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A SEMI-LAGRANGIAN DISCONTINUOUS GALERKIN
SUPERCONVERGENCE

C. STEINER, M. MEHRENBERGER, AND D. BOUCHE

ABSTRACT. We show a superconvergence property for the Semi-Lagrangian
Discontinuous Galerkin scheme of arbitrary degree in the case of constant
linear advection equation with periodic boundary conditions.

1. INTRODUCTION

The aim of this paper is to show a superconvergence property for the Semi-
Lagrangian Discontinuous Galerkin scheme (SLDG) of arbitrary degree. Such a
scheme has been developped already in [7] and then more recently in [9, 11, 5] for
Vlasov-Maxwell /Poisson applications. One key point, in such applications, is to
use directional splitting which leads to a succession of constant advection problems
and the scheme has the advantage of not being restricted to a CFL condition. The
case of non constant advection is more delicate and can lead to different strategies
for the evaluation of the flux, which has to be further approximated; see [9] for a
discussion, and [10] for a pionnering work on the subject in a general setting. The
SLDG scheme continues to be under investigations, see [1, 2, 8].

Superconvergence of the Discontinuous Galerkin method has been the subject of
several developments. In [6] a Fourier approach is used to analyze the supercon-
vergence properties. While being limited to uniform mesh with periodic boundary
conditions and linear problems, Fourier approach permits to give precise informa-
tion of the error. It is however often restricted to low degrees as symbolic computa-
tions become more and more complex when the degree increases. Note that other
technics have been developed for treating more general cases, as the post-processing
introduced in [4]; see also many other references in [6].

We consider here the superconvergence of the SLDG scheme in the case of constant
linear advection equation with periodic boundary conditions. We are able to give
a result for an arbitrary degree, which seems not to have been considered, to our
knowledge, for the SLDG scheme. The technic of proof is also new and may have its
own interest. It uses a vectorial Fourier decomposition, Cauchy-Schwarz inequality
and the Euler-MacLaurin formula.

The paper is organized as follows. In Section 2, we introduce the Semi-Lagrangian
Discontinuous Galerkin scheme. The statement of the theorem of superconvergence
is given in Section 3. In Section 4, we describe the structure of the truncation and
numerical errors. An eigenstructure analysis of the scheme’s amplification matrix is
proceeded in Section 5. In Section 6, we resume the previous results and conclude
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the proof. Numerical results showing superconvergence are presented in Section 7
and conclusion is given in Section 8.

2. SEMI-LAGRANGIAN DISCONTINUOUS GALERKIN SCHEME
2.1. Notations. The equation under study is the constant linear advection equa-
tion
Orf +ad,f=0 (z,t) € [0,1] x [0, +00[
£(0,2) = fo@) e (0,1]

with a constant velocity a > 0.

Let Q = [0, 1] be the domain, which is divided in N cells :
Ci = [$i71/2,$i+1/2], 1=0,..,N — 1.

We suppose here that the mesh is uniform: the space step Az satisfies

1
Am:zi+1/2_xi—l/2:ﬁa ZZO,,N—I

We define also the time step At which is also suppose to be constant and write
t"™ = nAt. Periodic boundary conditions will be used.

2.2. SLDG scheme. Let d € N. On each cell C; = [x;_1 /2, Zij1/2], we put d + 1
Gauss points denoted by {xij}(i,j)e{O,...,N—l}X{O,..A,d}' Denoting by {Oéj}je{o,..i,d}
the Gauss points in the interval [0,1] and {w;}efo,....qy their associated weights,
we first introduce the Lagrange polynomials at points «; restricted to the interval
[0,1] :

pi(z) = H j:oéfe for x € [0, 1], @;(x) = 0 otherwise
eetj Y

and the corresponding polynomial for the cell C; :

T —T;—1/2
vij(r) = @, (Aw/> .

