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Abstract

We study the existence of solutions to the fractional elliptic equa-
tion (E1) (—A)*u+ €g(|Vu|) = v in an open bounded regular domain
Q of RY(N > 2), subject to the condition (E2) u = 0 in Q¢, where
e =1or —1, (—A)“ denotes the fractional Laplacian with o € (1/2,1),
v is a Radon measure and ¢ : R +— R} is a continuous function. We
prove the existence of weak solutions for problem (E1)-(E2) when g is
subcritical. Furthermore, the asymptotic behavior and uniqueness of
solutions are described when € = 1, v is Dirac mass and g(s) = s” with

pE (Q#Oﬁl)-
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1 Introduction

Let Q € RY(N > 2) be an open bounded C? domain and g : R, + R, be a
continuous function. The purpose of this paper is to study the existence of
weak solutions to the semilinear fractional elliptic problem with o € (1/2,1),

(—A)*u+eg(|Vu|) =v in £,
u=0 in °,

where € = 1 or —1 and v € M(Q, p?) with B € [0,2a — 1). Here p(z) =
dist(z,Q°) and MM(Q, p?) is the space of Radon measures in € satisfying

(1.1)

/ PPdlv| < 4oo0. (1.2)
Q

In particular, we denote IM°(Q) = M(, p°). The associated positive cones
are respectively M, (Q, p®) and i)ﬁ’jr(Q) According to the value of €, we
speak of an absorbing nonlinearity the case e = 1 and a source nonlinearity
the case e = —1. The operator (—A)® is the fractional Laplacian defined as

(—A)*u(e) = lim (~A)%u(a),

€
e—0+

where for € > 0,

(-a)ute) =~ [ O lle - sl (19
and
0, if telo,e],
%) = {1 it t> e

In a pioneering work, Brezis [7] (also see Bénilan and Brezis [1]) stud-
ied the existence and uniqueness of the solution to the semilinear Dirichlet

elliptic problem
—Au+h(u) =v in Q,

u=0 on 09,

where v is a bounded measure in 2 and the function h is nondecreasing,
positive on (0, +00) and satisfies that

(1.4)

_oN—-1

+o0
/1 (h(s) — h(—s))s "N-2ds < +o0.

Later on, Véron [29] improved this result in replacing the Laplacian by
more general uniformly elliptic second order differential operator, where
v € M(Q, p°) with B € [0,1] and h is a nondecreasing function satisfying

+oo _
h(s) — h(—s siz%ig*; ds < +00.
1
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The general semilinear elliptic problems involving measures such as the equa-
tions involving boundary measures have been intensively studied; it was ini-
tiated by Gmira and Véron [16] and then this subject has being extended
in various ways, see [4, 6, 18, 19, 20, 21] for details and [22] for a general
panorama. In a recent work, Nguyen-Phuoc and Véron [24] obtained the
existence of solutions to the viscous Hamilton-Jacobi equation

—Au+h(|Vul]) =v in Q,

(1.5)
u=0 on 09,
when v € MP(Q), h is a continuous nondecreasing function vanishing at 0
which satisfies

+oo _2N-1
/ h(s)s™ N-Tds < 4o0.
1

During the last years there has also been a renewed and increasing inter-
est in the study of linear and nonlinear integro-differential operators, espe-
cially, the fractional Laplacian, motivated by great applications in physics
and by important links on the theory of Lévy processes, refer to [8, 12, 13,
10, 14, 26, 28, 27]. Many estimates of its Green kernel and generation for-
mula can be found in the references [3, 11]. Recently, Chen and Véron [13]
studied the semilinear fractional elliptic equation

(=A)*u+h(u) =v in €,

1.6
u=0 in Q° (1.6)

where v € M(Q, p?) with B € [0,a]. We proved the existence and uniqueness
of the solution to (1.6) when the function h is nondecreasing and satisfies

+oo
/ (h(s) — h(—s))s 1 *asds < 400,
1

where

L7 lf 5 € [07 MQL
ka8 = { o N (1.7)

N : N-2
7N—2téiﬁ’ if pe(~x%a,al

Our interest in this article is to investigate the existence of weak solutions
to fractional equations involving nonlinearity in the gradient term and with
Radon measure. In order the fractional Laplacian be the dominant operator
in terms of order of differentiation, it is natural to assume that o € (1/2,1).

Definition 1.1 We say that u is a weak solution of (1.1), if u € L*(Q),
|Vu| € L} _(Q), g(|]Vul|) € LY(Q, p*dx) and

loc

/[u(—A)af + eg(|Vul)é|dz = / &dv, VEeX,, (1.8)
Q Q



where X, C C(RN) is the space of functions & satisfying:
(i) supp(§) C ,
(ii) (—A)*¢(x) exists for all x € Q and |(—A)*(z)| < C for some C > 0,

(i) there exist ¢ € L*(Q, p*dx) and g9 > 0 such that |(—A)2¢| < ¢ a.e. in
Q, for all € € (0,¢e0].

We denote by G, the Green kernel of (—A)% in © and by G,[.] the
associated Green operator defined by

Galv)(z) = /Q Galz, p)duv(y), ¥ v e MR, 5°). (1.9)

Using bounds of G,[v], we obtain in section 2 some crucial estimates which
will play an important role in our construction of weak solutions. Our main
result in the case ¢ = 1 is the following.

