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The spinor representation formula in 3 and 4
dimensions

Pascal Romon*, Julien Roth*

Abstract

In the literature, two approaches to the Weierstrass representation
formula using spinors are known, one explicit, going back to Kusner &
Schmitt, and generalized by Konopelchenko and Taimanov, and one ab-
stract due to Friedrich, Bayard, Lawn and Roth. In this article, we show
that both points of view are indeed equivalent, for surfaces in R®, Nils
and R*. The correspondence between the equations of both approaches
is explicitly given and as a consequence we derive alternate (and simpler)
proofs of these previous theorems.

Keywords: Isometric immersions, Weierstrass formula, Dirac equation, Killing
spinor.
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1 Historical background

The starting point of all representation formulae of submanifolds is the cele-
brated Weierstrass—Enneper formula for minimal surfaces in R3: any minimal
immersion f is given locally in conformal coordinates z = = + iy by

z 1— 2 1 2
ro=re [ (15505 ) na,

where g is meromorphic and corresponds to the (stereographic) projection of the
Gauss map, h is holomorphic, and |h|(1+ |g|?) is neither 0 nor +o0o. This allows
to describe locally (and sometimes globally) all minimal surfaces, and plays a

key role in understanding and classifying them. However, this formula turns
out to characterize many more surfaces than just the minimal ones: namely,
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and up to a cosmetic change, all surfaces, provided they are given in conformal
coordinates.

Indeed, in 1979, Kenmotsu [Ke] generalized the formula to any two-dimensional
conformal immersion in R?, with prescribed (nonzero) mean curvature H, by
proving that the Gauss map and mean curvature actually determine the surface
(in the minimal case, an extra function h is required). To that effect, he studied
the equation satisfied by the Gauss map.

In 1996, Kusner & Schmitt [KS], following an idea of Sullivan, proposed
a similar albeit simpler expression, called the spinor representation formula,
which gives locally all conformal immersions in R3:

ro=re [ (15 B ) 0s (w3)

where 1) = (11, 17) is a C?>-valued map satisfying the following (nonlinear) “Dirac
equation with potential”

(Ceafor *0")+ (0 v)) ()0 0w

where U = V = He” /2 is called the potential, and the metric is ds? = e?|dz|? =
(|11 |? + |12]?)|dz|?. In the minimal case, H = 0, so 91,9 are holomorphic and
we identify easily the meromorphic data: h = z'1/)1_1, g = —ia/1p1. Note that v
is defined up to sign and 11, ¥ behave like v/dz w.r.t. coordinate change!.

A few years later, Konopelchenko [Ko| and Taimanov [T1] extended that
formulation to conformally parametrized surfaces in R* ~ C2? by

. z s1tq —521?2 _
f(z)= / ( 51ty > dz + ( - ) dz (W4)
where s1, s9, t1, t2 are complex valued functions, obviously defined up to a global

sign change, satisfying the following Dirac type equation, with complex poten-
tial A

0s1/0% = —h33 d Ot,/0z = —hiy
852/62’ = hsy 852/82 = Btl

Hller
where |h] = | 2”6 (1)

(ﬁ stands for the mean curvature vector and e” is again the conformal factor).
The phase of h will be understood later. A particular case of this equation

was obtained independently by Hélein & Romon in their study of Lagrangian

immersions in euclidean space [HRo]. There, t; = cos% and ty = sin g, where

[ is the lagrangian angle argdetdf. This property has led to deep results
in the theory of Hamiltonian-stationary lagrangian surfaces (see [LeRo, McRo]

LA property which indicates that v is not really a spinor.



and also the surprising parametrization of Aiyama [A]). Finally, Taimanov [T2]
expanded the formula (W3) to three dimensional homogeneous manifolds. The
formula itself barely changes (see below), as well as the Dirac equation (DP),
except for the potential. For example, if the ambient space is Nil3 endowed with
a left-invariant metric, then

He?f

U:V:
2

+ (el — 13D

However, these representation formulae were purely local and computational
in nature, and it was not clear what the relationship they had with the spin
bundle until Friedrich bridged the gap in [F1]. He showed that any surface
M immersed in R? inherits a spinor ¢ (given an arbitrary choice of a parallel
spinor), which satisfies Dirac’s equation with a potential, and can be used to
reconstruct the immersion. This property was extended by Morel to S* and H?
[Mo|, by Roth to homogeneous spaces E . |R], and most recently by Bayard,
Lawn & Roth to R* [BLR].

These abstract approaches all follow Bér’s remark [Bd] that an ambient
spinor, restricted to an immersed submanifold M, can be identified with an in-
trinsic spinor (or, in some cases, with a section of a twisted spin bundle). If the
ambient spinor field ¢ satisfies some particular PDE, e.g. is parallel or Killing,
then the induced spinor ¢ also satisfies a PDE, typically a Dirac equation with
a potential linked to the extrinsic geometric of M. Conversely (and non triv-
ially), the Dirac equation with potential is shown to imply Gauss and Codazzi’s
equations (and Ricci’s when needed), thus guaranteeing the (local) existence of
an immersion with prescribed extrinsic data.

Our goal in this paper is to clarify and explicit the relationship between
these two point of view, which has not been done before. In particular, we
show how the concrete representation formulae and Dirac equations are actually
specific gauge choices of the general abstract formulae, explaining their simpler
appearance. We give new and more direct proofs of theorems 1 and 2 below,
avoiding the cumbersome Gauss, Codazzi and Ricci equations (although they
are present implicitly), including their formulation in E,; ; written in [D]. Note
that computations cannot be completely avoided.

We will recall, first in three, then in four dimensions, how one obtains the
concrete formulae cited above, then present briefly the induced spinor point of
view, and finally write down the correspondence between these two.

Acknowledgements. The authors wish to thank Marie-Amélie Lawn for her
interesting suggestions.



2 Conformal immersions in dimension three

We consider in this section the case of surfaces in R? and in metric Lie groups of
dimension 3, endowed with a left-invariant metric, and focus on the Heisenberg
group Nily = Nils(7) where 7 is the fiber torsion (see [D]). When 7 = 0 we
recover R?. This approach can be extended to other groups and homogeneous
spaces without much work, and we direct the reader to [T2].

