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CONVERGENCE TO EQUILIBRIUM FOR POSITIVE SOLUTIONS OF SOME
MUTATION-SELECTION MODEL

JEROME COVILLE

ABSTRACT. In this paper we are interested in the long time behaviour of the positive solutions of
the mutation selection model with Neumann Boundary condition:

Ou(x,t)
dt

where Q C RY is a bounded smooth domain, k(.,.) € C(Q x C(Q),R),p > 1 and A(x) is a smooth
elliptic matrix.

In a blind competition situation, i.e K (z,y) = k(y), we show the existence of a unique positive
steady state which is positively globally stable. That is, the positive steady state attracts all the
possible trajectories initiated from any non negative initial datum. When K is a general positive
kernel, we also present a necessary and sufficient condition for the existence of a positive steady
states. We prove also some stability result on the dynamic of the equation when the competition
kernel K is of the form K (z,y) = ko(y) + €ki(x,y). Thatis, we prove that for sufficiently small e
there exists a unique steady state, which in addition is positively asymptotically stable. The proofs
of the global stability of the steady state essentially rely on non-linear relative entropy identities and
an orthogonal decomposition. These identities combined with the decomposition provide us some a
priori estimates and differential inequalities essential to characterise the asymptotic behaviour of the
solutions.

=u |:r(x) - /Q K(z,y)|ulP(y)dy| + V - (A(z)Vu(zx)), in RT xQ

1. INTRODUCTION AND MAIN RESULTS

In this paper we are interested in the long time behaviour of the positive solutions of the
nonlocal equation

(1.1) % = u(t,x) {r(m) —/ K(z,y)|u(t,y)|P dy| +V - (A(z)Vu(t, x)) in RT xQ
Q
(1.2) % =0, in R x0Q

(1.3) u(0,2) = up(x)

where Q C RY is a bounded smooth domain, r(z) € C%(Q) is positive, p > 1, K(.,.) € C%1(Q x
Q) and A(z) € M,,xn(R) is a uniform smooth (C1:?) elliptic matrix.

Such type of nonlocal model has been introduced to capture the evolution of a population
structured by a phenotypical trait [9, 10, 22, 32]. In this context u(z,t) represents the density of
a population at the phenotypical trait = at time ¢, which is submitted to two essential interac-
tions: mutation and selection. Here, the mutation process, which acts as a diffusion operator
on the traits space, is modelled by a classical diffusion operator whereas the selection process is
modelled by the nonlocal term u(t,z) [, K (z,y)lu(t,y)|” dy. In the literature, the selection op-
erator takes often the form u(t, ) [, K (xz,y)|u(t,y)|dy [5, 9, 32]. A rigorous derivation of these
equations from stochastic processes can be found in [17, 26].

To our knowledge, a large part of the analysis of the long time behaviour of solutions of (2.1)
concerns either situations where no mutation occurs [4, 5,9, 11, 12, 15, 20, 21, 28] or in the context
of "adaptive dynamics", i.e. the evolution of the population is driven by small mutations, [9, 10,
14, 15, 16, 29] and references therein.
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In the latter case, the matrix A(z) := eAy(x) and some asymptotic regimes are studied when
e — 0. In this situation, an extensive work have been done in developing a constrained Hamilton-
Jacobi approach in order to analyse the long time behaviour of positive solutions of this type of
models see for instance [4, 5, 15, 16, 21].

Analysis of variants of (1.1) involving a nonlocal mutation process of the form
€ Jo m(z,y)(u(t,y) — u(t,x)) dy instead of an elliptic diffusion can be found [11, 12, 13, 34, 35].
For these variants, approaches based on semi-group theory have been developed to analyse the
asymptotic behaviour and local stability of the positive stationary solution of (1.1) when ¢ — 0,
see [11,12,13].

In all those works, the small mutation assumptions appears to be a key feature in the analysis.
Our goal here is to analyse the long time behaviour of the solution to (1.1) — (1.3) in situations
where no restriction on the mutation operator are imposed. In particular, we want to under-
stand situations where the rate of mutations is not small compared to selection. This appears
for example in some virus population where the rate of mutation per reproduction cycle is high
[19, 24, 36, 38].

In what follows, we will always make the following assumptions on r, K

A € M, xn(R) is a smooth uniform elliptic matrix,

r € C*'(Q) is positive,
1.4
(14 Q is a bounded Lipschitz domain in R”.
KeC" (QxQ),K >0,

Under the above assumptions the existence of a positive solution to the Cauchy problem (1.1)-
(1.3) is guarantee. Namely, we can easily prove

Theorem 1.1. Assume A,r, K satisfy (1.4) and p > 1 then for all uy € LP(Q) there exists a positive
smooth solution u to (1.1) — (1.3) so that u € C([0, +00), LP(Q)) N C*((0, +00), C%*(£2)).

The main problematic then remains to characterise the long time behaviour of these solutions.
In this direction our first result concerns the situations of blind competition, that is when the
kernel K (z,y) is independent of z. In this context the equations (1.1) — (1.3) rewrite

(1.5) %(t,ac) = u(t, ) (r(x) - /Q E(y)|u(t,y)|P dy) + V- (A(z)Vu(t,z)) in R xQ
ou

(1.6) —(t,z)=0 in RT x9Q
on
(1.7) u(z,0) =wup(xz) in Q.
In this situation, we have

Theorem 1.2. Assume A, r, k satisfy (1.4) and p > 1.Let Ay be the first eigenvalue of the operator V -
(A(x)V) +r(x) with Newumann boundary condition and let ¢, be a positive eigenfunction associated with
A1, that is ¢y satisfies

(1.8) V. (A(@)Vé1) +r(x)dp1 = —Mgr  in €,
(1.9) %(m) =0 on 00

Then we have the following asymptotic behaviour for any positive smooth ( at least C*) solution u(t, x) to
(1.5)-(1.6)

o if \y > 0, there is no positive stationary solution and u(t,z) — 0ast — oo

o if \; <O, then

u(ta ZL') — M(bl

o=

— —A\1 i _
where p = (m) and ¢y has been normalized by ||¢1 || r2(o) = 1.
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Next we establish an optimal existence criteria for the positive stationary solution to (1.1)-(1.2).
Namely, we prove

Theorem 1.3. Assume A,r, K satisfy (1.4) and p > 1. Then there exists at least a positive smooth
solution @ of (1.1) — (1.3) if and only if A1 < 0, where \; is defined in Theorem 1.2.

Finally, we prove that the dynamic observed for blind selection kernel K (z,y) = k(y) still
holds for some perturbation of k. More precisely, let us consider a kernel k.(z,y) = ko(y) +
ek (x,y) with k; satisfying the assumption (1.4), then we have the following

Theorem 1.4. Assume A,r, K satisfy (1.4) and p = 1 or p = 2. Assume further that K = k¢ and let
u(t, x) be a positive smooth solution to (1.1)—(1.2) with K = k.. Then we have the following asymptotic
behaviour:

o if \y > 0, there is no positive stationary solution and u(t, z) — 0as t — oo uniformly.
o if \y <0, then there exists €* so that for all e < €* there exists a unique positive globally attractive
equilibrium @, to (1.1)-(1.2) i.e. for all ug > 0, then we have for all xz € Q,

tliglo u(t, ) = Ge(x).

1.1. Comments. Before going to the proofs of these results, we would like to make some com-
ments. First, it comes directly from the proofs that the Theorems 1.2 and 1.3 can be generalised
to more general selection process. In particular, Theorem 1.2 holds true if instead of consid-
ering a selection of the form u [, k(y)|u(t,y)|’ dy, we consider a selection of the form uR(u)
with R : dom(R) — RT a positive functional satisfying: 3p,q > 1and ¢,, ap, Rp, Cy, o, Ry
positive constants such that,

R(u) > cpllullfafq) when |lullzro) > Ry,
R(u) < Cyllull7algy when ullLoq) < Ry

A simple example of such R is the functional R(u) := ||u||1£p(m ||u||‘£q(9).

Similarly, the optimal existence criteria Theorem 1.3 will hold as well for a selection process
uR(x,u) such that

Rl() < R(l‘, ) < RQ(')?

where the R; satisfy the above assumptions.

We also wanted to stress that the regularity on the coefficient is far from optimal and extension
of our results for rougher coefficients r, k, A should hold true. In order to keep our analysis of
the asymptotic behaviour as simple as possible, we deliberately impose some regularity on the
considered coefficients. We believe that theses assumptions highlight the important point of the
method we used without altering the pertinence of the results obtained.

