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Approximation of backward stochastic differential equations

using Malliavin weights and least-squares regression

E. Gobet* and P. Turkedjiev'
Centre de Mathématiques Appliquées
Ecole Polytechnique and CNRS
Route de Saclay
91128 Palaiseau cedex, France

August 29, 2013

ABSTRACT: We design a numerical scheme for solving a Dynamic Programming equation with Malli-
avin weights arising from the time-discretization of backward stochastic differential equations
with the integration by parts-representation of the Z-component by [MZ02]. When the sequence
of conditional expectations is computed using empirical least-squares regressions, we establish,
under general conditions, tight error bounds as the time-average of local regression errors only
(up to logarithmic factors). We compute the algorithm complexity by a suitable optimization of
the parameters, depending on the dimension and the smoothness of value functions, in the limit
as the number of grid times goes to infinity. The estimates take into account the regularity of
the terminal function.

KeEYywoRrDS: Backward stochastic differential equations, Malliavin calculus, dynamic programming
equation, empirical regressions, non-asymptotic error estimates.

MSC 2010: 49L20, 60H07, 62Jxx, 65C30, 93E24.

1 Introduction

1.1 The problem

Let T > 0 be a fixed terminal time and let (Q, F, (F;)o<i<7,P) be a filtered probability space whose
filtration is augmented with the P-null sets. Let m = {0 =: tg < t; < ... < ty_1 <ty =T} be a
given time-grid on [0,7] and A; := t;41 — ;. Additionally, for a fixed ¢ € N\{0}, we are given a set
{HJ@ : 0<i<j< N} of (R?)T-valued random variables in Lo(Fr,P) (i.e. square integrable and
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Fr-measurable) that we call Malliavin weights (whose significance is explained below). Here T stands
for the transpose.

In this paper, we introduce a numerical algorithm, named MWLS, to approximate discrete time
stochastic processes (Y, Z) defined by

N-1
}/1' :E1[€+Zf]()/}+laz])A]]a OSZSNa
'j:Z N_1 ' (1.1)
Z; =EleHY + Y fi(Yi, Z)HA)), 0<i <N -1,
j=i+1

where E;[-] = E[-|F3,],  is a R-valued random variable in Lo (Fr,P), and (w,y, 2) — fj(w,y,2) is Ft, ®
B(R)® B((R?) " )-measurable. This system is solved backward in time in the order Yy, Zy_1,Yn_1...
and it takes the form of a dynamic programming equation with Malliavin weights: we call it Malliavin
Weights Dynamic Programming equation (MWDP for short).

The main application of is to approximate continuous-time, decoupled Forward-Backward
SDEs (FBSDESs) of the form

T T
Y, =¢ +/ F(s, X, Ys, Zy)ds —/ Z,dW, (1.2)
t t

where (W)¢>0 is a Brownian motion in R?, (X;)s>0 is a diffusion in R? and ¢ is of the form ®(Xr).
Indeed, according to [MZ02, Theorem 4.2], there is a version of the process (Z;)o<i<7 given by

T
Z, = Ey[cHY +/ f(s, X4, Ys, Zs)H ds) (1.3)
t
where the processes (Hs(t))ogt<ng are Malliavin weights defined by

HY = %(/ (' (r, X,)D,X,)TdW,)", 0<t<s<T, (1.4)
t

where (DX, ) is the Malliavin derivative of X,. and o(.) is the diffusion coefficient of X. The represen-
tation is obtained via a Malliavin calculus integration by parts formula, see [Nua0@] for a general
account on the subject. A discretization procedure to approximate the FBSDE with ,
including explicit definitions of the random variables H J@ based on (|1.4), is given in [Turl3], where
the author also computes the discretization error in terms of N. In honour of the connection between
and , call the random variables H J(-i) Malliavin weights, £ the terminal condition, and
(i,w,y,2) = fi(y,z) the driver. We say that the pair (Y, Z) satisfying solves a discrete BSDE,
or a MWDP, with terminal condition £ and driver f;(x,y).

Contributions. In this paper, we are not concerned with the discretization procedure, rather with
the analysis of the MWDP equation and its numerical resolution via what we call the MWLS
algorithm, in which one uses empirical least-squares regressions (approximations on finite basis of
functions using simulations) to compute conditional expectations. Since the system may be
relevant to problems beyond the FBSDE system , we allow the framework and assumptions



to accomodate as much generality as possible. However, MWLS is, to the best of our knowledge,
the first direct implementation of formula in a fully implementable numerical scheme. For other
applications of Malliavin calculus in numerical simulations, with rather different perspectives and
results to ours, see for instance [FLL™99|[KHP02][BT04] [GM05][BCZ05] [HNST1][BL13].

We adapt the recent theoretical analysis of [GT13] for discrete BSDEs (without Malliavin weights)
to the setting of MWDP: actually, the Malliavin weights lead to significantly differences. As in
the aforementioned reference, we consider locally Lipschitz driver f;(y, z), to allow the case of some
quadratic BSDEs or some proxy/variance reduction methods - see Section

We prove stability results on the MWDP in Section [2] These results are instrumental throughout
the paper. The stability estimates on Z are at the individual time points (coherently with the repre-
sentation theorem of [MZ02]) rather than the time-averaged estimates of [GT13l Proposition 3.2]: this
allows for finer and more precise computations. The time-dependency in our estimates also takes into
better account the regularity of the terminal condition, similarly to the continuous-time case [DGO6].

Section [3]is the core of the paper: it is dedicated to the MWLS algorithm in the Markovian context
Y; = 4;(X;) and Z; = 2;(X;) for some Markov chain X; in R and unknown functions (y;(-), z;(-)). In
MWLS, the conditional expectations in are replaced by Monte-Carlo least-squares regressions: to
each point of the time-grid, we use a cloud of independent paths of the explanatory process X and the
Malliavin weights H, and some approximation spaces for representing the value functions (y;(+), z;(+)).
The algorithm is detailed in Section [3.2]and a full error analysis is performed in Sections and in
terms of the number of simulations and the approximation spaces. The final error estimates (Theorem
are similar to [GT13| Theorem 4.11] in that they are the time-averaged regression errors of the
discrete BSDE, but the results are in a stronger norm and the time-dependency is better (in particular
we avoid the 1/A;-factor). These error estimates appear to be optimal regarding the convergence rates
(up to logarithmic factors) and are valid under rather great generality regarding the distribution of
the stochastic model for X and H (model-free estimates).

Taking into account the time-dependency as mentioned above is important for the complexity
analysis (Section and the derivation of optimal convergence rates. Regarding the curse of dimen-
sionality, the rates depend on a dimensionality parameter which is that of the Markov chain X (i.e.
d) and (hopefully) not that of the Malliavin weights.

This paper is theoretically oriented, and is aimed at paving the way for such new numerical ap-
proaches. Further works will be devoted to a deeper investigation about the numerical performance of
the MWLS algorithm compared to other known numerical schemes.

1.2 Notation used throughout the paper

|z| stands for the Euclidean norm of the vector , T denotes the transpose operator.

|Ulp := (E|U|p)% stands for the L, (P)-norm (p > 1) of a random variable U. The F;, -conditional
version is denoted by |Ul, 5 = (Ek|U|p)%. To indicate that U is additionally measurable w.r.t.
the o-algebra Q, we may write U € L,(Q,P).

For a multidimensional process U = (U;)o<i<n, its [-th component is denoted by U; = (Uj ;)o<i<n-

For any finite L > 0 and =z = (z1,...,2,) € R", define the truncation function 7 (z) :=
(=LVay AL,...,—LVx, NL).



e For finite x > 0, log(z) is the natural logarithm of x.

1.3 Assumptions

First set of hypotheses. The following assumptions hold throughout the entirety of the paper. Let
R, > 0 be a fixed parameter: this constant determines which time-grid can be used. The larger R,
the larger the class of admissible time-grids. All subsequent error estimates depend on R.

