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Fractional elliptic equation with gradient
nonlinearity and measure data
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Abstract

In this paper, we study fractional elliptic equation (E1) (—A)%u +
g(IVu|) = v in a bounded regular domain  of RY (N > 2); satisfying
(E2) u =0 in Q°, where (—A)* denotes the fractional Laplacian with
a € (0,1), v is a Radon measure and g : R — R is a continuous function
satisfying. We prove the existence of weak solutions for problem (E1)-
(E2) when v is Radon measure and g is subcritical. Furthermore, the
asymptotic behaviors and uniqueness of solutions are analyzed when v
is Dirac measure.

Contents
1 Introduction

2 Preliminary
2.1 Marcinkiewicz type estimate . . . . . .. ..o oL
2.2 Classical solution . . . . .. .. ... ... o0,

3 Proof of main theorems
3.1 The absorption nonlinearity . . . .. .. .. ... ... ....
3.2 The source nonlinearity . . . . . .. . ... ... ... ... .

4 Further study for g an absorption and v Dirac mass
4.1 Regularity . . . . . . ...
4.2 Uniqueness and asymptotic behavior with Dirac mass

Key words: Fractional Laplacian, Radon measure, Green kernel, Dirac measure.

MSC2010: 35R11, 35J61, 35R06

Lyeronmf@univ-tours.fr
2chenhuyuan@yeah.net
3Laurent.Veron@lmpt.univ-tours.fr



1 Introduction

Let Q € RY(N > 2) be an open bounded C? domain and g : R, ~ Ry
be a continuous and nondecreasing function. The purpose of this paper is
to study the existence of weak solutions to the semilinear fractional elliptic

problem
(=A)u+g([Vu) =v in @,

u=0 in °,

where a € (1/2,1) and v € IM(Q, p?) with B € [0,2a — 1]. Here p(z) =
dist(z,Q°) and M(Q, p°) denotes the space of Radon measures in €2 satisfy-
ing

(1.1)

/ PPdlv| < +oo. (1.2)
Q

In particular, we denote that 9%(£, p°) = M?(Q) is the space of bounded
Radon measures. The operator (—A)? is the fractional Laplacian defined as

(—A)%u(z) = lim (—A)%u(z),

€
e—0t

where for € > 0,

(-a)ute) = - [ u2) —ule) (e~ 2f)ds (13)

€ N |z—x|N+20‘XE
and
0 0, if tel0,¢€,
Xell) =
‘ 1, if t>e

In the pioneering work, Brezis [6] studied the existence and uniqueness
of the solution to the semilinear Dirichlet elliptic problem

—Au+h(u) =v in Q,

14
u=0 on 01, 4

where v is a bounded measure in 2 and the function h is nondecreasing,
positive on (0, +00) and satisfies that

_oN—-1

+oo
/1 (h(s) — h(—s))s” "N=2ds < +o0.

Also see Benilan and Brezis [1]. Later, Véron [27] improved this result
in replacing the Laplacian by more general uniformly elliptic second order
differential operator, where v € MM(Q, p?) with B € [0,1] and A is a nonde-
creasing function satisfying that

+oo _
h(s) — h(—s siz%ig*; ds < +00.
1
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The general semilinear elliptic equations involving measures have been in-
tensively studied, such as the equations involving measures boundary data
which was initiated by Gmira and Véron [16] and then this subject has being
extended in various ways, see [4, 5, 18, 19, 20, 21] for details. In a recent
work, Phuoc and Véron [23] considered the existence of solutions to problem

—Au+h(|Vul]) =v in Q,

1.5
u=0 on 09, (15)

where v is a positive bounded measure in €2 , h is a continuous nondecreasing
function vanishing at 0 and satisfying that

+o0 N
/ h(s)s ' N-Tds < +o0.
1

During the last years there has also been a renewed and increasing inter-
est in the study of linear and nonlinear intro-differential operators, especially,
the fractional Laplacian, motivated by great applications and by important
advances on the theory of nonlinear partial differential equations, and we
mention the references [7, 10, 11, 12, 9, 14, 24, 26, 25]. Recently, Chen and
Véron [12] studied semilinear fractional elliptic equation

(=A)*u+h(u)=v in €,

u=0 in Q°,

(1.6)

where v € M(Q, p?) with 8 € [0,a]. They proved the existence and unique-
ness of the solution to (1.6) when the function h satisfies that

+oo
/ (h(s) — h(=s))s 1 *asds < 400,
1

where

(1.7)

{N%Zoz’ if 5 € [Oa NI\IQQOZ],
ko =

N : N-—2
Nf;aiﬁ’ if ge(~x%a,al.