We also want to emphasize that these results are strongly related to the eigenvalue problem
obtained by linearising the equation (1.5) around the steady state 0 which is a common feature

for classical reaction diffusion

0

5 = Aut f(a,u),
where f is a KPP type. However, the extension of Theorems 1.2, 1.3 to unbounded domains €2
is far from obvious considering the multiplicity of notion of generalised eigenvalue [7]. More-
over, in these situation the strict positivity of the kernel k& seems to introduce a strong dichotomy
for the properties of the stationary solutions and consequently the dynamics observed for evolu-
tion problem. Indeed, in this direction some progress have recently been made for the so called
nonlocal Fisher-KPP equation :

0
(1.10) 8—1; = Au+u(l — ¢ *u),
where ¢ is a non-negative kernel. When ¢ is a positive integrable function, the constant 1 is

a positive solution. Moreover, for ¢ € L' N C* positive so that 2°¢ € L', it is shown in [6] that
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travelling semi-front exists for all speed ¢ > ¢*, i.e there exists (U, ¢), so that U > 0 and U satisfies
Upo + U, +U(1 = ¢pxU) =0,
lim U =0, liminfU > 0.
T—+00 T——00
In particular when c is large or ¢ is sufficiently concentrated or has a positive Fourier transform,
we have liminf, ,_ U = limsup, , U = 1, see [1, 6, 25, 31]. On the contrary, from our
analysis the positive solution of

0

(1.11) a—ttt =Au+u (1 - / u(t,y) dy) ,

converges uniformly to 0, which is actually the only non-negative stationary solution.
We mention also a recent related study [2] on a spatial demo-genetic model

(1.12) %(t,x,y) = Au(t,z,y) +u <T(:L' — By) — / u(t,z,y’) dy/> )
R

which can be viewed as an extension of (1.1) where a spatial local adaptation is taken into account.
The interplay between the space variable = and the phenotypical trait variable y corresponding
to local adaptation is modelled through the growth term r(z — By) which is a function taking its
maximum at 0. Generalisation of (1.12) have been studied in [3, 33]

The extension of Theorems 1.2, 1.3 and 1.4 for mutation-selection equations involving a muta-
tion kernel such as

13 G = (o)~ [ k@laPna) + [ el - ueald i ®xo
Q Q

is still a work in progress. However, although the technique and tools developed in this article
are quite robust and can be applied in many situation, the lack of regularity of the positive solu-
tions to (1.13) introduces some strong difficulty that cannot be easily overcome. Moreover, it has
been proved by the author that such nonlocal problem can generates blow up phenomena, i.e.
u(w,t) = 65, + g with §,,, the Dirac mass and g a singular L! function. This blow up phenomena
is in accordance with a recent result showing that in some situation the only stationary solution
to (1.13) are positive measure having a non-zero singular part [18]. The understanding of the long
time behaviour of the positive solution to (1.13) require then the development of new analytical
tools in order to analyse these blow-up phenomena.

This paper is organised as follows. The Section 2 is dedicated to the nonlinear relative en-
tropies and some functional inequalities that we will frequently use along this article. Next, we
prove in Section 3 the Theorem 1.2. Finally in Section 4 and 5 we prove the existence of positive
steady states (Theorem 1.3) and the global stability (Theorem 1.4). A construction of a smooth
positive solution to the Cauchy problem is made in the appendix.

2. NON-LINEAR RELATIVE ENTROPY IDENTITIES AND RELATED FUNCTIONAL INEQUALITY

In this section we first establish a general identity which can be assimilated to a nonlinear
relative entropy principle. We consider a parabolic equation of the form

(2.1) %(t, z) = u(t,z)(r(z) — U(z,u)(t)) + V- (A(z)Vu(t,z)) in Rt xQ
(2.2) %(t,z) =0, in R x9Q

where U (z, u)(t) denotes W(x,u)(t) := [, K(x,y)|ul?(t,y) dy. Then for any solution of (2.1)~(2.2)
we have

Theorem 2.1 (General Identity). Let H be a smooth (at least C*?) function. Let i > 0 and u be two
smooth solutions of (2.1)~(2.2). Assume further that @ is a stationary solution of (2.1)—~(2.2). Then we
have
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At . [u](t)

2.3) o

:—D(U)Jr/g a(z )H’( (t, z)) Tt 2)u(t, z) dz

where H,, . [u](t), D are the following quantity:
L(t,z) == V(z,u) — ¥(z,u)

My ld(0):= [ @ @)H <%>
P00 = [ (63) (5 2)) e (2) o

where (@)! denotes the transpose of a vector of RV.

Proof:
By (2.1), by defining I'(¢, ) := ¥ (z, u(x)) — ¥(z, u(t, z)) we have

(2.4) % = (r(z) = U(z,0)u+ V- (A(z)Vu)) + T(t, )u(z)

Using that @ is also a stationary solution, we have for all =
(r(@) = ¥(z,a))u = -V - (Ax)Va),
and we can rewrite the above equation as follows

ou(x)

S = V- (A@)Vu) - %v - (A(z)Va) + T(t, z)u(z)

By multiplying the above equality by @(z)H’ (%) and by integrating over €2 we achieve

(2.5) /Q a(z)H' (%) alg(tx) do = /Qu(:c) Ez)) D(t, 2)u(z) do

/ () —ulx . x)Vu(x X
v [n (u@))“ (A(@)Va) — u(z) V - (A(x)Va())] dr.

By integrating by part the last term and rearranging the terms, it follows that

(2.6) /Qﬂ(ac)H' (%) 6‘5(;”) do = /Qa(x)H’ (%) D(t,a

Hence, we have

‘”"H%t[“](t) = /Qﬂ(z)H/ (“—:”)) [(t, z)u(z) dz — D(u).

Remark 2.2. We want to stress that if we replace @ by any positive function u satisfying

V- (A@)Vi(@)) = () (r(@) - V@) in o

ou

on (z)
it will affect the equality in Theorem 2.1 only through the term I which will be transform into

=0, in 090

L(t,z) = U(z,u(x)) — ¥(x,u(t,x)).
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Remark 2.3. Under the extra assumption ¢ € L*°((2), we remark that the formulas will holds as
well if we consider homogeneous Dirichlet boundary conditions instead of Neumann boundary
conditions. It is worth noticing that this extra condition is always satisfied in the Neumann case
since for all positive stationary solution with homogeneous Neumann Boundary condition, we
can show that infg @ > 0.

Remark 2.4. We remark that the above formula do not require any particular assumption on the
V¥ and as a consequence no particular assumption on the kernel K. Thus the formula holds as
well for K (z,y) = do, which turns the equation (2.1) into a semi-linear PDE. In particular when
U(z,u) is independent of u i.ep = 0, K = §y then the formula in Theorem 2.1 is known as the
standard relative entropy principle for linear equations see [30].

Next we establish a useful functional inequality satisfied by vectors h € o where v denotes
the linear subspace of H'():

ot = {h € HY(Q)

/hT):O, tVh-n—hVi-n=0 on (’)Q}
Q

Lemma 2.5. Let v be a smooth (C1*(Q)) positive bounded function in €, so that infg v > 0. Then there
exists p1 > 0 so that for all h € v+

Pl < [ 0 (7 (%))tm)v (%)

Moreover p1 = Ay where A is the second eigenvalue of the linear eigenvalue problem

V- (A(z)@QV <%>) =\ in

_Oh o ,
’U% — h% =0 m o0
Proof :

Let Z be the following functional in H!((2),

(2.7) Z(h) == ﬁ/ﬂ# (v (%))tA(x)V (%) :

Observe that from the homogeneity of the L? norm we have

2.8 inf  Z(h) = inf Z(h),
( ) heﬂﬁ.ﬁhuz:l () hlen@L ()

and the first part of the Lemma is proved if we show that
(2.9) inf  Z(h) >0,

1mn
hewt,j[hf2=1

Let du denotes the positive measure 9?dz, then by construction du is absolutely continuous
with respect to the Lebesgue measure and vice versa. So the Hilbert functional spaces L? ., and
H,,, below are well defined :

22 = {u

/Q W2 (z)dp(z) < +oo} ,

HY(Q) = {u € 13,(2) ‘/Q|Vu|2(ac)d,u($) < +oo}.

Moreover the Rellich-Kondrakov compact embedding H,,(Q?) < L7, (Q) holds [27]. To obtain
(2.9), we argue as follows. Let (h,,)nen be a minimising sequence, by (2.9) we can take (A, ) nen SO
that h,, € 4, ||hy||2 = 1 for all n. Let g, := %, then by straightforward computation, from (2.7)
—(2.9), we see that (g5, )nen is a minimising sequence of the functional

! / (V(9)) A@)V(g) dp.

O —
9= ol
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satisfying for all n, [|gn |22 (@) = [|hn[l2 = 1. Moreover, we have for all n, %i = 0on JQ and

(2.10) /an(x) du(x) = / by (z)0(z) dz = 0.

Q
We can also easily verify that

I(h= it Jg)

inf = )
hevt ||hll2=1 9g€H ,, [o 9dn=0

By construction the sequence (g, )nen is uniformly bounded in H} ,.(2) and thanks to Rellich-
Kondrakov compact embedding, there exists a subsequence (g., )reny Which converges weakly
in Hj,(Q) and strongly in L7 () to some g € H, (). Moreover, g is a weak solution of

(2.11) V- (A@z)0°V (9)) = —Agt> in
g
2.12 —= =
(2.12) 9 0
for some A € R. Furthermore g satisfies
(2.13) /lg(x) du(x) = 0.
¢

Now assume that A = 0, then the above equations (2.11)-(2.13) enforce g = 0 leading to the
contradiction 0 = |[g[| 2 (o) = 1. Therefore A # 0 and (2.9) holds.

