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Abstract

We study the existence of solutions to the fractional elliptic equa-
tion (E1) (=A)%u + eg(|]Vu|) = v in a bounded regular domain € of
RY (N > 2), subject to the condition (E2) u = 0 in Q¢, where € = 1
or —1, (—A)* denotes the fractional Laplacian with « € (1/2,1), v
is a Radon measure and g : Ry — R, is a continuous function. We
prove the existence of weak solutions for problem (E1)-(E2) when g is
subcritical. Furthermore, the asymptotic behavior and uniqueness of
solutions are described when v is Dirac mass, g(s) = sP, p > 1 and
e=1.
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1 Introduction

Let Q ¢ RY(N > 2) be an bounded C? domain and g : R, — R be a
continuous function. The purpose of this paper is to study the existence of
weak solutions to the semilinear fractional elliptic problem with o € (1/2,1),
(—A)*u+eg(|Vu|) =v in €,
(1.1)
u=0 in °,

where € = 1 or —1 and v € M(Q, p?) with B € [0,2a — 1]. Here p(z) =
dist(z,Q°) and 9M(Q, pP) is the space of Radon measures in € satisfying

/ PPdlv| < 4oo0. (1.2)
Q

In particular, we denote 9°(Q) = M(Q, p°). The associated positive cones
are respectively M (€2, p?) and M (). According to the value of ¢, we
speak of an absorbing nonlinearity the case ¢ = 1 and a source nonlinearity
the case >= —1. The operator (—A)® is the fractional Laplacian defined as

(—A)*u(e) = lim (~A)%u(a),

€
e—0t

where for € > 0,

(-a)u) = - [ ) —u@) (1p 2y (1.3)

N |z — x]NJF?O‘XE
and
0 0, if telo,el,
Xe(t) =
: 1, if t>e.

In a pioneering work, Benilan and Brezis [7], [1] studied the existence

and uniqueness of the solution to the semilinear Dirichlet elliptic problem
—Au+h(u) =v in Q,
(1.4)
u=0 on 09,

where v is a bounded measure in §2 and the function h is nondecreasing,
positive on (0, +00) and satisfies that

_oN—-1

+o00
) = s s < o

Later on, Véron [29] improved this result in replacing the Laplacian by
more general uniformly elliptic second order differential operator, where
v € M(Q, p°) with B € [0,1] and h is a nondecreasing function satisfying

+oo _
h(s) — h(—s siz%ig*; ds < +00.
1
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The general semilinear elliptic problems involving measures such as the equa-
tions involving boundary measures have been intensively studied; it was ini-
tiated by Gmira and Véron [16] and then this subject has being extended
in various ways, see [4, 6, 18, 19, 20, 21] for details and [22] for a general
panorama. In a recent work, Nguyen-Phuoc and Véron [24] obtained the
existence of solutions to the viscous Hamilton-Jacobi equation

—Au+h(|Vul]) =v in Q,

(1.5)
u=0 on 09,
when v € MP(Q), h is a continuous nondecreasing function vanishing at 0
which satisfies

+oo _2N-1
/ h(s)s™ N-Tds < 4o0.
1

During the last years there has also been a renewed and increasing inter-
est in the study of linear and nonlinear integro-differential operators, espe-
cially, the fractional Laplacian, motivated by great applications in physics
and by important links on the theory of Levy processes. Many estimates
of its Green kernel and generation formula can be found in the references
[8, 11, 12, 13, 10, 14, 26, 28, 27]. Recently, Chen and Véron [13] studied the
semilinear fractional elliptic equation

(=A)*u+h(u) =v in €,

1.6
u=0 in Q° (1.6)

where v € M(Q, p?) with 8 € [0,a]. They proved the existence and unique-
ness of the solution to (1.6) when the function A is nondecreasing and satisfies

+oo
/ (h(s) — h(—s))s 1 *asds < 400,
1

where

L7 lf 5 € [07 MQL
ka8 = { o N (1.7)

N : N-2
7N—2téiﬁ’ if pe(~x%a,al

Our interest in this article is to investigate the existence of weak solutions
to fractional equations involving nonlinearity in the gradient term and with
Radon measure. In order the fractional Laplacian be the dominant operator
in terms of order of differentiation, in is natural to assume that o € (1/2,1).

Definition 1.1 We say that u is a weak solution of (1.1), if u € L*(Q),
Vu e Li (), g(|Vul|) € LY(Q, pdx) and

loc

/[u(—A)af + eg(|Vul)é]dz = / &dv, VEeX,, (1.8)
Q Q



where X, C C(RN) is the space of functions & satisfying:

(i) supp(§) C Q,

(ii) (—A)*¢(x) exists for all x € Q and |(—A)*¢(z)| < C for some C >0,
(i) there exist ¢ € L*(Q, p®dx) and g9 > 0 such that |(—A)2€| < ¢ a.e. in
Q, for all € € (0,¢e0].