Motivated by these results and in view of the nonlocal character of the
fractional Laplaican we are interested in the existence of weak solutions to
fractional equation involving gradient term and measure. Before stating
our main theorem we make precise the notion of weak solution used in this
article.

Definition 1.1 We say that u is a weak solution of (1.1), if u € Ll(Q))
9(IVul) € LYQ, p*dx) and

/ [~ A)E + g(|Vul)€)dr = / édv, V€€ Xa, (18)
Q Q



where X, C C(RN) is the space of functions & satisfying:

(i) supp(¢) C €,

(ii) (—A)*¢(x) exists for all x € Q and |(—A)*¢(z)| < C for some C > 0,
(iii) there exist ¢ € LY(Q, p*dx) and ey > 0 such that |(—=A)%€| < ¢ a.e. in
Q, for all € € (0, €o].

In order to state our main result, we introduce G, the Green kernel of
(—A)* in Q and G,[.] the Green operator defined as

Galv](z) = /QGa(x,y)dy(y), Vv e M, p). (1.9)

In section 2, we obtain some estimates by the properties of G, [v| which play
an important role in the analysis of the existence of weak solutions. Now
we state the main result when g is a absorption.

Theorem 1.1 Let @ C RY (N > 2) be an open bounded C? domain, o €
(1/2,1) and p}, = Assume that g : Ry — Ry is a continuous
function satisfying

_N
N—2a+1"

+oo
/ g(s)s 1 Pads < +oo. (1.10)
1

Then for any nonnegative Radon measure v € M(Q, p?) with B € [0, 20—
1], problem (1.1) admits a nonnegative weak solution u, such that

Galv] = Galg([VGalV]])] < uy < Ga[v]. (1.11)
Remark 1.1 We note that the critical value p, is independent of [3.

Remark 1.2 We don’t know if weak solution of (1.1) is unique. Because
we don’t find some inequality which plays the role of Kato’s inequality to
deal with the gradient term g(|Vul).

Another interest is to consider the solution of (1.1) when g is a source,
ie. g: R_ — R_ is a continuous function. Then we have following result:

Theorem 1.2 Let Q C RY (N > 2) be an open bounded C? domain, o €
(1/2,1), v € M(, p°) with B € [0,2a — 1] and p, = ﬁaﬂ Assume that
g: Ry — R_ is a continuous function such that there exists p < p,

—g(s) <c1s?P+0¢ for s>0, (1.12)

for some ¢1 > 0 and o9 > 0.

If (i) p € (1,p3); oo and |[V|onq,pey small enough; or  (ii) p = 1,
c1 small enough; or  (iit) p € (0,1), then problem (1.1) admits a weak
solution u, such that

Galv] < uy < Galv] = Galg(|VGa[v]])]- (1.13)



We note that Theorem 1.2 deals with for general Radon measure v, while
v is nonnegative when ¢ is an absorption.

The paper is organized as follows. In Section 2, we present some prelim-
inaries to obtain the estimate

IVGalt)lasst (2,0 eyiy < 2V lomenpsy 2> 0

and investigate the related classical solution.

Section 3 is devoted to prove the main theorems. In Section 4, we analyze
the asymptotic behaviour of weak solutions to (1.1) when v is a Dirac mass
and ¢ is a power absorption.

2 Preliminary

2.1 Marcinkiewicz type estimate

In this subsection, we recall some definition and basic properties of Marcinkiewicz
spaces.

Definition 2.1 Let Q C RY be an open bounded domain and p be a positive
Borel measure in Q. For k> 1, k' = k/(k — 1) and u € L. (Q,du), we set

loc

=

K

1wl ars (@,au) = inf{c € [0,00] : / luldp < ¢ (/ d,u> , VE C 2 Borel set}
E E
(2.1)
and
M(Q,dp) = {0 € Lho(@dp) : [ull oy < o0} (22)

M"(Q,dp) is called the Marcinkiewicz space of exponent k or weak L"
space and |[|.|[y7=(q,du) 18 @ quasi-norm. The following property holds.

Proposition 2.1 /2, 8/ Assume 1 < q <k < oo and u € L}, (Q,dp). Then
there exists c3(q, k) > 0 such that

1—q/k
/ fuldp < e3(q 1) |l are ( / du) ,
E E

for any Borel set E of ).