(Ag) g is in LQ(.FT,P),

(Ap) 1) (w,9,2) = fi(y,2) is Fr, ® B(R) ® B((R?)")-measurable for every i < N, and there exist
deterministic parameters 6y, € (0,1] and Ly € [0, 400) such that
i:2) = L 2 S ey = o+ = )
3 y7 3 y) - (T— tl)(l_GL)/2 y y )

for any (y,v',2,2') ER xR x (R?)T x (R?)T.
ii) There exist deterministic parameters . € (0,1] and C € [0,400) such that

Cs
i(0,0)] < =<7 <i<N.
|£:(0,0)] < T—t)i V0 <i<
iii) The time-grid 7 := {0 =t¢ < ... < ty = T’} satisfies
JAVES
< .
OS%%{—2 Az - Rﬂ-
(Ag) For all 0 <i < j < N, the Malliavin weights satisfy
EHO|F,) =0, [EIEOPIF,)Y? < —SM
[jlti]_’ [H]HMH = _1\1/2
(tj —ti)

for a finite constant Cjs > 0.

Comments. We remark that assumptions (A¢) and (Ag-i-ii) are the same as their equivalents in
[GT13] Section 2]: the usual case of ”Lipschitz” BSDE is covered by 07, = 6. = 1. As explained in
[GT13], the case of locally Lipschitz driver (6, < 1 or/and 6. < 1) is interesting since it allows a large
variety of applications, such as solving BSDEs using proxy methods or variance reduction methods,
and solving quadratic BSDEs. We refer the reader to [GT13] Section 2] for details.

Assumption (Ap-iii) is much simpler compared to [GT13|]. If R, > 1, (Ap-iii) is satisfied by any
time grid with non-increasing time-step, such as the grids of [GM10], Ric1l, [GGGI12], which may be
valuable for future work on time-grid optimization.

Assumption (Ay) is specific to the dynamic programming equation with Malliavin weights. Tt is
satisfied for the weights derived in [MZ02], and this can remain true after discretization (see [Turl3]
or [GMO5]).

Second set of hypotheses: Markovian assumptions. The following assumptions will mostly
be used in Section [3} They give us a Markov representation for solutions of the discrete BSDEs (see



Equation (3.1) later). We also include additional assumptions on the terminal condition to obtain
tighter estimates on Z; (see Corollary and subsequent remarks).

(Ax) X is a Markov chain in R? (1 < d < +00) adapted to (F,);. For every i < N and j > i, there
exist G; ® B(R?)-measurable functions Vj(l) : QO x R4 — R? where G; C Fr is independent of F,,

such that X; = Vj(i)(Xi).

(A) i) §is a bounded Fr-measurable random variable: Cg¢ := P — esssup,, [§(w)| < +o0.

ii) £ is of form £ = ®(X ) for a bounded, measurable function ®.

(A{) In addition to (Ag), for some 0¢ € [0,1] and a finite constant Ce > 0, we have |§ — E;{|2; <
Co(T — t;)%¢/? for any i € {0,...,N}.

(Af) For every i < N, the driver is of the form f;(w,y,2) = fi(Xi(w),y, 2), and (z,y, z) — fi(z,y, 2)
is B(R?) ® B(R) ® B((R?)")-measurable and (Ap) is satisfied.

(A%) In addition to (Ag), for every ¢ < N and j > i, there is a function ﬁj(i) QxR = (RY)T that
is G; @ B(RY)-measurable, where G; C Fr is independent of F;,, such that H](.i) = /ij(-i) (X5).

Comments. (Ax) is usually satisfied when X is the solution of SDE or its Euler scheme built on the
time grid .

(A{), which is inspired by the fractional smoothness condition of [GMI0] although somewhat
stronger, is satisfied, for instance, if the terminal function ® is fp-Holder and E;[| Xy — X;|?] <
Cx (T —t;), which is satisfied by a diffusion process (possibly including bounded jumps) with bounded
coefficients and by the Euler scheme for such a diffussion. Indeed, we have

€~ Eiélaq < [B(Xn) — (X))o < Ca(Cx (T — 1)) %

Regarding (Af%y), the Malliavin weights satisfy this assumption (under the conditions that the
drift coefficient b, the diffusion coefficient o, and the inverse of the diffusion coefficient, as well as their
first space-derivatives, are all uniformly bounded) because of the flow property of the diffusion X and
since

DX, =VX, VX 'o(t, Xt)li<r = Vo X0 omx,0(t, Xi)Li<y

where X%* denotes the SDE solution starting from z at time t, and VX, := Vwa’w.

2 Stability

Suppose that (Y31, Z1) (resp. (Y2, Z2)) solves a MWDP with terminal condition/driver (§1, f1,;) (resp.
(&2, f2,i)). We are mainly interested in studying the differences (Y1 — Y5, Z1 — Z5). The driver f1 ;(y, 2)
is not assumed to be Lipschitz continuous, but we assume that each f1 (Y1 4+1,21,:) is in Lo(Fr)
so that Y1,; and Z;,; are also square integrable for any i (thanks to (Am)). The driver fs,(y,2) is
locally Lipschitz continuous w.r.t. (y,z) as in (Ag-i), which is crucial for the validity of the a priori
estimates. Additionally, we do not insist that the drivers be adapted, which will be needed in the
setting of sample-dependant drivers.



2.1 Gronwall type inequalities

Here we gather deterministic inequalities frequently used throughout the paper. They show how
linear inequalities with singular coefficients propagate. They take the form of unusual Gronwall type
inequalities. Their proofs are postponed to Appendix We assume that 7 is in the class of time-
grids satisfying (Ap-iii).

Lemma 2.1. Let o, 3 > 0 be finite. There exists a finite constant B, g > 0 depending only on R,
a and B (but not on the time-grid) such that, for any 0 <i <k < N,

k—1 k—1
D (b= t)* A < Baa(ti — )", Do (e —t) 7t — )7 A < Baglty — )
j=i j=it1

Lemma 2.2 (exponent improvement in recursive equations). Let a > 0,8 € (0,%] andk € {0,...,N—

1}. Suppose that, for a finite constant C, > 0, the finite non-negative real-valued sequences {UZ}IZk
and {w;}i>r satisfy

(Y, .
u; <wj+ 0y —, k<j<N. (2.1)
121 T 1) Ot —ty)i

Then, for two finite constants C) >0 and C) > 0 that depend only on Cy,T,a, 8 and Ry,

N-1 N-1
U)lAl ’LL[AZ .
< Caanw; + Caan +Cr — k<j<N.
uj < Cgnw; +Ca T— )i Pl —ty)ie  (ED > T )37 <j<

I=j+1 I=j+1

(2.2)

Lemma 2.3 (intermediate a priori estimates). Let o > 0,3 €]0, 3] and k € {0,..., N — 1}. Assume
that the finite non-negative real-valued sequences {u; };>1, and {w;};>y satisfy (2.2) for finite constants
C-,) >0 and C) > 0. Then, for any finite v > 0, there is a finite constant C-> 0 (depending
only on C C. T, a, 8, Ry and ) such that

N-1

> i”BAl - Z w;Al RSN (23)
l=j+1 (T - tl)2 (tl - tj) B —]+1 - tl 2 (tl —tj )

Plugging (2.3) with v = 1 + « into (2.1)) gives a ready-to-use result.
Proposition 2.4 (final a priori estimates). Under the assumptions of Lemma (2.1) implies

a A .
<wj+C(+)CuZ U}; l —, k<j<N.
lg+1 —tl2 (tl—t)Q

2.2 Stability of discrete BSDEs with Malliavin weights
Define:

AY =Y, —Ys, AZ=27—25 AE=E —&,



Afi= f1.i(V1it1,Z1) = foi(Y1iiv1, Z14)-

Let k € {0,..., N — 1} be fixed: throughout this subsection, F3, -conditional La-norms are considered
and we recall the notation |Ula  := \/Ex[|U|?] for any square integrable random variable U. For j > k,
define

