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Acoustic waves traveling in a shallow-water waveguide produce a set of multiple paths that can be

characterized as a geometric approximation by their travel time (TT), direction of arrival (DOA),

and direction of departure (DOD). This study introduces the use of the DOA and DOD as additional

observables that can be combined to the classical TT to track sound-speed perturbations in an oce-

anic waveguide. To model the TT, DOA, and DOD variations induced by sound-speed perturba-

tions, the three following steps are used: (1) In the first-order Born approximation, the Fr�echet

kernel provides a linear link between the signal fluctuations and the sound-speed perturbations; (2)

a double-beamforming algorithm is used to transform the signal fluctuations received on two

source-receiver arrays in the time, receiver-depth, and source-depth domain into the eigenray

equivalent measured in the time, reception-angle and launch angle domain; and finally (3) the TT,

DOA, and DOD variations are extracted from the double-beamformed signal variations through a

first-order Taylor development. As a result, time-angle sensitivity kernels are defined and used to

build a linear relationship between the observable variations and the sound-speed perturbations.

This approach is validated with parabolic-equation simulations in a shallow-water ocean context.

VC 2013 Acoustical Society of America. [http://dx.doi.org/10.1121/1.4809650]

PACS number(s): 43.30.Pc, 43.60.Fg, 43.60.Pt [SED] Pages: 88–96

I. INTRODUCTION

In the early 1990s, the sensitivity-kernel approach was

introduced into geophysics to improve the performance of

ray-based tomography, taking into account the effects of

finite-frequency diffraction physics.1 Compared to the so-

called fat-ray approximation,2 sensitivity kernels rely on the

more physical wavepath concept, which is closely related to

Fresnel tomography in optics.3 One striking result from the

diffraction physics was the paradoxical banana-doughnut

shape of the travel-time sensitivity kernel that links the local

perturbations of the propagation medium to the received-

signal fluctuations.4 In recent years, sensitivity kernels of

different observables have been proposed [e.g., travel time

(TT), amplitude, anisotropy, and even polarization for seis-

mic waves in geophysics5 and in ocean acoustics6–8], and the

relationships between adjoint formulation and time-reversal

theory9–11 have been developed. The use of sensitivity ker-

nels suggests that higher resolution images can be obtained

from this improved description of wave propagation physics.

Later, this theory was carried over to ocean acoustics to

model the sensitivity of oceanic waveguide point-to-point

records in terms of the local sound speed,6 density,8 and

surface-wave perturbations.12 Although replacing eigenrays

by sensitivity kernels provides better estimations of signal

fluctuations, it does not deal with the waveguide interference

problem associated with multipath propagation.

In a shallow-water environment, array processing using

source and/or receiver arrays is necessary to improve the

separation of the different ray paths.13 Recently, Roux

et al.14,15 proposed a double-beamforming (DBF) algorithm

that is based on spatial reciprocity, which takes advantage of

both receiver and source arrays. DBF consists of transform-

ing the three-dimensional (3D) data space from time, re-

ceiver depth, and source depth into a new 3D space that is

related to ray propagation, which is described by the beam-

formed variables: TT, direction of arrival (DOA), and direc-

tion of departure (DOD). As a consequence, every acoustic

arrival of the multipath propagation is isolated through DBF

and matched to an eigenray according to the TT, DOA, and

DOD. When applied to ocean data, Roux et al.14 showed

that the TT, and also the source and receiver angles of the

DBF beams, can be followed as a function of dynamic ocean

fluctuations, when, for example, internal waves locally per-

turb the sound-speed profile (see Figs. 8 and 11 of Ref. 14).

Following these observations, the goal of the present study is

to connect the TT, DOA, and DOD variations to ocean fluc-

tuations through the formulation of the appropriate sensitiv-

ity kernels that describe the forward problem.

Indeed, in the context of source-receiver arrays, the

sensitivity kernel is no longer built from one point-to-point
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record, but depends on all of the source-receiver impulse

responses. Starting from the definition of point-to-point sen-

sitivity kernel in ocean physics,6 this article concentrates on

the construction of sensitivity kernels for TT, DOA, and

DOD in the framework of a shallow-water waveguide in

which DBF is performed to identify and isolate every beam

from the source-receiver arrays.