We denote by G, the Green kernel of (—A)® in Q and by G,[.] the
associated Green operator defined by

Galv)(z) = /Q Galz, p)duv(y), ¥ v e MR, 5°). (1.9)

Using bounds on G,[v], we obtain in section 2 some crucial estimates which
will play an important role in our construction of weak solutions. Our main
result in the case ¢ = 1 is the following.

Theorem 1.1 Assume e =1 andlet g: Ry — Ry be a continuous function
verifying g(0) = 0 and

400 y
/ g(s)s~ 1 Pads < +oo, (1.10)
1
where
o N (1.11)
Pa = N o011 '

Then for any v € M, (Q, p**~ 1), problem (1.1) admits a nonnegative weak

solution w, which satisfies
uy < Gulv]. (1.12)

As in the case & = 1, uniqueness remains an open question. We note that
the critical value p}, is independent of 5. A similar fact was first observed
when dealing with problem (1.6) where the critical value kq 5 defined by
(1.7) does not depend on 3 € [0, ¥2%q].

When € = —1, we have to consider the critical value p}, s which depends
truly on 8 and is expressed by
* — N
Pab = N _9a+1+48

(1.13)

We observe that p;, , = py and p;, 5 < p; when > 0. In the source case,
the assumptions on g are of a different nature than in the absorption case,
namely

(G) g: Ry — R4 is a continuous function which satisfies

g(s) <c1sP + 09, Vs>0, (1.14)

for some p < p?, 3 where ¢; > 0 and o9 > 0.

Our main result concerning the source case is the following.



Theorem 1.2 Assume ¢ = —1, v € M(Q, pP) with B € [0,2a — 1) is non-
negative, g satisfies (G) and

(1) p e (0,1), or

(i) p =1 and ¢y is small enough, or

(iti) p € (1,p,, ), 00 and |[V|an(q,pe) are small enough.

Then problem (1.1) admits a weak nonnegative solution wu, which satisfies
uy, > Gy lv). (1.15)

Recently, Bidaut-Véron, Garcia-Huidobro and Véron in [5] obtained the
existence of a renormalized solution of

—Apu=|Vul?+v inQ,

when v € MP(Q2). We make use of some idea in [5] in the proof of Theorem
1.2 and extend some results in [5] to elliptic equations involving (—A)% with
a € (1/2,1) and v € M(Q, p°) with § € [0,2a — 1).

The paper is organized as follows. In Section 2, we study the Green
operator and prove the key estimate

IVGalt]llpgst (e poaey < €2l lamcepoy

Section 3 is devoted to prove Theorem 1.1 and Theorem 1.2. In Section 4,
we consider the case where ¢ = 1 in (1.1) and v is a Dirac measure. We
obtain precise asymptotic estimate and derive uniqueness.

Aknowledgements. The authors are grateful to Marie-Francoise Bidaut-
Véron for useful discussions in the preparation of this work.

2 Preliminaries

2.1 Marcinkiewicz type estimates

In this subsection, we recall some definitions and properties of Marcinkiewicz
spaces.

Definition 2.1 Let © C RY be a domain and p be a positive Borel measure
in®. Fork >1, k' =r/(k—1) andu € L}, (O,du), we set

loc
2
ll 0.y = inf{c € [0,00)] : / luldp < ¢ </ du> " VECO,E Borel}
E E
(2.1)
and
M™(©,dp) = {u € Liy(0,dp) : |[u]larx(e,4n) < 00} (2.2)



M*(©,du) is called the Marcinkiewicz space of exponent k, or weak
L*-space and ||.||p+(@,4) is @ quasi-norm.

Proposition 2.1 /2, 9] Assume 1 < ¢ < k < oo and u € L}, (©,du). Then
there exists cs > 0 dependent of q, k such that

1—q/k
/ luldp < c3|ull arx(0,du) (/ d#) ;
E B

for any Borel set E of O.
The next estimate is the key-stone of the proof of Theorem 1.1.

Proposition 2.2 Let @ C RN (N > 2) be a bounded C? domain and v €
M(Q, p?) with B € [0,2a — 1]. Then

IVGallv [l vrs (0, p0dey < C2ll¥llan,p)s (2.3)
where VG [|v||(x) = /QV;BGQ(:c,y)d|I/|(y) and p}, is given by (1.11).
Proof. For A > 0 and y € (2, we set
wa(y) = {w € Q\{y} : [VoGala,y)lp" (z) > Apﬁ(y)} » ma(y) = /m(m dz.