1©;]2,6 = [AYj 1126 + [AZj[2 k.
Using (An), we obtain EJACH Y] = E;[(A¢ — E;AE)H Y] and
7
(tv —t:)

Combining this kind of estimates with (Ag-i), our stability equations (for k < ¢) are

- CUE(ALP)

[EACHY )P < Ei[|A¢ ~ EiAgl) < e
i 7

B[ AfH izitl (2.4)

N-1 N-1

L2|@| k
AY | < [A&lak + > [Afl2 kA +§:——l75%;7Aﬁ (2.5)
j=t
Cu|AE — E;A CarlA = L.CylO;
INZ m|AE — 5|2k Z M| f]|2kA n Z f2 m|Ojl2,k A (26)

— 1-6 2 —
VT — Pt NI ”H i) L>/./7t 3

Proposition 2.5. Taking a =0, 8= 01/2 and C, = Ly,(Cy +VT) in Lemmas and recall
the constant C( Assume that &; is in Lo(Fr). Moreover, for each i € {0,...,N — 1}, assume that
f1,:(Y1,i41, Z1 1’5 in Lo(Fr) and fa,i(y, ) is locally Lipschitz continuous w.r.t. y and z as in (Ap-i),
with a constant Ly,. Then, under (An), we have

N—-1

|AYi[op < COIAE g + CP D7 A Skl 0<k<i< N,
j=i
|AZ]2 < CV lAE\/jLAﬂ“ +C(2)J;1 |Afj|2 kAj + CO AL 1 (T — )TL» 0<k<i<N,
where the above constants can be written explicitly:
C{V =1+ Ly,Cll (CuBoy , + B, TLJ\/T)T%
CP =1+ Ly,Cigly (Car + VT)Boy | T,
W = (1 +Lf2CC’MBTL ,TH),

C® = COn(1+ LfQC(CM +VT)Ba,
Cg —CMLfQCBl oL

1
)

Proof. Using (2.5) and (2.6)), we obtain

JAE—E; AL]2 & |Afil2.6A1
O, lak < Cr iS22 ALy + (Cur + VT) Z
S5l < O VT —t; [ALl2k + (Car S \/ﬁ



N-1

Ly,|01]2,64
+ (Car +VT) 2 2, ,
2 T,

Upper bound for (2.7). We apply Lemmas and under the setting u; = |0jlak, w; =

Cu %—k%ﬂm—k(&w—kf)z;vjil%,a:07ﬁ:%7 Cy = Ly, (Car +VT). To

make results fully explicit, we first need to upper bound quantities of the form (y > 0)

j>k. (2.7)

wlAl
1= (T = tl)%_%(tl — ;)

Using that |A{ — E; Aok is non-increasing in [ and Lemma [2.1) we obtain

N-1 |[AE—E; AL]2,k + | AE|or + (CM + \/T) Zi\:l-lkl [Afrl2 kA

R S,
I=j11 (T — )5~ % (8 — t;)1-
AE —Ejp1 A A
< CaiBo, |A¢ J+19§\2,k LBy, | §|12kg
) R A A E

N—-1

+ (Cas + VT)Bo IA fil2, A

— (2.8)
P S (=) Y

Upper bound for |AYj| . Starting from (2.5) and applying Lemma we get

N-1
|AYilok < A2k + Y |Afil2xd; + Lf2Cz<1)
j=t

then using the estimate (2.8) and |A¢ — E;Aé|2 x < |A€]2,k, we obtain the announced inequality.
Upper bound of |AZ;|5 ;. Starting from (2.6) and applying Lemma we have

Cu|AE —E; A§|2k U CulAS |2 (3) (%)
|AZZ-|2’;c < E eSS A]‘ +Lf2CMCIH_1,
VI — P Vit — t
therefore using the estimate ([2.8), we derive the advertised upper bound on |AZ;|2 . O

2.3 Almost sure bounds

The following bounds are needed for the Monte-Carlo scheme.

Corollary 2.6. Assume (Ag-i), (Ar) and (An) and recall the constants C’,E,') and CY from Proposi-
tion [2.5 where Ly, is replaced by Ly. Then, we have

Y] < Cyi == CHNCe + CPCyBy, 1 (T — 1), (2.9)

_E¢l,., CPoB
eSS Sup, 6 — Bkl Dot | cw Ce(T —t;)F. (2.10)

Zi| < C.pi=CY +
| | — 5 z m (T—t )L,Q



The above upper bounds are able to handle the rather general terminal values & admitted by (Aé-i).
Without any further information on £, we can derive the simple bounds

Yl + VT = t:]Zi| < Gy, (2.11)

for an explicit, time uniform constant C,, .. It may, however, be useful to take advantage of additional
information on £. In Section we tune the parameters of the MWLS method, and here finer
estimates on Cy ; and C. ; are useful. Two situations are of particular interest.

e For zero terminal condition, Y and Z get smaller and smaller as t; goes to T as expected:
Y:| + VT — 4| Zi] < C(T —t;)% for a constant C' depending only on C\2, C{¥), Ct, 6. and Ry.
This result is useful for variance reduction methods like the proxy method of [GT13] Section 2.2],
the method of Martingale basis [BS12], and the multilevel method of [Turl3].

e Under (Ay), we have | —Ei]2; < Co(T — t;)?2/2, which leads to an improved estimate for Z:
|Z;| < C(T — ti)_%‘*‘ec/\e% for some constant C' depending only on Cgl), Cg), CS’), Ct, 0., Ry,
T, C¢ and Cp.
This is why in the subsequent analysis, we keep track on the general dependence on i of the constants
Cy,; and C ;.

Proof of Corollary (0,0) is the solution of the MWDP with data (&, = 0, f1; = 0). Applying
Proposition 2.5 with (Y1, Z1) = (0,0) and (Y2, Z2) = (Y, Z) yields

N—1
Yilos < CSV1€lak + CP > 1£5(0,0)]204,,
j=i
cMie g, = £5(0,0 (
il < LBkl ooy 5 Ui0Olk p ooy, (7 - 1%,
T—t S VT

fori =0,..., N — 1. Taking k = i, plugging in the almost sure bounds on |{| from (A-i)and |f;(0,0)]
from (Ap-ii), and using Lemma [2.1] then yields the result. O

3 Monte-Carlo regression scheme

Throughout this section, the Markovian assumptions (Ax), (A}), (Ap) and (Ay) are in force. The
notation and preliminary results used in this section overlap with [GT13] Section 4], and we recall and
adapt them to the setting of MWLS in Section for completeness.

3.1 Preliminaries

Due to the Markovian assumptions, there are measurable, deterministic (but unknown) functions
yi(-) : R? —» Rand z(-) : R — (RY) T for each i € {0,..., N—1} such that the solution (Y;, Z;)o<i<n -1
of the discrete BSDE (L.1) is given by

(Yi, Zi) == (vi(Xa), zi(X5)). (3.1)



The proof of this is analogous to that of [GT13l Equation (4.1)]: one needs to apply Lemma
combined with G = G; — defined in the assumptions (Ax) and (Ay) - U = X;, and

N-—1
F(z) = oV @)+ > (Vi (@), ye (VL (2)), 2 (Vi (@) A for i (-),
k=1
and F(z) := o(V{ (2))A (x Z Fe(VE (@), ye (V) (@)), 26 (VD (@) A () Ak for zi(-).

k=i+1

Lemma 3.1 ([GT13, Lemma 4.1]). Suppose that G and H are independent sub-c-algebras of F. For
I1>1,let F:QxR? = R be bounded and G @ B(R?)-measurable, and U : Q — R? be H-measurable.
Then, E[F(U)|H] = j(U) where j(h) = E[F(h)] for all h € R<.