This article is divided into four sections. Section II devel-

ops the mathematical formulation of the time-angle sensitivity

kernels (T-A-SKs) combined with DBF in a shallow-water

environment. The spatial representations of the sensitivity ker-

nels for the TT, DOA, and DOD are presented and discussed in

Sec. III, as a function of the aperture of the source-receiver

arrays. Using a parabolic-equation (PE) code, Sec. IV deals

with a set of numerical simulations that compares the time-

angle fluctuations measured in shallow water to their theoretical

prediction associated with the sensitivity-kernel formulation, in

order to validate the T-A-SK approach.

II. T-A-SKs

A. Context and problematics

Considering classical shallow-water waveguides of

about 100 m in depth and 1 km in length, and band-limited

finite frequency signals of about 1-kHz bandwidth centered

around a 2-kHz central frequency, it can be assumed that the

sound propagates along ray-like paths. In this context, when

an acoustic wave is emitted by a source, the multi-path prop-

agation results in the successive arrival of acoustic wave-

fronts that interfere at the receiver. In theory, every eigenray

can then be characterized in terms of its TT, DOA, and

DOD. In practice, however, the measurement of these

observables or each eigenray requires the use of sub-arrays

that are centered around the source and the receiver, com-

bined with array processing like the DBF algorithm.

This section establishes a linear link between local

sound-speed perturbations within an oceanic waveguide,

dc(r0), and their effects on the TT, DOA, and DOD of the

acoustic arrivals: ds (TT variations), dHr (DOA variations),

and dHe (DOD variations), expressed as

ds

dHr

dHe

0

@

1

A ’

ð ð ð

V

KTTðr
0Þ

KDOAðr
0Þ

KDODðr
0Þ

0

@

1

Adcðr0Þ dVðr0Þ; (1)

where V is the volume of the whole waveguide and dV (r0) is

an elementary volume located in the waveguide at point r0.

The TT, DOA, and DOD observables of a given eigen-

ray have their associated sensitivity kernels, as kernels KTT,

KDOA, KDOD, respectively. The process leading to their

mathematical expression can be decomposed into three

steps:

(1) Sound propagation modeling, which is based on the

Born approximation,16 and which makes the link

between the sound-speed perturbations, dc, and the

received-signal fluctuations, dS(x, zr, ze).

(2) The signal-space switch, which uses the DBF technique, and

which links the received signal fluctuations, dS(x, zr, ze), to

the double-beamformed signal fluctuations, ds(t, hr, he).

(3) The observable extraction, which uses a first-order

Taylor development, and which makes the link between

the double-beamformed signal fluctuations, ds(t, hr, he),

and the observable variations, (ds, dHr, dHe).

B. Step 1: The first-order Born’s approximation

Consider two discrete states of the sound-speed

distribution:

(1) c0(r), the reference state;

(2) and cp(r)¼ c0(r) þ dc(r), the perturbed state, where

dc(r)� c0(r) is the perturbation of the sound-speed

distribution.

The sound propagation between a source point re and

another point of thewaveguide r can be described for a harmonic

signal at the frequencyx by the Green’s functionG(x, r, re).

The Green’s function in the reference state is denoted as

G0, and the Green’s function in the perturbed state is denoted

as Gp(x, r, re)¼G0(x, r, re)þ dG(x, r, re), with dG(x, r,

re)�G0(x, r, re).

It needs to be noticed that dG is the whole acoustic-field

fluctuation, which contains the first-order and also the

higher-order components of the fluctuation. In the following

steps [Born approximation, Eq. (2)] the acoustic field pertur-

bation will be approximated by its first-order component,

while the notation will remain the same. Since this article

aims at obtaining a linear link between the observable varia-

tions and the sound-speed perturbation, the different varia-

bles will often be merged with their respective first-order

approximations.

Using the first-order Born’s approximation,3,6 the acous-

tic field fluctuations dG appear to be the solution of the

Helmholtz equation in the reference state for the source dis-

tribution ½2x2=c30ðrÞ�G0(x, r, re)dc(r) and can be expressed,

at the first order, as

dGðx; r; reÞ

’

ððð

V

�2x2

c30ðr
0Þ
G0ðx; r; r

0ÞG0ðx; r
0; reÞdcðr

0ÞdVðr0Þ;

(2)

where V is the volume defined by the waveguide boundaries.