From [11], there exists ¢4 > 0 such that for any (z,y) € Q x Q with x # y,

1 p*(z) r°(y) } ’ (2.4)

lx —y|N=207 |g — y|N=" |z — y|N—e

Go(z,y) < ¢gmin {

P (y)
Ga z,y <y ) 2.5
T P 29)
and by Corollary 3.3 in [3], we have
9. Ga(e)] < NGa(a ) max { L~} (2:6)
+Gal(z,y)| < o(7,y) max ,—— ¢ )
[z =yl p(x)
This implies that for any s € [0, 2a — 1] there exists ¢5 > 0 such that
c5p*(y) csp™ 5 (@)p(y) }

V:Gal(z,y)| < max{ , . 2.7
VeGalry) @~y I g 27

Therefore, for 2 — 1 — s > 0, we derive

o csp(y)  esp® (@) pt(y)
< max
VaGa(z,y)[p%(z) < m {|x_y|N2a+1’ |z —y|N-o

{ cs0°(y) cwi‘l”ps(y)}
max ,

|x_y|N72a+1’ |x_y|Nfa




where p, = sup,cqp(z). Since N —2a+1> N —aand 2a —1 -5 > 0,
there exists some cg > 0 such that

wa(y) © {o € Q' o — y| < cg ma{p¥ET (YA TN, pioe (y)A "V}

Choosing s = § € [0,2a — 1] we deduce that for any A > 1 there holds

a—p

way) C{r € Q: |z —y| < cgpd 2T AT N—21a+1}. (2.8)

AS a Consequence,
ma(y) < cgAPe,

where ¢; > 0 independent of y and A.
Let £ C Q be a Borel set and A > 1, then

/ VoG, )™ (2)de < / VoG, ) [0 (@)dz + AP () / dz.
E wx(y) E

Noting that

[ WGt = - [ sam)
wx(y) ApB(y)
= M ymaly) + / ms(y)ds
ApB (y)
< 08/)6(9))‘171)2’

for some cg > 0, we derive
/ V2Galz,y)|p®(z)dz < p°(y) <08)\1p3 + )\/ dac) .
E E

Choosing A = ([ dﬂ:)fé yields

Py —1

/ VG, 9)| (@) < csp® () / i) Wyeq.
FE FE

Therefore,

/E VG [[v]) ()% (2)d = /Q [E VG, ) 0 (@) ()

< [ Pl s o) [ [9:Golwlp (@)da

Po
PE
<o [ Py ( / dx)
Q FE
< sl ( / d)
C 14 X




As a consequence,
IVGallvllms poaey < sVl o
which ends the proof. O

Proposition 2.3 [13] Assume that v € L'(Q, p?dz) with 0 < 8 < a. Then
forr e (1, #M) there exists co > 0 such that for any v € LY(Q, pPdx)

[GaV]lwza—r(@) < eollvllLi(a poda) (2.10)
wherer/:ﬁ,’y:ﬁ—i—% if 6>0 and’y>% if B=0.

Proposition 2.4 If0 < 8 < 2a — 1 the mapping v — |VG4[v]| is compact
from LY(Q, pPdz) into LI(Q) for any q € [1,pf, 5) and there exists ci9 > 0
such that

( i \VGa[uuqu)% < [ W), (2.11)

Proof. For v € LY(Q, pPdz) with 0 < 8 < 2a — 1 and p € (1, #0&6)’ we
obtain from Proposition 2.3 that

Galt] € W20(9),
where 2a — v > 1. Therefore, |VG,[v]| € W2*~7=1P(Q) and
IVGalv]llwza—-1p0) < collvllL1(0,p8(2)dz)- (2.12)

By [23, Th 6.5], the embedding of W2*=7~1P(Q) into L4(f) is compact for
q S [1, %) When ,8 > 0,

Np _ Np
N—(2a—vy—1)p N-(2a-8-NEL—1)p
T N1B+1-2a Pob
When 8 =0,
. Np Np
lim = —
— N — ok
T Ntl_2a Peo

Then the mapping v — |VG,[V]| is compact from L'(Q, p®(x)dx) into LI(9)
for any ¢ € [1, pzﬂ). Inequality (2.11) follows by (2.12) and the continuity
of the embedding of W2*=7=1P(Q) into LI(1). O



Remark. If v € LY(Q, pPdz) with 0 < 8 < 2a — 1 and u is the solution of
(—A)*u=v in Q,
u=0 in Q°,
there holds, for any ¢ € [l,pzﬁ),

(/Q|Vu|ng;>; < 610/Q|V($)|,0B(x)dx,

2.2 Classical solutions

In this section we consider the question of existence of classical solutions to

problem
(=A)*u+ h(|Vu|) = f in Q,

u=0 1in Q°.

We denote that hy(s) = max{h(s),0} and h_(s) = max{—h(s),0}.

(2.13)

Theorem 2.1 Assume h € C*(R,) N L>®(R,) for some 6 € (0,1] and f €
C%Q). Then problem (2.13) admits a unique classical solution u. Moreover,
(2) if f—h(0) >0 in Q, then u > 0;

(i) the mappings h — u and f — wu are respectively nonincreasing and
nondecreasing.

Proof of Theorem 2.1. We divide the proof into several steps.
Step 1. FExistence. We define the operator T' by

Tu=Gqolf —h(|Vu])], YuecW,'(Q).
Using (2.7) with s = 0 yields

ITulwrs@) < I1Galfllwss@ + IGala(Vul]lwrs e

< (Il + IV e @) | Gl
= c10 (Ifllzee @) + Al @y)) » (2.14)
where ¢19 = Hfg Ga('7y)dyHW171(Q)- Thus T maps Wol’l(Q) into itself.