We recall the general notation of [GT13] Section 4.1] for ordinary least-squares regression problems:

Definition 3.2 (Linear least-squares regression). For [,I’ > 1 and for probability spaces (Q,f, Iﬁ’) and
(R, B(Rl) V), let S be a F @ B(RY)-measurable R -valued function such that S(w,-) € Ly(B(RY), )
for P-a.e. w € Q, and K a linear vector subspace of La(B(RY),v) spanned by deterministic RY -valued
functzons {pr(.), k> 1} The least-squares approximation of S in the space K with respect to v is the
(P x v-a.e.) unique, F @ B(R!)-measurable function S* given by

S*(w,-) == arg mf /|¢> S(w,z)[*v(dz). (3.2)

We say that S* solves OLS(S, K, v).

On the other hand, suppose that vy = 37 Z 1 Sx(m) i a discrete probability measure on (R!, B(R)),
where &, is the Dirac measure on  and XU, ... xM) . Q — R! are i.i.d. random variables. For
an F® B(R!)-measurable RY -valued function S such that |S(w, m) )| < oo for any m and P-a.e.
w € Q, the least-squares approximation of S in the space K with respect to vy is the (IP a.e.) unique,

F @ B(RY) -measurable function S* given by

M

S*(w,-) := arg (;Iellfc % Z \qb()c'(m)(w)) - S(W,X(m)(w))|2_ (3.3)

m=1
We say that S* solves OLS(S, KC,var).
From (3.1)), the MWDP (1.1)) can be reformulated in terms of Definition taking for ICZ(II) any
dense subset in the RY -valued functions belonging to Lo (B(RY), Po(X;)~1), for each 1€{0,...,N—1},

yi(+) solves OLS( Sy (x®) , KM | 1),
N-1

for Sy,i(x ") 1= ®(xn) + Y fu(wr, Yrs1(@rr1), 26 () Ak,

k=i 3.4
2i(+) solves OLS( Szz( X(Z)) , IC§‘I) Vi), 34
N-1
for Sz, (0", xV) := @(an)hn + Y fulwn yeri (@), zu@n)) s
k=i+1
vi:=Po (Hz(i)l?'-w (l) za-"aXN)_l’

10



b = (hiy1,...,hy) € (RN xD = (zy,...,2y) € (RN, (3.5)
However, the above least-squares regressions encounter two computational problems:
(CP1) Ly(B(R%),Po (X;)~!) is usually infinite dimensional;
(CP2) is computed using the presumably untractable law of (Hi(j_)17 ce H](\?), Xiyoo oy XN).
Therefore, the functions y;(-) and z;(-) are to be approximated on finite dimensional function spaces

with the sample-based empirical version of the law, as described below.

3.2 Algorithm

The first computational problem (CP1) is handled using a predetermined finite dimensional vector
spaces.

Definition 3.3 (Finite dimensional approximation spaces). Fori € {0,...,N — 1}, we are given two
finite functional linear spaces of dimension Ky ; and Kz ;

Ky, := span{pg}y)i, . ,pg,{i.y’i)}, for pgfz ‘RT 5 R s.t. ]E[|p§2(X,)|2] < 400,
Kz k k
Kzi:= Span{p(Zlv)i7 . ,p(Z’iZ’ )}7 for p(Zz ‘R4 — (R T s.t. E[|p(Zz(Xl)|2] < +o0.

The function y;(-) (resp. zi(-)) will be approxzimated in the linear space Ky,; (resp. Kz,;). The best
approximation errors are defined by

s = ot B[00 —uR].  Ep = [ int E[l00X) - 20,

The second computational problem (CP2) is solved using the empirical measure built from inde-
pendent simulations with distribution v;. The number of simulations is large enough to avoid having
under-determined systems of equations to solve.

Definition 3.4 (Simulations and empirical measures).

Forie{0,...,N — 1}, generate M; > Ky ; V Kz ; independent copies C; := {(HEm) X Em)y oy =
1,..., M} of (H®D, X0y .= (B, ..
the regression at time i. Denote by v; py the empirical probability measure of the C;-simulations, i.e.

.,H%),Xi, ..., XN): C; forms a cloud of simulations used for

1 M

Vi M = ﬁ Zl5(Hi(iln)7”_7H](\;',m)7X§i,m)7m7X](\;‘,m)). (3.6)
m=
Furthermore, we assume that the clouds of simulations (C; : 0 < i < N) are independently generated.
All these random variables are defined on a probability space (Q(M),f(M),P(M)).

Observe that allowing time-dependency in the number of simulations M; and in the vector spaces
Ky,; and Kz ; is coherent with our setting of time-dependent local Lipschitz driver.

Denoting by (€, F,P) the probability space supporting (H(, ..., HN=D X)), which serves as a
generic element for the clouds of simulations, the full probability space used to analyze our algorithm
is the product space (Q,F,P) = (Q,F,P) @ (Q) FOO) p(M)) By a slight abuse of notation, we

11



write P (resp. E) to mean P (resp. E) from now on. The subsequent use of conditioning arguments is
based on the following definition.

Definition 3.5. Define the o-algebras

F = 06(Cis1,....Cx1),  FM = FOve(x™ 1 <m < M).

3

For every i € {0,...,N — 1}, let EM[] (resp. PM ) with respect to .E(M)

We now come to the definition of the MWLS algorithm: this is merely the finite-dimensional version
of (3.4) plus a soft truncation of the solutions using the truncation function 7.(.) (defined in Section

)

Definition 3.6 (MWLS algorithm). Set yEVM)(-) = ®(-). Foreachi=N—1,N—2,...,0, set the

random functions y(M

i )() and zi(M)(~) recursively as follows.

(a) First, define zi(M)(~) =Tc.., (1/1(2%)()) where C ; is the almost sure bound of Corollary and
where

¢(z]\/f)() solves OLS( S(Zg)(h(i)7§(i)) , Kz, Vi,M)
N-1

) ) 3.7
for S%)(h(l),z(z)) = ®(xn)hy + Z fr (l'k;yl(g]\-fl)(xk+1)vZl(gM)(xk))hkAka (3.7)

k=i+1

where h(l x(® ,Vim are defined in and .
(b) Second and similarly, define yi )() =Te,.( &Af)()) where

wg\f)() solves OLS(S(M) (X(l ), Ky, Vim)

(M) (3) — (M) (M) (3.8)
for SY,i x") == ®(an) + Z e (mk’ka(ka),Zk (xk))Ak'
k=i

Before performing the error analysis, we state the following uniform (resp. conditional variance)
bounds on the functions SV (-) (resp. the I-th coordinate of SOV (HGm) X (:m)) for each m and 1).
These bounds are used repeatedly in Section The proof is postponed to Appendix

Lemma 3.7. For alli € {0,...,N — 1}, there are finite constants C’w >0 and 0271' > 0 such that
Sy (x| < Cyy - WD,

ZVar[s%i m | xm)y | f@ﬂ <C2, Vme{l,... M}

7

We can write a precise time-dependency of the constants Cy,i and C, ;:
C_’y)i = Clcg + CQCf(T — ti)ec, éz,i = CgCg(T — ti)_l/Q + C4Cf(T - ti>ac_%, (39)

where (¢j)1<j<a depend only on (L¢,Chr,q, C@(,l), C?SQ), C£1)7 C’éz), ng)’ T,R.,0r1,0.) (computed explicitely
in the proof).

12



The above time-dependency is to be used to derive convergence rates for the complexity analysis.