Using the Fourier transform, Eq. (2), which was estab-

lished for a harmonic punctual source, is extended to the

case of band-limited sources. The received signal fluctua-

tions, dS(x, r, re), at a point r of the waveguide is then in the

frequency domain

dSðx; r; reÞ ’

ð ð ð

V

Ksðx; zr; ze; r
0Þdcðr0Þ dVðr0Þ; (3)

where

Ksðx; zr; ze; r
0Þ ¼

2x2

c30ðr
0Þ
G0ðx; r; r

0ÞG0ðx; r
0; reÞSeðxÞ;

is the Fr�echet kernel of the received signal in the (x, rr, re)-

domain,4 and Se(x, re) is the spectrum of the signal emitted

at a point re of the waveguide.
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C. Step 2: The signal-space switch

DBF (Refs. 14 and 15) is used to switch from the fre-

quency, reception-depth, and transmission-depth domain

(x, zr, ze) to the time, reception-angle, and launching-angle

domain (t, hr, he). After DBF, the acoustic arrivals can be

associated more easily with their corresponding acoustic path.

Figure 1 shows examples of eigenrays that represent nine pos-

sible ray paths between the centers of the source and receiver

arrays. The acoustic arrivals that correspond to each one of

these paths can be visualized on the iso-surface representation

of the 3D-signal envelope shown in Fig. 2). Using the

Huygens-Fresnel principle (summation of coherent sources),

this allows the fluctuations of the double-beamformed signal

ds(t, hr, he) to be written as a function of the signal fluctua-

tions recorded with the source-receive array, dS(x, zr, ze),

dsðt; hr; heÞ ¼
1

2p

ðþ1

�1

X

Ne

ze¼1

X

Nr

zr¼1

dSðx; zr; zeÞ

� ejxðtþTzrðhrÞþTzeðheÞÞdx; (4)

where

Tzr ¼

ðzr

zr0

sinðhr0Þ

c0;rðzÞ
dz

is the time delay that is introduced to focus around the direc-

tion hr with the receiver array, and

Tze ¼

ðze

ze0

sinðhe0Þ

c0;eðzÞ
dz

is the time delay that is introduced to focus around the direction

he with the source array. ze and zr are the source and receiver

locations, respectively, and ze0 and zr0 are the locations of the

reference source and the reference receiver, respectively. Nr

andNe are the number of receivers and sources, respectively.

Introducing Eq. (3) into Eq. (4), and considering Se(x,

re) to be constant with respect to re—which means that each

source emits the same signal—the double-beamformed sig-

nal fluctuations become at the first order

dsðt; hr; heÞ ’

ð ð ð

V

Ksðt; hr; he; r
0Þdcðr0ÞdVðr0Þ; (5)

where Ks(t, hr, he, r
0) is the Fr�echet kernel of the signal in the

(t, hr, he, r
0)-domain expressed as

Ksðt;hr;he;r
0Þ

¼F�1 �2x2

c30ðr
0Þ
G0ðx;hr;r

0ÞG0ðx;r
0;heÞSeðxÞ

� �

; (6)

where F�1 is the inverse Fourier transform G0ðx; hr; r
0Þ

¼
PNr

zr¼1G0ðx; zr; r
0ÞejxðTzrðhrÞÞandG0ðx; r

0;heÞ¼
PNe

ze¼1G0ðx;
r
0; zeÞ e

jxðTze ðheÞÞ.

D. Step 3: The observable extraction

The TT, DOA, and DOD variations of each acoustic ar-

rival, (ds, dHr, dHe), must be linked to the 3D signal fluctua-

tions ds(t, hr, he) obtained in Eq. (4).

In the context of an oceanic waveguide of about 1.5 km

in length and 50m in depth, for signals with about 2 kHz of

central frequency and 1 kHz of bandwidth, and for small

sound-speed perturbations, the changes in the modal disper-

sion between the reference and the perturbed states can be

neglected. Therefore, for each acoustic arrival, it is

assumed that the changes between the reference and the

perturbed state is only a 3D shift of the arrival as time,

reception angle, and emission angle, without signal shape

changes.

