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Abstract

We introduce a class of numerical methods for highly oscillatory systems of stochas-
tic differential equations with general noncommutative noise. We prove global weak
error bounds of order two uniformly with respect to the stiffness of the oscillations,
which permits to use large time steps. The approach is based on the micro-macro
framework of multi-revolution composition methods recently introduced for determin-
istic problems and inherits its geometric features, in particular to design integrators pre-
serving exactly quadratic first integral. Numerical experiments, including the stochastic
nonlinear Schrédinger equation with space-time multiplicative noise, illustrate the per-
formance and versatility of the approach.

Keywords: highly-oscillatory stochastic differential equation, composition method,
quadratic first integral conservation, multiplicative noise, time-dependent stochastic
Schrédinger equation.

MSC numbers: 60H10, 35Q55.

1 Introduction

Consider a nonlinear system of (It6!) stochastic differential equations (SDEs) of the form
AX(1) = (cUAX () + X))+ 3 g (XO)AW, (1),  0<t<T, (1)
r=1

where € > 0 is fixed, A € R*? is a constant matrix, f,¢" : R — R?% are smooth and Lips-
chitz vector fields, X (0) = Xy is the initial condition, and W,.,r = 1,...,m are independent
standard Wiener processes. On the highly oscillatory part of the problem, we assume that

exp(A) = 1. (2)

This means that the flow of the stiff oscillatory part % = ¢ LAX, given by z + exp(e~tA)x,
is periodic with respect to t, with period . Thus, multiple oscillatory frequencies in e 1A
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"We focus on It6 SDEs to simplify the presentation, but our analysis applies also to Stratonovich SDEs
using the conversion formula.



are allowed if they are integer multiples of 2. Such class of problems includes second order
SDEs of the form
X(t) = —e2KX(t) + a(X (1) + Db (X ()W, (t) (3)
r=1

where K € R%4 is a constant symmetric matrix with eigenvalues in 277Z and a, b” : R¢ — R?
are smooth vector fields. An interesting situation is the case where a = —VU derives from
a potential U : R — R and where additive noise is considered, i.e. the functions ¢" are
constant and there exists a constant matrix B € R4*™ such that

(9" (q),---.9™(a)) = B. (4)

Consider the Hamiltonian, which represents the energy of the system (3),

1 _
H(p,q) = 5 (p"p+e*Kq"q+U(q)).

A standard application of the It6 formula to (3) yields that the average of Hamiltonian grows
linearly with time due to the additive noise perturbation. Precisely, setting Q(t) = X ()

and P(t) = X (t), we have
B(H(P(), Q(1))) = H(P(0), Q(0)) + 5 trace(BB) (5)

and this energy is exactly conserved along time only in the deterministic case (B = 0).
The linear growth (5) is not recovered in general by standard explicit integrators, e.g. the
Euler-Maruyama method where a super linear growth can be observed [9, 10].

The class of problems (1) also includes spectral spatial discretizations of the nonlinear
Schrodinger equation with a stochastic space-time noise. Consider for instance

ou(x,t)
ot

i = —Au(x,t) + eV () |u(z, )|z, t) + Veg(u(z, )Wz, t), t>0ze(0,1),
(6)
where we consider periodic boundary conditions in dimension one of space for simplicity.
Here, W (z,t) denotes a real-valued white noise which is white in time and correlated in
space.? We refer for more details to [13] where numerical simulations of the stochastic
Schrédinger equation are presented to investigate the influence of space-time noise over the
stochastic blow up time of the solutions, and to [12] where the strong and weak convergence
rates of the Euler-Maryama method applied to a class of stochastic nonlinear Schrédinger
equations are shown to be the same as for SDEs in finite dimension (i.e. weak order 1) in
contrast to the parabolic case. In the case of multiplicative noise in the Stratonovitch sense
where g(u) = ou (with o a constant), we have that the L? norm fol |u(z,t)?dx is a first
integral similarly to the deterministic: it is exactly conserved along time almost surely on
the existence interval of the solution. The Hamiltonian energy is however not conserved
in general in the presence of noise. Considering a pseudo-spectral spatial representation
of the form u(t,z) ~ Zi:%ﬂ & (t)e™™ with a fixed number ¢ of Fourier modes, we then
arrive at the following system of SDEs with Stratonovitch noise for the Fourier modes

&(t) eC, -l <k </,
dgk = (_Zk2£k +€f/€( 75713507517"'))dt+i0-\/g Z fk‘—j Odea (7)

1<j<e

2Here, the correlation in space arises from the fixed number ¢ of Fourier modes considered in the noise.



where f) corresponds to the nonlinear term V|u[*u, W; (—¢ < j < {) are independent
standard Wiener processes, and we set ;120 = ¢; for all j in the above sum (the convolution
product of the solution frequencies and the Wiener processes). The Stratonovitch system
of SDEs (7) can be recast into the format (1) by rescaling time (that is, by rewriting the
system in terms of the new time variable £ = th) and using the Stratonovitch to Itd
conversion formula.

For the numerical approximation of highly oscillatory problems of the form (1), standard
SDE integrators require in general a time stepsize of the same magnitude as € to achieve
stability and accuracy, which can be prohibitively expansive for small values of ¢, already
in the deterministic setting (¢" = 0,7 = 1,...,m in (1)), and thus appropriate integrators
are needed. For the numerical study of highly oscillatory stochastic integrators and not
assuming (2), we mention the recent work [28], where splitting methods for the Langevin
equations are analyzed, and the works [9, 11] where stochastic trigonometric methods are
proposed and analyzed, and further extended to the linear stochastic wave equation [10].
The trigonometric methods are a modification of the classical leap-frog method for (3) where
filter functions are introduced to avoid numerical resonances (see [18, Chap. XIII| in the
context of deterministic problems). A common aspect of the aforementioned works is the
study of the strong convergence (with orders 1/2 or 1), i.e. the error E(| X (¢x) — X|) (where
tr = kh and h is the stepsize) for approximating individual trajectories X (¢) themselves in
the case of additive noise (i.e. (4) holds). In contrast, we consider here the general case of
a general nonlinear noncommutative noise, and we focus on the weak error of convergence,
i.e. the error |E(¢(X (tx)) — E(¢(Xk))| where ¢ is a smooth test function.

