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ABSTRACT

In general, microrheology is carried out using active or passive partickeagac
techniques. In the present paper, a novel technique based on tbeptare bending
vibrations of a microcantilever beam immersed into a liquid is proposed
microrheological property measurement. We propose to analytically linatiiped beam
motion with the rheological properties of the fluid in order to establigmhardic rheogram
which spans at least one decade of the kiloHertz frequency domaitat&$tamprovements
in terms of both analytical modeling and experimental set-up are detailed, &lth a
complete explanation of the calculation method. Four rheograms of Nawtand o
Newtonian liquids obtained from the frequency resparfsthree immersed cantilevers of
different geometries are presented.

Keywords: microcantilever, sensor, viscoelasticity, modeling, measurements, microrheology

INTRODUCTION

Exploring in-situ microrheology is of fundamental interest and is widely used in many
applications, such as viscoelastic monitoring of screen-printing ink and small-volume texture
monitoring of commercial foams or gels. This paper presents a method for the improvement of
viscoelastic property extraction for complex fluids using a microcantilever as a dynamic rheometer
oscillating in the kiloHertz domain [1]. This frequency range is difficult to explore with classical
dynamic rheometers due to inertial limitations. MEMS rheometers [2,3] (as well as other
mechanical resonatof4-6]) are good candidates high-frequency rheometers (for determining
elastic,G', and viscousG", shear moduli vs. frequenclyy characterizing complex fluids at the
microscaleby using very small amounts of liquid. In this context, dynamic rheology is performed
by exploring the use of small-scale devices and short characteristic times; this yields viscoelastic
property measurements on downscaled specimen sizes not obtainable with traditional instruments,
thereby forming the basis of “microrheology.

The concept of microrheology dates from 1922, when Freundlich and Seifriz used magnetic
particles to study the elasticity of gelatin gels [7]. Over the last two decades, rapid developments
have occurred ithis field [8-11]. Renewed interest in microrheology has been increased by virtue
of the technological innovations in colloidal engineering, light scattering, position sensitive
detection and video microscopy. Currently there are two main categories of microrheology: active
microrheology which involves the active manipulation of the probe particle by external forces (e.g.,
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optical and magnetic tweezers and atomic force microscopy (AFM)) and passive microrheology
which relies on the Brownian motion (thermal fluctuation) of the probe patrticles (e.g. video (VPT)
and laser (LPT) particle tracking). Diffusing wave spectroscopy (DWS) is also a common
microrheological technique widely used to characterize complex mixtures. As with other optical
methods, DWS is based on the mean square displacement measurement which characterizes
Brownian motion and permits the calculation of an equivalent microscopic and local shear
modulus.

Microcantilevers vibrating in fluids are strongly influenced by the surrounding fluid properties
[12]; thus, the out-of-plane transverse deflection response may be mathematically linked to the
rheological properties of the surrounding liquid [13]. Based on previous work [14,15], we present
here a considerably enhanced analytical model in order to (1) identify highly sensitive parameters
in the determination method; (2) eliminate a misleading simplifying hypothesis in the solution; and
(3) produce accurate rheograms in the case of non-Newtonian fluedgstVdiscuss the accuracy
of the proposed method in order to examine the validity of the high-frequency rhepgoaimced
and to demonstrate proof of concept. Using this new modeling approach, microcantilevers can
probe the high-frequency viscoelastic behavior of fluids, especially the viscous characteristics, over
a large frequency bandwidth around the resonant frequency. One of the main advantages of our
techniquds a faster response time than macrorheometers or other microrheological tezhnique

l. MODELING OF MICROCANTILEVER BEHAVIOR IN COMPLEX FLUIDS

The Euler-Bernoulli differential equation (Eb). governing the out-of-plane bending vibration
of a microcantilever in a liquid medium is used to model the sensing situation:

o*W(x, o)

El
ox*

+jog, (X o)MX0)-0® G(Xo)+ m Wxw)= E@}3(*x ) (1)

whereE is the Young Modulud, is the second moment of area of the rectangular cross section,
w(X,w) is the vibration amplitude at positiaralong the length axis, depending on the radial
frequencyw of the vibrationL is the beam length and the position of the free-end of the cantilever,
m,_ is the cantilever mass per unit lendgth, (o) is the applied force amplitude at the cantilever
free-endy is the Dirac function ang;, andg, are, respectively, functions of the dissipative and
inertial part of the hydrodynamic force per unit lenditiyqro, exerted by the fluid on the cantilever.
Assuming that; andg, are independent af[16], an exact analytical solution of Eq. 1 exists
for the free-end cantilever deflectiom(L,). This solution gives a frequency-dependent response
partially influenced by the rheological properties of the fluid:

w(L, o) = 3ngt3 sinh(AL)cos@L )- coshAL )sinAL o
kAL 1+ cosh(AL ) cos@L )
where
A =2 M+ g(0)- ja@)/o -

andkg is the cantilever stiffness. In Egs. 2-3, the hydrodynamic properties of the surrounding fluid
are contained in the terngs andg, that are related to the imaginary and real par&.afo
However, Egs. 2-3 do not allow the inverse problem to be solved, meaniigg déimalg, cannot be
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expressed explicitly as functions of the different parameters and measuremeunt détad), E, 1,

L, ko, Fexs m). Neverthelesghese analytical equations may be used to fit the experimental
mechanical spectra of microcantileseneasured in known fluids. To do so, final rheological
properties must be linkad g; andg,, respectively, depending on the viscous and inertial parts of
the hydrodynamic force:

Foyio = 0° G, (WX 0)~ 0(0) W %0) @

The differential equation solution supposes that the visceghidden in the termg; andg,)
is areal number. Viscoelastic characterization probed by microcantilevers is based on the
assumption that the fluid viscosity can have both a real and an imaginary part. Consequently, the
constant real term corresponding to viscosity is in this case replaced by a complex nyfmber
accounting for both the viscous and elastic behavior of viscoelastic fluids. (This is classic within
the context of rheological modeling [17,18].) This notation is equivalent to considering a complex
shear modulu&* for a viscoelastic fluid instead of an imaginary shear modulus. (See details in
APPENDIX A). Moreoverafluid is rheologically defined by a mass dengityand values;” and
G which are, respectively, the elastic (real) part and the viscous (imaginary) part of the complex
shear modulu&* at each frequency. A Newtonian fluid such as water has no elasticityqPg
and a viscosity with a frequency-independent real part{0° Pas = 1 cP, in the case of water).
This defines a viscous modul@s’ that linearly increases with frequen&y’{= n ). A fluid is
considered as complex if it does not satisfy those two conditions.

