3.15. Let k € C1(R?, R¥*?) be a TRI kernel. It is the case that

a-w K (llz]1) = k*(ll=])

I
div(k(a)o) = G (@@= )=V S a)). a e R (o)

Proof. For x # 0 define all(z) := Prl o and ot (z) ;= Prta = a —al(z), so that a = all(z) + ot (x). Tt
is the case that:
div(k(z)e) = div(kl(|z])) all(z)) + div (k> (||z]) ot (z))
= V(kI(z]) - ol (@) + Kl (lll) div (' (@) + V (- (ll2])) - ot (2) + K (l]) div (o (2))

dk! x _ .
=~ (l=l) Tl oll(@) + Kl (|z])) div(all(z)) + k() div(a* (), (33)
where we have used the fact that —— -at(z) = 0. Also, L oll(z) = T & and
] edl ]
: 1 1 a-T
div(al(2)) = div L) = Via-z)) o+ (a-z)(V cx+ dive
(o4e) = () = o (Vier ) (Vo) =+ e
a-z -2 =z a-z a-z
= +(a- )| —=m— )T+ d=(d-1) .
1 (Hl’ll?’ H»’L‘ll> [l [EdIR
Moreover, div(a*(z)) = —div (oz”(:c)). Inserting these expressions into completes the proof. O

Corollary 3.16. Let k € CY(RY R¥9) be a TRI kernel. The vector field x +— k(z)a is divergence-free if
and only if
k() — kL (r) N dk|

(d—1) d—(r) =0, for all r > 0. (34)

r
We want to find a similar result for the curl of the vector field z +— k(x)a. Indicating with Q*R? the
space of differential k-forms in R? [36], it is convenient to identify a vector field (vq,...,v4) in R? with

the 1-form v = > v; doz*, where dy is the differential of a function. In fact indicating with dj the exterior
(Cartan) derivative of a k-form we may write the de Rahm complex for R? as follows:

OOR4 L QOlRY L} O2RY L & Qd-1Rd & QOIRY.

We define (so that it corresponds to the classical “curl” when d = 3).
Proposition 3.17. Let k € C1(R%, R¥*?) be a TRI kernel. It is the case that

o (W) R l) 9 ) cn o) (35)

curl(k(z)a) =

(el ]

where A indicates the wedge product between differential forms.
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Proof. As in the previous proof, let all(z) == Prl o and at(x) = Pri o = a — oll(z). We consider them
1-forms, i.e. all(z) = 33, all(x); dox’ and at(z) = 3, at(2); dox’. Tt is the case that

(3

curl(k(z)e) = di (k(z)a) = do(EI(||z]))) A all(z) + El(|jz]]) di(all(z))
+ do (kl(llsvll)) A at(z) + k- (||z]) di(e(2)). (36)

The first term is zero because do(k‘H(HZEH)) (|| ||)— and z A oll(z) = 0. We also have

[z
dl(a”(a:)):ah(ﬁx) d0<H H2)/\x+ BE dix,

where dix = d; ( > widoxi) =Y. dox’ Adpz' =0 and

o-x 1 1 o oa-x
0(7):7d0(04'$)+(04'$) do = -2 T
)2/ fl]? [ |
) - I _alx L o -
Since z A z = 0 we conclude that d; (a'(z)) = T Moreover x A a—(z) = 2 Ao = —a A x, whence
x
1 alNx
do (k= (llz])) A ot (2) = (|| D H R at(z) = (H [ Tl
Finally, di (ot (z)) = —d1 (a”(x)). Insertion of such expressions into completes the proof. O

Corollary 3.18. Let k € C'(RY,R%*?) be a TRI kernel. The vector field x — k(z)a is curl-free in R® if
and only if
El(ry — K+ dk*
(r) " (r) _ o (r)=0, for allr > 0. (37)
Note that while condition depends on the dimension d of the space, condition does not.
The following fundamental theorem relates the incompressibility and irrotationality of vector fields of the

type = — k(z)a with the coefficients hll and k' of the Fourier transform of the kernel k.

Theorem 3.19. Let k € C1 (R4, R¥>*4) N LY (R?, R be a TRI kernel whose Fourier transform k is also
in LY (R% R4, Then the vector field x — k(z)a is divergence-free for all a € R® if and only if hl = 0.
On the other hand, x +— k(x)a is curl-free for all « € R if and only if h* = 0.

Proof. Tt is the case that hll(p) = 2rH!(27p) /0" and h' (o) = 2rHI(27p) /0", with HI and H* respec-
tively given by (24a) and (24bf), and with p = % — 1. Inserting into (24a)) yields

I S L[> e dk!
H'(p) = ; Iy (r)JM(Qr)dr+5 ; r W(T)Jﬂﬂ(gr)dr

(note that 2+ 1 = d — 1). We use integration by parts to compute the second term on the right:

/0 r““%(r)JMH(Qr) dr = {r““k”(r)JuH(gr)] - —/0 kL (r) dii{r“ﬂzfuﬂ(gr)}dr

_ _Q/O"Orwk(r){“;;l i (or) + 7 +1(gr)}dr: —Q/OOOTMJrlk(r)JM(QT) dr,  (38)

where we have used the property of Bessel functions. Therefore if holds then All = 0. Similarly,
inserting into (24b)) gives
pt1 ko_

1) = [k ) ey dr+ [ G 1) o)
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and an identical integration by parts allows us to conclude that if (37) holds then A+ = 0.
Assume now that hll = 0. In this case k!l and k*, given by (32a]) and (32B)), are simply

2u+1 [
E i / W (0) 1 (2mor) do,
0

Kl(r) =

it

2 [ 1 o
kt(r) = r“/ "t (o) Ju(2mor) do — —T &"h*(0)Jui1(2mor) do,
0 r 0

therefore the auxiliary function is given by

27

- 2 [ 1,0 p+1 PR
k(r):rNJFQ/O o' h (Q){2 Smor Juy1(2mor) — JM(QWQT)}dQ:m ; 0" h(0)Juy2(2mor) do,

where we have used property in Appendix . On the other hand,

1 dkll +1 [ 2u+1 [
- = —(2u+1)/iu+3/0 0"h(0)Js1(2mor) do + ”Hz /0 2" (0) )41 (2mor) do

2u+1 [ n+1 2u+1 [
_271-7"“"'2/0 QM-HhL(Q){% w2 (2mor) — JM+1(27TQT‘)}dQ = 27 s /0 Qu-i-lhi(Q)J#JrQ(Qﬂ'QT)dQ,

where we have used property . in Appendix E Al Since 2p 4+ 1 = d — 1 we have that ( . ) holds and the
vector field x +— k(z)a is divergence-free. Similarly, when h* = 0 it is the case that

2w
rﬂ

1 o0
x| @) Crer) e

pt1 g 2t L[
; o W0)Ju(2rerydo = == | @"h(@) i (2mer) do,

yu)

kt(r) =

so that

~ 2 [ +1 27 e
_ p+ly || _ ol — ptly L
k(r) =5 /O T h (9){Ju(27w7") 2 omor Ju+1(27rm)} do=——1 /0 &b (0)Jput2(2mer) do,

by property in Appendix |Al On the other hand,

1dk* +1 [ 1 [
(T):_IL:"HJr?)/O Q“hH(Q)JuH(QWQT)dQ"‘ pit2 QWQ”HhH(Q)J;LH(?WQT)dQ

r dr
2

2r [ uw+1 >
= 7“’“2/0 @“Hh”(@){ - %sz(?ﬁ@r) +J, +1(27T@7“)} do = _7““”/0 @'l (0) Jyus2(2mor) do,

again by . Whence holds and x +— k(x)a is curl-free. This completes the proof. O

Proposition 3.20. Let H — C'(R% R?) be a RKHS with a given TRI kernel k. It is the case that
div(k(-)a) = 0 for all a € R? if and only if divu = 0 for allu € H. On the other hand, we have that
curl(k(-)a) = 0 for all o € R? if and only if curlu = 0 for allu € H.

Proof. The “if” part is obvious. Conversely, let Hy := span{k(- — z)a|z,a € R?}. Take any u € H
and a sequence {uy} in Hy with u,, — u. For all indices i,j € {1,...,d}, by formula we have that
e; - Ojun(z) = (—0;k(- — x)e;, un)v, which converges to (—0;k(- — x)e;, u)y = e; - Oju(x). That is, the
sequence of functions d;u, converges to 0ju pointwise. Therefore we have divu,, — divu and curlu, —
curl u pointwise. Since u,, € Hy for all n, if div(k(-)a) = 0 for all & € R? then div u,, = 0, whence divu = 0.
A similar argument holds in the case curl(k(-)a)) = 0. O

The above results justify the following definition.
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Conditions on (kI k1) Conditions on (Al n1)

() — kL [
k is div-free | (d—1) i) = k2 (r) + a;i(r) =0 hl =0
T
| _ .l L
k is curl-free k) = k() _ dz; (ry=0 ht =0
r r

Table 1: Conditions on the coefficients k and k for the kernel to be divergence-free or curl-free.

b b
scalar scalar
kernels D, '\ b= (d— 1)% kernels D, b= 2%
div-free kernels curl-free kernels
0 a 0 a

(a) (b)

Figure 4: Interpretation of the boundaries of domains Dy and Dy in Examples [I] and

Definition 3.21. Let H — C'(RIRY) be a RKHS with a TRI kernel k. We call the space H and its
kernel k divergence-free (or curl-free) if divu = 0 (respectively, if curlu = 0) for all u € H.

Table summarizes the conditions on the coefficients (kll, k1) of k and on the coefficients (hll, h™) of its
Fourier transform for a Reproducing Kernel Hilbert Space H with a TRI kernel to be either divergence-free
or curl-free. We should note that if k is scalar, i.e. of the type k(z) = k(||z||)I4, then kll = &+ and Al = n*;
therefore by Corollaries and the corresponding RKHS can be neither divergence-free nor curl-free
(unless we are dealing with the trivial case k = 0).