In this context, the acoustic-arrival fluctuations can be

characterized by the 3D shift of the acoustic-arrival maxi-

mum. As ðs0;Hr0;He0Þ is maximum of the acoustic arrival

in the reference state, and as ðsp;Hrp;HepÞ is the maximum

of the acoustic arrival in the perturbed state, the observable

variation is expressed as

ðds; dHr; dHeÞ ¼ ðsp;Hrp;HepÞ � ðs0;Hr0;He0Þ:

In the reference state, at the acoustic-arrival maximum,

partial derivatives are null.

Therefore

@s0ðs0;Hr0;He0Þ

@t
¼ 0;

@s0ðs0;Hr0;He0Þ

@hr
¼ 0;

@s0ðs0;Hr0;He0Þ

@he
¼ 0;

8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

(7)

where s0ðs0;Hr0;He0Þ is the value of the double-

beamformed 3D signal taken at the acoustic arrival maxi-

mum in the reference state.

In the perturbed state, at the acoustic arrival maximum

the partial derivatives are also equal to zero

@spðsp;Hrp;HepÞ

@t

¼
@spðs0 þ ds;Hr0 þ dHr;He0 þ dHeÞ

@t
¼ 0;

@spðsp;Hrp;HepÞ

@hr

¼
@spðs0 þ ds;Hr0 þ dHr;He0 þ dHeÞ

@hr
¼ 0;

@spðsp;Hrp;HepÞ

@he

¼
@spðs0 þ ds;Hr0 þ dHr;He0 þ dHeÞ

@he
¼ 0:

8

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

:

(8)

Considering that the 3D shift is small, i.e., (ds, dHr,

dHe) � (Tx, Lhr, Lhe)—where Tx, Lhr, and Lhe are the sig-

nal period, the width of the principal reception lobe, and

the width of the principal emission lobe, respectively—the

system of Eq. (8) can be developed with a Taylor
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approximation for the first order, and written with the ma-

trix formalism, as

HðspÞðs0;Hr0;He0Þ�
ds

dHr

dHe

0

@

1

AþdðspÞðs0;Hr0;He0Þ¼ 0;

(9)

where

dðspÞðs0;Hr0;He0Þ ¼

@spðs0;Hr0;He0Þ

@t

@spðs0;Hr0;He0Þ

@hr

@spðs0;Hr0;He0Þ

@he

0

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

A

; (10)

is the gradient vector of sp, taken at (t, hr, he)¼ðs0;
Hr0;He0Þ; and

HðspÞðs0;Hr0;He0Þ ¼

@2spðs0;Hr0;He0Þ

@t2
@2spðs0;Hr0;He0Þ

@t @hr

@2spðs0;Hr0;He0Þ

@t @he

@2spðs0;Hr0;He0Þ

@hr @t

@2spðs0;Hr0;He0Þ

@h2r

@2spðs0;Hr0;He0Þ

@hr @he

@2spðs0;Hr0;He0Þ

@he @t

@2spðs0;Hr0;He0Þ

@he @hr

@2spðs0;Hr0;He0Þ

@h2e

0

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

A

(11)

is the Hessian matrix of sp taken at (t, hr, he)

¼ðs0;Hr0;He0Þ.
Replacing sp by s0 þ ds, the system of equations sim-

plifies through the application of Eq. (7). Then, using the

fact that ds(t, hr, he), d(ds)(t, hr, he), and H(ds)(t, hr, he)

are negligible toward, respectively, s0(t, hr, he), d(s0)(t, hr,

he), and H(s0)(t, hr, he); the solution of the matrix system

at the first order is written as

ds

dHr

dHe

0

@

1

A ’ �Hðs0Þ
�1ðs0;Hr0;He0Þ:dðdsÞðs0;Hr0;He0Þ;

(12)

where it should be recalled that ds stands for its first-order

approximation as described by Eq. (5).

Once these three steps are done, their outcomes just

need to be combined to build the T-A-SK.

E. T-A-SK

Introducing Eq. (5) into Eq. (12) gives the expected rela-

tionship of Eq. (1), which links the sound-speed perturbations

to the TT, DOA, and DOD variations by way of the respective

sensitivity kernels, KTT, KDOA, and KDOD, defined as

FIG. 1. (Color online) Pekeris waveguide used for the PE simulation.

Seawater properties: Sound speed c0¼ 1500 m/s; density q0¼ 1000 kg/m2;

and attenuation a0¼ 0 dB/k. Seabed properties: Sound speed cb¼ 1600 m/s;

density qb¼ 1600 kg/m2; and attenuation ab¼ 0.1 dB/k. The elements of the

48-m source-receiver arrays are represented by dots. The acoustic arrivals

are indexed by the number of reflections of the corresponding acoustic path.