Proposition 2.2 Let Q C RY (N > 2) be an open bounded C? domain and
v € M(Q, p?) with B € [0,2a — 1]. Then

I9Ga vl a0 iy < 2l longeryy (23)
where VG, [|v[)(z) = [ VaGalz,y)d|v|(y) and

N
e 2.4
Po = N o011 (2.4)



Proof. For A > 0 and y € €2, we denote
wa(y) = {z € A\ {u} : [VaGalz,y)lp"(x) > M ()}, maly) = / ( >d$.
WAy

From [10], there exists ¢4 > 0 such that for any (z,y) € Q x Q with x # y,

1 p*(z) r°(y) } ’ (25)

lx —y|N=207 |z — y|N=a7 |z — y|N-a

Go(z,y) < ¢gmin {

P (y)

Ga(z,y) <c , 2.6
00 S e — 20

and by Corollary 3.3 in [3], we have
9.Ga(e.)] < NGala)max { (2.7

2Gal\T,Y)| = al\T, Y ) max s N (0 .
[z =yl p(x)
which implies that for some c5 > 0,
c5p™(y) csp* " (2)p* (y) }

V.G (x, < max , , 2.8
96 < e { o e S 29

where s € [0,2a — 1] will be chosen later.
Therefore, for 2a — 1 — s > 0, we have

a s (y) C5P2a_1_5(5'3)/08(y)
<
IVaoGalz,y)|p*(z) < InaX{|x y|N—20+1 |z — y|N—o

max{ c5p”(y) csp°(y) }

|$ _ y|N—2a+1’ |CE _ y|N—oz

IN

Since N —2a+4+1 > N —a and 2a— 1 — s > 0, then there exists some cg > 0
such that

a—pf s—f
wi(y) C {w €Q: |z — y| < ¢ max{p T (y) A~ N2 ,pN_-a(y)Yﬁ}} :
Choosing s = § € [0,2a — 1] and then for A > 1,
wia(y) C{x e Q: |z —y| <A™ N*21a+1}. (2.9)

As a consequence,
ma(y) < A Pe,

where ¢7 > 0 independent of y and .
For any Borel set F of 2 and A > 1, we have

T Y x)dx T x)dx p T
/Erma( ) (@)d S/w VGl )] (@) + Ap <y>/Ed

A(Y)



and
/ VoGala,y)p*(@)de = — / sdms(y)
wx(y) ApB(y)
= M ymaly) + / ms(y)ds
AP (y)
S C8p6(y))‘1_pza

for some cg > 0. Thus,
[ 9:Galalo @ds < P 0) (e 0 [ ).
E E

1
Choosing A = ([ dx)” »&, we have

Py —1

/ VG (2, ) (@) < esp” (4)( / dr) 5, Wyen.
FE E
Therefore,
/E VGl (&) 5 (2)d = /Q /E VG2, 9) 6" (2)ded]p (y)]

< /Q P ()] s ) /E VaGal,y)|o® (2)da

Po

Pa
<o [ P Wivt) ( / d:c>
Q E
p&l
< sV om0 /E dz

As a consequence,

IVGall# Ml agot @ pmry < €sllvlomenps)-

We complete the proof. O

The next proposition is a higher order regularity result

Proposition 2.3 [12] Assume that v € M(Q, p°) with 0 < f < a. Then
forq € (1, %) there exists cg > 0 such that for any v € L'(Q, p’dx)

1Galv]llwza—a(e) < collvllzr(psaa) (2.10)

whereq,:%;7:5+%ifﬁ>0‘md7>gifﬁ:o'

Proposition 2.4 Assume that v € MM(Q, p°) with 0 < B < «a, then the

mapping v +— |VGq[v]| is compact from L'(Q, pPdx) into LI(Q) for any
N

q € [1, N+ﬁ+1—2a)‘



Proof. From the previous proposition we see that G,[v] € W2~ 7P(Q),
where 2ac—~ > 1 for p € (1, %) Therefore, |[VG,[v]| € W2e—7=1P(Q)
and

HVGa[V]HW?a*V*LP(Q) < CgH’/HLl(Q,dex)-
By [22, Th 6.5], the embedding of W?2*~7~1P(Q) into LI(Q) is compact. We
complete the proof. O

2.2 Classical solution

In order to prove our main theorems, we consider the existence of classical
solution to problem

(=A)*u+g(Vu) = f n ©Q,

2.11
u=0 in Q° ( )

We denote that g = max{g,0} and g = max{—g,0}.