Now, since A(x) and v are smooth and 1 is absolutely continuous with respect to the Lebesgue
measure, by standard elliptic regularity we have g € C%%(Q) for some « and the function h =

0g € C? satisfies
R <A(x)1‘)2v <ﬁ>> =M@ in Q,

/ hvdx =0,
Q

_0Oh ov .
’U% — h% =0 m of.

Now by dividing (2.11) by v? we get the following eigenvalue problem

<

1 .
17_2V . (A(:E)@QVg) =—-Ag in

% =0 in 09,
From standard Theory [27] there exists a sequence \; < A2 < A3 < ... of eigenvalue of the

above problem. Moreover there exists an orthonormal basis {1/}, } 7 ;| of L2, so that 1, satisfies
1 _ .
ﬁv- (A(z)0°Vipy) = =\, in - Q,

o
on
By setting ¢, := *%, we can check that

v

=0 in 0NQ.

(2.14) V- (A(:C)U2V (%)) = —\pp0 in Q,
(2.15) @%— k% =0 in 0Q.

Here since (0, 7) is a solution to (2.14)-(2.15) and @ > 0, we see that ¢; = 7 and A\; = 0. So

inf  Z(h) =g,
heot,[hlla=1

since the \; are ordered and ¢, € v+.
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3. THE BLIND COMPETITION CASE:

In this section we analyse the asymptotic behaviour of a positive smooth solution to (1.1)—(1.3)
when the competition kernel K (z,y) is independent of z, i.e K(z,y) = k(y) with k satisfying
(1.4). As we expressed in Theorem 1.2 that we recall below, in this situation the problem (1.5)-
(1.6) has a unique positive stationary solution which attracts all the trajectories initiated from any
nonnegative and non zero initial data. More precisely, we prove

Theorem 3.1. Assume A,r, k satisfy (1.4) and p > 1.Let Ay be the first eigenvalue of the problem

G.1) V- (A(@)Vo(z)) + r(x)p(z) = —Ap(x) in
(3.2) a(g—gj):() on 08,

then we have the following asymptotic behaviour for any positive smooth solution u(t, z) to (1.5)—(1.6)
o if \y > 0, there is no positive stationary solution and u(t,z) — 0ast — oo

o if \; <O, then
u ta r) — /j/(bl
) (t,z)
_ _Al P . ey s . . . .
where | = (—fQ ORI dy) and ¢y is the positive eigenfunction associated to Ay normalized
by [|p1l| 220y = 1.

In the sequel of this section to simplify the presentation we introduce the notation
V(W= [ KEuly)P dy
Q
Before proving the Theorem, we start by establishing some useful Lemmas.
Lemma 3.2. Assume Ay < 0, then there exists . > 0 so that ju¢y is a positive stationary solution of (1.5).

Proof:

Let us normalised ¢1 by ||$1]/z2(q) = 1. Then, by plugging u¢; in (1.5), we end up finding p
so that

U(up1) = — A1

Thus for p = (W) , g1 is a stationary solution of (1.5).
Q

=

.
Next, we establish some useful identities. Namely, we show

Lemma 3.3. Let ¢ > 1 and H be the smooth convex function H(s) : s — s%. Let @ be a positive
stationary solution of (1.5)-(1.6), then a positive smooth solution u(t, x) of (1.5)—(??) satisfies
(3.3)

7dHQ’2£“]() —q(q—1) /Q (“{E’éxf))q_z? (v (“{Ei;f)))tfl(x)v (“ﬁzf)) dx‘f'Q(‘I’(U)—‘I’(U))Hq,u[U](t)-l

) dx. Furthermore, the functional F(u) := log (M)

where H, , [u](t) :

s L [d(0)"
satisfies:
4o ( - u(t, )\, u(t, )\’ u(t, )
(3.4) dtf(u) = T / < () u® |V () A(x)V () dx.
Remark 3.4. Note that in the particular case of H(s) = s%, H, ,[u] = |lu[|3. So we get a Lyapunov

functional involving the L? norm of u instead of a weighted L norm of u. Indeed, we have

8 o () =2 [ (5 ()Y e (42
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Proof:
The identity (3.3) is a straightforward consequence of Lemma 2.1. Indeed, for H(s) := 59, by
the Theorem 2.1 we have:
dH, , [u](t) u(t, )

s =+ [ o (525 ren

where I, D are the following quantity:
L(u(t)) == ¥(u) - ¥(u)

o e (450) (o (45 e (457
)

By observing that a(z)u(z)H’ (“{f’é;) ) = qH, ,[u](t) and that I is independent of x, we see that

dH,, . [u] (1)
dt

= —D(u) +qI'H, , [u](t),

and the formula (3.3) holds.
To obtain (3.4), we observe that by taking ¢ = 1 in the formula (3.3) we get

dH, . [u](t)

= T, ],
Since M, , [u](t) = [, u(t, z)u(x)dz > 0 for all times we see that
d
(3.5 7 log(M, o [ul (1)) = (¥(a) — ¥(w)).
Similarly, since H_[u](t) > O for all times we have also
(3.6)

Lo (242 ( (359 o (35)
By combining (3.5) and (3.6) we end up with ! .

i (1 (rtintns ) ) = s [ ()™ o (v (150)) o (557)
]

As a straightforward application of this Lemma, we deduce the following a priori estimates on
the solution of (1.5)-(1.7). Namely, we have

Lemma 3.5. Let u(t,z) € C*((0,+00), C%*(2)) be a positive solution of (1.5)-(1.6) then for all ¢ > 1
there exists a positive constant c,(q, u(x,1)) < Cy(q,u(x, 1)) so that forall t > 1

Cqg < ||U||LQ(Q) < Cq.

Proof:
Let us first show that for all ¢ > 1 then there exists Cy(q, u(z, 1)) so that forall ¢t > 1
(3.7) ||U||LG(Q) < C.

First, let us obtain an upper bound for © when ¢ = 1. By Lemma 3.3, we have

w = (U(upr) — U(u)H, ,, [u](),

where p¢, is the stationary solution constructed in Lemma 3.2. By using the definition of ¥ and
H, .., [u](t), and Holder’s inequality , we have for some ¢y > 0

Do 1) [Al e ( [ dy)} M, ().
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Since |[ullL1 (o) ~ H, ,, [u](t), we get for some ¢y

dﬂqbdit[“]@) < = (M, [W](9)7] Ay, (1),

So H, ,, [u](t) satisfies a logistic differential inequation, therefore there exists C1(u(z,1)) > 0 so
that forall¢ > 1,
(3.8) H,,, [u](t) < Ch.

Now we can get an upper bounded for u for all ¢ > 1. Indeed, let us assume that ¢ > 1 then
by a straightforward application of the Lemma 3.3 we have forall ¢ > 1 and forall¢ > 1,

(M, ., [)(0)" (f‘¢> |

M,y [ul(1)°

By using the homogeneity of the norm #, ,, [u] and (3.8) we see that for all ¢ > 1 and for all
t>1,

IN

H oy, [0 (2)

o M, (1) o[ Hoo ul(D)
Haaa [A0) < (P, 140) ((H [u1<1>>Q> = ((*Hl,m M(n)q) '

Since for ¢ > 1 ||u| ey ~ H, ,, [u], (3.7) holds.
To prove the lower bound for u, by Holder’s inequality, it is enough to have a lower bound for
llullz1(q)- Recall that H, ,, [u](t) satisfies

d u
%H(t) = <‘P(M¢1) /Qk(y)lu(t,y)lpdy) M, [ul(1).

Since (3.7) holds for all ¢ > 1, by interpolation there exits positive constants C, « so that for all
t>1JullLr) < C||u||%1(m. Therefore H, ,, [u](?) satisfies for all ¢ > 1

d}[%;[u}(t) Z (\I/(M(bl) - Cp|k|ooH1,w>1 [u]ap) leum [U] (t)

By using the logistic character of the above differential inequation, we deduce that #
c1(u(x, 1)) forall ¢ > 1.

[u)(t) =

1pey

O
We are now in position to prove the Theorem 1.2.

Proof of Theorem 1.2:

Let u(t,z) € C*((0,+00),C?*(£2)) be a positive solution of (1.5)-(1.6). Assume first that \; <
0. Since u > 0 then « is a sub-solution of

(3.9) % =V - (A(x)Vu(t,z)) + r(z)v(t,z) in RT xQ
(3.10) avéi;x) —0 in R*x9Q
(3.11) v(z,0) =u(l,z) in .

Since A; > 0 and u(1,z) € L, for a large constant Ce*'?¢; (z) is then a super-solution of (3.9)—
(3.11) and by the parabolic maximum principle we have
u(z,t) < CeMlgy(z) -0 as t— oo.

