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We investigate the set of quantum channels acting on a single qubit. We provide an
alternative, compact generalization of the Fujiwara-Algoet conditions for complete positivity
to non-unital qubit channels, which we then use to characterize the possible geometric forms
of the pure output of the channel. We provide universal sets of quantum channels for all
unital qubit channels as well as for all extremal (not necessarily unital) qubit channels, in the
sense that all qubit channels in these sets can be obtained by concatenation of channels in

the corresponding universal set. We also show that our universal sets are essentially minimal.
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I. INTRODUCTION

The science of quantum information has attracted tremendous interest over the last twenty
years after it was realized that certain computational tasks might be solvable more efficiently on a
quantum computer than on a classical computer [1]. For example, a quantum algorithm exists that
can factorize a large integer in a time polynomial in the number of digits, whereas no such classical
algorithm is known [2]. Other examples of quantum speed-up include algorithms for searching an
unsorted database [3], the hidden subgroup problem [4], the approximation of Jones polynomials
[5], or the solution of linear systems of equations [6] with a recent application to data fitting [7].

Traditionally, quantum information science was mostly concerned with unitary time evolution,
which is appropriate for well isolated quantum systems. An important step in the development of
quantum information theory was the realization that all unitary operations in the exponentially
large Hilbert space of many qubits can be broken down into elementary unitary operations that act
on only one or two qubits at the same time [§]. In fact, the combination of a single fixed entangling
unitary gate that can be applied on any two qubits and the continuous set of all unitary operations
on all single qubits form a “universal gate set”, which is at the heart of the circuit paradigm of
quantum computing [9-13].

However, in reality no quantum system is perfectly isolated from its environment. At the very

least, the need of state-preparation and the read-out of the results require interaction with the



external world. Interactions with the environment lead typically to decoherence and destroy the
quantum effects such as interference [14-16] and entanglement which are vital for the quantum
computational speed-up [17]. But couplings to the environment can also have beneficial effects.
In particular, it is possible to create entanglement through purely dissipative processes [18-20)].
Dissipative processes may be used to effectively confine the dynamics to a part of Hilbert space
where decoherence is strongly reduced (“decoherence-free subspaces”, see [21-25]) and at the same
time enable entangling quantum gates in a simple fashion |26, 27]. Indeed, non-unitary propagation
of quantum states opens up a much larger field of operations, and it is desirable to achieve a
thorough understanding of the set of these “quantum channels”, defined quite generally as linear,
completely positive trace preserving maps of a density matrix [1, [28]. Quantum channels have
also played an important role in terms of error models and for the development of quantum error
correction [29-31].

Given the importance of universal unitary gate sets for unitary quantum computation, one
might expect that simple universal sets of quantum channels might become equally important for
exploring the full power of the most general quantum operations allowed by nature. However, the
set of quantum channels is much larger and has more complicated geometry than the set of unitary
operations [32]. Important early work, long before the rise of quantum information theory, has
provided us with powerful tools that allow us to assess the crucial complete positivity of a channel,
such as the Kraus decomposition [33], the Choi matrix |34], or the Lindblad form of Markovian
equations of motion [35-437]. But the full understanding of completely positive maps, especially
with respect to composition, remains a formidable mathematical problem.

Here we will restrict ourselves largely to single qubit channels. Ruskai and co-workers [38, 139],
and Wolf and Cirac |40] have made important contributions which we will heavily use. Fujiwara and
Algoet provided simple inequalities that characterize the set of all unital qubit channels, i.e. qubit
channels that map the identity matrix on itself |41]. We provide a compact generalization of
these conditions to the general non-unital case where the Bloch sphere is mapped to an ellipsoid
contained in the Bloch sphere. These new conditions have more natural geometric interpretation
than (equivalent) conditions presented in [39] and allow us to classify qubit channels in terms
of their pure output (PO). We show in particular that a PO in the form of a circle of non-zero
radius on the Bloch sphere is forbidden by the requirement of complete positivity. For unital qubit
channels we derive a universal set of qubit channels in the sense that all unital qubit channels can
be obtained by concatenation of channels from the universal set. Furthermore, we provide a set of

universal channels for extremal (but not necessarily unital) qubit channels. Since all qubit channels



can be obtained by simple convex combination (i.e. random classical sampling) of extremal ones,
this essentially solves the problem of a universal channel set for a single qubit.

Very recently, a different approach to universal families of qubit quantum channels has been
pursued in [42]. The authors use universal unitary gates to approximate the unitary appearing in
the Stinespring dilation of a qubit channel (realizing the channel as a unitary evolution on a larger
space). Our approach is more intrinsic, since we do not refer to any dilations of channels. Our
universal set contains only single qubit operations, whereas the CNOT gate, acting on 2 qubits, is
used in [42]. However, the mathematical objects used in [42] are similar to ours: the superoperator
matrix 7' ([3]) and the description of extreme channels, see Proposition [V.2]

We begin with the introductory Section II. and III.A, where we recall well-known facts about
qubit channels and their geometry. In Sections III.B and III.C we present new results about the
minimal set of universal channels for all unital qubit channels. In Section IV.A we derive an
alternative necessary and sufficient inequality that characterizes all non-unital qubit channels. In
Section IV.B we classify all qubit channels by the number of PO that they have . In Section V.

we present new results on universal sets of channels for all extremal qubit channels.

II. PARAMETRIZATION OF QUBIT CHANNELS

Let M4(C) be the set of complex d x d matrices, and Dy C M (C) the set of density matrices,
that is, positive Hermitian d x d matrices with trace one. We denote by Py C D, the set of pure
states (density matrices of rank one), and by Uy the set of all d x d unitary matrices. A channel
O : My(C) — My(C) is a completely positive and trace preserving linear map; in particular,
it maps density matrices to density matrices. We denote by C,; the set of channels acting on a
d-dimensional quantum system.

An important class of channels is the class of unitary channels. These are linear mappings
Oy Mg(C) = My(C) which map p € My4(C) by a unitary conjugation to ®y(p) = UpUT, where
U € Uy. Slightly abusing notation, we shall write U, for the set of unitary channels.

It is known that for a d-dimensional Hilbert space (of, say, k qubits, d = 2F), an arbitrary
unitary operation can be obtained by concatenation of the controlled-NOT (CNOT)-gate and the
continuous set of all single qubit unitaries [§,10-13]. Our aim is to find a minimal set such that any
channel can be realized by iterated application of channels from that minimal set. More specifically,

! After finishing this work we have learned that the main result in Section IV.B essentially follows from the result
on the number of POs of quasi-extreme channels presented in [39] (we would like to thank Mary-Beth Ruskai for

pointing that out). Our presentation of this result only involves elementary geometric considerations.



we have the following definition.

Definition I1.1. A set of quantum channels Fq4 C Cq is said to be universal for a set of channels

Cq C Cq if for all channels ® € Cy there exist channels ®1, ..., 8, € Fy such that
Dd=0,0P, 10---0Py0Py. (1)

The two subsets C; C Cy that we will investigate are unital qubit channels and extremal qubit
channels, to be defined below. The CNOT gate together with single qubit unitaries form a universal
set of unitary quantum channels in the case C = Uj.

For any set of channels F, we denote by (F),, the set of channels generated by n concatenations
of elements from F (as in (), and by (F) the set of all channels generated by F, with no
restriction on the number of concatenations. Our aim is to find a set F, as small as possible, such

that (F) = Cy.

A. Qubit channels

From now on we fix d = 2 and we consider qubit channels ® € Cy. Any state p € M2(C) can
be expanded in the basis of Pauli matrices o; as p = % Z?:o r;0;, where r; € R and o9 = Is is the
identity matrix in My(C). Normalization of the trace trp = 1 implies 79 = 1. The components
ri, © = 1,2,3, form the Bloch vector r = (r1,7r2,r3). Pure states have ||r|| = 1 and form the
Bloch sphere, whereas the set of all other states inside the Bloch sphere correspond to mixed states
(trp? < 1).