2.1 Coordinates and the Maurer—Cartan form

The formula (W3) is based on a simple remark: Given an immersion f : M — R3
with coordinate z = x + iy, then f is conformal if and only if the derivative

df )0z = L(0f |0z — iD f/dy) lies in the quadric
Q={z= (21,2, Z3) € C3, Z%+Z22+Z§:0}

(note that PQ C CP? is the grassmannian Gra 3). We can parametrize Q by two
complex numbers with what is usually called the Segre map

Q> 2= (50084 92) 56 - ). 1

and one recovers immediately (W3). If the ambient space M is a Lie group, let
(E1, E2, E3) be the orthonormal (moving) frame generated by left translation
from any choice of orthonormal frame at the identity e. Then (Fi, Es, E3)
trivializes T M, in other words, the tangent vectors can be mapped to R? in this
frame, or equivalently, one identifies vectors mapped by the differential of f—!
to T.M with vectors in R? (or T, M© with C?):

Z
Z == ZQ ~ f_lg
A z

and Z lies again in @ if and only if f is (weakly-)conformal. Hence the same
formula (W3) holds, with f~10f/0z playing the role of the derivative:

of

L) = L@ DB+ S~ 9B + i, )

f_l
Note that integration is less obvious than in the trivial translational group R3.

Conversely, the formula (2) gives an immersion when integrated over a sim-
ply connected planar domain, provided the Maurer—Cartan form o = f~'df
satisfies the integrability condition do + 4[a A o] = 0. Let us write down the
equation in two explicit cases: R®, where the bracket is identically zero, and



Nil3(7) where the only nonzero bracket is [E1, Es] = 27FE3 (and FEj is the verti-
cal fiber unit tangent vector). We recover the euclidean R? by letting 7 go to 0.
The integrability equation boils down to, in the (E7, Es, F3) frame at identity,

—LIm(Py + 93) — L Re(93 +4?)
—on | ime vty |+ | i e
9 E Ox 2oz
Re(211) —Im(t21)1)
0
+or 0 —0 (3)
T2 + [1 2 (|eh2]* = [¥1 %)
that is

Im((1h2)ytha) — Re((P2)2t2) + Im((1h1)y 1) — Re((¢1)2¢1) = 0
— Re((1h2)ytha) — Im((¢2)2t2) + Re((11)yh1) + Im((¢1)2¢1) = 0
—Im[((P2)e +i(P2)y) 1] = Im[((1)x + i(11)y) 2]

+Z ([2® + [91]?) ([ = [¢1]%) = 0.

The first two lines amount to (¢2) .12+ (101)5%1 = 0, which implies the existence
of a function U such that

10 1

V=005 = 41 0z

(at least when 11,12 do not vanish, and by construction, they do not vanish
simultaneously). We obtain the equation (DP) with some complex valued po-
tential U. However the third line yields

oL oYy -

0 = 2Im | T2+ S| = (el + W) (9l — [9a?)
= 20m=Oaf* + UWaf] = 5 (102 + [P (ol ~ fin]?)
= 20Ul + [al)] = (1l + [1 ) (1] ~ )

so that ImU = Z(|ih2|? — [¢1]?) in Nilg(7), and vanishes in R*. Other three-
dimensional groups follow the same lines (see [T2] for a full list). Note that the
Dirac equation per se does not fully determine the potential U, but it can be
derived from the representation formula.

2.2 Induced spinors

We assume here a basic acquaintance with spinor and Clifford algebras (see [LM]
or [F2] for an introduction). For any spin manifold M™, we denote by Spin(M)
the spin bundle and (M) = Spin(M) x,,, 3, the associated spinor bundle,



where ., is a representation of Spin(M) on 3,,. We recall here briefly the idea
in [F1] and [R] in dimension three, and we will give a more explicit formulation
in later sections.

Let M be a three dimensional spin manifold?, M an oriented immersed
surface in M. Because spinor frames in M can be identified with spinor frames
of M along M, and both Spin(2) and Spin(3) have a canonical representation
on Yy = X3 = C2, it is possible to identify an ambient spinor @) restricted
to M with an intrinsic spinor ¢ of M (when endowed with the induced metric).
All identifications are isomorphic (by the universality property) and differ by
the corresponding Clifford multiplication. In [R], the identification is such that

VX € TM C TM, XI\-/[@:(X'V'@lM

where v is the unit (oriented) normal along M, o denotes the Clifford multipli-

cation in M and - the one in M. We will rather use a more direct identification,
which will simplify the calculations below, and satisfies the simpler relation

VXETMETM,XMgo:(X-@)W. (4)

Hence from now on, we will make no difference between Clifford multiplication in
M and in M. We will rederive the computations in [R] with this new convention.

A spinor field is the equivalence class of a couple (s, u), where s is a section
of Spin(M) (a moving spinor frame) and u is a 3g-valued function, under the
equivalence relation induced by xs:

(s,u) ~ (sa™", xs(a)u)

for all @ : M — Spin(3) = S®. When M is a Lie group, we trivialize Spin (M)
by a lift 5 of the left-invariant moving frame defined above, and define ¢ to be
constant if ¢ is (the equivalence class of) the couple (5,u) and u is constant.
(This property is obviously independent of the choice of the reference spinor
frame 3.) In R3, such a spinor is parallel, however that is not the case in general
Lie groups. Again, taking as example Nil3(7), where VxE; = 7X x E3, we
have, on a constant spinor field ¢

~ - T

- i )
Va¢=5E1¢ Vee=g5E-¢ Vep=-—5E-¢

because 1
Vg = (5, Xu) + 5 > (VxE, E)E, E,- ¢
1<p<q<3
where V denotes both the connection on TM and on XM, depending on the
context. (Note: The case of R? can be obtained by letting 7 = 0, and we recover
parallelism.)

21t suffices here to assume that M is orientable.