Now let us assume that A; = 0. In this situation, by Lemma 3.3 and using Remark (2.2), we
observe that for all ¢ > 1 we have,

Poo O __yg-1) / (ﬁf{j})q_g 5 <v @f{j))t A@)V (1;(;’;))) dr—qU()H, [u](t)-l

Therefore, since ¥(u) is non-negative, we get ||[Vull2 — 0 and for all ¢ > 1 |lulge) — 0 as
t — +o0. Since the coefficients of the parabolic equation are uniformly bounded, by a bootstrap
argument using the Parabolic regularity, we get ||u/lc — 0 ast — oo.
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Lastly, we assume A\; < 0 and let us denote <, > the standard scalar product of L*(12). Let @ be
the stationary solution of (1.5)- (1.6) constructed in Lemma 3.2 , i.e @ := p¢,. Since for all ¢ > 0,
the solution u(t, z) € L>, then we can decompose u the following way:

u(t,x) := A(t)u(z) + h(t,z)

with h so that < ¢1,h >= 0.
Substituting u by this decomposition in (1.5) and using the equation satisfied by @ it follows

that
3.12)
N (8)a(z) + —ahgt’ ?)

By multiplying the above equation by h and integrating over (), it follows that

= (M = Y(u@®)A@B)u(z) + (r(z) = (u)h(t,z) + V- (A@@)V(h(t, ©))).

Oh(t)

<5 h>=< (r(z) — ¥ (u)h+ V- (A(x)V(h)),h > .
where we use that £ is orthogonal to . Thus since H, _[h](t) := [|h(t) H%z(g)/ we have
oh _1dH,  [A)(t)
< E,h >= §T =< (7" — ‘I’(U))h+ A (AV(h)),h > .

By following the computation developed for the proof of Theorem 2.1 with H (s) = s?, we see
that

(3.13) ‘mzziyl](t) - /Q @ (x) (v (h(t’z)))t A(2)V (h(t’z)) T (O — T (u(t)H, . [B](0):

Since H, ,[R](t) > O for all times, let us analyse separately the two situations: H, _ [1](t) > 0 for all
times ¢ or there exists ¢y € R so that #,, [h](Zo) = 0. In the latter case, from the above equation we
see that we must have H,, [h](t) = 0 for all ¢ > ¢o and so for all £ > ¢, we must have u(t) = A(t)u
almost everywhere. Hence from (3.12) we are reduced to analyse the following ODE equation

N(8) = A6\ = T(A@)))
where U is the increasing locally Lipschitz function defined by ¥(s) := s” |, o k(y)u(y)? dx.
Note that since by Lemma 3.5 we have
(3.14) At) <w,u>=<u,u>=H,  [ul(t) <C,

we have A(t) > 0 for all times ¢. The above ODE is of logistic type with non negative initial datum
therefore by a standard argumentation we see that A(¢) converges to A > 0 where ) is the unique
solution of \TI(S\) = A1. By construction we have \T/(l) = )1, so we deduce that A = 1. Hence, in
this situation, u converges pointwise to @ as time goes to infinity.

In the other situation, H, , [h](t) > 0 for all t and we claim that

Claim 3.6. H, ,[h](t) — Oast — +oo.

Assume the Claim holds true then we can conclude the proof by arguing as follows. From the
decomposition u(t, z) = A(t)u(x)+h(t, z), we can express the function H, _ [u](t) by H, ,[u](t) =<
u, & >= A(t) < @, u >. Therefore by using Theorem 3.3 we deduce that

(3.15) N(t) = (A — UA®)ua(x) + h(t, z)]) A(2).

By using the definition of ¥ and the binomial expansion it follows that A verifies the following
ODE

N(t) = (= TA@G)AER) + AOE D)) — TA0a + h(1)))

= (A — UAB))A®) + At) (Z (i))\z‘(t)/ﬂuihpi(t,x) dx) ;

i=1 p
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where ( ') denotes the binomial coefficient. Now by using ||2(t)[|2 = H, . [1](t) — 0 and Lemma
3.5, by 1nterpolat10r1 we deduce that ||A(t)||La(q) — O for all ¢ > 1. Therefore, since € L> and
by (3.14) X is bounded, we have

Jim (Z (;) N (t) /Q a'hP=i(t, x) dac) =0.

i=1
Thus X satisfies
N(t) = (\ = TAA@)A®R) + At)o(1),
and as above we can conclude that A\(¢) — 1 and u converges to % almost everywhere.
O
Proof of Claim 3.6:

Since M, , [h](t) > 0 for all ¢, from (3.13) and by following the proof of Lemma 3.3 we see that

(3.16) %1 [(;[7%] m/ﬂa2@)< ( (i )>) A(z)V< 152 )) da.

Hy 4 W)
(M, 4 [ul()*
First we observe that the claim is proved if there exists a sequence (¢, )nen going to infinity so
that #H, . [h](t,) — 0. Indeed, assume such sequence exists and let (s)xren be a sequence going to
+00. Then there exists ko and a subsequence (t,, )rxen Of (tn)nen so that for all k& > ko, we have

S > tp, . Therefore from the monotonicity of /" we have for all £ > kg
: l L QIO ] l Hy o[ (tn,) ]
og | —*——5| <log | ——————=| .
(M, . [ul(sx)) (M, [l (tny))
By letting k to infinity in the above inequality, we deduce that
; [ L ICY) ]
im log | ——————=| = —o0,
Emee (M ul(sn)

which implies that #, _[h](sx) — 0, since by Lemma 3.5 (H, , [u](tx))ren is uniformly bounded.
The sequence (s,)ren being chosen arbitrarily this implies that H,  [2](t) — 0 ast — +oo.

Thus the function F := log { ] is a decreasing smooth function.

Let us now prove that such sequence (t,)nen exists. Let us assume by contradiction that
infer+ H, , [P](t) > 0.
From the monotonicity and the smoothness of /' we deduce that there is ¢y € R so that

F(h(t)) = ¢o and iﬁ(h(t)) —0 as t— +oc.

dt
Thus by Lemma 3.5 and (3.16) it follows that
: —2 h(t,l‘) ! h(t,l‘) _
(3.17) tlggo Qu (x) (V < () A(x)V () dx = 0.

Since for all ¢, h(t) € ut, H, . [h](t) = |[h(t)||3 and & = p¢1 € C** is strictly positive in Q, by
combining (3.17) and the Lemma 2.5 we get the contradiction

0 < Jim [[(1)[ < i tim [ @(a) (v (hl_(t’ég)))t/x(x)v (hl_(ij)) da =0,
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4. THE GENERAL COMPETITION CASE: EXISTENCE OF POSITIVE STATIONARY SOLUTION

In this section we investigate the existence of a positive stationary solution of (2.1) and prove
Theorem 1.3. That is we look for positive solution of

4.1) V- (A(@)Vv) +o(r(z) —¥(z,v)) =0 in Q,
4.2) %(z) -0 in 9Q,

where U(z,v) = [, K(x,y)|v(y)[P dy. First observe that when A; > 0, then there is no positive
solution of (4.1)-(4.2). Indeed, by multiplying by ¢, the equation (4.1) and integrating by parts it
follows that

0:—Al/glv(z)(bl(x)dx—/Q\I/(x,v)v(x)gbl(:c)d:c,

which implies A1 [, v(2)¢1(z) de = [, ¥(x,v)v(x)¢1(x) dr = 0 since ¥(z,v),v and ¢, are non
negative. Thus v = 0 almost everywhere since ¢; > 0.

Let us then assume that A\; < 0. Let & > 0 so that the operator V - (A(z)V) + r(z) — k with
Neumann boundary condition is invertible in C%*(2) and a positive solution of (4.1)-(4.2) is a
positive fixed point of the map T

T:C%(Q) — % (Q)

v o= Tv:i= (V- (A@)V) +r(z) — k), [V(z,v)v — kv .

n

To check that 7" has a positive fixed point we use a degree argument. Let 29 € 2 be fixed and
let K*(x,y) be defined by

Ko (x,y) := sK(z,y) + (1 — s)K(x0,y).
Let us now consider the homotopy H € C([0, 1] x C%*(Q),C"*(£2)) defined by

H:[0,1] x CY%(Q) — C%*(Q)
(s,v) = H(s,v) := (V- (A@)V) +r(x) — k), {¥s(x,v)v — kv].

n

where U (x,v) := fQ K3 (z,y)|vP(y) dy.
One can see that H(1,.) = T and H(0,.) = T where T} corresponds to the map

Ty : CO%(Q) — C0o(Q)

v = Tov:= (Ug(v) — k)(V - (A@@)V) +7r(z) — k), o.

Note that there exists an unique positive fixed point to 7, which can be constructed as in
Section 3.