The sign of the reception angle gives the sign of the acoustic arrival/path.

The bold black line represents acoustic path number 4, which is further used

in Figs. 3–5.

FIG. 2. (Color online) Iso-surface (3.33� 10�4Pa) of the 3D-received sig-

nal envelope in the double-beamformed domain (t, hr, he). The signal was

recorded in the configuration shown in Fig. 1 and the nine “bubbles” repre-

sent the nine acoustic arrivals that correspond to the eigenray that is also

shown in Fig. 1.
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KTTðs0;Hr0;He0; r
0Þ

KDOAðs0;Hr0;He0; r
0Þ

KDODðs0;Hr0;He0; r
0Þ

0

B

@

1

C

A
¼ Hðs0Þ

�1ðs0;Hr0;He0Þ

� dðKsÞðs0;Hr0;He0; r
0Þ;

(13)

with Ks as defined in Eq. (6).

This formulation of the T-A-SK only uses the reference

state to link observable variations and sound-speed perturba-

tions. Consequently, only the Green’s function of the refer-

ence medium G0 and the coordinates of the double-

beamformed acoustic arrival maximum in the reference

state, ðs0;Hr0;He0Þ, are needed.
It can be noted that each observable sensitivity can be

influenced by the sensitivity of the others, depending on the

shape of the acoustic arrival. This interdependency lies in

the cross terms of the Hessian matrix H(s0) [Eq. (11)] which

links the three kernels together.

III. AN EXAMPLE OF T-A-SKs IN A SHALLOW-WATER
OCEANIC WAVEGUIDE

A. Framework

To create sensitivity kernels, it is necessary to simulate

the reference Green’s function of the oceanic waveguide,

G0, and the reference received signal, s0(t, zr, ze). On this ba-

sis, a PE code17,18 is used to simulate the acoustic propaga-

tion in the reference medium described in Fig. 1.

The emitted signal is a sine pulse of 2.5 kHz central fre-

quency and 1.25 kHz bandwidth. This signal is transmitted

with a 48 -m-span vertical line array and received with

another similar vertical line array located 1500 m on. Each

array has 32 elements that are evenly spaced by 1.5 m. The

example of ray number 4 shown in Fig. 1 (black plain line)

is taken, with two reflections on the ocean floor and two

reflections on the ocean surface.

B. Spatial complementarity of the T-A-SK
high-sensitivity zones

Figures 3–5 show the TT, the DOA, and the DOD sensi-

tivity kernels (TT-SK, DOA-SK, and DOD-SK), respec-

tively, for different apertures of the source-receiver arrays.

The shape of the TT-SKs in Fig. 3 looks like that

described by Iturbe et al.7 The TT-SKs in Fig. 3(c) are

formed of a symmetric and negative sensitivity zone around

the ray path, and the sensitivity maximum is on the eigenray.

In contrast, the angle sensitivity kernels (A-SK), i.e., the

DOA-SKs [Fig. 4(c)] and the DOD-SKs [Fig. 5(c)], have

anti-symmetrical high-sensitivity zones with respect to the

ray path, and their sensitivity is null on the eigenray. For

instance, let us consider two different positive sound-speed

perturbations: Perturbation 1, above the ray path, and pertur-

bation 2, below the ray path [see Figs. 3(c), 4(c), and 5(c)].

For both perturbations, the TT will be reduced in the same

way, as the sensitivity is �1.10�8 s/(m/s)/m2 at these two

perturbation locations. However, as the A-SKs are of opposite

signs on both sides of the ray path, the DOD variations will be

negative for the first perturbation (�1.10�5�/(m/s)/m2) and

positive for the second perturbation (þ1.10�5�/(m/s)/m2). The

same is seen for the DOA, which variates by �3.10�5�/(m/s)/m2

for the first perturbation and þ3.10�5�/(m/s)/m2 for the sec-

ond perturbation.