By writing f™ & f(¢",-) in the form f"(z) = Z” fiipij(x), the degrees of freedom
i~ f(t", i) are given by

wibafy = [ @)y (a)da

Using the advection equation for updating the degrees of freedom, we get the semi-
Lagrangian discontinuous Galerkin (SLDG) scheme:

ijfo}H = / [z — alt)p;;(z)dx.
R
This leads to

n+1 N1 d n IE*CLAt*ZBk_l/Q I’*‘Ti_l/g
wiAzfiT = Zkae/RW N i\ T Ar dx.

k=0 £=0

By defining i* and « such that z;_; /o — aAt = z;x_1 /2 + @A,
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Ti—1/2 Tit1/2
thrl N |
alAzr  /aAt
tn t t
Tix—1/2 Tix41/2

and using the change of variable z = x;_1 /5 + sAx, we get :

N—-1 d

WA it = ZZfM/w kit ot s)py(s)ds

k=0 ¢=0

and finally, obtain the following explicit formula for the SLDG scheme:

(2.1) w n+1 Zfl* /gog a+s)p;(s dS+Zf*+1£/@g(a+571)§0j(5)d5.
=0

We define the L? discrete norm as follows:

N—-1 d

a N(d+1)
||ZH2_NZZ J? Zz])ER .

i=0 j=0

3. SUPERCONVERGENCE PROPERTY
The goal of this paper is to prove the following theorem.

Theorem 3.1. Consider the constant linear advection equation
Orf +a0,f =0 (x,t) € [0,1] x [0,T]
£0,2) = fO(x) z € [0,1]

with O € C?4*2([0,1]) and the Semi-Lagrangian Discontinuous Galerkin scheme
for the discretisation of this equation. We write —‘Z—Azt =15 + a where i € Z and
0 < a < 1. Then there exists constants Cy,Cs > 0 which depend on «, on the
reqularity of the solution and independent of time T such that the numerical error

at point z;; : e = fri — f(t", z;;) is bounded in the L? discrete norm:

i i
He"||2 S ClAfEdJrl + anAx2d+2.

Remark 3.2. We can restrict us to the case where 0 < “At

that the scheme is exact when “Amt € 7.

< 1 by using the fact

Remark 3.3. One advantage of this new estimation is to have convergence over a
longer time. In fact, if 1 < 8 < d and if we fix the values of Az and At, we are
looking for the largest time 7' = nAt such that

le|l2 < CyAz?

where Cj is a constant.
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(1) In the classical case, we have ||€"|s < CsnAx?T! which leads to
T S CﬁAIﬁ_d

where Cs, Cg are constants.
(2) In the superconvergence case, we get

T< C7Alﬁ72d71
where C'; is a constant.

Remark 3.4. The scheme considered here is different from that described in [6].
The scheme in [6] corresponds to the exponential integrator when o — 0 of the
scheme considered in this paper, which is here not covered by the analysis, but may
be adapted. See [3] for a similar example.

Remark 3.5. The degree is here arbitrary. Fourier approach, as in [6], is possible
for low degrees (see Section 7). It gives more precise informations but the com-
putational complexity increases strongly with the degree, and seems to become
impractible for higher degrees.

4. TRUNCATION AND NUMERICAL ERRORS
4.1. Truncation error. We write x = (2;;)i=0..N—1,j=0..d-

Notation 4.1. S : RN+ _ RN(@+D) g the Semi-Lagrangian Discontinuous
Galerkin scheme operator given by (2.1).

Notation 4.2. The truncation error at point x;; and time t" is defined by

0 = (1 a) =S 20),).

The following proposition gives an expression of the truncation error.

Proposition 4.3. There exists constants Ejk independent of 7 and n and dependent
on « such that

2d+1 k 2d+2
Ax Ax
n __ k k n
k=0

Proof. We assume that 0 < % <1, thus¢+* =i¢—1and o = 1 — ‘Z—Amt. The
computation of the truncation error at point x;; defined by

1
A (f@E T 2iy) — S(f(t",%))i;)
gives :
1 1 <& L
a7 |0 M) = 32106140080 [ e ohgsls - el
1 & o
—w—j J;J F@", (6 + oy )Ax) /S:O v (s)pi(s+1—a)ds

We use the constant advection equation to go back :

f(tn —+ At, xij) = f(tn,l'ij — aAt)
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and then, by Taylor expansion at point x;;, the truncation error at point x;; reads

2d+1
Am2d+2
k k
ZEJ 7(9 $¢j)+o< AL >
where
a—1)F 1 d ay —a; — 1)k 1
o= Oy (L=t (e - s+
J 7/70 S=
a; —a)k [
(e o ) / v (s)pi(s+1— a)ds)
s=0

d

We first can state that the first coefficients are zero, which leads to classical con-
vergence estimates of order d + 1:

Proposition 4.4. For all 0 < k < d and all 0 < j < d, the coefficients of the
truncation error, defined in Proposition 4.3, satisfy

k _
EF =0.