Let M be an oriented immersed surface, with normal vector v and let T be
the projection of F5 on T'M, so that F3 =T + Av. Let S = —dv be the shape
operator. Then, by the spinorial Gauss relation,

~ 1
Vxp = VX<P|M—§(SX)'V'SD
1
- %(X1E1+X2E2—X3E3)-<p—§(SX)-w2-<p
T 1
= §(X~@—2<X,T>E3~@)—§(SX)-w2-ga

1
—X -v-er-ex-p —T<X,T>(T'(P+)\l/'g0)—§(SX)'LU2'QD

w3

-
2

= IX o r(X,TNT o+ w5 )

5 (SX) w2 ¢

1

2
where wy = ey -3 € Cla(M) (for any oriented orthonormal frame (e1, e2) of M),
and w3 = B - Ey - E3 =e1 - ea-v € Cls(M) are called the real volume elements
(we used that y3(ws) = —id to infer v - ¢ = ws - ¢). Finally, ¢ is constant if and
only if

1
Vxp=—5(5X) w2-p+ X - TXI)T o+ dwn-9).  (O)

This implies in particular that |¢| is constant. Applying the Dirac operator to ¢,
we end up with the following Dirac equation

Dy =Hws - po+1A Ao =T - ws - ) (5)
We now quote the following

Theorem 1 (Friedrich, Roth). Given a riemannian oriented, simply connected
surface M, a field of symmetric endomorphisms S, with trace 2H (and in Nilg(7)
a vector field T and function X\, such that \*> + ||T||> = 1). Then the following
data are equivalent:

1. an isometric immersion from M? into R® (resp. Nilz(7)) such that S is the
shape operator, and H the mean curvature (and in Nils(7), Es =T+ \v),

2. a non-trivial spinor field ¢ solution of (C), where the symmetric tensor

S and vector field T satisfy, for all X
VxT = \SX — 1JX), X\)=—-(8X —-1JX,T) (6)
(J being the complex structure),

8. a non-trivial spinor field ¢ of constant norm, solution of the Dirac equa-
tion (5), with T, \ satisfying:

A\ = —2Q,(T) — B(T) — 7JT,



where B is the tensor defined in an orthonormal frame {e1,es} by the
following matriz

27’T1T2 T (T12 - TQZ)

T (T12 —T22) —27'T1T2

and Q, is the Energy-Momentum tensor associated with the spinor field

w, defined by:
1
Qu(X.Y) = ZRe(X - Vyo +Y - Vxo,0/l¢l’) .

The proof is technical and requires proving that the Gauss & Codazzi equa-
tions

K =det A+ 72(1 — 4)\?) (Gauss)
VxAY — Vy AY — A[X,Y] = —472\((Y,T)X — (X, T)Y) (Codazz)

are satisfied (with the extra conditions (6) of Daniel on T" and A for Nils(7)).

2.3 An explicit construction of induced spinors

We will now construct explicitly the bundles involved, using quaternions for
shorter notations. Let us identify R® with Im H = Span(i, j, k) and the Clifford
algebra with

Cls ~ @ b ,a,be Hy, where R ~ 0 b ,beImH 5 .
b a b 0

The group Spin(3) identifies with

Spin(3)2{<g 2),aES3CH}
1

and acts on R? via matrix multiplication, which amounts to 3(a) : x — aza™t =
axa, for any a € S* and x € Im H, yielding a twofold cover of SO(3). From the
above action on H?2, we also infer an irreducible action x3 of Spin(3) on X3 = HI,
given by the left multiplication by a, L, : ¢ — aq. The representation is the
restriction® of x3 : Cf3 — End(H) such that y3(z) = L, forx € InH and ¢ € H
(since imaginary quaternions have the property that 22 = —z# = —|z|?). Recall
that the Clifford multiplication of a spinor by a vector is simply x - ¢ = x3(z)p.
Finally, we identify X3 with C? by choosing a compatible complex structure; in
what follows we let J = R;, the right multiplication by ¢ (so that the complex
number ¢ will coincide with the quaternion 7).

3The full expression for x3 is x3 (( Z Z )) = Lgyp-



The tangent space at identity e € M identifies with R3 and the spinor frame
at e with Spin(3) ~ S3. The trivialisation of Spin(R?) as R? x Spin(3) holds in
greater generality for three dimensional groups M via the group multiplication,
where the tangent space T, M is mapped canonically to T.M by left multipli-
cation by z~!. Equivalently, a choice of a spinor frame at identity yields by
left multiplication a spinor moving frame § on M, which trivializes Spin(M).
Such a spinor moving frame will be called constant, and is unique up to right
multiplication by Spin(3).

A spinor field ¢ being the (equivalence class of the) couple (s, u) where s is a
moving spinor frame and u a map from M to X3 = H, the equivalence relation
now reads

(s,u) ~ (sa™*, x3(a)u) = (sa™ ', au)
for all @ : M — Spin(3) = S* ¢ H. Clifford multiplication is well-defined
in the following way: since any moving spinor frame s induces by 63 an or-
thonormal moving frame (FE1, Fa2, E5), and any tangent vector X possesses co-
ordinates (X7, X3, X3) in this frame, we can identify the tangent bundle TM
with Spin(M) xg, R?, with the equivalence relation

(S, (Xl, XQ, X3)) ~ (sa_l s 93(&)(X1, Xg, Xg))

or, in quaternionic notations x = X1i + Xoj + X3k: (s,2) ~ (sa™1,03(a)z) =
(sa™1,aza™t). The Clifford multiplication is then

X o=(s,2) (s,u) = (s, -u)

where z - u is the multiplication in C'¢3. It is immediate that X - ¢ is defined
independently of the frame s.

In the following, we pick a constant reference spinor frame s as above, us-
ing the group multiplication, and § lies over the orthonormal moving frame
(E1, E2, E3). In Nil3(7), we choose § such that F3 lies on the vertical fiber. As
a consequence, a spinor field ¢ identifies with a map w : M — H. We will then
say that ¢ is constant if u is, and note that the property does not depend on a
particular choice of s.

Writing R? as Span(i,j) € H, the two-dimensional Clifford algebra C/s
identifies with H, and Spin(2) ~ U(1) = {eF* = (cosa) 1 + (sina)ws}, where
wa =i+ j = k. The double cover 0 : Spin(2) — SO(2) is ek s (Cps2a —sin2a),
As representation on X5 = H, we choose the universal extension of ys : R? —
End(H), x2(215 + 227) = Lz,ita.;- In particular, if a = e** € Spin(2), xa(a)
is again the left multiplication L,. Again, we endow Yo with the complex
structure J = R;. Finally, the complex volume element ofg = +/—1i-j, which
squares to the identity, acts as x3(¢ - j)J = LiR; on X and splits ¥s into two
eigenspaces ZQi = (1+3)C of positive and negative spinors*. On a spin manifold

4Note for later that this splitting is actually hermitian orthogonal, so that |v|? = |[v12| +
o= 2.