In [6], the class of deterministic multi-revolution composition methods was recently
introduced for systems of the form (1) with ¢" = 0,7 = 1,...,m. Observe that the exact
flow of this problem after one period ¢ is a smooth perturbation of the identity. The multi-
revolution approach, as first proposed in [20, 23], permits the approximation of the Nth
iterate of a smooth deterministic near identity map ¢.(y) = y+O(e) from R? into itself, but
calculating only a few compositions (hence the name multi-revolution). Setting H := Ne,
a example of such composition method is the order two approximation of the Nth iterate
of the map ¢,

P(H+e)/2 © @:%H,E)/Q(y) = Soév(y) + O(H3>

It is shown in [6] that the constant symbolized by O is independent of N > 1 and € < ¢ if
v:(y) is a C3 function of (y,e). Next, considering for ¢. the flow of an highly oscillatory
system after one highly oscillatory period permits to design large time step geometric in-
tegrators. The aim of this paper is to extend and analyze this approach to the stochastic

context with general nonlinear multi-dimensional drift and diffusion functions.
It is known (see [24] and the recent work [8]) in a deterministic context (¢" = 0) that
the solution X () of (1) is asymptotically close to an effective nonstiff problem of the form
dX(t)

7 = (al +eaz + ‘1‘52@3 +. ) (Y(t)), X(O) = Xo (8)

where

a(z) = /01 eAfe *Ax)ds

1 59
as(xz) = —;/0 /0 (eSQAf(e(Sl_SQ)Af(e_SlAﬂ:)) - 651Af(e(”_sl)Af(e_SQAm)))d31d82,
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(9)

at times which are integer multiples of the oscillatory period. Precisely, truncating the
above series (8) (which diverges for general nonlinear problems) after the eP~! term yields
X(t) = X(t) + O(gP) for all t = ke < T with k£ € N, and this remainder can be made
exponentially small for analytic data. We observe that the vector field of the effective
problem (8) involving multiple integrals can be difficult to simulate in general. Although
an analogous effective problem can be constructed in some cases (see Remark 3.5 for additive
noise), we highlight that the proposed methods do not involve the pre-calculation of such
an effective problem but applies directly to the original problem (1), with micro and macro
stepsizes in the spirit of the so-called Heterogeneous Multiscale Method [2, 14, 15].

This paper is organized as follows. In Section 2, we introduce the stochastic multi-
revolution composition methods and state our main weak convergence results. In Section
3, we perform the error analysis of the proposed methods for general nonlinear systems of
SDEs. In Section 4, we present several numerical examples that corroborate the theoretical
orders of convergence and illustrate the good qualitative behavior of the proposed meth-
ods for various problems over long times, including the stochastic nonlinear Schrédinger
equation with multiplicative noise.

2 Multi-revolution composition methods for oscillatory SDEs

We first introduce semi-discrete multi-revolution methods involving a macro time stepsize
H which can be possibly much larger than the oscillatory period €. We next introduce the
fully-discrete methods by coupling the multi-revolution approach with a micro integrator
involving in addition a micro stepsize h. We present weak error estimates with respect to
H, h with error constants independent of €. The proofs are postponed to Section 3.

2.1 Semi-discrete multi-revolution composition methods

We introduce the following integrator which permits to integrate (1) with oscillatory period
e on a time interval of size O(1) at a computational cost independent of £ by considering
appropriate auxiliary non-stiff SDE problems.

Algorithm 2.1 (Semi-discrete S-MRCM). For the approximation of the flow after time
H = Ne of (1) where N € N, we consider the scheme Xy +— X1 defined by

dKyy = (—AKpy + anH f(Ky1))dt + v/ ayH Y g (Kp1)dWiy, Kpi(0) =X, (10)

r=1
dK}o = (AKy2 + SNHf (Ki2))dt + /BNH Y | g7 (Ki2)dWira, Ki2(0) = Kia(1) (11)
r=1
X1 = Ky 2(1)
where Wi 1, Wi, ro,7 = 1,...,m are independent Wiener processes, and we define
1 1 1 1
ay = - — — BN = -+ —. (12)

2 2N’ 2 2N



For notational brevity, we shall sometimes drop the dependence on k of Ky, ; and Wy, ;.

The advantage of the above Algorithm 2.1 is that the stiff problem (1) on a time interval
H = Ne¢ including N fast oscillations (due to the term e 1AX in (1)) is approached by
the resolution of two non-stiff problems posed on the time interval (0,1) involving each
only one oscillation, and thus more convenient to solve. In other words, in this multi-
revolution approach, N fast oscillations of (1) are approached by only two oscillations
of analogous problems with appropriate coefficients. This is advantageous compared to
standard integrators for large values of N, i.e. for small values of €.

Remark 2.2. In the context of deterministic oscillatory problems, order conditions for
MRCMs up to arbitrary high order are derived in [6] using the algebraic framework of la-
belled rooted trees, and integrators up to order 4 are exhibited. However, It is well-known
[25, 26] that a composition method with real coefficients of order strictly larger than 2 neces-
sarily involves negative coefficients, see [3] for an elegant geometric proof. Since stochastic
problems such as (1) are not reversible in time, such high order methods cannot straightfor-
wardly be applied. A possibility to circumvent this order barrier for non-reversible problems
would be to use complex coefficients, as proposed in [4, 19] in the context of deterministic
diffusion problems. The use of complex coefficients in this context is however beyond the
scope of the present paper.

The next task is to prove accuracy estimates between the exact solution X (¢) of (1) and
the approximation Xj from Algorithm 2.1 where t = kH and H = Ne with error constants
independent of H < Hy and € < 3. We make the following smoothness assumption of the
data.

(H) The functions f,g",r = 1,...,m are C%-functions with all partial derivatives bounded.

This implies that f,¢" are Lipschitz continuous (but not necessarily bounded), and thus
the solution of (1) exists and is unique. In order to state our weak error estimates, we
denote CP(R%, R) the set of functions of class CP where all the partial derivatives have a
polynomial growth, i.e. for each partial derivative ¢ up to order p, there exist C' > 0 and
r € N such that

p(x)] < C(1 + [z]"). (13)

We shall prove in Section 3 the following second order weak error estimate for the
semi-discrete methods.

Theorem 2.3. Let T' > 0. Assume (2) and (H). Consider X}, the numerical solution of
Algorithm 2.1 and X (t) the exact solution of (1). Then, for all ¢ € Cfé(Rd,R), and all
H = Ne with N €N, and k € N with kH < T,

[E(6(Xy) — E(¢(X (kH))| < CH?,
where the constant C' is independent of €, H, k, N .

We highlight that the weak accuracy estimate of Theorem 2.3 holds uniformly with
respect to £ where both ¢ < 1 and € ~ 1 are allowed. Observe in addition that Algorithm
2.1 is exact for N =1 (i.e. the error is zero) because Ky, 1(1) = X}, in (10) and (11) reduces
to a time transformation ¢ = /e of (1).



Remark 2.4. Notice that setting any = 0,8y = 1 in (12) in the definition of Algorithm
2.1 would yield a multi-revolution method of weak order 1, where the error estimate of
Theorem 2.8 holds for all ¢ € CH(R% R) with H? replaced by H (observe in this case
Ki2(0) = Kia1(1) = Xi). In this paper, we shall however focus on the more accurate
weak second order methods. The error analysis of the first order method can be performed
analogously.