Proof. We begin with the case k =0 :
d

B = 1m0 ( / ey (3)py(s — a)ds + / _ Gy (s)py(s +1- a)ds)

d

- 1—1[/; Z% sojs—a>ds+/a S 6 (s) ¢j<s+1—a>ds]

s=0 §'=0

‘We have
d
1= ppls) =
j'=0

since the left term is a polynomial of degree d with d + 1 zeros (ay, ..., @g). Then,

we get
1 -« 1
E? = 1-— (/ @;(s)ds +/ <pj(s)ds)
WJ s=0 s=1—a

1 1

= 1-— (s)d
wj s:o%(s) ’
d

= 1_Z‘Pj(al)
=0
d

= 1-) 4
=0
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The coefficient Ef for 1 <k < d reads :
d E el
L (a — l)k 1 (Ozj/ - — 1)
Ej = o = k! s=a 22 (8)p3(s = e)ds +

r 0 [ st +1 - as ).

For 1 <k <d,
d
D (g —aj = DFpy(s) = (s —ay = 1)
=0
and
d
> = aj)*oi(s) = (s — aj)”
5'=0
because the left and right terms are polynomials of degree at most d with d + 1
commune values at a; (1 =0,...,d). Then :
k 1 ro 1 k
E; = o (a—1)" — oTJ S:a(sfozj —1)%p,(s —a)ds +
1 [¢ &
- (s —a;)%pi(s+1—a)ds|.
Wi Js=0

By change of variable, we obtain

1 1
k k

A1@1+aww%@mﬁ

=0

The polynomial
ts (t—1+a—a;)fp;(t)
is of degree less or equal than 2d, therefore we get by Gauss quadrature formula :

Ef = kl![(a—l)k—(aj—wa—aj)k} = 0.

O

In order to obtain a superconvergence property, we have the following weaker prop-
erty which is valid also for higher order terms, until the degree 2d + 1:

Proposition 4.5. For all k =0,...,2d+ 1, the coefficients of the truncation error,
defined in Proposition 4.3, satisfy

d
> wiEf =0.
7=0
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Proof. Note that the cases k =0, ...,d are already given by the previous proposi-
tion. The coefficient EJ’“ reads

a—1)k 1 & o —ay — 1)k 1
o= O Ly (L=t (e - s+
J j'=0 s=a
ajr —aj)k e
o [ ettt - ayis)
s=0
thus
d 1 d d 1
ZWJ'EJ]-C = k'<(04 — ]_)k _ Z <(O[j/ - — ]_)k/ QDj/(S)QDj(S — a)ds +
Jj=0 ) j=04'=0 s=a

‘We thus have to establish that foralld +1 <k <2d+1:

]Zi:ojé ((Oéj’_aj—l)k /sia 00 () (s—a)ds+(a; —a;)* /:0 ¢j,(s)¢j(s+l—a)ds> — (a=1)*.

In this proof, we use the following properties :

(P1) For all polynomial P of degree less or equal than d, we have
d
> Plaj)ei(s) = P(s).
3=0

(P2) For all polynomial P of degree less or equal than 2d + 1, we have

1 d
/ P(z)dx = Z%‘P(Oéi)-
0 =0

By using the binomial theorem and separating the cases » < d and r > d, we get :

A = Zd: Zd: <(O‘j/ —a; —1)f /1 () (s — @)ds + (ay — a;)” /ao @ (s)pj(s+1— a)ds)
3=0'=0 s=a 5=

B ,_Zd: Zd:/sia (i) o (—aj = 1)* "o (s)pj(s — a)ds

J,4'=0r=0
d k 1 k
+ Z Z / (T>a;,(—aj—1)k "pjir(s)p;(s — a)ds
J,j'=0r=d+17 =%
A d o gy .
£ 3 [ ()ertartrenate 1-

™ i Zk: /:0 (i) (=) g (s)pi(s + 1 — a)ds.

7,4'=0r=d+1
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As kE < 2d + 1, the relation r > d implies k — r < d. We can use the property (P1)
in each term :

= (1)+(2)+3)+4).

We first calculate the sum (2) + (4) since only the limits of integration differ in
these two expressions.

D - ¥ Y /_ (F)ep (s a= 04y (e)as.

§j'=0r=d+17*$

As s+ (—s+a—1)*"Tp; (s) is a polynomial of degree less or equal than 2d, we
can apply the property (P2) :

@)+ @) — Zdj ij (’:>a§,(—aj,+a—1)k—m,.