Theorem 1.1 Assume that ¢ =1 and g : Ry — Ry is a continuous func-
tion verifying g(0) = 0 and

+oo
/ g(s8)s 1 Pads < +oo, (1.10)
1

where
o N (1.11)
Po = N 2a+1 ‘
Then for any v € M4 (Q, p?) with B € [0,2a — 1), problem (1.1) admits a

nonnegative weak solution w, which satisfies
uy < Gulv]. (1.12)

As in the case o = 1, uniqueness remains an open question. We remark
that the critical value p7, is independent of 5. A similar fact was first ob-
served when dealing with problem (1.6) where the critical value k, g defined
by (1.7) does not depend on 3 when 3 € [0, X522ql.

When € = —1, we have to consider the critical value p; 5 which depends
truly on 8 and is expressed by

. N
Pof = N 201118

(1.13)

We observe that pj, o = p;, and pj, 5 < pi when 8 > 0. In the source case,
the assumptions on g are of a different nature from in the absorption case,
namely



(GQ) g : R4 — Ry is a continuous function which satisfies
g(s) <ci18P + 09, Vs>0, (1.14)
for some p € (O,p;ﬁ), where ¢; > 0 and op > 0.

Our main result concerning the source case is the following.

Theorem 1.2 Assume that ¢ = —1, v € M(Q, p°) with B € [0,2a — 1) is
nonnegative, g satisfies (G) and

(i) p € (0,1), or

(i) p =1 and ¢y is small enough, or

(iti) p € (1,p,, ), 00 and |[V|an(q,pe) are small enough.

Then problem (1.1) admits a weak nonnegative solution wu, which satisfies
u, > Go[v]. (1.15)

We note that Bidaut-Véron, Garcia-Huidobro and Véron in [5] obtained
the existence of a renormalized solution of

—Apu = |Vul?+v in Q,

when v € MMP(Q). We make use of some idea in [5] in the proof of Theorem
1.2 and extend some results in [5] to elliptic equations involving (—A)% with
a € (1/2,1) and v € M(Q, p°) with B € [0,2a — 1).

In the last section, we assume that € contains 0 and give pointwise
estimates of the positive solutions

(=A)*u+ |VulP =9 in Q,

u=0 in

(1.16)

when 0 < p < p. Combining properties of the Riesz kernel with a bootstrap
argument, we prove that any weak solution of (1.16) is regular outside 0 and
is actually a classical solution of

(—=A)*u+ |VulP =0 in Q) {0},

1.17
u=0 1n Q°. ( )

These pointwise estimates are quite easy to establish in the case o = 1,
but much more delicate when the diffusion operator is non-local. We give
sharp asymptotics of the behaviour of u near 0 and prove that the solution
of (1.16) is unique in the class of positive solutions.

The paper is organized as follows. In Section 2, we study the Green
operator and prove the key estimate

IVGalt]llpset (e poaey < €2l lmcepoy
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Section 3 is devoted to prove Theorem 1.1 and Theorem 1.2. In Section 4,
we consider the case where € = 1 in (1.1) and v is a Dirac mass. We obtain
precise asymptotic estimate and derive uniqueness.

Aknowledgements. The authors are grateful to Marie-Frangoise Bidaut-
Véron for useful discussions in the preparation of this work.

2 Preliminaries

2.1 Marcinkiewicz type estimates

In this subsection, we recall some definitions and properties of Marcinkiewicz
spaces.

Definition 2.1 Let © C RY be a domain and u be a positive Borel measure
in®. Fork>1,k =k/(k—1) andu € L. (0,du), we set

loc
5
1wl ars(@,du) = inf {c € [0,00] : / luldp < ¢ </ d,u> i , VECO, E Borel}
E E
(2.1)
and
MO, dp) = {u € Lo (0,di) : [ulamoam <0} (22)

M*(©,du) is called the Marcinkiewicz space of exponent k, or weak
L"-space and ||.||p+(@,4u) is @ quasi-norm.

Proposition 2.1 /2, 9] Assume that 1 < ¢ < k < 0o and u € L}, (0, du).
Then there exists cg > 0 dependent of q, k such that

1—q/k
/ luldp < c3|ull arx(©,du) (/ d#) ;
E B

for any Borel set E of O.
The next estimate is the key-stone in the proof of Theorem 1.1.

Proposition 2.2 Let Q@ C RY (N > 2) be a bounded C* domain and v €
IM(Q, p?) with B € [0,2c — 1]. Then there exists ¢z > 0 such that

IVGallwllll s @prdr) < 2l im0 (2:3)

where VG, [|v|](z) = / V.Golz,y)d|v(y)| and p} is given by (1.11).
Q



Proof. For A > 0 and y € 2, we set
) = 2 €0\ )£ [VuGale )l (@) > 4} ma) = [ de
wxly
From [11], there exists ¢4 > 0 such that for any (x,y) € Q x Q with x # v,

1 p*(z) r°(y) } ’ (2.4)

lx —y|N=207 |g — y|N=7 |z — y|N—e

Ga(z,y) < ¢4 min {

p*(y)
po () |z —y|N =2

Ga(xay) <cy

and by Corollary 3.3 in [3], we have

VoGalz,y)| < NGal(z, y) max { ; L o ﬁ} . (2.5)

This implies that for any 7 € [0,1]