Furthermore, the TT-SKs [Fig. 3(c)] have symmetrical

behavior in terms of the source/receiver, whereas the A-SKs

do not. In other words, the TT-SKs are evenly sensitive to

FIG. 3. (Color online) 2D-TT-SKs

corresponding to ray path number 4

of Fig. 1 (here a white plain line) for

different apertures of the source-

receiver arrays: (a) 3, (b) 11, and (c)

31 elements (3, 15, and 45 m span,

respectively). The white dashed line

shows the ray path with the same

TT, but with opposite DOA and

DOD. The three numbered circles

represent different locations of pos-

sible positive perturbations.
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sound-speed perturbations at the beginning and at the end of

the waveguide, whereas the DOA-SKs (and the DOD-SKs)

are more sensitive to perturbations close to the receiver array

(and the source array, respectively), and the DOA sensitivity

(and the DOD sensitivity) fades away as it gets farther from

the receiver array (and the source array, respectively).

Indeed, the Fr�echet kernel of the double-beamformed signal

[Eq. (6)] is partially derived to obtain the T-A-SKs [Eq.

(13)]. The time partial derivative applies in the same way to

both G0(x, hr, r
0) and G0(x, r

0, he), which explains the sym-

metrical behavior of the TT sensitivity kernel in terms of the

emission and reception. Opposite to this, the partial deriva-

tive in hr applies only to G0(x, hr, r
0) and the partial deriva-

tive in he applies only to G0(x, r
0, he), which implies that the

angle sensitivity kernels do not behave symmetrically in

terms of the emission or reception.

To illustrate this analysis, consider the examples of the

perturbations 2 and 3 [see Figs. 3(c), 4(c), and 5(c)]. Both of

these perturbations induce TT variations of�1.10�8 s/(m/s)/m2

despite perturbation 2 being located at the end of the waveguide

and perturbation 3 at the beginning [Fig. 3(c)]. Whereas the

DOA (and the DOD) variations will be þ3.10�5�/(m/s)/m2 for

perturbation 2 [and þ1.10�5�/(m/s)/m2, respectively) and

þ1.10�5�/(m/s)/m2 for perturbation 3 (and þ3.10�5�/(m/s)/m2,

respectively].

To conclude, for a single ray path, and compared to the

information given by the already existing TT-SKs, the

A-SKs provide additional spatial information about the loca-

tion of an eventual sound-speed perturbation that occurs in

the waveguide.

C. Influence of the source-receiver arrays aperture

Figures 3–5 show the T-A-SKs for three different aper-

tures of the source-receiver arrays, where panels (a), (b), and

(c) illustrate the source-receiver arrays of 3, 15, and 45 m,

respectively (corresponding to 3, 11, and 31 elements,

respectively).

From Figs. 3(a)–3(c), 4(a)–4(c), and 5(a)–5(c), the influ-

ence of the array size on the sensitivity kernels can be

described according to two effects:

(1) The increase in the source-receiver array aperture

allows better separation of the ray path kernels. Indeed,

the reference Green’s function given by the PE simula-

tion contains all of the possible acoustic arrivals. As

point-to-point, it is not possible to separate the sensitiv-

ity kernels corresponding to ray paths that are character-

ized by the same TT. For small source-receiver arrays,

the same effect occurs as the angle separation power is

weak. This phenomenon can be observed in Figs. 3(a),

4(a), and 5(a), where the sensitivity kernels that corre-

spond to ray paths 4 and �4 (see Fig. 1) overlap with

each other. In this case, increasing the source-receiver

array aperture up to 9 m is sufficient to isolate ray path

number 4.

(2) High-order Fresnel zones of the sensitivity kernels tend

to disappear when the array aperture increases. In the

case of the TT-SKs, oscillations give way to a flatter

high-sensitivity zone that resembles a fat ray, as

described by Iturbe et al.19 In the case of the DOA-SKs

and DOD-SKs, oscillations give place to two flat high-

sensitivity zones of opposite sign on either side of the

geometrical ray path. The disappearance of the oscilla-

tions is accompanied by a diminishing of the sensitivity

maximum of the T-A-SKs. These effects can be

explained on the basis that after double beamforming,

the sensitivity kernels are nothing more than the sum of

point-to-point kernels.

FIG. 4. (Color online) 2D-DOA-

SKs corresponding to ray path num-

ber 4 of Fig. 1 (here a white plain

line) for different apertures of the

source-receiver arrays: (a) 3, (b) 11,

and (c) 31 elements (3, 15, and 45 m

span, respectively). The white

dashed line shows the ray path with

the same TT, but with opposite

DOA and DOD. The three numbered

circles represent different locations

of possible positive perturbations.
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IV. T-A-SK VALIDATION USING PE SIMULATIONS

This section gives the results of some numerical tests

that were carried out to validate the T-A-SK approach as a

way to estimate the TT, DOA, and DOD variations.