Applying property (P2), this time to the polynomial s + s"(—s + a — 1)*~" which
is of degree 2d + 1 :

k
r

@)+ = _ZH() / (s 1T (s)ds.

Turning to the computation of (1)4(3). By making the change of variables s = s—«
and s = s+ 1 — «a, we get
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Separating again the case r < d et r > d :

We can then use the binomial theorem and the property (P1) for polynomials
(—s—1)*" and (—s)F " :

d 11—«
H+@) = Z/ (s4+a—a; —1)Fp;(s)ds
— /s

J =0

d

> /szl_a(s — 14 a—a;)p;(s)ds

Jj=0

d k /1
j=0 r=d+1”s=1-a

(5) =14 arca oo

. _Z /:a (I:)(”O‘)T(—S—l)’“—rds
S [ e
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We make the change of variable s = s — 1 in the last term :

d 1
(H+@3) = Z/ (s +a—aj; —1)Fp;(s)ds

j=0s=0
k 1-a

e dﬂ/s_o (f) (s + ) (=s = 1)""ds
k 0

_7%;1/s » ( > (5 +a) (—s — 1)"~"ds

d_ 1

B Jz::o /5:0(8 +a—a; = 1¥p;(s)ds

k e g, T )

_rg;rl/__(, (r) (s +0a) (=s = 1)*"ds.

The change of variable s = s + « in the last term follows to :

d 1
= s+a—a; —1)Fp;(s)ds
W+ = 3 [ ra-a;-ree
k

-y /io (’:>sr(—s+a—1)k—rds.

r=d+1

We sum finally our two intermediate results and we obtain:

D+ 2+ @)+ @) = / (s 4+ —a; — 1)F;(s)ds

=0

»3 (5) [ rarica -1 e o

=0

<.
i M&
[}

|
M=

<.
I
o

We separate the cases r < detr >d:

In the first term, we use the property (P2) with the polynomial s — (s + a)"p;(s)
of maximal degree 2d. In the second term, we use the property (P1) with the
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polynomial s +— (—s — 1)*=" of maximal degree d :

) +2)+@)+ @) = ii(’;)w](% + o) (s — 1)
j=017=0
+T_Z.m <I:> /sio(s +0) (=5 = 1)*"ds.

As the polynomial s — (s + a)"(—s — 1)k is of degree k < 2d + 1, we can apply
(P2) in the first term :

d 1
+2)+B)+4) = Z (k> /:0(5 +a) (s —1)F"ds

r=0 r
k k 1
+ Z < )/ (s + )" (—s — 1)k "ds
r=d+1 "/ Js=0
1k k
_ / 3 ( >(s +a) (=5 — 1)F7ds
s=0,._ r
r=0
= (a—1)"
which completes the proof. [

4.2. Numerical error. The numerical error at point x;; and time ¢" is defined by
e; = f(t", zij) — S™(f(t°,x))i;
We classically relate the numerical error with the truncation error:
Proposition 4.6. We have
e" =Se" ! + Atgn~!

By iteration, we get
n—1

(4.1) e" = At Z Stgn—1-t
£=0

Proof. By definition, we have

and

This leads to

" =8e" ! + f(t",x) - S(f(t"7, x)),

which gives the result. O
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5. EIGENSTRUCTURE ANALYSIS

We see in the expression of the numerical error (4.1) that we have to deal with pow-
ers of S. Such a study can be tackled by looking at the spectral decomposition of S.

For each cell i = 0,..., N — 1, the scheme given by (2.1) can be written as
ok o 7o
= Al
i S L

where A_1, Ag € M411(R) are the matrices :

(A1) = [ erlat s = [ als—ap)is

(Ao)i; = / pilat s — pi(s)ds = / pils — o+ 1)p;(s)ds.

=0

Then, in the natural basis associated to x, the matrix of S is given by

Ao Ay
A1 A
S = L € My@+1)(R)

A1 A

The matrix S is a block-circulant matrix, we can then perform a vectorial Fourier
decomposition. Such decomposition is already used in [5].