Clearly, if u, — w in Wol’l(Q) when n — oo, then A(|Vu,| — h(|Vu|
in L'(Q), thus T is continuous. We claim that T is a compact operator.
In fact, for u € WOI’I(Q), we see that f — h(|Vu|) € L'(2) and then, by
Proposition 2.4, it implies that Tu € W()Qa_%p(Q) where v = w and
200 —v > 1 for p € (1, +25=). Since the embedding WEATP(Q) s Wy (Q)
is a compact, T is a compact operator.



Let O = {u € Wy ()  llulwra) < eto(llf |z + Ihllzw @) }
which is a closed and convex set of VVO1 (). Combining with (2.14), there
holds

T(O)CO.

It follows by Schauder’s fixed point theorem that there exists some u €
Wol’l(Q) such that Tu = u.

Next we show that u is a classical solution of (2.13). Let open set O
satisfy O € O C Q. By Proposition 2.3 in [26], for any o € (0,2a), there
exists c11 > 0 such that

ullce 0y < crr{IR(IVul)|[Loe () + ([ fll Lo () }s
and by choosing o = 22t € (1,2a), then
IVulllgo-10) < crrt{lIR(IVul)ll Lo (@) + £l Lo ()}
and then applied [26, Corollary 2.4], u is C2F€0 ]ocally in € for some €q > 0.

Then w is a classical solution of (2.13). Moreover, from [13], we have

/[u(—A)O‘£+h(|Vu|)£]dx = / Efdxr, V¢ eX,. (2.15)
Q Q

Step 2. Proof of (i). If u is not nonnegative, then there exists xg € Q such
that
u(zg) = minu(z) <0,
z€Q

then Vu(zg) = 0 and (—A)%u(zg) < 0. Since w is the classical solution of
(2.13), (—A)%u(zo) = f(xo) — h(0) > 0, which is a contradiction.

Step 3. Proof of (i1i). We just give the proof of the first argument, the proof
of the second being similar. Let hy and ho satisfy our hypotheses for A and
hi < hg. Denote u; and uy the solutions of (2.13) with h replaced by h;
and ho respectively. If there exists xy € {2 such that

(u1 — u2)(zo) = min{(uz — u1)(x)} <0.

Then
(—A)a(ul — 2@)(1‘0) < O, Vuq (1‘0) = V’LLQ(I'O).

This implies

(—=A)*(ug — uz)(xo) + h1(|Vui(zo)|) — ha(|Vua(zg)|) < 0. (2.16)
However,
(=A)%(u1 = u2)(x0) + ha([Vur(o)]) — ha(|Vua(zo)l) = f(x0) — f(z0) = 0,

contradiction. Then u; > us.

Uniqueness follows from Step 4. O
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3 Proof of Theorems 1.1 and 1.2

3.1 The absorption case

In this subsection, we prove the existence of a weak solution to (1.1) when
€ = 1. We give below an auxiliary lemma.

Lemma 3.1 Assume that g : [0,00) +— [0,00) is continuous, nondecreasing
and (1.10) holds with p}, 5. Then

lim g(s)s Pas = 0.
5—00

Proof. Since

2s 2s
/ gt Pasdt > g(s)(2s) " Pas / dt =271 Pasg(s)s Pas
S S

and by (1.10),

2s .
lim [ g(t)t ' Pasdt =0,

§—00 s

the claim follows. O

Proof of Theorem 1.1. Ezistence. We define
Cs(Q) ={¢ € C(Q): p ¢ € C(D)}
endowed with the norm
I<ley@ = P Cllew:

Let {v,} € C(Q) be a sequence of nonnegative functions such that v, — v

in sense of duality with Cj(€2), that is

n—oo

lim /Cundx:/Cdu V¢ € Cp(Q). (3.1)
Q Q

By the Banach-Steinhaus Theorem ||y ||on(q) is bounded independently of
n. We consider a sequence {g,} of C! nonnegative functions defined on R
such that g,(0) = 0 and

gn Sgnt1 <9, sup gn(s)=n and lim |lgn —gllre ®,) =0. (3.2)
sER, n—00 oc

By Theorem 2.1, there exists a unique nonnegative solution u,, of (1.1) with
data v, and g, instead of v and ¢, and there holds

/Q(un + gn(|Vun|)m) de < /Qvnmdw < Cllvllange,po) - (3:3)

11



Therefore || gn (|Vun|)|lon(,pe) is bounded independently of n. Set 71 = Gal[l]

,8 8
and for e > 0, £, = (m + )5 —ea € X,, which is concave in the interval

[0,m1(w)] where n1(w)] = maxzeqni(x). By [13, Lemma 2.3 -(ii)], we see
that

Q=

(A6 = L 4+ o) 3 (=AY, — w(m Loy /ﬂ (my) = m(@)®

‘y _ x’N+2a

B—«a

(771+€) a

|Q QIQ

and &, € X,. Since

/(un(—A)afg—i—gn(]Vun])&) dm:/fe”nd%
Q Q

we obtain

/(gun(m—i—e) + gn([Vun|)é )dx</§€yndx.
Q

If we let € — 0, it yields

g Ea 8
/ ( UpMy © + gn(|vun|)771 ) dx < / ny vpde.
Q\& Q

Using [13, Lemma 2.3], we derive the estimate

/ﬂ <unpﬁ_a +gn(\Vun])p5) dz < crzl|lvn oo,y < casllvllon,ps)-  (3-4)