Theorem 2.1 Suppose that Q is an open bounded C? domain of RN (N >
2), a € (1/2,1) and the function g : R — R is bounded. Assume more that
there exists 6 > 0 such that g € C?(R) and f € C?(Q). Then problem (2.11)
admits a unique classical solution u such that

Galf] = Galg+ (IVGalfI))] < u < Ga[fl + Galg-(IVGa[fI)]  (2.12)

and if f is nonnegative, then u > 0.
Furthermore, the mapping g — w is decreasing and f — wu is increasing.

To this end, we first introduce following Schauder fixed point theorem.

Theorem 2.2 [15] Assume that X is a Banach space and T : X — X is a
compact operator such that
T(0) C O,
where O # @ is a closed bounded convex set of X. Then there exists fized
point x € O of T, i.e.
Tx = z.

Now we are ready to prove Theorem 2.1.

Proof of Theorem 2.1. We divide the proof into several steps.
Step 1. To prove the existence. We define the operator T' as

Tu=Gq[f — g(|Vul)], ue Wy (),

where Wol’l(Q) is the closure of {w € C®°(RY) : supp(w) C N} under the
norm of W1(Q). We claim first that T is compact operator. In fact, for u €
Wol’l(Q), we have that f — g(|Vu|) € L'(©2) and then by using Proposition



2.4, implies that Tu € Wi "?(Q) where v = ’%N and 2a —y > 1 for

p € (1, 5252 ). Then the embedding Wgai%p(ﬁ) — WOI’I(Q) is compact, so
T is compact operator. Moreover, using (2.8) with s = 0, we have that

ITulwigy < 1Galfllwiae + ICalo(Vulllwii
GUNqun-%HQUVuDHLw@n)Hjé<?aﬂﬁﬁdymVan>

c10 (Il + 19l oo ry)) » (2.13)

IN

where c19 = || [, Ga (- y)dyllwi1(q)-
1,1
Let O = {u € Wy (Q) : [lullpra9) < colllfllr=@) + lglem,)) };
which is a closed and convex set of VVO1 1(€). Combining with (2.13), then

T(0) C O,

and using Theorem 2.2 to obtain a fixed point u € Y, that is, Tu = u.

Next we show that w is a classical solution of (2.11). Let open set O
satisfy O € O C Q. By Proposition 2.3 in [24], for any o € (0,2a), there
exists ¢11 > 0 such that

[ullce o) < curfllg(Vullizee @) + [1fllze@}
and by choosing o = 24t € (1,2a), then

IVulllee-10) < err{llg(IVuDllze @) + 1 f Lo},

and then applied Corollary 2.4 in [24], u is C?** locally in € for some
€0 > 0. Then v is a classical solution of (2.11). Moreover, from [12], we have

/ [u(—A)*€ + g(|Vu))¢lda = / £fdr, VEeX,. (2.14)
Q Q

Step 2. To prove (2.12). Denote by U_ = G,[f] — Gal9+(|VG.[f]])] and
Us = Golf] + Galg— (IVG4[f]])]- Then Uy = 0 in Q¢ and

(A U- + g (IVGalfl) = f in ©

and
(=A)*U4 = f+9-(IVGalf]]) in Q

We claim that
U_.<u<U; in Q. (2.15)

We prove the first inequality of (2.15). If not, there exists zy € €2 such that

(U= = u)(zo) = max{(U- —u)(z)} > 0.



Then
(—A)*(U- —u)(xg) >0 and VU_(xg) = Vu(z).

This implies that
(=2)* (U~ = u)(z0) + g4+ (IVU(20)]) — 9(|Vu(zo)]) > 0. (2.16)
However, since u is the solutions of (2.11), then we have

(=2)* (U~ = u)(x0) + g4+ (IVU-(20)]) — 9(IVu(zo)]) = f(w0) — f(0) = 0.

This is impossible with (2.16). Therefore, (2.12) follows by (2.15). Use the
same way to prove the second inequality of (2.15).

In particular, for f > 0, since the function lim, 9o U(x) = 0, if u is not
nonnegative, then there exists xg € 2 such that

= 1 0
u(zg) ggnelsr)lu(x)< ,

then we see that Vu(zg) = 0 and (—A)%u(xg) < 0, This contradicts that u
is the solution of (2.11).

Step 3. To show that the mapping g — wu is decreasing and f — wu is
increasing. We just give the proof of the first argument, the second is similar
to prove. Let g; and go satisfy our hypotheses for g and g; < go. Denote uy
and wug the solution of (2.11) with g; and gy respectively.