Any linear map ® € Cy acting on p = %Ig + %r.a, with o = (01,092,03) = (04,0y,0), can be

represented by a real 4 X 4 matrix 7' that maps the components of r; to new ones,
(1,T/1,Té,Té)t :Tq:. (1,7‘1,T2,7‘3)t. (2)
The most general linear completely positive map of p is then given by [32, 38, 139]

10
Tq> _ 1x3 (3)
te Mq>

with 0143 = (0,0,0), Mg is a real 3 x 3 matrix, and ts € R a vector. It induces an affine map
r' = Msr + to on the Bloch vector. Composition of two channels, ® = ®5 o ®1, implies
My = My, My, , (4)

te = Mq>2tq>1 + ta,. (5)



In the following we drop the index ® when it is clear what channel ts and Mg refer to. Qubit

channels can thus be seen as maps acting on Bloch vectors thanks to the isomorphism
SU(2)/Zy = SO(3). (6)

In particular, the channel ®; corresponding to unitary conjugation with U = exp(i¢n.o) =
cos(¢)Iy + isin(¢)n.o is equivalent to a rotation Ry € SO(3) of the Bloch vector about axis n by
an angle 2¢.

Complete positivity of a qubit channel can be characterized by the positivity of its Choi matrix

Cg. The Choi matriz of a channel ® is defined by
Co = [® ® I5](|Bell)(Bell|), (7)

where |Bell) = %(|00> + |11)) is one of the Bell states for two qubits. Alternatively, the Choi
matrix can be defined by a reshuffling of the indices of the propagator in the computational basis
[32]. A channel is completely positive, if and only if the Choi matrix is non-negative [34]. The
eigenvectors of the Choi matrix yield, after reshaping them to a matrix and multiplication with
the square root of the corresponding eigenvalue, the Kraus operators A; of the channel, defined
through ® : p— Y7, AipAZT-. The minimal number r of Kraus operators is equal to the number

of non-zero eigenvalues of the Choi matrix and is called the Kraus rank [32].

B. Signed singular values for qubit channels

For any matrix Mg, there exist two orthogonal matrices My, My such that the singular value
decomposition (SVD) of Mg reads Mg = M;DMs, with D a diagonal matrix with non-negative
entries. Any orthogonal matrix M is such that either M or —M is in SO(3) (in the latter case
M corresponds to an improper rotation, i.e. a concatenation of a proper rotation with a central
inversion). Let U; € SU(2) be a unitary matrix corresponding to M; via the isomorphism (@) if
M; € SO(3), or corresponding to —M; otherwise. Then Mg = Ry, ARy, with A = D if both M;
and My are in SO(3) or A = —D if exactly one of the M; is in SO(3). The channel ¢ can thus
be decomposed into & = P, o Py o $yy,, where Py, are unitary conjugations and 5 a channel
whose matrix M = A is diagonal. We call the diagonal values of A = diag(A1, A2, A3) the “signed
singular values” of ® [43]. There is of course arbitrariness in the order in which the signed singular
values are labeled. Changing the order of the A; just amounts to changing the order in which the

eigenvectors of Mg appear in matrices Ry,. More precisely, for a permutation of three elements,



say o = (123), we consider the permutation channel ®, defined by

001
M,=1100 (8)
010

and t, = 0. This channel allows to permute the eigenvalues of a matrix M. Namely, if A =
diag(A1, A2, A3), we get MJAM(I = diag(As, A1, A2). Moreover, one can simultaneously change the
signs of (exactly) two singular values of D by concatenating with a unitary channel. For example,

concatenation with e'7?#/2 = diag(—1, —1,1) changes the signs of A\; and \s.

Summarizing, up to unitary rotations, any qubit channel can be written as

10 0 0
1A 0 0

Tp=| """ : (9)
ta 0 Xy O
t3 0 0 A3

where Ap = (A1, A2, A3) is the vector of (signed) singular values of the matrix M from (@) and
te = (t1,t2,t3) are the coordinates (in the Pauli basis) of ®(/3/2). In the next section we consider

the simpler case of unital qubit channels, for which ts = 0. We shall turn to non-unital channels

in Section [Vl

III. UNIVERSAL SET OF UNITAL QUBIT CHANNELS

A. Geometry of unital channels

Unital qubit channels ® are defined as channels which leave the fully mixed state py = I/2
invariant. In the representation (3]), a channel ® is unital if and only if tg = 0. Using ®(0;) = \;0;
for i = 0,1,2,3 with A\g = 1, we obtain the Choi matrix (7]) in the computational basis for unital

qubit channels,

14 A3 0 0 AL+ A2
0 1—2A3 A1 — Ao 0
0 Al—Ay 1—2A3 0
AL+ Ao 0 0 1+ A3

9!
o
I
=

~—~

—_

=
~—



Using the obvious block-structure of Cg, its eigenvalues qq, ¢1, g2, ¢3 are easily computed as

g = (14 M\ + Ao+ A3)/4 (11)
= (14 A — A2 — A3)/4 (12)
= (1= A+ A2 — Ag)/4 (13)
g3 = (1= X — hy+ A3)/4. (14)

According to Choi’s theorem [34], the linear map @ is completely positive iff its Choi matrix Cs is
positive, i.e. ¢; > 0,7 = 0,1,2,3. These four inequalities are exactly equivalent to the celebrated

Fujiwara-Algoet conditions (FAC) for the complete positivity of a unital qubit channel [41],

1+ A3 Z‘)\l—i-)\gf
1—=X3 > A — Aol

(15)

The FAC (I3]) provide four inequalities; equality in any one of them is equivalent to ¢; = 0 for
some i. Note that similar conditions were obtained in [41] for a particular subclass of non-unital
channels, but we shall address this question in Section [V Al

To each channel of the form (@) one can associate a point in R? specified by its coordinates
(A, A2,A3). Let Vi = (1,1,1), Vo = (1,—-1,-1), V3 = (—1,1,—1), and V4 = (—1,—1,1) be four
points in R3. Point V; corresponds to the identity channel; points V;, 2 < i < 4, correspond
respectively to deterministic bit flip, bit-phase flip, and phase flip [32]. The vertices Vi, Vs, V3, V}
define a regular tetrahedron 7. Rewriting relations (I])-(I4]) as

A 1 1 -1 -1
|l=wl|l|+a|-1]+q¢]| 1 |+geg]| -1 (16)
A3 1 1 1 1

=qoV1 + q1V2 + q2V3 + q3Va, (17)

one can interpret the FAC (I5]) geometrically by saying that the signed singular values \; of a
quantum channel ® must lie inside the tetrahedron 7. Equality in one of the four inequalities (I3])
defines a face of T.

Because of the arbitrariness in the ordering of the A; mentioned in the previous section, distinct
points of 7 can be exchanged with one another via permutation channels. Moreover, rotation by
an angle m about any of the three coordinate axes z, y or z flips the signs of the two coordinates
corresponding to the directions perpendicular to the rotation axis. Starting from the identity

channel represented by Vi, concatenations with unitary channels allow to reach the channels ®;



represented by points V;. Therefore, the four vertices of 7 are equivalent up to unitary transfor-
mations. Note that an ”inversion channel” with A = —V; cannot exist, since the corresponding
Choi matrix is not positive. However, there are channels with all entries negative, e.g. the one with
A=(-1,-1,-1)/3 [40].

There is a connection between the Kraus rank of a channel ®, defined in[[TAl and the dimension

of the boundary on which its representing point lies:

Proposition II1.1. For all unital qubit channels ®, the Kraus rank of ® is one plus the dimension
of the face of the tetrahedron T to which the point A = (A1, A2, A3) belongs. Namely, rank-one
channels (unitary conjugations) correspond to the vertices of T, rank-2 channels correspond to
interior of edges, rank-8 channels correspond to interior of faces and full-rank channels to the

interior of T.

Proof. Since positivity of the Choi matrix is equivalent to complete positivity of the qubit channel,
a single vanishing ¢; defines a face of the tetrahedron. Two vanishing ¢;s give the intersection of
the corresponding two faces, i.e. an edge, and three vanishing ¢;s a vertex. If no g; is zero, we have
a generic point inside the tetrahedron. Since at the same time the number of non-vanishing g;s is

the Kraus rank of the channel (the rank of its Choi matrix) the result holds. O

In the following subsections, we investigate the decomposition of qubit channels with given

Kraus rank.

B. Edges of tetrahedron

As mentioned above, all edges of 7 are equivalent up to permutation of the vertices. Therefore
we only need to consider one of the edges, e.g. the edge V;V4. Points belonging to this edge
correspond to channels ®pp(t) given by M = diag(l — 2¢t,1 — 2t,1), t € [0,1]. These are phase
flip channels, where the probability for a phase flip (conjugation with o) is equal to ¢t. This
follows from the fact that the vertex V7 corresponds to the identity channel, whereas the vertex V4

corresponds to a unitary conjugation by the o, Pauli matrix, giving
Opp(t) : pr— (1 —t)p+to,po,. (18)

The entire edge represents the set Fpp = {®pp(t),t € [0,1]}. More generally, for 0 < T < 1/2, we

define the restricted set

-FPF(T) = {CI)PF(t)v te [OvT]} (19)
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Note that the set {®pr(1 —1t), t € [0,T]} can be obtained from the set Fpr(7) by unitary conju-
gation with U = exp (i §o.). Since unitary channels are included in our minimal set F, it suffices
to generate channels corresponding to the half-axis 7' = 1/2. In the case of phase flip channels, we

have the following technical result.