Proposition 5.1. We have the decomposition

S=UDU*
where
Dy Uso ... Uon—
D= v=| : :
Dy_4 Un-10 - Un—inv—a
with
D= Ag + A& Upy= ——e* ¥ I,

" WN

and I441 is the identity matrix of size (d + 1) x (d + 1).
Proof. The (k, ¢)-block of the matrix UDU™ is equal to

N1

1 2imm (k—2)

N E Dpe™ ¥ = Aglre + A_10k11,¢
m=0

where § is the Kronecker symbol. ([l

We are now looking for the eigenstructure of S. For this, we are reduced to look
at the eigenstructure of the matrices Dy, k = 0,..., N — 1. We first consider the
matrice Dy :
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Proposition 5.2. The only eigenvalue of module 1 of the matrix Dy := A_; + Ay
is 1, which is not multiple. Other eigenvalues have modulus strictly less than 1.
Moreover, we have

Dy — G

n—-+00

where G denotes the Gauss weights matrix :

Wop W1 ... Wq

Wwop W1 ... Wq
G =

Wop W1 ... Wq

Proof. In this proof, we will use the following relations :

d
(5.1) Z(pj(x) =1 foral0 <z <1
§=0

(5.2) /0 pj(s)ds = w;.

Let A be an eigenvalue of the matrix Dy. There exists x = (zo, ..., 24) such that
Doz = Az :

d 1 d Iy
Nojrj= Y ay [ ep(sests—alds+ S ay [ pn(o)esls+1-a)ds,
j/:0 S=w jIZO s=0

We denote by P the polynomial of degree less or equal than d such that P(«a;) = z;
for all 7 =0,...,d. Then we obtain

1
s=

d
(5.3) MopPlag) = S Plag) / o3 ()03 (5 — a)ds
3/=0

(e

d a
+ Z P(ozj/)/ i (s)pi(s+1—a)ds.
§'=0 s=0

We sum over j :

d d 1 d
MY wiPlag) = 3 Plan) [ (oY esls - a)ds
j=0 J'=0 s=a j=0
d o
+YPlay) [ o) sl 1 - a)ds
j'= s=0 =0

and we get, by (5.1) and Gauss quadrature formula,

1 d 1 d a
A Pons= 3 Plag) [ ontohis 32 Play) [ ertoris

then we use (5.2) and Gauss quadrature formula and we obtain finally

(5.4) A / iOP(s)ds: / io P(s)ds.
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We conclude that if A # 1 then fslzo P(s)ds = 0.

We multiply (5.3) by P(«;) :

Ao Pay) = ZPmJ—/)P(o@) / oy (5)3s — a)ds

We sum over j :

d

d 1 d
A wiPa) = [ [ X Plaglen(s) | [ 30 Playeits - a) | ds
=0 S=® A\ j/=0 Jj=0

d

o d
[ X Plagren(s) ) [ 0 Plapests+1-a) | ds
s=0 §'=0

=0

and we get, since deg(P?) < 2d < 2d + 1 and Gauss quadrature formula is still
valid :

65 Af ' p(o)ds = / ' P(8) (Laa(()P(s — ) + Loy (5)Pls + 1 a))ds.
By Cauchy—(échwarz inequ;lity, we have
(i P($) Ao (8) (s — @) + Lo (8)P(s + 1 — ))ds)” <
f P(s)%ds - fo (a1[(8)P(s — ) + 1194 (s)P(s + 1 — a))?ds.

The last term can be simplified :

1
| aas)P(s =) + Lo ()P + 1= )

1-a 1 1
:/ P(s)%ds + P(S)QdSZ/ P(s)%ds
0 -« 0

then we obtain :

< /01 P(s)%ds.

/0 P(s)(1ja1((8)P(s — ) + 1jg,0)(5) P(s + 1 — a))ds

The relations (5.5) and (5.6) lead to
1
(5.7) A / J2ds < / P(s)2ds.

We have equality in (5.6) if and only if the functions s + P(s) and s + 1j4 1((s) P(s—
a) + 1jo,q)(8)P(s + 1 — a) are proportional i.e. there exists (u1,u2) # (0,0) such
that
1P (s) = pa(Laa((s)P(s — a) + 1o (s)P(s +1 - a)).

It is clear that a such relation is not possible if P is of degree 1 (we suppose
0 < a < 1) and if P has a degree greater than 1, we can differentiate the relation
and the relation still remain the same for the derivatives which will be of degree 1
at a moment. Also P is necessarily constant.
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If |A] = 1 we have equality in (5.7) and then, by the previous remark, P is constant.
Then, if |A] =1 and A # 1, the relation (5.4) implies P = 0 which is not possible.