Examples 1 and 2, revisited. In light of the above results, the boundaries of the domains D; and Dy
of Examples 1 and 2 in this section have an interesting interpretation. We already noted that in both cases
choosing a = 0 (vertical boundary of the domains) yields scalar kernels, i.e. of the type k(x) = k(||z|)I2
with k(r) = bexp(—cr?) (Gaussian).

In Example 1, when b = (d — 1)5% we have k(r) = aexp(—cr?) and kll(r) = (d — 1)& exp(—cr?);
therefore holds and the kernel is divergence-free. Similarly, in the case of Example 2 when b = - we
have k(r) = —aexp(—cr?) and k+(r) = & exp(—cr?); whence holds and the kernel is curl-free. Thus
the boundaries of the two domains may be interpreted as illustrated in Figure [

In the case d = 2 we have that D; = Ds. Figure |5 shows the vector field z — k(z)a, a = ey, for
both Example 1 and Example 2, with b = ¢ = 1 and different choices of the parameter a. In particular,
for a = 0 the point (a,b) is on the vertical part of the boundary of D; and Dy; this corresponds, in both
cases, to a scalar kernel. As we move along the line b = 1 towards higher values of a, we note that we
transition to a vector field x — k(z)a that is divergence-free (Example 1) or curl-free (Example 2); this
occurs when (a, b) hits the slanted part of the boundaries of Dy and Do, i.e. the line a = 2bec.

Hodge decomposition. Let k € L'(R% R%*?) be a TRI kernel with coefficients (kll, k1), and let (hl, 1)
be the coefficients of its Fourier transform, which we also assume integrable. Using the functional M
introduced in (1)), we have (kl, kL) = M—1(hll, k1), By the linearity of M~' we also have

(Kl kL) == ML(hll 0)

(kﬂ,kj) = M0, ht) (39)

kI kL) = (R k) + (k) kd),  where: {
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Figure 5: Transition from a scalar kernel to divergence-free (Example 1) and curl-free (Example 2)
kernels by changing the parameter a in the range [0, 2], with b = ¢ =1, in d = 2 dimensions. The vector
fields z — k(z)a are shown for a = ej, also shown in each graph.

With the above definitions, we let k = ki + ko, where
ki(z) =kl (@) Prl + k£ (z)Prl  and  ko(z) := K)(2) Prl + ki (2) Prl; (40)

by Theoremwe have that for all a € R? we may write k(z)a = ki (2)a+ka(x)a, z € RY, where the first
term is a curl-free vector field and the second term is instead div-free. In other words, for any integrable
TRI kernel k and any o € R? this procedure allows one to perform the Hodge decomposition [16], 32] of the
vector field x — k(z)a: the two terms, curl-free and divergence-free, may be respectively computed from
the coefficients Al and h* of the Fourier transform of k precisely by using the inversion formulae
and twice, the first time with 2" = 0 (to compute ki) and then with Al = 0 (to compute ks); note
that since k vanishes at infinity there is no harmonic component in the Hodge decomposition. We shall
call k1 and ko the curl-free and divergence-free components of the kernel k.

Incidentally, we note that if k € L' N L? then for any a € R? the orthogonality in L?(R%, R%) of the
Hodge components ki (-)a and ka(-)ae may be easily verified via Plancherel’s theorem as follows:

(kiokaar) = (kao koar) = / (W (lighPria) - (W (lEl)Prea) dg = 0.

The computation of ki and ks from k via formulae and may be viewed as an orthogonal
projection (in the L? sense) of k onto the spaces of curl-free and devergence-free kernels, respectively.

Example 3. We now consider the Gaussian scalar kernel k(z) = k(||z|)Ig, = € RY, with k(r) = e~ for
some ¢ > 0, and compute its Hodge decomposition. We saw earlier that its Fourier transform is

() = h(|l€l)Is, € €RY  with  h(o) = (%)““ exp(—”iQQ), where 1 = g 1L @)
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Figure 6: Hodge decomposition of = +— k(z)e;, when k is scalar and Gaussian.

We let k = ki + ko, with ki(€) = h([|¢])) Prl and ka(€) = A(||¢]|) Pr¢. The coefficients (k}, k3) of ki
are given by inversion formulae (32a)) and (325) with Al = h and A+ =0, i.e.

2 [*° 2u+1 [
k(r) = o /0 " o) Ju(2meor) do — = /0 0" h(o) Ju+1(2mor) de, (42a)
1 o0
ki (r) = e /0 &' h(o) Jut1(2mer) do, (42D)

We compute the integral (42bf) with A as in using the Hankel transform (26), which yields

1

L _
ki (r) = oentipzir2 |

(n+1,cr?), r >0, (43)
where y(v,z) = foz e ttv=1dt, Rv > 0, is the lower incomplete gamma function [I, §6.5.2]. The other
coefficients of the kernels ki and ks are obtained from simply as follows:

By =k — (2u+ kT, Ry =k —kj = (2u+ DT, hy =k — ki (44)

the first one is derived from (42al), while the other two follow from k = l{:y + kg and k = ki + k3 (which,
in turn, are a consequence of k = k; 4+ ko and the fact that k is scalar).

When d = 2 (i.e. u = 0), since y(1,2) = 1 — e~ we simply have ki (r) = ﬁ(l — e, and the
other coefficients are again derived from formulae with ¢ = 0. It is interesting to note that k;
and ko are not Gaussian like the curl-free and divergence-free kernels that we derived in Examples
and |1} respectively—in fact they have much heavier “tails” (they decay like 1/7? as r — oo) than the
original scalar and Gaussian kernel k; however, these heavy tails cancel each other when summed. In the
case ¢ = 1 and d = 2 the Hodge decomposition of = +— k(z)e; into its curl-free and divergence-free terms

is illustrated in Figure @; as observed above, the two vector fields are orthogonal in the L? sense.

The discussion above also suggests that a seemingly simple way to generate curl-free (or divergence-
free) kernels is to choose functions hll (respectively, h*) in L (R*, r¢=1) and apply formulae and
with At = 0 (respectively, il = 0). This is rather cumbersome because it involves the computation of
Hankel transforms, analytically or numerically; in the next section we shall introduce a simple technique
for generating all TRI kernels of interest while avoiding such tedious calculations.

4 Construction of matrix-valued kernels from scalar kernels

In this section we illustrate a method for constructing matrix-valued kernels from scalar kernels—in fact,
it will turn out that virtually all matrix-valued kernels of interest can be built this way. We remind the
reader that a s-admissible Hilbert space of R%-valued functions defined in € is also a RKHS, and its kernel
is such that K(-,z)a € C§(,R?) for all z € Q and a € R? (see Section .
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4.1 Curl-free component

Given a s-admissible Hilbert space H of scalar-valued differentiable functions defined on R?, one can
define the space V := {Vf|f € H}. Note that (i) if s > 2 all the elements of V' are curl-free and (ii) for
all v € V there is a unique f € H such that v = Vf (in fact if v = Vf; = Vfy then fj — fo € H is
a constant that must be zero because H C Cj (Rd,R), i.e. it vanishes at infinity). The proposition that
follows shows that the kernel of H induces a reproducing kernel on V.

Notation. Given a scalar-valued differentiable function F : R x R? — R we indicate with OniF,
n € {1,2},4 € {1,...,d} the derivative of F with respect to the i'" variable of the n' set of variables;
with V,, F', where n € {1, 2}, the gradient of F' with respect to the n'® set of variables; and with V1V2TF
the matrix-valued function whose (3, j)th entry is 01,0, ;F, for 1 < i,5 < d. Finally, for a vector-valued
function f : R? — R? we indicate with Vf the matrix whose (4, 5)" entry is 0;f;, for 1 <4, < d.

Proposition 4.1. For fized r > 1, consider a Hilbert space H — C’g(Rd,R) of scalar-valued functions,
with kernel Ky : R x RT — R. Let V := {Vf|f € H} be endowed with the inner product (vi,vs)y :=
(f1, fo)m, where vi = V fi and va =V fa. Then V — CS_I(Rd,]Rd), i.e. it is a (s — 1)-admissible Hilbert
space of R¥-valued functions, and its kernel is given by Ky = ViVEIKy.

Proof. One can easily verify that (-, -)y is an inner product, that V' is complete and continuously embedded
in C’S—l(Rd, R%). So V is a RKHS, and for all 2, € R and v = Vf € V, its kernel Ky, must satisfy
<KV(',x)a,v>V =a-v(x)=a -Vf(z)= Z?:l a; 0; f(z) = (by Theorem
=30 a0, K (@), fy = (o VoKp (-, 2), ), = (V(a- VaKy(-,2)),0),,
therefore Ky (-, x)a = V(VQKH(‘, x) - a) = (VlngH(-, x))oz, where we have used the the property that

V(f-a) = (Vf)a for any differentiable vector-valued function f : RY — R?. By the arbitrariness of o € R?
we conclude that Ky (y,z) = V1VE Ky (y, ), for y,z € RY O

Remark. Before proceeding to the case of translation- and rotation-invariant kernels we note that if
the kernel K of a s-admissible Hilbert space is translation-invariant, i.e. K(z,y) = k(z — y), then k is
differentiable 2s times (see the remark at the end of Section .

Proposition 4.2. Under the assumptions of Proposition if Kp(z,y) = ku(x —y) for some func-
tion kg : R — R, then Ky (x,y) = ky(z —y), with ky = —Hessky (i.e. ki) = —0;0;kp ).

Proof. We have that 02 ; Ky (z,y) = —0;kp(x—y) and 01,02 j K (z,y) = —0;0;kp(x—y), forallz,y € R4,
The result follows by applying Proposition [4.1] O

Corollary 4.3. Under the assumptions of Propositions with s > 2 and for any a € R? the vector
field © +— ky (z)a is curl-free.