If there exists zg € € such that

(u1 — ug)(zo) = min{(uz — u1)(2)} <0.
Then we have
(=A)* (ur — ua)(z0) < 0, Vi (zo) = Vus(zp).
This implies that
(=A)*(ur — u2)(0) + g1(IVur(zo)]) — g2([Vua(zo)) <0.  (2.17)
However,

(=A)*(u1 —uz)(zo) + g1(|Vui(xo)|) — g2(|Vua(zo)|) = f(w0) — f(x0) =0

and the contradiction is obvious. Then u; > us.

Finally. The uniqueness follows by the monotonicity in Step 3. The proof
is complete. O

10



3 Proof of main theorems

3.1 The absorption nonlinearity

In this subsection, we prove the existence of weak solution to (1.1) when g
is a absorption term, that is, g(s) > 0 for all s > 0.
Proof of Theorem 1.1. Ezistence. We define

Cs() ={¢ € C(Q) : p ¢ € C(D)}

endowed with the norm

I¢lley@y = o~ <llo@)-
B

We consider a sequence nonnegative functions {v,,} C C1(Q) such that v, —
v in the duality sense with C(§2), which means

lim Cundx—/CdV (3.1)

n—oo

for all ¢ € Cy(2). It follows from the Banach-Steinhaus theorem that
[vnllon() is bounded independently of n. We denote by {g,} defined on
R, a sequence of C? and nonnegative functions such that

gn S gn+1 <9, sup gn(s)=n and lim |gn — gllree ®,) =0. (3.2)
s€Ry n—00 oc

By Proposition 2.1, there exists a unique nonnegative solution u, of (1.1)
with v, and g, therefore

/Q (tn + g (| Vttn]y1) e < /Q vamde < Clvlmapny.  (33)

Therefore ||gn(|Vun|)|lonq,pe) is bounded independently of n. For € > 0, set

e =(m+ e)g - eg, which is concave in the interval n(@). By Lemma 2.3
part (i7) in [12], we see that

ﬁ(ﬁa; ) sz [ (m1(y) —m(x))® dy

(m +¢€) 0 |y — x|Vt

Qﬁ

(D)€ = Z(m +e)a (—A)% —

B—a

(771+6) o,

| =)

and & € X,. Since

/ (Jtn (~ D)€, + gn(Vun])€) di < / el
Q Q

we obtain

/ ( a1 + )% + gu(|Vun)e )dx< [ &l
Q

11



If we let € — 0, we obtain

154 B—a B B
| (Bluntn™ + gal1Vunbni ) do < [ o dp.
o \o Q

By Lemma 2.3 in [12], we derive the estimate

/Q (Iunlo” + ga([Vunl)o? ) da < crallvallana o) < crslvllmpoy- (3:4)

Then v, gn(|Vuy,|) is uniformly bounded in (R, p°). Since u, = Glv, —
gn(|Vuy])], then

IIVunlll s ,pde) [nllon(e,pm) + l9n ([Vun])llanc,p)

<
< cullvllonga, -

By Corollary 2.4 the sequence {u,}, {|Vu,|} are relatively compact in
the LI(Q2) for 1 < g < % and 1 < g < ﬁaﬂ, respcetively. Therefore
there exist a sub-sequence {uy, } and some u € L?(2) such that |Vu,, | —
|Vu| in LY(2) and almost every where in Q. Furthermore g, (|Vu,,|) —
g(|Vu|) almost every where in Q. For A > 0, we set Sy = {z € Q :
|V, (z)] > A} and w(X) = fSA p*(z)dz. Then for any Borel set E C Q, we
have

[ oV un Dl @) < [ 9019, DIp (2)do
E E
— [ Vet + [ gl(Fu, ) @)
ENS§ ENS,
<o) [ oo+ [ (VD (@)
<o) [ prda= [ go)ato)
where g(s) = max,c(o g{g(t)}. But

oo T
/}\ g(s)dw(s) = lim g(s)dw(s).

T—o00 by

Since ’vunk’ S MpZ(Q7padx)7 W(S) < 015371%‘ and

T s=T T
-/ g<s>dw<s>:_[g<s>w<s>L:A+ | tshasts
T *
< gNw () — g(T)w(T) + 15 /A s Padg(s)

< AW (N) = g(T)(T) + 15 (T Pag(T) — X Pag(N))

+ 5 /Ts_l_pz‘g(S)ds
e+ 1)

12



By assumption (1.10) there exists {T'} — oo such that T Pag(T) — 0 when
n — oo. Furthermore g(A\)w(\) < cA"Pag()), therefore

_ /:Og(s)dw(s)< 1 /}\Ooslng(S)ds.