We consider the two subspaces V = {P € C4[X] | P is constant} and W = {P €
CalX] | fol P(z)dx = 0}. These two subspaces are in direct sum associated to the

decomposition P(X) = fol P(z)dx + (P(X) — fol P(m)dm). These subspaces are

moreover stable by Dy.

1
In fact, if P € V we can assume that P = 1. The j*"-component of Dy - | reads
1
1 &t 1 & [ 1
3 [ et 3 [ e+ i-ads= o [ pds =1
Wi j'=0"Ys= Wy 3/=0 s=0 wj Jo

If P € W, we have fol P= Z?:o wiP(a;) = 0 then fol Dy P reads

d d 1 d «@
S S Plag) / pir(3)05(s — a)ds + 3 Plag:) / o (8)p3(s +1— a)ds
. §'=0 s=a s5=0

j=0 §/=0
d 1 d d o d
= Z P(a]/)/ @j(s) Z ©;(s —a)ds+ Z P(Oz]/)/ ©;(s) Zgoj(s +1—a)ds
j'= sz 7=0 j'= s=0 J=0
d 1
= Py [ pitsds
.
= ij’P(aJ’)

For summary, the matrix D admits the eigenvalue A = 1 associated to the eigenspace
V of dimension 1 and others eigenvalues of modulus strictly less than 1 associated
to the space W of dimension d.

The base vector e; corresponds to the polynomial P; defined by Pi(aj) = 0.
The projection of P; in subspace V gives [ P; = Zj P;(oj)wj = w;. So, we have

1
lim Dge; =w; | -
i Dies = |
1
which completes the proof. O
We then consider the other matrices Dy,...,Dy_1 :

Proposition 5.3. Forallm =1 ... N—1, the matrix D,, = A0+A,1e%% verifies

Dl — 0
™ 400
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Proof. In this proof, we will use as above the following relations :

(5.8) pilx)=1 forall0 <z <1

.
i M:“
o

1
(5.9) /0 @;(s)ds = wj.

Let A be an eigenvalue of the matrice D,,. There exists = (o, ..., x4) such that
Dyx= A\ :

d 1 d a
2itm
Nojey = e XN "y / i ()pj(s —a)ds + Yy / @i (s)pj(s +1—a)ds.
§/=0 s=a §/=0 s=0

We denote by P the polynomial of degree less or equal than d such that P(a;) = z;
for all 7 =0,...,d. Then :

(5.10) dwojPlag) = %" P(aj')/: @i (s)pj(s —a)ds

We sum over j :

d d 1 d
2imm
A wiPlay) = ¥ P(aj’)/ i (5) Y pi(s —a)ds
=0 = s=a =0
d o d
+ Y Plag) [ er9) Y pils 1 a)ds
§i= s=0 j=0
and we get, by (5.8) and Gauss quadrature formula,
1 2iTm d 1 d «
)\/ P(s)ds=e™~ Z P(ajr)/ ;i (s)ds + Z P(aj/)/ @;(s)ds
s=0 =0 s=a =0 =

then we use (5.9) and Gauss quadrature formula and we obtain finally

(5.11) —1/ P(s)ds = (e“F* / P(s

We multiply (5.10) by P(c;) :

d 1

\w; P aj) = e Z P(a )P(aj)/ ;i (s)pi(s —a)ds

]‘/:0 S=Q

+ Z P(oj)P(aj /70 v (s)pi(s+1—a)ds.
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We sum over j :

d

1 d d
2iTm
A wiPa) =[S Plaglen() | | Y Plasesls - a) | ds
S=o ]/:0 ]:0

J=0

«@ d d
[ S Plager) | | X P@eis+1-a) | ds
5=0 \j'=0 3=0

and we get, since deg(P?) < 2d < 2d + 1 and Gauss quadrature formula is still
valid :

2im

1
(5.12) /\/ V2ds — / P(s)(Laag(s)e™ ¥ P(s — ) + Lig.a (5) P(s + 1 — a))ds.
By Cauchy-Schwarz inequality, we have

2imm 2
’fol P(S)(l[ml[(s)eTP(s —a)+ 1[07(1](3)]3(3 +1- Ck))dS‘ <
2
fol P(s)%ds - fol ‘1[(171[(8)6WP(8 —a)+1jq(s)P(s +1— oz)‘

The last term can be simplified, since the functions have distinct supports :