Thus {g,(|Vuy,|)} is bounded in L'(Q, pdz). Since u, = Glvp — gn(|Vun|)],
there holds

[vnllon,ps) + lgn (1Vun ) lan(a,pe)

CMH”HDJz(Q,pB)-

IVunlll ot @ ey <
<

Since v, — g (|Vuy|) is uniformly bounded in L(2, pdz), we use Proposition
2.4 to obtain that the sequences {u,}, {|Vuy|} are relatively compact in
L1(Q) for q € [1, #0&6) and q € [1’1);5)’ respectively. Thus, there exist

a sub-sequence {u,, } and some v € L9(Q2) with ¢ € [1 ) such that

N
» N—2a+0
(1) Up,, — uwa.e. in @ and in L9(Q) with ¢ € [1, #0&6)’
(i) |Vup,| = [Vu| a.e. in @ and in L9(Q) with ¢ € [1,p], 5).
Therefore, gn, (|Vun,|) = g(|Vu|) a.e. in Q. For A > 0, we denote

Sy={z € Q: |Vuy,, (z)] > A} and w(\) = /S p%(x)dzx.

12



Then for any Borel set E C ), we have

/gnk(IVunkl)lpo‘(ﬁv)de/g(IVunkl)lpo‘(ﬂf)dﬂf
E E

S/ g(IVunkl)pO‘(sv)dchr/ 9(|Vun, [)p® (z)dx
ENSS ENSy

<3N /E e+ /S 0|Vt ) ()

IN

i [ e [ " g(s)dw(s),

where g(s) = max,c(o {g(t)}. But

T

/:0 g(s)dw(s) = lim g(s)dw(s).

T—o00 by

Since |Vuy,, | € MP(Q, p*dx), w(s) < e155 P~ and

s=T T
+ A w(s)dg(s)

T

< gNw(N) — g(T)w(T) + 15 A s Pidg(s)

_ A " () duls) = - [g(s)w(S)}

s=A

< gANw(A) = g(T)w(T) + c15 (T’ng(T )~ A’%(M)

. L /T s~ 17Pag(s)ds
pa+1Jx

By assumption (1.10) and Lemma 3.1, it follows
lim T Pag(T) = 0. (3.5)
T—00

Along with g(A)w(A) < c15APag(N), we have

> C15 0071,*
- g(s)dw(s) < /s Pag(s)ds.
| atsste < 22 | (5

Notice that the above quantity on the right-hand side tends to 0 when
A — oo. It implies that for any € > 0 there exists A > 0 such that

o
— / s~ Pag(s)ds <
pa+1 A

)

N ™

and § > 0 such that

/Epa(x)dx <6 = g()\)/ dx <

€
E 2

13



This proves that {gn, (|Vun,|)} is uniformly integrable in L' (€, p*dz). Then
I, (IVun, ) = g(|Vau|) in L(Q, pdz) by Vitali convergence theorem. Let-
ting n, — oo in the identity

/ (unk(_A)a£+gnk(|vunk|)£) dm = / Vnkédxa \V/f € Xa,
Q Q

it infers that u is a weak solution of (1.1). Since u,, is nonnegative, so is u.

Estimate (1.12) is a consequence of positivity and
U, < Gqolvn,]

Since limy,, 00 U, = u, (1.12) follows. O

3.2 The source case
In this subsection we study the existence of solutions to problem 1.1) when
e=—1.

Proof of Theorem 1.2. Let {v,} be a sequence of C? nonnegative functions
converging to v in the sense of (3.1), {g,} a sequence of C', nonnegative

functions defined on R, satisfying (3.2). We set py = pﬂ'% € (p,php)s
where pf, 5 is given by (1.13) and p < p;, p is the maximal growth rate of g
which satisfies (1.14), and

1

M(v) = </Q\Vv\p°dx>%.

We may assume that ||t 110, p840) < 2[V[lom,p8) for all n. Let {un} be
the sequence of functions defined by ug = 0 and, for n > 1,
(_A)aun = gn71(|vun71|) +v, in
Up =0 in QF°.
Assume that u,_; is C:QO‘*'Y”—I locally in € with v,-1 € (0,2a — 1), then
In-1(|Vn_1])+vy is C? where § < min{~y,_1, 6}, then by [26, Corollary 2.4],

we have that wu,, is C?*t7 with v, € (0,7,_1). Jointly with [13, Lemmas
2.1, 2.2], it yields

[unt-23¢ = [ gua(Vunoigdo + [ Gnde, VeeXa (30
Q Q Q

Since ug = 0, we assume by induction that u,—1 > 0, then g,—1(|Vu,—1]) +
vy > 0 and u, > 0 by the maximum principle. Therefore {u, } is a sequence
of nonnegative functions.
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Step 1: we claim that M (u,) is bounded. By (1.14) and Proposition 2.4,
we have