3.3 Main result: error analysis
We precise the random norms used to quantify the error of MWLS.

Definition 3.8. Let ¢ : QM) x R? — R or (RY)T be FM) @ B(RY)-measurable. For each i €
{0,..., N — 1}, define the random norms

1
I 2PoX; }(d 2= = b'¢
el = [P Po XM, el = 7 3 lo

The accuracy of the MWLS algorithm is measured as follows:

e = B[O - wORL, @ = B[00 - 502
5<Y,M,z'>:=\/ [l ¢ = O 0 8(z,M,i>:=\/E{||z§ ()= 5Ol u)-

In our analysis, we will have to switch from errors in true measure £(...) to errors in empirical measure
E(...), and vice-versa: this is not trivial since (yi(M)(.), zl(M)()) and the empirical norm ||.||; ;s depend
on the same sample. However, the switch can be performed using concentration-of-measure estimates
uniformly on a class of functions [GKKWO02, Chapter 9]. We directly state the ready-to-use result,

which is a straightforward adaptation of [GT13, Proposition 4.10] to our context.

Proposition 3.9. Recall the constants Cy; (resp. C. ;) from C’omllary and define the interde-
pendence errors

v 2028(Ky,; + 1) log(3M;) z 2028(K z,; + 1)qlog(3M;)
5Dep = Cq,,‘ M, , gDep g Ci M; ’
For each i € {0,...,N — 1}, we have
E(Y, M, i) < V2E(Y, M,5) + oy i E(Z, M, i) < V2E(Z,M,i) + Efep -

The aim is to determine a rate of convergence for £(Y, M, k) = (E||yx fy,i”HiM)% and £(Z, M, k) =
(Ellzi — 25, ||,c M) z using the local error terms (€(k))y defined below.

Theorem 3.10 (global error of the MWLS algorithm). For 0 < k < N — 1, define

~ [ Ky k41 K7k
E(k) = SKpp.,k—&—l‘i»Cy,k-‘rl M - + gApp k + CZ k M, + Lf (g]}D/ep.,k’-‘rl + g]%ep.,k)' (310)
k+1 k

For every k € {0,...,N — 1},

1/2 _
E([lyx — y/JgM“iM)} < ngp.,k +C ,k\/ C(M) Z Wa (3.11)

13



1/2 . |K = E(A,

M2 z Zk M J

(Bl = 21200 < Efpp+ Cony| T2+ O 3 s (32)
j=k+1

where, recalling the constant C from Lemma (with « = 0, f = %L, vy € {%,1} and Cy =
Ly(V2Cy +4VT)),

0
CM =2 4LfC(1 + Bog | T (Cos +2VT)),

1 oL
CgM) =Chy + \/iCMLfC(l + B, ITT(CM —|—2\/T))

202

Discussion. Observe that owing to Proposition similar estimates (with modified constants) are
1

valid for £(Y,M,k) = (E|yx — y{yﬂim)% and £(Z,M,k) = (E[lzr — 2"[|} 5)2- The global error
(3-1113.12)) is a weighted time-average of three different errors.

1) The contributions &£ App.,. are the best approximation errors using the vector spaces of functions:
this accuracy is achieved asymptotically with an infinite number of simulations (take My — +o0
in our estimates).

2) The contributions 4/ KW are the usual statistical error terms: the larger the number of simulations
or the smaller the dimensions of the vector spaces, the better the estimation error.

3) The contributions &, —are related to the interdependencies between regressions at different

times: this is intrinsic to the dynamic programming equation with N nested empirical regressions.

However, due to Proposition the latter contributions are of same magnitude as statistical error
terms (up to logarithmic factors). Therefore roughly speaking, the global error is of order of the best
approximation errors plus statistical errors, as if there were a single regression problem [GKKWO02,
Theorem 11.1]. In this sense, these error bounds are optimal: it is not possible to improve the above
estimates with respect to the convergence rates (but only possibly with respect to the constants). An
optimal tuning of parameters is proposed in Section [3.5

In comparison to [GT13], where a different Monte-Carlo regression scheme is analyzed, the upper
bound for the global error has a similar shape, but with two important differences.

e Norm on Z. In [GT13] it is a time average of Lo-norms, whereas here the norm used is time-wise:
it currently leads to more informative error bounds. This is an advantage of the discrete BSDE
with Malliavin weights against the MDP of [GT13], and we expect a better estimation of the
Z-component.

e Time-dependency. The MWDP yields better estimates on y(.) and z(.) w.r.t. time, which allows
better parameters tuning, and finally better convergence rates (see Section [3.5)).

3.4 Proof of Theorem [3.10]
3.4.1 Preliminary results

The following proposition is a key tool: the two first properties are of deterministic nature, the two
last are probabilistic.

14



Proposition 3.11 (|[GT13| Proposition 4.12]). With the notation of Deﬁnition suppose that IC is
finite dimensional and spanned by the functions {p1(.),...,pr(.)}. Let S* solve OLS(S,K,v) (resp.
OLS(S,K,vn)), according to (3.2) (resp. (3.3)). The following properties are satisfied:

(i) linearity: the mapping S — S* is linear.
(ii) contraction property: ||S*|lL,Brt),u) < 1S|lLyBRY),0), Where p= v (resp. pp=var).
(i) conditional expectation solution: in the case of the discrete probability measure vy, assume
additionally that the sub-o-algebra Q C F is such that (pj(X(l)), e ,pj(X(M))) is Q-measurable

for every j € {1,...,K}. Setting Sq(X(™) := E[S(X™)|Q] for each m € {1,..., M}, then
E[S*|Q] solves OLS(So, K, vn).

(iv) bounded conditional variance: in the case of the discrete probability measure vyr, suppose that
S(w,z) is G @ B(RY-measurable, for G C F independent of o(XM ... XM there exists
a Borel measurable function g : R' — &, for some Euclidean space £, such that the random
variables {p;(X™) : m=1,....M, j=1,...,K} are H = o(g(X™) : m =1,...,M)-
measurable, and there is a finite constant 0 > 0 that uniformly bounds the conditional variances
]EUS(X(m)) —E(S(XM™)GVH)? | GV H] < o? P-a.s. and for allm € {1,...,M}. Then

- = K
E[I5*() ~ BIS* ()16 V HIE, s(xtyunn) | GV H] <010

Intermediate processes and local error terms. For each k € {0,..., N — 1}, recall the functions
Sy 1(x™) and SZJc(h(’),;(i)) from ([3.4)), the linear spaces Ky and Kz, from Definition and the
empirical measure v pr from (3.6)), and set

Yy r(-) solves OLS( Syx(x™), Ky, vk ),
Yzr(-) solves OLS( Sz, xD) | Kzp, vear ).

From Lemma and our Markovian assumptions, observe that (EM[Syx(X®*™)] |
EM[Sy o (H®m), X Em))]) = (g (X5, 20X ™)) for each m € {1,..., My} where (yx(-), zi(-))
are the unknown functions defined in . Proposition iii) implies the first statement of the
following lemma. The second statement results from a direct interchange of inf and E, and from the
identical distribution of (X*™) for all m.