Proof. Using the fact that (Vf)a = V(f - a) for any differentiable vector-valued function f : R? — R?, we
have ky (7)o = (—Hessky (z))a = —(VVTky(z))a = —V(Vky(z)-a), and we conclude immediately. [
Proposition 4.4. Under the assumptions of Propositions and [4.3, if ku(z) = ku(||z]]) for some
ki : RY — R then the kertnel of V is TRI, i.e. ky(x) = k|‘|/(H:E||) Prll + ki (||z||) Pry with

&k 1 dky

Il _ Loy —
ky (r) = 02 (r) and ki (r) = —;W(T), r > 0. (45)
Proof. First note that we have 9,k (x) = Ky (||z|)) zj/||z| and
Tk Jd x; Tikj 0is Tixj
~0idkin () = Kyl l) 7L — Ry () oy - = () T — Ryl (72— T,
’ H [ Oz ||| " [ el fl]?
where 6;; is Kronecker’s symbol. Therefore by Proposition it must be the case that
zx” K ([l=]]) vz’ ke ([]])
kv (2) =~k (o) 7o = ZE T 1y = ) = —kfy(llaf)) Prl — ZEL 2 P 0
& ] ] ]| " &4l
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Space H: ky(z) = kg (||z|) —_— ku(z) = hy(||z])
w —Hess w (—Hess)"
F -
Space V: ky : (k) k) = (= K —ky) ———— Ky (b, h) = ((270)%ha,0)

Figure 7: Commutative diagram illustrating the construction, from the scalar-valued kernel ky : R¢ — R,
of the matrix-valued, curl-free kernel ky : R* — R%*4 with interpretation in the Fourier domain.

Corollary 4.5. Under the assumptions of Proposition[{.]], the kernel ky is curl-free.

When s > 2, the above follows from Corollary However, one can verify that kU/ and k‘J;, given
by , satisfy equation , and that the latter operation only involves two derivatives of ky (and kg
is twice differentiable when s = 1, by Theorem and the remark at the end of Section . Therefore
Corollary also holds when s = 1. The curl-free property may be seen in the Fourier domain as follows.

Proposition 4.6. Under the assumptions of Propositz'on if kg is integrable then EH(g) = hg(|l€l)
and kv (€) = hi, (|[€]]) Pr} + his(||€])) Pré, where hi> = 0 and
27

/0 P+ e (7) Ju(2mor) dr (as usual, p = %l —1). (46)

o) = @rohule), with  hnle) = 2

Proof. Under the sole assumption of translation-invariance, for all j,¢ € {1,...,d} it is the case that
K(©) == [ dj0ukue)e 7o = —(2mi€y)(2ri€y) [ a5 do = (20760 (6,

from which we have Ev(g) = (27||€]))? EH(ﬁ) Pr!. When kj; is also rotation-invariant, by Proposition
we must have EH(f) = hu(||€])) with hg (o) as in (46]), and we conclude immediately. O

The construction of the curl-free kernel ky from the scalar-valued kernel ky is summarized in Figure[7]
We have used the compact notation (ku/, kiz) to represent the coefficients of ky and (hl‘l/, h‘L/) to represent
those of its Fourier transform EV. The dual operator of the negative Hessian in the Fourier domain is
the map hy — ((270)%hx,0). Under the assumptions of Proposition we may actually compute the
corresponding “initial” kernel kz; in terms of the non-zero coefficient h|‘|/ of /l;v; in fact, using the inversion

formula and the fact that hy(o) = (277'@)_2}1“‘/(@) yields:
1

ky(z) = ky(||z]), =eRY, with kg(r) = - / ot h“‘/(g) Ju(2mro) do, T > 0. (47)
0

We conclude that any integrable, TRI, curl-free kernel ky (i.e. with nonnegative h“‘/, and h%/ =0) of
a (s — 1)-admissible Hilbert space V' may be derived with the procedure described in Propositions
and [4.4] (ultimately, by applying formulae (45)) from the kernel kyy (z) = kg (||z||) of a s-admissible Hilbert
space of scalar-valued functions, where kg is given by formula . This proves the generality of the
above method for constructing RKHS of curl-free vector fields with TRI kernels.

Example revisited again. Consider a RKHS of scalar valued functions defined in R?, denoted

by H, with kernel ky(z) = kg (||z|), where kg (r) = 2%6*0’"2. As long as b > 0 and ¢ > 0 it is the case

that the Hilbert space is s-admissible, for all s. Formulae yield

k‘“‘/(r) = e and ki (r) = (b — 2bcr2)e_cr2, (48)
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which are precisely the equations of the coefficients of the kernel in Example 2] with a = 2b¢; that is, along
the diagonal line of the domain Do, which corresponds to curl-free kernels. See Figure (b)

Example 4 (Bessel-type curl-free kernels). Consider the scalar-valued kg (z) = kg (||z||), with

r\{—49 r
kg (r) = C <f) K (7) >0, 49
u(r)=Co (- al > r> (49)
where K, is a modified Bessel function of order v. When Cy = C(o,d, ) = (2£+%_17rg L(0) o)1, as
in , it is the Green’s function of L = (1 — 0?A)*. The corresponding Hilbert space H is s-admissible,
i.e. H— C§(R4R), if £ > s+ d/2. To apply our procedure, we must have at least s > 1. By Lemma
in Appendix |Al applying to the kernel yields

o= Q) 0 () - TR (D)) i o= B (D). o

g g g (o2 g (o2 o

where v = ¢ — g. From the asymptotic expansion for large arguments of K,,, given by in Appendix
one sees that the kernel with coefficients has heavier tails than the “Gaussian” case .

4.2 Divergence-free component

We have seen how one can create the matrix-valued kernel a curl-free RKHS by taking the “double
gradient” of a scalar-valued kernel. We will now illustrate how a the kernel of a divergence-free RKHS may
be created by taking the “double curl” of a matrix-valued scalar kernel (i.e. with equal diagonal entries).
For simplicity we shall limit ourselves to the case d = 3, which is the most relevant in applications.

Lemma 4.7. A 1-admissible Hilbert space W — C}(R3,R3) is divergence-free if and only if the linear
map curl : W — Co(R3,R?) is injective.

Proof. First assume that W is divergence-free. If curlw = 0 then w = V f for some scalar function f;
therefore Af = divw = 0 because W is divergence-free, and in fact f must be zero because it is harmonic
and it vanishes at infinity. Vice versa, assume that curl is injective on W. Take an arbitrary w € W and
let w = w; + wy be its Hodge decomposition (i.e. curlw; = 0 and divwy = 0). We have curlw = curl wy,
so by the injectivity assumption w = we, whence w; = 0. Therefore divw = divw; = 0. O

Let s > 1 and consider a s-admissible Hilbert space W — Cf§ (R3,R3), and the space of vector fields
V = {curlw|w € W}. By Lemma the “primitive” w € W of v = curlw € V is unique if and only
if W is divergence-free. With this condition, we can certainly follow a path that is similar to the one
described in the previous section and endow V with a reproducing kernel induced by the kernel of W.

Notation. Given a differentiable matrix-valued function G : R? x R? — R3*3 we indicate with curlSG
the matrix-valued funcion whose i column (with i = 1,2,3) is the curl of the i*" column of G; the curl
is computed with respect to the n'® set of variables of G (with n = 1 or 2). The definition of curl® G is
obtained by substituting the word “column” with the word “row”. If the matrix-valued functions of only
three variables g : R? — R3*3 is differentiable, curl®g (respectively, Curle) simply indicates the matrix
whose "' column (row) is the curl of the i*® column (row) of g, for i = 1,2, 3.

Proposition 4.8. For fived s > 1, consider a Hilbert space W — C§(R3,R3?) of divergence-free vector
fields, with kernel Ky : R3 x R — R3. Let V := {curlw|w € W} be endowed with the inner product
(v1,v2)v = (wy,wa2)w, where vi = curlw; and vy = curlwy. Then V — Cgil(RS,R?’), i.e. it 1s a
(s — 1)-admissible Hilbert space of R3-valued functions, and its kernel is given by Ky = cur11C curlg Kw.

Proof. We indicate with Ktl/v and Kwﬁ the 7" row and the j* column of K, respectively. One can easily
verify that (-,-)y is an inner product, V' is complete, and V' — Cgil(Rzz’, R3); therefore V is a RKHS. For
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arbitrary w € W let v = curlw; for all z, @ € R3 the kernel Ky must be such that

<Kv(-,m)oz,v>v =a-v(z)=oa-curlw(z)
= a1 (Bows(z) — Bzwa(z)) + g (Owi (x) — 81w3(x)) + a3 (811112(96) — 0wy (x)) = (by Theorem
=(m (32,2K{}[§(-, x) — 82,3K";[3(-, z)) + az (923K Yo x) — 0y VK 3, z))
+a3(821K (,2) — Do 2K, 1( ), w>W
= <(cur12R KW(-,x))oz,w>W <curl[(curlR Kw(, )a]’v>v <[curlc CurlR Kw(,z ]047U>V,

where in the last step we have used the fact that curl(ga) = (curl®g)a for any differentiable matrix-valued
function g : R? — R3*3 and any o € R3. This concludes the proof. O

In the translation-invariant case we have the following immediate consequence.

Proposition 4.9. Under the assumptions of Proposition [4.8, if Kw(x y) = ky (z — y) for some func-
tion kyy : R3 — R3*3 then Ky (x,y) = ky(x — y) with ky = —curl®curl® kyy .

Corollary 4.10. Under the assumptions of Propositions@ with r > 2 (md@, for any choice of o € R?
the vector field x — ky (x)a is divergence-free.