T ph+1

Notice that the above quantity on the right-hand side tends to 0 when
A — oo. The conclusion follows: for any € > 0 there exists A > 0 such that

0o
*015 / Silipz‘g(S)dS <
Po t 1 A

NN

and d > 0 such that

/Epa(x)dx <5 = g()\)/ do <

E

NN e

This proves that {gn, (|Vun,|)} is uniformly integrable in L((, p*(x)dx).
Then gy, (|Vun,|) — g(|Vul) in L1(Q, p®(z)dx) by Vitali convergence theo-
rem. Letting ny — oo in the identity

/ (t (— D)€ + Egu, (Vi |)) dar = / v £
Q Q

where £ € X,, it infers that u is a weak solution of (1.1). Since uy, is
nonnegative, so is u.

To prove (1.11). In the proof of the existence, we have know that wuy,,
satisfies (2.12), that is

Ga[’/nk] - Ga[gnk(’v(c’a[”nk”)] < Uy, < Ga[ynk]'

We observe that Gq [vp, ] = Galv] a.e. inQ, and g, (|VGa[vpn,]l) = 9(IVGa[V]])
in L1(Q, p®dx). Then

Galvn] = Galgn, (IVGalvn, )] = Galv] = Galg([VGa[V]])]  a.e. in Q.

Therefore, the solution u obtained as the limit of w,,, satisfies (1.11). O

3.2 The source nonlinearity

The purpose of this section is to study the existence of weak solutions to the
semilinear fractional elliptic problem with gradient source term g satisfying
g(s) <0 for s > 0.

Proof of Theorem 1.2. Let {,} be a sequence of C? functions con-
verging to v in the sense of (3.1), {g,} defined on Ry a sequence of C?,
negative functions satisfying

9n = Gnt1 = G, Siel%&i gn(s) = —n and Jim l9n = gllLze ®y) =0

13



and
1
0 = ([ [Vorpdn)?.
Q
We may assume that |[vy[lgniq, ) < 2[|v]lan(q,ps)- Denote u; =0 and
(_A)aun = _gn71(|vun71|) + Un.

On the one hand, by (1.12) and Proposition 2.2,

gk
( /Q VunPiptdr) < el = gl Vtin_1]) + vl
< eolll = 90V uno1 )l 21 o) + 20y
<

cacy /Q Vi1 |PpPdx + c1600 + 2¢2|[V|lon(, fBy5)

where ¢ = ¢ [ pPdx.
On the other hand,

Bpa—a 1
(/ \Vun\ppﬁdx)% < (/ p ra~—r dx) 7 Pa / |Vuy, ]papadx)P?x (3.6)
Q Q

Bph —o

where fﬂp ra—? dx is bounded, since 6;"* > > —1.

Along with (3.5) and (3.6), we have

M(un) < c17M (up—1)" + cisl|vllon(a,p8) + 1600,

where c;7 = czcl(fﬂ p%d:ﬂ)%ii > 0 and c¢1g > 0 independent of n.
Then by induction, there exists A > 0 such that M (u,) < X for any n > 1,
which holds if

c17 AP + ClSHVHDZR(Q,pB) <A (37)

When p € (1,p7,), (3.7)holds if |[v[logn(q,,s) is small enough; when p € (0, 1),
(3.7)holds with any restriction; when p = 1, (3.7)holds if ¢;7 < 1.
(]

4 Further study for ¢ an absorption and v Dirac
mass
4.1 Regularity

In order to tackle the uniqueness, we have to make use of the properties of
classical solution, since Kato’s inequality is invalid to obtain uniqueness for
gradient nonlinear term. To this end, we start by

14



Proposition 4.1 Assume that 0 € Q is an open, bounded and C? domain,
a € (%, 1), g : R — R is continuous. and u is a weak nonnegative solution
of (1.1). If g(s) > 0 for s > so with sy > 0, then u be a classical solution of

(=A)%u+g([Vul) =0 in Q\ {0},

4.1
u=~0 in QF° (4.1)

and
0 < u < Ggldg) (4.2)

Proof. Let Q) = (1 + 1)f, then there exists kg > 0 such that € is
C? domain for k > kg and {v;} be a sequence functions in C?(RY) with
supp(vg) C Qf such that

vp — win LY(Q) and  g(|Vu]) = g(|Vu|) in LYQ,p%dx).

On the one hand, (—A)%v, and g(|Vug|) are sequences of C?729(Qy)
positive functions and denote

fre = (=A) % + g(|Vog]) z € Q.