Lemma II1.2. For any fired 0 < T < 1/2 and a given mazimum number n of concatenations, one

has
Fpr(T) C (Fpr(€))n - (20)
with e = (1 — (1 —2T)'/").

Proof. Concatenation of n phase flips, ®pp(e)”, leads to the M matrix M = diag((1 — 2¢)", (1 —
2¢)",1). For any fixed T with 0 < T < 1/2, the first two entries are equal to 1 — 27" when
e=1(1—(1—27)"/™). Since this is an increasing function of T, for any ¢ € [0, 7] there exists a
g’ < e such that ®pp(t) = Ppp(e)™.

U

If one does not place any limit on the number of concatenations, the situation is much simpler:

for any € > 0, we have
{®pr(t), t €[0,1/2)} = (Fpr(e))- (21)

Together with unitary channels, this set generates all phase flips along the edge V;V}, apart from
the 1/2-phase flip channel. In fact, ®pp(1/2) must necessarily be included in the universal channel

set, because of the following result.

Proposition III.3. For any decomposition ®pp(1/2) = P9 0 @y, at least one of &1 or Pqy is
unitarily equivalent to ®pr(1/2).

Proof. Let ®pp(1/2) = ®20®P; be such a decomposition, and let M 2 be the 3 x 3 matrices defining

the channels ®; 2. One has

000
Mpris2) = [0 0 0| = MM, (22)
001
and thus 1 = ||Mpp(1/2)|l < [[Mi]||| M|, where || - || denotes the usual operator norm |[M|| =

sup, |[Mx|/|xz|. Since both norms of Mj 5 are smaller than or equal to 1, it must be that ||M;| =
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| Ma|| = 1. Without loss of generality, we can assume that A3(M;2) = 1. Using the Fujiwara-Algoet
conditions, this implies that the signed singular values of M; and Ms are of the form (a,a,1) and
(b,b,1) respectively, for some a,b. Taking the determinant in Eq. (22, one gets ab = 0, so that one

of My or My must be equal to the initial phase flip channel ®pp(1/2), up to unitary conjugation. [

As mentioned, all the edges are obtained by switching the signs of eigenvalues, permuting
the eigenvalues, or by combination of the two procedures. This way, we only need to include
Fpr(e) U {®pp(1/2)} in our universal set of quantum channels. We gather the results in this

subsection in the following proposition.

Proposition III.4. The unital qubit channels situated on the edges of the tetrahedron T can be
obtained by the concatenation of channels from the following edge-universal set (€ is an arbitrarily

small positive constant):

Geage = Fpr(e) U{Ppr(1/2)} Ulhs. (23)

C. A universal set of unital qubit channels

In the seminal paper [40], the divisibility of quantum channels was investigated. A quantum
channel ® € C; was called indivisible if every possible decomposition of the form & = ®5 o @4 is

such that one of the ®; is a unitary conjugation. We recall one of the main results from [40)].

Proposition ITL.5 ([40], Theorem 23). A non-unitary qubit quantum channel ® € Cs is indivisible
if and only if it has Kraus rank 3.

Therefore, any universal set of qubit channels must include the indivisible channels represented

by the faces of the tetrahedron. We shall denote by Zy the set of all indivisible qubit channels
Zy = {® € Cy : ® has Choi rank 3}. (24)

According to Proposition [IL5] all channels on the edges of the tetrahedron are divisible. How-
ever, divisibility does not guarantee reduction to a more basic set of channels. For instance,
the phase flip channel ®pp(1/2) is divisible in the sense of proposition [ILE, as ®pp(1/2) =
Ppp(1/2) 0o Ppp(1/2).

We now state the main result of this section, an e-small universal set of unital qubit channels.
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Theorem II1.6. For any € > 0, the set

GF =Tr UGy (25)

=TZo U Fpr(e) U{Ppr(1/2)} Uls (26)

is a universal set of unital qubit channels. It is minimal in the sense that all elements of T and

{®pr(1/2)} are needed, as well as a channel Ppp(e’) where & < e.

Proof. According to Proposition [IL4], the set Fpp(e) U{®Ppr(1/2)} together with unitaries, gener-
ates all channels on the edges of the tetrahedron, i.e. all Kraus rank 1 and 2 channels. The set Zo
contains all Kraus rank 3 channels. It remains to show that the union of these two sets generates
all the Kraus rank 4 channels (interior of the tetrahedron). To this end, consider the four edges
e1,...,eq of the tetrahedron with e; = Vi Vs, ea = ViV3, e3 = ViVs, and ey = V4 V3, connecting
vertices (V1,Vy) to vertices (V3, V3). The plane representing the set of channels with fixed A3 = z,
z € [—1,1], intersects these four edges in four points Ay, ..., Ay, respectively, with A; = (1, z, 2),
Ay = (2,1,2), A3 = (—2z,—1,2), and Ay = (—1,—2,2). These four points form a rectangle, see
Fig. [

Consider the set of channels Ry = {®(s,z),s € (0,1)} C Zy, where ®(s,z) is the channel
associated with the matrix T of the form @) with t = 0 and M = M(s,z) = diag(l + s(z —
1),z + s(1 — 2),2) defined by the edge A; Ay of the rectangle with given z. The concatenation
(s, z) o Ppp(t) with ®(s, z) € Ry and Ppr(t) € Fyyv, (top edge) has the M matrix M = diag((1—
26)(1+ s(z—1)), (1 = 2t)(z + s(1 — 2)),2). At fixed s the two points corresponding to t = 0 and

t = 1 are on the edge A1 A5 and AgAy, respectively, and are diametrical with respect to the centre
of the rectangle at (0,0, z). Because as t varies it linearly interpolates between these two points, it
fills a line connecting the two points. Therefore, when varying s € [0, 1] and t € [0, 1], the channel
®(s, z,t) completely fills a bow-tie shape (brown/dark-colored region in Fig. [Il), corresponding to
half of the rectangle A3 A3A3A4. The other complementary half of the rectangle (green-colored
region in Fig. []) is obtained in a similar manner by concatenating channels from the edge AsAy
described by M (s, z) = diag(z+s(—1—z), 1+s(—z—1), z) with channels ®pp(t) from Fy;y,. Varying
s, z,t over their allowed ranges fills the entire tetrahedron. Since ®(s,z) € Iy for z € (—1,1) and
s € (0,1), and since, according to Proposition [IL.4] all the channels from the top and bottom
edges of the tetrahedron can be obtained from Fpr(e) and ®pr(1/2), this completes the proof of
the universality part of the theorem.

Regarding the minimality of the set G%, note that any universal set needs to contain Z, (in-

divisible channels) and ®pp(1/2) (because of Proposition [IL3]). All that remains to be shown is
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Ay

FIG. 1. The Fujiwara-Algoet tetrahedron 7 of admissible signed singular values of a quantum channel
with a section A;AsA4As, corresponding to A3 = 1/2, and the bow-tie regions obtained by concatenating

channels from the edges. For details see the proof of Theorem [[I1.6]

therefore that any universal set also needs to contain phase flip channels of arbitrarily small param-
eters. To this end, consider a non-trivial decomposition of a phase flip channel ®pp(e) = P4 0 ;.
As in Proposition [TL3] since the matrix M associated to the phase flip channel ®pp(c) has op-
erator norm 1, both ®; and ®5 need to be, up to unitary conjugations, phase flip channels also,
of respective parameters 01, d9. Taking the determinant in the equation M = MyM;, we get
(1 —2¢)% = (1 —201)%(1 — 252)?, so that at least one of 41 2 has to be smaller than e. Therefore,
any universal set needs to contain ®pp(d) with § < ¢, finishing the proof for the optimality of the
set G°. O

IV. GEOMETRY OF NON-UNITAL QUBIT CHANNELS

We now consider the more general case of non-unital channels. We first provide two relatively
simple forms of generalized Fujiwara-Algoet conditions which allow one to determine the combina-
tions of t and M that represent completely positive maps. We use these conditions to subsequently

classify qubit channels by their pure output (PO). Such classification is useful because concatena-
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tion of channels results in a channel whose number of pure state outputs can be at most equal to

the minimal number of pure state outputs among the used channels.