2.2 Fully-discrete multi-revolution composition methods

Algorithm 2.1 is called semi-discrete because each step requires the resolution of two systems
of SDEs, whose solution is not known in general and needs to be approximated numerically.
It was noted in the deterministic context [6] that in principle, any nonstiff integrator could
be used. However, a natural choice for such approximation is to use a splitting method
where the oscillatory and non oscillatory parts of the problem are solved separately in an
efficient way (sometimes exactly), as proposed and studied recently in [28] in the stochastic
context of the Langevin equation.

We now formulate the fully-discrete multi-revolution stochastic methods for the class
of problems (1). It involves a micro stepsize h and a macro stepsize H where H > ¢ is
allowed. We highlight again that both H and h are of moderate size, independently of the
smallness of the stiff parameter €. The approach involves a weak integrator Y1 = ®p(Yy)
with stepsize h for the nonstiff SDE problem

dY (t) = F(Y (£)dt + Y g" (Y (1)) AW, (t) (14)

where compared to (1), the stiff term e7'A4 has been removed. The integrator ®; can be
the exact solution if computationally available, or an efficient weak approximation.

Algorithm 2.5 (Fully-discrete SSMRCM). Consider a macro stepsize H = Ne and a micro
stepsize h = 1/n with N,n € N*. For the approzimation of the flow after time H of (1),
we consider the scheme Xpy1 — X defined by the composition

X1 = ("2 0 @y gy 0 "2 0 (€742 0 0y, 0 e7HA2)M (X,

where the micro integrator ®p, is a weak integrator for (14) with stepsize h, and an, BN
are defined in (12). The exponents n indicate that the maps are composed n times with
independent random variables.

Notice that Algorithm 2.5 requires for each time step 2n applications of the nonstiff
integrator ®,, applied with independent random variables, and 2n evaluations of exponen-
tials (using ehd/2 o ehA/2 — ehA). The following theorem with proof postponed to Section
3 states that it has weak second order of accuracy with respect to the micro and macro
stepsizes H, h, uniformly with respect to €. To this aim, we assume that the integrator &y
satisfies for all z € R?, and all h < ho,

[E(Yiyr = YilYi = 2)| < C(L+[z)h,  [Vipr — Vil < Mp(1+[Yi[)Vh,  (15)

where C, M,, are independent of h,z and M) is a random variable with finite moments
of all orders. We further assume the following local weak order two estimate, for all ¢ €
Cg (Rd’ R)?

E(¢(®r(Y0)) — E(e(Y (h))| < C(a)h?, (16)



where C(x) is independent h and has a polynomial growth (13).

Theorem 2.6. Let T' > 0. Assume (2) and (H). Consider X, the numerical solution of
Algorithm 2.5 and X (t) the exact solution of (1). Assume that the integrator ®, for (14)
satisfies (15) and (16). Then, for all $ € C%(R4,R), and all h = 1/n and H = Ne small
enough with n, N,k € N with kH < T,

[E(6(X5) — E(¢(X (kH))| < C(H? + h?), (17)
where C' is independent of €, H,n,k, N, h.

Remark 2.7. We highlight that (15) and (16) are natural assumptions for a weak order
two integrator. Indeed, a classical theorem of Milstein [21] (see [22, Chap. 2.2]) permits
to deduce from the local error (16) the global error |E(¢(Yy) — E(p(Y (hk))| < Ch? for
all hk < T. Crucial is the assumption (15), which is easily satisfied by any reasonable
integrator for (14), and that automatically yield that Yy, has bounded moments of any order
for all kh < T (see [22, Lemma 2.2, p. 102]). Examples of such integrators with additional
favorable geometric properties are presented in Section 4.

The proofs of the above weak convergence estimates (Theorem 2.3 and Theorem 2.6)
are provided in the next Section 3.

3 Weak convergence analysis

A crucial ingredient for the analysis is the variation of constant formula: the solution X (t)
of (1) satisfies

X(t) = e AX,+ /0 =9 A p (X (5))ds + /0 AN g (X (5)) AW, (s).  (18)
r=1

In other words, considering the change of variables Y (t) = e~ A X (), we have that Y ()
is the solution of the non-autonomous SDE problem

dY (t) = e~ A f(es AY () dt + i e~ AT (e Y (4)) AW (1), (19)
r=1

A feature of the semi-discrete Algorithm 2.1 is that it is exact in the case of additive noise
(4) and in the absence of the nonlinearity (f = 0), as stated in the following proposition.
This is a consequence of the homogeneity and scaling in time properties of Wiener processes.
Notice in contrast that the stochastic trigonometric methods [9, 11] are not exact in this
case.

Proposition 3.1. Consider the numerical solution of (1) with f = 0 and additive noise (4).
Then, Algorithm 2.1 is exact in the sense that X (t), t = kNe and X}, have the same law
of probability for all € and all N, k, € N.

Proof. The solutions of (10) and (11) can be expressed using the variation of constant
formula (18), which yields, using e4 = e=4 = I,

1
X1 = XO + \/ﬁ/ G_SABdW(S)dS
0

7



where we notice that W(s) := \/axWi(s)++v/ByWa(s) is a standard m-dimensional Wiener
process because ay + Sy = 1 (recall that W7 and W5 are assumed independent). In
comparison, using (18) and the change of variable § = s, and the periodicity of ¢ — et4
with period 1, the exact solution of (1) with f =0 and (4) satisfies

N 1 N-1
X(H) = X0+ / e ABdW (es) = Xo + / e B> dW(es+k).
0 0 k=0

Using standard homogeneity and scaling in time properties of the Wiener process, we have
that H 1 Z;CV:_OI(W(ss + k) —W(k)) is also a standard Wiener process. Using the indepen-
dence of Wi, 1, W2,k =0,1,2,... in Algorithm 2.1, we obtain that X (H) has the same law
of probability as X1, and we conclude the proof that X (¢;) and X have the same law of
probability by induction on k. 0

Using (2), we observe that for integer multiples of the oscillatory period, the solutions
of (1) and (19) coincide: X(Ne) = Y (Ne) for all N € N and all e. The advantage of
considering the form (19) compared to (1) is that the drift and diffusion functions (x,t) —
e~ A (=AY (1)) and (z,t) = e HAgr(ef tAY (¢)) are CS-functions with all partial
derivatives with respect to the spatial variable x bounded uniformly with respect to e.
Using these regularity, we may recall the following two classical results taken from [27].

Lemma 3.2. [27, Lemma 1]. Assume (H) and consider the solution Y (t) of (19). Then,
there exist a constant C > 0 and r € N such that for all p € N, t € [0,T], Xy € R?,

E([X(®)") < C(1 + [Xo|").