On the other hand, for any £ € X, (Q2), then ok € X, (), where X, (Q) =
Xy is defined (1.8) with respect to Q, X, (€) does with to €5 and

€0 k() =£((1+ 1)),

Combining with Lemma 2.1 (ii) and Lemma 2.3 in [12], we have

/Q [Vp(—A)*E o k4 g(|Vug|)€ o kldz = A Eokfrdr, VEeX, (4.3)
We observe that for £ € X,(Q2), (—A)*¢ ok — (=A)*¢in L* and ok — &

uniformly in RN as k — oo, thus we have
/ [vp (—A)*Eok+g(|Vug|)Eok]dr — / [u(=A)*¢+g(|Vu|)]de as k — oc.
Q Q

Then we have fp — dg as k — oo in the distribution sense. Therefore,
Gaklfe] = Galdo) in RV \ {0} as k — oo and there exists ¢19 > 0 such that
for all k& > No, |Gor[fi]| < c19Gak[d0] in RN\ {0} as where Gq,x is the
Green operator in (1.9) with to .

As a consequence,

0<wy = Garlfr] = Gaklg(|Vurl|)] (4.4)
< 20Gq k[0] + H[léix] l9(s)].
s€(0,s0
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Denote by O an open set satisfying O C Q\ B, with r > 0 and Oy =
1+ 1O, then there exists cy; > 0 independent of k such that
k

vkl oo (04) < c21l|Gakldo]ll o 0y + H[IOELX} lg(s)| and

lvellziqy) < c21llGakldo]llLr ) + H[lgx}\g( s)|.
50

By Corollary 2.4 in [24] and Lemma 3.1 in [13], for some ¢ > 0 and €
(0,2«), we have

HkaC2a+6(Ok)
< C22{””kaoo(Qk\B%) el @agy) + lorllos @, my,) b
< C23{|’UkHI£oo(Qk\B%) + Hvk”L‘X’(Qk\B%) + ”kaL‘X’(Qk\Bg) + lvkllLr .
< c2a{[|Gar[do] 17 o< @By T 1Ga ko]l (@i\By)
+GakldolllLr (o, + nax lg(s)I}
< co5{[|Galo ]||poo (@\By) ) +Ga [50”|L°°(Q\Br)
+Galdolll L1 @+ max l9(s)1},

’ 0

where constants cog, c24, co5 > 0 independent of k. Therefore, together with
(2.13) and Arzela-Ascoli Theorem, we have that u € C?**T2(0), which im-
plies that u is C?**% locally in Q \ {0}. Therefore, u is a classical solution
of (4.1). By (4.4), we have

0 S u S Ga[éo].
O

Corollary 4.1 Assume that 0 € Q is an open, bounded and C? domain,
a € (3,1) and g : Ry — Ry is continuous. Let u is a weak solution of (1.1)
such that u_ is uniformly bounded in any compact set of Q\ {0}. Then u is
a classical solution of (4.1).

Proof. The proof proceeds the same as the one of Proposition 4.1 just
replacing (4.4) by

—CGq ild0] < v < CGy ildo),

for some C > 0. O
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4.2 Uniqueness and asymptotic behavior with Dirac mass

This section is devote to consider the behavior of the solution of (1.1) in
particular case. We consider the following problem
(=A)*u+ |VulP =8 in Q,
u=0 in QF,

(4.5)

where 0 € 2 and dg is Dirac mass.

Theorem 4.1 Assume that 0 € Q is an open, bounded and C? domain,
a € (3,1) and 0 < p < p},. Then problem (4.5) admits a solution u such
that

() if p € (R D)

Cc1 Co c
’x‘(N—Qa—i—l)p—Qa < u(x) |N—20¢ < ’x‘(N—Qa—i—l)p—Qa’ T e BT(O) \ {O}’

_|x

(i) if p = 2oy,

C
~C7'In(le) < u(@) ~ gy < ~Clnllel), = € Br(0)\{0;
(iii) if p < N
cl< u(z) — ’x‘gio_m <C, =€ B(0)\{0},

where T = %, Co = limy_,0 Go(x,0)|2|N =2 and C > 0.
Moweover, the uniqueness holds in the sense of

lim wu(z)|z|¥ 2 = Cj. (4.6)

|z|—0+

We observe that if g(s) = s? with p < p}, (1.10) holds. Then the
asymptotic behavior of solution obtained by Theorem 1.1 is controlled by
Ga[0o] and G4 [dp] — Go[|[VGa[00]|P]. Therefore, we have to do estimate of
the behavior of G,[|VG4[do][P].