A. Condition for complete positivity of non-unital channels

The Choi matrix (7)) for a general qubit channel with a 7" matrix of the form (3) is given by [32]

(14 A3 +t3) 0 $(t1 +ito) Mty
Cp = 0 F(1— A3 +t3) /\1;2)‘2 $(t1 +its) . (27)
Lty —it) Ao 21— X3 —t3) 0
At St —ita) 0 (14 A3 —t3)

By a simple change of basis RCoR!, with

100 1

R:LOllO, (28)
V20 —ii 0
100 -1

the Choi matrix can be rewritten as
40 t1 t2 i3
1] t1 4q1 itz —ity
2|ty —ity 4qy ity
ts ity —it; 4qs
where ¢; are the linear combinations of \; introduced in (II])-(I4]). Note that a necessary condition
for Cp > 01is ¢; > 0 for all i = 0,...,3, so that \; still satisfy the original FAC conditions (I]).
The following result generalizes the FAC to the case of non-unital channels, beyond the simple case
where only one of the t; is non-zero. Equivalent necessary and sufficient conditions were obtain in
[39, Corollary 2], in the form of three inequalities; we claim that our re-formulation has a more

natural geometric interpretation.

Theorem IV.1 (Generalized Fujiwara-Algoet conditions). Let ® : My(C) — My(C) be a non-
unital linear map whose matriz in the Pauli basis is given by @)). Let t = |[t|| and u = t/t the
corresponding unit vector. Then the map ® is a quantum channel if and only if

¢ >0 1=0,1,2,3 and

t*<r—/r2—yq, (30)
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where the q; are defined in ([I))-(I4) and

r=1-> A+2> ANu?, (31)
3Z 1
g =256 ] a. (32)
=0

Proof. Since trace preservation of the map ® follows from (@), the only property that needs to be
checked is complete positivity. By Choi’s theorem, ® is completely positive if and only if the Choi
matrix Cg is positive. The characteristic polynomial p(x) = det(Cep — x1y) of Cg reads

b
p(z) = a* — 22° + %:pz — g+ detCo, (33)

where

a:3—Z)\?—t2 (34)

b=1-) A —t"+2\X) (35)

(2

det Cp = %(# _ o2 4 g). (36)

Since Cg is Hermitian its roots are real. By Descartes’ rule of signs, all roots x; are positive iff the
coefficients of the powers of x change sign from one coefficient to the next, that is, iff det Cg > 0,
a >0, and b > 0. Since ¢; are diagonal elements of Cg in (29]), a necessary condition for positivity
of Cg is that ¢; be all positive, that is, A; lie within the tetrahedron T of admissible values of the
unital case. As ¢; > 0 (i = 0,...,3) implies [\;| <1 (i = 1,...,3) and thus |[]>_; \s| < 1, one
always has a > b, thus condition a > 0 is a consequence of b > 0. We are therefore left with just

two generalized Fujiwara-Algoet (GFA) conditions,

detCp >0 < t'—2rt? +¢>0, and (37)

b>0 & 2<1—) M+2\h;. (38)

(2
Note that these conditions only depend on the square of the t;, whereas the signs of the A;
matter. Condition (37) is a polynomial of degree 2 in t?, whose discriminant r2 — ¢ is always
positive. Indeed, let A3 be the signed singular value with the smallest absolute value; then r, as a

function of u, reaches its minimal value which is 7, = 1 — A2 — A2 + A3. Therefore,

r2—qg>r2 —qg=4\X —AX3)2 > 0. (39)
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Because of positive discriminant the polynomial in (37)) has two real roots r + /7% — ¢ and, due

to positive coefficient in front of ¢4, the condition (B7) is thus satisfied iff

2<r—+r2—qgor ?>r++r2—gq. (40)

We shall now show that the condition b > 0 selects the left root as the relevant one.

It turns out that, fixing A;, for any value of the u; two further inequalities hold,
r—\/r2—q§1—2)\?+2)\1)\2)\3§7‘+\/7’2—q. (41)
i

To show these, one first notices that the quantities r — m and r + m are, respectively,
decreasing and increasing functions of r (r — m is decreasing because, taking a derivative,
we get the condition \/7"2——(1 < r, which is always satisfied within the tetrahedron). Therefore,
r— m is always smaller than or equal to Tmin — 4 /rrznin — ¢, while r+ m is always larger
than or equal to rmin + 4/ Tﬁlin — ¢, where rpin =1 — )\% — A% + )\g is the smallest possible value of r
when u; varies (we again denote by A3 the one with the smallest absolute value). Inequalities (41)

will therefore follow if we show that

Tmin — ”Trznin —q < 1-— Z)\? + 2)\1)\2)\3 < Thmin + \/Tglin — (. (42)
i

Showing (@2) is equivalent to showing f— > 0 and fy < 0, where we defined fi =1 — Y, \? +
2201223 — (Pmin & /72, — ¢). Plugging explicit expressions for ¢ = (1 4+ A + Ao + Ag)(1 + Ay —
Ay — )\3)(1 — A+ Ao — )\3)(1 — A — Ao+ /\3) and rpi, = 1 — /\% — )\% + )\% into f4, and simplifying,

results in

Fo=2A1he — Azl + 2X3(M A2 — A3),
Fr = —=2[M A2 — Ag| + 2A3(A1 A0 — A3). (43)

As |A\3] <1, indeed f— > 0 and fi < 0. Inequalities ([42]) are therefore true, and so are (4I]). The
logic of the two directions of the proof of Theorem [V 1l can now be seen summarized as follows:

1.) If ® is a quantum channel, then Cg > 0 and thus inequalities (7)) and (38]) hold. In addition,
since ¢; are the diagonal matrix elements of Cg in an appropriate basis (eq.(29])), we also have
¢; > 0 and thus ¢ > 0 which implies inequalities [@IJ). Since by B8) t2 <1 — > A2+ 22X A2 )3, we
have from (&) that t2 <1 — > A2+ 20 0003 <7 + m Therefore, the second inequality in
(@Q) is satisfied only when 2 = r + m This equality implies equality in the second inequality
of (Il), which in turn implies that r = ry,. Therefore, f1 = 0 and thus |\;| = 1 which corresponds

to a unitary, and thus unital, channel, which is excluded in the statement of the Theorem. The
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only remaining possibility is that the left inequality in (0] be satisfied. In any case we have that
Cg > 0 which implies 22<r— m and ¢; > 0.

2) Ift2 <r— m we have from (0] that det Cy > 0. Furthermore, since by assumption
¢; > 0, inequalities (@I are valid and we have thus t? < r — m <1-3, )\? 4+ 2X1A2A3. The
latter chain of inequalities implies by (38]) that b > 0, which together with det Cy > 0 gives Cp > 0

and thus the complete positivity of channel ®. O

Let us make now some remarks on the conditions appearing in the theorem above. First, note
that we exclude unital channels (¢ = 0), since in that case the vector u is not defined; one can use
the usual Fujiwara-Algoet conditions (I5]) in that case. Also, note that for any fixed set of A;, the
condition det Cgy > 0 is necessary, but not sufficient. The set of translation vectors t satisfying
det Cy > 0 is composed of a bounded part corresponding to t? < r — m, and an unbounded
part with t2 > r + \/7’2——(] The second condition b > 0 then selects t? < r — m as the one
resulting in a completely positive map.

Conditions equivalent to (B0) were already found in [39, Corollary 2|, in the form of three
inequalities. Inequality (B0]) gives the maximal modulus square of the translation vector t of the
ellipsoid compatible with positivity of C's. This has a very natural geometric interpretation: it gives
the maximum displacement of a given ellipsoid in a given direction such that the corresponding
linear map is completely positive. In particular, if one of the ¢; is zero (i.e., the corresponding
channel is represented by a point on a face of the tetrahedron), then ¢ = 0 and the condition (30
implies that one must have t = 0. The implication holds in the opposite direction, namely, if the
GFA conditions (B0 only allow t = 0, then ¢ = 0. Thus, one of the g; vanishes, implying that X is
a point on the surface of the tetrahedron. As soon as A is within the tetrahedron the right-hand
side of the GFA condition (30]) is nonzero and also non-unital channels with such \s exist.