A. Method

The observable variations [signal-maximum displace-

ment in the (t, hr, he)-domain] estimated with the T-A-SKs

are compared to the observable variations obtained by meas-

urements on numerical simulations. A two-dimensional

(2D)-Pad�e PE code17,18 is used to simulate the sound propa-

gation through the waveguide presented in Fig. 1. The

source-receiver arrays used for this acoustic transmission are

21-m arrays of 43 elements that are evenly spaced by 0.5 m.

Considering the sound-speed perturbation A [2D-Tukey

(tapered cosine) window, as shown in Fig. 6], the outcomes

of the PE simulations are:

(a) The Green’s functions, G0(x, rr, r
0) and G0(x, r

0, re),

for the reference sound-speed distribution c0(r);

(b) The Green’s function Gp(x, rr, re) for the perturbed

sound-speed distribution cp(r
0).

The validation process is:

(1) On the one hand, 3D received signals are created for the

reference state and the perturbed state. The coordinates

of the arrival maximums in the double-beamformed do-

main (TTs, DOAs, and DODs) are extracted from these

3D signals for the 25 ray paths plotted in Fig. 6 (eigen-

rays with four reflections on the waveguide boundaries,

taken between the five source-subarray-centers and the

five receiver-subarray-centers.). For each ray, it is then

possible to obtain the measurements of the observable

variations between the two states (ds, dHe, dHe) by

simple deduction. This set of measured observable varia-

tions will be used as the “ground truth” for the

validation.

(2) On the other hand, the estimates of the observable varia-

tions for each of the rays are computed with the T-A-

SKs.

Figures 7 and 8 summarize these steps. This process is

repeated for sound-speed perturbations B, C, and D of Fig.

6, which provide a set of 100 pairs of measurement-

estimates for each observable.

FIG. 5. (Color online) 2D-DOD-

SKs corresponding to ray path num-

ber 4 of Fig. 1 (here a white plain

line) for different apertures of the

source-receiver arrays: (a) 3, (b) 11,

and (c) 31 elements (3, 15, and 45 m

span, respectively). The white

dashed line shows the ray path with

the same TT, but with opposite

DOA and DOD. The three numbered

circles represent different locations

of possible positive perturbations.

FIG. 6. (Color online) Ray paths used for the T-A-SK validation that corre-

spond to the four-times-reflected eigenrays taken between the center of each

subarray (dots). Sound-speed perturbations are 2D-Tukey (tapered cosine)

windows with their maximum values at: 0.3 m/s (0.02% of the sound-speed

background). The perturbation shape is given in the “A” case, as shown.

The four circles A, B, C, and D show the four locations of the sound-speed

perturbations. The reference sensors of the different source-receiver arrays

are shown by the dots.
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B. Result analysis

The results are presented in Fig. 9. This illustrates the

measurements of the TT, DOA, and DOD variations carried

out on the PE simulations (Fig. 9, circles) and the T-A-SK

estimates of the same observable variations (Fig. 9, dots).

These variations were observed when the waveguide sound

speed distribution was perturbed with the sound-speed per-

turbations A, B, C, and D (see Fig. 6), successively. At first

glance, the T-A-SK estimates almost perfectly match the

PE measurements for the TT as well as for the DOA and

DOD. Furthermore, the estimates provide a relatively good

match of the measurements for several locations of the per-

turbation inside the waveguide and for several positions of

the perturbation with respect to the corresponding ray path.

Even for the cases where the perturbations B and D are

located relatively close to the interfaces (surface or sea-

floor) and close to acoustic path rebounds, relatively good

results are obtained. With a closer look, it is possible to

retrieve some of the T-A-SK features. For instance, pertur-

bation C perturbs the TTs, DOAs, and DODs of almost all

of the acoustic paths, even if only seven of them pass

through the perturbation. The finite frequency behavior

described in geophysics by Marquering et al.4 is retrieved

here. Then, it can be seen that the angle variations tend to

be positive as well as negative, whereas the TT variations

are negative most of the time. The non-symmetrical behav-

ior in terms of the emission/reception is also retrieved here:

When perturbed by the sound-speed perturbations A and C,

the TTs have the same range of variation, whereas the

DOAs are more perturbed by C than A, and the DODs

more by A than C (see Fig. 9).