Before computing the degree of 7}, we obtain some a priori estimates on the fixed point of
the map H (-, -). That is some estimates on the positive solution to the equation

(V- (A)V) +r(x) — k) [V (2, v)v — kv] = v
which rewrites:

(4.3) V- (A(x)Vv) + r(x)v = Uz, v)v
(4.4) Opv =0 ondf

Lemma 4.1. Let v be a continuous non negative solution of (4.3)-(4.4). Then either v =0 or v > 0 and
there exists ¢, and C independent of s so that

3 s/ wlP (@) de < C.
Q
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Proof:

The strict positivity of the solution v is a straightforward consequence of the strong maximum
principle. Therefore either v = 0 or v > 0. So let us assume that v > 0 and then by multiplying
by v the equation (4.3) and integrating by parts we see that

/Q r(2)0?(x) do— /Q (Vo)) Alz)Vo(z) de = /Q U (@, 0)0(2)2 dz > Komin /Q o(y)|P dy /Q V() dx,l

where Kyip := min, ,co.q K(z,y). Therefore we get

Il f
> Pdy.
ez [ ) dy

min

We also get
/ r(2)v?(x) dx — / (Vo(z)) A(z)Vo(z) de < Kmaz/ [o(y)|P dy/ v () dx
Q Q Q Q
with Kpar = max, ,coxq K(7,y) which leads to

!
< [ vyl dy.
Kmaz (9]

(]

We are now in position to prove the existence of a positive solution to the equation (4.1) by

means of the computation of the topological degree of T’ — id on a well chosen set O C C%*((Q2).

Let us choose positive constants c; and C5 so that c; < ¢ and Cy > C, where ¢, and C are the
constants obtained in Lemma 4.1. Let {2 be the following open set

0= {’U € CO’O‘(Q),U >0]ce < / P (z) dx < Cg}
Q

and let us compute deg(T' — Id,0,0). By Lemma 4.1 for all s € [0,1] H(s,v) — v # 0 on 00.
Therefore using that H(.,.) is an homotopy, since T' is a compact operator, we conclude that
deg(T —1d,0,0) = deg(H(1,.)—Id,0,0) = deg(H(0,.) — Id, O, 0). By construction, from Section
3, one can check that deg(H(0,.) — Id,0,0) # 0 since the map Tj has a unique positive non
degenerated fixed point. Thus deg(T — Id, O,0) # 0 which shows that 7" has a fixed point in O.
O

5. STABILITY OF THE DYNAMICS, CONVERGENCE TO THE EQUILIBRIA

In this section we prove Theorem 1.4. That is to say, we analyse the stability under some per-
turbation of the dynamics established for (1.5)-(1.6) in Section 3. More precisely we investigate
the global dynamics of solution of

ou(z,t)
ot
Ju . w
(5.2) —(t,z) =0 in 00 xRt
on

(5.3) u(z,0) = up(x) >0,

(5.1)

=u [T(iﬂ) - /Q ke(z,)|ulP(y)dy| + V- (A(x)Vu(t,z)) in QxR

where p = 1 or 2 and k.(z,y) := ko(y) + €ki(z,y) with ¢ a small parameter. To obtain the
asymptotic behaviour in this case, we follow the strategy developed in Section 3. Namely, we
start by showing some a priori estimates on the solution u(¢, z), then we analyse the convergence
by means of some differential inequalities. For convenience, we dedicate a subsection to each
essential part of the proof.
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5.1. A priori estimate.
We start by establishing some useful differential inequalities. Namely we show that

Lemma 5.1. Assume that A,r, k; satisfies (1.4) and let ¢, be the positive eigenfunction associated to
A (V- (A(x)V)) + r(z) with Neumann boundary condition. Let ¢ > 1 and H be the smooth convex
function H(s) : s — s9. Then there exists € so that for all e < ey and for all positive solution u €
C1((0,00),C?%%()) of (5.1)~(5.2), we have for t > 0

Phoes O ) + (=M1 = - (W), [0
e N S Y A 1
where
o B u(t, ) =2 20 u(t, ) ! . u(t, ) .
Pasnlul®) = ala ”/Q(mz)) il )(V(m(x))) Al W(m(@) d
R u(tvx) a 2:6 T
W= [ (550 s
e i (1) = L (o(y) % ellirlloo) [u(t, ) ” dy
Proof:

Observe that since u is positive, from (5.1) it follows that

%(t, z) < [r(z) — a-(W]u(t,z) + V- (A(x)Vu(t, z))
%(t, x) > [r(x) — ag (w)u(t,z) + V- (A(z)Vu(t,x)) .

Let @ and w_ be the stationary solutions of the corresponding equations with homogeneous
Neumann boundary condition:

P ) 1) — o elor o (00) + V- (Al) Ve (1,2)
+
P T) _ 1y) — el ot (1) + - (A@) Ve ().
Let € small enough, says ¢ < ZkHOk%’ then by construction wZ exists and we have w* = uF¢;.

Now by arguing as in the proof of Theorem 2.1, we obtain

M- [ul(t)
g S P @) +al-M —ac- (WA [u](®),
am’  [ul(t)
e 2 Dy () al =M~ e IHS [ul(2).

where

w0 = [ @ (B2

H.o3 we (x)

st = (252) o (s (2) o (462

By using that 0 = uF ¢, the definition of H and the homogeneity of H +, [u], we deduce
that o

dH, . [u](t)
dt
dH, , [ul(t)
dt

< =Dy [ul(t) + gl=A1 — ae-(W)H, , [u](?),

> —Dap, [u](t) + g[=A1 = ac 1 (W], [u](?).



16 JEROME COVILLE

]
Next, we derive some a priori estimates for the solutions u € C((0, 00), C**(Q))of (5.1)~(5.2).

Lemma 5.2. Assume that A,r, k; satisfies (1.4). Then there exists €, so that we have :
(i) Forall ¢’ > 1 thereexists ¢,y < Cy so that for all € < ey and for all positive continuous stationary
solution . to (5.1)—(5.2)
Cqy < HQGHLQ’(Q) < Cq’-

(ii) There exists 0 < oo < Cao, S0 that for all € < ey and for all continuous stationary solution . to

(5.1)-(5.2) B
Coo < e < Co.

(ili) Foralll < q' < p, thereexists 0 < Cy, so that forall e < e; and forall u. € C*((0,00), C**(£2))

positive solution to (5.1)—(5.2) there exists t so that for all t > t
el L @) < Co-

(iv) For p = 1 or p = 2 there exists a positive constant ¢; , so that for all € < e; and for all u. €

C*((0,00), C*%(82)) positive solution to (5.1)—(5.2) there exists t so that for all t >
e (®)l1 @) = e

Proof:

Let us first observe that (ii) is a straightforward consequence of (i) since . satisfies an elliptic
equation with uniformly bounded continuous coefficient with respect to ¢ and @.. To prove (i),
we first show the estimates for ¢’ = p. First let us observe that by replacing u. by @, and taking
g = 1 in the formulas of Lemma 5.1, we get for € < ¢

0< [7>‘1 - 0567*(1_1‘6)]7-[1,4;1 [ﬂﬁ]v
0> (*Al - O‘éHr(ﬂe»HLm [66]
From the latter inequalities, by using the positivity of . and ¢, it follows that

xuz [ (aly) - o)) dy 2 inf (kole) — o) el
O TES

2 < [ (o) + ) dy < sup(ho(o) +0) el 0
xre

/

infeco ko(2) and choose e small enough, says so thate < 50— —: ¢
2 [P ’

where 0 := €||k1]| oo Let ko :=
we achieve for all € < ¢ and all stationary solution .

—\ )% ) i i (_)\1)%
54: =:c, < Ue » S C — M -
oy (Ilkrolloo + €1 k1] 0) p < laellr) < Cp

Now recall that @, satisfies the elliptic equation

V- (4@ + (1) - [ R @) @ =0 in o

Ot(x)
on
From (5.4), the coefficients of this linear equation are uniformly bounded in L> with respect to
e € [0,€']. So by using the elliptic regularity and Sobolev’s embedding [8], we can show that for
all ¢ > 1 there exists C' > 0 so that

=0 in 09Q.

tcllwza) < C,
with C independent of € and .. Thus there exists C, > 0 independent of ., so that
(5.5) [|Ee]|oo < Coo.

To obtain the desired uniform lower bound ¢,, a standard interpolation argument can be used
[8] combining (5.4) and (5.5).
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Let us now prove (iii). Let k1 := || ko|loc + €1]/k1]|oc and ko := M then by Lemma 5.1,
since e < ¢ we getforallg > landallt >0

d’;’-LWZhEuc](t) . *Q(q’l)/g <u¢flt(x:§))q2 2 () (v <z;(1t(,%))>)tA(z)v<uqzi],xa§)> ?x]()
+ al=A1 — Kolluellfp o) H, 4, [ue(t).

Since H1(u) ~ ||ul|£1(q), by Holder’s inequality and by choosing ¢ = 1 in the above inequality, it
follows that

A, ,, [u(?)
dt

Using the logistic character of the above equation, there exists t1 so that H, , [u](t) < %{?1 for
allt > t;. A similar argument can be done for ¢ = p, thus H [uc](t) < Cp for all t > t, and by
interpolation we get forall 1 < ¢ <p

(5.7) ltellpagy < Cq  forall >t :=sup{ty,t,}.

(5.6) <[\ —FoH, , [ud®)PIH, , [u](t) in  (0,00).

To obtain the lower bound (iv), it is enough to get an uniform lower bound for %, , [uc](t). By
Lemma 5.1 we have

dH, 4, [ud ()
58 S k] GO L REOI ERNTAIC)
Q
Case 1: p = 1. In this situation, since 1, , [ue](t) ~ |luc 11 (), we deduce that
dH, ,, [ue ()
T M0 S (A= i, e (0)H,, [ 0)
for some #; > 0. Hence, there exists ¢ so that H, , [ue](t) > ;;\11 forallt > t.