Golz,y) < eyl P (y) ) ( p(x) T C4par(y)pa(177)(x)

o —y[N=o7 Mo — y| N |z —yNmo 7
and then
p*(y) p°7 (y)p™ " (2)
\e < , . (26
| xT a(ﬂj,y)| - C5 max{pa($)|x—y|N2a+1 |x_y|N,a ( )
Letting 7 = 221 N]_V;ao_‘i_l € (0,1), we derive
(2a—1)(N—a) (2a-1)(1=a)
2a—1 11—« 5. N—2a+1
P Y)pg ¢ p N2 (y)pg,
v G 7 * < )
‘ x oz(x y)\p (.%') > 6 Imax ’1. — y‘N—Zoz-H ’1‘ _ y’N—a

where po = sup,cq p(2). There exists some cg > 0 such that
2a—1
wi(y) C {x €N: |z —y| < cgpN-2a+1(y) max{)\*m)fﬁ}} )

By N —2a+1 > N — a, we deduce that for any A > 1, there holds

2a—1 1
wA(y) C{z € Q: [z —y| < cepV—2oFT (y)A” F-2a51 . (2.7)
As a consequence,
m(y) < erp* TP (y)APa,
where ¢7 > 0 independent of y and .
Let £ C Q be a Borel set and A > 1, then

/Elvaa(x,y)]pa(x)dxg/w ]VwGa(x,y)]pa(x)dx—i—)\/de.

N



Noting that

/ VaGala,y)p"(@)de = — / sdms(y)
wx(y) A

= dmy(y) + A ms(y)ds

< egplPaT P () A1 Pa

for some cg > 0, we derive
[ 1VaGale o @)ds < cup® i N5 40 [ d
E E

1
Choosing A = p?*(y)( [, dz) P& yields

pa—1

/ VG, 9)| (@) < (cs + 1) (y)( / )
FE F

Therefore,

/E VG [v]) ()% (2)dx = /Q /E VG (2, ) 0 ()| ()
é/ﬂanl(y) (pl2“(?/)/E!VxGa(w,y)!p“(x)dw> dlv(y)|

P~

< (et D) /Qpﬁ@)f“ﬂ(y)dru(y)r ( /E dm)

o—1— pa
< (e + D2 B I lanarpey ( /E dm)

As a consequence,
IVG a1l g oy < 217l
which ends the proof. O

Proposition 2.3 [13] Assume that v € L*(Q, pPdx) with 0 < 3 < a. Then
forpe (1, %W), there exists cg > 0 such that for any v € L'(Q, p®dx)

1GaV]lwza—w(@) < oollvllL1 (e p8da): (2.9)
wherep/:p%l,’y:ﬁ—i—g if B>0 and’y>§ if B =0.

Proposition 2.4 If 0 < 8 < 2a — 1, then the mapping v — |VG,[V]| is
compact from L' (Q, pPdx) into LI(Q) for any q € [1,p:;ﬁ) and there exists
c19 > 0 such that

(/Q|VGQ[V](3:)|qu>% < 610/52|y(x)|pﬁ(x)dx, (2.10)

where p;, 5 is given by (1.13).



Proof. For v € L'(Q,p%dz) with 0 < f < 20 — 1 < a , we obtain from
Proposition 2.3 that
Galv] € W2 7P(Q),

where p € (1,p, 5) and 2a — v > 1. Therefore, [VGq[v]| € W2e—r=1p((Q)
and

IVGa[V]llwze—-ro0) < collvll L pb do)- (2.11)
By [23, Corollary 7.2], the embedding of W2*~7=1P(Q) into L4(f2) is com-
pact for g € [1, Nﬁ(#) When 8 > 0,

2a—y—1)p

Np _ Np
N—-(2a—-~v-1)p N—(2a—p—-NEL—1)p

T N_2a11+p8 Pas
When 8 =0,
. Np Np
lim = —
y(Eyt N = (2a =y = 1)p N — (20— NE2 —1)p
N

Then the mapping v ~ |VG,[V]| is compact from L'(Q, pdz) into LI(Q)
for any ¢ € [1,p276). Inequality (2.10) follows by (2.11) and the continuity
of the embedding of W?2*=7=1P(Q) into LI(1). O

Remark. If v € LY(Q, pPdz) with 0 < 8 < 2a — 1 and u is the solution of
(—A)*u=v in Q,
u=0 in Q°,

then for any ¢ € [1,]);5),

(/Q’Vu\quy Sclo/g"/(x)‘[)ﬁ(x)dx.

2.2 Classical solutions

In this subsection we consider the question of existence of classical solutions

to problem
(=A)*u+ h(|Vu|) = f in Q,

2.12
u=0 1in Q° ( )



Theorem 2.1 Assume h € C*(R,) N L>®(R,) for some 6 € (0,1] and f €
C%Q). Then problem (2.12) admits a unique classical solution u. Moreover,
(2) if f—h(0) >0 in Q, then u > 0;

(79) the mappings h — u and f — wu are respectively nonincreasing and
nondecreasing.