In addition, there exists a version of the process X (t) which is almost surely 6 times con-
tinuously differentiable with respect to the initial condition X (0) = Xo, and the derivatives
with respect to the initial condition, (*X (t))/(0XE),k = 1,...,6, have bounded moments
uniformly with respect to € € R, t € [0,T], Xy € RY.

Theorem 3.3. [27, Theorem 2.2]. Assume (H) and consider the solution Y (t) of (19).
For all ¢ € C% (R4, R), the function

u(z, t) .= E(p(Y (1)) (20)
is solution of the partial differential equation
ou
a = ﬁe(t)ua U($7 0) - (b(l’), (21)

where the generator L.(t) of (19) is defined by’

_ _ 1 & _ _ _ _
L:(B)9(x) = e AF(e ) Vo(a)+5 Y ¢ (@) (7 Mg (e M) e (e )
r=1
(22)
u(z,t) with 2ip + k < 6, 1 < i; <d, i,k > 0,

are continuous with polynomial growth (13) where r,C" are independent of €, x € R?, and
te0,7].

and the partial derivatives 8tioﬁmi1 o Oy

%We denote Vé(x) the gradient with respect to & of ¢ and ¢”(x)(-,-) the second derivative of ¢, which
is a symmetric bilinear form.



We deduce from Theorem 3.3 a weak Taylor expansion for u(x, H) = E(¢(X (H))) where
X (t) is the solution of (1).

Proposition 3.4. Assume the hypotheses of Theorem 3.3. Then, u(x,t) defined in (20)
satisfies for all H = Ne, with N € N,

H?-H
l‘ H = H/ [,1 81 d81+ 5 8/ / £1 81 £1(82)¢($)d82d$1

b oHe /0 /0 L1(51) L1 (52)b(@)dsadsy + O(H?)

where the constant in O(H?3) is independent of N,e with a polynomial growth (13) with
respect to x, and Ly is defined in (22) with e = 1.

Proof. Tterating “4 la Picard” the integral relation u(z,t) = ¢(z) + fg L:(s)u(x,s)ds, we
obtain

t it rs1
u(z,t) = qb(x)—i—/oﬁs(sl)qb(x)dsl—i—/o/o L:(s1)L:(s2)p(x)dsadsy

t S1 D)
/ / / L:(s1)Lc(52)Le(s3)u(z, s3)dssdsadsy
0 JO 0

which yields using Theorem 3.3,

u(z, H) = /OH L-(s1)p(x)ds1 + /OH /051 L.(s1)L:(52)(x)dsadsy + O(H?)

where the constant in O(H?) satisfies the polynomial growth (13) uniformly with respect
to N,e. Using the change of variable §; = ¢~ 's;, we deduce

N s1
SL‘ H = 6/ ,Cl 81 dSl +e€ / /0 E]_(S]_)ﬁ]_(SQ)(;S(fE)dSQdS]_ + O(HS)

Finally, using the periodicity assymption (2) yields the identities

/ £1 81 d81 = N/ ﬁl 81 dsl,

N S1 _
/0 /0 L1(s1)L1(s2)d(x)dsadsy = 2/0 /0 L1(s1)L1(s2)d(x)dsadsy
1 S1
+ N/o/o L1(s1)L1(s2)¢(x)dsadsy,

which permits to conclude the proof. O

A consequence of Proposition 3.4 is the following remark, which gives some insight on
a stochastic effective problem in the case of additive noise, analogously to (8).

Remark 3.5. Consider the additive case (4) with dimensions d =m and B = 1. It can be
checked that for all tp, = ke <T with k € N, and all ¢ € C?;(Rd,R),

E(¢(X (tr) — E(6(X (t))] < Ce?,



where C' is independent of N, e, where X (t) solves the effective SDE
dX = (a1 +e(ag + O'QAbg)) (X)dt + o (I + eby(X))dW (t), X(0) = Xo (23)

where ay,az are defined in (9) and

1 1 s1
ba(z) = 4/0 (sleslAf(e_sle) —/0 652Af(6_82A.’E)d32)d51.

The proof of (23) is deduced showing first the local estimate |E(¢(X (e)) —E(¢(X ()] < Ce?
(using Proposition 3.4 with N =1 for X(€) and analogously a weak Taylor expansion for
X(g)). Interestingly, the effective SDE (23) has multiplicative noise in general, although
the original SDE (1) with B =1 in (4) has additive noise.

We may now derive a local weak error estimate for the semi-discrete S-MRCM.

Lemma 3.6. Assume (2) and (H). Consider X the numerical solution of Algorithm 2.1
after one step and X (t) the exact solution of (1). Then, for all initial condition Xy = x,
all ¢ € C’]@(Rd,R), and all H = Ne with N € N,

E(¢(X1) — E(¢(X (H))| < C(a)H?,
where the constant C(x) is independent of e, H and has a polynomial growth (13).

Proof. We observe that the SDE (10) has the form (1) by setting e = —1 and replacing f
by anH f and ¢g" by /ayHg". Applying Proposition 3.4 with N = 1, we deduce

1
B D)EI0) = 2) = o(a) +anHT [ Los(s0)o(a)ds
1 S1
b (anH)? /0 /0 Lo 1(51)L1(52)()dsadsy + O(HP).(24)
Analogously for the solution Ks(t) of (11), we have
1
BOUR()[Ko0) = 2) = o)+ B [ L1(an)ofe)ds,
+ (ﬁNH)Q /01 081 ﬁ1(81)£1(82)¢($)d82d81 +O(H3), (25)

where the constants in the above remainders O(H3) are independent of N,e and have a
polynomial growth (13) with respect to x.

We next have by the Fubini theorem and using properties of conditional expectancies
(recall that Wy, Wy in (10),(11) are independent Wiener processes),

E(¢(X1)|Xo = o) = E™ (EW2 (0(Ka(1)|K2(0) = Ki(1))|[Ka(0) =) (26)

where the notations EV1, EW2 refers to the expectation with respect to the Wiener process
W1, Wa, respectively. Applying (24) with ¢ replaced by = K»(0) — EW2(¢(K>(1))),
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which is, by Theorem 3.3, almost surely of class C% with derivatives of polynomial growth,
we deduce for all Xy = z,

E(6(X1) = <I+aNH/1 ﬁ_l(sl)d31+(aNH)2/1 /81 £_1(31)£_1(32)d52d31>
<I+/3NH/ L1(s1)dsy + (ByH) / / L1(s1 £1(32)d52d31> o(x) + O(H?)
= (I+aNH/ L’_l(sl)dsl+5NH/ L1(s1)dsy
! . "
+ OéNﬂNHQ/O 5—1(81)d81/0 L1 (s1)dsy
+ (aNH)2 /1 /Sl L_1(s1)L_1(s2)ds2dsy
+ (BwH) / | eitsts(saldsadss o) + O