Case 2: p = 2. In this situation, let us rewrite u.(x,t) := pe(t)P1(z) + ge(t, x) with g(t,x) L ¢ in
L?(9). Equipped with this decomposition, we have

(5.9) Hy oy [u](t) = pe(t)
(5.10) lu@®)13 = Ha,, [ul(t) = pZ(t) + [lge ()13
dH, (t dH, , |uel(t ,

(5.11) '“P;lt[g 1) _ ’d£ 1) = 2pe(t) e (t)
So from (5.8), we get
(5.12) pe(t) > (=M1 = [kelloopsZ () = l[Kellocllge (@)113) e (-

Now by combining (5.9), (5.11) and Lemma 5.1 we see that
(5.13)

AHo, 90 _ [ o ge(t,2) \\' ge(t,x) dlog pi2(t)

<2 [t (V(55)) 40w (56) e+ S o

+ 2 4 (ue) — e, (ue)] (12 (1) +H, , [9] (1))
By Lemma 2.5 and using (5.7) it follows that for ¢ > ¢/

dM, ,, [9e)(t)  dlog pZ(t)
dt dt

(514) H2,¢1 [ge](t) < _(2p1 (¢1) - 46"1{;1”0002)%2,4)1 [96](t)

+4€||k1”0002012
Let ¥ :={t > t'|H,, [g¢](t) > 0}, then we have forall t € ¥

4e||k1 ]| C2CF

d H, , [9](t)
(5.15) o (log [27}) < —(2p1(¢1) — 4e||k1 ]| Co) + oo 00

p2(t)
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By choosing € small enough, say ¢ < ¢” := min {e’, %}, and by letting § := 4|k1]|-cC2C3,
by (5.15) we achieve for all t € X

o1 i (o[ )) = e G

To obtain the lower bound, the proof follows now three steps:

Step One. We claim that

Claim 5.3. Forall ¢ < ¢, there exists to > t' so that

20€
pr(é1)

H, (96 (t0) <

Proof:
Assume by contradiction that for all ¢ > ¢’ we have

20¢
H J(to) > .
2,61 [g ]( 0) p1(¢1)
Therefore it follows from (5.16) that for all ¢ > ¢/
d H, 4, 9] (1) p1(h1)
. L < — .
647 i (o [ ]) <25
Hy gy 19e](1)

Thus F(t) := log [ ] is a decreasing function which by assumption is bounded from

HE ()
below for all t > ¢'. Therefore I converges as ¢ tends to 400 and 4£ — 0. Hence for t large
enough, we get the contradiction

0§ ) -2

&

Step Two. Let ¢; and 7(to) be the following quantities
o mm{ » —A1p1(d1) }
" 8lkellocd
) —-A
A(to) := min {Mto),,/ﬂ}

Rt — Rt

Bx
r ABE+C

and let @) be the real map

where A := %, B := p1(¢1) and C := 2¢d. We claim that
Claim 5.4. Forall e < €1 we have
(1) Forallt > tg,
pl (t) > 2 (to)-
(ii) There exists ty > tq so that for all t > t}

pZ(t) > Q(v*(to)).
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Proof:
Let us denote X% and ¥ the following sets

20€

Sti={t>t0|H,, [ }
{ o M, la)() > 2

T o= {t2t0|7‘[27¢1[ 256 }

—\
T = {t > to | pe(t) = mm{”‘ )\ o, Hl }}

By construction [t, +00) = T UX ™, ¢, € ¥~ and for all € < ¢; we have
2¢d —)\1

R Z [

p1(é1) 2

Let us now prove (i). Let to be the following time

to :=sup{t > to | [to,t] C £7}.

AL — erlloo

By continuity of H, , [ge](t), it follows from H, , [ge](to) < that £y > t;. Moreover we

2
= p1(d1)
deduce from (5.12) that p. satisfies on (¢, to):

5.18) ) 2 (=5 Ik} )

Therefore p.(t) > min {ug(to), \/ ﬁ} fort € [to, tNO) which enforces (to, tNO) C Xo. Let t* be the
following quantity

t* := sup{t > to| (to,t) C Xo}-
From above (¢, t~1) C 3o, so we have t* € (g, +00]. We will show that t* = +o0. If not, t* < +c0

and from the above arguments we can see that H, , [g¢](t*) > pf("f;l By definition of t*, we have

the following dichotomy since [to, +00) = XT UX™:
e t* € ¥~ and there exists t* < t*1 € ¥ so that (¢*,t*1) Cc ©F
e t* € YT and there exists t*~ < t* < t*T so that t*~ € Lo N X ,t%" € Ut and
(to—, Tl c ot

In both cases we see from (5.17) that on (t*~,t*"] the function F(t) = log {leéigfm} is de-

creasing and we have for all ¢ € (t*~,t*T|F(t) < F(t*~) which leads to

() < ey P90

H, 4, 96)(1)
Thus we get forall t € (¢*~,¢*7]
V(to) < pe(t),
since t*~ € ¥~ NYpand t € XT. As a consequence we have t* < t* € ¥, which contradicts
the definition of t*.
Hence t* = co and

N\
2|[kell oo

(5.19) e (t) > min {uﬁ(to), } forall t > t.

Let us now prove (i7). By arguing on each connected component of X%, since by (5.16) F(t) =

log {Hzm [9](t)

0 } is a decreasing function one has for all ¢ € ¥*

pe(t)  2ed

M,y l9e] (1) <
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By construction, from (5.19) we also have forall ¢t € ¥~

pe(t) 2ed
P, 9l (1) < Y2 (to) pr(e1)
Therefore for all t > t; we get
2
'2 . ME (t) 265 .
(520) o) < s

Now by combining (5.20) with (5.12) it follows that for all ¢ > ¢, p.(t) satisfies

W) > [ M [Klor2() (1 n #j(ﬂ)} e ().

Hence, by using the logistic character of the above equation we have for some ¢} for all ¢ > ¢}

“A1 pi(d1)Y (o)

(5-21) #eWl) 2 S 20 pr@n) + 265

= Q(¥*(to))-

Step Three. Finally we claim that
Claim 5.5. There exists t so that forall t >t

—-A
2 1
pe(t) 2

81l
Proof:

By an elementary analysis, one can check that the map Q(z) = A5Z +& Is monotone increasing
and has a unique positive fixed point zo = 45-¢ = sat- — “24s > o > 0. We can also
check that the iterated map Q""!(z) := Q(Q"(x)) satisfies for any z* € (0, +0)

(5.22) 1Lm Q" (x™) = xp.

Now recall that by the previous step, we have for all ¢ > ¢/,

p0) 2 Q) = Q (min f e 52 ).

Since () is monotone increasing and > xo we deduce from (5.21) that for all ¢ > ¢}

2HkH

(5.23) pZ(t) > min {zo, Q(p2(to))} -

By using now step one with ¢} instead of ', it follows that there exists t; > ¢} sothat#, , [g¢](t1) <[]

pf(‘;fl). We can then replace t, by t; in Step two, to obtain the existence of t;, > ¢; so that for all

t > t, we have
, -A
420 2 Q) = @ (min {p2(0), g 1)
which by using the monotonicity of Q, si- k” > x¢ and (5.23) leads to

(5.24) p2(t) > min {0, Q [min {zo, Q(1Z(to)}] }

forall ¢t > t,.
Since x is a fixed point of @), it follows from (5.24) that for all ¢ > ¢/,

(5.25) pZ(t) > min {z, Q[Q(1Z(t0))]} = min {z0, @*(nZ(t0))} -

By arguing inductively, we can then construct an increasing sequence (¢}, ),en, so that for all n
and for all ¢ > ¢/, we have

(5.26) p2(t) > min {zo, Q" (112 (o))} -
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Since pZ(to) > 0, by (5.22) there exists ng so that Q" (u2(to)) > L& = ﬁ- Hence, by (5.26) we
have forall t > ¢,

—\

2

pe (t) > :
8|% | oo

O

Finally, we establish an estimate on p; (@.) where p1 (%) is the constant defined in Lemma 2.5
for the positive vector @.. Namely, we show that

Lemma 5.6. There exists p > 0, so that for all € € [0, €1) and for all positive stationary solution u. of
(5.1)—(5.2), we have

pliic) > p

Proof:

From the proof of Lemma 2.5, if we let dj, Li
dpe = u?dz, the following functional space:

2.(9) = {u /Q w2 () dpe(z) < +oo}
H, (Q):= {u €L’ ‘/Q |Vul?(z)dpe () < +oo}

_and H}} be respectively the positive measure

we have
0<pla)=  if  J(g)

g€H ], . [q 9due=0
with J the functional

1
7@ = o [ (Vo) AT (g) dc
Hg”Lﬁe(Q) Q
Let
v d,uglilv’ffdz plie),

where € € [0, €1] and @, is any stationary solution of (5.1)—(5.2), then we have
p(te) >v>0.
We claim that v > 0. Indeed, if not then there exists a sequence of positive measure @2 dz so that

lim p(a,) = 0.

n—r oo

Since 0 < € < €1, by Lemma 5.2 the sequence (@, )nen is uniformly bounded in W?2:4(2) for all
g > 1. Therefore by the Rellich-Kondrakov Theorem, there exists a subsequence (i, )xen Which
converges to u a non-negative solution of (5.1)-(5.2) for some €. By Lemma 5.2, we see also that u
is non trivial and positive. Thus by applying Lemma 2.5 with % we get the contradiction
0 < p(u) = 0.
O

5.2. Asymptotic Behaviour.
We are now in position to obtain the asymptotic behaviour of the solution w.(¢,x) as ¢ goes to
+o0 for € € [0, €*], where ¢* is to be determined later on.