Proof. We divide the proof into several steps.
Step 1. FEzistence. We define the operator T' by

Tu=Go[f —h(|Vu])], YuecW,'(Q).
Using (2.6) with 7 = 0 yields
ITullwriy < IGalflllwri) + 1Galh(Vul)lllwia @
< (Ml + 1T uD @) | [ Galn)dsllwao
= e (Iflpee) + 1l ry)) » (2.13)

where c¢11 = || [, Ga(-,y)dyllwri). Thus T' maps Wol’l(Q) into itself.
Clearly, if u, — w in Wol’l(Q) as n — 0o, then h(|Vu,|) — h(|Vu|) in
LY(), thus T is continuous. We claim that T is a compact operator. In
fact, for u € Wol’l(Q), we see that f — h(|Vu|) € LY(Q) and then, by Propo-
sition 2.3, it implies that Tu € W(]Qafﬂf’p(Q) where v € (%,2& - 1)
and 2o — 1 > w > 0 for p € (1,%). Since the embedding
WE*7P(Q) < Wy (Q) is compact, T is a compact operator.

Let O = {u € Wy () : llullwiie) < cwollfllzeq) + [Pl ey}
which is a closed and convex set of VVO1 1(€). Combining with (2.13), there
holds

T(O)CO.

It follows by Schauder’s fixed point theorem that there exists some u €
Wol’l(Q) such that Tu = u.

Next we show that u is a classical solution of (2.12). Let open set O
satisfy O € O C Q. By Proposition 2.3 in [26], for any o € (0,2a), there
exists c1o > 0 such that

ullce 0y < crz{IR(IVul)|[ oo () + ([ fll Lo () }s

and by choosing o = 22t € (1,2a), then

[IVullleo-10) < cr2{l|A(IVul) Lo @) + 1f @)}

and then applied [26, Corollary 2.4], u is C2F<0 ]ocally in € for some €q > 0.
Then w is a classical solution of (2.12). Moreover, from [13], we have

/[u(—A)af—i-h(\Vu])g]dx _ / fdr, VECX..  (214)
Q Q
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Step 2. Proof of (i). If u is not nonnegative, then there exists z¢ € § such
that

= 1 0
u(zg) ggnelsr)lu(x)< ,

then Vu(zg) = 0 and (—A)%u(zg) < 0. Since w is the classical solution of
(2.12), (=A)%u(zo) = f(xo) — h(0) > 0, which is a contradiction.

Step 3. Proof of (1i). We just give the proof of the first argument, the proof
of the second being similar. Let h; and he satisfy our hypotheses for h and
hi1 < hy. Denote u; and ug the solutions of (2.12) with h replaced by hg
and ho respectively. If there exists xy € 2 such that

(u1 = ug)(zo) = min{(ur - uz)(2)} <0.
Then
(—=A)%(uyp —u2)(zo) <0, Vui(xg) = Vua(xo).
This implies

(—=A)*(u1 — uz)(xo) + h1(|Vui(zo)|) — ha(|Vua(zg)|) < 0. (2.15)
However,

(=A)*(u1 —uz)(zo) + ha([Vui(zo)]) — ha(|Vuz(zo)|) = f(z0) — f(z0) =0,

contradiction. Then uy; > us.

Uniqueness follows from Step 3. U

3 Proof of Theorems 1.1 and 1.2

3.1 The absorption case

In this subsection, we prove the existence of a weak solution to (1.1) when
e = 1. To this end, we give below an auxiliary lemma.

Lemma 3.1 Assume that g : Ry — Ry is continuous and (1.10) holds with
pi. Then there is a sequence real positive numbers {T,,} such that

lim T, =oco and lim g¢(T},)T,, P~ = 0.

n—oo n—oo

Proof. Let {s,} be a sequence of real positive numbers converging to oo.
We observe

28n ) ; 28n
/ g(t)t™1"Padt > min g(t)(2s,) tPe / dt
Sn Sn

tE€[sn,2sn)

= 2717PagPa  min t
" tE€[sn,2sn] g( )

11



and by (1.10),

28n

lim gt~ Padt = 0.
n—o0 Sm

Then we choose T}, € [sy,2s,] such that g(T,,) = minye[,, 25, 9(f) and then
the claim follows. O

Proof of Theorem 1.1. Let 8 € [0,2a — 1), we define the space
Cs(Q) ={¢ € C(Q): p ¢ e C(Q)}
endowed with the norm

I<ley@ = P Cllew:

Let {v,} C C(Q) be a sequence of nonnegative functions such that v, — v

in sense of duality with Cg(€2), that is,

lim | (vpde = / Cdv, V¢ € Cp(Q). (3.1)

By the Banach-Steinhaus Theorem, ||ty |lon(q,,#) is bounded independently

of n. We consider a sequence {g,} of C! nonnegative functions defined on
R, such that g,(0) = 0 and

gn < gn+1 <9, sup gn(s)=n and lim |gn — gllree ®,) =0. (3.2)
s€Ry n—r00 oc

By Theorem 2.1, there exists a unique nonnegative solution u, of (1.1) with
data v, and g, instead of v and g, and there holds

/Q (tn + (| V)1 da = /Q vamdz < Clvlaa,sy,  (33)

where 71 = G, [1]. Therefore, ||g,(|Vunl|)|lan(q,pe) is bounded independently

of n. For e > 0 and & = (1 + E)g — et e X, which is concave in the
interval [0, 71 ()], where 71 (0) = maxzeqm (). By [13, Lemma 2.3 (ii)], we
see that