Therefore, in the case of perturbation A, it is possible to

roughly guess the location of this perturbation by only look-

ing at the observable variations and the T-A-SKs. When the

DODs are more perturbed than the DOAs, the perturbation

should be closer to the emission, and when almost all of the

TTs are perturbed a lot, the perturbation should be on or

close to the acoustic paths. Also, as approximately half of

the DOAs and DODs are positive and half are negative, per-

turbation A should be located in the middle of the acoustic

paths.

With an even closer look, the T-A-SK estimate errors

can be analyzed. Although the sources of this error are not

fully identified, some hypotheses can be considered. First,

the acoustic path separation is not perfect. Therefore, there

remains some interference between the acoustic arrivals

that might be a problem for the observable extraction in

the PE simulations. Another hypothesis might relate to the

way that the PE Green’s functions are used. In the flow-

chart that represents the estimation process with T-A-SK

(Fig. 8), there is a product between two Green’s functions,

G0(x, re, r
0) and G0(x, r

0, rr), whereas in the flowchart

that represents the PE measurement process (Fig. 7), the

results of the PE simulations, G0(x, re, rr) and Gp(x, re,

rr) are subtracted to obtain the observable variations. It is

known that Pad�e PE simulations can have small phase

errors, following the number of Pad�e coefficients used for

the simulation or because of the solution chosen to solve

the PE starting field problem.17,18 Therefore, because small

TT, DOA, and DOD variations are considered here, the

differences between multiplying PE Green’s functions or

subtracting PE Green’s function might explain the mar-

ginal differences between the T-A-SK estimates and the

PE measurements.

V. CONCLUSIONS

In the context of shallow-water ocean waveguides, the

link between local sound-speed perturbations and the TT,

DOA, and DOD variations has been theoretically formulated

here through T-A-SKs. An example of the T-A-SKs has

been shown and explained. The T-A-SKs has been used to

estimate the TT, DOA, and DOD in the case of four different

perturbations of the sound-speed distribution. These esti-

mates have been compared to measurements made on PE

simulations and the T-A-SK approach has been validated in

this way.

FIG. 7. Flowchart of the main steps of the observable variation measurements carried out with PE simulations. G0 and Gp are the reference and the perturbed

Green’s functions, respectively. S0 and Sp are the 3D signals recorded in the reference and the perturbed states, respectively, and Se is the emitted signal.

ðs0;Hr0;He0Þ and ðsp;Hrp;HepÞ represent the observables of the acoustic arrival in the reference and perturbed states, respectively. (ds, dHr, He) are the

observable variations measured on the PE-simulated signals shown in the figure.

FIG. 8. Flowchart of the observable estimation scheme using the T-A-SKs. Observable variations are induced by a perturbation, dc, located at a point r0 in the

waveguide. Se is the emitted signal, G0 is the reference Green’s functions, d(.) is the gradient operator, and (ds, dHr, He) are the estimates of the observable

variations obtained with the T-A-SKs shown in the figure.
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The angle sensitivity kernels show spatial features that

complement those of the time sensitivity kernels. Indeed,

DOA- and DOD-SKs show an antisymmetric behavior with

respect to the eigen they are related to whereas the TT-SKs

are symmetric. At the same time, DOA- and DOD-SKs are

more sensitive at the end and the beginning of the waveguide,

respectively, whereas the TT-SKs are evenly sensitive.

As the TT, DOA, and DOD variations have been observed

and measured in shallow water acoustic data, these results

might prove to be promising for ocean acoustic tomography.
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FIG. 9. (Color online) (a) TT varia-

tions normalized by the signal

period Tx¼ 4� 10�4 s. (b) DOA

variations normalized by the main

lobe size Lhr¼ 2.9�. (c) DOD varia-

tions normalized by the main lobe

size Lhe¼ 2.9�. From left to right,

these observable variations are

caused by the sound-speed perturba-

tions A, B, C, and D represented in

Fig. 6. Circles correspond to meas-

urements made on PE simulations

(the ground truth), and dots to the re-

spective T-A-SK estimates.
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