Note also that in the particular case discussed in [41], where t; = to = 0 (so that, in our
notation, u; = ug = 0 and ug = 1), the quantity m appearing in the second equation in (30)

simplifies to
V12 —q=2[A3 — M, (44)
in such a way that (30) is equivalent to the (generalized) FAC

t5 < (14 X3)” — (A + A% (45)
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B. Classifying channels by their pure output

The goal of this subsection is to classify all qubit channels by the number of pure outputs
that they can have. Our main result, Theorem [V.9] prohibits qubit channels (apart from unitary
conjugations) that would have more than 2 pure outputs. We prove the theorem by elementary
geometric means, however, note that it follows also from the results presented in [39]. Namely,
it has been shown [39] that extreme or quasi-extreme channels (i.e., those from the interior of
tetrahedron edges) that are not unitary conjugations can have at most 2 pure outputs. Because
every channel can be written as a convex combination of extremal channels, as soon as one of the
channels in the convex sum is not a unitary conjugation, at most 2 pure outputs are possible. If we
have a convex combination of unitary conjugations only, then we know that a convex combination
of two unitary conjugations is a quasi-extremal channel, again having at most 2 pure outputs,

leading to the same conclusion.

Definition IV.2. The pure output (PO) of a quantum channel ® is the set of pure states in the
image of ®:

PO(®) = &(Dy) N Py. (46)

Recall that Dy is the set of density matrices and Py C Dy the set of pure states.
The pure output of a unital channel inherits the central symmetry of the output ellipsoid in the

following precise sense:
Lemma IV.3. The pure output of a unital channel ® is centrally symmetric, i.e.
1 1
p(r) = 5(12 +r.0) € PO(®) < p(-r) = 5(12 —r.0) € PO(D). (47)
Proof. Since both ®(Dy;) and Py are centrally symmetric, so is their intersection. O

In the following we show that quantum channels can be classified according to their pure output.
An arbitrary single qubit channel maps the input states — a Bloch ball — to output states within
a shifted ellipsoid [38, [39]. Therefore, we start by proving the following elementary Euclidean
geometry results that will help us understand possible intersections between a sphere and an
ellipsoid. In what follows, we shall abuse language and say that a set is contained inside a circle

(resp. a sphere) if it is a subset of the corresponding disc (resp. ball).

Lemma IV.4. Let C be a circle in R? and consider an ellipse E contained inside the circle. If

the intersection C N E contains three distinct points M, N,O, then E = C.
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Proof. This immediately follows from the fact that an ellipse (and, more generally, a conic section)
is uniquely determined by the condition that it passes through three non-collinear points and is
tangent to two given lines passing through two of these points (for a proof, see [44], p. 114).
Since the hypothesis implies that both £ and C have this property, one must have £ = C by

uniqueness. O

Lemma IV.5. Let S be the unit sphere in R3 and consider an ellipsoid E contained inside the
sphere. If the intersection S N E contains three distinct points M, N, O, then it contains the circle

determined by those three points.

Proof. Consider the plane determined by the points M, N, O. Its intersection with the sphere S
defines a circle C and its intersection with the ellipsoid E defines an ellipse F'. Obviously, M, N,O €
CNF and F is inside in C. Using lemma [[V.4] we have C = F', which is the conclusion. O

Proposition IV.6. Let S be the unit sphere in R? and consider an ellipsoid E contained inside

S. Then, the intersection S N E is one of the following:

~

. the empty set;

o

a point;

o

two points;
4. a circle;
5. the whole sphere S.

Proof. Using the previous lemma, we only need to consider the case when the intersection contains
4 non-coplanar points M, N, O, P and to show that the ellipsoid coincides with the sphere. By the
results already proved, the intersection contains in fact the whole circle C' determined by M, N, O.
Let @ be any point on the sphere; we will show that () belongs to the intersection S N E. To this
end, consider the plane determined by the points P, and F', where F' is the center of the circle
C. This plane cuts the sphere in a circle C’, which intersects C in two points X and Y. Since
X,Y and P belong to the intersection S N E, so does the circle C’ (by Lemma [V.5]), and thus, in

particular, the point @, finishing the proof. O

The case of an intersection in the form of a circle can be further restricted. First, we state the

following lemma, which is Theorem LXXIII in the Supplement of [45].
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Lemma IV.7. Let C be a circle and E an ellipse contained inside the circle and touching the circle
from the inside in exactly two points P,Q. Then the large ellipse axis is parallel to PQ, while the

line of the small axis bisects the segment PQ).
A circle intersection is now of the following type.

Lemma IV.8. The only way for an ellipsoid E with half axes 0 < a,b,c < 1 to touch the sphere S
from the inside in the form of a circle of non-zero radius, is to have an ellipsoid that is rotationally

symmetric about one of its three axes and displaced in the direction of this axis.

Proof. Let us call P the plane containing the touching circle and C' the circle centre. We orient
the z-axis of R3 so that it is perpendicular to P and passes through C, while the origin O of R3
is the center of the sphere S. First, we shall show that one of the ellipsoid’s axes has to be the
z-axis. Then we will show that the ellipsoid has to be rotationally symmetric about the z-axis.

Let us consider an arbitrary plane R containing the z-axis. Such a plane cuts the sphere S in
a circle, while it cuts the ellipsoid F in an ellipse. It also contains two points M and N from the
intersecting circle C'. Therefore, in plane R one has an ellipse that touches a circle from inside in
exactly two points, M and N. Note that the z-axis bisects the segment M N perpendicular to it.
From Lemma [V.7] it follows that the small ellipse axis is the z-axis. We shall consider now two
such particular planes R.

First, choose R; to be the plane containing the z axis and the center L of the ellipsoid. It is a
known fact that the intersection of the ellipsoid E with the plane passing through its center L is
an ellipse with center L. Since the small axis of the ellipse is Oz, we infer L € Oz, so the center of
the ellipsoid lies on the z axis.

Let us now choose a second plane R, containing the z axis (and thus the center L of F) and
the smallest axis of the ellipsoid E. The intersection £'N Ry contains the points X, Y which are the
antipodal points (L is the middle of XY") closest to each other of E. They are also the points closest
to each other and symmetric with respect to L of the ellipse £ N Ry. It follows that X,Y € Oz so
that one of the axes of the ellipsoid is the z axis.

Points on the surface of the ellipsoid E therefore satisfy

2 2 2
z Y (2 — 20)
toat 2

— =1 4
a2 b ) (8)

while the touching circle can be parametrized as (r cos ¢, r sin ¢, z1) with some nonzero r and fixed

z1. For any ¢ these points should lie on the surface of the ellipsoid, therefore

2
r2 + (a®/b* — 1)r?sin® ¢ = a® — 2—2(,21 — )2 (49)
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FIG. 2. Different ellipsoids inside the Bloch sphere with, respectively, empty, 1 point, 2 points and circular
pure outputs that could be possible from purely geometrical considerations. The circular case does not

correspond to the output of a completely positive quantum channel.

should hold. The RHS is independent of ¢ and so should be the LHS. Therefore, we conclude that
a = b. The ellipsoid must be rotationally symmetric, and its displacement can be only along the

symmetry axis Oz. O

One might think that qubit channels can realize the five different types of pure output suggested
by Lemma However, we will now show that this is not the case. Rather, the following result
holds (see Figure [2)):

Theorem IV.9. Let ® € Cy be a qubit channel. One of the following holds:

1. PO(®) =0, the channel has no pure output, all output states are mized;
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2. PO(®) = {&}, &€ € Pq, the channel has a unique pure output &;
3. PO(®) = {¢,(}, & ¢ € Pa, the channel has exactly two pure outputs &, (;

4. PO(®) = P, all pure states are outputs of ®. In this case, ® is a unitary conjugation

®(X) =UXUT, for some unitary matriz U.