In the case of thin rectangular microcantilevarsexact equation of the hydrodynamic force
has been developed, first by Sader [16] and then fitted by eltaalli[19] in order to express
separately the real and imaginary parts of the hydrodynamic force in terms of four constant
coefficients &, ap, by, by) whose values are dependent on the Reynolds number range. The
accuracy of the fitting expressions are very good, provided that the appropriate Reynolds number
range restriction has been verified. Based on those works, analytical equatipasdd, as
functions of the shear modulus were established [20]. Those expressions are recalled in Egs. 5-7
(due to physical considerations detailed in APPENDDé&#5 1 anda, = by):

gl — DGII+ B\/ G'2+ GuZ _ Gl (5)
C+ DG+ BJJG?+ G + G
9= (6)
0]
where
B=—"42Db / C=2,.0 D=222
2\/5 Ps 4 P PO o (7

andb is the cantilever width.

Using Eqgs. 2-7 and considering a fluid with a known rheological behaviaa and
microcantilever with known geometry and material, it is possible to calculate the free-end
deflection of the microstructure at each frequency and to compare it with experimental
measurements. This also means that we are able to simulate experimental data.
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[I. INVERSE PROBLEM: METHOD FOR DETERMINATION OF RHEOLOGICAL
FLUID PROPERTIES

A. From g1, g2 to G, G"

With the expression of the hydrodynamic force from Sader [16] it is impossible to dissociate
analytically the real part from the imaginary part, whereas it is possible with the approximation
developed by Maakt al[19]. Then, based on Egs. 5-7, the elastic and viscous shear moduli can be
expressed. (Details are presented in APPENDIX B.) The analytical expressions a

2
. 0 B B? B?
G =_ _ || =+2 0g,-C | +4¢-—-2wg-C
SN \/\/(D-i- ®0, +4d D oG ©

1 B2G"
G'==— -C——
D(a)gz gl_ DG"J (9)

The calculation ot;” andG ” for any radial frequency canthenbe performed provided that
01 andg, can be estimated with enough accuracy from the spectrum measurements. The calculation
of the termgy; andg, asafunction of both the amplitude and phase of the cantilever free-end
deflection measurements is the purpose of the next section.

B. Improvement of the inverse problem: from deflection tays, 9>

The calculation of;; and g, from the amplitude and phase of the cantilever free-end deflection
has been previously doig Belmiloudet al.[13]. At that time, the authors have considered that
the analytical solution (Eq. 2) of the differential equation (Eq. 1) can be approximated by a second
order mechanical low-pass filter with the transfer funclioconsidered as follows:

H(f)=— ~ Al

Fex ?
: 1_[1+ gz(w)]{ % ]H- g,(0)o
rnl_ a)O,vac rT-\_a)o,vac

movaclS the cantileves fundamental radial eigenfrequency in vacuum.

Eq. 10 is almost equivalent to the Taylor series development of Eca fiastion of the non-
dimensional ternAL. However, assuming the non-dimensional t&m (AL)", it is also almost
equivalent to the ratio of two polynomial functionsZpfwith the numerator order equal to 0 and
the denominator order equal tptRis corresponds to taking only the first resonant mode into
account. In order to improve the accuracy of the approximating functieq & orders were
added to the numerator and the denominator by expanding the Taylor series to higher orders.
Examples of these results are presented in Fig. 1. As the Taylor serieis ordeyased, the exact
transfer function is approached more and more accurately.

(10)
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Normalized amplitude

r r r r

0 1 2 3 4 5

frequency (Hz) x10°

Fig. 1 - Approximation of the amplitude of the transfer functigg.(2) for a
1440x285x2Qunt silicon microcantilever with numerator and denominator arder
respectively equal to 0 and 2 (blug)and 2 (dashed green), 2 and 2 (dotted, &d)

and 3(dotted light blue) which correspond to Taylor series of increasing orders.
The reference curve (Eq. 2 is shown in purple)

An optimum has been searched for in order to obtain both high accuracy and a quite simple
expression of the transfer functibhso thatZ (henceA, gi1, 92, G’ andG”) can be expressed
analytically as a function d. The Taylor series development order has been fixed to obtain
numerator and denominator orders of thiides process led to the following approximate equation,
which will be used in this paper instead of Eq. 10:

z?3 z2 7z 4
H _kwLo)_ Kk sinh(AL)cos@L }- coshAL )sindL ) , 2554051500 311850 315
H, F.c A’El 1+ cosh(AL ) cosAL ) z° VAN

- + ——+4
37424200 1260 3
(11)

This is a quotient of third order polynomialsdwith H as a parameterH( is the static value of

H). Each one of the three solutions (the analytical expressions are detailed in APPENDIX C1
corresponds taphysical solution over different frequency ranges. As an illustration, Fig. 2 shows

0. obtained with each of the solutions and with the solution of Eq. 10 for a specific compléx fluid
and a specific cantilever whose first- and second-mode resonant frequencies arefequodfito

solution 3 is valid ovealarger frequency range, until 18k in the simulated case. Then, using the
appropriate solution depending on the considered frequency range, the hydrodynamic behavior can
be calculated up to 3Hg, that is, up td;. Furthermore, results obtained with Eqg. 11 are

significantly more accurate than those obtained with Eq. 10, even at low frequency. Similar results
are obtained fog, and presented in APPENDIX C1.