A consequence of (2) is fo 1(s1)dsy = fo L1(s1)ds; and

1 S1 1 1 1 S1
/ / £_1(81)£_1(82)d82d81 = / / £1(81)£1(82)d82d81 —/ / £1(81)£1(82>d82d81.
0 0 0 0 0 0

We deduce
1
E(¢(X1)) = <I+(04N+5N)H/O L1(s1)ds1
1 1
+ (OéNﬁN—l-Oé?V)HQ/ / £1(81)£1(82)d82d81
1 0810
s G adr? [ [T L) atsa)dsads:)o(Xa) + O(H?).
o Jo

Using (12), we observe that ay + 8y = 1, (anfy + o%)H? = (H? — He)/2 and (8% —
a?\,)H 2 = He. Comparing the above Taylor expansion with the one in Proposition 3.4
permits to conclude the proof. O

Based on the local error estimate of Lemma 3.6, we may now give the proof of Theorem
2.3 for the global order two of convergence in the weak sense. To this aim, the following
lemma, which is shown in the proof of [22, Lemma 2.2, p.102] is a crucial ingredient.

Lemma 3.7. [22] Consider a discrete process {Yi} (k € N) satisfying (15). Assume further
that Yo has finite moments of all orders. Then, for all integer p, there exists C), such that

E([Yi[P) < e“M(E(|Yol") + 1)
for all k € N and h < hyg.

Proof of Theorem 2.3. We use a well known result of Milstein [21] (see [22, Chap.2.2])
which permits to deduce automatically the global error estimate of Theorem 2.3 from the
local error estimate of Lemma 3.6. To this aim, we only have to check is that the moments
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E(|X%|*") of the numerical solution are bounded for all k, H with 0 < kH < T uniformly
with respect to k and H sufficiently small. This is a consequence of Lemma 3.7 applied with
h = H to the discrete process {Y}} defined by Yo, = X, and Yoi41 = Kj 1(1) where Ky ; is
given in (10). Considering the SDEs (10) and (11), the estimates (15) with h = H for the
discrete flows K}, 1(0) — K}, 1(1) and Ky 2(0) — Ky 2(1) are a straightforward consequence
of the Lischitzness of f,¢",r = 1,...,m. This permits to conclude the proof. O

In order to prove Theorem 2.6 for the the global weak accuracy of the fully-discrete
method, we need to check that the numerical solution has uniformly bounded moments of
any order. This is the purpose of the following lemma.

Lemma 3.8. Assume the hypotheses of Theorem 2.6 and consider the numerical solution
X of Algorithm 2.5. Then, for all p € N, there exists a constant C, such that for all
H=Ne, keNwithkH<T,

E(|Xk[") < Cp.

Proof. We observe that the numerical solution X1 is calculated inductively from X} using
a composition of 2n stochastic mappings of the form
RLETERS SN
where 6 = =1,y = ay or § = 1,7 = fn. Let {Y,},k = 0,1,2,... denote the discrete
process arising from this composition (note that X = Y2,x). We next define the discrete
process Yy from Y, by
Yonktj = €"Youktjs  Yonkinsj =€ Yopkintis 1§ =1,...,m.

For 1 < j < n, we obtain ?gnkﬂﬂ = eh(k“/Q)Ao@aNhHoe_h(k+1/2)A(§~/2nk+j), which yields

%nkﬂ‘ﬂ — %nk—‘rj = 6h(k+1/2)A((I)aNhH(e_h(k+1/2)A3~/2nk+j) - e_h(k+1/2)A3~/2nk+j)'

Analogously, for n +1 < j < 2n, the above identity holds with A replaced by —A and
ay replaced by fy. Using the estimates (15) on @y, the identity [eMé| < c|¢] for all
A €R, ¢ €RY and the bounds ay < 1,8y < 1 we deduce for all &,

IE(Yei1 — Ya|Ve = 2)| < C(1 + |z|)Hh, Vi1 — Yol < Mp(1+ |Y.|)VHR,

where C' is independent of N,n, H, h,e, k, k. Applying Lemma 3.7 then yields that 175 has
uniformly bounded moments of any order for kHh < 2T. We conclude the proof using
h =1/n and X}, = Yo, for all k. O

We shall also need the following result, whose proof follows standard arguments. For
the sake of completeness, a proof is provided in Appendix.

Lemma 3.9. Assume the hypotheses of Theorem 2.6. Let § = —1,v = ayn (resp. § =
1,v = Bn). Then, the integrator

Vi1 = "2 0 &gy, 0 2M42(Yy),

applied the SDE (10) (respectively (11)) satisfies for all ¢ € C%(R%, R) and all H,h = 1/n
small enough,

E(6(Yn) — &(K;(1))] < C(a)h?H,
where j =1 (resp. j =2) and C(x) is independent of h, H, N,n, k,c and satisfies (13).

12



Proof of Theorem 2.6. Consider the numerical solution denoted X}, of the semi-discrete
Algorithm 2.1. Applying Lemma 3.9 for (10) and (11), we deduce

E(¢(X1) — ¢(X1)| < C(x)h°H.
Using Lemma 3.6, we deduce the local error estimate
[E(¢(X1) — E(¢(X (H))| < C(x)(H® + h*H). (27)

In addition, by Lemma 3.8, the numerical solution X} as uniformly bounded moments of
any order, and the Milstein theorem [21] (see [22, Chap.2.2]) then yields the global error
estimate of Theorem 2.6. U

4 Numerical experiments

In this final section, we consider three problems to illustrate numerically the weak conver-
gence rates of the proposed methods and the versatility of the approach. We investigate
not only the accuracy of the methods but also their long time qualitative behavior.