Let us first introduce some practical notation:

Wo(v) := /Q ko(y)lv(w)I” dy, W1(z,v) := /Q kr(z, y)|v(y)” dy, Ve(z,v) == Wo(v) + €Wy (z,v)

U, (v) = /Q U (z,v)v?(x) de.

When \; < 0, then the proof of Section 3 holds as well for solution of (5.1) - (5.3) and u(t, z) —
Oast — 0. So let us assume A; < 0 and let us denote <, > the standard scalar product of L2(Q).
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Let @, be a positive stationary solution of (5.1)- (5.2). Such solution exists from Section 4. Since
for all ¢ > 0 the solution u.(t,z) € L?, we can decompose u. as follows:

Ue(t, ) := A () e + he(t, )

with A, so that < 4., he >= 0.
From this decomposition and by using Theorem 2.1 we get:

(5.27) Ae(t) < e, tie >=H, ;. [uc](t),

(5.28) dH?vﬂzhEhﬁ](t) = dH?*“;hEuﬁ](t) — 20N < e, e >

(529) )‘/e(t) < ﬂeaae >= / (‘I’S(l‘,ﬂg) - \Ije(xvue))ae(‘r)u€($’t) de.
Q

By Lemma 5.2 and (5.27), we can check that when ¢ < ¢; there exists positives constants
c1, Ch, €2, Cy independent of e such that for any positive smooth solutions . to (5.1)—~(5.2) there
exists (u¢) so that

(5.30) b= <L forall t>i

Oy C2
From the decomposition, by using (5.30) and Lemma 5.2 we can also check that A, is smooth (i.e
C?*%(9)) and therefore belongs to L?(2) for all times.

By plugging the decomposition of u. in (5.29) and using the definition of V., we can check that

(531 x(t) = LN

=m0 (1= A2() + Ra(t) + Ra(t)
||U6HL2(Q)

where R; are the following quantity:

632  Ri(t) = — / W (2, 7.) — U(z, u)]d (2)he (¢, 7) da
||u€||L2(Q) Q
) =~ (k p—k )P~k k ()2 da
(5.33) Ra(t) = [ /Q (; (p))‘e (t)/le( YUy (y)he(t,y)dy> e()°d

Next, we show that

Lemma5.7. Let p = 1 or p = 2 then there exists ¢ < min{e, €1 }, so that for all ¢ < €* then any positive
smooth solution u. of (5.1)—(5.2) satisfies
lim H, , [h(t)) = 0.

t—o0
Assume the lemma holds true, then we can conclude the proof of Theorem 1.4 by arguing as

follows. By combining Lemma 5.2, Lemma 5.7 and by using Holder’s inequality, since p = 1 or 2
we see that R;(t) — 0 as t — 4o0. Thus \.(t) satisfies

U (i) A (1)

(5.34) (1) = =2
”Ue | ‘ %2 Q)

(1+o(1) = X(1)),
The above ODE is of logistic type with a perturbation o(1) — 0 with a non negative initial datum.
Therefore, when € < ¢* A.(t) converges to 1 and we conclude that when ¢ < ¢* then any positive
solution u. to (5.1)—(5.2) converges to 4. almost everywhere.
O
Let us now turn our attention to the proof of the Lemma 5.7.

Proof of Lemma 5.7:

First, let us denote I'(¢, x) := U (z, @) — Y(x, u.). By (5.28) (5.29) and by using Theorem 2.1
we achieve

Pl [ (9 () arw (%) +2 [t i




CONVERGENCE TO EQUILIBRIUM FOR POSITIVE SOLUTIONS OF SOME MUTATION-SELECTION MODEL 23

Therefore using the definition of ¥, and that @, L h. we have

deae [hi](t) _92 he (t7 .Z‘) ! he —

T = -2 /Q U V m A(z)V 1_1,_6 + 2(\110(11,6) — \I/()(’LLE))HZ,EE [he](t)

+ 26/ (U () — U (2, 1 ))R2 () da + 2eA. / (U1 (2, ) — U (2, 1) e (), da.
Q Q
Let ¢ < min{es, €2}, by Lemma 5.2 any stationary solution . to (5.1)-(5.2) is bounded in L?(2)
and for any positive solution u. to (5.1)—(5.2) there exists ¢(u.) so that for all times ¢ > ¢,
cp < HUGHLP(Q) < Cy.
So for all times t > t we have
U1 (2, ae) — U1(2, ue)| < 2(k1]|os sup{Cyp, Cp} = &1,

which implies that for ¢ > ¢

(5.35)

dHMZziw fg/gﬁg(x) <v (M))tmz)v <h—) dr+2(Wo(te) = Wo(ue) )M, 4, [he](t)

U (x) Ue

1 2ekiH, L [h](E) + 2eA /Q (U (2, ) — U (2, 1) e () () da

IN

By (5.27) (5.29), using the definition of ¥, we also have
d
g T [uel (8) = (Po(ue) — Wolue))H, 5, [uc](t) + 6/ (W1 (2, te) — Wi (2, ue))ue () (z) de.

Q
> (Wo(tte) — err — Wo(ue))H, ;. [ue(?).

Since H, ,_[uc] > 0 for allt > 0, we have

dlog(H, ,, [uc])
dt
which combined with (5.35) implies that for ¢ > ¢

Pt <2 [t (v (585)) ) ow (fe e (222050000 e e

+dertH, . [he](t) + 2e)(t) /Q [yt 2)he(2)te(x) da.

() = (To(ue) — err — Wo(ue)),

where Ty (¢, z) := Uy (z,a.) — V1 (z, ue).
Since € < €1, by Lemma 5.6, and by rearranging the terms in the above inequality we get for
t>1

dH ()0 pdlog (M, s, [ue])Q(t) < (—p+dern)H, . [he](t)

(636 TRl o, [ et .

Now, we estimate the last term of the above inequality.

Case p = 1. In this situation, by using the definition of I'; and the Cauchy-Schwartz inequality
we have

T2t 2)| < 1 = Acf[| ]|z sup /kl(w,y)Qderllhestup /kl(z,y)zdy-
e Q xeQ (9]
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Since [|v||2 = \/H,_,, [v], by the Cauchy-Schwartz inequality we achieve for ¢ > bart
Tyt ) < ky/H,, [0 M, |h 1= M)/ H, . [ + /M, . [h]@®)]
RSN VAo 180 My o 10 [10 = MO Ay (1] + /My, 100
< KC Hmjmaﬂu—xwmz+wﬂwjmwﬂ,

where & := sup,cq /[, k1(z,y)? dy.

Case p = 2. In this situation, as above by using the definition of I'; and the Cauchy-Schwartz
inequality, we see that

Ty (t, )] < [1 = N2l[Elloo| [Tcll3 + 2AcllEx [loo |Zcll2 ]| hell2 4 111l oo e (£)]]3-
Sowe get fort > ¢

/rm> (2) < g/ Hy o 1))y Ha o, [RD(E) (11 = 21Tl + 22 acllall Bl + 1R (1)3]
Q

< KC HMJmuﬂu—vawﬁ+@z+m oo, (0]

where £ = [|k1 || oo-

In both case, we can see that there exists x5 and k3 independent of ¢, @, and u. so that we have
fort > t.