(_A)afe -

1 -« —2a - x 2
i sbcapn - Al o [ 0 nR,

B—a
(771+€) *

| 21

>
a

and & € X,. Since
/ (un(=A)*E + gn(|Vun|)E:) do = / Sevpd,
Q Q
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we obtain

/Q (gun(nl + 5)¥ + gn(’vun‘)§5> dx < /ﬂfayndx'

If we let ¢ — 0, it yields

/8 B—a B B
/ <—un771 « 4+ gn(]Vun])nf‘> de < / N vpde.
Q \& Q

Using [13, Lemma 2.3], we derive the estimate

[ (0" + 0190l do < cxslillone o) < calllona, oy (34)

Thus {g,(|Vuy,|)} is uniformly bounded in L!(€, pﬁdx), Since u,, = Glv, —
9n(|Vuy|)], there holds

IV unlll yrs ,pda) [nllon(e,pm) + l9n ([Vun])llanc,p)

<
< casllvllmq,ps)-

Since v, — gy (|Vuy|) is uniformly bounded in L'(2, pdx), we use Proposition
2.4 to obtain that the sequences {u,}, {|Vuy|} are relatively compact in
L1(Q) for q € [1, ﬁoﬁﬁ) and q € [1’1);,5)’ respectively. Thus, there exist
a sub-sequence {u,, } and some u € L(Q2) with g € [1, %M) such that
(1) Up,, — uw a.e. in @ and in L9(Q) with ¢ € [1, #0&6)’

(i) [Vun,| = |Vu| a.e. in Q@ and in LI(2) with ¢ € [1,p}, 5).

Therefore, gn, (|Vun,|) = g(|Vul) a.e. in Q. For A > 0, we denote

Sy={z € Q:|Vu,, (z)] >} and wA) = /S p%(x)dx.

Then for any Borel set E C €2, we have that

/ i ([Vtm,
E
— [ sVunet @+ [ (Vo @)
ENS§

by ENS)y

)1o® () < /E 0 Vttn 10* (2)z

<3N /E p(a)do+ [ gV, [ (2)da

S
<3\ /E o () da — A o(s)dw(s),

where g(s) = max,¢c(o 4{g(t)}. But

0o Tn
/}\ g(s)dw(s) = lim g(s)dw(s).

n—oo A

13



where {T},} is given by Lemma 3.1. Since |Vuy, | € MP«(Q, p¥dz), w(s) <
c165Pa and

Ty s=Ty Tn
- [ atts) - - [Q(S)W(S)LA + [ty
T
< gNw(A) = g(Th)w(Ty) + c16 A s Padg(s)

< g()‘)W(A) - g(Tn)w(Tn) +ci6 <Tn_p;g(Tn) - )\—p;g()\))

6 /Tn s Pag(s)ds
pe+1Jx

By assumption (1.10) and Lemma 3.1, it follows

lim T, Pag(T,) = 0. (3.5)

n—oo

Along with g(A)w(A) < c16APag(N), we have

o0 Cl6 00717*
— g(s)dw(s) < / s~ Pag(s)ds.
| atsauts) < 2o | (5

Notice that the above quantity on the right-hand side tends to 0 when
A — oo. It implies that for any € > 0 there exists A > 0 such that

oo
— / s~ Pag(s)ds <
pa+1 A

)

N ™

and § > 0 such that

/Epa(x)dx <5 = g(A)/ do <

E

NN e

This proves that {gn, (|Vus,|)} is uniformly integrable in L'(€, p*dz). Then
Ini (IVun, ) = g(|Vu|) in L1(Q, p*dz) by Vitali convergence theorem. Let-
ting ng — oo in the identity

[ (80 + g0, (V) do = [ vny o, V6 € %o,
(9] (9]

it infers that u is a weak solution of (1.1). Since u,, is nonnegative, so is .

Estimate (1.12) is a consequence of positivity and
v« = Galvn,] = Galgn, ([Vun, )] < Galvn,].

Un

Since limy,, o0 U, = u, (1.12) follows. O
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3.2 The source case

In this subsection we study the existence of solutions to problem (1.1) when
e=—1.
Proof of Theorem 1.2. Let {v,} be a sequence of C? nonnegative functions

converging to v in the sense of (3.1), {g,} an increasing sequence of C!,
nonnegative bounded functions defined on R satisfying (3.2) and converg-

ing to g. We set pg = % € (p,p(’;ﬁ), where pj, 5 is given by (1.13) and
p<Dph 5 is the maximal growth rate of g which satisfies (1.14), and

1
= </ |Vv|p°da:> B
Q

We may assume that v |11 psar) < 2[V[lmeq,psy for all n > 1.
Step 1. We claim that forn > 1,

(—A) %y = gn(|Vug|) + v, in €,
Uy, =0 in €QF°
admits a solution u, such that
M (un) <A,

where A > 0 independent of n.
To this end, we define the operators {T,,} by

Tou = Go [ga(|Vul) + va],  Yu € Wy ().
On the one hand, using (2.6) with 7 = 0 yields
[Tl < IGalvalliwrsa + [algn((VuD] s o
< enn (vnllpe @) + lgnllze®,)) »

where c11 = || [ Ga(,y)dyllwiiq). On the other hand, by (1.14) and
Proposition 2.4, we have

1

( /Q |V(Tnu)|p°d:c>%

IN

c2)|gn(IVul) + vall L (00 dr)
< clllgn(Vul)llLi(o,ppaz) + 2l¥llan,en)]  (3.6)