4.1 An illustrative example: Kubo oscillators

We first focus on the so-called Kubo oscillators. A nonlinear version with multiplicative
Stratonovitch noise, as considered recently in [9], is

dQ(t) = (e'P(t)+ Pf(P(t),Q(t)))dt + o P(t) o dW (t)

dP(t) = —(e7'Q(t) + QF(P(1), Q(1)dt — o Q(t) o AW (t) (28)
where P(t), Q(t) € R and the same one-dimensional Wiener process is considered in (28) for
both components. Notice that (28) can be put in the form (1) using the time transformation

t = t/2m and the Stratonovitch to It6 conversion formula. For the nonstiff part of the system
(28), we choose as micro integrator a Strang splitting method

), = q)f/z o dP o cpﬁ/Q, (29)

where, on the one hand, the noise part d@QQ = c P odW, dP = —o(Q odW is integrated with

or . (P) L (@) _ ( costovhe) sin(ovhg) (p

h\q P —sin(ovhé) cos(ovhe)) \q
where ¢ are independent random variables with P(¢ = ++/3) = 1/6, P(¢ = 0) = 2/3. Notice
that replacing above vh¢ by AWy, = W ((n + 1)k) — W(nk) would make ®;' exact. The
above choice of discrete random variable makes @f a weak second order integrator (using

E(£2) = 1,E(¢*) = 3). On the other hand, the nonlinear part dQ = oPf(P,Q)dt, dP =
—oQf(P,Q)dt is approximated by the implicit midpoint rule defined as

BB . (p) . (Q) _ <Q+hPMf(PM7QM)>
" \g P p—hQuf(Pu,Qum)
where Py; = (p+ P)/2,Qar = (¢ + Q)/2. In the implementation of &7, we use fixed point

iterations until convergence up to round-off errors. Notice that the splitting scheme (29)
has weak second order of accuracy (see Proposition 6.1 in Appendix with e = 1).
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Conservation of quadratic first integrals An interesting feature of (28) is that the
quantity C(p,q) = p? + ¢? is exactly conserved along time for all trajectories. Precisely,
observing that d(C(P(t), Q(t))) = 0 (as shown for instance in [9, Prop. 3.2]), we have almost
surely

P(t)* +Q(t)* = P(0)* + Q(0)?,  forallt > 0. (30)

Since both integrators @f and <I>f exactly conserve the quadratic first integral, we have that
@), in (29) exactly conserves P(t)2 + Q(t)?, and thus also the corresponding fully-discrete
S-MRCM of Algorithm 2.5: P,? + Q% = PO2 + Q(Q) for all £ € N and all numerical trajectories
of the method. Note in contrast that the strong method proposed in [9] does not conserve
exactly this quadratic first integral in general.

10—1? semi discrete MRCM (g = 279) 10—1? semi discrete MRCM (g = 27%)
102 102
1090 105F
104;— 104;—
10% 10
10° - I:II.IO1 macro s‘lcelpsI | I:i.O2 100 - I:i.l()l macto stlepl)sI | I:i.O2
10—1? fully discrete MRCM (g = 279) 10_1? fully discrete MRCM (e = 27%)
102 102F
105F 10°F
10“;— 104;—
105;— 105;—
00T e steps 10 1010 maco steps 102

Figure 1: Multi-revolution methods for the Kubo oscillator (28) with nonlinearity f(p,q) =
p> + ¢°. Error in E(X;(T)?)) versus number of macro steps (final time T' = 27). Top pic-
tures: semi-discrete MRCM. Bottom pictures: fully-discrete MRCM with n = 8,16, 32, 64
micro steps per macro step (respectively from top to bottom).

Weak convergence rates Since the scheme exactly conserves the quadratic first integral
P?+@Q?, we have that the weak error bound (17) holds provided that f : R? — R in (28) is of
class C% in a neighbourhood of {(p, q) ; p>+¢*> = Py+Qo} where we consider a deterministic
initial condition (here Qo = 1,Py = 0). We consider the nonlinearity f(p,q) = p* + ¢°
(similarly to [9]). For e = 276 ~ 1.6 - 10~2 (left pictures) and ¢ = 278 ~ 3.9 - 1073 (right
pictures), we plot for many different macro steps H the error for the second moment of the
first component E(|X1(7)|?) at the final time 7' = 27 as a function of the number of macro
steps T'/H. The expectation is approximated using the average over M = 107 trajectories
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to make the Monte-Carlo error sufficiently small compared to the weak accuracy of the
methods. In the top pictures, we take n = 1024 micro steps in each macro step, so that
the micro discretization can be considered as nearly exact (see semi-discrete Algorithm
2.1). In the bottom pictures, the four lines correspond respectively to n = 8,16, 32,64
micro steps per macro step (from top to bottom lines). In the top pictures, we observe
the expected lines of slope 2, as proved in the semi-discrete error analysis of Theorem 2.3.
In the bottom pictures, we observe the expected lines of slope 2 only for a sufficiently
fine micro stepsize, as shown in Theorem 2.6. As a reference solution, we consider here
the standard Strang splitting e 74/2 0 &), 0 e= 'h4/2 with &), defined in (29) with small
stepsize h = 27157 ~1.9.1074.

4.2 A modification of the Fermi-Pasta-Ulam problem with additive noise

error in E(H) with ¢ =276 error in E(H) with ¢ =278

1° 1P

10 101

102 1072

1073 103

104 104

5 1 1 [ N I || | | L1111 5 1 1 1 [ | || | | [
%0 10° 12 10710 107 102
macro steps macro steps

Figure 2: Multi-revolution methods for the FPU like problem (31) with Hamiltonian (32).
Error in E(Q1(T)?)),E(P(T)?)), and the Hamiltonian E(H(P(T),Q(T))) (from top to
bottom pictures, respectively) versus the number of macro steps (final time 7' = 27). The
lines corresponds to the fully-discrete MRCM with n = 8,16, 32 micro steps per macro step,
respectively.

We next consider a problem inspired from [18], which is a single-frequency modification
of the Fermi-Pasta-Ulam problem often used to test methods for highly-oscillatory problems.
It corresponds to a second order Hamiltonian system of the form (3) with d = 6 degrees of
freedom and additive noise (4),

dQ = VpH(P,Q)dt,  dP=—-VoH(P,Q)+ cBdW(t). (31)

Its Hamiltonian function is defined by

6 6
| 1
H(p,q)= 5> 0} + 535 ) 6 + V() (32)
=1 =4

with the quartic interaction potential

1

V(q) = 1(((11 )t (- —a—q)* + (B —a—q@—a)+(a+ae)?),
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where € > 0 is a small parameter. Again, following [6] in the deterministic setting, this
problem can be put in the form (1) up to a time transformation £ = ¢/27, where A € R12x12
is given by

0 0 0 0

0 0 0 2mnl

0 0 0 0 ’

0 —2m~'1 0 0

where 1 = ¢ is fixed, and 0, I denote respectively zero and identity matrices of size 3 x 3.
This model describes the motion of a chain composed with three soft nonlinear springs
and three stiff linear springs (see [18] in the deterministic context). The components i =
1,2,3 are associated to a slow motion, while the components ¢ = 4,5,6 oscillate rapidly
at the frequency e~!. We consider the initial condition Q(0) = (1,0,0,¢,0,0)%, P(0) =
(1,0,0,1,0,0), and similarly to [11], we consider an additive noise perturbation (4) in
dimension m = 1 with

A=

B =0(0,1,1/2,5,0,1/100). (33)

Remark 4.1. Our stochastic error analysis is perform for simplicity for a constant matriz
A independent of e. However, analogously to the deterministic case in [6], it can be extended
to the present situation where A depends onn = €. Indeed, since a,b” in (3) are independent
of the highly oscillatory velocities, we have that the unbounded factor n~" involved in A never
appears in et f(e7ty) and e g" (e ) where f, g" are the vector fields in the formulation
(19) of the problem.