Proof. Since (curl®g)a = curl(ga) for any differentiable matrix-valued function g : R? — R3*3 we have
ky (2)a = (—curl®curl®ky (2))a = —curl|(curl®ky (2))a], and we conclude immediately. O

Lemma 4.11. For any twice differentiable matriz-valued function g = [gij]1<i j<3 : R3 — R3*3 we have:
curlcurl® g = curlfeurl® g =

03933 — 0203(gas + g32) + 03920 —0102933+ 0105923+ 0203931 — 03921 0102932 — 0103922 — 03931 + 0203921
—0102933+ 0103932+ 0203913 — 03 912 03933 — 0103(g13 + g31) + 03911 —0%g32+0102931 + 0103912 — 0203911
3132923*3133922*55913 +0203912 *512923 +0102913+0103921 — 0203911 6%922 — 0102(912 + g21) + C{922911

The above lemma may be proven by direct computation. We note that curl® and curl® commute, and
if g is symmetric (i.e. g;; = gj; for 1 <4, j < 3) then so is the matrix-valued function curl®curl® g

Remark. Before proceeding further we should note that the above procedure and results require the
s-admissible space of vector fields W (that we use to build the new space V') to be divergence-free. This
sounds like a severe limitation because, as we said at the beginning of the section, our goal here is to
formulate a procedure that generates RKHS of divergence-free vector fields. Having to start from such
a space does not seem very useful. The next results, that refer to the TRI case, solve this problem. In
order to interpret the results in the Fourier domain, we shall assume that the kernels are integrable.

Proposition 4.12. Let kq, ko : R? — R3*3 be the TRI, integrable kernels of two s-admissible Hilbert
spaces, with s > 2. If their Fourier transforms have the the same divergence-free coefficient h'-, i.e.

ki(€) = Ry (IE)l) Pry + At (J€) Pre  and  ka(€) = hy(€]) Prl + ha (|l€ll) Prg,  with hi = hg == bt

then —curl®curl®k; = —curl®curl®ky =: k, and k is a divergence-free kernel.

Proof. We first observe that if the Fourier transform a kernel k has coefficient A~ = 0 then, for all o € R3,
it is the case that curl(ka) = 0; but curl(ka) = (curl®k)a, therefore curl®k = 0 and curl®curl®k = 0 (by
the commutativity of curl® and curl®, see Lemma . Now, by the linearity of the operator M (and
its inverse), introduced by equation , for : = 1,2 we have

ki(z) = k?y(HfCH)PTQ + kit (|=]))Pry,  with
& k) = Ml )y = M@l 0) + M1 0, ) (51)
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f’

Space W : ky : (kb k) ——— Kk : (hly, hiy) = (0,h)
—curlCeurl® (—curlcurl™)»

Space V: ky : (ki ki) = (= 2kjy, , — Ly k) — R (Y, hi) = (0, (27m0)%h)
—curl®curl® (—curl“curl™)"

Space Wo: Ky, (2) = kwo(lgl;xH)]Ig, kv = Sk 4k — T Ry, (hﬂvov;bévo) = (h, h)

Figure 8: Construction of the divergence-free kernel ky from the divergence-free kernel ky, and (equiva-
lently) from the auxiliary scalar kernel kyy,, with interpretation in the Fourier domain.

note that hi = hy = h*t. We now apply curlurl® to both ki and ks and, by the first part of the
proof, we have that the component that corresponds to the first term on the right-hand side of
vanishes for both k; and ko; what survives is the second component, which is the same for both kernels.
Therefore curl®curl®k; = curl®curl®ks. The resulting kernel is divergence-free because, for i = 1,2, we

have (curl®curl®k;)a = curl[(curl®k;)a], for all o € RY. O

Consequently, if the coefficients of the Fourier transform k of a kernel k are (h”, hL), then the coeffi-
cients of the Fourier transform of curl®curl®k must be of the type (0, h.), where h, only depends on h™.
Going back to our original problem of inducing a RKHS structure on V' := {curlw |w € W} from the one
on W (Propositions and , this suggests an alternative way of computing the kernel ky .

Namely, we build a new auxiliary Hilbert space Wy — C§(R3,R3), with a scalar kernel, i.e. of the
form kyy, (z) = kw, (||x]|)I3, = € R3. Assuming kyy is integrable and divergence-free, the coefficients of its

Fourier transform Ky are (hl‘l,[,, hii;) = (0,h), for some nonegative function h : Rt — R. We define the
scalar kernel kyy, via its Fourier transform, as

Ky, (€) == hwy (I€])Ts, € € R3,  with Ay, := h; (52)

in other words, the coefficients of kyy, and EWO are respectively k&,o = kzﬁ,o = kw, and h|‘|/V0 = hﬁfo = hw,,
where we have set hyy, = h, i.e. equal to the non-zero coefficient of the Fourier transform of ky,. Equiv-
alently, and perhaps more interestingly, kyy, is the only scalar kernel whose divergence-free component is
precisely kyy. The next proposition relates the kernels kyr and kyy, explicitly in the spatial domain (as
opposed to the Fourier domain); this is summarized by the first and third rows of the diagram of Figure .

Proposition 4.13. Under the assumptions of Proposition[{.8, if the kernel of W is TRI and integrable,
with Fourier transform ky = h(||£]]) Pré, € € RY, then the kernel kyy,, defined in the Fourier domain
by (52)), has the form kw, = kw, (||z|)Is, = € R3, with

1
iy = 5 by + ki

2 oo d 1
Proof. We have that ky,(r) = Z/ " h(o) J.(2mor)do, with pu = 3 1= 3 (since d = 3). In
™ Jo
addition, since (h‘l‘/v, hi;) = (0, h), by Proposition it is the case that
2u+1 [
k‘uv(r) = /0 0" h(0) Jus1(2mor) do (where 2 +1=d—-1=2)

27 ©

o 1 1
and ki (r) = - /0 " h(o) J,(2mor) do — T o' h(o) Jus1(2mor)do = kw,(r) — Ekrgv(r) O
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By Proposition since ky and kWQRha,ve the same coefficient h' in the Fourier domain, it must
be the case that curl®curl®ky = curl®curl kyy,; the right-hand side is simpler to compute because kyy,

is characterized by only one coefficient (i.e. the function kyy,) in the spatial domain. This is done next.

Proposition 4.14. If Wy — C§(R3,R3), with s > 1, has scalar kernel kw,(z) = kw,(||z|))I3, = € R3,

and we define ky := —curl®curl®ky, , then ky (z) = k:|‘|/(||x||)Pr‘g‘g + ki (||| Pry with
|y = _ 29w, Loy Ldkwy o dPhwg,
ky () = . (r) and ki (r) = p—— (r) 02 (r), r>0. (53)

Proof. We first compute the curl “by rows” of kyy,:

/ T 0 3 —Zx2
curl® kyy, (z) = ki (=) —x3 0 x1 | = f(x) {vl(@ ‘1)2(93) ‘ v3(x) },
I P

where f(z) := kyy, (|z]])/l|z]|, and the v;’s are the columns of the above matrix. Now we have

ki (||x ki (||
Vfz) = ( WT;L I - VTTJEH?’ H)>a: and curlv;(z) = 2¢;, for i = 1,2, 3,
so that
2y .2
My lell) K (lll)y | #2775 Fw, ([l1)
curl(fvy) = Vf x vy + feurlv; = < Mﬁ) E — VTT E > —z129 | + 2W\0|7||el'
x x B x
Similar computations hold for curl(fvs) and curl(fuvs), which lead to
ki (|| ki (J|x ki (||x
e (e)  —eonCcu iy, — (D Dy oy oy KD,
] ] ]
e, ([l1) e, ([l1)
= 9 Wl Up (k:” (lz])) + 2oty pyt O
] e gdl )

Corollary 4.15. Under the assumptions of Proposition[{.1]}, the elements of V are divergence-free.

When s > 2, we already knew that the above was true from Corollary However (similarly to what

happens in the construction of curl-free kernel, described in Section [4.1) one can easily verify that k|‘|/
and k&, given by , satisfy equation for d = 3, and that once again the latter operation only
involves two derivatives of kyy,, which is twice differentiable when r = 1. Therefore Corollary also
holds when s = 1. The kernel ky can be characterized in the Fourier domain as follows.

Lemma 4.16. If g : R? — R is a twice-differentiable scalar-valued function and we define g = g3, then
it is the case that curl®curl®g = (All3 — Hess)g.

(054+03)g  —01dog  —0103g
Proof. By Lemma |4.11} curl®curl®g = | —81029 (03403)g —absg | = (AI[g - Hess)g. O
—0103g  —Oadzg (07 +03)g

Proposition 4.17. Under the assumptions of Proposition if kw, ts integrable and EWO(ﬁ) =
hIEINTs. & € B?, then kv () = hy (€] Prg + h-(€]) Pre-, with by, = 0 and hiy() = (2m0)*h(0)-

Proof. We have ky, (r) = g(x)l3 with g(z) := kw, ([|z]]), » € R3; by Lemma 4.16}7 ky = —curl®curl® ky, =
(Hess— All)g. Since [pq 0;009(x) e 2™ %dx = —(2m)%¢;€,9(€) and §(£) = h(][[€]]), we may finally compute

kv (€) = (2m)* (1161715 — €€7) A€l = @ lI€1)* R(I€]) Prg- O
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The situation is completely illustrated by the commutative diagram in Figure [§ In summary, given
an arbitrary s-admissible Hilbert space W of divergence-free vector fields with kernel kyy (i.e. given the
corresponding coefficient in the frequency domain hﬁ/ = h), we can always build another space Wy with
a scalar kernel kyy, such that curlccurleW = curlccurleWO. Then by Proposition the kernel of the
space V := {curlw |w € W} may simply be computed as ky = —curlccurleWO, i.e. by equations .