< o [ [VuPsds + cinon + 2600Vl o)
Q

A

where c17 = ¢ fQ pPdz. Then we use Holder inequality to obtain that

(/Q\Vulppﬁdx> < (/ pro- pdm </ \Vu]podm> 7 (3.7)
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B0 > 0. Along with (3.6) and (3.7),

Bpo
where [, pro-rdz is bounded, since o

we derive
M(Tnu) < cigM(u)? + 019HVHE);R(Q,p3) + c1700, (3.8)

B

PQ 1_1
where c1g = czcl(fﬂ pro—rdz)? ro > 0and cj9 > 0 independent of n. There-
fore, if we assume that M (u) < A, inequality (3.8) implies

M(Tnu) < c1gAP + CIQHVHE);R(QM;B) + c1700.- (39)
Let A > 0 be the largest root of the equation
c1g\P + 019HVHE);R(Q,p5) + c1700 = A, (3.10)

This root exists if one of the following condition holds:

(i) p € (0,1), in which case (3.10) admits only one root;

(ii) p =1 and ¢17 < 1, and again (3.10) admits only one root;

(iii) p € (1,p}) and there exists 9 > 0 such that max{HyHm(ng), ao} < gp.
In that case (3.10) admits usually two positive roots.

If we suppose that one of the above conditions holds, the definition of A > 0
implies that it is the largest A > 0 such that

c1g A\ + ClgHVHEIR(Q,pB) + 1709 < A, (311)

For M(u) < ), we obtain that

M(Tnu) < Clgj\p + CIQHVHD)T(Q,pﬂ) + c1700 = A

By the assumptions of Theorem 1.2, A exists and it is larger than M (uy,).
Therefore,

/ |V(Tu)Pode < NP0, (3.12)
Q

Thus 7,, maps Wol’pO(Q) into itself. Clearly, if u, — u in Wol’pO(Q) as
n — oo, then g,(|Vun|) — go(|Vu|) in L1(Q), thus T is continuous. We
claim that T is a compact operator. In fact, for u € VVO1 P0(Q), we see
that v, — gn(|Vu|) € LY(Q) and then, by Proposition 2.3, it implies that
Thu € Wgai%p(ﬁ) where v € (Wﬂa —1)and 2a — 1 > % > 0 for
pe (1, #M) Since the embedding Wgaiﬂf’p(Q) — Wol’pO(Q) is compact,
T, is a compact operator.

Let

G ={ueWy™(Q): lullwii < crr(lvallze@) + l9nllze@,))
and M (u) < A},
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which is a closed and convex set of VVO1 P0(Q)). Combining with (2.13), there
holds

T.(G) C G.
It follows by Schauder’s fixed point theorem that there exists some u,, €
Wol’pO(Q) such that T,u, = u, and M (u,) < A, where A > 0 independent of
n. By the same arguments as in Theorem 2.1, u,, belongs to C?*+< locally

in , and

/un(—A)O‘§:/gn(]Vun])§dx+/§undx, V¢ € X, (3.13)
) Q Q

Step 2: Convergence. By (3.12) and (3.7), gn(|Vuy|) is uniformly bounded
in LY(Q, p%dx). By Proposition 2.3, {u,} is bounded in Wgaiﬂf’q(Q) where
qe (1,p ﬁ) and 2a — v > 1. By Proposition 2.4, there exist a subsequence

{un,} and u such that u,, — u ae. in Q and in LY(Q), and |Vu,, | —
[Vul a.e. in Q and in L() for any ¢ € [1,p} 5). By assumption (G),
Iy (IVun, ) = g(|Vul) in LY(2). Letting ny — oo to have that

/Qu(—A)O‘§:/Qg(\Vu])gdx—i-/Q&iy, Ve € X,

thus u is a weak solution of (1.1) which is nonnegative as {u,} are nonneg-
ative. Furthermore, (1.15) follows from the positivity of g(|Vuy]). O

4 The case of the Dirac mass

In this section we assume that  is an open, bounded and C? domain con-

taining 0 and u a nonnegative weak solution of
(=A)*u+ |VulP =9 in Q,
u=0 in

(4.1)

where p € (0,p}) and dy is the Dirac mass at 0. We recall the following
result dealing with the convolution operator * in Lorentz spaces LP4(RY)
(see [25]).

Proposition 4.1 Let 1 < p1,q1,p2, g2 < 00 and suppose p%"'p% >1. Iff €
LPray(RNY) and g € LP2®2(RYN), then f* g € L™ (RN) with 1 = pil + p% -1,
L+ L > 1 nd there holds
ar g2 = s

| f * gHLns(RN) <37 fll o1 (]RN)”gHLP%‘D(RN)- (4.2)
In the particular case of Marcinkiewicz spaces LP>°(RN) = MP(RY), the
result takes the form

1 * gl @y < 3rlfllaees @y g1l age v - (4.3)
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Proposition 4.2 Assume that 0 < p < p} and u is a nonnegative weak
solution of (4.1). Then
0 < u < Gyldol, (4.4)

[Vu| € L2 (2 \ {0}) and u is a classical solution of

loc
—A)*u+ |VulP =0 in Q\ {0},
(—-4A) V| \ {0} (45)
u=0 1in €°.