M, this allow to view spinors as square roots of forms. Indeed, let s be a spinor
frame at a point z, corresponding to the oriented orthonormal frame (eq,es),
and ¢ = (s,v) be a spinor, with v = %v* + %v*. Then the following forms
are well defined :

T.M > X = Xie1 + Xoea = (vH)3(Xy +iX3)
as well as

X = (v)2(X; +iXs) and X (vTo)(X) +iX2).
Indeed, the gauge change s — se *® induces vt — vte ™, v~ — v~ et and
X1+iXs — e29(X; +iX3) (because e¥*(1475) = (1£j)e*®). Obviously these
1-forms are of type (1,0).

Consider now an immersion f : M — M. From the embedding of R? into R3
as the plane v, we deduce an embedding of Spin(2) into Spin(3) such that for
any s € Spin(2) C Spin(3), 03(s) is the rotation of axis v, whose restriction to
the oriented plane v+ is f3(s). This embedding carries over to the spinor frame
bundles: In the same way as a tangent frame (e1,e2) to M identifies with the
tangent frame (eq, e, v) of M, where v is the unit normal vector of M, a spinor
frame s € Spin(M) identifies with some spinor frame in Spin(M), which, given
a reference frame 3, can be written as 3a~!, for some a € Spin(3). Suppose
furthermore that M is parametrized by f in conformal coordinates and that
s(z) lies over the frame (e ?0f/0x,e P0f /0y). Moving all vectors to e by left
multiplication by f(z)~!, the identification s(z) ~ 5(f(z))a(z)~! reads as®

of of

ee=ePf 1l =g Ya, eo=ePf 2 =a"Ya, es=fv=a"tka (7

1 f O y €2 f ay Ja, €3 f ( )
where (7, j, k) stand for the frame at e corresponding to 5(e) (in quaternionic
notations). Clearly a is determined (up to sign) by this property.

The identification of ZM‘ »m with XM used in §2.2 goes as follows: Since,
along M, any ambient spinor ¢ = (3, u) can be written as the couple (3a~!, au),
and a~! is identified with the intrinsic spinor frame s, ¢ identifies with the in-
trinsic spinor ¢ = (s,v) where v = au. Of all possible choices, this identification
is the one coherent with our choice of Clifford multiplication (4).

Summing up the above, we see that from a ambient spinor field ¢, one can
construct (1,0)-forms along an immersed surface M. We will now replicate
the construction of the previous section in order to obtain the representation
formula. The principle is the following: Starting with a constant ambient spinor
¢ = (8,u), the induced spinor ¢ = (s,v) = (5a~!,au) determines the spinor

5Tn R3, the group operation is just the vector sum, and one usually identifies (abusively)
TR3 with ToR? = R3, so that f~'df is identified with df.

10



frame a, since a = vu~! and u is fixed. We then deduce fldf from a via (7).
147 ,,+ + —J -

Given a unit quaternion u, and writing v = 7Y Wv ,
€1 = aia
1 — . -
= SueF(1 =)+ o= (L4 ))i((1+ vt + (1= j)o 7 )u™

= u(vtkvt —v kv +vtivT +vmivT)u!

= uk((wh)? =@ )} +i(vtv +ov-vT))u™?

€ = aja
= SulT( =)+ T I+ G+ (1= G
= u(vtjuT +vjuT +vtvT —vv)u?
= u(i((")? + (7)) + (T —voh)u!

e3 = aka

1 _
= SueF(1=j) + oL+ )k +j)v" + (1 =)o )u
= u(—vtivT +v-ivT +otkoT +o kv )u!
= u(=i(lo" P = o7 *) + 2k (v )u!

=k,

Q \

Choose u = (1 4+ i — j + k)/2, which satisfies uka = —j, uju = —i, ui

c = —Im((ut) = (7))~ Re((0)? = (1)) + 2Rk
=m0+ ()2 4 Re((07)? — (0)?)j + 2 Re(o= vk
2 = —Re((v")?+ (v~ ))Z—I—Im((i)Q—F(v ))j—21m(£v+)k
= —Re((v")% 4+ (v1)?)i — Im((v—)? - (| v7)?2)j — 2Im(v—vh)k

€3 —2Im(vto~)i —2Re(vtv™)j — (Jot]?> — [v~ |2k

Defining 1 = e”/?vt and ¥y = e?/?v~ (so that [¢1]? + [¢2]? = e, see foot-

note 4), i.e
_ 147 1—j )
=e P2 Ly + —2
e (\/51/}1 \/51/}2

we have recovered exactly the original representation formula (2) (and (W3)
in R3).

Note 1. Rigorously speaking, we see that 1) = (¢1,12) is not a spinor, because
of the metric factor. But e #/2¢ is. Hence, the integrability equation (DP)
reads in terms of v as

vi = -0t 4+ Uv™
vy

=Ly —Uvt (8)
Note 2. A different choice of u would yield a different parametrization of the
complex curve, or more precisely, a rotation of the formula (2). Our choice of
u is the one corresponding to the classical formula. This particular choice will
play a role in the next section.

11



We have thus seen concretely how an intrinsic spinor field induced by a con-
stant ambient spinor is sufficient to reconstruct entirely the immersion (a fact
already noted by the previous authors, although without the link to the represen-
tation formula). Conversely, given ) = (11, ¥2), then formula (2) defines locally
an immersion of M into M, provided the integrability condition (DP) holds. Let
s = 3a~! be the moving spinor frame along M associated with the conformal
coordinate z (s is unique up to sign), and set ¢ = (s,v) with v = e=#/2¢). Then
along M, the ambient spinor ¢ = (3,a'v) is constant. Indeed, the translated
moving frame (€1, €2, €3) is (aia,aja,aka) as well as (uviva, uvjvu, uvkovu), by
definition of the representation formula. This implies a = +vu~!, so a " 'v = +u
is constant.

It is worth noting that we used (DP) as an integrability condition and not
as a reformulation of V¢ = 0. Rather, the spinor representation formula (2)
per se implies that the corresponding ambient spinor is constant, provided the
immersion ezists, namely that (DP) holds. In other words (DP) implies (C).
There remains to show the converse.

2.4 Dirac: from abstract to explicit

Let us write the constancy equation (C) in terms of quaternions. In the local
coordinate z, with associate spinor frame s, the spinor field ¢ = (s,v) identifies
with v and we write

1

1
Vxe = (s, Xv) + §<VX61,62><;J2 S = (s,XU + §<VX61,62>X2(L02)U>

1
= <5,Xv + §<Vxel,eg>kv> .