In fact, given the arbitrariness of hﬁ/ = h, we may start from any Hilbert space Wy — C§(R ,R3)
with a scalar kernel, compute the new coefficients via and these will correspond to the kernel of
V= {curlw|w € W} for some s-admissible space W of divergence-free vector fields, whose kernel kyy
we do not need to make explicit. This provides us with a practical procedure for building kernels of

divergence-free vector fields. Since h(p) = (277@)_2h|‘|,(g), we finally note that by formula we have

: L[>
kw, (z) = kw, (|23, = € R with  ky,(r) / oL (o) Ju(2mro)do, T >0 (54)

2rrk Jy

(where p = % -1 = %) Therefore the procedure is general, in the sense that any integrable, TRI,

divergence-free kernel ky of a (s—1)-admissible Hilbert space V' may be derived by applying formulae
to the a scalar kernel kyy, of a certain Hilbert space Wy — C’S(R3,R3), in fact given by formula .

Generalization to arbitrary dimensions. Thanks to the interpretation of the differential opera-
tor —curl®curl® in the Fourier domain provided by Proposition [4.17, we may actually extend the above
procedure, and formulae , to R™%valued TRI kernels, with arbitrary d.

Proposition 4.18. Let kyy, — C5(R%,RY) be integrable and of the form kyw,(x) = kw, (|||, with
Fourier transform ky, (&) = h(||¢]|)14. If we define ky wvia its Fourier transform as ky (§) = hﬁ(HéH)PréL
with hiz(0) = (2m0)?h(p), 0 > 0, then the coefficients of ky are given by

|y d—1dkw, Lo d=2dkw,, . Pl
ky (r) = — (r) and ki (r) = g (r) 02 (r), r>0. (55)
. 2u+1 o
Proof. By (32a)) with Al = 0 we have ky/(r) = :‘LMH (27r)2/0 " 2nh(0)J,41(2mor) do. We note that

2 e 1dk * 21)2 [
oht1 / pht2 (;WWO(TD Jyut1(2mor) do ® —(@L) / P e (1) Ju(2mor) do = —2mh(o);
0 0

in step (%) one uses an argument that is in all similar to the computation in . Since the transforma-
tion , with 4 + 1 instead of u, is an involution, it must be the case that

1dk 2w [
- WO(?“)=T,thl /0 "% (=27h(0)) Jur1(2mor) do,

r dr

which allows us to complete the computation of k“‘/ (note that 2u+1 = d—1). To calculate k;> we simply
use formula , which is valid for divergence-free kernels, rewritten as k# = k:y/ + 79 dk:y/ /dr. O

By considerations that are in all similar to those above, we conclude that all divergence-free kernels, in
arbitrary dimensions, may be obtained from scalar ones via formulae , which generalize .

Example [1}, revisited again. Let Wy — Cj(R? R?) be a RKHS and kyy,(z) = kw, (||z|/)l4, where

kw, (r) = Wb_l)e*c’ﬂ, with b > 0, ¢ > 0; Wy is s-admissible, for all s. Formulae yield

2b
k“‘/(r) = be " and ki (r) = (b — 7 761 T2>670T2, (56)

which are precisely the equations of the coefficients of the kernel in Example (1| with a = 2b¢/(d —1), which
is the line on the boundary of D; that corresponds to divergence-free kernels. See Figure (a).
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Example 5 (Bessel-type divergence-free kernels). Consider the scalar kernel kyy, (z) = kw, (||z|])Lg, with
kw, given by the right-hand side of ([9)); if £ > s + d/2 then Wy — C§(R?%,R?). Using Lemma if we
apply formulae to such kernel ky, we get:

th) = S0 (5) R (D), and ki) = (D) vra-s g (D)L k(D)) 67)

o2 o/ o

where v = (— g. Once again, the kernel with coefficients has heavier tails than the Gaussian case ([56)).

5 Application: matching of landmark points

To illustrate an application of the tools that we developed thus far, in this section we shall study the
problem of matching feature points, or “landmarks” [28, 33| [38], [58]. Let Q2 be an open subset of R™. The
set of N labeled landmark points in ) is defined as:

LNQ) = {(Pl,...,PN) . P, e, P, £ P, fora;'éb}, (58)

which is in fact a manifold of dimension n = Nm. The generic element of £V () is called landmark set.
For any pair of elements of £ () we will look for a time-dependent velocity field of “minimal energy” (to
be defined) that deforms the first landmark set into the other; we shall consider velocity fields in RKHS of
the type described in this paper. This will result in the formulation of a Riemannian distance in £V ().
Before proceeding, we first review some some known results.

5.1 Ordinary differential equations and groups of diffeomorphisms

We briefly summarize some facts on ordinary differential equations where the time-dependent velocity
fields take their values in RKHS of the type described in this paper, and on the deformations that such
dynamical systems generate. The interested reader is referred to [58] for further details and results.

Consider a 1-admissible Hilbert space V — C&(Q,Rd), where () is an open subset of R"*; for now
we shall not introduce further assumptions of invariance. We indicate with X"} := LP([0,1],V) the space
of V-valued time-dependent vector fields ¢ — v(t,-) € V such that

ollay = / Jott. )1 dt)?

In particular, X2 is a subset of X} and is Hilbert itself with the inner product (u, U>X‘2/ = fol (u,v)ydt.

If Vs C}(Q,R?) then it is the case [58, §8.2] that for any v € XL, to € [0,1] and z¢ € Q the initial
value problem Z = v(t, z), z(tg) = x¢ has a unique solution of the type z(t) = (¢, to, x), for t € [0, 1]. We
define ¥ (z) := (¢, s,z) and call it the flow associated to v; it has the group property ¢?, = ¢f, o ©2,
for all 7,s,¢t € [0,1] and v € & In fact, under the assumption that V < C2(Q, R?), we have that for
all v € X and s,t € [0,1] the map ¢ : Q — Q is a diffeomorphism of Q.

vV — C&(Q, R%), we denote with Gy := {gb v e X‘l,} the set of diffeomorphisms provided by flows
associated to elements of v € X at time 1. For any 11,2 € Gy we define

dv(r.v2) = inf, {lvllg 5 v2 =10l

it was proven by A. Trouvé [58, Theorem 8.15] that the function dy is a distance on Gy, and that (Gy, dy )
is a complete metric space. For any 1,12 € Gy, their distance may in fact be computed as follows:
dy (¢P1,192) = inf,e vz { HUHX‘% Dby = P10y, }; that is, the search of v may be restricted to the set X2 C XL

The infimum attained in X‘%: more precisely, for all ¥, € Gy there exists a time-dependent vector
field v € X2 such that dy (¢1,19) = HUH;@ = HUHX‘2/7 and it is such that ||v(¢,)||y is constant with respect

to t € [0,1]. See [58, Chapter 8] for details.
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5.2 Interpolation of vector fields

Let V be a non-degenerate RKHS with kernel K : Q x Q — R%*¢ where € is an open subset of R™; for
now we shall introduce no further assumption of translation- and rotation-invariance, or differentiability,
of the kernel. We consider the following problem.

Interpolation Problem 1 (IP;). For any landmark set S = (x1,...,zy) € £Y(Q) and any N-tuple of
vectors (B, ..., 0y) € (RH)Y, find a vector field u € V such that

{ u(xg) = By for 1 <a < N, and

||ul|y is minimal.
For this purpose, for a fixed S = (x1,...,2x) € LV () we define the linear subspace of V:
Vs:={ueV|u(z,)=0foralla=1,...,N}.
Its orthogonal complement with respect to the inner product (-, -)y is given by the following result.
Lemma 5.1. If S = (z1,...,zy5) € LN(Q), then VSL = span{K(-,xa)a | a=1,...,N,a € ]Rd}.

Proof. We have u € Vs if and only if SN | g -u(za) = (N K (-, 20)am, u)y = 0 for all ay, . .., ay € R%
So Vg = Span{K(-,xa)a‘a =1,...,N,a € R}, But {K(~,xa)a|a =1,...,N, a € R has finite
dimension (and whence it is closed), so the claim follows immediately. O

Proposition 5.2. Fiz S = (z1,...,zn5) € LN(Q). For any u € V, there erists a unique u, € VSL such
that u(x;) = u(w;) for alli=1,...,N; it is given by the orthogonal projection of u onto Vg-.

Proof. Let u. be the orthogonal projection of u onto Vg; then u — u. € Vg, i.e. u(z4) = ux(z,) for a =
1,...,N. On the other hand, if u, € VSl is such that u(z,) = u.(z,) for a =1,..., N, then it is the case
that u — uy € Vg, i.e. uy is the orthogonal projection of uw onto VSJ-. O

Corollary 5.3. Let V be a RKHS. If a solution u to 1Py exists, then u € VSL. If u e VSL is a solution
to IP1 restricted to VSL, then it is a solution to IP1 on all of V.

Therefore if the solution to IP; exists then it must be in Vsl, i.e. of the form

N
u(-) =Y K (-, xp)au, (59)
b=1

for some choice of vectors ay,...,ay € R% The squared norm of such vector fields may be written as
|ul|? = E(]Xb:l aq - K(xg,xp)0p. Inserting xq,...,xyx in the above expression and imposing the condi-
tions u(z,) = B, a = 1,..., N, we see that we are looking for vectors a1, ..., an such that
N
ﬁa:ZK(xa,xb)ab, a=1,...,N. (60)
b=1
Introducing now the vectors in RV¢ and the matrix in RV4xNd
K(z1,71) K(z1,22) -+ K(x1,2N)
Qi B
K(zo,21) K(zo,22) -+ K(x9,2N)
o= , ﬁ = s K(SL’) = . . . . ) (61)
an BN ‘ ' . '
K({L‘N,wl) K(xN,xg) K(.%'N,I'N)

we may rewrite simply as B = K(x)a, while |ul|} = a - K(z)a. Note that the matrix K(z) is
invertible (in fact if K(z)a = 0 for some a € RV then a - K(xz)a = 0; but a - K(z)« is the left-hand
side of (3)), so if V' is non-degenerate we must have a = 0). Therefore the only solution to 8 = K(z)a
is @ = K(z)7!3. In conclusion, there exists a unique solution to IP; when this is restricted to Vg, which
is the vector field with a = K(x)~!3. By Corollary |5.3| this is the only solution to IP; (on all of V).
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5.3 Landmark matching via diffemorphisms, with geometric intepretation

We will now formulate and provide a method for solving the more difficult problem of matching landmark
sets with flows of diffeomorphisms. For Q C R? open and connected, we introduce the further assumption
that the non-degenerate RKHS is 1-admissible, i.e. V — C3 (2, R?).