Weak convergence rates We emphasize that our convergence analysis applies only to
Lipschitz vector fields, which is not the case of problem (31)-(32). However, numerical
experiments still exhibit the high weak order two of convergence of the method predicted in
the Lipschitz case. We consider the fully-discrete Algorithm 2.5 where the micro integrator
is defined as a Strang Splitting (29) where @f integrates exactly the deterministic problem
with Hamiltonian % Zf’zl p? and @E integrates the position components (see [6] for details
on the implementation). In Figure 2, we plot the convergence curves of the S-MRCM for
average Hamiltonian energy E(H) for ¢ = 276 (left picture) and ¢ = 27% (right picture),
respectively. We plot the errors at time T' = 27 as a function of the number of macro steps
T/H where the macro stepsize is H = 2nNe (taking into account the time transformation
t =t/(27)). The 3 curves in each plot correspond respectively to n = 8,16, 32 micro steps
per macro steps (from top to bottom). We observe convergence curves with slope 2, which
corroborate the fully-discrete error analysis of Theorem 2.6. The expectations are obtained
as the averages over 108 trajectories of the methods, and the reference solution is computed
using a standard Strang splitting with stepsize h = 27167 ~ 1074,

Long time behavior Although our error analysis applies only to bounded time intervals
with respect to e, we investigate in Figure 3 the long time behavior of the S-MRCM on long
time intervals of size T = 2me~! with € = 1/200. We consider the evolution along time of
the three stiff spring energies

1 1,

2 .
I; = P53+ + BYCLEENE J=123

the total oscillatory energy I = I1 4+ Iz + I3 and the Hamiltonian energy in (32). In the
deterministic case, it is classical (see e.g. [18]) that the Hamiltonian of the exact solution
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deterministic reference solution (o = 0) stochastic reference solution (o = 0.1)

2.0 — 3
Hamiltonian H 150 »\\66\\
1.5 %\OQQ(LYX\
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10 L 00 e SR
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E(13)
0 | ! 0 | | |
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time time
deterministic MRCM (o = 0) stochastic MRCM (¢ = 0.1)
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L T
10 I 100 @@Q R
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Figure 3: Energy exchanges in the FPU-like problem (31) with e = 1/200 on the time
interval (0,2me~1). Comparison of the SSMRCM (N = 10,n = 8) (bottom pictures) and a
reference solution (Strang splitting with A = 1073, top pictures). Stochastic case (o = 0.1):
averages over 10% numerical trajectories.

is exactly conserved, while I(t) = I(0) + O(¢) is nearly conserved along time and called an
adiabatic invariant. In addition energy exchanges at the time scale e~! can be observed
between the stiff spring energies I3, I, I3. This can be observed in Figure 3 (left pictures)
for a reference solution (Strang splitting method with small stepsize h = 1073) and the
MRCM of deterministic order 2 as first proposed in [6].

In the additive noise case (where we take o = 0.1 in (33)), there is still an average energy
exchange between the stiff springs, as observed in [11], and a linear drift (5) of the average
Hamiltonian energy with slope ||oB||? is expected for the exact solution. We observe an
excellent behavior of the proposed S-MRCM, where the expected energy linear drift with
the expected slope (5) can be observed (compare the S-MRCM and reference solutions in
right pictures). We took the macro parameter N = 10 and n = 8 micro steps per macro
time steps. On the time interval (0,27e~!), this corresponds to nN ~'e=2 = 3.2 10* forces
evaluations of the potential force VV for each numerical trajectory. In comparison, for
the reference solution with h ~ 1073 (Strang splitting), we make 2re~'h~! ~ 1.3 .10°
force evaluations to achieve a satisfactory solution. In this experiment, all expectations
are obtained using the averages over 103 trajectories. Notice that for a standard explicit
integrator, such as the Euler-Maruyama method (not represented here), a super linear
growth of the numerical Hamiltonian would be observed (see [11]), yielding a completely
wrong qualitative behavior.
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Figure 4: Stochastic nonlinear Schrédinger problem (34) with ¢ = 10~%. Error of S-MRCM
at time T = 2me ! for E(|¢1]?) (first mode) and E(|¢3]?) (third mode) as a function of the
number of macro steps. Number of micro steps per macro step: n = 100.

4.3 The stochastic nonlinear Schrodinger equation

Although our analysis applies only to finite dimensional systems of SDEs, we finally consider
the SPDE model (6) of the nonlinear Schrodinger equation with a multiplicative space-time
noise,

iau(ai’t) = —Au(x,t) + eV (x)|u(z, t)|?u(z, t) + oveu(z,t) o W(x,t), t>0, (34)
u(z,0) = cosz+sinz,

where V(z) = 2cos(2z), 0 = 1072 is a constant, and W (z,t) is a space-time noise which
is white in time and meant in the Stratonovitch sense and spatially correlated in space.
Problem (34) is posed for simplicity in dimension one of space on the interval (0,1) with
periodic boundary conditions. In the deterministic setting (o = 0) this problem is analyzed
theoretically in [17] and considered in [5, 6] to illustrate highly oscillatory integrators, and
it has a unique global solution in all Sobolev spaces H*® for arbitrary s > 0.

We consider the S-MRCM (Algorithm 2.5) applied to the spectral formulation (7). We
observe that y(t) = exp ( — italyo|* — iBW (t))yo is the the exact solution of the complex
scalar Stratonovitch SDE idy = a|y|?y + Su o dW,y(0) = yo for all real parameters a, 3.
It is thus natural to define the micro integrator ®;, of the S-MRCM algorithm by ®; =
Fy oy o F;~t where F; denotes the Fast Fourier Transform and )y, is given by

Sy 20 U e Y
Qﬂh-(uy)fkaéfe(c = (exp( 7'hv(xj)’u3’ W\/A—xXJ>uJ>

—t<j<t

where z; = jAz, Az = 1/(2¢) and x; are independent random variables with P(y; =
+/3) =1/6, P(x; = 0) = 2/3).

Features of the considered scheme are that it is explicit and the complexity with respect
to the space dimension parameter ¢ reduces to O(¢log¢) thanks to the Fast Fourier Trans-
form algorithm. In addition, the mass >, ., &;(t)[?, which is a quadratic first integral
of (7), is exactly conserved by the numerical scheme (up to round-off errors) because the
method is a composition of mass preserving flows.
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Figure 5: Nonlinear Schrédinger problem (34) with e = 10~% on the time interval (0, 2re~1).
Top pictures: deterministic case (¢ = 0). Bottom pictures: one sample trajectory in
the stochastic case (0 = 1). Left pictures: Plot of the actions |{;(t)| along time ¢, for
j=1,3,5,...,9 (solid lines) and for j = —1, -3, =5, ..., —9 (dotted lines) with colors from
red (|j] =1) to black (|j| =9). Right pictures: Hamiltonian energy along time (in blue).