From now on, we will abuse notations and write Vxv instead, dropping the
spinor frame part s when there is no ambiguity. Using the connection coefli-

cients,
Vxv = e ?(Xivy + Xovy) + %(pxXg — pyX1)kv
—2(5X) wa-v = L((h11 X1+ h2X2)j — (ha1 X1 + hoa Xo)i)v
X-v = x2(X)v=(X1i+ Xoj)v
T v+ dwe-v = (Thi+Tej)v+ Nkv
Finally
1
Xivg + Xov, = —i(pxXg — pyX1)kv

e’ . .
+3((h11X1 + h12X9)j — (ha1 X1 + hoa Xo)i)v

P
+%(X1i ¥ Xoj)o — 7eP (X, TY((Tyi + Taj v + Akv) .

12



Specializing to d/0x and 9/dy

{ vy = (Bk+ePitj —erlarg + T — el Ty (Tyi + Toj + Ak)) v ()

Uy = (—%k—l—ep%j —ep%i—l— %j — 1ePTo(Tyi + Toj + Ak)) v

Note 3. Since vyv~! and v,v~! both lie in ImH, |v| is clearly constant. From
now on, any solution v of (C’) will therefore be normalized to norm 1.

Let us now write v = (v*,v7) in the ¥ @ 3, splitting, so that left quater-
nionic multiplication (i.e. Clifford multiplication) acts as a skew-hermitian ma-
trix, e.g.

(T1i+T2j+)\k)v_i< (T —iTp)v )—M( vt >

(Tl + iTQ)’U+ —
Then
vf = Lot + C(H +itA 2o + —iTgeP (Ty +iTo)vt (9)
vy =80T + S(—H + it )t — BTy — iTy)v~

which differs quite a bit from (8), unless 7 = 0 (immersions into R?®). That is
not so surprising, since the abstract equation (C) states the existence of an im-
mersion for which ¢ is induced from any constant spinor, while Konopelchenko
& Taimanov’s equation (DP) implies the same result with ¢ induced from the
specific constant spinor field (s,ug), namely ug = (1 +i — j + k)/2. Indeed,
because kug = ugi, we know that the ambient spinor ¢ satisfies

E3 . 95 = (§,I€) . (§,’LLO) = (E,kuo) = (§,’U,0’L)
so for the induced spinor
(B3 - @)m = Es - = (T + Awz) - (s,v) = (s, x2(T + Awz)v) = (s, vi),

in vector notation,

; (Ty —iTo)v™ '\ \i vt _ vt
(Ty + iTe)v™ v ) v~
or the two (equivalent) colinearity relations

{ (Th —i)v” =1+ )\)UJr
(T +iT)vt = (1 —AN)v.

Substituting in (9), we obtain

P

vf =20t + S (H +itA)v
v; =-—&vT - %(H +iTA)vT

13



exactly the equation (8). In other words, (C) is more general, while (DP) is
simpler because it assumes implicitly a given choice of spinor coordinates.

We give now another proof of theorem 1, showing that equation (C’) implies
the existence of an immersion, for which ¢ is the restriction of a constant ambi-
ent spinor field ¢ = (5,u). We do so without going through the full construction
of [R].

The key idea is as follows: if ¢ = (s,v) is the restriction of some constant
spinor field ¢ = (8, u), it satisfies the relation

Es-9=(5k)(5u) = (3 ku) = (8 uq)
where ¢ = u~'ku. We need the following lemmas, that prepares for the con-
struction of the constants ¢ and wu.

Lemma 1. For any solution v of (C’), where T, X follow Daniel’s equations (6),
there exists an imaginary constant q such that

(Tvi+ Taj + Ak)v = vg. (10)
Proof. The first equation in (6) is written as:

VxT = e ?((X1T1s + XoT1y + To(X1py — Xapa))er
+(X1Toq + XoToy + Ti(—X1py + Xopa))e2)

hi11 X1 + h12X5 —Xs
AMSX —7JX) =\ —
( I X) (( ho1 X1 + hoo Xo ) T( X1 ))

Ty = XePhi1 — Tapy
le = /\ep(hlg + T) + Topy
Ts, = /\ep(hgl — T) + Tlpy
Toy = AePhay — T ps

specializing

The second equation in (6) reads

Ao = —e”<< Z; > -7 ( (111) , < % )> = —e’(Tihi1 + Ta(ha1 — 7))

s=et( 32 )= () (3 ) = @ilina ) + Tahao

Set £ =Tyi+Tyj + Mk,

oF . . . .
% = ep(hll(AZ - le) + (h21 - T)()\] - Tgk)) + py(le - TQZ)

Recall from (C’) that v, = Vv for some imaginary quaternion valued function V;
then
0vEwv

T

:v<VE+a—E+EV)v
ox

14



It is long but straightforward to show that VE + %—f + E'V vanishes identically.
The same computations holds for the y variable. Clearly ¢ € Im H. O

Note 4. The equation (C’) could accordingly be simplified using (10), elimi-
nating 7" in the process. However, because right quaternionic multiplication
does not commute with the complex structure, the new equation may not be as
simple as (8), for which ¢ = i.

The mere existence of u implies the following relation for solutions of (C’):

Lemma 2. For any solution v of (C’) assuming (6)
MNo(Thi + Toj + Nk)v = (Ukv, q)q.
Proof.
(vkv,q) = (v kv, v Y (Thi + T + Ne)v) = (k, Tvi + Toj + k) = A

SO
(vkv, q)q — MNo(Thvi + Toj + Ak)v = Ag — /\|v|2q =0.

O

We conclude the proof of the theorem by giving an immersion via its Maurer—
Cartan form. Using the notations (7) of section 2.3, we need to prove that the
Im H-valued 1-form

o = ePuv™ ! (idz 4 jdy)vu?

is the Maurer—Cartan form f~'df of some immersion into Nilz(7), where u is
a unit quaternion such that uw~'ku = ¢, obtained through lemma 1 (u is not
unique). The necessary and sufficient condition for local existence is again the
integrability equation:

1, —1 9 —1,, -1 —1, 1 —1,, -1
ivu” ) + =—(ePuvT jouT ) + [ePuvT Hivu T ePuv T jouT

ox
= epu(pzﬁjv + Ve JU 4 UV — pyliv — Vyiv — Divy

+27e” (vkv, u” ku)u  ku)u

0 = —8—y(e”uv_

(We have used the relation of the Lie bracket in nil3(7) ~ Im H with the quater-
nionic multiplication and scalar product: [q,¢'] = 27(qq’, k)k.) Factorizing and
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substituting from (C’), and using T2 + T§ + \? = 1,

o h
0 = pxﬂjv—l—z_z(——k ;j—l- p%z—TTZ—FTePTl(le—I—Tg]—I—)\k))
py h11 . h21
+7j k+ef— 5~ 7 +71—TePT1(le+ng+)\k)
U phiz . hoy.  Te P
—pyUiv — Ek— 2 j+te 72—7]4-7'6 To(Tvi + Toj + k)
. ph12 o2z, p
—01 k-i— 2 — 7 +7]—7‘6 To(Tvi + Toj + k)

+27e” <T)kv, u  ku)u ke
= 27e?(=\0(Tvi + Toj + Me)v + (Okv, u™ ' ku)u™ ku)
which vanishes according to lemma 2. This implies the local existence of an

immersion in Nil3(7) (including the special case of R® when 7 = 0), for which
 is the restriction of an ambient spinor.