Interpolation Problem 2 (IP;3). For any two landmark sets I = (x1,...,2n) and J = (y1,...,YnN)
in £V(Q), find a time-dependent vector field v € X2 such that

01 (a) =y for 1 <a < N, and
||v||X‘2/ is minimal.

For v € X%, S = (21,...,zn) € LY(Q) and s,t € [0,1], we let ©%(S) = (¢Y%(x1),.-.,¥%(xN)),
where @Y, is the flow associated to v. Since @Y is a dlffeomorphlsm we have ¢¥(x,) # p¥(zp) for a # b,
whence % (S) € LN (). We also introduce the subset of X2:

X3(8) = {ve X} |u(t,) €V 8 (s), forallt € [0,1]}.

Theorem 5.4. Assume that V is a I-admissible Hilbert space, and let S = (x1,...,xx) € LN (). For
any v € X% there exists a vector field v, € X2(S) such that pi;(ra) = ¢4 (z4) for all t € [0,1] and
a=1. N and ||ve(t, ) |lv < |lv(t,)||v for all t € [0,1].

Proof. Fix v € X%, and for all t € [0,1] let v.(Z,-) be the projection of v(t,-) € V onto V;g (s)} Py
t

Corollary [5.3] it is in fact the vector field of minimal norm | - ||y such that, for all @ = 1,..., N,
Ui (t, 08 (za)) = v(t, o4 (xq)). Therefore, by the uniqueness of solutions to ordinary differential equa-
tions (discussed in §5.1]), it must be the case that ¢(; (z4) = @l (za), for all t € [0,1] and a = 1,..., N.
This also implies that Ve gy = Vi (s), therefore v.(t,-) € V(g for all t € [0,1], ie. vy € X2(S). Also,
by construction we have that ||v.(t,-)|v < ||v(t,-)|v for all t € [0, 1]. O

Whence the solutions of the problem 1Py must be searched among the vector fields of the form

N
=Y K (-, m®)a(t),  telo,1], (62)
b=1

for some set of functions «, : [0,1] — R? a = 1,...,N, where we have introduced for simplicity the
notation z,(t) := g, (z4), a = 1,..., N (the above equation is precisely expression (1)) in the introduction).

Note therefore that expression for v is implicit, in that the trajectories z,, a = 1,..., N, also
depend on v. So we can parametrize the search space X‘%—(S ) of the solution to IPy by the functions oy,

a=1,...,N. Similarly to earlier, for all ¢ € [0, 1] we introduce the vectors in RN¢ and matrix in RV¥*Nd,
K(.%'1<t),x1(t) K(:Cl(t),.%']v(t)
(e %] (t) T (t) T T .. T T
ay=| i | ew=| ¢ | Km)=| A K AN )
an(t) rN(t) K(QZN(t), :El(t)) . K(ajN(t), :EN(t))

Note that since we assumed that V — C(€,R?) is non-degenerate, the matrix K(x(t)) is invertible
for all ¢ € [0, 1]. Note also that the norm of the vector fields of the type may be written as ||v(¢, )|y =
a(t) - K(x(t))a(t), by the reproducing property of K. Therefore the solutions to IPs must be searched
in the space X‘%—(S), whose elements have norm that may also be parametrized by the functions «,
a=1,...,N, as follows:

1
lol% —/ Z aq(t Za(t), zo(t)) n(t) dt:/o a(t) - K(z(t))e(t) dt, (64)

a,b=1
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a), for t € [0, 1] and a = 1,..., N. Therefore, by definition, it

where, we remind the reader, z,(t) := g, (z
; by expression , we must have

must be the case that @,(t) = v(t zq(1));

= ZK(ma(t),xb(t))ab(t), tel0,1, a=1,...,N,
b=1

or, with the compact notation introduced in (63)), (t) = K(x(t))a(t), for ¢t € [0,1]. We conclude that
the squared norm of vector fields in A2 of the type may be rewritten as:

1
ol :/0 a(t) - K(z(t)) e (t) dt, (65)

where x, : [0,1] — LV (), and a = 1,..., N, are the trajectories determined by the vector field v.

We note that the right-hand 31de of . ) may be interpreted in differential-geometric terms [34} [35]
as the energy of a curve t — x(t) on the Nd-dimensional manifold £V () with respect to a Riemannian
metric (remember that @ C R? in this section). In the coordinates of the landmark points, which we
indicate here generically as (¢',...,¢") € £N(Q) with ¢ = (¢*',...,¢*%) € R? for a = 1,..., N, the
corresponding metric tensor is written as the Nm x Nm matrix-valued function:

K(gh ) K@) o K@he¥)]™
o(qhs ) = K(q:,q) K(q:,q) K(q:,q) ' (66)
K(N,q¢") K, ¢*) - K", ¢V)

We now introduce notation from mechanics [3], namely ¢%(t) := z4(t) € RN? and p,(t) := au(t) € RV
with ¢ € [0,1] and @ = 1,..., N, for landmark positions and momenta, respectively; also, we shall write
q(t) := x(t) and p(t) := a(t), t € [0,1]. Whence @(t) = K(x(t))a(t) translates into

ZK ®))pe(t), te[0,1], a=1,...,N, (67)

which is nothing but the * sharp isomorphism of differential geometry (raising of the indices) with respect
to the metric tensor , that maps cotangent vectors into a tangent vectors (this justifies the upper
location of the index in ¢%, a = 1,..., N). From the energy of the curve (65) we deduce immediately the
form of the Lagrangian function [3} [34] for landmarks, namely L(q,q) = 54 - 9(¢)¢, and the Hamiltonian
function which we may write as follows:

N N d
1 -1 1 1 y
H(p,q) =50 (9) p=5 D ra K@ =5 > > K(a" "W, (68)
a,b=1 a,b=11,j=1
where we have explicitly written the components of the momenta p, = (pa1,...,Ped), @ = 1,..., N, and

we have indicated with K% the (i,5)™ element of the matrix-valued kernel K. We shall use in the
next section to study the dynamics induced by the landmark matching problem.

Discussion. In light of the above, the landmark trajectories resulting from vector fields v € X‘% that
solve IPy will be length-minimizing geodesics in £V (Q), with respect to the metric tensor , that
connect the landmark sets I = (x1,...,zx) and J = (y1,...,yn). Once such length-minimizing geodesics
q:[0,1] — £N(Q) are known, the momenta are computed via the inversion of the equations (67)) (i.e. by
p(t) = K(q(t))"4(t), t € [0,1]), while the corresponding v € X is obtained via formula (62)). We
also have, by the results summarized in that the resulting geodesic distance between the sets I =
(z1,...,2x) and J = (y1,...,yn) in LN(Q) is equal to dy(pY;,id), i.e. the distance in the group of
diffeomorphisms Gy between the ¢f; and the identity diffeomorphism.

Finally, we note that the shape of the geodesics in £V (2) must clearly depend on the initial choice of
the Hilbert space V — C(1, R?), i.e. on its kernel; some examples will be seen later. We refer the reader
to [38] for a study of the geometry (in particular, of the sectional curvature) of £V (R?) equipped with
the metric in the case of scalar kernels, i.e. of the form K(z,y) = k(|| — y||)L4.
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5.4 Hamiltonian dynamics

In the previous section we derived the Hamiltonian induced by the matching problem for landmark sets.
We shall now develop Hamilton’s equations, i.e. the geodesic equations in £V (Q) with respect to the
metric tensor . Also, we will consider the particular case of TRI kernels.

Proposition 5.5. Let V — C}(Q,RY), with Q@ C R? open and connected, be a RKHS with kernel K.
Hamilton’s equations for the manifold LN (R?) equipped with the metric tensor are given by:

N
"= K", ¢")p (692)
b=1
N d '
Pai == > 01:K7(q",¢") Pajpuk (69b)
b=1 j k=1

fora=1,...,N andi=1,...,d.

As in Section 4}, 0, ;K in indicates the partial derivative of (z1,...,24,91,...,yq) — K(x,y) with
respect to the i-th component (i = 1,...,d) of the n-th variable (n = 1, 2).

Proof. Computing ¢* = % yields the first equation immediately. Also:

D

0 gk (g, P, gP) = T 00" | 5, Kt ach)
g v @4 2\ 9g® : Dg®

D
=S (aMKf’f 505¢ + By KI* 5355) = 01 K% (q?, ¢°) 00 + Do K7% (g, °) OC.
/=1

Since K7*(z,y) = K*¥(y,z) it is also the case that 8§§K(:L',y) = aﬁK(y, x), whence

N D

. OH 1 ik( b b kj b
bei = =5 = 3 > Z (31,1'K] (4°,4°) 6, + 01, K™ (q% q )5§)ijpck
b,c=1j,k=1
D N A
= -3 Z ( Z 61 ZK] q » 4 )pa]pck + Z 81 zK j q q )pb]pak) Z Z al,iK]k(qaa qc)pajpck’
]k 1 c=1 k=1 c=1
where, in the last step, we have simply relabeled the indices. This concludes the proof. ]

We now assume that Q = R? and that the kernel of V is translation-invariant, i.e. K(x,y) = k(z —1y),
for some function k : R — R%*?_ In this case Hamilton’s equations obviously become:

N
"= k(g"—4¢")po (702)
b=1
N
) ok , ,
boi ==Y o 50" =) (70Db)
b=1 v
with @ = 1,...,N and i = 1,...,d. In the translation- and rotation-invariant case (TRI kernels) the

equations take a form that is determined by differentiating the general expression .
Proposition 5.6. Consider a Hilbert space V — C} (R4, R?) with a TRI kernel. Then

! I L ~ eixT xel z
(#) = 17 [ el Prl) + = (el Pr )] el Rl [ 2 bl )] ()

fori=1,...,d, where k is given by .
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Figure 9: Plots of the vector field v(z) = S22_ k(z — ¢*)a, for three different choices of the kernel, with

a=1
the same landmarks ¢® and momenta «,, a = 1,2, 3.