Lemma 4.1 Assume the hypotheses of Theorem 4.1 holds. Then there ex-
ists a positive constant C = C(N,«a, ) > 1 such that

() if p € (31 Pa)s

1
oS Gal|VGaldo]Pllz| 2otV 20 P < 0w e B(0)\ {0} (4.7)

< GallVGald]P)(~Infa]) ™ <O, 2 € B(0)\{0};  (48)
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(iii) if p < N—rT

= SCalVE P <€ w e B(0)\ {0}, (49)

where r = 2 min{1, p(0)}.

Proof. (i) In the case of ﬁ%ﬁl < p < p}. On one side, by the fact of
p < = and G,[dp] = G(x,0), then for = € B,(0) \ {0},

Gal|VGalbo]P)(z) = /Q G(2,9)|V, Gy, 0)["dy

_ / Co p(a,l)p(y) Cg dy
~ Jolz—y|N72e per(0)  |y|(N-2e41p

1 1
< d (a=1)p(,\d
<] B, |z — y| V=20 |y|(N=2a+1)p v /Q\Brp (y)dy]

Since N —2a < N and (N —2a+1)p < N, then

1 1
_ 20—(N—2a+1)p
Eie) = el /BL ez — g2 e Y
< Cl‘x’2a7(Nf2a+1)p[1 +/I 82a717(N72a+1)pd8]
1
< ColzPoeWN=2e+bp 2 ¢ B(0)\ {0}. (4.10)

where e, = ﬁ It is obvious that
Ey(z) <C, =z € B,(0)\{0}.
by the fact of p < p}, < ﬁ Then
Gal| VGa[6o]P)(x) < ColzP*~N=20%P € B,(0)\ {0}, (4.11)
On the other side, for x € B,.(0) with r = p(0)/4, from [3], we have

Co

Then for z € B,.(0) \ {0}, we have

Gal[VGaldollP)(@) > C [5 o) =5y

‘y,x‘N—m |y‘(N—2a)p
> C‘x’2a7(Nf2a)p’

(4.12)

for some C' > 0. As a consequence, we deduce (4.7) by (4.11) and (2.17).

18



(#7) In the case of p = ﬁ‘zﬂ It is obvious that (4.10) becomes
Gu[|VGa[6o]P](z) < C + / s7ds < C(1 —1nz|)
1
and (4.12) becomes
T
GollVGaldo] Pl(z) > C +/ s~lds < C(1 — In|a).
1

(73i) In the case of p < ﬁ“o‘[ﬂ In this case, we only need to prove
that [, |y,m|N—2a|z‘(N72a+l)pdy is bounded. Indeed, for z € B,(zg) with

= M, by Young inequality and the fact of (N —2a)(p+1) < N,
we obtain that

/
2a 200+1 pdy

< [ 1 N 1 ¥
= o) |y — N2+ T |y | (V=204 D(p+1) y
< 1 dy & 1 ;
= b Iy — 2| 82000 YT [ T2 Y
<C.
Then (4.12) becomes
CallVECal)(x) > C
We complete the proof. -

Proof of Theorem 4.1. The existence follows Theorem 1.1 and the solution
u satisfies that

Galdo] — Ga[|VGa[oo] ] < u < Galdo)-

We deduce the asymptotic behavior of solution u by G,[dg] = Gu(z,0) and
Lemma 4.1.
To prove uniqueness. Let u and @ be two solutions of (4.5), then u and
@ are classical solution of (4.1). For any € > 0, let ue = (1 + €)u, we claim
that
i < .. (4.13)

In fact, since lim,_s @|z|V 2% = Cy and limg o uc|z|¥ 2% = (1 4 €)Cy,
if not, there exists some point zo € 2\ {0} such that

(i = ue)(wo) = max(i — u)(@) > 0.
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This implies that (—A)*(@ — ue)(zo) < 0 and Viu(zg) = Vue(zg). Then on
the one hand, we have

(=2)%(@ = ue)(xo) + [Vl (xo) — [Vuel’(z0) = 0 (4.14)

On the other hand, (—A)%u(xg) + |ValP(zo) = 0 and (—A)%ue(zg) =
—(1+4 ¢)|VulP and |VuP(z9) = (1 4 €)P|VulP and then

(=2)%(@ = ue)(zo) + [Vl (xo) — [Vuel"(z0) >0,

which is contradiction with (4.14). Take ¢ — 0 in (4.13), then we have
% < u. Similarly, u < @. The proof is complete. U
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