Note 5. A “colinearity” relation similar to (10) appears naturally when using
the spin® formalism in Nils

p=(T+Mw)-p=ip
(see [NR] for details).

3 Conformally parametrized surfaces in R*

Recently, Bayard, Lawn & Roth [BLR] have characterized isometric immersions
of surfaces in R* by means of spinor fields, giving an spinorial analog of the
Gauss—Ricci-Codazzi equations. More precisely, they show the following theo-
rem:

Theorem 2 (Bayard, Lawn & Roth). Given a Killing spinor ¢ with Killing
constant \ in M*(4\2) (the real space form of curvature 4)\*) and an immersed
surface M?, its restriction @ to M lies in the twisted spinor bundle ¥ = XM ®
YE (E being the normal bundle) and satisfies the Dirac equation

Do =H-p—2\p (11)

for the Dirac operator D along M. Conversely, if (M?,g) is an oriented rieman-
nian manifold, with given spin structure and rank 2 orzented spin vector bundle

E on M, then the following properties are equivalent, where p is a section of
the twisted spinor bundle ¥ = XM R X E:

1. ¢ is a solution of the Dirac equation (11), such that p*, ™ do not vanish
and

XlpT| =2Re(AX -7, ¢") and X[p™| =2Re(AX - o™, ¢7),
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2. Vxp = XX - p — %Zf ej - B(X,e;) - ¢ for some symmetric bilinear B
section of E, ©T, 0~ do not vanish,

3. there exists a local immersion of M with mean curvature H= %trB, second
fundamental form B, normal bundle E into M*(4)\?).

The difficult part lies in the converse. Moreover they explicit the recon-
struction of f in terms of ¢, a procedure now known by the generic term of
Weierstrass formula. It must be stressed though that this proof is entirely ab-
stract.

Partially motivating [BLR], in R* only, we have seen in section 1 the spinor
representation formula (W4) of Konopelchenko and Taimanov, with the con-
dition (1), also named “Dirac equation”. We will now bridge the gap between
these two approaches, by rewriting [BLR] using concrete spinor coordinates. We
will prove directly (without actually resorting to the conditions for isometric im-
mersion of Gauss, Codazzi and Ricci) the existence of an immersion f derived
from a spinor ¢, and connect equation (11) to (1). Additionally, it will be clear
how one recovers a parallel spinor associated to f from the immersion itself.
As in the previous sections, we will use quaternions, which play a natural role
in R%, and allow for shorter and more elegant formulations. In particular, we
express equations (W4) and (1) as follows (a formalism due to [H]). Let f be a
conformal immersion f : M — R* ~ H. Since Spin(4) ~ S* x S* € H? acts on
H via

1

Y(p,q) € S x 2, Vo € H, 04(p,q) : x — prq~" = paq

and (0f/0x,0f/0y) is an orthonormal basis, up to a multiplicative factor e”,
there exist A, B : M — H* such that

df = AdzB = A(dx + idy)B = ABdz + AiBdy (D)

and the conformal factor is e” = |AB|. Conversely such an expression can be
integrated locally into a function f if and only if

0= d(df) = ((AiB), — (AB),)dz A dy

[ . /0A 0A OB 0B
—A|AY ()i (=2 i ) B Y Bde Ady (12
{ <5w+5yl)l+l<3w+lay) ] whdy (12)

- AY(9A4)02)i +i(02\0B)B~ = 0 (13)

Note 6. We use here the quaternionic notation for complex derivatives, with
dz = dx 4 idy (and i € H)

df = (0f/0z)dz + (0f/0z)dz = dz(0z\0f) + dz(0z\Of)

17



equivalently

of o
f 0z = % (—i - —iz) L Of/9z = %

0:\0f = % (ﬁ —i%) , 02\0f = % (% +ig—£> .

If we set A = 31 —jsa2, B = t1+t2j (the reason for which is explained below),
then df = AdzB, yields exactly the “Weierstrass formula” (W4)

AdzB = (sltldz — ggfgdi) + (SthdZ + ggl?ldf)j

when writing R* ~ C? ~ C @ Cj = H. Furthermore, the Dirac equation (1)
amounts to
(0\0A)A™ = —hj and (92\OB)B~" = hj (1)

for some (nonconstant) complex potential h. Whenever the last equation is
satisfied, the integrability condition (13) holds immediately:

jhi +ihj = h(ji +ij) = 0.

The converse is false: (13) does not imply (I) in general; however one can use
the gauge freedom (4, B) — (€' A, e*“B) (already noted in [T1]). Using that
freedom, there is always a choice of (A, B), such that (0z\0A)A~! lies in Cj (and
therefore (92\0B)B~! as well, because of (13)). They are actually opposite, and
(I) holds. This choice is unique up to a constant: if (9z2\0B)B~! € Span(j, k),
then

(02\0(e'B))(e"*B) ! = ' <(82\8B)B_1 + g—j)
lies in Span(j, k) if and only if 22 = 0.