! The simulated complex fluid corresponds to data extcdfedm literature, fitted on Buchanan et al.’s results.
The G’ andG” are fitted from a 4wt% CTAB solution, characterized in [21].



pre-print SNA, 2013, EL, BC, MY, ID
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Fig. 2— Viscous dissipative terng{) respectively calculated from the three solutions
(Zy:+, Zo:0, Zs:*) of Eq. 11, from the solution of Eq. 10 (0) and expectetbf a
1440x285x2Qunt silicon microcantilever immersed ingsimulated complex flufd

By joining the different solutiong;, Z, andZ; of this upgraded Taylor approximation, the
viscous ¢;) and inertial ¢,) parts of the hydrodynamic force are now estimated from the free-end
cantilever deflection amplitude and phase with a better accuracy and over a larger frequency range
than in previous works. By usiriEgs. 8 and 9, it is now possible to analytically calculate the
complex shear modulus agunction of the free-end cantilever deflection. This method leads
accurate rheograms of complex fluids over a large range of frequency from 0 Hz to the second-
mode resonant frequenty whereas it was previously limited to the first-mode resonant frequency
fo, and quite inaccurately

Further improvements in the solution of Eqg. 11 are presented in APPENDIX C2 that will be
used in the following sections, thus ensuring high accuracy even at frequencies slightfiy.above

C. From simulated experimental data to rheograms: discussion on accuracy

1. Influence of the approximation made during the inverse problem

In this part, experimental data are generated by simulation from input rheological properties of
fluids and geometrical and material properties of cantilevers (see part I), and rheograms are
produced with Eqgs. 8- 10 (previous work) or 11 (this work). The produced rheograms differ from
the original ones only due to the approximation assumed with the inverse problem. Nevertheless,
the error introduced by this approximation can be estimated.

2 The simulated complex fluid corresponds to data extract fromatlite, fitted on Buchanan et al.’s results. The
G’ andG” are fitted from a 4wt% CTAB solution, characterized in [21].



pre-print SNA, 2013, EL, BC, MY, ID

In Figs. 3 and 4, the geometry of the silicon microcantilever is 1440x288r#0and the fluid
used is water (Witl ” = o, wherey =10° Pa.s andG '=10** Painstead oD); in Fig. 5, the
microcantilever is the same, but the fluid is a complex fluid which corresponds to dataeextract
from the lterature, fitted on Buchanan et al.’s results (the G” andG ” are fitted from a 4wt% CTAB
solution, characterized in [21]).

The determination d&” (Figs. 3 and pis accurate from 10 Hz to the second-mode resonant
frequencyf; for both fluids by using Eq. 11. In Fig. 3, it also clearly appears that using Eq. 10 leads
to inaccuracy over the entire frequency range considered.

The determination of;’ of the complex fluid is also accurate (Fig. 5), whereas it is more
troublesome in the case of water (Fig. 4). The interpretation is that the approximation becomes an
issue for very low values @f’. The validity of the inverse model is demonstrated with simulation
data forG’ andG ” higher tharl Pa More specifically, it means that even for Newtonian fluids,
the calculated value @’ will be non-zero.

G" -Viscous modulus

10* — G": Expected
+ G" with solution of Eq. 10
* 3" with solution Z2 of Eq. 11

0O G" with solution Z3 of Eq. 11

G" [Pa]
SN

10° 10° 10 10°
frequency [Hz]

Fig. 3— Viscous shear modulu&/(’) calculated from two of the solutionz,(e, Zs:0) of
Eq. 11, from the solution of Eq. 10 (+) and expected (-afb440x285x2qnt silicon
microcantilever immersed in water.
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10 G' - Elastic modulus

10 .
— ' expected
+ ' with solution of Eq. 10
1[;';5 L *  3'with solution 22 of Eq. 11 A -
O  &G'with solution Z3 of Eq. 11 %
10" | B

G [Pa]

frequency [Hz]

Fig. 4 - Elastic shear modulug;() calculated from two of the solutiong,(e, Z5:7) of
Eq. 11, from the solution of Eq. 10 (+) and expected (-afb440x285x2qnT silicon
microcantilever immersed in wate® (= 0, simulated here with G’=10""* Pa).

10 T T T
Expected behavior *4
o with solution Z1 of Eq. 11
g o with solution Z2 of Eq. 11
— with solution Z_ of Eq. 11
g * Z q
~ 10
L]
Lk
3
r)
W
a
LT
| 1 I R | L M R |

10 10 10° 10* 10°

frequency (Hz)

Fig. 5 - Elastic ¢": blue) and viscous{”: red) moduli calculated from the three
solutiors Z;, Z, andZ; of Eqg. 11 and the expected functions whichvedeen used
to generate the simulation data (-) in the case of a 1440x2§6x286ilicon
microcantilever immersed in a complex fluid.
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Nevertheless this systematic error does not matieémak be shown in part 11.C.2 and in part Il
Its influence on the accuracy of the produced rheograms is negligible when compared to the error
related to model parameter uncertainties and to the experimental signal to noise ratio.

2. Influence of model parameters

As all of the geometrical and physical parameters are not known precisely, the results obtained
with simulated experimental data do not validate the measurements. fesuitstance, in Fig. 6,
the influence of an error duo, corresponding to the static deflection of the cantilever normalized
by the applied actuation voltage (the applied actuation force is proportional to the applied actuation
voltage), is tested. Undoubtedly, e estimation is strongly dependent on the valud®iThe
estimation of the viscous modulug’() is also dependent on this parameter in the same
proportions.