Proof. The only allowed forms of pure outputs have the geometric forms given in Proposition [V.6l
Examples of pure outputs different from a circle are easily found [32]: The fully mixing channel
p — I»/2 maps the entire Bloch sphere to its center so that the pure output is the empty set. A
decaying channel leads to an ellipsoid that touches the sphere in the South pole and nowhere else.
A phase flip channel ®pp (see eq.(I8])) shrinks the Bloch sphere in z and y-directions, but leaves
the z-direction untouched, such that the resulting ellipsoid touches the Bloch sphere in the North
and South poles and nowhere else. Finally, unitary conjugation corresponds to a rotation of the
Bloch sphere, and thus has as pure output all pure states Po. It remains to be shown that a pure
output in the form of a circle on the Bloch sphere does not correspond to a completely positive
qubit quantum channel. According to Lemma[[V.8] the demonstration can be reduced to quantum
channels with t; = t, = 0 and |\1| = |A\2| = a, |\3] = ¢. Note that a, b, ¢ are geometrical quantities
(half-axes of the ellipsoid) and are always positive, whereas the signed singular values \; can have
either sign. In order for the ellipsoid to touch the sphere in a circle (and thus at z% + y? > 0),
one needs ¢ < a. Due to rotational symmetry we need only consider the plane y = 0 in order to
obtain a relation between t3, a, ¢ required for the ellipsoid to touch the sphere from inside. The z

coordinates of the ellipsoid and sphere in the upper half space read, respectively,

ZE:C\/l_(m;t1>2_<y—bt2>2+t3 50)
zg=/1—22— 2. (51)

If FE touches S in a point x,y, 2z, we must have zg = zg = z in that point, and the tangential planes

to S and E in that point must be identical. Two non-trivial solutions of the touching condition

dzg/dr = dzg/dx are then found as x = £ 25:22 In order that the solutions be real, we need

¢ < a®. Reinserting this into the second touching condition zr = zg leads to the shift

VA==

a

ty = (52)

The GFA condition (B0) in the present case reads t*> < (c+ 1)? —4a?, where & comes from the two

possible signs of 3. Since here 2 = t% and

2+ 2ca? — 3a*
2

(c+1)? —4a® —t3 = <0 (53)

a
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for any ¢ < a?, the GFA condition can never be satisfied, and thus the solutions are not qubit
channels. Therefore there is no quantum channel with a pure output in the form of a circle on the

Bloch sphere. U

Note that when comparing Proposition with Theorem [V.9] one sees that the case of the
circle is not physical, i.e. there is no completely positive map which has a circle as the pure output
set. This is a generalization of the “no pancake” theorem, which states that there is no qubit
quantum channel that maps the Bloch sphere to a disk touching the sphere (see [46]).

Channels of type 3 in Theorem [V.9] can be either unital or non-unital. For distinguishing the

two the following proposition is useful.

Proposition IV.10. If the two output states &, ¢ in type 3 states from Theorem[IV.9 are orthogonal

(i.e. antipodal on the Bloch sphere), then the channel is unital, otherwise it is non-unital.

Proof. The two most distant points on an ellipsoid are on its largest axis, so the center of the
ellipsoid is the middle of the segment £(, i.e. the center of the Bloch sphere, if £, ( are antipodal.
It follows that the channel must be unital, ¢t = 0.

The other direction follows from Lemma[[V.3t the pure output is non symmetric, so the channel

cannot be unital. O

Lemma [[V.3] can be used to show that all channels with one PO, i.e. of type 2 in Theorem [V.9]

are non-unital. Channels with zero PO can be either unital or non-unital.

V. UNIVERSAL SET FOR EXTREMAL QUBIT CHANNELS

We investigate in this section the important role extremal quantum qubit channels have to play
with respect to divisibility and universal families.
For general dimensions, necessary and sufficient conditions for a quantum channel to be extreme

have been found by [47], using ideas from [34].

Theorem V.1 (|47]). A quantum channel ® having Kraus operators {A;}¥_, is an extremal point

of the convex set of quantum channels iff the set of matrices {AIAj}ﬁjzl 1s linearly independent.

This result was used in Ref. |39] to provide a more geometric picture in the qubit case, which

we recall below.
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Proposition V.2 ([39]). A map ® : Ms(C) — M3(C) as in @) is an extremal quantum channel

if, up to some permutation of indices,

A3 = A1 s, (54)

t3=(1-A)(1-2X), t1=t2=0. (55)
This is equivalent to the existence of angles u € [0,2m) and v € [0,7) such that

A1 = cosu,
Ao = cos v,
A3 = COS U COS v,

t3 = sinu sin v. (56)

Without sacrificing generality one can assume |A1| > |A2| in the above parametrization. Channels
with u =0 and v # 0 are the phase flip channels considered in Section [[ILB; they are not extremal

channels and must be excluded from the set of parameters above.

For generic angles such a channel maps the Bloch sphere to a shifted ellipsoid that touches the
sphere in two points (the two points might degenerate to one point for some special values of the
angles). As shown in Ref. [39], two pure input states at points (+cos#,0,sin#) are mapped to
two pure output states at points (£ cosw,0,sinw). Angles § and w can be interpreted as latitudes
of the pure inputs and outputs. They are related to u and v by sinf = tanwu/tanv and sinw =
sinu/sin v, or, inversely, channel matrix elements are cosu = cosw/ cos #, cosv = tan 6/ tan w and
t3 = (cos? § — cos® w)/(cos? fsinw). Sometimes it will be more useful to use a parametrization with
angles 6 and w instead of u,v.

Regarding the signs of generalized singular values A\; we can see that either none or two can
be negative, while t3 can be either positive or negative. Because we are interested in channels
obtained by concatenation, and because we always allow for any number of unitary conjugations,
we can always remove any negative signs in \; or ¢3 by unitary channels, as the following lemma

shows.

Lemma V.3. Any extremal qubit channel ®, written in the canonical form of Eq.(320), can be
transformed by unitary conjugations into an extremal channel ® of the same form, but with all \;

and t3 non-negative.

Proof. Let ®;; denote a channel corresponding to a unitary conjugation. Unitary conjugations can

change the sign of arbitrary two A;. First, using the composition rule in Eqs. (),(]), we observe
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that by composing ® = ®y o ® we can change the sign of t3 and the sign of A3 and either \; or
A2. On the other hand, with ® = ® o ®;; we can change the sign of any two A; while leaving the
sign of t3 intact. Combining concatenations with a unitary before and after the channel ®, we can
change any allowed combination of signs. Let us discuss all possible cases: (i) if t3 > 0 and any
two A; are negative we simply change the sign of these two \; by ® = ® o ®y; (ii) if t3 < 0 and
A3 < 0 as well as one of \; o is negative we can change all signs at once with ® = &y o ®; (iii) if
t3 < 0 and A2 <0, or t3 < 0 and all A\; are non-negative we can, using @’ = ® o Py, bring the

channel to the form discussed under (ii). O

We therefore see that with unitary conjugations we can always bring an extremal qubit channel
to the form given by Eq. (B6]) with all A; and ¢3 being non-negative, that is to the set with angles
u € (0,7/2] and v € (0,7/2] (we must also have v < v due to [A;| > |A2|), plus an additional point
u =wv = 0. From now on we shall limit our discussion to that subset of extremal qubit channels.
They can be further classified according to the number of different pure output points one gets
for different values of v and v. In addition, it will be useful to classify channels also depending on

whether they represent an injective map.

Definition V.4. A channel ® is called degenerate iff the determinant of Te (3) is zero; otherwise
it is called non-degenerate. Equivalently, a channel is non-degenerate iff all \; are non-zero, i.e.,

iff the volume of the set of output states is nonzero.

Depending on the degeneracy and the number of output pure states, extremal qubit channels

([B6) can be classified as follows.

Lemma V.5 ([39]). The set of extremal qubit channels X can be classified according to the number
of pure outputs as X = Us U de;% U Xlnléio U X;ﬁ% U X;léio where the pure outputs of the subclasses

are as follows:

1. Unitary congugations Uy for which PO(®) = Py. They correspond to u =v =0, or w =0 #
/2.

2. PO(®) = {&}: the set given by u = v that can be conveniently parametrized as te = (0,0,1—
A2) and Ap = (A, X\, \2). Note that the mapping from u,v to §,w is not injective in this case
and all such channels correspond to a single point 0 = w = w/2 in the § — w plane (Fig.[3).

(a) Degenerate channels del%: A =0, i.e., u=v=m/2. The set of output states is a

single point on the Bloch sphere.
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b) Non-degenerate channels X5 : the set given by A € (0,1), i.e., u =v and u € (0,7/2).
1PO

3. PO(®) = {&, ¢}, with € £ C:

(a) Degenerate channels X;S% : the set given by v =m/2 and u € (0,7/2), i.e., 6 =0 and

w € (0,7/2). The set of output states is a degenerate ellipsoid — a line segment.

(b) Non-degenerate chanmnels X5do: the set given by 0 < § < w < 7/2, or, in angles u,v,
the set 0 < u < v < w/2 (u =0 with v > 0 is excluded). This is the interior of the

shaded triangle in Fig. [3

We shall investigate these classes of extremal channels and show that any universal set of qubit
quantum channels needs to contain some of these maps. We analyze each individual case in the
next two subsections. Before that, let us state few general statements that will be useful in proving

decompositions.