Convergence rates For ¢ = 107* and ¢ = 128 spatial Fourier modes we plot in Figure 4
the error in E(|¢1(T)|?) and E(|£3(T)|?) (second moment of the first and third modes) at time
T = 27e~! as a function of the number of macro steps, here 1,2, 4,8, 16, 20, 40, respectively.
The number of micro steps per macro step is n = 100, and we take the averages over 10°
trajectories. Again we observe the expected lines of slope 2. As reference solution, we take
the numerical solution with N = 10, which corresponds to 10? macro steps on the time
interval (0, 7).

Long time behavior Again for ¢ = 10™%, we plot in Figure 5 the solution of MRCMs
with parameter N = 100 for the first Fourier modes [£;(t)| for |j| = 1,3,5,...,9 (notice
that &;(t) = 0 for even indices j if 0 = 0) along time in the interval (0,10me~1). In the top
pictures, we consider the deterministic case (o = 0) for which the Hamiltonian is exactly
conserved by the exact solution (see the top right picture where the Hamiltonian error of
MRCM remains small, of size 10~%). It was shown in [17] that a nonlinear beating effect
occurs for the first mode of the exact solution

(1) = 1+ si;l(Zst) o 1- si;(Qst)
This behavior of the exact solution is well reproduced by the deterministic MRCM as
reported in [6] (see top left picture). In the stochastic case of a multiplicative space-time

+O0EY®),  [ea()] +O@ES), t<eR
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noise (o = 0.1), an analogous beating effect with period 7/e can still be observed in the
first mode (see a sample trajectory in bottom pictures). Notice that in this stochastic
context, the Hamiltonian energy is no longer a conserved quantity for the exact solution
(see a sample trajectory in bottom right picture).

5 Conclusion

We have presented and analyzed a class of large time step integrators for highly oscillatory
SDEs based on the idea of multi-revolution composition methods originally introduced for
deterministic problems [6]. The versatile micro-macro approach can in principle be coupled
with any micro integrator in the spirit of the Heterogeneous Multiscale Method [2, 14, 15].
This permits to construct methods with favourable geometric properties such as quadratic
first integral preserving methods, as illustrated in the numerical experiments. Since the
multi-revolution methods allow a (macro) stepsize H > ¢ and have uniform accuracy
with respect to the oscillatory period e, the proposed approach could be coupled with the
multilevel Monte-Carlo method for SDEs [16], which permits to significantly speed up the
standard Monte-Carlo method by reducing the variance of the scheme. Indeed, applied to
stiff problems, the multilevel approach requires a scheme allowing both coarse and fine time
steps, as shown recently in [1] in the context of stiff stochastic diffusion problems. Finally,
we mention that the analysis of the multi-revolution approach is studied in [7] for the linear
Schrodinger equation in the deterministic case. The extension to the stochastic case will
be investigated in future works.

6 Appendix

The proof of Lemma 3.9 used in the proof of the main Theorem 2.6 is an immediate
consequence of the following more general proposition applied with fi = dA, g] = 0,
fo=1Ff, 95 =9, and € = yH. Although this result on the Strang splitting method is
well known in deterministic contexts (see for instance [18]), it seems not available in the
literature in a stochastic context, and it can be useful by itself also for ¢ = 1.

Proposition 6.1. For a fixed €, consider the system of SDFEs
dX(t) = (f1+ef)(X(0)dt + ) (g7 + VEgh)(X(£)dW, (1),  X(0)=Xo  (35)
r=1

where fi, f2,95,95 : RY — R r = 1,...,m are smooth vector fields satisfying (H). Con-
sider the stochastic flows <I>}L and @,% with time h of the auxiliary SDE problems dX =
frdt + 3770 gidW, and dX = fodt + >0 g5dW,, respectively. Then, the integrator

K1 = @y 0 B2, 0 @y 5 (Xy),
where @}1/2, @gh, and <I>}1L/2 are applied with independent Wiener processes, satisfies for all
¢ € CS(RYLR) and all hk < T,

[E(6(Xk) — ¢(X (kh))| < Ceh?,

where C'is independent of h,e and X (t) is the solution of (35). In addition, considering for
®? a weak second order approzimation satisfying (15) and (16), the above error estimates
remains valid.
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Proof. We denote by e'(£1+¢£2) (1) and etfig(x), j = 1,2 the solutions at time ¢ of the
backward Kolmogorov equation (21) with L. replaced by £1 +¢eLy and L, j = 1,2, respec-
tively. We have by [27, Thm. 2.2] (see Theorem 3.3 with A = 0),

E(¢(X (h))|X(0) = x) = "5 g ()
and analogously E(gf)(q)i(l‘))) = ehig(z), for j = 1,2, where the generator £; is defined by
Li6(z) = fi(x) - Vola) + L, 0" (5(2).g(x)) and HEHLG5(x) and () are

C3 functions with respect to h with derivatives with polynomial growth (13). Analogously
to (26) in the proof of Lemma 3.6, we deduce

E(¢(X1)|Xo = x) = €351 0 e"*2 0 351 ().
We obtain for all initial condition Xy = x,

e(h) = E(¢(X1) — $(X(h)) = €251 0 42 0 €351 ¢y () — PErtehbag(y).

Next, a straightforward Taylor series calculation yields dzz(f ) =0forp=0,1,2 (seee.g.

[18, Chap.III.4]). Using [27, Thm.2.2] (see Theorem 3.3 with A = 0) applied repeatedly
with ¢ replaced by egﬁlqb and esh£2 oe%’cqu, the quantity e(h) is of class C3 with respect to
h and the third derivative has the polynomial growth (13) with respect to z. In addition,
by the variation of constant formula,

h h
C(h) _ 6/ esﬁ1+€s£2£26(h—s)ﬁl ¢d8 o 5/ €h£1/2665£2£26h£1/2¢d57
0 0

which yields that the third derivative of e(h) has size O(e) for all h. By the Taylor formula,
we deduce for all initial condition Xy = x the local error bound

le(h)| < C(x)eh?

where C'(x) is independent of h,e and satisfies the polynomial growth (13) with respect to
x. We conclude the proof of the global weak error estimate using the Milstein theorem in
[21] (see Remark 2.7). In the case where ®7 a weak second order approximation instead
of the exact flow, the above local error estimate remains valid for all A small enough, and
using Remark 2.7 permits to conclude the proof of Proposition 6.1. ]
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