3

100
e -1%
10°:
T
L
iD L
10"
100=1 T ””rer T ”””F3 T ””:4
10 10 10 10
frequency (Hz)

Fig. 6 - Elastic modulis (G°) calculated from the third solutioZ4) expressed in
Eq. C11, with respectively -3% (red dotted line), -2% (green liné}, (blue dotted
line), 0% (light blue cross), 1% (magenta dotted line), 2% (orange &¥ejbrown

dotted ling of error onH, and the expected function for a 1440x2852
silicon microcantilever immersed in a complex fluigd (-

In Table 1, a set of measured valuesigtire presented for three cantilevers of different
geometries. Those values strongly differ from one cantilever to another depending on
manufacturing considerations, such as the position of the structure on the silicon wafer. In addition,
the low frequency noise of the vibrometer used for the measurement of the microcantilever free-end
deflection makes a direct measurement impossible and an optical profilometer or any optical
measurement technique would not satterequired accuracy (in practice the applied actuation
voltage is set to 0.1V, so according to Table 1 the absolute value of the deflection is at the
nanoscale and a resolution of less than one percent is required). Therefore, it becomes difficult to
measure those values experimentally with an accuracy better than 1%.
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Cantilever Cantilever Ho, min Ho, mean Ho, max
name geometry (m.V?h (m.V? (m.V?
LL 2810x100x2Qunt 1.8 10° 2.33 10 3.0 10’
LH 1440x285x2Qunt 1.0 10° 2.956 10° 5.0 10°
A 500x100x20unT 1.5 10" 9.377 10° 1.3 10°

Tablel — Measured values di, in water for the three cantilevers of different
geometries

A fitting and iterative method has been developed in order to determine prétgdig complete
calculation method is not detailed in this paper).

Parametrical errors (like the one concernthyremain a problem, especially because few
reference measurements exist for the probed complex fluids at the investigated frequency range. In
this context, it is difficult to calibrate those parameters or to correct the results with a simple self-
calibration. Nevertheless, Fig. 6 shows that whatever the residual parametrical étgpthen
values ofG’ (andG ) calculated at the resonant frequencyeisact. Consequently, in the
experimental rheograms the more accurate measurementanflG ” are obtained at the first
resonant frequency. At other frequencies, an errdidqgor one of the other sensitive parameters
(not detailed in this article) will strongly affect both the value and the slo@e afdG” vs.
frequency.

[Il. DETERMINATION OF RHEOLOGICAL PROPERTIES OF FLUIDS USING
MICROCANTILEVER MEASUREMENTS

A. Experimental setup and procedure

In order to characterize the viscosity of various fluids, silicon microcantilevers have been
designed and fabricat¢&2]. Three different geometries have been used for the measurements
(specimens ‘LL’, ‘LH’ and ‘A’). They all have the same thickness (SOI wafer) but different lengths
and widths, as presented in Table 1. An SEM image of a microcantilever can be seen in Fig. 7C,
while the experimental set-up is summarized in Fig. 7A. The dynamic deflection (amplitude and
phase) of the cantilevers has been measured optically using a laser vibrometer (MSA500, Polytec).
The optical vibrometer is used in this paper because it provides accurate results, characterizing the
dynamic behavior of the microstructure without any coupling or signal distortion issues, over
wide range of frequency. Silicon microcantilevers are actuated in the liquid medium (see Fig. 7B)
by the electromagnetic Laplace force resulting from the interaction between an external magnetic
field generated by a magnet and an electrical current generated by an external electrical voltage in a
gold conductive path designed on the surface of the microcantilevers.

Four different liquids have been characterized over a large frequency rand€(Hz) with a
controlled room temperature of 19°C: two Newtonian fluids, deionized water and a 20-cP
calibrated silicone oil (provided by Sigma Aldrich). In addition two complex viscoelastic fluids,
mixtures of cetyltrimethylammonium bromide (CTAB) and polyacrilamide (PAM), were tested.

Two different solutions of PAM were prepared by adding 50mM and 100mM of PAM,
respectively, to 10mM of NaCl. CTAB was concentrated as follow: 100mM of surfactant added to
40mM of NaSal.

The same protocol has been used for the three cantilever geometries. First the cantilever
deflection spectrum was measured in air (the eigenfrequency in vacuum needed for the rheogram
calculation was deduced from the measurement in air). Then the cantilever resonant spectrum was
acquired in deionized water. Finally the measurements in the complex mixture or in the silicone oil

1C
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were obtained. Each presented experimental spectrum was obtained in less than one minute by
averaging 100 spectra. In these conditions, for a given cantilever in a given fluid, repeatability was
excellent provided that temperature does not change and that the concentration of the mixtures does
not fluctuate due to, e.g., evaporation. This is guaranteed in our set-up by a room temperature
control and by performing all the measurements in a short period of time after exposing a new
sample to air. The measurements obtained with two identically designed cantilevers are slightly
different due to small differences caused by the manufacturing process. This is the reason why a
calibration procedure in water has been developed.

Laser vibrometer

Input signal

Fig. 7— Experimental set-up illustration. Method summary (A); view of a
microcantilever within liquid recipient (B); an SEM photo of the silicon-etich
device (C).

Different sets of cantilevers were used for each complex fluid. The silicone oil was also
characterized using other cantilevers for cleaning considerations. (Oil leaves many traces on the
cantilever surface that are difficult to clean in water-based solutions.)

B. Newtonian Fluids

1. Calibration in water

Even though very few reference measurements exist over the investigated frequency range,
many rheologists (see acknowledgments) believe that there is no single physical reason why water
should deviate from Newtonian behavitwr our knowledge, it is the best existing reference fluid (it
could be suspected that some Newtonian calibration fluids composed of large molecules might
partially behave as non-Newtonian fluids at high frequency when considered at very small scales,
see Fig. 10). Therefore, measurements in deionized water should lead to a very smallivalue of
and a constant viscosity (versus frequency) close to 1 cP, depending only on temperature.