Lemma 3.12. For each k € {0,...,N — 1},

EIJCW[ZDYJC()] SOl’UeS OLS( yk(-) 5 ICYJC 5 Vk,M ), }
E%[Tﬁz,k()] SOerS OLS( Zk() s ’CZ,k s Vk,M )

In addition, recalling the local error terms Spr.,k and gfpp.’k from Definition
E[|[EY [y ()] — vl = ]E[(bel%f” 6() = ye()Ear] < (gpr.,k)Qy
E[IIEY [zx()) = zeE ] =E[ inf [lo() = 26 () E ar] < (EXpp.i)

PEL Z K
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3.4.2 Proof of Theorem [3.10]

Step 1: decomposition of the error on Y. From T, , (yx) = yx and the Lipschitz continuity of 7¢, ,,

it follows that ||yx(:) — y,(qM)(-)HhM is less than or equal to ||yr () — ¢§/Mk)()||kM Using the triangle
inequality for the ||.||x,ar-norm, it follows that

() = 9™ Ollkar < NyeC) = EM [y llear + IEY [y ()] — 950 (- (3.13)

Because S}(,]Z)() depends on z,(cM)(~) computed with the same cloud of simulations Cj, as that used to

define the OLS solution 7,/1%? (+), it raises some interdependency issues that we solve by making a small

perturbation to the intermediate processes as follows: for x(¥) = (Tk, - .., xnN), define
} N-1
51%) (x®) := ®(zn) + fr (Ik,y;(ﬁl) (Tht1), 20 (k) A + Z fi(zi, y%)(ﬂcm), Zi(M)(xi))Aia
i=k—+1

~§/J\i)() solves OLS(ngI,VJi)(X(k)) , Ky s vionr)-

This perturbation is not needed for the Z-component, because S(Z]’\? (h(k),g(k)) depends only on the
subsequent clouds of simulations {C;,j > k}. Applying the Lo-norm | - |2, the triangle inequality in

(3.13), and the first part of Lemma yields

E(Y, M, k) < EXop o + BN [N () — ¢Yk<>]||k,M|2+|||¢%><> EM [0 (Nl 2

+ M3 () — ék () (3.14)

Let us handle each term in the above inequality separately.
> Term ||[ER [0 () — vk ()] lk.arl2. Set

Tx ~(M k
- p(2) == E(SUY (X®) — Sy (X W) X P = 2, FOD),

Recalling that Sg,]\;c[) (xF)) — Sy,k(g(k)) is built only using the clouds {C;,j > k + 1}, it follows from
Lemmathat EM [5”1(/%)(X(k’m ) — SYk(X(k ™))] is equal to {N{/’k(X,(Ck’m)) for every m € {1,..., My}.
Then, using Proposition i) (iii), EM[ ( )=y i (+)] solves OLS(E;‘,JC(-), Ky k , Vi,m)- By Propo-
sition [3.11J(ii),

E[IEM [V () — v 0] < EIE.CIE 0] = E[E (X)),

where the final equality follows from the fact that é;k( -) is generated only using the simulations in
the clouds {C; : j > k} and {Xj, X,Ek’l), . ,X (k. Mzc) } are identically distributed. Defining

& 1 (@) = B[Sy (X W) = Sy (X W)X = &, FOD), (3.15)
the triangle inequality yields

165 1 (X2 < S0 (X®) = S (X®)|5 + 165, (X2
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<1 (X yN (i) 28 (X)) = Fr(X ks g0 (X)) 20 (X)) 2 Ak + 1650 (Xi) o

LA _
T28 E(Z, M, k) + € 1 (X 2.

< 1
(T —ty)z— =2

> Term [[47) () — EM 5" ()]llk,al2- Since S})(.) depends only on the clouds {C;,j > k} and
is bounded above by C, j (like Sé,k (.), see Lemma 7 it follows from Proposition iv) that
|||1/)(M)( ) —EM] ~§/],\i)(')]||k,M|2 is bounded above by Cy ;\/Ky,i/Mj: this is similar to the statistical
error term in usual regression theory.

> Term |54 ()~ (). as |2 Owing to Proposition[3 11[i)(ii), 104 ()~ ¥4*F ()II3. s is bounded

above by ||5'§,Ai)( ) - Si(/]\i)( I|12 5z, which equals

AQ k,m) M) k,m M k,m k,m M k,m k,m
MZZW G ) 2 ) = ™ g OGET), 2e ()P

M
L2022 () — 2™ ()13 s
= (T — ty) =0

Collecting the bounds on the three terms, substituting them into (3.14]) and applying Proposition
yields

~ K LA
E(Y, M, k) < Lo + 165 (Xe)l2 + Cy iy | J\Zj . 7 Z LI {(1 FV2)E(Z, M, k) + 5§ep,7k}.
_— k 2 2

(3.16)
Step 2: decomposition of the error on Z. Analogously to (3.14), one obtains the upper bound

E(Z,M, k) < EZpp i+ IIEMBGY () = bz karle + 10550 () — MBS (lllkarle-

Since S(Z%) (.) depends only on the clouds {C;, j > k} and the ]—'IEM)—conditional variance of S(ZA? (H )| X (kim))
is bounded above by C’2 for all m (see Lemma , it follows from Proposition [3.11(iv) that

|||1/J(M)( ) —EM]| (M)( )H|k |2 is bounded above by CZ i/ Kz /M. Defining
&a(w) = B[S (H®, XW) = 87, (H®, X0 x0" = 2, FOD), (3.17)

it follows that ]EM[ ( ) = ¥zk(+)] solves OLS(E7 (1), Kz , vi,nm). Therefore,

K
E(Z,M, k) < gApp g+ 1€2 6 (Xk) |2 + C, A/ ]\j: (3.18)

Step 3: error propagation and a priori estimates. Observe that (§§7k(Xk),§}7k(Xk)) defined in

1 | solves a MWDP with terminal condition 0 and driver fe« 1 (y, 2) == fi(Xk, y,(clfl) (Xk+1)s zl(cM) (Xk))—
T (X ye+1(Xg+1), 26 (X)) Applying Proposition with Ly, =0 and local Lipschitz continuity of
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f;(.) yields

N-1g =
E(Y,M 1 Z, M
&5 k(X2 < fZ Ths )159( 7 7])Aj7
j= (T_tj)§_7L
N-1

€5k (Xi)l2 < CuLy >
j=k+1 (T*tj)%_T tj — 1l

Next, introducing the notation ©; := E(Y,M,j + 1) + £(Z, M, j) and applying Proposition it
follows that

N-—-1
v+ EBep A
€7k (X0)l> < V2Ly fZ X R
]=k _t) ( _tj)z 2
N-1 N-1 zZ
0,4, &y, +5e
€5 x(Xe)l2 < V20uLy Y o rour; Y, S )0

M
1_ 1_°L
L (Tt L (Tt =

Substituting the above into (3.16) and (3.18)), and merging together the terms in Z, it follows that

N— 1 7Z N-1
_ K . + Efep i )A; O,A;
EVML) < s + oy 2k 121, 3 Bensin H i)y, Y
4§ Jj=k T —t;)2 j=k (T —tj)2
N—-1 N-1
= Ky E(J) 0,4,
<EX oo+ Cyk =+ 2 L — +4L; el (3.19)
O e g F T L R
N-1 .
/K (A
g(Z, M, k) S Egpp-,k + Cz k Z\j’k +CM l(jeiLj
k jerpr (T =) 22/t — &
N-1
0,A;
+vV20uLy L . (3.20)

10
jor (T =) 22 /G —
Step 4: final estimates. Now, summing (3.20) and (3.19)), one obtains an estimate for O:

N-1

E(HA
Ok < E(k) + (Car +2VT) > 1(; =
o1 (T =15)2 72 /T — B,
N-1
0;A,;
+Lf(\[CM—|—4\/>) Z jeLj

L .
johp1 (T =) 272/ —

Thus, using Lemmas andwith a=0,8="2% C,=L{v2Cy +4VT), wy := E(k) + (Car +

2VT) ZJ ot 1 f(]zfj , we can control weighted sums involving (©y); using weighted sums
(T—t3)27 72 \/tj—t,

of (wy )k, which is exactly what we need to complete the upper bounds (3.1913.20)) for £(Y, M, k) and
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E(Z, M, k). Namely, let v > 0:

N-1 N—-1 -1
E(HA A A,
< - (JL) J +(CM+2\/T) Z ()119L L]
gk (T =t5)2 72 (= te)' ™7 e (T =)= F 50 (0= 1) F () — 1)1~
N-1
A
(14 Bo, TF(Cy +2VT)) e :
1=k (T =) 22 (t — tp) '
where we have applied Lemma [2.1} Then, we obtain
N—-1 N—1
O. A (DA
3 =4 <ciy( +Boy Tz(cMHW))Z ( !