Proof. Since 0 < p < pk, (4.1) admits a solution. Estimate (4.4) is a
particular case of (1.12). We pick a point a € Q \ {0} and consider a finite
sequence {r;}5_q such that 0 < rg <ry_1 <. <rpand Byy(a) € )\ {0}.
We set d;j =7r;_1 —1;, j =1,...k. By (3.4) with g =0, it follows that

/ (u+ |VulP)dx < cg. (4.6)
Q

Let {n,} C CP(RY) be a sequence of radially decreasing and symmetric
mollifiers such that supp(n,) C Be,(0) and &, < 2 min{p(a) — ro, |a| — ro}
and u, = u *7,. Since

T * (=A)%E = (=A)%(§ * 1)

by Fourier analysis and
/RN(u(—A)a(g * M)+ & * | VulP)da :/RN(u * N (—A)YE + 0y * [VulPE)dx

because 7, is radially symmetric, it follows that u,, is a classical solution of

(—A) Uy + [VulP * np =1y, in Qp,
up =0 in ),

(4.7)

where Q,, = {z € RV : dist(x,Q) < &,}. We denote by Ga . (7,y) the Green
kernel of (—A)® in §2,, and by G ,, the Green operator.~Set frn = nn—|VulPx

Mn, then u, = Ga,n[fn]- If we set fn,ro = anBTO(a), fn,ro = fn - fn,roa we
have

Ot () = / O, Gonn (2,9) () ly

- / O, Gl (@, 9) oo (y)dy + /Q O, G (,9) Fora (4)

= Un,rg (x) + Un,rg (x)a

where

Un,rg (x) = / amiGa,n (x, y)fn(y)dy = - / amiGa,n ('T, y)|VU|p*77n(y)dy
BTo (a) BTo (a)
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and
nrol) = | O, G (2 9) ().
Qn\Brg(a)

We set p,,(z) = dist(x,Q), then by (2.4) and (2.5), we have

1 pn (2)
e < N n )
102, Gan(z,y)] < c4 max{ |z — y[N-2041" [z — y[N-2a

Thus, if z € B, (a) and y € Q,, \ By, (a), then p,(z) > d; and |z — y| > di,

o (@)] < 21 / Fol)dy < expenn, (48)
0\ Brg (a)

where cg; > 0 depends on d; Y 2*71 N and a. Furthermore, if = € By, (a)
and y € By (a),
cy N

|8xiGa,n($, y)| < W.

(4.9)

We have already use the fact that y +— |y|?*~V=1 ¢ LI (RY) with ¢; €

loc

(max{1, p},p%). Since f, is uniformly bounded in L!(2), there exists caz > 0
such that

lvnrollarar (B, (a)) < C22- (4.10)
Combined with (4.8), it yields

IVl *mall < co3. (4.11)

a

P (Bry(a))

Next we set fn,m = anB,n1 (a) and fn,rl = fn — fn,rl' Then
8J:iun = Un,r + 671,7’17

where
O () = /B o PuCale ) o0y = - /B Do, G, ) [Vul? 51 ()
rp @ rp @

and

S () = / Do, G, 9) )y
Qn\BM (‘1)

Clearly 0y, r, () is uniformly bounded in By, (a) by a constant cp4 depending
on the structural constants and dy = r; — ro. Estimate (4.9) holds if we
assume = € By, (a) and y € B;, (a). Therefore,

[VulP * 0, (y)

Upr (T < cuN Y.
’ nrl( )‘ Brl(a) ’x_y’N—Qa—l—l
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We derive from Proposition 4.1

o lges oy o < €l TP el o
with
— =Ly (4.12)
q2 a q
Notice that ¢o > ¢1. Therefore

p < . .
IVl *mall 25 = (4.13)

We iterate this construction and obtain the existence of constants ¢; such
that

IV ul? * || o <e,  Vi=1,2,... (4.14)
M7 (By;(a))

We pick ¢1 = 2(p}, +p) if p>1or gt = 2(p + 1) if p € (0, 1]
1 1
— =L (4.15)
qj+1 a q1
If p = 1, there exists jo € N such that g;, > 0 and g;,+1 < 0.
If p e (0,p5) \ {1}, let £ = qlq(lp——_ll) then £ = pl + L — 1, thus
1 a—p
——€+pj<——€>—€ P 4.16
qj+1 q1 a(p—1) (4.16)

Therefore there exists jo such that g;, > 0 and gj,4+1 < 0. This implies
[[Vul? = 77nHL5(BTJ (@) < C26; Vs < o0 (4.17)
and
[IVul? « 77n|’L°°(BTjO+2(a)) < ca7, (4.18)

with co7 independent of n. Letting n — oo infers

1
HVUHLOO(BTJ,MQ(CL)) < c3y. (4.19)

Combining this estimate with (4.4) and using [26, Corollary 2.5] which states

”uHCﬂ(B’"jo+3(a)) =¢ <HUHL1(RN7-1+deg\Ef+2a‘)

(4.20)
Hlullzes,, @) + Hvu||L°°(BrjO+2(a))) :

for any B < 2, we obtain that u remains bounded in C'*¢(K) for any
compact set K C 2\ {0} and some € > 0. Using now [26, Corollary 2.4], we
obtain that 2%t (Q\ {0}) for 0 < ¢’ < &. Futhermore u is continuous up
to 0€2. As a consequence it is a strong solution in 2\ {0}. O