3.1 Spinors in two and four dimensions

In two dimensions, we choose as above for the Clifford representation of R? =
Re; @ Reg on 3o = H the map x2: x2(e1) = L; and x2(e2) = Lj, where L;, L,
denote the left quaternionic multiplication by ¢ and j respectively. However,
for compatibility purposes with the above equations, we endow H with the
complex structure J = R;, the right multiplication by j. This allows to equate
H with C?, but complex numbers in this setting are linear combinations over R
of quaternions 1 and j. To emphasize this (purely formal) difference and make
notations clear, we will write when needed C=Ro jR ~ C, so that H ~ 2
®)-

6Because of the non-commutativity of H, all vector spaces over C are vector spaces on the
right.
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As usual, Y5 splits into E;@E;, eigenspaces of ya(wS) w.r.t. the eigenvalues
+1 and —1; wS = Je; - ey is the complex volume, and is mapped by x2 to
L;L;jR; = LiR;, whose eigenspaces are

Y5 =(01-9)C, ¥;=01+4C

The euclidean space R? is identified with H (which amounts to taking 1,1, j, k
as reference basis), on which Spin(4) ~ S x S* C H x H acts as double cover of
SO(4) via the classical representation 0: (p,q)-x = prq~* = pxg. The Clifford
algebra is represented on ¥4 = H? via Y4, which we define by its restriction to

R* = H:
uo=( 2 7))

One checks directly that x4 induces the following representation of Spin(4):
x4((p,q)) = ( g 2 ) Note that x4(z) is a complex-linear endomorphism,
provided H? is also endowed with J, the right multiplication by j, as above, so
that H? ~ C*. The representation decomposes into two irreducible subspaces,
which are here ¥ = H® 0 and ¥; = 0@ H. A spinor % on R* is now the
equivalence class of couples ((p, q), (a,b)) where (p,q) € Spin(4) = S3 x S* and
(a,b) € ¥4 = H?, under the following equivalence relation: for all (p1,q1) €
S3 x §3

((py ), (a,0)) ~ ((p1 Yy aar ) xa(pr, 1) (a, b)) = ((pp1t, qar ), (pra, qib))

and a spinor field is a section of the quotient bundle Spin(4) x,, X4. Finally,
because R? is globally trivial, one can always write ¢ in a preferred spinor frame,

e.g. (1,1).

The starting point of [BLR] is the following remark: let M be a two-dimensional
submanifold, and ¢ be an ambient parallel” spinor, i.e. @@ = 0, where V
denotes the covariant derivative of R*. Define on M the Dirac operator by
D =e;-Ve +e2-V,,, where now V is the covariant derivative on M (here
and in the following, e, e2 will denote any orthonormal frame). Then a simple
application of the spinorial Gauss equation

2
- 1 _
Vx¢=Vxp+ 52163‘ ‘B(X,e5) ¢
=
yields (11).
To make sense of the converse result, starting from intrinsic data, one can-

not just consider the restriction @), as a spinor on M (unlike in the three-
dimensional case), since the spinor spaces ¥ and ¥4 have different dimensions.

7In R4, a Killing spinor is simply parallel.
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Instead, one considers spinors on M and spinors on the normal bundle E. Let
us briefly recall the idea of Bér ([Bé], see also [G] for a quick introduction) and
consider R? @ R?. Each factor is equipped with its Clifford representation as
above, which we denote by x2 and x5 on Y5 and X} (they are identical, the
prime just makes it clear which one we are considering). We let v be the map
7= X2 @ xh(wS) ®Ids, ® xh from R* = R2+R? on Xy @ %), For u+v € RZGR?,
y(u+v)? = —(Jul? +|v]?)id, hence ~y extends to a representation of the Clifford
algebra C/(R*) on ¥ ® 4. by the universal property, 7 is equivalent to ya:
there exists a isomorphism of algebra ¥ : ¥y ® ¥} — ¥4 making the diagram
commutative
ey, Mon,ewn
10 10
RGOS

We shall make this correspondence explicit below.

We can now define the twisted spinor bundle ¥ on a surface M with a
rank two vector bundle F, by taking sections in XM ® XFE. More precisely,
let 0 = (s,u) be a spinor field on M, i.e. a moving spinor frame s (over an
orthogonal frame e1, e of T M) and a vector field u on 39, up to the equivalence
relation (s,u) ~ (sa™1,x2(a)u); similarly let o' = (s’,u’) be the equivalence
class of a spinor frame s’ of F (over an orthogonal frame e3, e4 of F) and v’ a
vector field on . Then, when M C R*, the couple (s, s’) identifies canonically
with a spinor frame of R* (over the frame (ej,...,es4)) and an element o ® o’
identifies with (the class of) ((s,s’), U(u® u')). This allows to identify ambient
spinors ¢ restricted to M with sections of XM ® X F, which are intrinsic objects.

The identification Yo ® X} ~ ¥, goes as follows, using the quaternionic
notations. From the natural basis of Xy ~ H over C: (1 —4), (1 + i), we build
the following basis

1-)1—-19),1+i)(1+1i),1—-9)1+1),(1+1i) @ (1—1)
which actually spans (33 @ ¥'3) @ (5, @ ¥5) @ (X5 @ ¥5) @ (2, @ ¥5).
The corresponding basis in ¥, ~ H? spans X" @ X, ” @ %]~ @ X, T, where

(a,b) € £ if and only if y4(w$)(a,b) = (ca,e’b). Then a possible (but not
unique) choice of basis is

1+k —i—J 0 0
0 ’ 0 "\i+j )\ —1—-k
and U is the map sending on basis to the other:

U((1—i)@(1—i)a™ T+ (1+i)@(14+4i)a” ~+(1—i)@(1+i)at +(1+i)®(1—i)a” T
QA+ k)at™t —(i+ja "\ [ a
a ( (t+5)a™ —(1+k)a=T ) o ( b ) (14)
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3.2 The abstract Dirac equation

Using this correspondence we can write the Dirac equation, using only intrin-
sic data on M and a given rank two bundle E. We will assume that M is
parametrized locally by the conformal coordinate z = x + iy, inducing a frame
(e1,e2) = e P(9/0,,0/Dy), where p is the conformal factor, and we will also
denote

Cp = <Vg/az€3,€4> = ep<V£e3,e4> , Gy = <Vg/6ye3,e4> = e”(Vieg,&;)

the normal connection coefficients, and

for 6 =1,2 Hg = -(B(e1,e1) + Blez, e2),es)

N =

the coefficients which will (eventually) be the mean curvature vector coordinates,
in a chosen orthonormal frame (e3, e4) of E. Since VM VE (resp. VZM VZF)
are the connections (resp. spinorial connections) on M and E , then V =
VM @ Ids g + Idsy ® VZF is the connection on the twisted spinor bundle ¥.
For o € I'(XM),

1 1
ViMo = Lxo + 3 Z(V%ea,eg)ea ~eg-0=Lxo+ §<V§gel,eg>el €20

a<f
so that
1
VBEIM(I —¢i) = Le(1—ei)+ —(V?{el, e2)ij(1 — ei)
—_—— 2
=0
-0 9
= —%3—550 — &i)(—j)
Similarly,