1 2imTm 2
/ ‘1[0471[(8)6 N P(s—a)+1jpa(s)P(s+1— a)‘ ds
0
1

L 2imtm 2 1
:/0 ll[a)l[(s)eTP(s —oz)’ —l—/o 110,01 (s)P(s + 1 — a)|2ds z/ P(s)%ds

0

< /01 P(s)%ds

then we obtain :

(5.13)

/ P(s ()™ F* P(s — a) + 1190 (s)P(s + 1 — a))ds

and the relations (5.12) and (5.13) lead to

1
(5.14) |)\|/ ds</ P(s)%ds.
2imtm

We have equality in (5.13) if and only if the functions s — P(s) and s + 1} 1(s)e™~ P(s—
a) + 1j,4)(s)P(s + 1 — a) are proportional d.e. there exists (u1,u2) # (0,0) such
that

11 P(s) = pa(La,1g(s)e™F P(s — @) + 1.0 (s) P(s + 1 — ).
It’s clear that a such relation is not possible if P is of degree 1 (we suppose
0 < a@ < 1) and if P has a degree greater than 1, we can derivate the relation
and the relation still remain the same for the derivatives which will be of degree 1
at a moment. Also P is necessarily constant.

If |]A\| = 1 we have equality in (5.14) and then, by the previous remark, P is constant.
In this case, we obtain, using (5.11) :

2imm

A=(1—-a)e’ ¥ 4+a

2L’I\""L

then we have proved the fact that A belongs to the segment between 1 and e
and finally the condition 0 < o < 1 implies that |A| < 1.
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Finally, all the eigenvalues have a modulus strictly less than 1 which completes the
proof. O

IS
3
3

NI

Using the two previous propositions, we then can establish :
Corollary 5.4. We have the convergence property :
S — UD>*U*

n——+oo
where
G 0 ... 0
0 0 ... 0
D> = .
0 0 0

6. END OF THE PROOF

By Proposition 4.6, we have
n—1
e" — AtZSégn—l—K’
£=0

which leads to

n—1 n—1
e 12 < AL |8~ UDU* 5l|g™ '~ |lo + At| 3" UD*Ugn it
=0 £=0 2
(&) @)

First term : we note
pa = maz(|A| | \ eigenvalue of S and |\ < 1)
then we have the majoration

|8 = UD>U*[|2 < pf.

We have
AV an
n—1—~¢ < C
lg ll2 < Cq At
then
n—1
1— pn Agdtl Agd+t
Sé _ UDooU* n—1—~¢ < d C
;H 218 2 < 1= oy AT Ay N
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Second term : we show, by calculation, that the vector UD>®U*g’ is equal to
1

d N—1
dowid gy | | ] eROIY
j=0 =0

and we have, by Proposition 4.3 :

N-1 d n—1 n—12d+1 d k /N-1 2d+2
Ax Ax
S5 - St (S co(257)
i=0 7=0 = (=0 k=0 j=0 =0
n—12d+1 d N-1
Axk A$2d+2
_ 1k k £0 _
- Z%Ej A ( Ok fO(24; mt)>+(9( A >
£=0 k=0 j=0 i=0

The Euler-MacLaurin theorem states that if (m,n) € Z%, m < n, k € N* and
f:[m,n] = C aC"([m,n]) function then we have :

fm)

ot + . +f(n=1)+ / ft dt+z b’f FED (n)—fE=D(m))+R,

- u [

where b, are the Bernoulli numbers and B,, the Bernoulli polynomials. We apply
the Euler-MacLaurin theorem to the function
i OF fO(xi — LAL) = 0% fO((i + aj) Az — LAL)
withr =2d4+2 -k :
N-1

N
S 05O + aj)An — (A = / Ok FO((t + o) Az — EADE+ RIL,
t=0

=0

with

1/t »
= Fx/o 3§f0($)d$+R%}1+2—k

where

» (—1)248-k N (2d42—k)
Ryyyn g = dt+2-R)/, Bagya—i(t)0 f° ((t+ aj)Ax — LAL)dE

Then we have

N—-1 d n—1 n— 12d+1
Susd = L3 o (5 [ drwe) szk
=0 j5=0 £=0 =0 k=0
n—12d+1 d 2d+2
AxF Az
k ,
DI WLE R CS
=0 k=0 j=0