1
</ |Vun|p°dx> N
Q

< allg(Vunl) + vnllpio,psa)
< cllg(VunaDlliiepsan) + 2V @] (3.7)
<

201 / Vun-1[Pp’dz + c1600 + 2c2]|v|lan(ar, o)
Q

where cig = ¢ fQ pPdz. Then we use Holder inequality to obtain that

1 1
1 5 1
(/Q ]Vun]ppﬁdx> T < (/Q ppop—opdx)%_ﬁ (/Q \Vun\podx> " , (3.8)

pfszp > 0. Along with (3.7) and (3.8),

Bro
where fQ pro—rdx is bounded, since
we derive

M (up) < errM (un—1)P + cisl|vllon(a,ps) + c1600, (3.9)
Bro_ 1_1
where c17 = CQCl(fQ pro—rdx)? ro > 0 and ¢1g > 0 independent of n. There-
fore, if we assume that M (u,—1) < A, inequality (3.9) implies

M (uy,) < e17AP + ClSH”Hzm(Q,pB) + ¢1600- (3.10)
Let A > 0 be the largest root of the equation
cir AP + ClSH”HD}I(Q,pB) + c1600 = A, (3.11)

This root exists if one of the following condition holds:

(i) p € (0,1), in which case (3.11) admits only one root:

(ii) p=1 and ¢17 < 1, and again (3.11) admits only one root;

(iii) p € (1,p}), and there exists g > 0 such that max{HyHm(QmB), ao} < gp.
In that case (3.11) admits usually two positive roots.

If we suppose that one of the above conditions holds, the definition of A > 0
implies that it is the largest A > 0 such that

c17 AP + ClSH’/HEIR(Q,pB) + 1600 < A, (312)

We assume M (u;) < A for any k < n — 1, which holds obviously for n = 1
since M (ug) = 0. Then (3.9)-(3.12), implies

M (up) < c17XP + cig|[v[lan(o,pe) + c1600 < A.
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By the assumptions of Theorem 1.2 \ exists and it is larger than M (uy,).
Therefore

/ |Vu,|[Podz < XP°,  ¥n > 0. (3.13)
Q

Step 2: Convergence. By (3.13) and (3.8), ¢n(|Vuy|) is uniformly bounded
in LY(Q, p%dx). By Proposition 2.3, {u,} is bounded in W(]Za_%q(Q) where
q € (1, %) and 2a — v > 1. By compactness, there exist a subsequence
{un,} and u such that u,, — u a.e. in Q and in LY(Q), and |Vu,, | —
|Vu| a.e. in @ and in L9(Q) for any q € [1,p], 5). By Proposition 2.4 and

assumption (G), gn, (|Vun,|) = g(|Vu|) in LY(Q, pPdz). Letting ny — oo to
have that

[ u=ars = [ gvasde+ [ i), v e ..

thus v is a weak solution of (1.1) which is nonnegative as the u,, are. Fur-
thermore (1.15) follows from the positivity of ¢g(|Vuy,]) and the maximum
principle. O

4 The case of the Dirac mass

In this section we assume that € is a bounded and C? domain containing 0
and v a nonnegative weak solution of

(—A)*u+ [VulP =69 in £,

4.1
u=0 in (4.1

where §g the Dirac measure at 0. We recall the following result dealing with
the convolution operator  in Lorentz spaces LP4(RY) (see [25]).

Proposition 4.1 Let1 < p1,q1,p2,q2 < 00 and suppose pil—l—p% >1. If f €
LPr 1 (RN) and g € LP»©2(RYN), then f*g € L™ (RY) with 1 = pll + p% -1,
qll + q% > % and there holds

I|f * QHLM(RN) < 3THfHLP1’q1(RN)||9HLP2"12(]RN)- (4.2)

In the particular case of Marcinkiewicz spaces LP>°(RN) = MP(RYN), the
result takes the form

1f * gllarr vy < 37l fllares @) llgllarea ov)- (4.3)

Proposition 4.2 Assume 0 < p < p%, and u is a nonnegative weak solution
of (4.1). Then
0 < u < Gyldol, (4.4)
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Vu e L2 (Q\ {0}) and u is a classical solution of

loc
—A)%u+ |VuP =0 in Q\ {0},
(—A) [Vul \ {0} (45)
u=0 1in €°.