A calibration method based on these expected measurements in water is used to calibrate the
model parameters identified as crucial for the accuracy of the experimental shear modulus
determination. This method depends on the cantilegelometic parametersh( b, L), the
cantilever mass per unit lengtim () andHo,, and is based on minimizing the mismatch between the

11
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experimental and the simulated spectra obtained using the method developed in parts | and Il,
assuming specified variations in these five parameters of a few percent around their nominal values.
The nominal values df, b andL are taken directly from the cantilever mask design values. The
nominal parameten,_ is calculated using the cantilever mask design values and the actual

cantilever density, taking into account that it is made of layers of different materials ($iA8jO

Ti). The nominal value dfl, comes from the above-mentioned fitting and iterative method and is

not detailed in this paper.

Fig. 8 presents the three microcantilevelaflection measurements when the devices are
immersed in water and the results of the best simulation cases; as can be seen, the comparisons are
excellent. The results of the calibration parameters corresponding to the three cantilevers (LL, LH
and A) immersed in water are presented in Table 8v&hations of parameters are deemed to be
physically reasonable.

1)
41 |
~~ reH
Cantilever: LH /N exp
£ Fluid: water S reHg, ||
3 imH
E exp ||
g |mHSilm &
S
P4
4000 4500 5000 5500 6000 6500
2) frequency (Hz)
4 . . T T T T T T
Cantilever: LL reH
2 2 Fluid: water exp
=
=
el
Q
p)
<
£
2 2r 1
600 800 1000 1200 1400 1600 1800 2000 2200 2400
3) frequency (Hz)
6 T T T T T
. 4 | Cantilever: A "u‘ Hexp ||
S Fluid: water | e— reHSim
T imH [
2 "MPexp |
© . "
§ ImHsim
o
P4 |
4 r r r r r
4 4.5 5 55 6 6.5 7
frequency (Hz) ¥ 10°

Fig. 8— Real ¢eH) and imaginaryifnH) parts of experimental and simulated free-
end deflection complex modulu) for the three geometries of cantilevers
immersed in waterl) LL; 2) LH; 3) A.

12
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Percentage

change on h b L Ho m,
LL 3.0 0 6.0 1.9 0
LH 14 0 4.510° -1.5 011
A 3.710" 0 0 5.2 0

Table 2-Model parameter variations around their nominal values obtained to
optimally simulate the free-end cantilever deflection which corresponds om¢he
measured for each geometry (LL, LH or A) immersed in water.

The rheogram presented in Fig. 9 illustrates the Newtonian behavior of water obtained with the
three cantilever spectrum measurements. Referring to the curve illustrating the infludac¢efof
Fig. 6), bothG’ andG” are calculated with an error which modifies the slope of those rheggrams
the same influence is observed for the other model parameters. This is particularly observable in the
case of cantilever A. The fact discussed in the simulation description (ske@ipthat we are not
able to accurately measure the elastic shear modulus under 1 Pa is confirmed: the befiavior of
appears to be clearly inconsistent. However the behavi@i’ ¢and therefore the viscosity) is very
close to the expected behavior in terms of the quantitative values and the continuity between the
measurements made using different microcantilevers.

More than one decade separates both portions of the complex modulu§; ttaus be
considered negligible as comparedito. In the opinion of the authors, this is sufficient to confirm
the Newtonian behavior of water.

E
3

10 = . i E

S G" Newtonian model E

f ® G cantilevers

102 R ® G" cantilevers .
— [ ]
O a7 ’A / 1
Q_/ 10 ¢ .... E
O r ° [ ] ]
MCH) ¢ * ]
© 1
< :

10" . .

10_2 S r r r r r r r r F4 r r r r r r r r =5

10 10 10

frequency (Hz)

Fig. 9— High-frequency rheogram of water measured with three microcansiléver LH and A) and spanning
the frequency range $.0° Hz using the inverse model (Egs. 8-9 anjl
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2. Rheogram of a 20cP silicone oil

The model parameter values obtained after calibration in water for each cantilever were kept
unchanged during measurements achieved in a 20 cP silicone oil. The corresponding obtained
rheogram is presented in Fig. 10.

T o T T T T CeEeE

104 T E
: 1+ G'rheometer ]
. - +  G" rheometer
10 ¢ ® G cantilevers E
B ® G" cantilevers i
10° E
— E ,
© [ pd
D\._/ 101 g P " E
O -
-~ 0
=10 ¢ E
O : :
107 & E
107§ E
10—3 L £ £ r e cref E
10" 10° 10° 10* 10°

frequency (Hz)

Fig. 10-Rheogram o0& 20-cP silicone oil measured with a classical cone-plate
rheometer and three microcantilevers (LL, LH and A) spanning ¢lggiéncy range
10>-10° Hz using the inverse model (Egs. 8-9 and 11).

The behavior of7” is as expected because there is continuity between the measurements
obtained with the classical rheometer at low frequencies and the measurements made with the
different cantilevers. The obtained viscosity value of 2P,3s in agreement with the expected
viscosity at 19°C for this silicone oil (measurement made with a cone/plate rheometer with a Peltier
temperature control).

More than one decade of difference is systematically obtained betwesm the larger value
G”, which is deemed to be large enough for indicating Newtonian behavior. This is particularly
true at the resonant frequency, where the model parameter influence is the weakest: the&alue of
is more than two decades lower than the valug bfAccording to thes” high frequency slope, it
can be suspected that the fluid become complex at very high frequency, i.e., in the megahertz range.

The results obtained with silicone oil and water using three microcantilever geometries (LL
LH, A) demonstrate that the viscous moduBisdetermination between 1a.0* Pa is possible in
the extended range of frequencies-10° Hz.