We use Proposition 4.5 in order to conclude that

— 2d+1
Ax k

At (Ax/akfo dx) Z%Ek =

M

:OkO
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and Ry, , = O(Az?3+2-F) leads to

n—1
A 2d+2
Z UDOOU*gnflfé < nCs z
At
£=0 2

Conclusion. The two previous paragraphs show the theorem :

|e"]|2 < CLAzH 4+ nCyAz?HT2,

7. SYMBOLIC AND NUMERICAL RESULTS

7.1. Symbolic results. The scheme is given by F”Jrl AF] + A (see the
beginning of Section 5). We consider

N—
A’I’L 1 7217r]k:
F=5 S
7=0

By taking the initial condition :
f(o,l') _ 621'71'21'

we obtain :
2irkay

(FRi=e =~

The amplification matrix of the scheme F ,?H = /Tkﬁ W reads

—2ikm

./Zl\k; =Ag+A_1e™ N

We denote by Ao, ..., Adx and Vy i, ..., Vi i the eigenvalues and eigenvectors of .le\k.
The solution of the scheme is given by :
F' = (A"

We choose the eigenvectors Vp i, ..., Vg 1. such that FO = Z;l:o Vj.k () then we have

d
on n
Fy = E )\j,kvj,k(a)-
J=0
The error in Fourier space then reads :
d

Z(/\Zk o 672i7rkno¢Aa:)V}7k(Oé).

j=0

We restrict the study to the case d = 1 and note w := 27k. We obtain the
eigenvalues and eigenvectors by using Maple :

1 1 403 —20% + 20— 1
Xw = 1—aiwAz+ 5(041'wa)2 - é(aiwAa:)?’ + a(da ?2 +ea )(zw
Mw = 602 —6a+1+ O(Ax),
v 1+ 3=V Ax + O(Ax?)
0 1+ %f‘/giwa + O(Ax?)

(_ \/g(gg—l) (Z-wa)Q _ —4V3a’+(10v3-6)a+(3—5V3) (iwa):} + O(A$4)>
Vvlw = .

216
V3G (jy Agr)? — WBCHELOE00R(BEVE) (jyA)? + O(Ax?)

Az)* + O(Az®),
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The computation of the error in Fourier space gives

<_ \/5(2(17316)7—1("}(1) (iwAz)? — 216(;:21(271—,224—0—1) (iwAz)® + O(Am“))
W(iwa)Q — mgigi%(iwa)?’ + O(Az?)
where

Ti(n,a) = (6a® —6a+1)" —1,

Ta(n,a) = nv3(72a* — 108a° + 4802 — 6a)

+nV3(60% — 6 + 1)" (240 — 840 + 7202 — 18a)
+[(602 — 6+ 1)" — 1][—24v/3a” + (—36 + 84+/3)a®
+(54 — T4V3)a® + (=24 + 40vV/3)a + 3 — 53],

Ts(n,a) = —nV3(72a* — 10803 + 4802 — 6a)
—nV3(602 — 6a + 1)"(240* — 840 + 7202 — 18a)
+[(6a% — 6a + 1)™ — 1][24V/30* + (—36 — 84v/3)a®
+(54 4 94v/3)a® + (—24 — 40v/3)a + 3 + 5V/3).
We validate, in this case, the estimation of the error :
"]z < C1 Az + nCyAz?TH2,
7.2. Numerical results. We process a numerical study of the convergence of the
scheme for d = 1 and d = 2 (Fig. 1). We see that in both cases, the error is of

order d+ 1 when we iterate the scheme only one time. In fact, for a low number of
iterations, the dominant term in the error bound

||e"H2 < 01A$d+1 + anAxQUH_Q

is C1Az%1. When the number of iterations n increases, the dominant term of
the error becomes nCyAz2?*2 and then we show the emergence of a slope of order
2d + 2 for large values of Ax.

8. CONCLUSION

We prove a superconvergence property for the Semi-Lagrangian Discontinuous
Galerkin scheme. An adaptation of this proof when « goes to 0 in order to show
this property for the scheme studied in [6] could be a further work. Such a super-
convergence property in the case of the Vlasov-Poisson equation is a completely
open problem.
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FIGURE 1. SLGD error convergence for d = 1 and 1 iteration (top
left), 10* iterations (top right) and 10° iterations (middle left).
SLGD error for d = 2 and 1 iteration (middle right), 10* iterations
(bottom left) and 10°¢ iterations (bottom right). We have used
fo(z) = sin(27z) and a = 1.
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