Proof. Since 0 < p < p}, (4.1) admits a solution. Estimate (4.4) is a
particular case of (1.12). We pick a point a € Q \ {0} and consider a finite
sequence {r;}_q such that 0 < ry < ry_1 < .. <rg and Byy(a) C Q\ {0}.
We set dj =rj_1 —71j,j=1,..k. By (3.4) with =0

[t 1Val)do < exg (4.6)
Q

Let {n,} € CF(RY) be a sequence of radially decreasing and symmetric
mollifiers such that supp(n,) C Be, and g, < p(a) — 19 and u, = u * n,.
Since

M * (=A)%E = (=A)*(§ * 1)

by Fourier analysis and
[ A € )+ el ValP o = [ (uxna (=) + [Vl da

because 7, is radially symmetric, it follows that u,, is a classical solution of

(=A) %y, + [VulP * 0, = 0,y in Q,
Up =0 in Qf

(4.7)

where Q, = {z € RY : dist(z,Q) < &,}. We denote by Gan(z,y) the
Green kernel of (—A)% in Q,, and by G, the Green operator. Set f, =

nn_|vu|p*77na then u, = Ga,n[fn]' If we set fno = f”XBm(a)’ fylm = fn_fno,
we have

Oz, un () :/Q 02, Gan(z,y) fn(y)dy

:/ BxiGa,n(ﬂc,y)an(y)dy—i-/ 8xiGa7n(x,y)f,,m(y)dy
Qn Qp
= Uno (2) + v, (2),

with

Ung (x) = / amiGa,n(x,y)fn(y)dy = _/ amiGa,n(xay)|vu|p*"7n(y)dy
BTO (a) BTO (a)

if we assume that ¢, <| a | —79, and

o (2) = / O, o (1, 9) fu ().
Q\Bro ()
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We set p,,(z) = dist(x, QF), then by (2.7)

P y) P> (y)
| 0z, Gan(z,y) |§C5max{ , ,
nemen pn )|z — y|N=20F17 po() 4 — y|N 2

where c5 is independent of n. Thus, if © € B, (a),

| oy, () |< 020/Q B )fn(y)P%afl(y)dy < Clgczopéa_l (4.8)
n\DPrqglad

where co9 depends on dy and po (and the structural constants N and «).
Furthermore, if z € B, (a) and y € B,,(a),

C21
| 02, Gan(z,y) |< W (4.9)

We have already use the fact that y | y |2~ V~1c LPa(RYN). Since f, is
uniformly bounded in L'(£2), there exists cop such that

[[vnol pros (B, (@) < C22- (4.10)
Combined with (4.8), it yields

TV Pl o < c23. (4.11)

M P (Bry(a))
Next we set fn, = fuXB,, (o) and fry = fn— fni- Then
O, Un = Up, + U;Ll

where
Uny (x) = / amZGa(x,y)fn(y)dy = _/ amiGa(xay) | Vu |p *nn(y)dy
By (a) By (a)

and

@)= | O, G, 9) () ly
Qn\BT1 (a)

Clearly vy, (x) is uniformly bounded in B,,(a) by a constant co4 depending
on the structural constants and dy = r; — ry. Estimate (4.9) holds if we
assume x € B,,(a) and y € B, (a), except that the new constant, still
denoted by co1 depends on ds. Therefore

| Vu [P 0 (y)
| Uy () |< 021/ .
n1 By, (a) | T —y |N72a+1

We derive from Proposition 4.1

anlHM‘D B, (a S CQ4H ‘ Vi ‘ 77”” Pa )
( 2( )
M (Brl(a))
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with

1 1
— -2, 1 (4.12)
q2 Po  Pao
Notice that ga > p,. Therefore
p < c95. 4.13
I Vu | *UnHM%a(BTQ(a)) < €25 (4.13)

We iterate this construction and obtain the existence of constants ¢; such
that
I Vu [P sn,| 4 <g¢j Vi=1,2,.... (4.14)

M P (By;(a))
where ¢; = p}, and
1 1
— =P, (4.15)
4j+1  q; Pa
_ Pl _ 1
Setﬂ—m,thenf—pf—}—ﬁ—l, thus
1 , 1
i (20

dj+1 q

=(+p! <pi —e> (4.16)

o
—1 Pa — D)
=(—p e L7
pa(p—1)
Therefore there exists jo such that g;, > 0 and gj,4+1 < 0. This implies

|| Vu P *nnHLS(BTjOH(a)) < ¢ Vs < 00. (4.17)

Since y —| y 22~ N-1e LI (RY) for all t < p}, it yields

I Vu [P *nnHLOO(BTjO+2(a)) < cor, (4.18)
with co7 independent of n. Letting n — oo infers
1

HVUHLOO(BUMQ(CL)) < c3p, (4.19)

Combining this estimate with (4.4) and using [26, Corollary 2.5] which states

< —N—2«
||UHC¢’(Brj0+3(a)) =¢ <Hu||L1(RN,(1+III) N=20dy (4.20)

Hlullzoe s, @) + Hvu||L°°(B,~j0+2(a))) :

for any B < 2, we obtain that u remains bounded in C'*¢(K) for any
compact set K C )\ {0} and some € > 0. Using now [26, Corollary 2.4], we
obtain that 2%+ (Q\ {0}) for 0 < ¢’ < &. Futhermore u is continuous up
to 0€2. As a consequence it is a strong solution in 2\ {0}. O

In the next result we give a pointwise estimate of Vu for a positive
solution wu of (4.1).
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Proposition 4.3 Assume R > 0 is such that B C 2. If p < p¥, and u is
a nonnegative weak solution of (?7), then there exists cag > 0 depending on
R, p and o such that

| Vu(z) |< ego |z PN Vi € By \ {0} (4.21)