Lemma V.6. Let & : My(C) = My(C) be a quantum channel with the property that there exists
a full rank input state p such that ®(p) = |¢){(¢|, a rank-one projector. Then, the channel ® is
constant, i.e. for all input states o, (o) = |[1)(¢].

Proof. Let o be any input state. Since p is full rank, there exists a positive constant ¢ such that
eo < p. Being a quantum channel, the map ® preserves positivity, hence e®(o) < ®(p) = [¢)(¢].
This means that ®(o) has support only in the [¢)(¢)| subspace, i.e. ®(0) = c|i))(¥)| with some

¢ > 0. Using trace preservation, we conclude that ¢ = 1 and thus ®(o) = |¢)(¢]. O

Note that the full-rank hypothesis in the above lemma is necessary; taking a direct sum of two
constant channels shows that a mixed input is not enough to guarantee that the channel is constant.
However, for qubits, the notions of mixed state and full-rank state are equivalent. Among qubit

channels such constant channels are exactly channels of the type 2alin Lemma [V.5

Lemma V.7. In a decomposition of a non-degenerate channel there can be only non-degenerate

channels.

Proof. Writing ® = ®,, 0 --- o ®; and taking the determinant on both sides of T = Ty, - - - To,,
we see that the determinant of the right side can be non-zero (i.e., ® is non-degenerate) only if all

channels ®; are non-degenerate. O
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Proposition V.8. In a decomposition of a non-degenerate extremal channel ® there can be only

non-degenerate extremal channels.

Proof. Consider a decomposition ® = ®; o ®5. Due to Lemma [V.7] we know that both ®; and ®,
must be non-degenerate. Suppose ®5 is not extremal, that is, we can write it as a nontrivial convex
sum ®o = 1V +co Wy, with Uy #£ Wy, Using this sum ® can be written as ® = ¢c;P10W;+coP10Ws.
Because ® is supposed to be extremal ®1 o ¥; must be equal to ®; o ¥y, otherwise ® would be a
nontrivial convex combination. But because ® is non-degenerate, i.e., an injection, and ¥y # W,
there is at least one point whose image under W1 is different from its image under ¥4, and therefore
®4 0 Uy can not be equal to ®1 o ¥;. &9 must therefore be extremal. For the case when ®; would
be a convex combination, the argument is analogous. Therefore, neither ®; nor ®5 can have a

nontrivial convex combination. O

Finally, let us make a remark regarding the relation between extremal and indivisible channels.
Somewhat unintuitively, all extremal channels are divisible. This follows from the characterization
of extremal [39] and indivisible |40, Theorem 23] channels. Indeed, indivisible channels are unital
and this implies t3 = 0 in Proposition [.2l This, in turn, implies v = 0, which is an excluded
parameter. Most notably, the indivisible channel p — (p' + (trp)I2)/3 from [40] is not extremal, as

it is unital with A = (1/3,—1/3,1/3), which corresponds to the center of a face of the tetrahedron.

A. Extremal qubit channels with one pure output

1. Degenerate channels

Consider a generalized depolarizing (or constant) channel Q, € Cy defined as

Qpo(p) = (trp)p0, (57)

where pg € Dy is a fixed density operator. The usual depolarizing channel is a particular case
obtained by considering for py the maximally mixed state I;/d. An important feature of generalized
depolarizing channels is that their image (as quantum channels) is trivial: Q, (Dg) = {po}, that
is, all states are mapped onto a single point.

We now look at generalized depolarizing qubit channels (d = 2). If r is the Bloch vector of the
state pg € Dy, then Mg, = diag(0,0,0) and to,, =r. Of special interest to us are channels with

pure pg, that is, extremal channels of the form 2al in Lemma
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Proposition V.9. For a pure state |1) ()| € Pa, consider a decomposition
Quyip| = P20 P1. (58)
Then, at least one of ®1 is a constant channel Q)4 (4|, for some pure state |¢){(¢| € Pa.

Proof. Let p be an arbitrary mixed (and thus full-rank) input state for the channel Qyy .y,

Do (P1(p)) = [, (59)

and consider the intermediary state o = ®1(p). If o is a pure state, then the channel ®; satisfies
the hypothesis of Lemma [V.6, and it is therefore constant. Otherwise, o is a mixed state, but then

(o) = |¢) (1], and, by the same Lemma [V.6] 5 is constant. O

Corollary V.10. Any set of universal qubit channels contains at least one generalized depolarizing
channel Q, for some pure state p € Pa. As all other generalized depolarizing channels can be
obtained from Q, by concatenation with some unitary conjugation, it is also sufficient to have
a single generalized depolarizing channel in the universal set for the creation of all generalized

depolarizing qubit channels with pure output.

2.  Non-degenerate channels

Let ®1po(A) be an extremal 1PO channel (type 2D in Lemma [V.5) with a parametrization
te = (0,0,1 — A?) and Ap = (A, A, A2). (60)
We define a set of length € by A1 (),
Ao (e) = {P1ro(V), A € (1 —&, 1)}, (61)
where ¢ is any positive number less than 1.

Lemma V.11. The set of all 1PO non-degenerate extremal channels Xflf’io can be obtained by

concatenation from the 1PO non-degenerate extremal universal set Xﬁéio(s).

Proof. 1t is straightforward to check that the following concatenation rule holds for 1PO non-
degenerate extremal channels, ®1po(A) = P1po(A) o P1po(u), A, € (0,1). Therefore, by a
completely analogous argument as in the case of phase-flip channels, Lemma [[II.2] we can see that
concatenating at most n channels from Xflf’io (¢), where e = 1 — TY/", we can get ®1po(T), with

any T' € (0,1). O
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The following proposition shows that any universal set must containt at least some element of

the set A1, (e).

Proposition V.12. Let @ﬁio be a non-degenerate extremal channel with 1 PO and (ID?I‘%O =
®y o &1 an arbitrary decomposition. Then, up to unitary conjugations, both ®1o must be 1PO

non-degenerate extremal channels.

Proof. According to Proposition [V.§ ®; 9 can be either unitaries, 1PO or 2PO non-degenerate
extremal channels. A 1PO non-degenerate extremal channel in the parametrization (60) maps a
pure input state with § = 7/2, i.e. the North Pole 7 of the Bloch sphere to itself, @ﬁio(n) =n. If
®4(n) is a mixed state, then ®3 maps a mixed state to a pure output, so, by Lemma [V.6] it is a
constant, hence degenerate channel. This would contradict the non-degeneracy of @?}i;o. Therefore,
we must have that ®; maps 1 to some pure state ¢, ®1(n) = (, and then ®2(¢) = n. This shows
that ®; and ®5 have at least one pure output. In order to exclude possible 2PO channels from the
decomposition we shall use a local argument about the curvature of the boundary of output sets
at these pure output points.

The output set of @{‘go as parametrized by (60) is an ellipsoid touching the Bloch sphere at
the north pole. Any plane containing the north pole and the origin intersects this output ellipsoid
in an ellipse with the major axis @ = A and the minor axis b = A2. The radius of curvature
of an ellipse at its vertices that are closest to the ellipse centre is a?/b and is therefore R = 1
in our case. We also observe that for any extremal channel, i.e., an ellipsoid touching a sphere
from inside, the radius of curvature at the touching point in any plane containing a pure output
state is upper-bounded by the radius of curvature of the Bloch sphere (which is 1). For a plane
containing two pure output points and the origin, where the output set is an ellipse with a major
axis a = cosu and a minor axis b = cosucosv (B6]), one can explicitly calculate that the radius of
curvature at the touching point is R = (cosv/cosu)?. In particular, for unitary conjugations it is
of course 1, whereas for a 2PO non-degenerate extremal channel it is always less than 1. As the
output set of the concatenation must be in the output set of ®5, the curvatures of the ellipsoid at
a PO can never decrease under concatenation, or, equivalently, the radius of curvature can never
increase. Because the curvature of the final <I>Illgo must be 1, we conclude that ®; o can never be

non-degenerate 2PO extremal channels. U

Combining Corollary [V.10l Lemma [V.11] and Proposition [V.12] we obtain an e-small universal

set for 1PO extremal channels.



30

Corollary V.13. For any € > 0, the following set is universal for 1PO extremal channels:
XIPO(‘S) = {¢1PO()‘)7 A€ (1 -5 1) U {0}}7 (62)

where ®1po(N) is a channel with to = (0,0,1 — A%) and A = (A, A, \2).