In the next result we give a pointwise estimate of Vu for a positive
solution wu of (4.1).
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Proposition 4.3 Assume that R = %dist(O,BQ), p € (0,p}) and u is a
nonnegative weak solution of (4.1). Then there exists cog > 0 depending on
R, p and o such that

[Vu(z)| < easla**™N 7, Vo € Br(0)\ {0} (4.21)

Proof. Up to a change of variable we can assume that R = 1. For 0 < |z| < 1,
there exists b € (0,1) such that b/2 < |z| < b. We set

up(y) = b u(by).
Then
(=A)%uy + bV TPEN=D gy P =0 in Q= b7l
Using [26, Corollary 2.5] with 8 < 2q, for any a € €, such that |a| = 3/4,

there holds

lonless g < o2 (Iollorer, sy + bl oy

(4.22)
+oNHPRa=N=1)|| |7, |P [P (a))> '
8

Furthermore, by the same argument as in Proposition 4.2,

100 1y < 0 [ [Fub()Pdy = o120 | 19y,
b

(4.23)
and from (4.4) and (2.4)

Cy4 Cq
u(z) < Go(z,0) < W = up(y) < W

Then

dy
U < C. = C31-
I bHLl(RN,H‘yf%) - 4/RN [y N2 (1 4 [y[)N+2a — ™

If we take 8 = 1, which is possible since o > 1/2, we derive
|[Vup(a)| < cza = |Vu(ba)| < cQQan*N*l

In particular, with |b] = 4|x|/3 we derive (4.21) with cog = cg2l(§)za_N_1,D

We denote
N = lim |2]V 729G, (x,0). (4.24)
’ z—0

It is well known that ¢y > 0 does not depend on the domain 2 and, by
the maximum principle, G, (z,0) < cnqo|z[?*~N in O\ {0}.
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Theorem 4.1 Let Q be an open bounded C* domain containing 0, o € (3,1)
and 0 < p < p%. If u is a positive solution of problem (4.1) and Br(0) C 9,
it satisfies

(1) if N7220044+1 <p<ps

CN,«a C33 '
0< |$|N*2a N u(:c) < |x|(N72a+1)p72a’ T < BR/4(0) \ {0}7

(“) pr = N_Q(Z_H;

CN,«
0< ﬁ —u(z) < —eszIn(|z]), @ € Bpyu(0)\ {0};

(i) if 0 < p < y=mg

CN,
0< |x|N:X2a —u(z) < ez, @€ Bru(0)\ {0},

where cg3 depends on N, p, a and R.
Furthermore, if 1 < p < p}, this solution is unique.

Proof. The existence of a nonnegative weak solution is a consequence of the
subriticality assumption; the fact that this solution is a classical solution in
2\ {0} derives from Proposition 4.2. It follows by (4.4) and (4.6) that for
any z € Q\ {0},

CN,a
e —u(0) < [ Galen)|Vut)Pdy

< C§804/ o — y PP NyPC N D dy + ea4]|Vul 1o o)
Br(0)

4

< 35 / |$ _ y|2a—N|y|p(2a—N—1)dy +1
B%(O)

(4.25)
where ¢34, c35 > 0 depend on N, p and «. Next we assume 0 < |z| < 1—%.

Case: ﬁ‘zﬂ < p < p;,. We can write

/ |z — y|?o Ny PG N-Day = By + By
B%(O)

with

Ey = / |z =y Ny[PEem NNy < e,
BR)\BE(0)
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where ¢35 > 0 depends on N, «, p and R and
R N T
BRg(0)

8
— |x|2a—p(N+1—2a) / ) |£ _ C|2a—N|C|p(2a—N—1)dC

_r(
8[|

< / |£ _ C|2a—N|<|p(2a—N—1)d<
I¢>2
with € = x/|z|. Since 2a — N < 0, |€ — (22N < (|¢| — 1)?*~ ¥ then
By < cN/ (r— 1)20‘_N7"p(20‘_N_1)+N_1d7" = c37.
2

Thus (i) follows.
Case: ﬁ‘z“ = p. We see that

Bam [ fe- PN,
B_r (0)
8|x
then clearly
Ey=—In|z|+o0(1) when |z] — 0.
Thus (ii) follows.
Case: 0 <p< ﬁ‘z“ We have that

By = / E—C PN T3¢ = cogla PN HIT2) 204 6(1)  when |2| — 0.
B r (0)

8|

Thus (iii) follows.

Uniqueness in the case 1 < p < p}, is very standard, since if u; and ug
are two positive solutions of (4.1), they satisfies

lim (z)

=1
x—0 ug(x)

Then, for any € > 0, uj . := (1 + ¢)u; is a supersolution which dominates
ug near 0, it follows by the maximum principle that w := ug — (1 + &)uy
satisfies

(—A)w + |Vugl? — |Vui [P <0

since w is negative near 0 and vanishes on 912, if it is not always negative,
there would exists g € Q \ {0} such that w(zg) reaches a maximum and
|Vua(zo)| = |Vug e(xo)|, thus (—A)*w(zg) < 0, contradiction. O

Remark. If 0 < p < 1, the nonlinearity is not convex and uniqueness does
hold only if two solutions u; and wuo satisfy

ili]%(ul(w) —ug(z)) = 0.
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