1_°L _
jetr1 (T —1t5)2 2t — te)

o (T — )7~ 2 (8 — t)1

Plug the above inequality into and - to derive and - O

3.5

Complexity analysis

We discuss the complexity in different cases according to the regularity of the value functions

(wi (),

zi(+)) and the choice of the grid w. In order to have a fair comparison with other numerical

schemes, we revisit the setting of [GT13, Section 4.4], which we partly recall for completeness, and
extend the analysis to include more general settings.

We perform an asymptotic complexity analysis as the number N of grid times goes to +0o0. We
are concerned with time-dependent bounds: thus in the following, the order convention, O(.) or
o(.), is uniform in ¢;.

The grids under consideration are of the form 7%= := {t; = T — T(1 — ﬁ)ﬁ} for 6, € (0,1]
(inspired by [GM10, [GGGI2]). Observe that their time-step A; is not-increasing in ¢, hence they
all satisfy (Ap-iii) with the same parameter R, = 1.

The magnitude of the final accuracy is denoted by N ~%onv for some parameter feony > 0. This is
usually related to time-discretization errors between the continuous-time BSDE and the discrete-
time one, fcony may range from 07 (for non smooth data [GMI0, Theorem 1.1]) to 1 (in the case
of smooth data |[GLO7, Theorems 7 and 8]).

The approximation spaces are given by local polynomials of degree n (n > 0) defined on hy-

percubes with edge length 6 > 0, covering the set [~R, R]¢ (R > 0): we denote it by ”PIZC‘SR.
n,0,R

. : -
% take values in R for the y-component and in (R?)" for z (using local

The functions in P
polynomials component-wise), but we omit this in the notation. The best-approximation errors

are easily controled (using the Taylor formula):

inf Jp(X;) = u(X0)l2 < Juloo(P(1Xiloe > R))Y? + cal D" ufod™ ™ (3:21)
pEP

loc.
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for any function v that is bounded, n + 1-times continuously differentiable with bounded deriva-
tives, and where the constant ¢,, does not depend on (R, u,d). The dimension of the vector space
PO is hounded by &,(2R/6)* where &, depends on d and 7.

A significant computational advantage of local polynomial basis is that the cost of computing the
regression coefficients associated to a sample of size M > dim(Pff)f’R) is O(M) flops [GVL96],
and the cost of evaluating pointwise the approximated function is ¢q,, (a constant that does not

depend on the number of hypercubes).

On the other hand, the cost of generating the clouds of simulations and computing the simulated
functionals (Sg/]}f)(X(i’m)L S(ZI}ZI)(H(i’m), XEm), L, is O(vazgl N M), which is clearly dominant
in the computational cost C of the MWLS algorithm. To summarize, the computational cost is

Another advantage of the local polynomial basis is that there is substantial potential for parallel
computing.

e To make the tail contributions (outside [~ R, R]?) small enough, we assume that X; has exponen-
tial moments (uniformly in i), i.e. supys;supg<;<n E(eAMXile) < 400 for some A > 0, so that
the choice R := 20ony A~ log(N + 1) is sufficient to ensure (P(|X;|o > R))Y/2 = O(N~0eonv).

To simplify the discussion, we assume 6y, =6, = 1.

Smooth functions. Assume that y;(-), z;(-) are respectively of class C;T(R?, R) and C} (R?, (R?)T)

(bounded with bounded derivatives) for some I € N\{0}: this is similar to the discussion of [GT13| Sec-

tion 4.4]. In fact, this is usually valid for the continuous-time limit (a priori estimates on the semi-linear

PDE, see [DGOG, [CD12]) provided that the data are smooth enough. In particular, we may assume

(A’g/) with g = 1. This leads to time-uniform bounds on the quantities Cy ;, C. ;, nyiv VT —t.C, ;.
Set

6y,i = N_elciinlv7 62)1‘ =N~ GCLZ)IW, Mi = (log(N + 1))d+1N9C°nV(2+%),
take Ky,; 1= Pllc’)i"“"R and Kz ; = 7711;_1’52”"’1%. From Proposition E, Theorem and the inequality

(3.21]), it is easy to check that

_ . . [Kya .
EXpp.i = ONTIoom ), &Y, = o(N~Hom), Cyiy[ T2 = o( NP //log(N +1) )

— — ~ K 7 _1 —
Efopus = ONPeom), £y o= O~ Peom), Oy [0 = (T = 1) LO(N %o /\/log(N +1) ).

Consequently, using Lemma [2.1] we finally obtain

1/2 1/2 (Tft-)*%
Ely: = v 1200)] " = ONPeom), [Bllzs = 2M200)] T = ONOom) (14 ),
(lys = i [15a0) ( ) (ll 15,01) ( ) Toa(N 7 1)
For any time-grid m = 77, we get supoc;<yE(lly; — yM P ZfV:BIAiE(”zi - 23y =

O(N~2%onv). The computational cost is C = O(log(N + 1))+ N%on(+$)+2) " Tgnoring the loga-

20



rithmic factors, we obtain a final accuracy in terms of the computational cost:

1
- .
c Doy

1
It should be compared with the rate C **#*%om which is valid for the LSMDP algorithm [GTT3].
This shows a small improvement on the rate. Moreover the controls are stated in stronger norms.
The ratio d/I is the usual balance between dimension and smoothness, arising when approximating a
multidimensional function.

Holder terminal condition. We investigate the case of non-smooth terminal condition, where
nevertheless there is a smoothing effect of the conditional expectation yielding smooth value func-
tions (y:(+), z;(+)). Namely, assume that ® is bounded and 64-Holder continuous (in particular with
(A7), and that, for all 7, the function y;(-) (resp. z;(-)) is (I + 1)-times (resp. [-times) continuously
differentiable with highest derivatives bounded by

D5 yiloo < C(T — 1) 7072, [Dyzifos < O(T — ;) Ce =2, (3.22)

These qualitative assumptions are related to the works of [DGO6L [CD12], who have determined similar
estimates for the gradients of quasi-linear PDEs under quite general conditions on the driver, terminal
condition, and differential operator: their estimates cover the case | = 0 [DG06l, Theorem 2.1] or ¢ = 0
and [ > 1 [CD12, Theorem 1.4], but the Holder continuous setting is not investigated. We therefore
extrapolate these results in the assumptions for the purposes of this discussion.

In this setting, we have time-uniform bounds on the quantities Cy, ;, (T—t;) = C.i,Cyis VT —4,C. ;.
Set

5ya = /T = tiN_gfinlv, §uiim T = tiN_ecolm’ M; := (log(N + 1))d+1N0m,w(2+%)(T — 1),
take Ky, = Pll(;i*_"“R and Kz, = ’Pll(;_l’éz”"R. Similarly to before, using in particular (3.21)), we

eventually obtain

_ | Ky ;

g}{pp‘,i _ O(N—econv), ‘c/%/ep.,i _ O(N—econv)7 Cy,i ]\; — O(N_econv/ /log(N + 1)),
%

05 —1 B 0p—1

Sgpp_,i = (T - tz) 2 O(N Hconv)a g]%ep.,i - (T - tz) 2

Cai/ ﬁj’” = (T~ ;)" 50N~ //log(N +1) ).

Consequently, using Lemma [2.T] we finally obtain

O~

1/2
Bl = Ran)] = OV Peem),

Bl — 21200 77 = OV (@ = 15 (T—t)))
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The computation cost is given by (under the assumption 7 = (%))

N-1 N—-1 .
C=0( 3 NM;) = O(log(N + 1))+ N1 0 211)) 0 (1- ) 7.