C. Complex Fluids

Characterization of CTAB and PAM, prepared as mentioned above, are presented in Figs. 11
and 12, respectively. They are supposed to be complex fluids behaving according to linear
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viscoelasticity with our experimental set-up, a point that has been carefully checked in a previous
work [23]. The limit to the linear regime depends on the amplitude of the applied pressure due to
the cantilever motion and therefore on the amplitude of the driving voltage. In our case, the
pressure that defines the limit between the linear and non-linear viscoelastic regimes, has been
measured around 1 Pa at 10 kHz for the CTAB mixture. This corresponds to approximately 800
mV for the LH cantilevers whereas all of the presented measurements have been performed at 100
mV.

Fig. 11 presents our results 16f andG” of CTAB obtained at 19°C both with cantilevers and
with a cone-plate rheometer as well as publigBdfi DWS reference measurements with the same
mixture obtained at 22°C. As expected, unlike Newtonian fldid$s no longer negligible. Except
for the G’ measurements obtained with the LL cantilevérs,(), all sets of measurements@f
andG” clearly follow the same trends until 100 kHz, given the temperature difference. The
inconsistent results obtained fGr, | are most likely deto some cantilevenhomogeneities or to
non-ideal clamping, effects which are not yet taken into account in our model. Nevertheless, except
for G'.L, the cantilever-based shear modulus measurements seem to corroborate and extend the
DWS reference measurements up to 100 kHz.

4
10 i G' from %2 Galvan-Miyoshi et al (2008) E
Lo G" from %2 Galvan-Miyoshi et al (2008)
10° +  G'rheometer
8 +  G" rheometer ]
N ® G cantilevers
< i ® G cantilevers
Q@ 10 :
= é - . . o -Qu}-!—d‘"‘i‘ft _____________ -
O Emummmmsmee
- l | ""‘ 1
O 10 gﬂﬂ T ° ;
= - vd !
N L < >< >< >
RN = I { { { {
0 N ++‘+-0ﬂ4ﬂ4+_ 4"4-';[ LL LH
10 ¢ Sraemee™ °
10‘1 f ccccerf ¢ e orrrredk e o oreeeef o rorreemb o coreree e r rereef o e oporeeek
10° 10" 10° 10" 10° 10° 10° 10°

frequency (Hz)

Fig. 11- Rheogram of CTAB over a [f010°] frequency range measured with
classical cone-plate rheometer, with three different cantilever geometries @sing th
inverse model (Egs. 8-9 and 11) and reported from DWS measusciméiné
literature.

For the two concentrations of PAM (Fig. 12), very encouraging results are obtained for the
viscous parG”, both in terms of its order of magnitude, qualitative trend and concentration-
dependence. On the contrary, results for the elastic mo@ulaie more bothersome. Below 5 kHz,
these results are inconsistent, etf@ugh one could consider the elastic part to be much smaller
than the viscous part. Above 5 kHz; exhibits a counter-intuitive concentration-dependent
behavior: the elastic part seems to be decreasing with increasing concentration whereas the low-
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frequency behavior up to 100 Hz (e.g. measured i}) f2fggests the opposite. This surprising
result is under investigation but at the moment we consider the obtained elastic value as
inconsistent in this precise case due to a parametrical error, as will be discussed in the next section.

10° - ®* G'cantilevers PAM 500ppm J
g %  G'cantilevers PAM 1000ppm ]
N ® G" cantilevers PAM 500ppm
- *  G" cantilevers PAM 1000ppm
10° - E
— -
© L
O 10 - .
ol *
10 ¢ E
:
10_1 . e r r %?r r r - ¢ F4 :
10 10 10
frequency (Hz)

Fig. 12 - High-frequency rheogram of PAM (two concentrations) measwitd
three cantilever geometries (LL, LH and A) and spanning the frequenay téihg
10° Hz using the inverse model (Egs. 8-9 and 11).

D. Discussion

In this paper we have demonstrated proof of concept for a new method for microrheological
measurements but have also pointed out some limitations of the proposed method. The positive
aspects are primarily related to the determinatio@ ‘¢fan accurate measurement of the viscous
partG” is obtained showing good continuity between the results obtained with the different
cantilevers. This would not be possible without improvements made to the modeling effort as
documented herein. The limitations mainly concern the determinatién at present the method
appears to yield valid results only for high valueg;6and gives inconsistent results for sreall
values (below 100 Pa), thus warranting further physical verification an/or model improvement.

For small values of;’ (that is, for Newtonian or near-Newtonian fluids), one part of the
problem may stem from the linearization performed in solvingnierse problem, as shown in
Fig. 4. The other source of problem, and perhaps the more significant, is related to experimental
issues, since Figs. 9 and 10 show larger discrepancies for expericievadlies than for their
simulatedG’ counterparts when comparisons are made to the expected results. For higher values of
G’ (that is, for non-Newtonian fluids), linearization yields no problem (see Fig. 5) but major issues
continue to appear with experimental results (see Fig. 12).

It is worth mentioning that classical rheometers also have physical artifacts that lead to non-zero
measured values f@t’ of Newtonian fluids of up to I®Pa (see Fig. 10). In the case of
microcantilevers using the proposed method this phenomenon still exists with increased anomalous
behavior inG’ being exhibited at higher frequency. The reason @hig problematic wheesG”
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is not requires further investigation. It could possibly be due to the very high sensitivity of the
calculation to the system parameters and measurementxgaté (w), b, h, L, H, m) and the

uncertainty in these quantities. In this case, a very small error during the calibration procedure, due
to phase or amplitude of deflection measurement errors, could lead to a large error in property
estimation. This is indicated by Fig. 6 and by similar figures that could be presented for the other
parameters. For example, we have preliminary evidence that any experimental phase offset may be
critical for G’ determination. These problems could also be due to the proposed model itself.
Should that be the case, the model could be generalized to take into account (i) internal losses in the
beam, (ii) microscale temperature effects due to Joule heating in the goldipagffe(ts of finite

b/h andL/b ratios that are neglected in the present eléany beam theory model, and (iv) the

inertial effects of the gold path at the free-end of our devices. Generalization of the model,

however, would pose some technical challenges. For example, the inverse problem may no longer
be solvable analytically (e.qg., if the inertia of the gold is included) or addition system parameters
may need to be incorporated (e.g., if the internal losses are modeled).