Proof. By differentiating the generic matrix element with respect to 2 we get

okJk wzk 9 o xizk 0 .
o () = ot o (9l = )] + DKl = k- (le)] s o + k() 6

dk|l dk+ ook ~ Sk + 5k xiad gk dk+ o
=|——U=zl) = ([l + |2kl ( — =2 + (I=l) 7= 67%,
{dr dr } =3 ( [l [||* ) dr [Eal

where (5f is Kronecker’s delta. We note that we have (e,-xT)jk = (5ka and (xe;fr)jk = xjéf', SO we can
rewrite the above in matrix form as follows:

ok zt rdkl dk+ zxl ~ eixl +xel 220 zaT dkt x
(@) = | Sl = S (lal | g kel k) (5 - )+ S () o L
O’ ]| L dr dr ]2 ] | =]/ dr ]
the proof is completed by using the definitions of the projection operators . O

Corollary 5.7. Under the assumptions of Proposition |5.0, if V is also divergence-free, i.e. if condi-
tion holds, the partial derivatives become

1 dkl eial + el

=1 g el (72)

ok xt [d+ 1dkl

||z ld =1 dr

1
5 =Tl () Prl ) + Sy P ()] -

Corollary 5.8. Under the assumptions of Proposition if V is also curl-free, i.e. if condition
holds, the partial derivatives become

ok at pydk! dk+ dik* dk* eix! + wel

5@ = o [ (G ) =25l )Pt (@) + (el Pr ()] + GGl e (73)
For any given choice of differentiable coefficients (k”, kL), the expression can be inserted into ,

and Hamilton’s equations may be solved numerically to yield the landmark trajectories. Once these are

known, the time dependent velocity field can be computed (with z, = ¢* and o, = p,), and numerical

integration of the differential equation 0y, (t, ) = v(t, ¢y, (z)), with initial condition ¢f,(x) = , yields

the diffeomorphisms ¢g;. This is shown in the next section for different choices of the TRI kernel k.

5.5 Numerical results

Figure |§| shows the vector field u(z) = Zi:l k(z — ¢%)ay, which is of the type (62), with landmarks

ql = <_17 0)7 q2 = (_1/27 1)7 q3 = (17 0) in ES(R2)7 and momenta a1 = (1/ﬂ7 1/\/5)7 Qa2 = (_2/\/57 1/\/5)7
as = (=2/v/5,—1/4/5) (so in this case ||aqy||gz = 1 for a = 1,2,3), but for three different choices of the
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Figure 10: Landmark trajectories in £2(R?) for three different choices of the kernel (scalar, curl-free,
and divergence-free); bullets (o) and stars (x) are the initial and final configurations, respectively, and the
arrows are the initial momenta. The grid represents the diffeomorphism ¢f; of the ambient space. The
bar at the bottom left of each graph represents the “width” 1/4/c of each kernel.

TRI kernel k. The first one is the Gaussian scalar kernel k(z) = k(||z|)Iz where k(r) = e~ with ¢ = 1,
the second one is the kernel from Example [2] and the third one is the kernel from Example[1} in
the last two cases, a =2, b =1, ¢c =1 and d = 2, so that the two kernels are, respectively, curl-free and
divegence-free. It should be apparent that given the completely different nature of the kernels and the
corresponding vector fields, so should be the landmark trajectories obtained by integrating Hamilton’s
equation and as well as the corresponding diffeomorphisms of the ambient space. Here we
shall give examples of such trajectories and diffeomorphisms for the above choices of the kernel.
Shooting landmarks. Figure [I0] shows the landmark trajectories that result from shooting land-
marks, i.e. from solving Hamilton’s equations and as an initial value problem, namely with
specified initial landmark sets in £2(R?) and initial momenta; the grid in each graph represent the cor-
responding diffeomorphism ¢, which is obtained from the landmark trajectories by integrating numeri-
cally the differential equation 0ypf,(t, x) = v(t, ¢, (x)) with initial condition ¢, (z) = z, where v is given
by equation . This is done for the above three choices of Gaussian kernels (scalar, curl-free, and
divergence-free), with parameters ¢ = 16, b = 1/(2¢), a = 2bc and obviously d = 2 since we are working in
two dimensions. Specifically, row (A) shows the numerical solution of the above problem when the initial
landmark set is (¢!, ¢?) = ((0,0),(0,0.15)) and the momenta are parallel and both oriented to the right,
namely (p1,p2) = ((15,0),(15,0)). The geodesics in the scalar case had already been examined in [38];
we note that their behavior in the curl-free case is qualitatively similar. By Liouville’s Theorem [3] a
time-dependent divergence-free vector field v generates a flow g, that preserves volume; such preserva-
tion shows clearly for the diffeomorphism in the last figure on the right, which is distinctly different from
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Figure 11: Exponential maps exp, (tQ(O)) in £2(R?) for scalar, curl-free, and divergence-free Gaussian-
type kernels; the initial landmark configuration ¢ = (¢!, ¢®) is shown in the first graph. The black and red
grids illustrate the geodesic trajectories initiating from ¢! and ¢? respectively, for different choices of the
initial momenta (p; and py are chosen symmetrically with respect to the z-axis), and sampled in ¢ € [0, 1].

the previous two in the shape of the landmark geodesics as well. On the other hand, row (B) shows the
geodesic curves resulting from shooting landmarks in parallel but opposite directions: that is, with initial
configuration (¢',¢?) = ((—0.4,—0.125),(0.4,0.125)) and initial momenta (p1,p2) = ((20,0),(—20,0)).
Once again, we notice that volume is preserved in the diffeomorphism induced by the divergence-free
kernel; the path followed by the landmarks in this case is also characteristically different, in that in order
to avoid compression the two landmarks do not spiral but tend to steer away from each other.

Exponential map. Finally, Figure (11| shows exponential maps exp, (tq’(O)) [34] in £2(R?), for the
above choices of the Gaussian kernel (scalar, curl-free, and divergence-free); with the same choice of
parameters as in the landmark shooting examples. In all three cases, the initial landmark positions are
fixed at ¢ = (¢*, ¢*) = ((0,—0.125), (0,0.125)), whereas the initial momenta are of the type p = (p1,p2) =
(50(cos 0,sin ), 50(cos 0, —sinf)) with 0 € [-F, 5] (the first of Hamilton’s equations relates the
momenta p and the landmark velocities), and the paramenter ¢ is sampled in [0,1]. We observe that
the exponential maps for the Gaussian scalar and curl-free kernels are qualitatively similar, in that they
have one “folding”: this illustrates the existence of conjugate points, i.e. landmark sets in £?(R?) that
are connected to the initial configuration ¢ = (¢!, ¢?) by distinct geodesic paths. The situation becomes
considerably more complex in the divergence-free kernel case, where we observe multiple foldings: the
exponential map keeps adding extra folds as ¢ increases, and the existence of several distinct trajectories
connecting landmark sets to the initial configuration is apparent.

Figure [12| shows a detail of the same exponential map in the region where most foldings occur, and
a single trajectory of landmarks in the divergence-free case (with initial horizontal momenta, § = 0),
at different spatial scales; note that the latter trajectory exhibits an apparent “periodic” behavior. Our
interpretation of this phenomenon, that only appears in the divergence-free case, is that for two landmarks
to move in the same direction in an incompressible fluid they have to “swim” in such fashion so that the
fluid gets out of the way as they proceed along their paths. In any case, this is certainly a qualitative
behavior that needs to be investigated more and suggests that the differential geometry of the manifold of
landmark points £V (R?) with the metric (66)), with matrix-valued kernels, should also be studied further.
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6 Conclusions

In this paper we have provided a thorough and systematic study of matrix-valued definite positive kernels
that induce translation- and rotation-invariant metrics in the corresponding Reproducing Kernel Hilbert
Spaces. We have conducted a novel analysis of such kernels in the Fourier domain: here the classification
of spaces of curl-free and divergence free vector fields is very natural, in that each corresponds to one
of the two coeflicients of the Fourier transform of the kernel being equal to zero. This allows one to
perform the Hodge decomposition in RKHS via the computation of Hankel transforms (which may be
done analytically or numerically). We have also devised a method for building curl-free and divergence-
free kernels via an appropriate differentiation of scalar kernels; we have also proven that this constructive
procedure is general, in that any TRI kernel (more precisely, the terms of its Hodge decomposition) may
be obtained this way. Such method may thus be used to design a large class of positive kernels. We have
given a summary of the application of the LDDMM approach to the interpolation of vector fields and the
matching of landmark points, together with the differential-geometric interpretation and the derivation of
the corresponding Hamiltonian. Finally, we have given numerical examples of the dynamics of landmark
points and the corresponding flow of diffeomorphisms for different choices of TRI kernels.