(5.37) /n@m@mmwgm'mdumwfvmuw %%WWﬁ
Q
By combining (5.37) and (5.36), we achieve for t > ¢

Gagy TuacldO gy PPl ) (), )
F el WO, )

where k4 := 2Cks and K5 1= 2C’n2n3 + 4k are positive constants independent of ¢, u. and ..
The proof now will follow several steps:

Step One: Since € < €; by (5.30) we have |1 — A\P(t)| < kg for all ¢ > ¢, with k¢ a universal constant
independent of e. We claim that

Claim 5.8. Lef € < €3 := min(eq, €3 1= 5%5), then for all u. positive solution to (5.1)—(5.2) there exists

t" >t so that for all t > t’ we have
7\ 2
qum4u>s2e(§>-f¥@.
ye p

Proof:
Indeed for € < €3 by (5.38) for ¢ > t we have

oo 8O gy, ) 08 (3., [0 (0 < ~20, 0, )0 + ey [Ha o, IO

From the above differential inequality we can check that there exists t{, > ¢ so that

(5.39)

€dkykg

H, 0. [hel(to) <

If not, then \/H, ,_[h](t) > MTMG for all ¢ > t and by dividing (5.39) by \/H,_,. [he](t) and by
rearranging the terms, we get the inequality

(5.40) %JMU%](ﬂﬁgﬁg

p
<
A, 02) =2

H, o [Pel(t) + erake < —€kaks vt > t.
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Thus F(t) = log (H“[J) is a decreasing function which is bounded from below since

1(#)?
Ae < C‘ Moreover /H, . [h](t) > 64”4”6 for all ¢ > t. Therefore F converges as ¢ tends to +oo

and £ — 0. Thus for t large enough, we get the contradiction

€R4K d H, .. [he](t) €R4K
T Hz’ﬂf[’”“dt1 () <5

2,0

p
Let 3 be the set ¥ := {t > tolVHa., | 64“4“6 } Assume that 3] is non empty otherwise

the claim is proved since £ > 1. Let us denote t* : mf ¥.. By construction, since h. is continuous
we have \/H, . [h|(t*) = MT4%‘
Again, by dividing(5.39) by \/H, ,_[h](t) and rearranging the terms, we get forall ¢ € ¥

,Hz,ﬁg [he] (t) )
H, o [u](£)?

< =B, . [h(t) + erarg < 0.

(5.41) o, 1010 510w ;

Thus log (%) is a decreasing function of ¢ for all £ € 3. By arguing on each connected
component of 3 and by using Lemma 5.2 we can check that for ¢ > t* we have

4
o (0 < S s,
. :

o

Hence, since % > 1 we get for all t > ¢y,

€dkykg

<‘>>| Q>

H, a. [hel(t)

IN

p

Step Two: Recall that \.(t) satisfies
Te(uc)e(t)

(5.42) AL(t) =
||U6HL2(Q)

(1= A2(t)) + Ra(t) + Ra(t)

where R; are the following quantity:

(G43)  Ri(1) = %/[\Ile(z,ﬁe)f\PE(z,ue)]ﬂe(x)h(t,x) dx
||u€||L2(Q) Q
) Pk ok o )Pk k ()2 da
(5.44) Ra(t) = (A /Q (; (p))‘e (t)/ﬂke( y)ug " (y)h (t,y)dy> ()" d

Since p = 1 or p = 2 then by Lemma 5.2 and Holder’s inequality, we can see that there exists s~
independent of €, @, ue so that for all ¢ > ¢

(T (1)

(5.45) [R1(t) + Ra(t)| < kr— H,.. [l ().
HUEHL2(9)
Next, we define some constant quantities:
C4
(5.46) 5o 1= — 486
¢ p
(5.47) * = mi { pe L }
. € :=min« €3, ——, ,
’ 16k4k7C " 4K700

By the previous step, we see that for ¢ < €* we have for any positive solution . to (5.1)—(5.2)

there exists ¢’ so that for all t > ¢/
H, . [he](t) < €do.

sUe

We claim that
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Claim 5.9. For € < €*, there exists tes, > t' such that for all t > t.s,

Proof:
First, we can check that for € < €* there exists t* so that for all ¢t > ¢*

|1 = A2(t)| < 2edorir.

Let A, .. € C'((t',00),R") be the solution of the ODE
(5.48) by (t) = Mu +edokr — AP (1), A () = A\(?)
. +eSgry ”UGHLz(Q (Vadrg +eSgry ’ +eSgry € .

Since the above equation is of logistic type and A, ;. (') >0, A (t) = Ay ast — oo where
A+ is the solution of the algebraic equation 1 =+ efor7 — A = 0.

By (5.42) and (5.45), we can check that ). satisfies for ¢ > ¢/

+edorr

(5.49) N (1) > ZUEAD (s e,
Hue||L2(Q)

(5.50) N (1) < 2R (1 1 cgoer — a1y,
Hue||L2(Q)

By the comparison principle, from (5.48) (5.49) and (5.50) we get A5y, (t) < Ae(t) < Ajeson, ()
for all t > t'. Thanks to the convergence of Ates,x- () t0 Ateson, and the monotone behaviour of
Atesyrn, With respect to e we get

Azesorr < Ae(t) < Afoeson, for t>t%,
for some t* > #'. Therefore, for t > t* we have
|1 — )\g(t” S 2650,“&7.

From the latter estimate, since ¢ < e3 we deduce from (5.38) that for ¢ > t*

Pl O g, 10d(0)5 1or ([0 1) < ~ 21, o [hJ0) + 2620000 [Py 0 (1)),

By following the argumentation of Step one, we can show that there exists t.5, > t* such that for

t > tes, we have
860:“&4,%7
2 ue 05

which thanks to e < —25— leads to

— 16k4k7C
M, (1) < .
g
Step Three: Since for all ¢ > t.5,,
My (0(0) < 0,
by arguing as in the proof of Claim 5.9, we see that there exists _s, so that forall ¢ >t_s,
M, [hel(0) < 2

By reproducing inductively the above argumentation, we can construct a sequence (¢, )nen SO

that for all ¢ > ¢,, we have
660

Hz a [he](t) <+

(e - on’
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Hence, when € < ¢* we deduce that

lim H, . [he(t) — 0.

2
t—00 e

O
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APPENDIX A. EXISTENCE OF A POSITIVE SOLUTION

In this appendix, we present a construction of a smooth positive solution of (1.1) The construc-
tion is rather simple and follows some of the ideas used in [13]. First, let p > 1 be fixed and
let us regularised u¢ by a smooth mollifier p. and consider the solution of (1.1)—=(1.3) with initial
condition u. , := p. * uo instead of ug.

Now we introduce the following sequence of function (u, (x,t)),cny Where u,, is defined recur-
sively by ug(x,t) = ug(x) and for n > 0, u,,41 is the solution of

AD P G (A V) (r<x>— / K(x,ynum,y)dy) in R x0
Q
(A.2) 6%"+1(t,x):0 in Rt x99
n

(A3)  upg1(2,0) =uep(z) in Q.

Since by assumption u. g € C(), (un)nen is well defined from the standard parabolic theory
see [8, 23]. Moreover since u¢ o > 0 and 0 is a sub-solution of the problem (A.1)- (A.3) for each n,
by the parabolic strong maximum principle we deduce that w, (z,t) > 0 for all n,z and t > 0.

Now since unand K are non-negative functions, for all n > 0, u, 11 is a subsolution of the
linear problem:

ov

(A4) 5 = V- (A(@)Vv) +r(z)v in RT xQ
(A.5) %(t,x) =0 in Rt x9Q
(A.6) v(x,0) = ug(r) in Q.

and by the parabolic maximum principle, we have u,, < v < [[u§||ooe!ll=t in R* x Q for all n.
Therefore from the standard Schauder parabolic a priori estimates, we deduce that (u,)nen is
uniformly bounded in C1<((0,7),C%*#(2)) for each T' > 0. Thus by diagonal extraction, there
exists a subsequence (uy, )xen Which converges to a solution u(x,t) > 0 of (1.1)—(1.3) with initial
condition u. o.

Let us now take the limit ¢ — 0. By multiplying (1.1) by ¢; and integrate it over {2 we have

d
- (/ ue(t, ©)d1(x) dw) = —)\1/ Uy — K(z,y)o1(x)ue(t, 2)ul (L, y) dyda.
dt \Ja Q axQ

Since u¢, ¢ and K (w, y) are positives in Q it follows that

% (/Q uc(t, 2)p1 (x) dz> < /Q“‘d’l <A1 —Co /Q u5¢)1>,

for some positive constant Cy which depends only on ¢; and K. Thanks to the logistic character
of the above inequality, we deduce that [|u.|| ;1 (o) is bounded uniformly in time independently
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of €. By using Theorem 2.1 and Remark 2.2 with H(s) : s — sP and ¢4, it follows that

+p 5 3 (z) (%(t,x))p {Al QK(z,y)uf(t,y) dy} dz.

As above since u¢, ¢; and K (z,y) are positives in {2 it follows that
dH, ,, [ud(t)
dt

for some positive constants C; and Cy which depends only on ¢; and K. Thus |[ucl/zr(q) is
bounded uniformly with respect to €. Since the coefficient of the parabolic PDE are bounded in
L* independently of ¢, by standard parabolic L estimates [37], it follows that for all T’ > 0, u. is
bounded independently of ¢ in WH21((0,T) x Q) N W,y "1 (0,T) x ), where for p > 1 W2? and
W,y denote the Sobolev space

W22 = {u € LP((0,T) x ) | dyu, Vu, diyu € LP((0,T) x Q)},

Wyt = {u € LP((0,T) x ), 8,u = 0 on Q| dyu, Vu € LP((0,T) x Q)}.

By a standard bootstrap argument using the Parabolic regularity, we see that for each 7" > 0,
(uc) is bounded in C**((0,T), C*#(Q)) independently of e. Thus by diagonal extraction, there
exists a subsequence (ue, )ken Which converges to a smooth solution u(x,t) > 0 of (1.1)~(1.3)
with initial condition ug.

<CiH,, [ud(t) [—A1— CoH, [ud(®)] .
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