Another strategy for overcoming the above-mentioned obstacles can be used. In lieu of
attempting to determin€@’ andG” over a broad frequency range, the objective could beddcus
only on the properties at the eigenfrequency, in which case use can be made of a similar model
[13]. Recently we achieved consistent measureme@Gt ahdG” for opaque viscoelastic fluids
using microstructures [26]. Nevertheless the strategy we employed eliminates completely the
advantage of the frequency-dependent analytical method developed in this work. A future
analytical correction to the present model will be developed, based on some of the results provided
by the model in the present paper. It will permit maintaining the generality of the analytical method
developed here, which is valid for a wide range of cantilevers and fluids. Moreover, it will help to
characterize accurately not ordly’ but alsoG’ as a function of frequency in a very general
context.

To conclude, the viscous modulus obtained with the present method is consistent with linear
trends for Newtonian fluids as well as with reference data from the literature for complex fluids
however, such consistency has not yet been achieved for the elastic modulus results. Further
improvements to the model are currently being pursued, but in its present form it shows promise for
measuring the viscoelastic tendencies of fluids at high frequencies.

CONCLUSIONS AND FUTURE WORK

Here we have demonstrated the potential for microcantilevers to be used to probe the high-
frequency viscous modulus of small volumes of Newtonian and non-Newtonian fluids covering a
specific frequency range from 1 to 100 kHz. The analytical method has been improved in order to
eliminate the previous errbof the shear modulus estimation method as a function of the complex
free-end deflection. In addition some parameters have been identified as crucial for the adcuracy
the experimental shear modulus determination; they have been optimized as much as possible given
the present state of the model. Finally, high-frequency rheograms of four fluids, Newtonian and
non-Newtonian, have been produced: they partially validate the presented inverse analytical model
and prove the feasibility of a microcantilever-based microrheometer. Those two points have been
carefully demonstrated, highlighting the actual advantages and limitations of this characterization
method.

% As demonstrated in this paper, the previous error of the sheafus@sbtimation (developed ift4]) was due to
the use of a simplified second order transfer functionl@do estimate the complex free-end deflection.
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One of theadvantages of the proposed method is the very short computational time associated
with the approach (on the order of secenBossible further improvements concerning the
parameter determination methods and some modifications of the actual modeling have been noted.
In particular, future improvements are needed to be able to measure accurately the elastic modulus
G’. Then, the integration of arrays of cantilevers, simultaneously performing measurements, is
another direction for future work. Finally an electrical characterization of the cantilever deflection
strain could possibly lead to an embedded microrheometer that could overcome practical issues
associated with making measurements on opaque fluids.
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APPENDIX A: HYDRODYNAMIC FORCE FOR NEWTONIAN AND COMPLEX FLUIDS

The hydrodynamic force per unit lengHyqro, €xerted by the fluid on the cantilever is
composed of two terms (Eg. Al): one proportional to the microcantilever velocity (viscous
coefficientg; depending on the radial frequensyand one proportional to the microcantilever
acceleration (inertial coefficierge depending on the radial frequengy.

Fayiro = =0"0,(0)W(% @) - jo G (@) W %) (A1)

Furthermoreg; andg, can also be expressed as functions of both the real-pamd the
imaginary partr, of the hydrodynamic function:

b
g, = ”pﬂzd ol’,(9)
(A2)
7[10 Ui b2
==y 1.9

2n b

wazﬁ

20The real and imaginary parts of the hydrodynamic function have been expressed kst Maali
al.=

where s = (with Re the Reynolds number as defined by Sader)[16]

o
I'=a+a,—
atay (A3)

and
agald)

Considering the relation between the viscogignd the shear modul@&
the expression of the hydrodynamic function becomes:

F=a1+% 2jG+J{% IZjGszgﬁz}
pf pf pfa) (A6)

If the fluid is complex (viscous and elastic)G is complexG = G'+ jG" andn=n'- jn"
with G'>0, G">0, n'>0andn">0
After afew calculations, E&\6 implies that

2G' 1 a,+h \/\/W+G'

pf 0)2b2 " ba)\/Zp \/ 2 n2 '
1+ a-b G“+G“ -G

(A4)

I',(complex= a+ b

(A7)
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2b,G" . 1 b-a \/m+ G

I', (compley = >
b 1 n ol

pro0® bo2pi |, o 4y G767 -G (A8)
If the fluid is Newtonian (no elasticity): G= jG" with G">0 andG’ = 0.
Therefore

', (newtonian = §1+i 267

I, (nevvtoniar):% 26 + szsz
pf pr() (AlO)

Note:

According to Sader [16] wheR, — « (e.g., whenG" —0), for cylindrical and rectangular
beamsr, (newtonian =1 and ", (newtonian = 0. Therefore:
a =1 (A11)
The model of Maalet al [19] yields a very similar result for the valueafas it was based on

a fit of Sader’s equations [LGFT™eUr! Signet non défini. (5 = 1.0553,a, = 3.7997, b, = 3.8018 and
b, = 2.734 are the “Maali’s parameters”).

If the fluid has only elasticity (no viscosity):G=G' , G"=0. Sa

. - )
T, (elasticity) = a+ " e
a pra)b ba)\/a[ 3+ b2 G| B

T, (elasticity) = h-3 VG

borfp, (A13)

In this case because there is no viscosity and, thus, no damping effect; consaquantly
We can deduce that:

b =a, (A14)
(The model of Maalet al[19] givesb; ~ a,).