B. Extremal qubit channels with two pure outputs

Let ®; 2 be two extremal 2PO channels of form (56]) with parameters (w;, #;) such that w; = 65.
Then, ® = &5 o &y is of the form (BO) with parameters (wg,6;), that is ®(we, ;) = Po(wa,wq) 0

®4(wq,071). Such channels, with parameters (w, #) will be denoted by ®9po(w,0).

1. Degenerate channels

2P0 Degenerate extremal channels map two orthogonal pure input states (6 = 0) to two pure
output states with 0 < w < 7/2 (typeBalin Lemmal[V.5]). The set of output states is a line segment

touching the Bloch sphere in two points with an angle w.

Lemma V.14. For any € > 0, the set of all 2P0 degenerate extremal channels X;ﬁ% can be

obtained by concatenation of channels from the set
X;;%)(E) = {CI)QPO(wa 0)70') € (076)}7 (63)
and channels from the set X;f,io.

Proof. The statement immediately follows from a general composition rule for two genuine 2PO
extremal channels (those with non-equal 2 POs) saying that ®opo(w,0) = Popo(w, x) 0o Popo (2, 0),

with any = € (0,w), and the fact that X359, contains all ®opo(w,x) with 0 < z < w < 7/2. O

Lemma V.15. If a qubit channel ® maps two orthogonal pure states to two distinct non-orthogonal

pure states, it must be a 2P0 degenerate extremal channel, i.e., of the type[3d in Lemma [V. 3.

Proof. Let us denote two orthogonal pure input states by &, and &, and their pure output states
by & and &, ®(&,) = &, ®(&) = &. @ is an affine map and so it maps a line segment &,&, to a line
segment Kfl’,. The midpoint of £,&,, which is a centre of the Bloch sphere, is mapped to a midpoint
of @, which is the centre of the output ellipsoid. Let us denote by P a plane containing the
ellipsoid centre and the points £, and &. In the plane P the output ellipsoid is an ellipse touching

a circle from inside in points £, and . Due to Lemma [V.7 we know that the large ellipse axis
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is parallel to £/& and, because it must also pass through the midpoint of £/, we conclude that

the large axis must be equal to £,§. If the ellipse is supposed to only touch the circle and not
intersect it, its small axis must be zero. The plane P therefore intersects the ellipsoid in a line
segment of nonzero length. Orienting the coordinate system so that the x axis is parallel to m,
while the z axis is in the plane P and perpendicular to @’ we have A3 = 0 as well as to =t1 = 0.
Because also t% + A2 = 1, we see that the coefficient b, Eq. (35)) in the GFA Theorem [V.1] is equal
tob=1— A — A} —t2 = —)\3, which is non-negative only if Ay = 0. The channel ® is therefore of

the form [Bal in Lemma [V.5] O

Using that Lemma we can now show that 2PO degenerate extremal channels are also necessary.

Proposition V.16. Let ® = &5 0 & be an arbitrary decomposition of a 2P0 degenerate extremal

channel ®. Then exactly one of the channels ®1 2 must be a 2P0 degenerate extremal channel.

Proof. A 2PO degenerate extremal channel ® maps two pure orthogonal states &, and & to two
pure non-orthogonal states &, and &, ®(&,) = &,, (&) = . Due to Lemma [V.6] and because
the states &, and & are distinct, we know that neither of ®; 9 can be a 1PO degenerate extremal
channel, i.e., a channel that would map a mixed state to a pure state. Therefore, the image of pure
states &, and &, under ®; must be two pure states, say (, and (p, P1(&a) = Ca, P1(&) = G- If G
and (p are non-orthogonal, then ®; maps two orthogonal states &, and &, to two non-orthogonal
pure states and, according to Lemma [V.15] must be a 2PO degenerate extremal channel, whereas
®5 cannot be a 2P0 degenerate extremal channel as it maps two non-orthogonal states to two
non-orthogonal states. If on the other hand (, and (;, are orthogonal, then ®5 must in turn map
these two orthogonal pure states to two non-orthogonal pure states and must therefore be a 2PO
degenerate extremal channel, whereas ®; maps two orthogonal pure states to two orthogonal pure

states, and is therefore a non-extremal unital channel. O

2. Non-degenerate channels

According to Lemma[V.5 a channel ® belonging to class[BDl takes the form (56]) with parameters
6 and w such that 0 < § < w < 7/2 (shaded triangle in Fig. B]). ;From Proposition V.8 up to
unitary conjugation, such a channel can only be decomposed into channels of the same form. We

obtain in this way a universal set for 2PO non-degenerate channels.
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Proposition V.17. For any ¢ > 0, the set {®apo(d,w);0 <w—0 < e} is a universal set for 2PO-
non-degenerate channels. Moreover, given any non-trivial decomposition of a 2P0O-non-degenerate

channel ® = ®9 o &1, both channels ®1 o must be extremal 2PO-non-degenerate.

Proof. Any concatenation ® = ®,,0---0Py0®P; of maps with parameters (6;,w;) such that w; = 0,11
is of the form (BO) with parameters (61,w,). Concatenating n channels with parameters lying in
the strip {(0,w);0 < w—60 < €} (blue area in Fig. ) allows to reach any final angle w,, € [0, 0+ ne)
from an initial angle #. Therefore any channel with parameters (f,w) can be decomposed into a
sequence of channels with n = |(w —0)/e] + 1.

The second statement follows from Proposition [V.§ and the fact that both ®5 and ®; should

have exactly 2 pure outputs. O

Combining Lemma [V.14] and Proposition [V.17] we obtain an e-small universal set for 2PO

extremal channels.

Corollary V.18. For any € > 0, the following set is universal for extremal 2 PO channels:
X2PO(€) = {q>2PO(w7 0)7w € (07 6)} U {¢2PO(W7 9),&) -0 (07 5)}7 (64)

where ®opo(w, ) is an extremal channel mapping pure input states (£ cos@,0,sinf) to pure output

states (£ cosw, 0,sinw).

C. A universal set for extremal qubit channels

Finally, we state our main theorem, which is a compilation of Corollaries [V.13]for 1PO extremal
channels and [V.1§ for 2PO extremal channels. Note that, in virtue of Propositions [V.9], V.12 [V.16]
and [V.I7] our results go beyond extremal channels, showing that any universal set of channels

must contain extremal channels belonging to the each class studied in this section.

Theorem V.19. For any e > 0, the set X(e) = Uy U X1po(e) U Xapo(e), where Xipo(e) is defined
in ([62) and Xapo(e) is defined in ([©4), is a universal set for extremal qubit channels.
Moreover, any universal set of (general) qubit channels must contain the following extremal

channels:
1. a 1PO degenerate (i.e. constant) channel Qs

2. infinitely many 1PO non-degenerate extremal channels ®1po(1 — €);
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FIG. 3. Tllustration of extremal qubit channels in the (6, w) plane of latitude angles of the input/output pure
states on the Bloch sphere. The inside of the shaded triangle are non-degenerate extremal 2PO channels.
The universal set for 2PO extremal channels is a union of an e-strip above the diagonal (blue/dark color)
and an e-interval on the w-axis (red/bright color). The 1PO extremal channels are in this parametrization

represented by a single point at # = w = 7/2. For details see classification in Lemma [V.5l

3. infinitely many 2P0 degenerate extremal channels ®opo(g,0);

4. infinitely many 2P0 non-degenerate extremal channels ®opo(w,0), with 0 < w — 0 < €.

VI. CONCLUDING REMARKS

We have investigated the set of quantum channels acting on a single qubit, i.e. linear, trace
preserving, and completely positive maps of the density matrix. We found a compact generaliza-
tion of the Fujiwara-Algoet conditions, i.e. conditions for the complete positivity of the map, to
arbitrary (not necessarily unital) qubit channels. We used these conditions together with purely
geometrical considerations to examine the pure output of the quantum channel. We established
that no qubit quantum channel exists whose pure output is a circle of non-zero radius on the Bloch
sphere, generalizing the “no-pancake theorem”. We derived a universal set of quantum channels for
extremal qubit channels, i.e. a set of quantum channels from which all extremal qubit channels can
be constructed by concatenation. All other qubit channels can be constructed from these extremal

channels by simple classical random sampling. For unital qubit channels we found a universal set
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of quantum channels regardless of whether the qubit channel to be decomposed is extremal or not.
We showed that our universal sets are essentially minimal, and must be contained in any universal

set for arbitrary (not necessarily extremal) qubit channels.
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