Proof. Up to a change of variable we can assume that R = 1. For 0 < |z| < 1,
there exists b € (0,1) such that b/2 < |z| < b. We set

up(y) = bV u(by).
Then
(—A) %y, + BN FPEN=D gy P — 0 in Q= b

Using [26, Corollary 2.5] with 5 < 2a, for any a such that |a| = 3/4, there
holds

HubHCB(Bl_%(a)) <cis <HubHL1(RN),(1+|y)—N—Qa) + HubHLoo(B%(a))

4N FP2a-N-1))| qub!”HLoo(Bg(a») '
8

(4.22)
Furthermore, by the same argument as in Proposition 4.2,

IVl e 5 (a)) < 021/Q [Vuy|”(y)dy = C2lbp(N+12a)N/Q|Vu|p($)dﬂf,
8 b

(4.23)
and from (4.4) and (2.4)

Cy4 Cq

u(z) < Go(z,0) < W = up(y) < W

Then

dy
el ), 141y --20) < €4 /RN T (1 [y PNy T o2

If we take 8 = 1, which is possible since o > 1/2, we derive
|[Vup(a)| < co3 = |Vu(ba)| < 02_31b20‘7N71

In particular, with |b] = 4|x|/3 we derive (4.21) with cop = 0531(§)QQ_N_1,D

We denote
N = lim |2]V 722G, (x,0). (4.24)
’ z—0

It is well known that ¢y > 0 does not depend on the domain 2 and, by
the maximum principle, G, (z,0) < cnqo|z[?*~N in O\ {0}.
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Theorem 4.1 Let Q be a bounded C* domain containing 0, o € (3,1) and
0 < p <pl. Ifuisa positive solution of problem (?7) and Br C €, it
satisfies

(i) if x9mr7 <P <P

CN,«a Co4 '
0< |x|N=2a ulw) < || (N =20+ T)p—2a” x € Brys(0) \ {0};

(i) if p = y22r,

CN,«
0< v — ul@) < —ealn(fal). @ € Brya(0)\ {0k

(i) if 0 < p < y=mg
CN,
0< Wif;a —u(r) <cu, € Bgru(0)\{0},

where ca4 depends on N, p, a, R and w. Furthermore, if 1 < p < p?, this
solution is unique and co4 s independent of u.

Proof. The existence of a nonnegative weak solution is a consequence of the
subriticality assumption; the fact that this solution is a classical solution in
2\ {0} derives from Proposition 4.2. It follows from the equation and (4.4)
that for any z € Q\ {0},

CN,a
S (@) < [ Gl Vutw) Py

2a—N 20—N—1 (4.25)
< 012)004/3 |z — y[2 Ny PC NV dy + o5,
R

4
where co5 depends on N, p, a, diam (), R and sup{|Vu(z)|:z € Q\ Br}.
4
Next we assume 0 < |z] < 1—%.
Case: ﬁ‘zﬂ < p < pk. We can write

/ |z — y|2o Ny PP N-Day = By + By
Br

4
with
E, = / |z — y22 N |y PPN Dy < ey
Br\Br
4 8

where cog > 0 depends on N, «, p and R and

L T
Bg
8
_ ‘x’2a—p(N+1—2a) / ’é- _ C‘Za—N‘C‘p(Qa—N—l)dC

R
8|

< [ Je=gPerigpee N hag
I¢]>2
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with ¢ = x/|z|. Since 2a — N < 0, |€ — ¢[>**N < (|¢] — 1)2 ¥, thus
oo
By < CN/ (7“ . 1)2a7N74p(2a7N71)+N71d74 = Co7,
2

Thus (i) follows.

Case: ﬁ‘z“ = p. We see that

o /B € — ¢[2aN ¢ 2age

]

Then clearly
Ey=—In|z|+0(1) when |z |— 0.

Thus (ii) follows
. 2
Case: 0 < p < §=5477- Then

EQ:/ 6—¢2 N ¢ 729dE = cop|a[PNFI720729 4 5(1)  when |z |- 0.
B g
8la]

Thus (iii) follows.
Uniqueness in the case 1 < p < p}, is very standard, since if u; and us
are two positive solutions of (?77), they satisfies
u1 ()

li =1
250 u(x)

Then, for any ¢ > 0, uj . := (1 + ¢)u; is a supersolution which dominates
ug near 0, it follows by the maximum principle that w := uy — (1 + &)uy
satisfies

(=A)%w + |Vual? — [Vui P <0

since w is negative near 0 and vanishes on 052, if it is not always negative,
there would exists g € © \ {0} such that w(zg) reaches a maximum and
|Vua(zo)| = |Vur e(z0)|, thus (—A)*w(zg) < 0, contradiction. O

Remark. If 0 < p < 1 the nonlinearity is not convex and uniqueness does
hold only if two solutions u; and us satisfy

lim (uq (z) — uz(x)) = 0.

z—0
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