Future work should focus on the design of kernels that are appropriate for different applications,
especially in computational anatomy and related fields. For example, the shape of geodesics should be
studied in relation to the choice of the kernel; in particular, note that all the kernels that we have considered
in the examples have a length constant (e.g. the parameter o > 0 for Bessel-type kernels), so that the
induced dynamics in the space of landmarks (and, for that matter, in the group of diffeomorphisms itself) is
not scale invariant; furthermore, the regularity of the kernels at zero and the heaviness of their tails are also
crucial in determining both the qualitative dynamics and the complexity of numerical implementations.
Last, but not least, the visualizetion of the exponential map in the previous section (especially in the case of
divergence-free TRI kernels) reveals the presence of several conjugate points, i.e. landmark configurations
that are connected by distinct geodesics; the study of the dynamics of £V (R?) induced by the action of
diffeomorphism groups should be furthered, and the investigation of the differential geometry of the space
of landmarks that was started in [38] in the case of scalar kernels, which is useful for the ultimate goal of
performing statistics on such manifold, should be extended to the case of generic TRI kernels.
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Appendices

A Relevant properties of Hankel transforms and Bessel functions

e Fourier-Bessel integral [19, Chapter 2] [47, Chapter 1]: this is also known as Hankel’s integral
formula, or the inversion formula for Hankel transforms:

/ / f(r) Ju(2mor) ’r‘d’l“}JH(27TtQ) odo = (];7(5))2, t>0. (74)
e Recurrence relations for Bessel functions of the first kind [I], §9.1.7]:
Toa(2) + T () = g (2) (75)
Jom1(2) = ZJu(2) = J(2) (76)
~ () + S Ju(z) = J(2) (77)

e A result on modified Bessel functions of the second kind:

v
Lemma A.1. For fired o > 0 and arbitrary v the function f,(r) := (£> K, (1), r > 0, is such that:
o

o
/ _ _l T\Y r Mmoo i v—-1,
) =——() Ku_1(0)7 L) = b r) + £ (). (78)
Proof. We have f)(r) = ”(a) (g) 1(Z)7K],(L); using the property K}, (z) = —K,_1(2) — LK, ()
of modified Bessel functions [IJ, 26] ylelds the first of ( . Differentiating the latter gives

d 1/7r r\v—1 r (=) 1 /ryv-1 r 1 /r\v T
"
A ) R C}2-B G ) ¢ B ()
v (7) dr{ O'(O') (o) 1(0 o?\o I\s + o2 \o o
where in () we have used the first of equations (78) with v — 1 instead of v. At this point we use

the property K, o(z) = K, (z) — 221K, _1(z) of modified Bessel functions [I], §9.6.26], and elementary
manipulations lead to the second of equations . ]

e Asymptotic expansion for large arguments of the modified Bessel function K, [I, §9.7.2]:

T, —1 —D(p-9 — 1) (= 9)(u—25
oy [Ee {1 A1 D00 U902 |y

valid for fixed v and | arg z| < %ﬂ'; in the above, p = 412

B Bochner’s Theorem and consequences

We shall reformulate the generalized version of Bochner’s theorem as follows:

Theorem B.1 (Bochner). Consider a matriz-valued function k € L*(R™ R*?) whose Fourier trans-
form k is also L', and define K (z,y) :=k(x —y), z,y € R™. The following facts are equivalent:
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i. K is a positive definite function;
ii. for all f € C°(R™,CY) it is the case that () E(ﬁ) f(&)d¢ >0;
R™
iii. for all £ € R™, it is the case that E(f) s a positive hermitian matrix.

Proof. We have that k(x me 2”i<x’5>d§, x € R™ so we first note that for fixed N € N, =
(x1,...,zN) € (R™)N and a=(ai,...,ay) € (RHYN we may write
N
S g Kl — m)o = / £ (€ RE) fmal€) . (80)
a,b=1

where fz a(§) := Zflvzl e~ 28, We now proceed with the proof.
(i.=ii.) Fix f € C(R™,C%) and ¢ > 0. By the continuity of integration, there exists A > 0 such
that Cy := [—A, A]™ verifies me\CA IIk(€)||d¢ < e. We can choose A large enough such that suppf C Cj4.

Consider now the periodic extension of f in R™ and its Fourier series expansion:

foer(€) = Y f(6—Ap) = D e ™2t CeR™, with ¢, = [ f(§) e 2atdE, pe ™.
pEL™ peEL™ R
The above Fourier series converges uniformly, whence there exist M € N, points p1,...,py € Z™ such
that ’f(f) — Zi\;l exp ( 2mibe 5)0@‘ < ¢ for all £ € C4, where we have set a == ¢p,, fora=1,..., M.
In other words, there exist = (:1;1, ...,xp) and a = (aq,...,ayr) such that

SUPgec, {‘f(f) - 25:1 exp (—2m'xa . f)aa‘} <e.

Since || f — fz,allcy.00 < € We have || fper — fz,all0 < €, Whence < || fperlloo +€ = || flloc +&. Now,

'/ £ (€ R(E) fr € i — /f f(i)dé‘

/ Fi o) K(E) faal€) dE ‘ + Fi O KE) foal€)dE— [ f(EOKE)F(E)
Rm\C' s Ca Ca

11 Iy

<

with R [ RO feale)E < (1] +2)° /m\ IR(©)ds < (1]l + <)
and Izé’ [ (faal€) = F(E) KO frale dg] ' / G fma(ﬁ)—f(ﬁ))df‘
< / €)= FEONRE) [l fra©)l de + / OO foale) — F(E)] de
Ca Ca

<ellkllpr ([1flloc + &) + I fllocllel 1 &,

where [k|l, = fn [IK(¢)l|dg. Therefore Iy + Iy < (||l + &)’ + [kl £ (| flloo + €)e + K]l 1 [ flloo .
which concludes this part of the proof.

(ii. = iii.) The matrix k(¢) is self-adjoint for all § by the arbitrariness of f € CZ°(R™, C%). Assume
now that for a & € R™ the matrix k(fg) has an eigenvalue Ay < 0, with eigenvector 79 € C™. By the
continuity of k there exists a neighborhood Qg of & such that ~, k(f)m) < 0in QO, let f(&) := ¥(&)y0,
¢ € R™, where ¢ € C°(R™,R), with supp¢) C Qp. Then [p,, f*kf d¢ = fQ P2, k’yo d¢ < 0, which is a
contradlctlon

(iii. =1.) If E({) is self-adjoint with nonnegative eigenvalues for all £ € R then the right-hand side
of is nonnegative for all  and «; whence the function K (z,y) is positive definite. O
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We now proceed with the proof of Proposition [3.13] that states that translation- and rotation-invariant
kernels k of the type are strictly positive definite as long as at least one of the two coefficients hll, At
R* — R of the Fourier transform of k is positive somewhere.

Proof of Prop.[3.13. In the TRI kernel setting m = d. Note that for any * = (21,...,2y) € (RH)Y
and o = (ag,...,ay) € (RHN (where at least one of the a,’s is nonzero), and for any & € R?, the
vector fp o(€) € C™ introduced in the previous proof is neither parallel nor perpendicular to §.

First assume that there exists 79 > 0 such that hll(rg) > 0 or h'(ry) > 0. Choose & € R? such
that ||&|| = ro, and arbitrary @ = (x1,...,zy) and a = (o, ..., ay). We shall write:

fz.a(bo) = “0 + uOL, with u” Pr” fw (&) and Uo = P1r§0fm «(&0);
by the remark above, we have that ug # 0 and ug # 0. It is immediate to verify that
Fa a(€0)PrY, faal(0) = lug|® > 0 and fa.a(&0)Prg, fa.alé) = Jug|* > 0,
while f;7a(§)Pr!fw7a(§) > 0 and f;;a(ﬁ)Prg‘ fr.0(€) > 0 for generic ¢ € RY. In conclusion
| 72RO ea©)de = [ {RIIEDLE Pt foal®) + B €D £a(€PrE foale) s >0,

and by ( . ) the kernel is strictly definite positive. Vice versa, by (80|) if k is strictly definite positive then

the above strict inequality holds for all € = (z1,...,2N) € (Rd) and a = (a1, ...,ay) € (R)YN where at
least one of the ag’s is nonzero. Therefore either Al or A must be strictly positive somewhere in (0, 00).
This completes the proof. ]

C Proof of Proposition

Note that since f is symmetric so must be its Fourier transform, i.e. f({) = f(—f ). We now prove that it
is actually radially symmetric. Using polar coordinates in R? [24] we can write:

F(6) = fl—¢) = ﬂmmmmzfidwm/ STt dsdr, €€ RY (1)
Rd 0 §d—1

where we use the symbol S” for the unit n- sphere Fix £, and let ) be such that ||n|| = ||€||; in other words
n = R¢ for some R € O(RY). We have that f( =[S g(r) [gur €775 Nds dr, but

irs- irs- i Tg). irs'.
627mrs Nds — e27rz7‘s Rgds — 627T’L’I’(R s) EdS — 6271'17’3 gdS/,
Sd-1 §d-1 §d-1 §d-1

since |det R| = 1. Whence f(n) = f(f), ie. f( ) = G(||€]]), for some function G : R* — R. Without loss
of generality in (81)) we can choose £ to be parallel to the standard basis vector e;. Letting o = ||€|| and
cosp = s - e1 we can write £ - s = pcos ¢ (note that ||s|| = 1 on S¥1). This yields:

™
/ e?mrs-f ds = / engrcoscp ds = O_(Sd—Q)/ e27rzgrcos<p(sin QD)d_2 ng
Sd—1 Sd—1 0

1 1
© U(Sd_Q)/ e?mieru(] — uQ)% du = 20’(Sd_2)/ (1- UQ)% cos(2moru) du, (82)
-1 0

where o(S") = 2T JT(%HL) is the surface area of the unit n-sphere; in () we have performed the
substitution u = cos ¢. We now use the integral representation of Bessel functions [1, §9.1.20]

gy = =267 [N e d lid for Ry > 1
L(2) = ) (1 —u*)""2 cos(zu) du, valid for v > —3,

\/’TTF(I/—F% 0
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to get

1 _ (et
/ (1— UZ)% cos(2moru) du = M J
0

- _1(2mor);

vl

inserting this expression into and the latter into finally completes the proof.
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