General case considering Eq. A11 and Eg. A14

Z pZ\/*/GQ+ G?+G'

I, (complex=1+ b

pio’D’ ba,/2p; (A15)

n 2 w2 1

r (compley= b2, pZ\/\/G 1 G2-G
prob ba)\/zpf (A16)

Therefore,g, and g, are expressed as follow:
b? " b
LT A N NN o=

4 2 w 242 (A17)
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Zﬂpszr :ﬂpfb2+Q”Gl \/E\/\/W G

24 7 4 2? (A18)
These equations can be written as follow:
g, = DG"+ ByYG*+ G- G (A19)
g,0 =C+ DG+ B\/W+ G (A20)
where
=”bq\/E C:&sza) ”bz (A21)
242 4 20

APPENDIX B: COMPLEX SHEAR MODULUS AS FUNCTION OF THE TERMS g ;1 AND
02

The objective is to invert Egs. A19-A20 to obtg&inandG ” as functions ofj; andg..

Eqgs. A19-A20 can be expressed as follows:

w2
(gl_BDGj — 'GIZ_i_GnZ_Gl

(B1)

N2
(—92‘”_ ¢~ DG ) -JG% G+ G
B (82)
By introducing the notatiork " = g, - DG" andK ' = g,w — C— DG', the difference of Eq. B1 and
B2 gives

2
K"-K'>=-2B°G'= —ﬁ(gza) C- K)
(B3)
The product of Eq. B1 and Eq. B2 gives
4
K" K'"= [E; (g,— K")? (B4)
From Eq.B4, it follows that
4 n\2 2 n
K'Z:EZ ﬂ) :>K':E &)K >0
D K" D K" (B5)
Then using the definition &
2 n
_~ Bg-K" _c. BG
G|= gza) C E K" _ gza) gl_ DG"
D D (B6)

Combining Eq. B5 and E®3 yields
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4 n\2 2 2 n
o S0 -2 o3[
(B7)

This is a polynomial equation K” which can be written as

4 2 4
(B2 g e B oo

(B8)
The positive solution of Eq. B8
B* 2B B 28 ©aBg?
an_—[)z—D(gza)—C)'f'\/([)z'F D (gza)—C)J + ngl
2 (B9)
Then using thé& ” definition we obtain
9 B B? ’ B?
G"=Bl— 5735 [B+2 g,0—C J +4¢ —3—2 gw— C
(B10)
C 1 B*G"
G'= B[ 9,0~ C—mj (B11)
1
where
B="Rp c=Zp18 D=7
=203 \/; = pibe = o (B12)

APPENDIX C: SOLUTIONS OF THE INVERSE PROBLEM

C.1 Solution of Eqg. 11

Three solutions4;, Z», Z3) of Eq. 11 are obtained using a mathematical solver. Each analytical
solution has been tested on simulated data and they correspond to the physical case (each solution
corresponding to a different frequency range).This can be seen in Fig. C1 which represents the
inertial term @) calculated using those three solutions.

Using the following notationpn, =3 742200;n, = 2554051500, = 126@,= 311859=
Considering the definition of the termig, T, Uy, U, andV;:

E=4H+f
3 (C1)

H 1

T,=—+—
o on, (2)
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Ulzi-f-i
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The solutions4y, Z,, andZ3) of Eq. 11 are expressed as follows:

U, T
VU, W T
Z,=V,- 1 1, 2
V, 3U,
2 2
Y, T U, T
v, Y 1, T 3| U, W?
ZZ:#——\Q+—2+£I —L —14V
2V, 2 d, 2 \A
2 2
Y, T U T
v, V1, T, 3|, W’
Z,= TVt Y,
YA 2 d, 2 \A
9, Inertial part
-3
10°¢ T I — S
i % + g, from solution 1 -
N g‘\ J g, fromsolution 2 +
X 2 e
N i + g, fromsolution 3 .
= | Y | ---—-- g,: Expected function
> \ +
3 N
I
S
g N
o
£
o 4
10 N
10"

frequency (Hz)

Fig. C1- Inertial termg, calculated from the three inverse solutiofs+, Z,: 1

Z3:#) of Eq.11 and the expected function which has been used to generate the

simulation data.
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23



pre-print SNA, 2013, EL, BC, MY, ID

C.2 Beyond Eqg. 11

Until now, Eq. 11 has been approximated by a ratid%d@ler polynomials, but it can be
written exactly using an infinite sum since all the coeffidgéptindg, can be calculated:

>k, ZP

HTaonr ( L’ a)) = i

o0

Z quip
p=0

(C9)
This equation can be writters
Y. (k,—q,H)Z" =0
p=0 (C10)
The three solutionsZ{, Z,, Zs) are the solutions of (C10) if the sum is truncategual at3:
a, + 05121|2|3+ o zzz1|2|37|' o Z31|2|3_‘ 0 (C11)
with
a, = (k, —q,H) (C12)

The difference betweehe exact solutions of Eq. C10 and EG§-C8 can be included inta
term called A which is added to each known solutidn

U+ (Zypat A )+ 42 ot A ME"‘“ (£ 4hA 1}2?]3"'---'*'0%(2 B8 JF 0 (C13)

(C13 is a polynomial equation af since both £zand o; are known. Due to the properties of
Taylor serieslevelopment, the role of A is very small at low frequencies, but increases with
frequency. Also, the weight of parametkrandg; (and consequently) is decreasing while
increases. Therefore, at low frequencies, the teymsdA’ can be neglected for the highest values
of i andj. For example, if (C13) is truncatediab andj=2 (and taking (C11) into account)

054Zu2|§1+0‘521|2|2+0‘ an?s"‘A ¥ H2a 4 F3a 4 i|27§40‘ Z, 31@3595 2541‘|’§|361 Zz|351
+A1|2|32 o+ 30 L st 6 £ 1|273+ 10 £ 1|§|§" 1% 4 1|42|3: 0
(C14)

For each of the three solutiods Z, andZs, Eq. C14 has two solutions, denotedélq(ffI3 and

A§|bz)|3- Then, 43+ Aﬁs or Zypp3t A£|b2)|3 are more accurate solutions of Eq. 11, over a larger
frequency range, thamyg;s
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