VEM (1~ ci) = " 2o(1 — <i)(—j)
VEE(1 - ¢'i) = Slere! (1 - €'d) (—))
VEEQE(l —el) = %025’(1 —£&'i)(—7)
Let D =e1 - Ve, + €2 Ve, be the Dirac operator on XM ® X F, then,

. /- _Q . _ /- I@ /@_ .
D((1—-ei)®(1—¢")) = 5 (1+ei)®(1 52)(55 ar—i-cQ—i—(a oy Ecl>3>

and for any C-valued a,

D((1—¢i)® (1 —¢'i)a) =

’ Iy :
(1+2)® (1 — ei)er (C2 +ee'pe + ('py 015)]a+56/% —I—E’j%) (15)

2 ox ox
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Summing up,
Do = D(1-i)@(1-da™ "+ 1 +i)@(1+i)a
+1-)@A+i)a™ +(1+i)®@ (1 —d)a"T)

= (I-9)e@d—ide” <Cy ~ Px +2(Py +C)J a; "+ ja,

+(1+i) @ (1 +i)e” (Cy — Pzt (Q—Py - Cm)]a.l,-_ —att —ja;j‘)

+(1—i)®@ (1 4i)e” (cy TPt (2_py )T - _ja;_)
+(1 + Z) ® (1 — Z')e*p <Cy + Px +2(Py - Cac)]a++ + a;rJr —I—ja;rJr)

Switching to the notation in X4, through the isomorphism ¥ in (14) (which we
will be implicit), we now write ¢ = (a, b), so

O ) iCqp—Cy o
a - PG 4 (g 6—”) b
DSD =D b =e’ da :da iCxtcy ap
Since
iq. _ 0 Hzj + Hyuk a ) _ (Hsj + Hak)b
14 Hsj + Hyk 0 b (Hsj + Hyk)a

the Dirac equation is written intrinsically as

. _ 9 —icy .
%—I—zg—z bt = —%8 + % 4 eP(Hsj + Hyk)

' cytic , (16)
% —zg—z a~l = _% _ % — eP(Hsj + Hak)
Or, using the quaternionic notation for complex derivatives,
2(02\0a)a™! = —F2 — % — e (Hyj + Hak) (17)
202\Ob)~ = — 52 + %= - P(Haj + Hak)

3.3 Building the immersion

To show that (16) (or (17)) implies the local existence of an immersion with the
prescribed metric data, let us define the following H-valued 1-form on M

€ =e“a "t (dx + idy)b
for the spinor field ¢ = (a,b). As in [BLR], we prove the following
Theorem 3. If (a,b) satisfy (16) with a and b of constant norm, then & is
closed, and the (locally defined) application f : M — H such that df = &
induces the original metric data. Furthermore, we obtain the restriction of a

parallel ambient spinor ¢ by setting ¢ = ((p, q), (a,b)) for (p,q) a moving spinor
frame on M such that pg~' = e1, pig~' = ez, pjqg ! = e3 and pkq—' = ey.
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We can prove closedness directly, however we will choose a slightly different
route, in order to connect to the formalism of Konopelchenko and Taimanov.

Proposition 1. If (a,b) satisfy (17) with a and b of constant norm, then the
H-valued 1-form & = e“a~1(dx + idy)b can be written as ¢ = AdzB, with A, B
satisfying (I). In particular £ is closed, and the conclusions of theorem 3 hold.

Proof. Note first that the couples (a,b) and (A, B) are different in nature: |a|
and |b| are constant and equal by hypothesis (we will assume that |a| = [b] = 1
for simplicity), while A, B clearly are not, unless the induced metric is flat.
Nevertheless, (A, B) can be derived from (a,b) by a process similar to a gauge
change, up to the conformal factor. Indeed write

A= eu+iv+p/2a B = €7u+iv+p/2
where u, v are real-valued functions to be determined. Then
AdzB = a e TP 2 qzemut /2 — ePg T b = €.

To prove our claim that £ is closed, we need only show that A, B satisfy the
equation (I) for a suitable choice of u and v.

(02\0A)A™! = (9(u+++p/2) + eu+iv+p/2(5Z\aa)a—1eu+iv+p/2
z
ou  Ov  cytic, elTHY _
= Rt T T 1 T T (H3j + Hak)

because complex numbers commute, and commute modulo conjugation with j
and k. Similarly,

. 2
ou v ¢y —icy, —elT2w

— —1 _ " Y .
(0z2\0B)B™" = 55 —i—zaz t— T (Hsj + Hak).

We want to solve in C

ou . 0v  cy+icy

9. s T 4
Ou . 0v ¢y —icy
09z ‘9z 4

but the second equation is the conjugate of the first one. Under smoothness
assumption (see [H6, Theorem 4.2.5]), there is always a solution of the 0 problem

O(u—iv) ¢y —icy

8z 4

Given this solution, we remain with

(02\0A)A™' = —hj and (02\0B)B™' = hj
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where _
ep+2w

h:

(Hz + Hyi)

depends on the mean curvature vector. We have obtained exactly the Dirac
equation of Konopelchenko and Taimanov, which ensures integrability, as we
proved earlier.

The map f is an immersion because, by construction, A and B are not
allowed to vanish. There remains to show that f induces on M and its nor-
mal bundle the same metric data we started with. Because of df = e”a~'dzb,
the metric on M is clearly the one desired. For the normal bundle connec-
tion and second fundamental form, just pick up the constant spinor field ¢ =
((a=,b71),(a,b)) ~ ((1,1),(1,1)). We know from the beginning that (|, sat-
isfies the Dirac equation (11), which in intrinsic coordinates yields (16) for the
induced metric and spinor coefficients a,b. So that a,b satisfy two differential
systems, and we can identify the right hand side term by term, using the fact
that H is a vector space (so quaternions split along the basis (1,14, 7,k)). E.g.

—ic, .. . (V0. e3,ea)—i(Vy 5 e3,e4) .
—%—l—% has to coincide with —%—i— 0/ 5 9/ % for the induced

normal covariant derivative, which proves that both connections are equal. The
same holds for the mean curvature. |

We therefore reach the same conclusion as [BLR|: The Dirac equation (11)
on XM ® XF for a spinor field ¢ such that [pT| = [¢~| is equivalent to the
equations of Gauss, Codazzi and Ricci for surfaces in R%.
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