=0 =

Up to possibly a log(NN)-factor, the last sum is O(Nﬁw), and ignoring the logarithmic factors,
d d

we obtain C = O(N HWVHOW“V(HT)). Equivalently, as a function of the computational cost, the

convergence rate of the final accuracy equals

1
- d 1 d
C Gt oo, Gtag, VD) |

Following [GM10] (under suitable assumptions), two time-grid choices are possible for solving the same
BSDE.

e The uniform grid 7 = 7 gives Ocony = o /2 (at least). The convergence order becomes
e The grid 7 = 7(® (for 8 < 6g) gives Ocony = 1/2. Taking 6 1 0g, the convergence order is
The grid 7(?) exhibits a better convergence rate compared to the uniform grid. This corroborates

the interest in time grids that are well adapted to the regularity of the data. These features will be
investigated in subsequent more experimental works.

A Appendix

A.1 Proof of Lemmas [2.1] [2.2] and |2.3|
A.1.1 Proof of Lemmas [2.7]

The first inequality, for a < 1, follows by bounding the sum by ftik (tr, — t)*~1dt, whence B, 1 = 1/cv.
The case o > 1 is obvious with B, ; = 1. For the second inequality, there are two main cases:

> If o > 1 and B > 1, the advertised inequality is obvious with B, g = 1.

> Now, assume o < 1 or 8 < 1, and first consider the case t; = 0 and t;, = 1. We set ¢(s) =
(1—5)>"1s%~1 and we use the integral fol ©(s)ds (equivalent to the usual beta function with parameters
(a, B8)) to bound the sum. A simple but useful property is that ¢ is either monotone or has a unique
minimum on (0,1), whence

tj ti+1
(1- tj)o‘*lt?AAj < Rﬂ/ w(s)ds +/ w(s)ds.

ti—1 tj

Summing up over j and defining B, g = (1 + Ry) fol ©(8)ds concludes the proof for the simple case.
For general t; and t;, one can use the bounds on the simple case by rearranging the j-sum which is
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equal to

t; —t; A
t —t a+pB-1 a 1099 i\B—1 J
(tr Z k*t ( )

< Bag(te — t;)*F 71

Pared) ty — 1 ty —t;
O
A.1.2 Proof of Lemma [2.2]
If o > %, the result trivially holds with C) =1 and C) =C,TT% 2
Now, assume a < %: if (2.1]) holds, of course we also have
N-1
wi A (IPAV)
< wj; + 1 +Cy 1 1 . (A'l)
121 t)2 =Pt — 1) l;—l (T —t)z Pt —t;)2 "

By substituting (A.1]) into the last sum, and using Lemma [2.1] we observe

1_ 1_
S (T =)= Pt —t5)37

N-1 N-1 Wl A
< Z wi A\ N Z Zr 1 5P —t) 5 l
= 1_ 1_ 1_ 1_

1=j+1 (T —t)> B(tl*tj)z “ I=j+1 (T —t)> B(tl*tj)z “

Ur A

A

N-1
Zrsin (T—t,)5 P (t,—t) 2~

+ Cy . -
Z (T —t)2 =Pt — ;)2

I=j+1
< = ’lUlAl +B . Jf err
= 1_ 1_ +8,5+ 1_ 1_9q_
St (T —t)2 Pt —ty)a—e TR S (T —t,) 2 (L, — 1) 220 F
N-—1
ur
+ CuBa+,3 T+a Z 1 1 '
2 1 (T _ tr) z—ﬁ(tr _ tj) 1-2a—p

Substituting into (A.1l]), we observe that we have an equation of similar form to (A.1)), except that,
in the sum involving u, a — 2a + g and C, — C’ZBQH%%JFQ, and, in the sum involvung w, w —

(L4 Cll+ T B,y )
After k iterations of the previous step, we obtain a — 2%(a+ ) — 8 =: . Hence, for k sufficiently

large so that a,, > %, ie. k> log, ( ig) we obtain the bound advertised in the Lemma statement.
O
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A.1.3 Proof of Lemma [2.3|

W.l.o.g we can assume for the proof that C) = 1in (2.2), up to redefining w as C)w. We first

prove the case v = 1. Define

2

s dr 2
s =2C / < 2 T +2P)/2
¢ ED | 7 _p)ih S 1t25 ED

and write (j = (3, for brevity. Using (2.2)) and switching the order of summation, we obtain

_ _ w,A, GAL
7“ T4\l -
j:iH(T—t) B £ m(T—tj)? B ﬁH (T—t) B
uA .
(282 ) 1o
j=i+1 (Tﬁt') A
N-1
A wlAl
SGCT +€< Q+B1
j—zz;l(T tj)7" 12122 T—t): Pt —t;)
-1
w A e A
+C ) T Nl T 1 5
= 122 —t): " j;—l (T —t;)2~"
N-1 N-1
wi A 1 weSt A
<" (1+ BaypaT*P) =L - el
l:zi;rl (T —t)278 2 l;ﬂ (T —t)z—F

where we have used (because ¢ is non-decreasing and 8 < %)

=1 GA t Oy eSe q
e’ ED)e e
Cazp 1 S/ —ds <
j=i+1 (T*tj)g_'8 tita (Tfs)i_ﬂ 2

(A.2)

By subtracting the term with factor , the result for v = 1 follows. Moreover, plugging the result into

, and returning to general C ), gives

N-1
wi A\ wlAl
<C w +C 1 1
- J - Z ( _tl)é—ﬂ(tl_tj)f—oz - Z _tl ——,6’

l=j+1 = _7+1

(A.3)

for a constant Cx) := QC)eCT(l + Bays,1TP). Now for the general case v > 0, observe that,

for any § > 0, one obtains by change of the order of summation that

N-1 wlAl
N-1 A
Z Zl*ﬂ“ (T— tz)2 lt—t;)2 0 Wi
1_ ﬁ+5v §
j=i+1 (T_t) B(t — ) lz+2 _t12 ﬂ(tl_t)lﬁéﬁy
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Thus, (A.3) yields

N—1 WA N-1 Wi\
J=J <C J=J
T_ — S LU@ED) 1_ _
j;ﬂ (T —t5)2=P(t; — ;)1 g;l (T —t5)27P(t; — ;)1
N—1
U}lAl
+ CE3) Bs+a,
k l:zz+2 (T — 1))z Pt — ;) =B
N—-1
wlAl
4+ CrazBs1
sia 2 G — i
N—-1 w A
a+p i+ J=g
< CEa(1+ Botan T + Bgyy 417 )Zl (T — ;)28 (t; — t;) =
=it i
O
A.2 Proof of Lemma 3.7
(M)

Using the bounds Cy; and C,; on y;" '(-) and zZ(M)(~)7 respectively, one applies the local Lipschitz
continuity and boundedness properties of f; given in (Ag) to obtain the bound

e ™y 00 Li(Cyn + Cayg) Cr
|fJ(5faayg+1(xy+1)vzy (z))] < (T—tj)%_eTL +(T—tj)1—90' (A.5)

Substituting this into the definition Sg\f)(g(i)), it follows that

N—1
: Li(Cyjt1+C.j ) Cy
S(M) x(® <O+ ( Ly g+ 230 4 )A
‘ Y,i (7 )| 3 JZ:; (T*tj)%_STL (T—tj)lfeﬂ J
Substituting the value of Cy ; and C, ; given in Equations (2.9) an(} (2.10)), respectively, using the
crude bound | — E;£|2,; < C¢ and Lemma we obtain the bound C) ;, with the form (3.9).
To obtain the bound C_'m, apply first the triangle inequality on the conditional standard deviation

of SZ(VAZ/I’)i(H(i’m), X (&m)): second use the bound (A.5) on the driver, and the bound (Ag) to obtain

\/Var [Sl(,ﬂg’)i(H(i,mLX(@m)) ‘ ]_-i(M)}

CeOn | N~ (Ly(Cyyir +Cay) Cy Cur

= + ’ R A
VT —1; j;l (T—tj)%*eTL (T_tj)l_ec>m j

Then, the computation of C, ; follows again from Equations (2.9) and (2:10]), and Lemma The
form (3.9) is also derived. We skip details. O
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